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NPG Report No. 9~46 

ANALYTICAL SUMMARY PART IV 
The Theory of Armor Penetration 

1 May 1946 

1· For some years the NaYal Proving Ground has been assid­
uously engaged in the study of the penetration of armor by projectiles •. 
Pursuance of this work to conclusive results must be predicated upon 
well substantiated theories defining the performances of the materials 
involved under the various possible conditions. 

2· Particularly necessary in the more immediately practical 
field of armor study and evaluation is the need for dependable plate 
Penet~ation charts or tables. In 1943 Lieut. A. v. Hershey, USNR was 
assigned the task of preparing such charts. In prosecution of the 
assigned task he conducted an exhaustive study, employed for the first 
time new methOde of attack and developed new theories concerning the 
Phenomena incident to the penetration of plates by projectiles. 

~ 3. During the latter years of World War II, Lieut Hershey 
prepared a series of nine reports which are being published by the 
Naval Proving Ground under titles as follows: 

(l) ANALYTICAL SUMMARY. PART I. THE PHYSICAL PROPERTIES OF srs 
UNDER TRIAXIAL STRESS. 

Object: To summarize the available data on the physical 
properties of Class B Armor and STS under triaxial 
st:-ess. 

·--......._ 

(2} ANALYI'ICAL SUMMARY. PARr II. ELA.SI'IC AND PLASTIC UNDULAriONS 
IN ARMOR PLATE. 

Object: To analyse the propagation of undulations in armor 
plate; to summarize previous analytical work and to 
add new analytical work where required in order to 
complete the theory for ballistic applications. 
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(3) ANALYTICAL SUMMARY. PART III. PLASTIC FLOW IN ARMOR PLATE· 

ObJect: To analyse the plastic flow in armor plate adjacent 
to the point of impact by a projectile.-

(4) ANALYTICAL SUMMARY. PART IV. THE THEORY OF ARMOR PENEI'RATION· 

ObJect: To summarize the theory of armor penetration'in its 
present state of development, and to develop theoret­
ical functions which can be used as a guide in the 
inte~pretation of ballistic data. 

(5) BALLlBriC SUMMARY. PART I. THE DEPENDENCE OF LIM.IT VELOCITY 
ON PLATE THICKNESS AND OBLIQUITY AT LOW OBLIQUITY. 

Object: To compare the results of ballistic test with the 
prediction ot existing fol'lllUlae, and with the results 
of theoretical analysis; to find the mathematical func­
tions which best represent tbe fundamental relationship 
between limit velocity, plate thickness, and obliquity 
at low obliquity.-

(6) BALLISTIC SUMMARY. PART II. THE SCALE EFFECT AND THE OGIVE 
EFFECT. 

ObJect: To determine the effect of scale on ballistic perfor­
mance, and to correlate the projectile nose shape with 
the results of ballistic test. 

(7) BALLISI'IC SUMMARY. PARI' III.- THE WINDSHIELD EFFECT, AND THE 
OBLIQUITY EFFECT FOR COMMON PROJECTILES. 

Object: To analyse the action of a windshield during· impact, 
and to develop mathematical f~nctions which beet 
represent the ballistic Performance of common projec­
tiles. 

(8) BALLISriC SUMMARY. PART IV. THE CAP EFFECT, AND THE OBLIQUITY 
EFFECT FOR AP PROJ1!!CTILES. 1 

ObJect: To determine the action ot a cap during impact, and 
to develop matA8matical functions which best represent 
tbe ballistic performance of AP projectiles.· 
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(9) BALLISfiC stn641\RY. PART Y. THE CONSTRUCTION OF PLATE PENETRA­
TION CHARTS OR TABLES. 

Object: To sUDIB&rize tbe reaulte ot analJaie in the to!'DI ot 
st·•nd.ard cha!"ta or tables.· 

4· The opinions and statements contained in t~ese reports 
are the expressions of tbe autbor, and do not necessarily represent the 
otf1o1al views of the Naval Proving Ground. 

DAVID 1. HEDRICK 
Captain, USN 
Commanding Officer 
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PREFACE 
---~-~-

AUTHQRIZATlON 

The material in this report is supplementary to the construc­
tion of plate penetration aharte. It was authorized by Buord letter 
NP9/A9 (Re3) dated 9 January 1943~ 

OBJECT 

To summarize tbe theory of armor penetration in its present 
state of development. and to develop theoretical functions which can be 
used as a guide in the interpretation ot ballistic data.-

SUMMARY 

The major phenomena of armor penetration are described. 
Formulae for elastic undulations in a thin membrane and a thick plate 
are combined into a simple formula whose algebraic form is consistent 
with direct experiments on elastic undulations in plates of intermediate 
thickness. Force-penetration curves for 3" AP M79 projectiles are 
derived from the dePth of penetration of projectiles into homogeneous 
plate at impact velocities lees than the limit velocity. The force­
penetration curves are used in the qualitative analysis of plate boundary 
effects, and a!"e used in the determination of the distribution of impact 
energy between the elastic undulation in the plate and the plastic deforms-

. tion near the impact.-

A theory is developed to represent the limiting ease of a thin 
plate.· The thin plate theory is based on the following simplifications: 

(a) The energy required to crack the plate is assumed to be propor­
tional to the imbedded volume or the projectile with the tip 
of the nose just at "the back of the plate. The average pres­
sure on the projectile before fracture of the plate is assumed 
to be equal to the average pressure in the equilibrium expansion 
~f a hole of uniform diameter. The thickness of the plate near 
the point of impact. just at fracture, is assumed to be equal 
to the thickness of the plate near a hole of uniform diameter. 

{b) The energy required to push back the petals after fracture is 
assumed to be proportional to the plate thickness. 
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(e) The energy delivered to the transverse undulation by the 
projectile is assumed to be the same as the energy in an elastic 
undulation with the force concentrated at a point. 

A theory is developed to represent the limiting case of a 
thick plate. The thick plate theory is based on the following simplifi· 
cations: 

(a) The mediUm is assumed to exert no shear stress in a zone next 
to the impact hole where faults can occur. 

(b) The plastic energy per unit volume of armor in the path of the 
projectile is assumed to be constant through the thickness of 
the plate, in the zone of irrotational flow, but is assumed to 
be the same as the energy in the equilibrium expansion of a hole 
in a thin plate with free surfaces, in the zone of equilibrium 
flow. The total plastic energy ia assumed to be half the sum of 
the limiting energies for irrotational flow and equilibrium flow. 

(c) The energy delivered to the transverse undulation is assumed to 
be the same as the energy in an elastic undulation with the force 
concentrated at a point. 
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I INTRQlX1CTION 

A theoretical analysis of armor penetration baa a twofold 
purpose. It leads to an understanding of the mechanism of armor pene­
tration, an understanding which may stimulate the discovery of improved 
methode of manufacture or design. It provides a rational basis for the 
construction of penetration charta, especially for ballistic conditions 
which have not been tully investigated by an unlimited number of tests. 
A penetration chart which is baaed on a combination of theory and test 
is more likely to be correct in the end than one based on a blind empir­
ical correlation of data which are badly scattered and cover only a 
limited range of test condition. 

The theoretical analysis of armor penetration oonaiets in the 
recognition of the various forme of energy which are taken up by the 
armor during impact, and the evaluatioR of these-forme of energy in 
terms of known relationships between stress, strain and rate of strain. 

An exact theory of a~or penetration is at present beyond the 
scope of the solitary analyst with only the conventional aids to calcu­
lation, but the major phenomena in armor penetration may nevertheless be 
outlined by a qualitative theory. An exact theory is possible for cer­
tain idealized systems which resemble armor penetration such as those in 
Table I, and may be used to calibrate the major phenomena with the aid 
of fundamental assumptions which are dictated by the qualitative theory. 
The semiquantitative theory which is thus.obtained does not agree exactly 
with the ballistic data, but does serve as a guide to the best choice of 
mathematical fUnctions to represent the test results. 

Major contributions tp the present theory of armor penetration 
have been made by vonKarman 1 at the California Institute of Technology, 
who first investigated the propagation of plastic waves in bars, and by 
zener7 at watertown Arsenal, who first identified the conditions for 
failure by shear with the maximum in the adiabatic stress-strain curve 
for shear, and also published8 the first analysis of friction between 
plate and proJectile. Details of the propagation of flexural undulations 
in plates have been published at the California Institute of Technology', 
while details of the propagation of extensional undulations in membranes 
have been contributed by the Naval Proving Ground15 • The radial expan­
sion of a cylindrical hole in a thin plate was first published by Bethe8 

for a medium without work-hardening and has since been generalized at 
the Naval Proving Ground to include any arbitrary rate of work-hardening. 
The irrotational flow of armor near a projectile in a plate of caliber 
thickness and in an infinite medium has been analysed at the Naval 
Proving Ground18 

•. 
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The semiquantitative theory in its present state is applied in 
the present report to the penetration of 3" AP M79 projectiles at low 
obli~uity into srs with a tensile strength of. 115000 (lb)/(in) 2 • 

A knowledge of the relationship between the force on the pro· 
jeotile and its penetration into a plate is required in the analysis of 
armor penetration. Direct measurements have been made at the Naval 
Research Laborato!"y8 on cal. • 27 A.P darte with a 2. 5 cal. ogival radius, 
but no measurements are available tor projectiles similar to the 3" AP M79 
projectile whose ogival radius ie 1. 67 cal. Force-penetration curves for 
the 3" projectile have therefore been laboriously derhed from the depth 
of penetration of projectiles into homogeneous armor during incomplete 
penetrations. 

II lD BALLISTIC PARAMmRS 

The analysis of armor penetration may conveniently be summa­
rized in ts~a of a number of ballistic parameters. The impact 
parameter F8, the plate penetration coefficient F(t/d.B) and the residual 
velocity function F8, may all be defined in tenDs of the projectile mass m, 

the projectile diameter d, the plate thickness t, tbe obliquity e, the 
striking velocity v8, the limit velocity vL, and tbe remaining velocity "R 
by the e~uation t 

II Vg00S6 

Fs = eid 
i 

• "Loose 
F(ejd, G) = 

i e d 

i 
m "Roosa 

FR=---

,id 

These parameters are convenient. to use in the repreaentation of ballistic 
performance aince they are directly proportional to velocity, and do not 
vary rapidly with plate thickness or obliquity • 
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Of more fundamental significance are the impact energy 
parameter u5, the limit energy fUnction U(efd,B) and the residual energy 
function OR which are defined in terms of Fs, F(efd,B) an~ FR by the 
equations 

( e 2 
us = "d )Fs 

U(efd,B) 
ravL2eos 26 

( e t e = 'd)F <-d.a) =---
ds 

These parameters are proportional tp the kinetic energy of the projectile 
at normal Obliquity. 

Another aeries of parameters which are useful in the interpre­
tation of absorption dat~ are the parameters F~. F2 (e/d, 8), and f}· 
The parameter F2 (e/d, 9) ia proportional to the average pressure on the 
projectile during impact at normal obliquity. 

Ballistic performance may be interpreted with equal validity 
in terms of any one of tbe three functions F(e/d.9), F2 (e/d,6), or 
U(e/d,e). The projectile mass in the functions is expressed in (lb), 
the projectile diameter is given in (ft), the plate thickness in (ft) 
and the velocity of the projectile in (ft) /(see) • 

• The limit energy f'u.nction 17 for tbe standard 3" AP M?9 projec-
tile at low obliquity ie given by the equation 

t 
u(e/d. a) == ( ~r>+'&osa 

in which t is a function of efd and 8 ie a function of 9. The func­
tions t and 8 are illustrated graphieally by Figures (1) and (4), and 
the limit energy tunction is tabulated in Table III. 
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II I GENJBA.L THEQBY 

The stress-strain relationshipe 1• for slow isothermal flow are 
all sLmilar !n the three limiting cases of shear, tension, and compres­
sion, and the streaa•atrain relationships for intermediate cases may be 
found from the limiting cases by interpolation. There appears to be no 
evidence that armor steel is anisotropic, although it is often inhomo­
geneous. The principal asea of atreaa are probably therefore collinear 
with the principal axes of .strain rate. The components of stress for 
rapid plastic flow are greater than the components of strain for slow 
plastic· flow by a factor which increases slowly wi·th the strain rate. 
The shear stress in armor steel dec~ases with increase in temperat~re, 
and increases with increase in no~l pressure. Tbe stress-strain curve 
for shear, during adiabatic flow, passes through a maximum as the strain 
increases. 

The work done on unit volume of the medium is not a single 
valued fUnction of the final strain, but depends also on the path of 
deformation. Pure compression with simultaneous rotation of the principal 
axis of compression through 1s0•, produces nearly the sa.e final strain 
as pure shear with stationary principal axee of strain, yet the plas~ic 
work is nearly twice as great. '-

Ally disturbance in the interior of a solid medium is propagated 
by two waves which move with different velocities. The leading wave is a 
compressional or longitudinal wave, while the trailing wave is an equi­
voluminal or transverse wave. The velocity of propagation of the longi­
tudinal wave ie determined primarily by the bulk modulus of the medium 
and remains finite tor any strain. The velocity of propagation of the 
transverse wave is derived from the stress-strain curve for shear, and 
decreases to zero as the strain in the medium approaches the strain for 
maximum stress. 

. 
A longitudinal wave in a solid medium is not isotropic. Trans-

verse and longitudinal waves are therefore both reflected when a longi­
tudinal wave reaches a free surface. The principal axes of stress at a 
free surface are always parallel to the surface, and the principal compo­
nent of stress normal to the surface is zero. A line in the medium 
which was initially orthogonal to a free surface contin~es to be ortho­
gonal during any distortion of the free surface. 

A transverse undulation .is created in a plate at the point of 
impact, and is propagated rapidly away over the surface of the plate. 16 

If the undulation is elastic, it is maintained by a force, which increases 
with increase in both the velocity and displacement of the plate at the 
point of application of force. 
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If the plate is finite in extent, and is, in fact, so small 
that the elastic undulation reaches the edge of the plate during the 
application of force, then the energy in the plate of finite extent 
differs by a small amount from the energy in a plate of infinite extent, 
and the method of support at the border has a small effect on the energy. 
The elastic undulation in the limiting case of a thin plate is propa­
gated at a ftoite rate ooly in the presence of.a tension stress, which 
is built up by the undulation itself. If the plate is rigidly clamped 
at the boroer, the tension stress in the finite plate builds up more 
rapidly than it does in an infinite plate, the displacement normal to 
the initial plane ie smaller, and the elastic energy is lese. On the 
otherhand, if the plate is supported by a knife edge, or is suspended 
free, the tension stress at the border is zero, and the tension stress 
in the finite plate builds up more slowly than it does in an infinite 
plate, the displacement is larger, and the elastic energy is greater. 
The elastic Undulation in the limiting case of a thick plate is propa­
gated by a flexural rigidity, which is independent of the amplitude of 
undulation. The method of support should have no appreciable effect on 
the energy in a thick plate unless the plate is so small that the elastic 
undulation is reflected from the border and returns to the center of the 
plate during the application of force. 

The momentum and energy transferred to the elastic undulation 
are greatest in a limit impact, *hich lasts longer than either an 
incomplete penetration or a complete penetration. 

The pressure on the nose of the projectile in a limit impact 
is more than the plate material can stand without plaet.ic flow. The 
plate material in the path of the projectile is foreed outward toward 
the nearest free surface, and the plate is increased in thickness around 
the point of impact. The volume of plate material in the path of the 
projectile is directly proportional to the plate thickness and inversely 
proportional to the cosine of the angle of obliquity. The amount of 
plastie flow is determined by the volume of plate material in the path 
of the projectile, but the distribution of plastic flow is dete~inod by 
the proxUMity of the free surfaces. The plastic flow is thus concen­
trated near the point of impact in a thin plate, but is spread out to a 
greater radius in a thick plate. The plastic flow is symmetric about an 
impact at nonnal obliquity, but is concentrated around the 8ide nearest 
to the plate normal at other obliquities. The plaet ie energy in a limit 
impact at low obliquity is almost inversely proportional to the cosine 
of the obliquity but not quite, because the distribution of plastic flow 
changes with obltqui ty. The plaet ic energy in a lirai t impact at high 
obliquity on the other hand, increase8 more rapidly with obliquity 
because of projectile ricochet. 

-:;-



The velooity of propagation of a longitudinal wave in the armor 
ie always many tinlee greater than the velocity of the projectile. The 
velocity of propagation ot a transverse wave is initially also greater 
than the velocity of the projectile, but decreases during impact as the 
plastic flow proceeds.· MUltiple retlectio.ae of the transverse waves 
between the faces ot a thin plate maintain the medium near the point of 
impact in a state of equilibrium. Dynamics in a thin plate are only 
important at the outer radius of the elastic undulation. The transverse 
waves in a thick plate, however, are not quite able to maintain the 
medium in a state of equilibrium. The velooi ty of propagation of a. tt•ans-· 
verse wave in a thick plate decreases toward the point of impact and. i a 
zero at a distance of one tenth caliber from thesurface of the impact 
hole. The transverse waves originate at the free surfaces of the plate 
and move inward, but there is a zone next to the impact hole which ia 
reaohed only by longitudinal waves. The medium in this zone is main­
tained in a state of steady irrotational flow. 

Plastic flow in the armor is maintained at a finite rate by 
a steady stress system, which is a function of the state of strain, and 
increases slowly with increase in rate of strain, but is nearly indepen~ 
dent of the acceleration of the medium. The annor is accelerated out 
of the way of the projectile by a dynamic stress system, which ia super­
imposed on the steady stress. During the early stages of the penetration 
cycle the annor adjacent to the point of impact is undergoing a net 
acceleration and the total force applied by the plate to the projectile 
ie greater than the force applied by the steady stress alone. During 
the later stages of the penetration cycle, the armor adjacent to the 
point of impact is undergoing a deceleration along with the projectile, 
and the total force applied to the projectile is lees than the force 
applied by the steady stress alone. During an incomplete penetration 
there ia an instant when the projectile has been brought to rest, after 
which the projectile begins to be rej.ected by an elastic reaction. At, 
the instant when tbe projectile is at rest, the material in the plate 
adjacent to the point of impact ie also at rest .. The momentum tempo­
rarily transferre.d from the projectile to the annor by the dynamic stress 
has nearly all been returned to the projectile. The entire momentum of 
the projectile hae been transmitted, by the steady stress, to the elastic 
undulation where it is radiated off, The kinetic energy temporarily 
transferred to the armor by the dynamic stress has also all been restored 
to the projectile, except for a small amount which is radiated off, A 
large amount of internal energy is retained by the armor adjacent to the 
point of impact in the form of heat, but no kinetic energy is retained. 
The armor at the surface of the projectile is heated to a high tempera­
ture and the shear stress at the surface is reduced until the friction 
between plate and projectile is nearly eliminated. e, 18 
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There are two types of dynamic stress, a transient pressure 
which moves with the ~elooity of a longitudinal wave, and sets the 
medium into a state of flow, and a steady pressure which maintains the 
acceleration of the medium within t}\e steady flow. 

The first type of dynsmie stress is generated partly at the 
rim of the coronet by the spreading of tbe rim, and partly over tAe nose 
of the projectile by the deceleration of the projectile. The distribu­
tion of transient pressure in the medium depends upon the shape of the 
ogive.: A flat nosed cylindrical projectile generates a pressure pulse 
with a plane wave front behind which the pressure is initially very great. 
Diffraction at tbe perimeter of the wave front reduces the pressure 
beh.ind the wave front as the wave ad~ances. The pressure wave is reflected 
from the back of the plate as a tension wave which cancels th.e pressure. · 
A high pressu-re pulse of limited. extent is generated near the tip of a 
round nosed projectile, where the rim of the coronet moves with a velocity 
greater than the Telocity of a longitudinal wave, but the rest of the 
transient pressure tram a round nosed projectile varies gradually from 
point to point in the medium._ All of the transient pressure from a 
pointed projectile varies gradually since the velocity of a longitudinal 
wave ie many t~ee greater than the velocity of the rim of the coronet. 

The second type of dynamic stress is a stea.dy or Bernoullian 
pressure~o,~•, which is positive and greatest at the tip of the nose of 
the projectile, but is negathe and least near the sides of the nose. 
Its total contribution to the force on the projectile in the absence of 
ci'avi tat ion is zero. The Bernoullian pressure varies as the square of 
the velocity at the projectile. If, therefore, the velocity is increased, 
the negatiYe pressure at the sides of the nose becomes great enough to 
cancel the steady plastic stress, and cavitation begins. At a ~eloeity 
greater than the critical velocity for cavitation, the projectile blasts 
a hole in the plate with a larger diameter than the diameter of the 
projectile, and the energy required per unit length of hole is greater 
than it is in the absence of cavitation. 

The strain at any particular point in the neighborhood of the 
impact hole ia, at any particular stage of the penetration cycle, nearly 
independent of the velocity ot the projectile, whereas the rate of strain 
at the point is nearly proportional to the velocity of the projectile. 
The steady stress at the point, ~aries logarithmically with the rate of 
strain. The force on the ~rojeetile applied by the steady stress varies 
therefore also logarithmically with the velocity of the projectile. 
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The tension-extension relationship in a thin membrane is the 
analog of tbe load-elongation relationship in a teneile bar. The tension 
in the mambrane is a maximum at the same component of uniaxial strain as 
the load in the tensile ·bar. The membrane ia unstable ,if the strain in 
the membrane exceeds the strain for maxumwm tension, and the membrane 
thins down and fractures. A projectile creates a star crack in the mem­
brane at an early stage of the penetration. The concentration of stress 
at the ends of each branch of the star crack propagates the crack with 
little expenditure of energy. The plastiC! energy required for penetra­
tion is nearly all absorbed by the petals as they are pushed back from 
the impact hole. Fracture in a plate of intermediate thickness does not 
begin until the tip of the projectile has penetrated nearly to the back 
of the plate. , 

A homogeneous strain in the medium is unstable with respect to 
a localized strain wherever the·· strain in the medium exceeds the strain 
for maximum shear stress and the medium may- :rupture by ehear1

• _ The 
transition from homogeneous strain to localized strain is probably pre­
cipitated by the presence of inhomogeneities in the medium and may be 
retarded by their absence. The strain in a tbiok plate oxceeds the 
limitiDg strain for maximum shear stress everywhere within a zone next 
to the impact hole. Faults occur within this zone and cracks appear at 
the surfaces of the plate. The surfaces of the craeke are parallel to 
the principal plane of shear. Relative motion acrose each fault pro­
duces a concentration of shear strain in the fault, raises the tempera­
ture and lowers the shear stress. The material in the fault is quenched 
after the termination of plastic flow, to a higher hardness than the 
surrounding medium. 

IV .I.H1 J!.QWC UNDULATION 

The undulation in a thin plate is so wide and shallow that the 
displacement of the projectile may be represented as the sum of two 
nearly independent displacements, a displacement; of the·plate adjacent 
to the impact hole and a displacement p of the projectile with respect 
to the plate. 

The displacement ~ of the plate adjacent to the projectile is 
assumed in the present analysis to be equal to the displacement at the 
center of an elastic undulation with the force concentrated at a point. 
The displacement in an elastic undulation at a distance from the point 
force would actually be lese than the displacement at the point of 
application, but the displacement in an actual undulation may be greater 
than the displacement in an elastic undulation beoauae of plastic yield­
ing. The two errors tend to cancel and have therefore been neglected. 
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There may be a zone of plastic flexure 2 in a plate of intermediate 
thickness but the sone of plastic flexure ie masked in a thin plate by 
a zone of plastic extension, and is masked in a thick plate by a zone 
of radial flow from the impact hole. 

The momentum delivered to the elastic undulation is not only 
a function of the displacement ; at any tUne, but is also a function of 
the previous history of the elastic undulation. The momentum is known 
for two special types of undulation15• In the case·of a small amplitude 
of undulation the momeQtum is directly proportional to ;, regardless of 
the variation of force with time, whereas in the case of a large ampli· 
tude of undulation, with the force held constant, the momentum is pro­
portional to ; 2• In the special oaee of a constant force, the undulation 
is initially given by the limiting law for small amplitudes, but event­
ually approaches the limiting law for large amplitudes. The momentum 
delivered by a constant force may be expressed as a single valued func­
tion of the displacement and may be expanded aa a power series with 
constant coefficients. It is assumed in the present analysis that all 
powers higher than the second may be neglected.· The momentum would then 
be given in the general oaee by tbe expression 

• . t 
(8.0)pyei + (1.09)(pE) e;' 

in which p is the density, E is Young's modulus, and y ie a parameter of 
elasticity. The parameter y is defined in terms of Young's modulus E 
and Poisson's ratio a by the equation 

e~E 
y2 = --~=--

l2(1-cr2)p 

.EVidence which supports the validity of this expression for 
momentum has been found experimentally by the group at the California 
Institute of Teobnology 2 , who measured the force on a punch which was 
driven at a constant velocity into the center of a large plate. The 
force on the punch jumped suddenly to a finite value on contact with 
the plate. and then increased at a linear rate with time. The square 
of the initial increment in force should be greater than the rate of 
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increase in force by a factor equal tp 

8 (pE)~e 8 
3 ( 1. 09)(l..a1) 

if the equation is valid. The ratio is accurately verified by the 
experimental results to within the precision of the data. 

In the case of a steel plate the parameter y is gi'len by the 
equation 

PY = (2.46)(108 )(1b)/(ft) 2 (see) 
e 

and Young•s modulus E is given by the equation 

v 

The relationship between'the force on the projectile and the 
depth of penetration of the projectile into the plate may be derived from 
the data on the dept~ of penetration of projectiles into plates at veloc­
ities lese than limit. The depth of penetration p is measured from the 
tip of the projectile to a reference plane tangent to the face of the 
plate just outside of the coronet but inside of the dish. The APL data 
for the penetration of 3" .AP Type A projectiles and 3" AP M79 projectiles 
into class B armor and STS are given in Figures (5) and (6) where the 
ratio p/d is plotted against the ratio vsJv [,• Curves are included in the 
Figures for even values of ejd, which have been developed through a study 
of the penetration of service type projectiles of all kinds. 

The effect of ogive on the depth of penetration is illustrated 
by Figure (7), where the APL data for the penetration of 3" AP M79 pro­
jectiles into Class B Plate NO. DD37 are compared with the data for 
3" AP Type A projectiles. At striking energies near limit the curves for 
two different nose shapes are nearly parallel and only diffe~ from each 
other by a constant di fferenoe in ~· A set of pene.t;ration curves have been 
chosen to represent the 3" AP M79 projectile, and data for curves of con­
stant tls/11 L are giveo in Table II where values of P/d are listed for a few 
values of ejd., 
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At normal obliquity of the parameter u5 is proportional to the 
striking energy. A projectile with a small striking energy makes an 
indentation on the face of a thick plate with a depth of penetration 
which increases rapidly at first with increase in striking energy. The 
rate of increase becomes smaller ae the striking energy is increased*, 
until the striking energy is great enough to force the forward bourrelet 
into the face of the plate. The depth of penetration then increases 
almost linearly with increase in striking energy, until the nose of the 
projectile approaches the back of the plate. The penetration then 
increases more rapidly again with increase in striking energy. 

After the striking energy has become large enough to force the 
bourrelet through the back of the plate, the additional energy required 
to push the proj ect.ile the rest of the way through the plate is only 'that 
required to wipe off the rotating band, open any petalling in back which 
may still be intact, and overcome any frictional resistance which may 
still be active. The elopes of the curves in Figure (?) therefore approach 
infinity as the striking energy approaobes the limit energy.: 

The derivative of Us with respect to P/d. is nearly proportional 
to the force on the projectile, but not quite, because the distance 
through which the projeetile aetually moves is greater than the penetra­
tfon, by tbe elastic deflection of the plate in the neighborhood of the 
impact, and because the force is a fUnction of the velocity. The total 
distance a through which the projectile moves is equal to the sum of the 
plastic penetration ~ and the elastic deflect!on ~' while the force on 
the projectile ie a function of efd, ;/d and a. The equation of motion 
of the projectile may therefore be written 

'cl 
-(ma) 
dt 

e z-~ • 
f(- .-.a) 

d d 
(1) 

If the equation of motion be multiplied throughout by 8 and 
integrated with respect to t, it is replaced by the equation of energy 

.l..- ~ L , ~ a e z-1; . 
~ .. v8 - ~,.a = [

0 
f(d'd'z)dz (2) 

*For example, the penetration of a conical indenter would vary as the 
eube root of the energy of deformation. 
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Part of the energy given up by tbe pr~jectile is stored in the amor 
adjacent to the point of impact, and part is transmitted to the elastic 
undulation. If tbe integration is carried over the whole penetration 
cycle, tbe kinetic energy delivered to the armor nearly cancels out, and 
the integration depends on Yelocity only through the effeot of rate of 
deformation on tbe atrese, an effect which modifies the integration by a 
total amount of not more than 2% in the ease of an incomplete penetra­
tion. 

The elastic displacement ; is a function of the momentum 
delivered to the elaatic uaiulation. If the whole momentum lost by the 
projectile ia assigned directly to the elastic undulation, then an error 
is made in ;, which however vanishes at the end of the penetration cycle, 
and has relatiYely little effect on the integration. 

In the ease of the 3" AP W79 projectile the ratio a/d 8 is 
e~al to 970 (lb)/(ft) 8 • For this combination of plate and projectile, 
the elastic displacement ; is expressed in terms Of the velocity a of 
the projectile by the equation 

(o.lo9)(-v5-z) 
(~) (1000) 
d 

(3) 

A set of curves have been developed to represent the steady 
force on the projectile and are given by solid lines in Figures (8) to 
(10) where the function (l/d2 )/ is plotted against the ratio p/d. The 
quantity {l/2)dUs{d(p/d) is also plotted with dotted lines in Figures (8) 
and (g) for comparison. The shapes of the curves at vsfvL > .e were 
determined by tba penetration data, but there are almost no penet.ration 
data at vsfvL < .a. The curves have therefore been so adjusted as to 
form a family Of curves, wi~h an envelope for e/d = ~, which ie similar 
in shape to a plot of the cross-sectional area of the projectile nose 
contour. The energy per unit volume of indentation for the limiting 
curve in a plate of infinite thickness would be 440000 (in) (lb) /(in) 8 if 
there were no coronet formation, whereas the energy per unit volume of 
indentation in the Brinell hardness teet i6 actually 360000 (in)(lb)/(in) 8 

for a steel of 115000 (lb)/(in) 1 tensile strength, and the energy per unit 
volume of armor in the path of the projectile is only 330000 (in} (lb )/ (in) 8 

in a plate of caliber thickness. 
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The foree-penetration curves in Figures (6) to (10} for the 
3" AP M79 projectile closely ree~emble the for"e•dieplaeement cuM'ee in 
Reference (3) for cal. • 27 darts, but are more compressed along the axis 
of the projectile because the ocival radius of the 3" projectile is only 
1.6? calibers whereas the ogival radius of the cal. ·27 darts was 
2· 5 calibers. 

In the construction of the force-penetration curves, ·each was 
adjusted by trial until tbe fUnction J bad the form required by the 
penetration data. The calculations were based on the equation 

p(11~ - a2) = /fd.p + /fd.F, (4) 

which was inte~ated step by step to find the tenMinal penetration tor 
eaoh value of v8• The elastic deflection at each step was obtained from 
Equation (3). 

The·foroe-penetrat1on curves have been integrated for limit 
impacts at various plate thielmeeaes.. In Table III are ghen tbe compo­
nent. parts of F1 (e/d,9) which represent the amounts of energy in the 
elastic undulation and tbe plastic deformation. The .parameter F~ in a 
complete penetration is given in terms ot the component parte Fl and F} 
by the equation 

Ft _ pt + Ft + F' S- E P R 

The calculations have been extended tP complete penetrations, 
and are summarised in Table IV where the parameter Jl~ ie tabulated ae a 
function of the parameter F~ MOst of the entries in Table IV were 
obtained by a short cut. approximation in which the velocity z at any 
stage of the penetration tor a given value of vR was obtained approxi~ 
mately by quadrature from f/dp, and was then used in the calculation of 
fftJ,f.,. The approximation was calibrated by step· by step integrations for 
all entries at limit,· and for most. of the entries for e/d = 0.25, and 
tor e/d = 0.004. The approximation was corrected throughout by the 
amount called for by the step by atep integrations. 

The plastic component F~ is not constant, but increases with 

increase in impact velocitr. At a striking velocity above limit the 
effect of rate of strain on stress cannot be neglected, and the func-
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tion f was therefore replaced in the integration by tbe expression 

. 
• 1(1 + (.04)log(--)}f 
VL 

The constant X was so adjusted as to leave the integration unchanged at 
the limit. The relationship 

vs 
If log(~)dz = iftdz 

B 

iS accurately satisfied by the integrals at limit for all values of e/d, 
but the factor in the relationship is lese than 1/2 at striking veloc­
ities greater than limit. 

As the striking 't'elocity is increased above limit, the distribu­
tion of etratn in a thick plate is gradually changed, and the plastic 
energy for perforation is turtber increased. The increase in pla&tic 
energy is not important in thin plates at impact velocities just above 
limit, but is significant in plates of thickness greater than half caliber. 
The absorption tunc tiona in Table IV have been eo adjusted as to f'i t the 
experimental absorption data for plates of thickness greater than half 
caliber.· 

The absorption functions in Table IV are plotted with solid 
lines in Figure (11). Included in the figure are a series of dotted 
lines of unit elope for comparison which represent the form the absorp­
tion functions would have if the energy absorption were constant. Inspec­
tion of the figure shows that the slope of the absorption curve at 
e/d = 0.65 ie nearly unity, while at e/d less tnan 0.65 the slopes just. 
above limit are greater than unity, and at e/d greater than 0.65 the 
elopes are lese than unity. 

The decrease in slope with increase in ejd was first discovered 
by Roberteon9 at the Princeton Range where it was interpreted in terms of 
a Poneelet model of the penetration. That the slopes are consistently 
greater than one, near limit at e/d less than 0.65, even at normal 
obliquity, was first discovered by the Armor and Projectile Laboratory, 
and has since been amply demonstrated by many absorption data. The slopes 
increase with increase in obliquity, since at high obliquit¥ the projectile 
is deflected from its original line of flight by an amount which decreases 
as the striking velocity is inereaaed above limit, and the area of the 
plate which is subject to plastic deformation becomes smaller. The effect 
on the absorption curves of increase in obliquity is illustrated by 
Figure (13). 



VI PLATI BOUNDAR! EFFECTS 

The method of suppo~t of a thin plate has an effect on the 
limit velocity if the elastic undulation reaohee the border of the plate 
before the penetration cycle is complete. The distance R, which the 
leading edge of the wave hBa reached at any stage, may be estimated from 
the volume swept out by the plate durins an elastic undulation. In the 
special case of a constant force I applied to a thin plate of unlimited 
extent the volume* of the undulation ie equal to (l.ll);R', and ie also 
equal in general to the expresaion18 

l l 
- tj /dt - -J ftdt 
pe pe 

The force I in the integration may be replaced approximat•ly by -m! and 
the integration may be performed by parts.: The radius R ie then gi.ven 
by the equation 

•<"st- a) 
R' =----

(l.ll)pe; 
(5) 

It is assumed in the present analysis that this formula is sufficiently 
accurate under all conditions of practical importance in connection with 
thin plates. 

The method ot support of a thick plate has no appreciable 
effect on tbe limit velocity unless the plate is so small that the 
elastic undulation 1a reflect•d at the bo.rd.er and returns to the center 
before the penetration cycle is complete.· The fundamental period of 
vibration of tbe plate would, in that case, be less than twice the dura­
tion of the impact. The fundamental period (1/v) of vibration in the 
case of a BQuare steel plate of side a and thickness e is given by the 

·eQuation 

-= 15900 ( ft )/(sec) (6) 

.*lf the undulation were truly conical the volume would be f'ft!iR 2 • 
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L~it dete~inatione with 3" projectiles at the Armor and Projectile 
Laboratory are made on pieces of armor which are three feet square. The 
data for plates this size should not deviate by more than a peroent from 
the data for a plate of unlimited extent at any value of a/d greater 
than 0.25. Either the elastic undulation moves too slowly, or the whole 
elastic energy is itself too small to have an influence on the limit •. 

A few shots have been fired at the Armor and Project,ile • 
Laboratory against plates with diffe~ent methods of support, and the data 
are plotted in Figure (12). The plates were three· foot equaX'e pieces of 
modified srs, and were tested with 3" comm. Mk:. 3•7 project ilea at 
0° obliquity. The plates were clamped in the butt, or were suspended 
from wires. Impacts were located at the center of gravity, at a center 
of percussion* or near a corner. Calculations of the radius R in a limit 
impact have indicated that the undulation reached the edge of the plate 
when the elastic energy had reached 93% of its final value in the case of 
the plate with e/d = . 083, and when it had reached 9&'fo of its final value 
in tbe case of the plate with t/d = ·120• The limit velocities for both 
plates should therefore deviate bf a few percent from the limit for an 
infinite plate, an4 the deviation for the thinner plate should be greater 
than the deviation for the thicker plate. The data for the thinner plate 
do show some indication that the limite for the free suspension are 
greater tban the limits for the clamped suspension, whereas the data for 
the thicker plate 4o not. Dotted curves are included in the figure to 
illustrate tbe effect on the absorption curve of a shift from clamped 
suspension to free suspension in the case of a perfectly rigid plate. 
A free rigid plate of mass •' would retain after impact a velocity ~R 
which satieties the equation of momentum . 

The kinetic energy of the projectile is given by the equation 

in which (1/Zl•vi is the limit energy for a clamped rigid plate. 

*The center of percussion was a point on a median line a$ a distance 
from the center equal to one third the distance from center to edge. 
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VII IQUIWBR!OM .n&J. 

Bet he • a Theory 

. The project Ue e:zert.e a stress on t)le plate which is nol'lllal to 
the surface ot aontact between the plate and the projectile. The force 
on any element of the surface has, ·therefore, a rad.ial component as well 
ae an axial component. The ratto.between the two components of foroe 
depends upon the taper of the projectile noee contour.· The adal compo .. 
nent of force becomes smaller as tbe taper of· the nose is made lees. The 
dieplacetnent in tb.e elastic undulation however does not, at the same time, 
increase indefinitely, but is limited br the tinite limit velocity for 
penetration. The energy in the elaeti.c uDdulation is therefore zero and 
the energy ot penetration is primarily plastic in the limit as the taper 
goes to zero. 

An elementary theory has been gh'en by Bethe8 for the litni ting 
ease as.tbe taper goes. to zero and the thickness of the plate goes to 
zero. It is assumed by Bathe tl:lat the final energy· required to make a 
given hole in the plate is essentially the same, regardless of the 
mechanism of the penetration cycle. The idealized theory is thus assumed 
to be valid for a real projectile. 

It is assumed in Bethe's theory that the medium almost obeys 
the Mohr criteriOn of plaettc yielding. A medium which exactly obeyed 
the Mohr criterion with constant stress differences would be unstable. 
A precise comparison between Bethe'e theory and the results of ballistic 
teat would not be possible because the stress differences in any actual 
medium are not constant, Betbe'a theory may be modified, however, to 
include the effects of work hardening. 

Eguilibrium Expansion~!. Hole in !.. ~ Plate with 
lt!.! Surfaces 

It is assumed that the principal axes of stress are everywhere 
parallel to the central plane of the plate, whereas the principal axes 
at tbe free surfaces must actually be parallel to the free surfaces, 
even though the thickness of the plate is variable. The error intro­
duced by this assumption should decrease with distance from the axis of 
the hole, however, and the range of validity should increase with decrease 
in the thickness of the plate. 
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Motion in the plate is gove~ned by the equation of equilibrium 

(7) 

in which r ie the radial distance from the axis of the bole, c is the 
variable thickness of the plate, and 11 and 11 are the radial and 
circumferential components of stress. The axial component of etreee is 
zero. A point in the medium which was initially at the distance X from 
the axis ia displaced by deformation to the distance r. It is assumed 
that the medium 11 incompreaeible, and the io.variance of YOlw:rle ie 
expressed by the equation 

(8) 

There exists a particular solution of the equations, in which the 
ratio r/d is a stationary fUnction of the ratio ~d. This solution 
represents a deformation whose radial dimensions increase uniformly in 
aoale as the impact hole alowly.expanda. The componenta of strain, and 
the components of rate of strain may all be expressed in terms of' the 
stationary function and the rate of expansion. The octahedral shear 
stress in the medium is a known function of the octahedral shear strain 
and. the ratio between the CCI.Ilponente of' stress. The ratio between the 
cOIIIPonente of atreaa is a knDIIfn tunetion ot the ratio between the compo­
nents ot rate of strain. 'The ratio b~tween the components of rate of 
strain ie a function, in turn, ot the components of strain, and the 
second derivative ot r with respect to X, but is independent of the rate 
of' ex pane ion. · 

The equation of equilib~ium and the equation of oontinuity 
are integrated eimultaneoualy step by step. The integration is begun 
at a great distance from the impact hole where tbe deformation is elastic 
aDd the properties of tile mtdiwn aJ"e known exaotl;y. The aeoo~ deriva­
tive ot r with respect to A is known at any step. It ia integrated 
forward one etep to give. new values tor r, the first deriYative of r, 
the components of atrain, the octahedral shear strain and the octahedral 
ahear stress, which are all computed in tbat order. The derivative of 
11 with respect to X ia.known at any etep. It is integrated forward one 
atep to give new values tor the components of stress, the ratio between 
the components of stress, the ratio between the rates of' strain, the 
eeooad derivative of r with respect to X and the derivative of 11 with 
respect to A· . ThiB completes the step, and the uaxt step may then be 
begun. The integration ie continued until A is zero. 
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In the special case of an incompressible medium, the defOrm&• 
tion is a pure shear. The stress difference& are all proportional to 
the octahedral shear stress and the equation of equilibrit.un becomes 

(11) 

The equation of continuity may be integrated at once to ghe the principal 
components of strain, the octahedral shear strain, and the octahedral 
shear stress. The principal components of' stress may then be calculated 
by quadrature. 

Iil the general case of a compressible medium, the mean hydro­
static tension in the incompressible medium may be substituted into the 
equation of continuity tor a compressible medium to give approximately 
the deformation in the eQIIpreestble medium. · I 

The energy required to expand· the hole in tbe plate iB equal 
to the product of tbe volume of the hole and the radial componen.t of 
·stress at the surface of the bole. 

The integration bas been completed for srs of 115000 (lb) I (in) l2 

tensile strength. In a compressible medium tbe plastic energy 1e slightly 
lees than it is in an inoompreeeible medium.· Compression in the medium 
lowers the plastic. energy by 3~· Shear stJ"ess in the mediU!Il ie raised by 
the application of isotropic pressure at the rate of 6% increase iil etress 
per 100,000 (lb)/(in)2 increase in pressure. This effect alone raises 
the plastic energy by a.~. The plastic ene~y in an adiabatic defo~a· 
1ion would be 3~ less than the plastic ene~gy in an isothermal deforma• 
tion if the strain were uniformly distributed, and would be a few percent. 
lower yet in the preseAee of faults. 

If the mediUm were perfectly homogeneous, the plastic energy 
for an isothermal radial expansion would contribute to f2(e/d,e) the 
component 

FJ = (30.S)(loE') 

but in an adiabatic expansion, with fault formation, the component 
might be as small as 
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The integration has been OOlllPleted for STS of 115000 (lb) I (in) 2 

tensile streagth. The actual ieotherm&l strees~strain-rate of strain 
relationships were used until tbe interaction between the variables 
became too difficult to control. The integration was completed with a 
s~plified stress•strain curve which joined the actual stress-strain 
curve with the same ordinate and slope, but was independent of the ratio 
between the stresses. Detailed integration cannot be carried all t.be 
way to the surface of the impact hole, since tbe strain becomes infinite. 
The energy of detomatibn approaches a conet.ant liai t, however, which 
may be found by an obvious extrapolation. 

At a great distance from the impact hole the deformation ia 
pure shear, in an intermediate zone the deformation is approximately a 
campreeeion, and at the surface of the hole the deformation is approxi­
mate! y a ehear again. · 

If the medium were perfectly homogeneous, the plastic energy 
for the slow expansion of a bole in a plate would contribute to F1 (e/d,G) 
a component equal to 

Fp = (19.e)(lcf3) 

The actual medium cannot sustain an infinite strain however without 
failure, and the actual plastic energy •ould be a few peroent lese. 

Equilibrium Radial Expansion 2f §l H2a. !n. a. Thick plate 
!!!a constrained surfaces 

If the medium is constrained to move radially, the principal 
axes of stress and strain are truly parallel to the central plane. The 
equation of equilibrium between the principal components of etrees is 
reduced to the equation 

( 9) 

and the equation of continuity is reduced to the equation 

(10) 

in which x is the bulk modulus and f~m is the mean hydrostatic tension. 
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Statio Indentation Hardness Testa 

The etatic penetration of a conical indenter into a block of 
hardened copper has been investigated by the group at the TJDheraity of 
cambridga8

• The energy per unit volume of indentation was found to be 
constant, as the cone entered the block, until the shoulder of the 
indenter entered the face of the block. The energy per unit volume of 
indentation then increased slowly to nearly twice ita initial value. 
The surface of the block was elevated into a coronet during the early 
stages of the penetration, but tbe flow in the block •a primarily radial 
near t.he end of a deep penetration. The energy per unit volume of indenta­
tion was lowered by mol"e than one third when the indenter was rotated or 
lubricated to reduce friction, and the elevation of the coronet was 
increased. 

Projectile Imeact 

Equilibrium now in a projectile impact is limited to a zone 
next to the surface of the plate where one component of stress is main• 
tained zero by the transverse waves. It is assumed in the present analysis 
that the plastic energy per unit volume of displaced medium is the same, 
at the surface of the plate, ae the plastic energy per unit volume of 
displaced medium at an expanding hole in a thin plate with free surfaces. 

VIII IRHOTATION.AL l1Q! 

The velocity Potential 

If the velocity of propagation of transverse waves were every­
where zero, the flow in the medium would be irrotational. 

Irrotational flow in a plate is governed by a velocity poten­
tial ' which is nearly zero at the free surfaces of the plate, where the 
pressure is zero, but varies with time in the interior of the plate. 
The velocity potential ~ at any point is a solution of Laplace's equa­
tion 

v·v\11::: o (J2) 

or the equivalent integral equation 

1 1 l 
'I' = -.:.r{- v '¥ + 'V(-)} • ds 

41f' R R 
(13) 

in which the surface integration is carried over any surface surrounding 
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the point. The distance R is· measured from the surface element ds to 
the point, and the surface element ds is directed outward from the 
region occupied by tb.e point. 

Irrotational Flow in a Plate 

The velocity potential for a projectile in a plate may be 
represented qualitatively by the potential of a series Of positive and 
negative image nose contpure, in addition to the real nose contour, which 
are arranged synmetrically at equal intervals on each side of the plate. 
The velocity potential 1(1 at any point in the medium ie given to a first 
order apprcn:imation, by the equation 

1 1 1 
'II = -I- v vr d.s + - f'l' d w 

47t R 47t 
(14) 

in which V 'I' is the gradient of \jl at the surface of the nose contour, 
d.s is an element of the surface directed toward the interior of the 
projectile, R is the distance from the surface element to the point in 
the medium, and ~ is tbe solid angle subtended by a plane erose section 
through the nose contour.· The integration is carried over the real nose 
contour and all of its images. The potential at the surface of the nose 
contour is defined by Equation (14) iteelf, which is an integral equa­
tion of the second kind.-

The total displacement of a point in the medium ie given 
approximately by the equation 

The first tenn in Eq_uat.ion (15) is analogous to the field of a series of 
cylinders of uniform source density which alternate in sign from one 
cylinder to the next, while the second term is analogous to the field of 
a series of cylinders with a variable source density which is concentrated 
near the ends of each cylinder. It is assumed in the present analysis 
that the variation in source density along each cylinder may be neglected. 

The total diaplaoement at any point in the medium may then be 
represented approximately by the field Of a ser~es of positive and nega­
tive uniform cylinders wboee source density is so adjusted as to bring 
the total volume of displaced medium into equality with the medium origi­
nally located within the boundaries ot tbe impact hole. • 
*A more accurate snalyeis11 of the potential, with an approximate allow­
ance for tbe deformation of the surfaces of the plate, leads to essen­
tially the same-displacements. 



The potential for a series of positive and negative coaxial 
cylinders of uniform source density may be found directly from Laplace's 
equation, of which the potential ia one solution. The' potential ie 
expressed ae an infinite series of terms wbiob contain Hankel functions. 

Any point on the free surface of the plate ie displaced in a 
direction nearly normal to the free surface, but a point on the central 
plane of the plate is displaced in a radial direction. That portion of 
the surface of the plate which was in the path of the projectile before 
.tmpact ie spread out during tmpact and becomes the lining of the impact 
hole. 

The contour into which tbe free surface of a plate of caliber 
thickness would be deformed by irrotational flow is compared in 
Figure (14), with the contours for irrotational flow in plates of other 
thicknesses •. 

Irrotational flow in tbe plate produces nearly pure shear at a 
great distance· from the impact hole,· with the principal axes of strain in 
the same plane as the axis of symmetry. At the free surfaces of the plate 
the principal axes of strain 81"9 at 45° to tbe free surfaces, but on tbe 
central plane the principal axes of strain are at oa to tbe central plane. 
Near the· impact hole the strain is more nearly pure compression. Although 
the principal axes of strain vary in orientation through the thickness of 
the plate, the octahedral shear strain for irrotational flow is nearly 
constant through the plate. 

The plastic energy of defo~tion per unit thickness at the 
surface of the plate may be found directly from the contour of the sur­
face. The octahedral shear strain at the surface ie related to the rate 
of cbanse of thickness with distance from the axis by the equation 

l_ 11 1 de 
-v E(e.-e1 ) =----
3 -v'6 dr 

(16) 

in which jv' t(e,.-e1 )
2 ie the octahedral shear strain, e is the thiek­

nese of the plate and r is the radial distance from the axis of the hole. 
The energy density may be found in terms of the octahedral shear strain 
by integration of the work done on unit volume along the stress strain 
curve tor pure shear at zero pressure. 

The integration has been completed tor STS of 116000 (lb)/(in) 2 

tensile strength. The plastic energy for an adiabatic deformation in a 
plate of caliber thickness would be ~ lees than the plaatio energy for 
an isothermal deformati-on if there were no faults, but might be 22% 
smaller yet as the result of fault formation. 



If the medium were perfectly homogeneous, the plastic energy 
per unit thickness et the surface of a plate of caliber thickness would 
contribute to P2 (e/d, e) the component 

in an isothermal, irrotat tonal expansion, but the component might be as 
small as 

in a slow adiabatic expansion with fault formation. 

If the medium were perfectly homogeneous, the plastic energy 
per unit thickness at the surface of a plate of infinite thickness would 
contribute to F2(e/d,G) the component 

in an isothermal, irrotational expansion, but the component might be as 
sme.ll as 

in a slow adiabatic expansion with fault formation. 

The plastic components of F2 (e/d,9) for a few other plate 
thicknesses are given in Table VIII· 

As a cylinder of constant source density is tilted to an 
angle of obliquity, the total strength of the cylinder is increased by 
a factor which is in~ersely proportional to the cosine of tbe angle of 
obliquity. The potential of the tilted cylinder differs from the 
potential of an upright cylinder with the same density and total strength, 
by terms which vary with azimuth angle, and average out to zero. The 
plastic energy per unit volume of armor in the plate of a projectile of 
diameter a in an oblique impaot at obliquity e should therefore be the 
same as the plastic energy per unit volume of armor in the path of a 
projectile which has a larger diameter d/(coste) and strikes the plate 
at normal Obliquity. An obliquity function e which is based on such 
a relationship is represented by Curve II in Figure (4) where it is 
compared with an obliquity function of ballistic origin. 
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Irrotational Flow in an Infinite Medium 

The flow around a projectile nose contour of conventional 
design may be represented approximatf'lY by tbe flow from a continuous 
distl"ibution of sources along the axis •. 

The special case of a point source corresponds to the flow 
around a nose contour, which is similar in appearance to the nose con­
tours of modern round nosed projectiles. The strength Q of the source 
is given by tbe equation 

(17) 

in which s is the velocity of the source. The particle velocity v in 
an incompressible medium at a distance R from the source is given by 
the expression 

Q 
v :::: -::=::~ V R 

47tR 
(18) 

in which ~R is a unit vector directed away from the point source. The 
velocity in the medium is equal but opposite to the gradient of a scalar 
velocity potential '' which is given by the equation 

Q •=-' 4nR 
(19) 

The nose contour is the surface into which any plane in the medium, 
normal to the axis, is eventually deformed by flow. The equation for 
the nose contour is 

r' <i- 2 -,) 
8 d 

(20) 
d 

~ d2 

in which r,z are tbe cylindrical polar coordinates of a point on the 
nose contour. The distance r is measured radially from the axis of the 
nose end 11 is measured axially from the point source.· 

Kinetic energy is carried forward in the medium around the 
nose contour. 'l'he kinetic energy is equal to 4\7tpd8 z2

, which is just 
one fourth of the kinetic energy. of a sphere of the medium with a 
diameter of one caliber, and is one half of the kinetic energy in the 
medium surrounding a sphere in a perfect fluid. 
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The Bernoullian pressure in the medium is a maximum at the ttp 
of the noae contour, where it is equal to iPi 2, and is a minimum near 
the aides of tbe nose contour, where it ie equal to - jp82 • 

Ezact analyt i(! ezpreesions may be found for the deformation at 
any point in the medium. The rate of' strain at .. any point ie pure compres­
sion, with a uniazial compon~t equal to 

Q 
- 2nR8 

The axes of strain rate at a point in the medium rotate th~ugh an angle 
of almost 180° ae the source goes by. The strain in the medium is a 
compression at a point in advance of the source, but is more nearly a 
shear at a point in the rear of the source. The components of strain 
may be expressed in terms of' elliptic integrals. Any sphere in the 
medium is transformed by deformation into an ellipsoid. The axes of the 
ellipsoid rotate through an angl.e of almost 90° as the source goes by. 

Work is done on unit volume of the medium at a rate equal to 
the sum of the products of the components of·strese and the components 
of strain rate. The sum of the components of strain rate is zero, and 
two components of stress are equal. Work is therefore done on unit 
volume at a rate equal to the produet of the uniaxial component of strain 
rate and the oommon difference in stress. The stress difference ie given 
by the expression 

in which f( ~(X.-111 ) 2 is the octahedral shear stress. Work is done on 
the whole medium at a rate w which is given by the equation 

w = Q .r.r ~ v" ~;(x.-x,.) 2 ~ sin6dRd6 (21) 

in which R.e are spherical polar coordinates. The distance R is measured 
from the point source to a point whose polar angle is e. The integration 
ma.y be performed without a complete knowledge of .the distribution of 
stress, since the octahedral shear stress is a function only of the octa­
hedral shear strain and the components of rate of strain. 

The rate of doing work has been computed for a point source in 
STS ot 110000 (lb)/(in) 2 tensile strength. If the medium were perfectly 
h~ogeneous, th~ plastic energy for isothermal irrotational flow would 

-26-



contribute to F2 (e/d,9) a component equal to 

Fp = (58. 8)(108 ) 

but the component for a slow adiabatic flow with fault formation might 
be as small ae 

The plastic energy near a source which is moving rapidly through STS 
with tbe velocity 8 would be greater than the energy near a slowly mov­
in& source by the factor . 

8 
(1.20){1 + (.04)log{l000d)} · 

in which the velocity 8 must be expressed in (ft)/(sec) and the 
diameter din {tt). 

The general ease of irrotational flow around an arbitrary 
nose contour may be represented approximately by a linear source density, 
or strength per unit length slonc the u:h of eyDJDetry which varies from 
point to point along the axis. The total flux Q(«), which is flowing 
from all of the sources with coordinates greater than «, is given by 
the equation 

QO 

Q{e~) = I q(a.)cta 
Cl 

in which q(a) is the linear source density. The function Q(~) is defined 
by the continuity of flux acrose any section of the nose contour. It is 
a solu-t;ion of the equation .. 

(22) 

in which r,a are the cylindrical polar coordinates of a point on the 
nose contour.· Tbe equation is an integral equation of the tiret kind 
with an unsymetrie kernel, but may be transfortJted into an integral 
equaticn with a symmetric kernel, and may be solved by methods of 
successive approxbnationa. Accurate general fo~ulae ~ay be derived 
which express the velocity potential, the defo~tion contours and stream 
linea, the components of strain rate and the components of strain in 
terma of Q(«). 
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The intesration has been completed for a 3" AP M79 project Ue 
nose contour. Tbe kinetic energy which is carried forward in tbe medium 
around the projectile nose contour is equal to (.0206)xpd 8z1 , and is 1% 
less than the energy near a point eouree. The kinetic energy in steel 
is only 6-0% ot the kinetic energy of the standard lB lb. projectile. 
The Bernoullian pressure at the tip of tbe projectile is still lpa 2 , but 
has a minimum value ~long the aides of the contour, equal to -(.l?l)p% 1 • 

The strain rate in the medium is pure compression on the axis 
ahead of tbe proJectile, but differs from pure compression at other 
points, and approaches pure shear at a point on the surface of the pro­
jectile in the rear of the bourrelet. The components of strain rate, 
the components of st~ee and the rate of doing work may be calculated in 
turn from the velocity potential and the octahedral shear strain. The 
rate of doing work has been computed for a 3" APM79 projectile in STS 
of 115000 (lb)/(in) 1 tensile strength. If the mediUm were perfectly 
homogeDeous, the plaetio energy for ieot.be:rmal irt"otational flow would 
contribute to F1 (e/d,8) a component equal to 

but the component for a slow adiabatic flow with fault fo~tion might 
be as small as 

The plastic energy near a projectile which ie moving rapidly through STS 
with the velocity z would be greater than the energy near a slowly mov­
ing projectile by the faetor . 

. z 
(1.18){1 + (.04)log(-----)} 

lOOOd 

in which the velocity z must be expressed in (ft)/(sec) and the 
diameter d in (ft). 

The plastic energy near a 3" AP M79 projectile in an infinite 
medium is greater than the plastic energy in a pure radial expansion by 
a ratio of 1.95, even though the final distribution of strain is nearly 
the same in both. The additional energy is the result of rotation of 
the principal axes of strain rate at each point in the medium as the 
deformation progresses. The rotation of axes of strain rats produces 
the same final strain, but involves a greater amount of plastic work. 
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The plastic energy in a plate of finite thickness is also 
greater than the plastic energy for the same final strain with fixed 
axes of strain rate by a smaller ratio which approaches unity as the 
·thickneae of the plate is decreased. Iil the case of a 3'" AP M79 projec­
tile in a plate of caliber thickness the ratio is only 1.14. The esti­
mated ratio for other thicknesses is listed in Table VII. 

IX THIN PLATE TfiEORY 

The undulation in the elastic zone advances to a distance of 
many calibers from the point of impact while a projectile is penetrating 
a membrane at normal obliquitr· The radi~e of the leading edge, at any 
stage of the penetration cycle, becomes greater as the thickness of the 
membrane is made less. The undulation in the plastic zone is propagated 
with a velocity which is nearly constant and much greater than the velocity 
of the projecti~e. The plate is therefore in equilibrium near the point 
of impact in tbe limiting case of a thin membrane, and wave propagation is 
only important at the outer edge of the elastic undulation. 

The radius of the plastic zone is determined by the conditions 
for equilibrium, and is given in terms of the yield stress X' by the 
expreseion18 

The radius of the plastic zone steadily increases during the penetration 
as the force on the membrane increases. The final radius of the plaet,ic 
zone is limited.by the maximum force on the membrane during penetration. 
The radius of the .elastic undulation continues to increase even after ~he 
force has passed the maximum, but the radius of the plastic zone does not. 

In the case of STS with a tensile st;r:-engtb of 115000 (lb) I (in) 2
, 

the velocity of propagation of an undulation in the plastic zone is 
1040 (ft)-/ (sec). The radii of the elastic and plast,ic zones have been 
calculated for the penetration of a 3" AP M79 projectile at nonnal obliq­
uity. The radius of the elastic undulation at the instant when penetra­
tion is half complete is listed for a few values of e/d in Table V, 
tpgether with the maximum radius of the plastic zone.. The membrane ie 
under biaxial tension at the tip of the projectUe. The etress-etrain 
relationship for biaxial tension is nearly identical in form to the stress­
strain relationship in the conventional tensile teat, since two components 
of strain are equal in both cases. The stzoaiil normal to the membrane in 
biaxial tension is the analog of the strain along'the axis in the tensile 
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test. The tena ion in the membrane is equal to tbe product of' the stress 
in the membrane and tbe thickness of' the membrane, whereas the load in 
the tensile test ia equal to the product of the stress in the specimen 
and the area of' the specimen. The ratio between tension and load is 
nearly constant for th.e same amount of uniaxial strain. The tension in 
the •mbrane passes through a maximum, at· tbe same stress as the load in 
the tensile test, but the biaxial strain at the maximum is half the uni­
axial strain. 

If the strain in the membrane exceeds the strain tor maximum 
tension, the membrane thins down by contraction through its thickness, 
since it is not free to contract in a transverse direction parallel to 
its surfaee. 

A pointed projectile creates a star crack in a membrane almost 
at the instant of eontact, and a round nosed projectile creates a. sta.r 
crack shortly after the instant of contact. The energy expended on the 
petals of ann-petal star crack contributes to F2 (e/d.6) an amount F~ 
which is given by the equation18 

• 
(23) 

The yield stress X' in the equation is best represented numerically by 
the dynamic tensile strength for the prevailing rate of strain.· 

An attempt hae been made to determine experimentally the limit 
approached by F(e/d, 8) as ejd goes to zero. An uncapped 3" AP Type A 
projectile was dropped from various heights on pieces of .Oll" sheet 
steel of 46000 (lb) I (in) 2 tensile strength. The experimental value of 
f'(e/d, 8) was lOlOO:t:lOO. The pieces were onl1 two feet square in size, 
and were crimped between two tightly fitting wooden frames, which left 
an unsupported square surface of sheet steel only 18" on a side. Calcu· 
lation of the radius of the elastic undulation indicates that the lead­
ing edge of the undulation had already reached the edge of the sheet 
when the elastic energy was still only 6% of its final value. It is 
evident therefore that the elastic undulation was nearly suppressed, and 
the energy of penetration was nearly all plastic. In order to perform 
the experiment properly the sheet would have to be at least 15 ft. square. 

The dynamic tensile strength of this sheet steel is not known, 
but should be somewhere near the dynamic tensile strength for mild steel. 
The prevailing strain rate was at least 20 (aec- 1

), and the dynamic 
tensile strength for this strain rate s.hould be 62000±2000 (lb) /(in) 1 • 

The number of petals in each star crack was three. The corresponding 
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tbeoretical value fOr F(e/d. 9) is 10000t200, which is near enough to the 
experimental value to indicate that the theory is at least qualitatively 
correct. The plastic energy required tor the penetration of STS should 
be greater than the penetration energy for these sheets of steel, and 
might be as large as the entries at the bottom of Table III' which are 
greater than the values for abeet steel by the ratio between the dynamic 
tensile strength of the two materials.· 

That the biaxial strain cannot exceed the strain for maximum 
tension except at a crack was verified experimentally during tbe teste 
with sheet steel. Two eiroles were scribed on one of the sheets with a 
compass. The circles were initially separated by a small but uniform 
difference in radius. The projectile was then allowed to fall on the 

·sheet with just enough velocity t.o crack the sheet. The separation 
between .the circles was increased by 10% at the tip of the projectile, 
•bereas maxi~ load in the tensile teet occurred at an elongation of 21%. · 

As the plate is increased in thickness, and offers more resis­
tance to penetration, the projectile must penetrate through a gPeater 
thickness of plate before the strain at the back of the plate reaches the 
strain fQr maximum tension. Plastic energy is therefore delivered to a 
thin plate of finite thickness prior to the formation of a star crack. 

The plastic energy is essentially that energy which is required 
to bring the tip of the projectile just to the back of the plate. The 
projectile is then in contact with the plate oyer a surface which extends 
back from the tip to a distance greater than the thickness of the plate. 
The pressure applied to the projectile over the surface of contact is of 
the same order of magnitude as the tensile strength of the plate material. · 
The plastic energy is essentially equal to the product of the average 
pressure and the volume of the imbedded portion of the nose contour. The 
total plastic energy required for penetration is equal to the sum of the 
energy required to crack the plate and the energy required to bend back 
the petals after fracture. 

Theoretical plate penetration coefficients for 3" AP M79 pro­
jectiles vs. thin STS of 115000 (lb)/(in) 2 tensile strength have been 
calculated, and the results are compared with the teet data in Figure (2)· 
The average stress on the projectile was assumed to be the same as the 
average stress at the surface of an expanding bole of uniform diameter. 
FOr a slow expansion the average stress would be 105000 (lb)/(in) 2

, but 
for dynamic conditions of deformation the stress was assumed to be greater 
by the ratio between tbe dynamic and static tensile strengths. The 
prevailing strain rate before fracture is of the order of 200 (sec)- 1

, 

and for thie strain rate the tensile strength for STS should be 
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l4b000±5000 (lb)/(in) 2
• The thickness of each lamina of the plate was 

assumed to be the same, at the surface of the impact bole, as tbe thick­
ness at the surface of an. expanding hole of uniform diameter. The 
imbedded portion of the nose contour was therefore assumed to extend back 
from the tip to a distance equal to (2.6)e at the instant of fracture. 
The tbeotetical cune in Figure (2) ie lower than the experimental curve, 
but asrees with it to within the precision of either. · 

The energy required to push back the petals is assumed in the 
present theory to be all expended on distortion of the perimeter of the 
petal, whereas a small additional component of energy ie required to bend 
the surface of the petal. 12 The bending energy in a thin plate which is 
already subject to extension ae well as flexure increases with increase 
in plate thickness, but is only a small quantity of the second order. 
The number of petals in the star crack is assumed to be constant, whereas 
the actual number of petals tends to increase with increase in plate 
thickness. The two effects tend to cancel, and have therefore been 
neglected. 

X THl CK PLATE THEQBX 

A surface in the medium which was originally cylindrical and 
concentric with the axis would be deformed by irrotat.ional flow into a 
new surface which is convex outward, whereas the surface would be deformed 
by rotational flow into a new surface which is concave outward. 

Pure irrotational flow in an actual plate ot plastic material 
is limited to a zone on the central plane of the plate and adjacent to 
the impact hole. Outside of the zone the deformation is rotational. This 
is illustrated in Figure (17) which represents the actual deformation 
contours in a limit impact. Near the center of the plate and near the 
impact hole the deformation contours are similar to the contours generated 
by irrotational flow, but at the free surfaces of the plate the contours 
are perpendicular to the tree surfaces and the deformation is rotational. 
The theoretical boundary of the zone of irrotational flow is outlined in 
Figure (16), by the leading edge of a distortions! wave which is propa­
gated inward from the surface for a period of d milliseconds. It was 
assumed in the analysis that the strain increases to its final value at 
a constant rate in the same period of time. The strain in an actual limit 
~pact increases at approximately this rate. The zones of irrotational 
flow in Figures (16) and (17) are essentially the same. The zone of rota­
tional flow in the actual impact is narrower at the face of the plate, 
where the projectile is moving rapidly, tban it is at the back of the 
plate, where the projectile comes to a stop. The depth to which a trans­
verse wave penetrates a face of the plate is proportional to tbe time 
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which the projectile spends ia the neighborhood of the face. If the 
projectile were puehed slowly through the plate, the transverse wavee 
would have t tme to maintain more of the medium in a state of equilibrium 
aDd. the defonnatton· would approach tbe theory of equilibrium flow; but 
it the projectile struck the plate at a high velocity above limit, the 
deformation would be better represented by the theory of irrotatione.l 
flow. 

Tbe length of the deformation contour for a particular volume 
of inecribed medium is greatest when the flow is irrotational and least 
when the flow is rotational. The length in an aotual deformation at 
limit te nearly the same as it would be if the cylindrical surface 
remained a cylinder. 

Theoretical contours of the free surface for the two limiting 
types of flow are compared in Figure (15) for a plate of caliber thick­
ness. If the flow were irrotational, the elevation* of the plate at the 
impact hole would be nearly independent of plate thickness and would be 
equal to (.3B)d, but if the medium were in equilibrium the elevation 
might be twice as large. The mean elevation at the front and back of 
actual impact boles have been found experimentally3 to vary from (.4)d 
to (.5)d as e/d varied from.? to 1.9. The elevation of the plate near 
the impact hole is therefore nearly given by the theory of irrotational 
flow. At a distance from the impact hole however, the elevation for 
irrotat ional flow is greater than the ele'vat ion for equilibrium flow. 

If the flow were irrotational, the elevation at a distance of 
2. 05 calibers from the point of impact would be (. 03) d in a plate 
4 calibers thick, but has been found experimentally4 to be lese than 
(.OOl)d. The elevation for equilibrium flow at this distance would be 
(. 0003) d. The elevation of the plate far from the impact hole is there­
fore nearly given by the theory of e~uilibritim flow, a result which is 
confirmed by the shape of the experimental contour in Figure (17). 

TheoPetical values for F2 (e/d, 8) have been calculated for the 
3" AP M79 projectile and are listed in Table IX for a few plate thick­
nesses. The plastic energy was calculated first for the limit.ing case 
of equilibrium flow, then also for·the limiting case of irrotational 
flow. The actual energy is intermediate between these 

*A theoretical fonnula 11 for the elevation at the point of impact has 
been given by G. r. Taylor, "Notes on' Bethe 'e Theory of Armor Penetra­
tion", British Report R· c. 280· Taylor's formula gives en elevation 
which increases with thickness at a faster rate than in direct propor­
tion to thickness, whereas the contrary is found experimentally. 
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two values. The energy density at each point in the medium was first 
calculated from the components of strain for a deformation with the 
principal axes of strain rate and the principal components of strain rate 
all held constant*. To thia energy were then added corrections for the 
rotation of tbe principal a~ee of •'rain rate, and for the increase in 
stress with increase in strain rate. 

The plast~ energy at the surface ot a plate of caliber thiok­
neee, in the limiting case of equilibrium flow, would contribute to 
F1(a/d.8) the component 

in an isothermal deformation with stationary principal axes of strain 
rate, but the component might be as small as 

in a slow adiabatic deformation with fault formation. 

The plastic energy in a plate of caliber thickness, in the 
limiting case of irrotational flow, would contribute to F2 (e/d.6) the 
component 

FJ = (26. 3) (lOS) 

in an isothermal deformation with stationary principal axes of strain 
rate, but the component might be as small as 

FJ = (19.3)(108
) 

in a slow adiabatie deformation with fault formation. The most likely 
value for the plastic component of F2 (a/d,9) ia intermediate between the 
two values for adiabatic flow with fault formation. The relative amounts 
of energy which may be assigned to irrotational flow and to e~uilibrium 
flow may be estimated in terms of tbe duration of irrotational flow at 
each point in the medium. In the central zone of Figure (16) the flow 
is ent-irely irrotational, just outside of the central zone tbe fl01r is 

*The validity of the assumption that tbe components of strain rate may 
be held in a constant ratio was tested by comparative calculations of 
the plast.ic energy in the case of equilibriUm flow. The approximation 
was too small by only o. ~· 
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partly irrotat1onal and partly at equilibrium, •hile at a distance from 
the impact hole tbe medium is essentially at equilibriUm. The energy in 
each element of volume has been multiplied by tbe duration of irrotational 
flow and tbe product has been integrated over tbe whole volume of medium, 
to find that fraction of the plastic energy which may be assigned to 
irrotational flow. The fraoUon hae been f'ou.a.d to be approzimately one 
half. The most likely value ·for the plastic component of F'(~/d, 9) in a 
plate of caliber thiokneee is therefore 

in a slow adiabatic deformation with stationary principal axes of strain 
rate. 

The same component has been found by calculation in the simpli­
fied case of a plastic deformation in a plate with cylindrical internal 
deformation contours, but with the external surface for irrotation flow. 

It is aeeumed for the purposes of the present analysis, that 
the relative amounts of energy, to be assigned to equilibrium flow and 
to irrotational flow, are also in the same ratio, for plates of thick­
neeses greater than one caliber. 

The principal axes of strain rate rotate with respect to the 
medium only in tbe interior of the medium. In the central zone next to 
the impact hole the energy density is raised by rotation of the principal 
axes of strain rate to nearly the full amount tor pure irrotational flow, 
but the energy density is not raised at all at the free surfaces, aud is 
raised to an inte~ediate amount at other pointe in the medium. Rotation 
of the principal axes of strain rate modifies only that part of the 
plastic energy which may be assigned to irrotational flow.· The plastic 
component of F'(~/d, 9) in a plate of caliber thickness is raised to the 
value 

by rotation of the principal axes of strain rate.· 

The dynamie pressure in the med.iwn raises the shear stress and 
increases the plastic energy by a small amount which is negligible in a 
plate of caliber thickness, but amounts to a few percent in plates of 
greater thickness.· 

The strain rate in the ~~edium varies with time as the projec­
tile passes through the plate, and varies from point to point in the 
plate. The plastic energy tor rapid defonnation is greater than the 

-35-



plastic energy for a slow deformation. It is assumed for the purposes 
of the present analysis that the fractional increase in plastic energy 
for a plate of finite thickness is equal, on the average, to the frac­
tional increase in plastic energy for a projectile in an infinite medium*. 
The plastic component of F2 (e/d,8) in a plate of caliber thickness is 
therefore theoretically equal to 

F} = (23. 2) ( 1d') 

in the ease of rapid adiabatic flow with fault fonDation near the impact 
hole. The theoretical and experimental results agree to within the 
precision of either. 

The plastic component of F2 (e/d,O) in a plate of caliber thick­
ness would be,equal to 

in the case of rapid adiabatic flow without fault formation near the 
impact hole. 

The theoretical values of the plate penetration coefficient 
in a thick plate are compared with the ballistic data in Figures (2) and 
(3). Curves are also included in the figures to represent the theoret­
ical plate penetration coefficients for the l~iting eases of pure irro­
tational flow and pure equilibrium flow. 

The contour of the free surface for irrotational flow is nearly 
identioal to the contour for equilibrium flow when the plate is half 
caliber thick, and the zone of irrotatiooal flow in a limit impact is 
also nearly absent. The theory of thick plates is limited, therefore, 
to plates of thickness greater than half caliber. 

XI ENERGY l1i 11m. C9MPRESSIOlf 1m 

As the projectile enters the plate it creates a compression 
wave and radiates energy12 • The compression wave is reflected and 
diffracted at the free surfaces of the plate. The radiated energy does 
not escape to tbe borders of the plate, but is converted into energy of 
vibration. The projectile acts like a source of strength Q, and radiates 

*The validity of this assumption has been qualitatively verified by 
considerations of the rate of strain in a plate of caliber thickness. 
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energy at a rate given by the expression 

pQ' 
47tC 

in which p is the density of the medium and c is the velocity of a 
longitudinal wa•e· 

The strength Q is equal to the product of the velocity of the 
projectile and the net erose sectional area of the imbedded portton of 
the nose contour. The cross sectional area is given qualitatively in 
terms of the acceleration of the projectile by the equation 

The energy in the compression wave contributes to F1 (e/d, 9) a component, 
part F~ which is given by the equation 

F•- 1 nap l l{d ..• ) 2 
C- F2 (ejd,8) Be vjf z dt(z 8 

} dJJ (24) 

The integration has been completed for a plate of caliber thickness, and 
the radiated energy has been found to be only 0.~ of the striking energy 
tor a plate of this thickness. The radiated energy varies as the cube 
of the velocity and becomes, therefore, a larger fraction of the striking 
energy as the thickness of the plate is increased. 

XII QAYITA!ION 

The impact hole has been found experimentally10 • 19 to be 
larger in diameter near the entrance of the hole than it is at the center 
of the plate. Such an enlargement of the impact hole is at least partly 
the result of plastic resistance to shear which would oause the lip of 
the entrance to peel back from the sides of the projectile after the 
bourrelet bad entered the face of the plate. At a sufficiently great 
velocity of impact the enlargement of the hole should be augmented by 
oavi tation. 
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The average pressure on the projectile nose in a limit impact 
ie given qualitatively by the expreeeion 

!-vi 
ind2t 

whereas the cavitation .pressure in the ease of the 3" AP M79 projectile 
ie given by the expression 

(.l?l)pv}, 

Cavitation should only be important ballistically in a plate of such 
thickness tbat the two pressures are equal. The thickness of an STS 
plate must be 6 calibers for the two pressures to be equal. 
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XIII TABLES Ql FUNQTIONS 

Table I 

Relative amount of energy per unit volume of 
displaced medium for several systems of plastic flow. 

System 

Equilibrium expansion of a cylindrical hole in a 
thin plate with free surfaces. 

Irrotational flow in a plate of caliber thickness. 
Consecutive cylindrical eou~es of alternate sign. 

Equilibrium expansion of a cylindrical hole in a 
thick plate with constrained surfaces. Stationary 
line source. 

Equilibrium expansion of a spherical cavity. 
Stationary point source. 

Point Source in motion. 

-39-

Energy per 
unit volume 

• 6? 

.85 

1.00 

1.26 



vs 
-
"L 

• eo 
.90 

• 95 

.98 

Table II 

. The Dept b of Penetration of 3" AP M79 Project ilee 
into Homogeneous Plate 

e -.cl 

·25 .40 .65 .82 1.00 1.38 

• 65 • 68 • 80 • 90 1.02 1-25 

.83 .86 • 98 1.09 1·22 l.f)3 

• 99 1.03 1-16 l-28 1-43 1. 77 

1·18 }.22 lo39 1·52 }o69 z.oo 

1.73 

1.48 

}o82 

2.09 

2.40 



Table III 

Elastic Energy at Limit for 3" AP M79 Projeet ile 
at oo Obliquity in STS of 115000 (1b)/(in) 2 Tensile Strength 

e 
(10-8 )U(~. e) 

I; 
(10-8 )F} (10-8 )Fft 

e 
d "L d. 

(10-8 )F 2 (d, 6) 

1· 73 46.4 2236 .036 ·4 27-l!i 2e.o 
1·38 36.0 1928 .049 • 6 25·5 26-1 
1.00 24-0 1573 .075 1.0 23.0 24-0 

• 82 18· 9 1396 • 097 1·3 21.7 23.0 
·60 14.2 1210 ·129 1.8 20.0 21.8 
.50 10.15 1023 .174 2·4 17.9 2,0. 3 
·40 7·44 877 ·216 2· 7 15.9 18.6 
.25 3·33 586 • 30 2.? 10.7 13.3 
·125 .as 298 • 39 1· 7 5·2 6· 9 
• 083 .40 203 ·43 1·3 3-!5 4.8 
• 05 • 19 140 . 50 1·1 z.? 3.8 
.02 .0?0 85 • 66 1-2 2.3 3.5 
• 01 .036 61 .eo 1.4 2.2 3.6 
.004 .0164 41 1.05 1.9 2·2 4.1 
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t -
d 

1·73 
::1.·38 
1.00 
.a2 
.se, 
·50 
·40 
.25 
·125 
.083 
.05 
.02 
.01 
.004 

Table IV 

Absorption Functions for tbe 3" AP M79 Projectile 
in STS of 115000 (lb)/(in)2 Tene1le Strength 

(1o-8 )Fs 

(10""8 )F~ 

0 1 2 3 5 10 15 20 

26.0 29·1 30.2 :31.4 .3;5.6 39.0 44.4 49.9 
26·1 27.2 28·3 29.4 31.5 36·8 42.1 47.4 
24-0 25.0 26.1 (1?.1 ~9.2 34.4 39.5 44.6 
23.0 24.0 25.0 26.0 28.0 33.1 :38.2 43.3 
21.8 22.8 23.8 24.7 26.7 31.7 36.7 41.7 
20.3 21.2 22.2 23.1 25.0 29.9 34.8 39.8 
18.6 l\J.5 20.4 21.3 23.2 26.0 32.9 37.8 
13.3 14.1 15.0 15.9 17.7 22.5 27.4 32·3 
e. 9 7. 7 8.6 9.5 11.4 16·3 21· 2 26.2 
4~8 5. 7 6.6 7.5 9.4 14.3 19.3 24.2 
3.8 4.7 5.6 15.5 8.5 13.4 18.3 23.3 
3.5 4.3 5.2 6.2 8.1 13.0 18.0 32.0 
3.6 4.4 5·3 5.2 8.1 13.1 18.0 22.9 
4·1 4.8 5.7 6. 6 8.4 13.3 18.2 23.1 
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25 30 

oo.;s 60.7 
5~.7 58.0 
49.8 50.0 
48.4 53.5 
46.7 51.7 
44.7 49.7 
42.7 47.7 
37.2 42.2 
:n . .a 36.1 
29.2 34.2 
28.3 33.3 
27.9 32.9 
27.9 3;3. 9 
28.1 33.1 



Table V 

The radii of the elastic and plastic zones during the 
penetratton of thin STS by 3" .AP M79 projectiles at 

normal obliq,uity. 

e 
- • 004 • 083 .125 
d 

Elaetie Radius 10 2·9 2.5 
(calibers) 

Plastic Radius >·42 ·63 • 85 
(calibers) 
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I 

t 

Table VI 

Theoretical values of ~(e/d.6) for a 3" AP M79 projectile 
in a thin plate of STS with a tensile strength of 115000 (lb)/(in}2 

8 
-
d 

• 004 .01 .02 .05 .083 -125 .25 .40 .50 • 65 

e 
(l0~8 }F2 ('d. a) 4.1 3. 6 3.5 3. 8 4-7 6.4 12.0 17.3 !9 .. 4 21. 2. 

e 
-
d 

Table VII 

The eetlmated ·fractional increase in plastic energy which may be 
associated with rotation of the principal axes of strain rate 
during lrrotational flow around a 3" AP W9 projectile 

.f) 1.0 1. 5 2 3 4 5 

Ogive 

• 82 

22.3 

(I) 

Effect 1.01 1·14 1.29 1.41 1· 57 1.66 1.?1 1.95 
- - ~ 

1.00 

23.1 

! 

! 



e 
d 

(10"'8 )F~ 

Table VIII 

Plastic component of F2 (e/d,6) for the surface of a 
plate in the limiting case of slow adiabatic irrota­
tional flow with fault formation near tbe impact hole. 

•0 }. 0 1·5 2 3 4 5 

16.3 19.3 Z0.9 21.9 23.2 23.8 24.1 

Q) 

25.6 

Tbe plastic component of F2 (e/d,6) for the limiting case of slow adia• 
batic equilibrium flow at the surface of a plate with fault formation 
near t be impact hole is 

e -
d 

Table IX 

Theoretical values of F2 (efd, 6) for a 3" AP 11(79 pro­
jectile in a thick plate of STS with a tensile 
strength Of 115000 (lb) / ( in)1 • Adiabatic flow with 
fault formation near the impact hole. 

·5 1. 0 1·5 2 3 4 

e 
(10-8 )F2 (d, 6) i:;l.l I 24.2 27.2 Z9.8 33.9 36.2 

-:-45-
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37.5 
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NPG PHOTO NO~ 2976 I APL) FIGURE I I l 

e 
F{"d.e) 

~ 

THE PLATE PENETRATION COEFFICIENT FOR o• OBLIQUITY 

Standard Experimental Curve for 3" AP M79 Projectile vs STS of 115000 ( lb)J(in)2 Tensile Strength at I5°C 
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.... PHOTO NO. 2177 (APL) PLAT£ PEN£TRATION COEFFICIENTS FleUitl 12.1 

Undetormed 3" Monobloc Projectiles vs STS at o• Obliquity, corrected to 115000 (lb)/(in)2 Tinsile Strength and I5°C 
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t.IPG PHOTO NO. 2979 t APll PLATE PENETRATION COEFFICIENTS F'IGVRE: U) 

Small Caliber Monobloc Projectiles vs Homooeneous Plate ot o• Obliquity, corrected for· Scale, Ooive, and Tensile Stnn;tb, 

to 3" Seale, 1.67 Caliber Ogival Radius, ond 115000 (lb)/(in)2 Tensile Strength 
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NPG PHOTO NQ 3048 (APL) FIGURE (4) 

THE OBLIQUITY FUNCTION 9 

1.3~------------------------------------r-, 

I. 2 t- I I CURVE I Experimental 
3• AP M79 Projectile 

I I I e 
I I I 

CURVE II Theoretical 

1.1 L I I Thick Plate without Ricochet 
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NPG PHOTO NO. 3096 (APL l FIGURE ( 5) 

THE DEPTH OF PENETRATI 0 N 

3" AP Type A Projectile in Homogeneous Plate at Low Obliquity 

e = plate thickness 

d = projectile diameter 

p = depth of penetration 

3 vs • striking velocity 

vl = limit velocity 



NPG PHOTO NO. 3097 (APL l FIGURE ( 6) 

THE DEPTH OF PENETRATI 0 N 

3• AP M79 Projectile in Homogeneous Plate at Low Obliquity 

e = plate thickness 

d • projectile diameter 

p • depth of penetration 

v5 • strikin.Q velocity 

vl = limit velocity 

p 
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NPG PHOTO NO. 3164 (APLI EFFECT OF OGIVE ON THE DEPTH OF PENETRATION FIGURE (7) 

3" Projectiles In Homogeneous Plate No. 0037 
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NP G PHOTO N 0. 3110 ! APL I ABSORPTION DATA FOR OBLIQUE IMPACT FIGURE 11'1) 

30 Moo STS PLATE No 189679A 

0 3 • COMM MK 3- 7 PRO~ECTILE AT 0'" 

0 3" AP TYPE A - CAP AT 45" 

(I0- 8 )F~ 20 

10 

Penetration Complete Penetrotion 

0 K---------------~----~~v------------------L--------------------~~------------------~ 
0 10 20 30 40 

(I0- 11 )F~ 



NPG PHOTO NO. 3168 (APt} ABSORPTION FUNCTIONS fiGURE \11) 

3" AP M79 Projectile in Homogeneous Plate at 0°. Obliquity 

30 

(10-8 ) F~ 20 

10 

0 

m = projectile mass (lb) 

d = projectile diameter (ft) 

e = plate thickness (ft) 

a = obliquity 

10 20 30 

(I0-8)F~ 

v5 • striking velocity (ft)t(sec) 

vR = remaining velocity (ft)/{sec) 

40 50 

F~ = 

F~ = 
mv~cos2& 
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"NPG PHOTO NO. 3169 IAPLI ABSORPTION DATA FOR 0° OBLIQUITY FIGURE I 12 l 

20~------~------------------------------------~-, 

3" COMM MK 3- 7 PROJECTILE 

Moo STS PLATE No 7404A 

I ii •. 083 

10 20 

20 

3" COIIIIII MIC 1-7 PltO .. !GTILE 

Moo STS PLATe: No 189679A 

FREE SUSPENSION 

fi) IMPACT AT · CENTER OF GRAVITT 

$ I Ill PACT AT CENTIR Of PERCUSSION 
/). I Ill PACT NEAR COPINIR 

(10-8) F~ 10 

0 CLAMPED SUSPENSION 
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N PG PHOTO N Oc 3170 ( APL I ABSORPTION DATA FOR OBLIQUE IMPACT FIG lJRE 031 

30 Moo STS PLATE No 189679A 

0 3 • COMM MK 3-7 PROJECTILE AT 0• 

0 3 • AP TYPE A - CAP AT 4 5° 

(10-a)F~ 20 

10 

Penetration Penetration 

0 ~--------------~----~~r-----------------~--------------------~--------------------~ 
0 I 0 2 0 30 40 

(lQ-8)f~ 



NPG PHOTO NO. 3U56 ( APL) FIGURE ( 14-) 
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IRROTATIONAL FLOW FROM CONSECUTIVE COAXIAL CYLINDERS OF ALTERNATE SIGN 
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NPG PHOTO NO. 3163 ( APL) 

z 
a 

+I 

0 

-f 

2 

2 

2 

r 
a 

! 
+--

~ ! 

- ~ 

FIGURE ( II) 

5 

3 4 5 

THE CONTOUR~,- FOR A 3" AP M79 PROJECTILE IN A PLATE OF CALIBER THICKNESS 
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