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PREFACE

AUTE.ORTIZATION

This study is part of the program authorized in
Burcau of Ordnance Letter NWP9/4A9(re3) of January 9, 1943,
as lNaval Proving Ground Research Project APL-2,

OBJECT

To provide a rational mechanical explanation of
recent precisely determined laws of nenetration.

SUIT"ARY

Cartain experimental laws of bvpenetration of homo-
seneous arrior at 0° obliquity are presented, and theoretical
interpretations are derived. In particular: '

1. Inzthe penetration of thick plates (e/d>0.3)
the quantity mVy</d? is a linear function of e/d. This law is
explained by Bethe's expanding-hole theory, modified to take-.

JUTE

account of the formation of petals on the back of the plate.

2, In the penetration of thick plates, if the
residual energy ER igs nlotted as a2 function of the strikines

wLruu LA A LLLLAs WL WS L J.J.\._I-J.-LE:’)

energy Zg, a straight line results with a slope of about one. .

. For a thick plate the slope of this line is less than unity;

trials against a series of progressively thinner plates gilve
slopes increasing as e/d decreases. These observations are
explained when one considers the dynamic nature of vprojectile
nenetration; if the force with which the plate resists the
nrojectile increases linearly with the rrojectile energy, the
observed results follow. The slopes may be calculated cuan-
titatively by an extension of Robertson's version of the
Poncelet-l'orin theory.

3. In the penetration of thin plates (e/d<0.3), the
predominant mechanism of failure is the bending back of plate
material around the hole, comparable to the bending of the
petals on the back of a thicker plate. This mechanism leads
to a quadratic variation of mV;2/d43 with e/d, which is in fair
azreement with experiment. TIn this thin-plate theory, stretcu-

ing and dishing are not included; they are relatively unimpoi®. .
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at the upper end of the thin plate range, but contribute the
bulk of the energy absorption in the thinnest plates, whic

lack the stifrfness to absorb much energy by bending.

h
h

L. Additional qualitative results are given, in-
eluding explanations of shatter at velocities well above the
limit, shatter against thick plates, and the effect of »ro-
Jectile form on projectile breakage and on the vhennmancs=
of runching,
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I INTEODUCTION.

The experimental and theoreticael study of projectile
impact is authorized as Naval Proving Ground Pgseg;ch Project
No. 4PL-2 in Bureau of Ordrnance letter NPS/AC (Re3) of Jeanuary

9, 1943,

A complete general theory of penetration would enable
us to choose the most desirable qhn'npq of cap and pro jectile

Al D WAL LS/ W RA T A R e e T [ty BT

without laborious trial and error, to d601de the optlmum thick-

ness and hardness of chill in Class A plate, end in general

provide a gulding fremework within which experimentation could
be carried on with the greatest promise of success and with a

minimum wagste of effort.

Tt cannot be said that an adequate. general theory
of renetration is available, nor is there likely to be for
some time; nevertheless, the theory presented in the present

s LR N () L oV Ta vadoo N LER VA ki S Sr A=A A L L

renport represents a oons1derab1e advance over previous results
in this field, being in better agreement witih a wider range

of more precise experimental results than are any known earlier
theories. !ore refined methods of analysis are projected for
the future, which should yield even more satisfactory results

Experimental study of projectile impacts has
vielded fairly complete information upon two points, namely
(a) the way in which the limit energy for complete penetretion
(the Nevy limit) varies with plate thickness, and (b) the
way in which the residual energy after a complete penctration
depends upon the striking energy. A discussion of the experi-

mental results is presented in Appendix .. The particular

experimental results applicable to this report are shown in
Figures 1, 2 and 3; special points in connection with thens
figures will be discussed as they arise in the theory.

The first observation arising from an inspection

of Pigure 1 is that in the range O. 2<e/dsl. 0, the limit
enerzy (or specific limit energy - Ssee AﬁhPhd1X A) 1s a
linear function of e/d. In reference (l) a theory of wene-
tration is worked out essentially as follows: Two states
of the plate are considered - first, the plate is intact, and
second 1t has a hole in it. It 1s assumed as a first approxi-
mation that the energy exzpended by the projectile in making
the hole is independent of the precise details of the process.
It is therefore supposed that a small hole of radius a cuists
through the plate; this hole is expanded to a radius b by
intcrnal hydrostatic pressure, and the work required Tor the
expansion is calculated.. The limit of the work required is
found as a approaches zero (no hole through the plate) and b

pproaches the radius r, of the projectile. The work found
in this way is assumed to be ecqual to the limit ennr.y reoviz.
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for a projectile of radius r, just to pass through the plate.
The result is

(1/2)va2 = 27‘ch02@, e . (1)

where m is the projectile mass, V; its i1imit velocity, Y
the yield-stress of the plate material, end e the plate

tthLﬂCSS. To express this formula 1n terms of what may
be cal’ed th% SpeC'LflC 1imit energy , .Uatluu (l) may be

divided bty 2./2, which yields

IHV-E/QB =Y e/d, (2)

where 4@ is the projectile diameter., On *2is theory, then,

the spcecific limit energy is proportioasl to L/d 1nspeeujon
of Fig. 1 shows, however, that the lincar pecrtioa of tho granh
does not pass throuzh tnp origin, but intersects the e/d axis
at e¢/d = 0,132, the equation of this portion of the graph
being :

8 -

x 10 {e/d - 0.13

A

2)Y, «u.o (3)

f\

2,3

0

£
v DY

where the specific limit energy is in ft.-poundals/ft.>

The discrepancy between equations (2) and (3) can be clearsd
up by modifying the theory of refercnce (1) to take accourt
of end effects - specifically, the opening out of petals on
the back of the plate.

vhile there is certainly friction between pro-
Jectile and plate, the friction is not very grcat, as is
evideonced, for cxample, by the continued spin of the projectile
during and after impact. As a first approximation it is there-
fore assumed that the force between the plate and nrogwctlle
is GVGTVWhere normal to the surface of the projectile.

In the initial stages of penetration (Fig. 4 ) the
forces exerted on the plate-material by the projectile have
botn forward and lateral components. Because of the "rlgldlty*'
of the plate the forward motion of the plate material is in-~
hibited, and the material is squeezed out laterally and

hlckened as shown in the flgure, the displacements being
approximately the same as in the thin plate theory of reference
(1). This behavior will continue until the nose of the pro-
Jectile has penetratced far enough so that the "rigidity" of

the matorfal still ahead of the projectile is insufficient

to prevent bulging on the back of the plate. As the back

¥ 3ece Appendix A, p.24.

** The term rigidity is used to imply the resistance of the
piate (or parts of it) to bending, as opposed to resistance
to other types of deformation.

-2 -



NFG Photo No 754 (APL)

Figure 2.SPECIFIC LIMIT ENERGY

" . .
3"Common Mark 3 Prosectiles

vs. Thin Homogeneous Armor at O°Obliguity

[

L]

(e/d)F|*x 107

S

(V%) x 10

Q.30 035




-

13

tulges, material in the interior of the plate will be able

to move forward as well as laterally, the displacemcnts of
this material being again approximately the same as in the
thin plate theory of reference (a). In contrast, the material
on the back of the plate will crack across the bulpe and open
out in petals (Fig. 5) a type of failure distinct in nature
from the expanding-hcle mechanism of Bethe.

The “rigiditv? of the plate material ahead of the
nose of the rrojectile will depend upon its thicknrq_; when
the nosc rcaches a certain distance from the back of tho plate,
bulging of the plate will set in and the trensition from
Becthe's mochanism to petel formation will begin, With a given
callber and shape of projectile, tne distance between pro-
joctile nose and back of plate at which petelling scts in will
prosumably be independent of the plate thickness., Thus, a
plate may be divided into two zones - a front zone in which
ths mechanism of failure is ezscentially that of Bethe, and a
back zone in wanich the materisl fails by petalling. As one
goecs from thick plate to thinner plate, the thickness of the
back zone remains constant, wiile the front zone gets thinner
and thinner and disappears. '

In Pert II the thick plate case will be discussed
quantitatively, and an ccuation of the same form as ecuation
(3) will be derived for the specific limit encrgy. In 2ort
IV the thin plete case {(for plates so thin that Bethc's
mechanisn does not occur st ,'-‘4']']\ will be taken up: it w 'I]
be shown that cquation (2) does not apply in this range of
¢/d, and the aprropriate eguation for thin pletes will bo
derived and comparcd with the data of Ticurc 2.

Tt will be noted that the theory of Part II (lcad-
ing to an cquation of the form cof ecuation (3)) takes no
account of dynamic effects in the »enetration. In reference
(2), . P. Robertson presents a moiificd foerm of the Ponce-
let-lorin theory, and shows that it lecads to a rclation be-
tween the reosidual encrgy after nenctrotion and the striking

enerzy of the form

—~
—

= Ao e )
‘L-‘_ Al D . J_‘T-ll ’ ® 0 o .»

where Zp is the residual cnergy, I3 the striking encrgy,
Er, the lirit energy, and S is a constant, the value of S
depending upon the value of ¢/d. This is a well known iaw
of ncnstration, much used in linit determinations, Vﬂ“ia—
t%ons of' equation (4) ﬂ;u often uvud in calculation - e.g.,
Fig. 3 1s a plot of mVp~</c vs, mVy 2/e, the actual pJato

thickness at the impact being used for the corresponding

)
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ﬁlotubd point. This procedure tends to smooth out the varia-
tions in plate thickness encountered from round to round; this
point is discussed further in Appendix A.

In Robertsonts theory it is supposcd that the pro-

JOCt le must not only overcome the cohesion of the plate
matorial, but rnust also sct the plate materizl in motion with
a sufficient veloclty to get 1t out of the path of tinc aldvanc-
ing projcctile. On this theory the kinetic energy which rust
be impartcd to the plate material is the determining Tectol in
fixing the slope S in equation {(4), and should have an cffect
uporn thh variation of the opeulflc llmlt encergy with c/d
Ag"LlDSu thicker plates, higher striking velocities will Te
nccessary, so the dvnamic energy required should te orcater,
and departurcs from the line of couation (3) should be exvected
if the magnitude of the dynamic cnersgy is significant. In

qualitative agrcement with thl‘g it will be obscrved that the
OXD»TlMCﬂ*Ql points in Fig. 1 shcw a tendency to fall above the
gtraight line for values of =/d gr:ater than 1.

It has bﬂon objccted that the work done 1n settin
uke nlate material in motion will be rccovered, as tie kinstic
nergy produced in the plate will be utilized 1n cxpanding the
pro iectile hole, so that no nct cgffect will result from the.

act that the ponour"tlon of a pTOJeCullG is dynamic, and not
static. Eowever, in sections 6 and 15 of reference (1) a suf-
ficicnt analysis of this situation is given to indicate tbat
an increase in pressure on tie ogive should rosult from th
dynamic effects, with a consceuent increase in the limit cnergy
Frowm this analysis it appears that the incrtia in the elastic

‘]

g
v

_bart of the plate is sufficicnt to prevent a reduction in

przssurce on the projectile until the bourrelet has passed the
polnt in ouestlon in the plate.

As a matter of fact, the experinents described in
reforcnce (3) show that the plate will vibrate violently
during impact, and attempts to find the force-curve for wro-
jectiles by~ snark photographs taken during impact {refcrornce
(L)) snow that the projectile may experience violent longi-
Gutinel oscillations. If this is the case, the pressure
betwoen ogive and plate-material will oscillate rapidly,
end any analysis of the meccheanism of irpact which onits
consideration of thesc oscillations Nlll necessar 11y be par-
tial and 1nbomplxu Part ITIT of tihiis report will be devoted
to an snalysis of tue dynamic ecffects during penetration,
along the linecs laid down by Robertson.
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An Early Sf-age in the Penetration
of a Thick Plate
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A Late Stage in the Penetration
of a Thick Plate




II VMODIFICATION OF BETHE'3 THICORY mO THCLUDE
PETILLING.

The folding back of the petals mey be considered
as the bending back of a collcetion of vurs by the advancing
projoectile.

o . Consicer a bar of thiclnesg
“f N //\\ t, bent without bhuckling
. 'uﬁ,\\ , ‘\y through an angle qg'thg
A & RS // radius of the inside of tae
$ R \_%/ bend keing r. If tac inside
yr e , of the bar dces not bueckle,
i # ! L no extension of the iaside
P i s occurs in berding. The
g e e extension of the outcr sur-
) ‘ /o face is (r + t)¥Y-rip= ty.
The moan extension ig (1/2)

tys, as tinc average over tie

bar is lincar. Thc work of
bending is obtained by multiplying the czteonsion by the cross
scetion A and by the yield stress V.

W= (1/2) tya Y (5)

Tha same regult 1s obtained rogardlasss of whether or nob
bucizling is assumcd.

O‘“frthwon of the netals on the back of o plate
shows thet thoy arc bent back through an ahgle of sorme 60°,
alonmy a u110umf@rbnob rouzghly twice that of the projcctile
hole. To calculate the work done in foldins back the potels
on thelr beees, L7r t is substituted for A in crhuation (5),
and Jt/3 rcplaces ¥/:

ip o= (t/297/3) (hrr o)y

cr
T T~ . 2 - -
o= RTTT(Nr t°/3), (6)
the radius of the nrojectila at thoe bourrclet.
ress in cquation (&) mway differ somewhat from
Bethc's fo nuia (pquqtlon (L)), although hurd-
arcvnd impact holegs indicatge that the aiffarc

3 Ll
all. the wcrk wardening being about thoe samz et
the metale as *hrough the aupth of the plate,

As suggested in the introduction the penctretion iz



al

considered to follow Bethe's mechanism up to the point at
which petelling scts 1n, the work done in this part of the
penetration being

= 27v 1"2(

J\“'_O

-3
—

_‘_4

B c = t’) T REERERE (
This work is combincd with that caloulatcd by ccuation (6)

to get the total amount of work donc in penetrating the plate,
Wlllvh should coual the limit cnergy:

. 2

To mekc further progress, t must be evaluated, It 1s supnosed
that for ¢ given size of projectile t is constant over the
range of u/Q for waich cruation (3) holds. Furthermore, the
basic assumption uanrlylng the analysis of penctration data
by moans of the F-cocfficicnt 1s ths t if ccouation (3} (or any
similer caquetion) holds for a given 3% projcctile, it will
also hold for o similsar pr0300u110 of any other caliber. On
this basis onc may reason that t must be proportional to

_rd ~ 1,e., rust be the szme fraction of Ty fOr 3% nrojectiles
as for 14" projectiles, It is therefore supposed that
t = (3/7) krg, (9)

wiere k is arbitrary, and the factor 3An-1s introduced merely
to sinmplify the algebraic manipulations., Substitution from
‘uation (9) in equation (8) yields

Z, = 2% Y[ro%e - (/70 )r,d + (7/3) (9K /7 23 ]
or

3

|
it

L= 2NY[roe - (3/m )rgk(1 - ) (10)
The quantity k is of course positive, and to asree with equation
(3) the cuantTIty k (1 - k) must zlso be positive, so that
O¢k<l., If the plate fails «t the back in the eusiest way pos-
sible ~- i.,e., so as to absorb minimum energy from.une nro-
)fctlle -~ k(1 - k) rust be a maximum so that k = 1/2 In

15 Ccagse

t=3r/2n (11)

For 2 Ty = d = 3", t - CJ7; actual petals appear to be nearer
1% thick at the bese. If the value of t from equation (11)
i1s substituted in equation (10), the 1limit energy is found to be

TPy e.
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1, = 2NY (r e - 3r03/h7r)

or

Zp = (7rY/2) @° (e - 4 3/87T) .... - (12)
Trom this the specific limit energy is found to be
mVL?‘/d3 =nY{e/d - 3/87T) (13)

This line intercepts the e/d axis at 3/87, or 0.119; the

line of ecuation (3) intercepts the e/& azmis at 0. 132 S0
ecuation (13) gives an intercept about. 0% too low. ”he arTes -
rient is satisfactory, considering the rough methhods used in

calculatin e the peta 1ling energy. .4 more refined treatment of

neballlng ig projected for the future. The gquestion of the

-

vield stress will be discussed later in this paper,

IIX DYNAITIC JITECTS IN AKICR PMENSTRATION.

In reference (2) H. P. Robertson has shown that a

law of resistance of the Poncelet-lorin form leads To an
ecuation for the residral energy of the form of equatioa (4).
ID this section Robertson's theory will bu develoJed further
in a Torm sultable for nunerical celculation.

—— Suppose a nrojectile rene-
. i t eting a target - consider
iﬁ"“"E “”“%ﬂ irst a case where the bour-
; j Lelet has entered the target
| ; \ Let the depth of penetration
R Y be x, and the cross-sectior

_ F 7 BEIS of the projectile be Ag =
|

1 ._hl/ *f'ﬂ“l\o/ 7Wr, 2., In advancing a

i L g f..§>v¢ distince dx, the projectile

! will cisylace directly a

; volume of waterial 4V =

§ Apdx. Vork will be Gone cn

e X ey this material in disrunting
. it, and in setting it in

e T motion with a speed suffi-

cient to displece it frcuw

the path of the projectile. This directly displaced material
will in turn set other p]4t naterisl. in motion, - a polint ©o

iy

T 7 e e ;. i - -
which we will LUUUL“ jater. If o 1is the density of tha tare .
k .
meterial and VO the =2 ‘;‘;:_uk.}_.vj 0L vhe Adrectly-df o iiosd



material, the work docne on the jectile in advancing a
cistance Ax wiil be oi the Torm

- - - , L2 .

azn = SE av + (¢/2)(a‘;'dV)'\Q ’j s soas {in)
vhere a-assuns’ congiant and called by Polerteson the ernatter
coefficieny¥- ig of the navure of a yield sivress., Tune re-
sistance ruﬁctium iz then of the forw

aem 4 n , " : 1R -

AE/dx = A la + (1/2) vy ) e (15)

In the earlier and later stages of the pepnetration the cross
section {(the W ien of the area of cgive i contach 1TU
the plauve) wil 56 b2 the full crcess-asction of the povgoc™i™s;
in the wariy shvagea 1% will demnend cnly upoen x, wdil, when othe
nose emsrzes Irom the back the cross-secticn d@ nis not only
upon x, but elso upon ihe piate-taickness . Wlba a more
general furh cf the registance functlcn would be
| , EI:
dn/dx = -A(x,e)(a +(1/2) v  “

i

o]
~—
-

L]
-
°
.
—
I_l
Cn
~

where A{x,e) is the variable cross-section.

t &n he the mean displacement of the plate

placed when the projectile advances toe infini-
tesimal dAde*:v<e Cx. The volume of displaced meterial is
Llx,e)dx, and the matorial ie Aigplaced outward through an
aresa cﬂ¢ul to the lateral (surface) area of the embedded wor-
tion of the cgive, which area may be-designated by L{x,e).
There’ore, since L( e)du = Al(x,e)dx,

Te

PR, S oL
rmatarisgl dis
q-l-

&

du/dx = Alx,e)/L(x,e),

so theaet

I ) Wl v Iy \ PR
VO /v = AlX,e)/L{X,e) e o e (L/)
and
t2 Y, 2.2
VC) - ;_ﬁ(r._,;j)/r_.(x,e-)i v v o w e (13)
or
V. “ :'-;"l(xue) v2 o v 0 (19)
V] 2 VP
vhii
. - _\2
-~ (x,e) = = e)/L{x, e)i .

n the early stages of tihie penetration, when only the end cf

F



the rose is embedded,~will be fairly larze, approxinating

1 for dlunt vrojectilse, and smalley for wmore pointed Lro-
iactiles. L& vwhe nsge of tae projectile emerges from the dack
of the plate »will teve sSreller and spallor values, reaching
Zoro as the bourrail:h clesrs the plate. sn epproximatin to the

N
s :
w2l the piete will ba the square of

V]

(¥

2

nean value oo L

ratio of thoe 1 ]
section of ko wrojeoetile; tl

SnQix

= (L /T, V7 (50

0 ""Q/--'C PN (<
If nlate and proj22tile are of the same material,?as is
usually ®the cage for rajer celibesy projzctiles, /~ = L.
Tor the projeccliiz. the mass may oe remressnbed by

m o= I'O_[)‘-_l,,g_'), N {«1)

which defines ), the "cffective length® of the nrojectile;
A will usgually be ¢ifferent from tho ectual length. Scuation
(21) is solved Tor ©, and the rasult substituted in cguation
(16), togetner with the substitution for Vo.2 from squations
(18) and (20), wyieliding

. ) =
am/dx = -Alx,e)fa + (1/2) 0/ rex 2A) 20v@l oo (22)
or
dE/dX = -.L‘:L(:;;())(a + bOE) 6 e 00 0 @ (23)

- 2 !
B = = = iz
vhere T = mVS/2 and b, = ¥/ (T

Icuaetion (23) is eagily solved by =scparation of variables:

, _ = ‘-
In (a + DIE) = - X Alx,e)dx + const.

For x = 0, B = Z5, the striking energy, so the constant is

(1/v5) In (a + YEg).  Substitution and trensposition of the
constant yilelds
%
) e+ DT .
/i\fm/_“wmg,\=-(AEQGMx
N \a + DyTig / =)o

Let the projectlle pass completa=iv hhmev-h tha =lnts . <inet

Alx,e)dx = V _,
o

1
0O
]
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When the projectile etrikss with just the limit ene
' » {
{

the volume of the hole through the plate, which is 7rr026, and

E‘= Iy, the residval energy.
Thus,
fa + h BN
(RS W
a it oTR L o,V
Vo + b ' ©
ofg/
Teking abvl-logarithins,
e‘ * bO“"'R = (a + bCES) ej{r‘( '-bOTJL‘v) r s 0w \“‘3“‘[‘)
bV = (/s 2 i yy
00 TSR (regte) = R
Thus,

o —— ’ /)
A= ~a/by + {1/b

the reszilual energzy is zerc, sSo tha

cubstitution of this value of g in equation (%5) yields
T = Yarr{ . (“‘
S T SUPALe ’\I JVdg = IEr ) ..., (26)
R (- x 0 _, S L7 \ /

This ecuation is essentielly that obtained by Robertson in
reference (2), and is or the same form as equation (4), &s
degired. However, hefore introduclng any numbarical re-

sults certain corrections need To b= made.

As previously noted, the projectile must dl-0¢aCP

material not only of the volure V_ of the hole througn the
plate, but also surrounding material oubt to scrme radiug T,
which is taken prov:sia n2lly zs the ralius of the Hiastic

.

region in the planse; at fhis point the displacements will
be *ra“l, as they wows cerregnond Lo strains within the
elastic limit., In Estire's thian-plete tleory, in the static

“~

case, the radiuws ~f ths nlastic reglo is abcut 3.2z,
Rethe wointsg ous *that Tthe Diastic reglon will be somewh 2l
smaller in dynami-s ' ne ., bu' doe s 1ot say how Lol

Tt will be assumed
previously used 1is

A = e ¢ 3 iy
1 RAN il VCﬂLPF‘ /Q

aced by ( )4" - U

4 Hor
o i . o - o’
end e/A in e-uation (26){and related ?C“m*?ﬁﬂq‘ is o b

multiplied by 9.

=10~



These factors represent one element of the necessary
corrections, modifying the equations insofar as they involve
the volume of displaced plate material. The mesan velocity
of this larger volume of displaced matericl need not bewr
the scme relation to the projectile velocity as previously
found., In default of more exact kXnowledre, it 1s supposed
that the displacement of any portion of the plate materigl
fells off linecrly with distance of its initial position
from the axis of the projectile-hole. Thus, if uy is the
displacement of a point initially on the axis (r = o), that
of a point &t ry = 3r, is zero, and for intermediate posi-
tions the dlsnlacement is

[AN)
~

u=uo (I'l-r)/rl e iow (

Lveraging over the entire volume, which is symmetrical zbout
the azis of the projectile hole, it is found that

o I'l
L
2 = °. 2""rdr/ ( 27 rar

{
=\ {28)
N \ u’ 2’ ) W e (28)
‘0 o)
with the result
w3 - C e
u® o= u02/6 . -B (29)
The'velocity being proportional to the displacement,
L . '2/ 3 ! s
v = v, /6, so that one should use not <, but ¥./6.
When this substitution is made, together with 9e/) for
e/XN ,» equation (26) becomes
3y = exp(-37¢e/2A) (24 - By)  aeens (30)

There are two obwvwious criticisns of this calcula-
tion. The precise law of fall-off of displacement ray not
be very much like that represented by ecuation (27).
Furthermore, it is to be expected that the law would vury
with denth bulougn the plate, as should also the radius of
the plastlcally worked reglon, due to the change in meckhanism
from niercing to petalling. The calculation is not apvnlicable
to thin plates, for which dishing is importunt.

The most accurately determined slope available for

- 11 -
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a thick plats at 0° oblicuity is for the 3-inch AP, 1-79
nrojectile vs., L~inch Cluss B nlate, six noints giving a
glope of 0.93. Tor the projectile in cuestion, the zctusl
dismeter is 2799, and the ogivel rodius is 55 insertilon

of these values in ecuation (1) of Ahpuﬂdi B yvizldas a
latsral erea of ogive of <4.230 sg.il The cross-scction of

the projectile is 7.02 sg.in. so that

Yo = (86/15)2 = (7.02/24.80)2 = 0.0301.

For a 15-1b. projectile, A= 7.5 in. Thus, agrinst o 4-inch
plote

3% e/2N = 3(0.0801)(4)/2(7.5) = 0.068

The correswending slove is therefore 0,934, which azrees with
thie exrverimental velue within the errors of observation.

Other values of the slore have not been deterriined
with equal pre CA510“. However, it has been well esteblished
by flrlﬂu ot tie armor end Projectile Laborctory that the
slone incrsasces with deereasing e/d, wiich is in accord with
ecuation (30). As a natter of faot ecuntion (3C) prsdicts
a slonre annroaching unity as plouckcu zero, wWhercas for
thin plate (e/d<0.3, sav) uuF Tsl o*e is sreater than one.

This higher volue of the slope for thin plate is csesociated

with the rarksd dishing which occurs around the imwact hole,
with which the present theory is not designed to dezl.

In view of the corrections to equation (“’)
correstonding changes will be roruired in cruation (2 j)
cnd the other eouations derived from it. Becouse of the
srecter volume of ratericl actually displaced, b, should
be replaced by a larger b, -

b =9 b,

- A . .
or in meneral, b = (r1/r ®)p_, 4t the seme tine, a smeller
5 “should be used in caleulating b, o = 7%/6 , l.e.,

b= 9P/ TrotA) = 3UG/RITLGN s (51)

When this expression for b is introduced into ccuation (2ha),
ons obtelins

a = (a+Db %) exp(~3256/2\)

=
i

. (a/b)(_exp(}’)ge/ZX) -1] (32)

- 12 -



Superficielly this ecuation bears no resemblance to the
desired form, equation (3), but it can be improved, bring-
ing it into a form very 51m11ar to equation (1). Substitute
for b in equation (32), obtaining

(21z %a\/325) [oxp(370/2) - 1]

=rgPa | exp(3rde/A) -1 !

325/2 N J
or |
B, =T‘,r02ae[exp(3?(§e/2>\) -1] (33)
3 %e/2N

If the factorjra is identified with 27rY of ecuation (1),
this expression is similar to equation (1) except for the
factor in brackets. This fuctor is of the form

£(z) = Eﬁ @z)-1 ]z, e | (34)

where z = e/d, andcx 3%4/2A = 0.0516 for the 3" A.P. N-79
projectile. f(z) may be tabulated for various plate-thicknes:
es: . '

e,in | z i az |expluz)-l , f(z)
; 1 |

1 0.333 © 0.0172 | 0.0173 . 1.008

2 0.667 | 0.0344 | 0.0350 1.023

3 1,000 ! 0.0516 | 0.0530 1.027

L 1.333 | 0.0688 | 0.0712 1.035

5 1.667 | 0.0865 : 0.0%03 l 1.044

It is seen from this table that the factor in brackets in
equation (33) will not »roduce any marked deviation from
linearity. The departure of the curve of equation (33) from
linearity has been suggested in Figure 1 by fitting the point
for e/d 0.33 to the line L; the ordinates for the ether
values of e/d showh in the table were obtained by multiply-
ing the corresponding ordinctes for the line L by f(eofd)/f(0.33
These points are shown in Fig. 1 as open circles, and the
broken curve is drawn through them. The agreement in the
range of e/d from 1.6 to 1.7 is actually better than it
appears, as the experimental points were obtained on a plate

- 13 =
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cnown from larger caliber firins to be of oxcewtional cuality.

Referring to the question of the intercept of the
curve of equation (33), as compured to the experiment:l
curve of the type exemplified by eguation (2), in ecuation
(23) for the resistance,

1

dr/dx = -A(x,c¢)(a + b, &)

it suould be noted that a is troated as a constant, the
static pert of the resistance verying only with the viriable
area of impression A(x,e). The analysis of petalling in
Pcrt II shows that the resistance should depend not only
upon A(x,e), but also upon the type of failure occurring

at the particuler depth of mnenetrotion considered; o is at
best an oxpression of the avercge stotic resiswvonce. Zgua-
tions of the type (12), (13) show that a plete resists pene-
tretion as though its effective thickness is not e, but

(¢ -2-3/8m), ond onc should icentify 7ra not with 277,

but with

2mY(e-34/87")/c

Thus, the fincl expression Tor the limit cnergy becones

T - 2 \ [oxplee/a)-1 |
B = 2NYr, (e—3d/87T)!"l p&&ééd |

-

or
m.VLz_/d3 = xY(e/d - 3/8m) explrwe/d)-1 /((c/d)..(35)
yhen this is comparcd with eouation (3), it is seen thot
Y = 27.69 x 10° f+.-poundals/ft.3
whence
Y - 8.31 x 10° poundals/sq.ft.
Trenslated into the usval terms, the yield-stress is thus
Y = 1.90 x 10° 1b./sq.in.
Strictly spcaking the cocfficient of Y in equation (35)
will dencend uvon the particular theory of plasticity wsed,

Bethe hes shown thet if the theory of von lidses is employed,
instead of that of lMohr (which he used in deriving equation

- 14 -
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{te,

(1)), the energy expression involves not Y, but 1.15/VY.
with this modification the value of Y obtained by comparison
with cxperiment would be

Y = 1.65 x 10° 1b./sq.in.

This value of the yield stress is cbout twice tho velue
obteined for armor steels in static tension tests.

In static tension tests, the yleld stress is
found at the onset of plastic yielding. Normally thc change
in yield stress resulting from work hardening is not dctcrmin-
ed, but it is considcreble. In the penctration of urmer
work hordening will occur et an early stage in tho exmeasion
of the hole, and the mecn yield strcss should certainly be
well ebove the usual test. Furthermore, the high rotos of
strain during projectile impact will result in higher volues
of the yield stress than those found in the usual engineer-
ing tests. Some data on this speed effect are given 1n
reference (1); experiments now underway under the auspices
of Division 2 of the National Defense Research Committee
should provide further informotion on this point.

Work hardening znd the effect of rate of strain
on the vield stress will modify Bethe's theory of thin
plates. In his theory the plate thickens around the impact
hole, in such a way thet at any redius r within a certain
vclue the thickness of plate h at that r is given by o
formula of the type 27wrh = const. This formula is designed
to apply to a static penetration with a constant yield
stress, and results from the fact that every elementary ring
in the crmor must have equel and opposite forces acting upon
its inner and outer surfaces; as the pressure in the »Hlastic
region is fixed by the yield stress, the outer and inner
surface of every elementary ring must be equal. Illowever,
hardness patterns talken around inpact holes show that the
hardness is preatest near the hole, falling off into vhe
body of the plate; presumably the yield stress varies in a
similar manner. This variation in yield stress will make
it unnecessary for the thickness to increase so rapidly as
one wroceeds from the body of the plate towards the impect;
the condition 27'rh = const. is replaced by the condition
27mrhY = const., where Y is now a variable. This fornrula
1vill arply only in stotic penetrations; in dynamic pene-
trations where the plate moterial is being accelerated, the
force pressing outward on the inside of any elementary ring
must exceed tle inward force on the outside of the ring.
In consecuence one does not expect a nlate to thicken es
rucil around an impact hole as in Bethe's thin-plate tiieory,
a roint in egreement with the observation of actucl impects.

- 15.;



Iv THR PONZTR.LTION OF THIN PLATES.

The theory of Part II apvlies only to nlates taicker
then o certain critical value. Below the critical thickness
the »late fails essentially by vetclling, the expanding-hole
meciianism of Bethe not being nresent ot «ll. 7hile in such
thin plntes dishing ncvmally extends for some distence out
from the im»act, the major deformation oceurs nezr the hole.
Provisiconally it may be sunposed that equation (6) cpplies,
where the thickness t is now the entire plate-thickness e,
and the work of petoTling is the limit energy:

I = 2TY(Mrre?/3) (36)

This express ion is nuedrotic in g, «nd gives zero energy
ot zmero e/d ns shiould be the case. Tais curve shoula join
tiat of the linecr ezwression (12), or its eguivolent

— , 2
B = 2WY (rfe - 3 2/
ot sone value of e, the tvo beins tangent «t the point of
intersection. The value of e 1is found by solving sinul-
taneously:

2TWY(Troe?/3) = 2 ¥(ro%e - 3r5°/47T)

which reduces to
2

(2Wé)2 - 2(27Te)(3r0) + (3r,) = 0.
This ecuation has a double root,
e = 3r./2T,
egreeing with equation (11),

SRR (37)

®
~
2
j
(NS
S~
-
:|
i
(@]
o
oo
N

or

Fizure 2 is « IiDh of the szvnecific limit energy
for 3% Common Ikrk 3 »rojectiles versus thin homoseneous
plate ot 0° obliguity; these projectiles have the sume
s =)

T
Y-
Ll

I+

O

ival redius as the 3% A.2. 1™-7¢ »rojectile. The lineer

aph for the 1=79 projectile acgainst thicker plate is

wown as the deshed line. The grevyh drawn in for the 37
orrions is the lengt-squares perabola for the plotted woints.
ﬂhb closest wpproach of the two graplis is ot e/d = 0,25%. The
discrepancy between the eAﬁeriment‘l graph and the calculation
of ecuation (36) nmcy be interpreted as due to the neglect in

<=3 T - o~ —~ ~ ~
the latter case of the eneregy of disaning.

=
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The slopes of the graphs of E;, vs. g are obtained

7.
=ntiction:

o’
2

oy
F_J-
+
s
@

-

o

az; /de - LT 2Yr e/3

(from équation (36)), and

| 2
dlp /de = 27 Y¥r,

from the linear grayh. If in the ecuation for the slope of
the parabola the value of e from equation (37), is substituted,
it is seen that the sloves eare the seme - i.e., the theovat-
icnl curves cre tongent at the point of intersection.

(

V. DIZCUSSIQN.

"ost firing ot armor plote is done for proof, and
limits are not determined, except accidentally. If = limit
velocity is determined for o plate, it 1s usually ct an
obliguity cnd value of e/d approximating those expected 1in
service = if the velue of e/d is spall, © is large, -nd vice
versa. It is only recently thet eccurate limits have beea
found, with a single type of projectile at a fixed obliquity,
covering the entire nrocticable range of e/d. This series
of determinctions nrovides a much rore satisfactory basis fox
theoretical discussion than has hitherto been avallable.

Various erpiricel formulas have been proposed in
the past for the calculation of plete limits; dimensional
considerctions hove sugsested the type form:

l/2mVi2 =f5Yénd3_n,
where,s is dimensionless, and n is chosen to give the best
fit to the availcble experimental data. In terms of
specific energy, this formula becomes

’

nv_%/43 = o (e/d)"
L
vhere o 1s now o constant hoving the dimensions of stress.
It is clear thot dimensional considerctions do not restrict
asuch empirical formules to ¢ single terrm, and that in general
one could write '

my_</q3 = > o (e/d)0,
L n

n

Tocuations of the type of equation (3) represent the simplest
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UNCLASSIFIED

case of an empirical formula with more than one term. A
study conducted at the Naval Proving Ground based upon date
obtained at the Naval Proving Ground, the Naval Research
Laboratory, and the Princeton Range has established the type

formula

vaz/d3 = -a+f(e/d) (33)

for considerable ranges of e/d, and obliquities of 30° or less.
This type form 1is uncuestionably superior to the older formules
of the deliarre type, as far as the attack of homogeneous armor

ir concerned.

The theory presented in this report provides a
rational explanation of equation (38), and in addition pre-
dicts the breakdown of this ecuation at low values of e/d, and
the smaller deviations from equation (38) at large values of
e/d. It should be noted that no ad hoc hypotheses were intro-
duced into the theory to attain numerical agreement with
equation (3) or the slope of equation (4). The assumed petal-
thickness, which determines the intercept on the e/& axis in
equation (3), was found by a minimizing »rinciple; the mean
value of 9”and the size of the worked region, which determine
the slope to be used in equation (4), wers found gecometrical ly
and from Bethe's theory.

The thin-plate form of Bethe's expanding-hole
theory has been used in preference to his thick-plate theory,
even for plates of e/d» 1; this dwice is based upon studies of
etchings and hardness patterns of sections through impacts,
which studies will be presented in a subsequent report. These
studies show that the type of displacement within the plate and
the ex*tent of the work hardened region are consistent only with
the thin-plate mechanism, for plates corresponding to e/d values
un to 1,4.

Certaln additional conseqguences of the theory may be
noted:

1, As the resistance function (ecuation (<3)) increases
with the striking energy, a nrojectile, barely able to pene-
trate a given plate at a given striking veloclty without marked
deformation, may be expected to experience greater stresses at
higher impact velocities, so may be broken when striking the
plate at velocities well above the limit. A qualitative
explanation of the phenomenon of shetter is thus obtained. A
seneral quantitetive discussion is not possible, as shatter
must be determined as much by the quality of the projectile
considered as by the mechanlcal laws of penetration.

2, In extension of item 1 above, one can understand why

UNCLASSIFIED
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the probability of shatter at the limit will be greater in
the attack upon thicker plates; the striking velocity for
renetration being greater for thick plates than for thinner
plgte,, the initial resistance experienced by the proz:ctile
~will be greater in attacking thick plates, and may set up
sufficient stresses to shatter the projectile,

3. The resistance-function increases linesrly with 7 ;
the shorter the ogive, the larger the value of 77, and the
greater the resistance encountered on impact. Onc would expect
& blunt projectile to be more likely to shatter on a heavy nlate
than a long, pointed vrojectile - an observation in accordance
with the facts, as long as the obliquity is near zero.

L4, The projectile sets uv both forward and lateral
components of force as it penetrztes the plate. Vith tro-
jiectiles of conventional form apuln t thicker plates, iie for-
'ward components will set up shearing stresses, but the “rigid-
ity " of the plate will be sufficient to prevent the shoaring
out of a punching, and the penetrction will procesd essentially
according to the mechanism envisaged in this revort. Eowsver,
if & blunter nrojectlle is used or if the conventiongl pro-
Jectile 1is used against a thinner plate, the shearing str 229
mey be groit enoush for the plate to fail by punching

To be more concrete; the 3" A,P. 17-79 projectile,
with &« simple 5" radius og zive, will nierce (a3 ovposed to
nunching) pla tes of any th c&ness yet fired at (e/d values up
to about 1.6). 3" projectile with a hemispherical nose-
(1u5 r'dlug orlve) wlll knock a ﬂunchlnb, slightly srealler in
diemeter than the projectile, out of any plate it can pene-
tratetrate without shattering. ZPFrojectiles of internediate
form - having compound ogives of the type used on most 3"

L.P, projectiles - penetrated a 1995 plate by a niercing aciior
but when fired against a 0Y73 plate produced small punchines in
front of the bluntest portion of the projectile nose, the hole

being enlarged to the full size of the projectile by netalls ng.

Punching in Class B plates has been observed only wi“un
blunt projectiles ~ i.e., projectiles having a relatively lars:
velue of 7, so that they experience a high initial resistance.
Punching invariably occurs with Class A plates, where the harc
Tace oduses a very high initial resistance, as skLown by the
ebility of Class A plate to break projectiles. One ray there-
fore assume for purposes of investization that nunohlng will
always occur in eny »late, hoviever Lnlck if it offers high
Qnouu“ esistance to the vrojectile; thls hipgh resistance may
be & conueﬂuence of hrOJactlle form or of plate hardness, or of
& combination of these two factors.

5. Experiment has shown (reference (5)) that, as long
es punching does not occur, the limit energy of a progoctIWJ
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varies in an inverse way with its length of ogive. This is
exrlained nualitatively by the decreuse in the valuc of +7

s the ogive 1s lengthened, which recsults in & lower average
resistance to the projectile and a consequcntly lower 1limit
enorgy. On this basis, one would expect little difference be-
tween vrojectiles of different form amgainst thin plates, where

the dynamic terms are least, an expectation which is fulfilled -
see reference (5) - as long as puncling does not occur,.

6. If vpetals break off at the base without bending
througk a considerable angle, or if a button is thrown from
the beck of the nlate, the energy absorbed in the back zone
of the plate will be less than given by ecuation (6), and the
plate limit will be lower than for ductile plate of the same
thickness. However, this explenation of the lower limit of
brittle plate does not give any inTormation as to why the
plate is brittle in the first place.

VI. £5,00M THD.TICHS,

o

Further resesrch on this problen should include
rore precise method of calculating the energy of petalling,
end @ better method of evaluating 27, The guestion of dishing
in thin plates must be dealt with, together with the wasoclated
ruestion of the slopes of the sraphs of Er vs. Hg. e shear-
ing action immedictely adjacent to the impact should be con-
sidered; it miezht hel» to clear u)» the aprarent discrepancy
between the intercent of Figure 1 and that calculated in art IT,
and clso the annarent lersge value of the yield stress., lilard-
hess survers and etchings of sectlons through impacts are ex-
pected to rrovide additional date wiich should guide further
researches,



VIT

T "‘!
R¥ FiR CR3.
Wranﬁioru Arsenal Report, Attempt of &
J:

Teig
Theory of &rmor Penetra
Bethe. (Muy 23, 1941)

t‘on, by H. A.

National Defense Reseurch Conmittee
Renort No. A=16, The leckanics of Armor
Penetration: Residual Veloc:ty, by

H. P. Robertson.

Taylu¢ I'odel Basin Renort 49L. Accelera-
tion Measurerents on arvor Plate under
Projectile Impact, Assenbly ¥, by J. S.
Paricinson.

Fraenkford Arsenal Renort 54-B, Torces
during Armor Penetration by Caliber .30 L.P.
Cores, by Colin M. Hudson ¢nd Williiam J.
KXroeger.

Havel Proving Ground Report MNo. 2-43, The
Lofect of Nose Shape on the Ballistic FPerfornie
ance of 15=1b. 37 LP 30lid Shot against Homo-
reneous Armor Tlete,



VIIT APPENDIX A.

EXPZRINENTAL DATA.

The determination of accurate and significant bal-
listic data is a difficult problem. The testing of crmor and
projectiles is very expensive, and as the determinetion of an
accurate 1limit velocity by a close "straddle™ requires a con-
siderable number of rounds, such limit determinations heve
not usually been made on all plates tested. “hen funds have
nernitted a subgtantial number of limit determinations,
practical considerations have dictated the conditions, which
are chosen to approximate the values of e/d and @ likely to
be encountered in service. In general, plates corresronding
to large values of e/d are tested at Low obligquities, and vice
versea.

In view of these conditions, it 1s clear that the
first analyses of data had to be statistical in character, with
individual 1limit energies devarting considerably from the best-
fitting curve. In pe rtlcular wlen lipit velocities and limit
energies are being determlned variations in plate~thickness,
oblicuity of impact and projectile riiss will occur from round
to round. Veriations in obliquity will be particularly herd
to control when firing et thin vletes at high obliquities,
where the dished aree around one impsct hole will extend pric-
tically to the next point of impact. It lLas therefore bezn
necessary to devise a means of compering successive rouncs, and
of cempering linmits on different plates of nearly the same
thicknesgss &t obliquities differing by a few degrces.

If projectiles are of the sawe forr: end strike the
plate with zero yaw and do not deform, the variables affecting
the 1imit velocity Vy will be the projectile mass m, the oblig-
uity e, the »late thickness e, the yield stress ¥ of the plate,
und tne prOJect11e dliameter d. These variables must be fune-
tionally related in some waj, thus '

.¢ (m,v ,Y,e,d,8) = 0.

If this function is to be expressed expliditly, the require—
rments of dimensionel homo"enelty necessitate the grouping of
the voriobles in dimensionless combinations. e/d and 9 cre
dimensionless. WVT? has the dimensions of energy; Yed?,

which is prOUOTthDrl to the energy per unit volume of the
m-terial dispteced from the projectile hole, ¢lso has the
dimeneinns of energy, which suggests ths use of mV ‘/Yed‘

as another dimensionless combination. Thus one may try to find
a relation of the form

2 2
Y (mv;“/vea”,6,¢/d) = O,



or what 1s equivalent, .
V7 (nl/2vy /y1/2 el/ed,e,e/d) =0
This implicit relation may be written more expllicitly

—752 = Fo(e/d,0),

where the constant YY/Zhas been absorbed into F, . It is found .
by experiment that this function varies only slowly with e/d

and m, and to that extent 1is suitable for comparison of d4if-

ferent rounds on different plates., However, the variation with
© is rapid, and to iron this out it has been found best To in-
troduce a factor of cos®, which is of course dimensionless:

F(e/d,0) = ml/EVLcosg/el/gd

This function is the well-known F-coefficient developed at

the Naval Proving Ground in 1932 and since used constantly in
the analysis of data obtained at the Naval Proving Ground and
elsewhere. The F-coefficient is not a constant but varies
slowly with e/d and ©. It is useful for the direct comparison
of plates under closely similar conditions, and the average F-
coefficient, evaluated as a function of these varlables,
gerves as a valuable reference for comparisons of plate qual-
itlees over large ranges of plate thickness and obliqulty, and
as a basis for writing armor speciflicatlons.

Earlier analyses of pencetration data in terms of
the F-coefficient were based almost entirely on values of
e/d and © of principal service interest, and with a wide
variety of projectile designs. Hence, they are not entirely
adequate in range for any single projectile from the stand-
point of Fundamental investigation. The development of the
residual velocity technique for the determination of limit
velocities, described in reference (2), has enabled the de-
termination of limits with only one or two rounds--~exccpt at
high obliquitics where more may be required--and together
with systematic firing at small scale (.30 and ,50 caliber
and 3") has made feasible the accumulation of sufficient
data for the determination of accurate curves of F as a
function of e/d and @, over wilde ranges for particular pro-
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jeetiles.,

From a mechanical point of view, the limit cencrgy
1s more significant than the limit velocity. The specific
limit encrgy is readlly obtained from the F-coefficient, as

(e/d)FR = mVy2cos?e/ad,

—- 2P



@ is in pounds, rather than slugs, so that while (e/d)F% ig an

At AT A Aandtdan roam arvs Arnal 48 mrarticrnlly 1 tn ot the
AL UDLLUUILLLITO LISAal 4AGil, LUoT Lo phldvvavddisy Ly o] = W u“.
actual energy at higher obliquities, one would use

(e/d)F? sece = mVLz/dBn

Figures 1 and 2 give the experimental date for one type of
uncapped projectile at 0°,

In the plotting of residual energy graphs (of the
type of equation (4)) it is found that less dispersion ic
obtained if an F? plot is made, using the quantities.

r mVS‘COSZQ/ed“,

Il

3
Tp? = mVpcos”6/ed?,

. 2 - 2 2. 2
and o= m 1, cos v/ed .,
The equation equivalent to (4) is then

F 2 o s(F.2 - §°)
H AY b - i

If one or more quantities stay constant from round to round,
they may be cancelled from this eguation; for example, in the
firing basic to the plot of Figure 3, d and cose were prac-
tically constant, so the plot shows :

mVR2 - S(mVs2 - mVL2

: )
{ e e /)
The term specific limit energy has been introduced because the

weight of a projectile in »pounds is usually not very fur from
half Bhé cube of its diameter in inches:

w = d3/2.

e

Therefore, |
(mv?/2)/(a%/2)

is amnproximately humerioally equal to the limit-energy per
pound of projectile weight. For projectiles of a given form,

2/q3 -
mvy /d

is strictly proportional to the energy per pound of projectile
weight, regurdless of the units used for d. In calcul: tions
u81ng the F-coefficient, 4 is in feet, rather than 1nches, and

Cias
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expression of the specific energy, it is not numerically equal
to the energy in ft.-1b. per 1b. of projectile weight. The
utility of the specific energy arises from the fact t hat, like
the F-coefficient, except for small scale-effects, it can be
uzed to compare results for projectiles of the same form and
different callber. Thug, if a 3" plate is attacked by the 3"
nodel of the 8" 4,P. Mark 11, the specific limit energy should
be about the same as requlred for an 8" A,P. lJark 11 against
an 8" plate at the same obliquity, or if not. the differences
would be attributable to different plat~s qualities. .

VIIT APPENDIX B.
Y

THE ARTA CF AN OGIVE.

o X A simple ogive 1is generated by
revolving an arc of a circle
about its cliord; in the figur-,
an arc of radius R with center
at C is revolved about the linc
0X. The nose of the projectile
will be represented by that
half of the ogive lying to th»
right of 0Y. By a Thsorewr of
Pappus, the area of a suria -
of revolution is the procduct
of the length of the reveol rir:
_ arc by the circumference de-
scribed by the center of gravity of the arc. Thus, if ¥ is

the mean y along the arc, and L. is the desired lateral area of
the ogive, ¥

L, = ZIry-RY4
Here 7 = j&ds/jﬁs,

wWwhere the element of arc ds is Rd6, and y = Rcos@ -(R-ro) =
Rfcose - (1-d/2R)].

Therefors Y
-y- _ L R oos@ - (l d/zR)]RdQ

J Rae
- R[_sm%p (1.- d/ZR)J

Tn this formula W- cos (l d/2R), so can be found from the
specified form of the nrojectile, Then
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L

or

This is DI'O‘Or._-:bly
calculstion, the

E

wae forrmuwle. IT

formula tecorcs

2R Y [sinW- (1-4/2R )J

2WR2 [sin\./'-—t/-'cosﬁP] ..... (1)

the most convenient equation to use for

value of W being found and substituted in

is eliminated from =cuation (1), the

---——#_._ﬂ

Ly - omr” [(a/2m) \/ (LR/A)=1 -(1-d/2R)cos 'Hl-d/?.a)j (=)
[ .
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