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ANALYTICAL SUMMARY PART IV
The Theory of Armor Penetration

1. For some years the Naval Proving Ground has been aseid-
uously engaged in the study of the penetration of armor by projectiles.
Pursuance of this work to conclusive results must be predicated upon
well substantiated theories defining the performances of the materials
involved under the various possible conditions. :

2. Particularly necessary in the more immediately practical
field of armor etudy and evaluation is the need for dependable plate
pensetration charte or tables. 1In 1943 Lieut., A. V. Hershey, USNR was
asgigned the task of preparing such charte. In prosecution of the
assigned task he conducted an exhaustive study, employed for the first
time new methode of attack and developed new theories concerning the
Phenomena incident to the penetration of plates by projectiles.

- 3. During the latter years of World War II, Lieut Hershey
prepared a series of nine reports which are being published by the
Naval Proving Ground under titles as follows:

(1) ANALYTICAL SUMMARY. PART I. THE PHYSICAL PROPERTIES OF SIS
UNDER TRIAXIAL STRESS.

Object: To summarize the available data on the physical "--
properties of Class B Armor and STS under triaxial
stress. _

(2) ANALYTICAL SUMMARY. PART II. ELASTIC AND PLASTIC UNDULATIONS
IN ARMOR PLATE.

Object: To analyse the propagation of undulations in armor
plate; to summarize previous analytical work and to
add new analytical work where required in order to
eomplete the theory for ballistic applications.
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(3)

(4)

(5)

(8)

(7)

(8)

ANALYTICAL SUMMARY. PART III. PLASTIC FLOW IN ARMOR PLATE.

Object: To analyse the plastic flow in armor plate adjacent
to the point of impact by a projectile.-

ANALYTICAL SUMMARY., PART IV. THE THEORY OF ARMOR PENETRATION.

Object: To summarize the theory of armor penetration’in ite
Present state of development, and to develop theoret-
ical functions whieh can be used as a guide in the
interpretation of ballistic data.- ' ‘

BALLTISTIC éUMMARY.' PART I. THE DEPENDENCE OF LIMIT VELOCITY
ON PLATE THICKNESS AND OBLIQUITY AT LOW OBLIQUITY.

Objeet: To compare the results of ballistic test with the
prediction of existing formulae, and with the results
of theoretical analysis; to find the mathematical funec-
tions which best represent the fundamental relationship
between limit veloeity, plate thickness, and ocbliquity
at low obliquity.

BALLISTIC SUMMARY. PART II. THE SCALE EFFECT AND THE OGIVE
EFFECT. '

Qbject: To determine the effect of scale on ballistic perfor-
mance, and to correlate the projectile nose shape with
the resulte of ballistic test.

BALLISTIC SUMMARY. PART III. THE WINDSHIELD EFFECT, AND THE
OBLIQUITY EFFECT FOR COMMON PROJECTILES.. )
Object: To analyae the action of a windshield during impact,
‘ and to develop mathematical functions which best
reprecent the ballistic performance of common projec-
tiles.

BALLISTIC SUMMARY. PART IV. THE CAP EFFECT, AND THE OBLIQUITY
EFFECT FOR AP PROJECTILES.

Objeet: To determine the action of a cap during impact, and

t0 develop mathematical funetions which best represent
the ballistic performance of AP projectiles.
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(9) BALLISTIC SUMMARY. PART V. THE CONSTRUCTION OF PLATE PENETRA-~
TION CHARTS OR TABLES.

Objeect: To summarize the results of analysis in the form of
standard charts or tables.:

4. The opinjons and etatementa contained in these reporte
are the sxpressions of the author, and do not necesearily represent the
official views of the Naval Proving Ground.

DAVID 1. HEDRICK
Captain, USN
Commanding Officer
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PREFACE

AUTHORIZATION

The material in this report is supplementary to the construc-
tion of plate penetration charts. It was authorized by Buord letter
NP9/A9 (Re3) dated 9 January 1943.

OBJECT

To summerize the théory of armor penetration in ite present
atate of development, and to develop theoretical funetions which can be
used as a guide in the interpretation of ballistic data.

SUMMARY

The major phenomena of armor penetration are deseribed.
Formulae for elastic undulations in a thin membrene apnd a thick plate
are combined into a gimple formula whose algebraic form ie consistent
with direct experiments on elastic undulations in plates of intermediaste
thickness. Force-penetration curves for 3" AP M79 projectiles are
derived from the depth of penetration of projectiles into homogeneous
pPlate st impaet velocities less than the limit veloeity. The force-
Penetration curves are used in the qualitative analysis of plate boundary
effects, and are ueed in the determination of the distribution of impact
energy between the elastic undulation in the plate and the plastic deforma-
"tion near the impact.:

A theory is developed to represent the limiting case of a thin
Plate.’ The thin plate theory is based on the following simplifications:

(a) The energy required to erack the plate is assumed to be propor-
tional to the imbedded volume of the projectile with the tip
of the nose just at the back of the plate. The average pres-
sure on the projectile before fracture of the plate is assumed
to be equal to the average pressure in the equilibrium expansion
df a hole of uniform diameter. The thickness of the plate near
the point of impact, just at fracture, is assumed to be equal
to the thickness of the plate near a hole of uniform diameter.

(b) The energy required to push back the petals after fracture is
agsumed t0 be proportional to the plate thickness.
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(¢) The energy delivered to the transverse undulation by the
projectile is assumed to be the same as the energy in an elastic
undulation with the force concentrated at e point.

. A theory ie developed to represent the limiting case of a :
thick plate. The thick plate theory is based on the following simplifi-
cationa:

(a) The medium is assumed to exert no shear strese in a zone next
to the impact hole where faults can oaccur.

(b) The plastic energy per unit volume of armor in the path of the
projectile is assumed to be constant through the thiekness of
the plate, in the zone of irrotational flow, but is assumed to
be the same as the energy in the equilibrium expansion of a hole
"in a thin plate with free surfaces, in the zone of equilibrium
flow. The total plastic emergy is assumed to be half the sum of
the limiting energies for irrotational flow and equilibrium flow.

(¢) The energy delivered to the transverse undulation is assumed to

be the same as the energy in an elastic undulation with the force
concentrated at a poing. ‘
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I INTRODUCTION

A theoretical analysis of armor penetration has a twofold
purpose. It leads to an understanding of the mechanism of armor pene-
tration, an understanding which may stimulate the diacovery of improved
methods of manufacture or design. It provides a rational basis for the
construction of penetration charts, eapecially for ballistic conditions
which have not been fully investigated by an unlimited number of tests.
A penetration chart which is based on a combination of theory and test
~is more likely to be correct in the end than one based on a blind empir-
ical correlation of data whiech are badly scattered and cover only a
limited range of test condition.

The theoretical analysis of armor penetration consists in the
‘recognition of the various forms of energy which are taken up by the
armor during impact, and the evaluation of these forme of energy in
terms of known relationships between stress, strain and rate of atrain.

. An exact theory of armor penetration is at present beyond the
scope of the solitary analyst with only the conventional aids to calecu-
lation, but the major phenomena in armor penetration may nevertheless be
outlined by a qualitative theory. An exact theory is possible for cer-
tain idealized systems which resemble armor penetration such as those in
Table I, and may be used to calibrate the major phenomena with the aid
of fundamental assumptions which are dictated by the qualitative theory.
The semiquantitative theory which is thue obtained does not agree exactly
with the ballistic data, but does serve as a guide to the best choice of
mathematical functions to represent the test results.

Major contributione tp the present theory of armor penetration
have been made by vonKarman! at the California Institute of Technology,
who first investigated the propagation of plastic waves in bars, and by
Zener’ at Watertown Arsenal, who first idenmtified the conditions for
failure by shear with the maximum in the adiabatic stress-strain curve
for shear, and aleo published® the first analysis of friction between
plate and projectile. Details of the propagation of flexural undulations
.in plates have been published at the California Institute of Technology®,
while details of the propagation of extensional undulations in membranes
have been contributed. by the Naval Proving Ground!®. The radial expan-_
gion of a e¢ylindrical hole in a thin plate was first published by Bethe®
for a medium without work-hardening and has since been generalized at
the Naval Proving Ground to inelude any arbitrary rate of work-hardening.
The irrotational flow of armor near a projectile in a plate of caliber
thickness and in an infinite medium has been analysed at the Naval
Proving Ground!®.



The semiquantitative theory in its present étate ie applied in
the present report to the penetration of 3" AP M79 projectiles at low
‘Obliquity into STS with a tensile strength of 115000 (1b)/(in)2.

A knowledge of the relationship between the force on the pro-
joctile and its penetration into a plate is required in the analysis of
armor penetration. Direct measurements have been made at the Naval
Research Laboratory® on cal. .27 AP darts with a 2.5 cal. ogival radius,
but no measurements are available for projectiles similar to the 3" AP M79
projectile whose ogival radius is 1.67 cal. Force-penetration curves for
the 3" projectile have therefore been laboriously derived from the depth
of penetration of projesctiles into homogeneous armor during incomplete
penetrations. .

II THE BALLISTIC PARAMETERS

‘The analysis of armor penetration may conveniently be summa-
rized in terms of a number of ballietic parameters. The impact
parameter F¢, the plate penetration coefficient F(e/d,6) end the residual

velocity funoction Fp, may all be defined in terms of the projectile mass m,

the projectile diameter d, the plate thickness e, the obliquity 6, the
‘striking velocity vgy the limit velocity vy, and the remaining velocity Vg
by the equation by

® vgcosl

Fs:T—

e d

= VL0039

3

e“d

F(e/d,0)

m uRcose

t

FR =
e
These parameters are convenient tc use in the represemtation of ballistie

performance since they are directly proportional to velocity, and do not
vary rapidly with plate thickness or obliquity.



Of more fundamental significance are the impact energy
parameter g, the limit energy function U(e/d,0) and the reeidual energy

funetion U which are defined in terms of Fg, F(e/d,6) and Fp by the
equations '

Us = ()7}
v, 200820
U(e/d,0) = (5)F*(5.6) = —
da
Ug = ()

These parameters are proportional tp the kinetic energy of the projectile
‘at normal obliquity.

Another series of pﬁrameters which are useful in the interpre-
tation of absorption data are the parameters F¢, F%(e/d,0), and Fj.

The parameter F%(e/d,0) is proportional t0 the average pressure on the
projectile during impact at normal obliquity.

Ballistic performance may be interpreted with equal validity
in terms of any one of the three functione F(e/d,0), F?(e/d,8), or
U(e/d, ). The projectile mass in the functions is expreesed in (1b),
the projectile diameter is given in (ft), the plate thickness in (ft)
and the velocity of the projectile in (ft)/(sec).

* The limit energy function!? for the standard 3" AP M79 projec-
tile at low obliquity is given by the equation

U(e/d.0) = ( -3)@’9«:059

" in which & is a function of e/d and @ is a function of 6. The fume-
tions ¢ and @ are illuetrated graphically by Figures (1) and (4), and
the limit energy function is tabulated in Table III.



111 GENERAL THEORY

The stress-strain relationshipe* for slow isothermal flow are
all similar #n the three limiting cases of shear, temsion, and compres-
sion, and the stress-stirain relationships for intermediate cases may be
found from the limiting cases by interpolation. There appears to be no
evidence that armor steel is anisotropic, although it is often inhomo-
geneous. The prineipal axes of stress are probably therefore collinear
with the prineipel axes of strain rate. The components of stress for
‘rapid plastic flow are greater than the components of estrain for slow
plastie flow by a factor which increases slowly with the strain rate.
The shear strese in armor steel decreases with increase in temperature,
and increases with increase in normal pressure. The strees-strain curve
for shear, during adiabatic flow, passes through a maximum ag the strain
increases.

The work done on unit volume of the medium is not a single
valued funetion of the final strain, but depends also on the path of
deformation. Pure compression with simultaneous rotation of the prinecipal
axis of compression through 180°, produces nearly the same final strain
a9 pure shear with stationary principal axes of strain, yet the plastic
work is nearly twice as great.

Any disturbance in the interior of a s0lid medium is propagated
by two waves which move with different velocities. The leading wave is a
compressional or longitudinal wave, while the trailing wave is an equi- .
voluminal or transverse wave. The velocity of propagation of the longi-
tudinal wave is determined primarily by the bulk modulus of the medium
and remainse finite for any strain. The velocity of propagation of the
transverse wave ie derived from the stress-strain curve for shear, and
decreases to zero as the strain in the medium approaches the strain for
maximum streae.

A longitudinel wave in a 20lid medium is not isotropic. Trans-
verse and longitudinal waves are therefore both reflected when a longi-
tudinal wave reaches a free surface. The principal axes of stress at a
free surface are always parallel to the surface, and the principal compo-
nent of gtress normal to the surface is zero. A line in the medium
which was initially orthogonal to a free surface continues to be ortho-
gonal ‘during any distortion of the free surface.

A transverse undulation ia created in a plate at the point of
impaet, and is propagated rapidly sway over the surface of the plate.?®
If the undulstion is elastic, it is maintained by a force, which increases
with increase in both the velocity and displacement of the plate at the
point of application of force. _



If the plate is finite in extent, and is, in fact, so small
that the elastic undulation reaches the edge of the plate during the
application of forece, then the energy in the plate of finite extent
differs by a small amount from the energy in a plate of infinite extent,
and the msthod of support at the border has a small effect on the energy.
The elastie undulation in the limiting case of a thin plate is propa-
gated at a finite rate only in the presence of a tension strees, which
ie built up by the undulation itself. If the plate is rigidly clamped
at the border, the tenaion stress in the finite plate builds up more
rapidly than it does in an infinite plate, the displacement normal to
the initial plane is smaller, and the elastic energy is lese. On the
otherhand, if the plate is supported by a knife edge, or ie auspended
free, the tension streses at the border is zero, and the tension stiress
in the finite plate builds up more slowly than it does in an infinite
plate, the displacement is larger, and the elastic energy is greater.
The elastic undulation in the limiting case of a thick plate is propa-
gated by a flexural rigidity, whieh is independent of the amplitude of
undulation. The method of support should have no appreciable effect on
the energy in a thick plate unless the plate ig 80 small that the elastic
undulation is reflected from the border and returns to the center of the
plate during the application of forece.

The momentum and energy transferred to the elastie undulation
are greatest in & limit impact, which lasts longer than either an
incomplete penetration or a complete penetration.

The pressure on the nose of the projectile in a limit impact
is more than the plate material can stand without plastie flow. The
plate material in the path of the projectile is forced outward toward
the nearest free surface, and the plate is increased in thickness around
the point of impact. The volume of plate material .in the path of the
projectile is directly proportional to the plate thicknese and inversely
proportional to the cosine of the angle of obliquity. The amount of
plastic flow is determined by the volume of plate material in the path
of the projectile, but the distribution of plastic flow is determined by
the proximity of the free surfaces. The plastic flow is thus concen-
trated near the point of impact in a thin plate, but is spreed out to a
greater radiue in a thick plate, The plastic flow is symmetric about an
impact at normal obliquity, but is concentrated around the side nearest
to the plate normal at other obliquities. The plastic energy in a limit
impact at low obliquity is almost inversely proportional to the cosine
of the obliquity but not quite, because the distribution of plastic flow
changes with obliquity. The plastie energy in a limit impact at high
obliquity on the other hand, increases more rapidly with obliquity
because of projectile ricochet.




The velocity of propagation of a longitudinal wave in the armor
is always many times greater than the velocity of the projectile. Tha
velocity of propagation of a transverse wave is initially also greater
than the velocity of the projectile, but decreases during impact as the
plastic flow proceeds. Multiple reflections of the transverse waves
betwesn the faces of a thin plate maintain the medium near the point of
impact in a state of equilibrium. Dynemics in a thin plate are only
important at the outer radius of the elastic undulation. The transverse
waves in a thick plate, however, are not quite able to maintain the
medium in a state of equilibrium. The velocity of propagation of a trans-
verse wave in a thick plate decreases toward the point of impact and is
zero at a distance of one tenth caliber from the surface of the impact
hole., The transverse waves originate at the free surfaces of the plate
and move inward, but there is a zone next to the impact hole which ia
reached only by longitudinal waves. The medium in this zone is main-
tained in a state of steady irrotational flow.

Plastic flow in the armor is maintained at a finite rate by
a steady stress system, which is a function of the state of strain, and
increases slowly with incerease in rate of strain, but is nearly indepen-
dent of the acceleration of the medium. The armor is accelerated out
of the way of the projectile by a dynamic stress system, which ia super-
imposed on the steady stress. During the early stages of the penetration
cycle the armor adjacent to the point of impact is undergoing a net
scceleration and the total force applied by the plate to the projectile
is greater than the force applied by the steady etress alone. During
the later stages of the penetration cycle, the armor adjacent to the
point of impact is undergoing a deceleration along with the projectile,
and the total force applied to the projectile is less than the force
applied by the steady stress alone. During an incomplete penetration
there is an instant when the projectile has been brought to reet, after
which the projectile begins to be rejected by an elastic reaction. At.
the instant when the projectile is at rest, the material in the plate
adjacent to the point of impact is also at rest. The momentum tempo-
rarily transferred from the projectile to the armor by the dynamic stress
has nearly all been returned to the projectile.  The entire momentum of
the projectile has been transmitted, by the steady stress, to the elastic
undulation where it is radiated off. The kinetic energy temporarily
transferred to the armor by the dynamic stress has also all been restored
to the projectile, except for a small amount which is radiated off. A
large amount of internal energy is retained by the armor adjacent to the
point of impact in the form of heat, but no kinetic energy is retained.
The armor at the surface of the projectile is heated to a high tempera-
ture and the shear stress at the surface is reduced until the friction
between plate and projectile is nearly eliminated.®*1®

-0=



There are two types of dynamic streas, a transient pressure
which moves with the velocity of a longitudinal wave, and aets the
medium into a state of flow, and a steady pressure which maintains the
acceleration of the medium within the steady flow.

The first type of dynemic stress is generated partly at the
rim of the coronet by the spreading of the rim, and partly over the nose
of the projectile by the deceleration of the projectile, The distribu-
tion of transient pressure in the medium depends upon the shape of the
ogive. A flat nosed cylindrieal projectile generates a pressure pulse
with a plane wave front behind which the pressure is initially very great.
Diffraction at the perimeter of the wave front reduces the pressure
behind the wave front as the wave advances. The pressure wave iz reflected
from the back of the plate as & tension wave which cancels the pressure,
A high pressure pulee of limited extent 13 generated near the tip of a
round nosed projectile, where the rim of the coronet moves with a velocity
greater than the velocity of a longitudinal wave, but the rest of the
transient pressure from a round nozed projesctile varies gradually from
peint to point in the medium. All of the transient pressure from a
pointed projectile varies gradually since the velocity of a longitudinal
wave ip many times greater than the velocity of the rim of the coronet.

The second type of dynamic stress is a steady or Bernoullisn
pressure’®**® which is positive and greatest at the tip of the nose of
the projectile, but is negative and least near the eides of the nose.
Its total contribution to the force on the projectile in the absence of
cavitation is zero. The Bernocullian pressure varies as the square of
the velocity of the projectile. If, therefore, the velocity ie inereased,
the negative pressure at the sides of the nose becomes great enough to
cancel the steady plastic stress, and cavitation begima. At a velocity
greater than the critical velocity for eavitation, the projectile blasts
a hole in the plate with a larger diameter than the diameter of the
projectile, and the energy required per unit length of hole is greater
than it is in the absence of cavitation.

The strain at any particular point in the neighborhood of the
impact hole is, at any particular stage of the pemetration cycle, nearly
independent of the veloeity of the projectile, whereas the rate of gtrain
at the point is nearly proportional to the velocity of the projectile.
The steady stress at the point. varies logarithmically with the rate of
strain. The foree on the projeetile applied by the steady streess varies
therefore also logarithmically with the veloeity of the projectile.




The tension-extension relationship in a thin membrene is the
analog of the load-elongation relationship in a teneile bar. The tension
in the membrane is a maximum at the same component of unisxial strain as
the load in the tensile bar. The membrane is unstable .if the strain in
the membrane exceeds the strain for maximum tension, and the membrane
thins down and fractures. A projectile creates a star erack in the mem-
‘brane et an early stage of the penetration. The concentration of stress
at the ends of each branch of the star crack propagates the crack with
little expenditure of energy. The plastic energy required for penetra-
tion is nsarly all absorbed by the petale as they are pushed back from
the impact hole. Fracture in a plate of intermediate thickness does not
. begin until the tip of the projectile has penetrated nearly to the back
of the plate.-

A homogeneous @train in the medium is unstable with respect to
a localized strain wherever the strain in the medium exceeds the strain
for maximum shear strees and the medium may rupture by shear’. The
transition from homogeneous astrain to localized strain is probably pre-
cipitated by the presence of inhomogeneities in the medium and may be
retarded by thelir absence. The strain in a thick plate exceeds the
limiting strain for maximum shear stress everywhere within a zome next
to the impeet hole. Faults occur within this zone and cracks appear at
the surfaces of the plate. The surfaces of the cracks are parallel to
the principal plane of shear. Relative motion acrose each fault pro-
duces a concentration of shear strain in the fault, raises the tempera-
ture and lowers the shear stress. The material in the fault is quenched
after the termination of plastic flow, to a higher hardnese then the
surrounding medium.

IV THE ELASTIC UNDULATION

The undulation in a thin plate is s0 wide and shallow that the
displacement of the projectile may be represented as the sum of two
nearly independent displacements, a displacement £ of the- plate adjacent
to the impact hole and a displacement p of the projectile with reepect
to the plate. ‘

The displacement £ of the plate adjacent to the projectile is
assumed in the present analysis to be equal to the displacement at the
center of an elastic undulation with the force concentrated at a point.
The displacement in an elastiec undulation at a distance from the point
force would actually be less than the displacement at the point of
application, but. the displacement in an actual undulation may be greater
than the displacement in an elastic undulation because of plastic yield-
ing.  The two errors temd to cancel and have therefore been neglected.
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There may be a zone of plastic flexure? in a plate of intermediate
thickness but the zone of plastic flexure is maeked in a thin plate by
a zone of plastic extension, and is masked in a thick plate by a zone
of radial flow from the impaet hole.

The momentum delivered to the elastic undulation is not only
a function of the displacement E at any time, but is also a function of
the previous history of the elastic undulation. The momentum is known
for two special types of undulation?®. 1In the case of a small amplitude
of undulation the momentum is directly proportional to E, regardless of
the variation of force with time, whereas in the case of a large ampli-
tude of undulation, with the force held constant, the momentum is pro-
portional to £E2, In the special case of a constant force, the undulation
is initially given by the limiting law for small amplitudes, but event-
ually approaches the limiting law for large amplitudes. The momentum
delivered by a constant force may be expressed as a single valued fune-
tion of the displacement and may be expanded as a power series with
constant coefficients. It is assumed in the present analysis that all
powers higher than the second may be neglected. The momentium would then
be given in the general case by the expression

(8.0)pYeE + .(1,09)(95)%2

in which p is the density, £ is Young's modulus, and Yy is a parameter of
elasticity. The parameter Y is defined in terms of Young's modulus £
and Poisson's ratio ¢ by the equation

e?s

2
Y 12(1~0%)p

Evidence which supports the validity of this expression for
momentum has been found experimentally by the group at the California
Institute of Technology?, who measured the force on a punch which was .
driven at a constant velocity into the. center of a large plate. The
force on the punch jumped suddenly to a finite value on contact with
the plate, and then ine¢reased at a linear rate with time. The square
of the initial increment in force should be greater than the rate of



inerease in force by a factor equel to

8 (pE)%e’
3 (1.09)(1—05)

if the equation is valid. The ratio is accurately verified by the
experimental results to within the precision of the data.

In the case of a steel plate the parameter Y is given by the
equation

_%} = (2.48)(10%)(1b)/(£t)?(sec)

and Young's modulus K is given by the equation

(PE)% = (8.19)(10%) (1b)/(ft)?2(sec)

v THE LAY QF FORCE

The relationship between the force on the projectile and the
depth of penetration of the projectile into the plate may be derived from
the data on the depth of penetration of projectiles into plates at veloc-
ities lees than limit. The depth of penetration p is measured from the
tip of the projectile to a reference plane tangent to the face of the
plate just outside of the coronet but inside of the dish. The APL data
for the penetration of 3" AP Type A projectiles and 3" AP M79 projectiles
into class B armor and STS are given in Figures (5) and (6) where the
ratio p/d is plotted against the ratio "S/VL‘ Curves are included in the

Figures for even values of e/d, which have been developed through a study
of the penetration of service type projectiles of all kinds.

The effect of ogive on the depth of penetration is illustrated
by Figure (7), where the APL data for the penetration of 3" AP M79 pro-
jectiles into Claess B Plate NO. DD37 are compared with the data for
3" AP Type A projectiles. At striking emergies near limit the curves for
two different nose shapes are nearly parallel and only differ from each
other by a constant differen¢e in p. A set of penetration curves have been
chosen to represent the 3" AP M79 projectile, and data for curves of con-
stant vS/VL are given in Table II where values of p/d are listed for a few

values of e/d,
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At pormal obliquity of the.parameter Uy is proportional to the

striking energy. A projectile with a small atriking energy makes an
indentation on the face of a thick plate with a depth of penetration
which inereases rapidly at first with increase in etriking energy. The
‘rate of increase becomes smaller as the striking emergy is inoreased*,
until the striking energy is great enough to force the forward bourrelet
into the face of the plate. The depth of penetration then increases
almost linearly with increase in striking energy, until the nose of the
projectile approaches the back of the plats. The penetration then
increases more rapidly again with inerease in striking energy.

After the striking energy has become large enough tp foree the
bourrelet through the back of the plate, the additional energy required
to push the projectile the rest of the way through the plate is only that
required to wipe off the rotiating band, open any petalling in back which
may still be intaet, and overcome any frictional resistance which may
8till be active. The slopes of the curves in Figure (7) therefore approach
infinity se the striking energy approaches the limit energy.: :

The derivative of Ug with respect to p/d is nearly proportional

to the force on the projectile, but not quite, because the distance
through whiech the projectile actually moves is greater than the penetra-
tion, by the elastic deflection of the plate in the neighborhood of the
impact, and becsuse the force is a function of the velocity. The total
distance 2z through which the projectile moves is equal to the sum of the
plastic penetration $ and vhe elastic deflection E, while the force on
the projectile is a function of e/d, p/d and 2. The equation of motion
of the projesctile may therefore be written

.—d—(m:'a) = . f(%.f-;-g.

pr %) (1)

1f the equation of motion be multiplied throughout by z and

integrated with respect to ¢, it iz replaced by the equation of energy

bavd - dmit = 0% 1G22 e (2)

*For example, the penetration of a conical indenter would vary as the
cube root of the energy of deformation.




Part of the energy given up by the projectile is stored in the armor
adjacent to the point of impact, and part is transmitted to the elaatic
vndulation. If the integration ia carried over the whole penetration
cycle, the kinetic energy delivered to the armor nearly cancels out, and
the integration depends on veloeity only through the effeect of rate of
.deformation on the stress, an effect which modifies the integration by a
total amount of not more than 2% in the ocmse of an incomplete penstra-
tion.

The elastic displacement £ is a function of the momentum
delivered to the elastic undulation. If the whole momentum loet by the
projeetile is assigned directly to the elastie undulation, then an error
is made in E, which however vanishee at the end of the penetration cyels,
and has relatively little effect on the integration.

. In the case of the 3" AP N79 projectile the ratio m/d® is
equal to 970 (1b)/(ft)®. For this combination of plate and projectile,
the elastie displacement E is expressed in terme of the velocity = of
the projectile by the equation

' (0.109) (v¢-2)
(1.11) (5) +"/(1-11)"’(-3)"’ + TS (3)

G (1000

£
a

A set of curves have been developed to represent the ateady
forece on the projectile and are given by solid lines in Figures (8) to
(10) where the funetion (1/d?)f ie plotted against the ratio p/d. The
quantity (1/2)dUS/d(p/d) is also plotted with dotted lines in Figures (8)
and (9) for comparison. The shapes of the curveg at "S/”L > .8 were

determined by the penetration data, but there are almost no penetration
data at "S/"L < .8. The curves have therefore been so adjusted as to

form a family of curves, with an envelope for e¢/d = ®, which is similar

in shape to a plot of the cross-sectional area of the projectile nose
contour. The energy per unit volume of indentation for the limiting

curve in a plate of infinite thickness would be 440000 (in) (1b)/(in)® if
there were no coronet formation, whereas the energy per unit volume of
indentation in the Brinell hardness test is actually 360000 (in) (1b)/(in)?®
for a steel of 115000 (1b)/(in)? tensile strength, and the energy per unit
volume of armor in the path of the projectile is only 330000 (in) (1b)/(in)?
in a plate of caliber thickness.



The force-penetration curves in Pigures (8) te (10) for the
3" AP M79 projectile closely resemble the foree-displacement curves in
Reference (3) for cal. .27 darte, but are more compressed along the axis
of the projectile because the ogival radius of the 3" projectile is only
1.67 calibers whereas the ogival radius of the cal. ,27 darts was
2.5 calibers.

~ In the construction of the force-penetration curves, each was
adjusted by trial until the function f had the form required by the
penetration data. The caleulations were based on the equation

tm(v§ - 5%) = ffdp + [fdE (4)

.which was integrated atep by step to find the terminal penetration for
each value of vg. The elastic deflection at each step was obtained from

Bquation (3).

The force-penetration curvee have been integrated for limit
impacts at various plate thieknesses. In Table III are given the compo-
nent. parts of F?(e/d,8) which represent the amounts of energy in the
olastic undulation and the plastie deformation. The parameter F§ in a

complete penetration is given in terms of the component parts FE and F?
by the equation

F$ = Fp + Fp + 7}

The calculatione have been extended to complete penetratioms,.
and are summarised in Table IV where the parameter F§ is tabulated as a’

function of the parameter FR. Most of the entries in Table IV were

obtained by a short cut approximation in which the velocity 2z at any
stage of the penetration for a given value of vp was obtained approxi-

mately by quadrature from ffdp, and was then used in the caleculation of
[fdE. The approximation was calibrated by step by step integrations for
all entries at limit, and for most, of the entries for e¢/d = 0.25, and
for e/d = 0.004. The approximstion was corrected throughout by the
‘amount called for by the step by step integrations.

The plastic component.Fﬁ is not constant, but increases with

increase in impact velocity. At a striking velocity above limit the
effeet of rate of strain on stress cannot be neglected, and the fune-
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tion f was therefores replaced in the integration by the expression

'3

£+ (-04)105(-32)”

The constant X was 8o adjusted as to leave the integration unchanged at
the limit.  The relationship

‘U-S
Ir los(—.;)dz = #ffdz

is aceurately satisfied by the integrals at limit for all values of e/d,
but the factor in the relationship is less then 1/2 at striking veloc-
ities greater than limit.

_ As the etriking velocity is increased above limit, the distribu-
tion of etrain in & thick plate ies gradually changed, and the plastic
energy for perforation is further inereased. The inorease in plastic
energy is not important in thin plates at impact veloeities just above
limit, but is sighnificant in plates of thickness greater than half caliber.
The absorption functione in Table IV have been mo adjusted as to fit the
experimental absorption data for plates of thickness greater than half
caliber.

The absorption functions in Table IV are plotted with solid
lines in Figure (11). Ineluded in the Pigure are a series of dotted
.1ines of unit slope for comparison which represent the form the absorp-
tion functione would have if the energy absorption were constant. Inspec-
tion of the figure shows that the slope of the absorption curve at
e/d = 0.60 is nearly unity, while at e/d less than 0.65 the slopes just.
above limit are greater than unity, and at e/d greater than 0.65 the
slopes are leas than unity.

The decrease in slope with incerease in e¢/d was firet discovered
by Robertson? at the Prineceton Range where it was interpreted in terms of
a Poncelet model of the penetration., That the slopes are consistently
greater than one, near limit at e/d less than 0.65, even at normal
obliquity, was firat diecovered by the Armor and Projeectile Laboratory,
and has since been amply demonetrated by many absorption data. The slopes
increase with inerease in obliquity, since at high obliquity the projectile
is defleeted from ite original line of flight by an amount which decreases
as the striking velocity is increased above limit, and the area of the
plate which is subjeect to plastic deformation becomes smaller. The affect
on the absorption curves of inerease in obliquity is illustrated by
Figure (13).
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123 PLAIR BOUNDARY EFFECTS

The method of support of a thin plate has an effect on the
limit velocity if the elastic undulation reaches the border of the plate
before the penetration cycle is complete. The distance R, which the
leading edge of the wave has reached at any stage, may be estimated from
the volume swept out by the plate during an elastic undulation. 1In the
special case of a constant force f applied to a thin plate of unlimited
extent the volume* of the undulation is equal to (1.11)ER?, and is also
equal in general to the expresaion®

1
pe
The force f in the integration may be replaced approximately by -m¥ and

the integration may be performed by parts.. The radius f is then given
by the equation

1
t -
J fdt pefftdt

. m(vet - 2)

T emm——e (8
(1.11)peE - )
It is assumed in the present analysis that this formula is sufficlently

accurate under all conditions of practical importance in commection with
thin plates.

The method of support of a thick plate has no appreciable
effoct on the limit velocity unless the plate is 80 small that the
‘elastic undulation is reflected at the border and returns to the center
before the penetration eyecle is complete.  The fundamental period of
vibration of the plate would, in that case, be lese than twice the dura-
tion of the impact. The fundamental period (1/v) of vibration in the
case of a square steel plate of side a and thickness e is given by the
"equation

2
2;1 = 15900 (ft)/(sec) ‘_ (6)

*If the undulation were truly conical the volume would be 3mERZ.
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Limit determinations with 3" projectiles at the Armor and Projectile
Laboratory are made on pieces of armor which are three feet square. The
data for plates this size should not deviate by more than a percent from
the data for a plate of unlimited extent at any value of e/d greater
‘than 0.25. Either the elastic undulation moves too slowly, or the whole
elastic energy is itself too esmall to have an influence on the limit.

A few shots have been fired at the Armor and Projectile
Laboratory sgainst plates with different methode of support, and the data
are plotted in Figure (12). The plates were three foot square pieces of
modified STS, and were tested with 3" Comm. Mk. 3~7 projectiles at
0° obliquity. The plates were clamped in the butt, or were suspended
from wires. Impacts were located at the center of gravity, at a center
of percussion* or near a corner. Calculations of the radius R in a limit
impact have indicated that the undulation reached the edge of the plate
when the elaetic energy had reached 93% of ite final value in the case of
the plate with e¢/d = .083, and when it had reached 96% of its final value
in the case of the plate with e¢/d = .125. The limit velocities for both
plates should therefore deviate by a few percent from the limit for an
infinite plate, and the deviation for the thinner plate should be greater
than the deviation for the thicker plate. The data for the thinner plate
do show some indication that the limits for the free suspension are
greater than the limits for the ¢lamped suapension, whereas the data for

the thicker plate do not. [Dotted curves are included in the figure to
illustrate the effect on the absorption curve of a shift from clamped
suspension to free suspension in the case of a perfectly rigid plate.
A free rigid plate of mass m’ would retain after impact a veloeity v
which satisfies the equation of momentum

RVG = mVp + m’v%

The kinetic energy of the projectile is given by the equation

vl = B 4 Bmi? + dmu?

in which (1/2)nvi is the limit energy for a clamped rigid plate.

*The center of percussion was a point on a median line ap a distance
from the center equal to one third the distance from center to edge.



VII EQUILIBRIUM FLOW
Bethe's Theory

‘The projectile exerts a stress on the plate which is normal to
the surface of contact between the plate and the projectile. The force
on any element of the surface has, therefore, a radial component as well
as an axial component. The retio between the two compopents of foroge
depends upon the taper of the projectile nose contour. The axial compo-
- nent of force becomec smaller as the taper of the nose is made less. The
displacemeat in the elastic undulation however doea not, at the same time, .
increase indefinitely, but is limited by the finite limit velocity for
penetration, The energy in the elastic undulation is therefore zero and
the energy of penetration is primarily plastic in the limit as the taper
goes Lo zero,

An elementary theory has been given by Bethe® for the limiting
.case ae the taper goes to0 zero and the thickneas of the plate goes to
zero. It is azsumed by Bethe that the final energy required to make a
given hole in the plate is esasntially the same, regardless of the
mechanism of the penetration cycle.  The idealized theory is thus assumed
to be valid for a real projectile.

It is assumed in Bethe's theory that the medium almost obeys
the Mohr criterion of plastic yielding. A medium which exactly obeyed
the Mohr criterion with constant etress differences would be unstable.

A precise comparison between Bethe's theory and the results of ballistic
test .would not be poseible becaume the stress differences in any actual
medium are not constant, Bethe's theory may be modified, however, to
include the effects of work hardening.

——— S —— — —

Free Surfaces

It is assumed that the principal sxes of stress are everywhere
parallel to the central plane of the plate, whereas the principal axes
at the free surfaces must actually be parallel to the free surfaces,
even though the thickness of the plate is variable. The error intro-
duced by this assumption should decrease with distance from the axis of
the hole, however, and the range of validity should increase with decrease
in the thickneas of the plate.



Motion in the plate is governed by the equation of equilibrium
d
E;(rcxi) = el (7)

in which r is the radial distance from the axia of the hole, e is the
variable thicknees of the plate, and X, and f, are the radial and
ecirecumferential components of astress. The axial component of strese is
-zgero. . A point ip the medium which was initially at the distance A from
the axis is displaced by deformation to the distance r. It ies assumed
that the medium is incompressible, and the invariance of volume is
expreased by the equation

r
m? = 2ﬂfé¢rdr (8)

2
There exists a particular solution of the squations, in which the
ratio r/d is a atationary function of the ratio A/d. This asolution
repregents a deformation whose radial dimeneiona inerease uniformly in
scale as the impact hole slowly expands. The components of strain, and
the components of rate of strain may all be expressed in terms of the
stat ionary function and the rate of expansion. The octahedral shear
stress in the medium is a known function of the octahedral shear strain
and the ratio between the components of streee, The ratio between the
components of stress is a known funetion of the ratio between the compo-
nenta of rate of strain. 'The ratio between the componentis of rate of
ptrain is a funetion, in turn, of the components of strain, and the

‘gecond derivative of r with reepect to A, but is independent of the rate
of expaneion. '

The equation of equilibrium and the equation of continuity
_are integrated simultaneously step by step. The integration is begun

at a great distance from the impact hole where the deformation is elastic
and the properties of the medium are known exactly. The second deriva-
tive of r with respect to A 1s known at any step., It ie integrated
forward one step to give new values for r, the firat derivative of r,
the components of strain, the octahedral shear atrain and the ostahedral
shear stress, which are all computed in that order. The derivative of
Xy with respect to A\ ie. known at any step.' It is integrated forward one
step to give new values for the components of stress, the ratio between
the components of etress, the ratio between the rates of strain, the
pecond derivative of r with respect to A and the derivative of X, with
respect to A. This completes the step, and the next step may then be
begun. The integration is continued until A is sero.

-18-



In the special case of an incompressible medium, the deforma-
tion is a pure shear. The stiress differences are all proportional to
the octahedral shear stress and the equation of equilibrium becomes

Iy ='V’_J'-- --/ (X1, )’dr | (11)

The equation of continuity may be integrated at once to give the principal
components of strain, the octahedral shear strain, and the octahedral
‘ghear stress. The principal components of stress may then be calculated
by quadrature. '

In the general case of a compressible medium, the mean hydro-
static teneion in the incompresaible medium may be substituted into the
equation of continuity for a compressible medium to give approximataly
the deformation in the compressible medium.

The energy required to expand the hole in the plate is equal
to the product of the volume of the hole and the radial component of
‘gtress at the surface of the hola.

The integration bas been completed for STS of 115000 (1lb)/(in)®
tensile strength. In a ¢compressible medium the plastic energy is slightly
-less than it ia in an incompreseible medium. Compreasion in the medium
lowers the plastic.energy by 3%. Shear streas in the medium is raised by
the application of isotropie pressure at the rate of 6% inerease ih stress
per 100,00C (1b)/(in)? inerease in pressure. This effect alone raises
the plaatic energy by 8. 5%« The plastic energy in an adiabatic deforma=-
tion would be 3% lese than the plaetic energy in an isothermal deforma-
‘tion if the strain were uniformly distributed, and would be a few percent.
lower yot in the presence of faults.

If the medium were perfectly homogeneous, the plastic energy
for an isothermal radial expansion would contribute to /2 (e/d,0) the
component

F3 = (30.8)(10%)

but in an adiabatic expansion, with fault formation, the component
might be as small as

Fp = (27.9)(10°)
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The integration has been completed for STS of 115000 (1b)/(in)?
tens{le strength. The actual isothermal strese-strain-rate of strain
‘relationships were used until the interaction between the variables
became too difficult to control. The integration was completed with a
simplified stress-strain curve which joined the actual stresa-strain
curve with the same ordinate and slope, but was independent of the ratio
between the stresses. Detailed integration cannot be carried all the
way to the surface of the impact hole, since the strain becomes infinite.
The energy of deformatidn approaches a constant limit, however, which
may be found by an obvioue extrapolation.

At a great distence from the impaet hole the deformation ia
pure shear, in an intermediate 2zone the deformation is approximately a
compression, and at the surface of the hole the deformation is approxi-
mately a shear again.

If the medium were perfectly homogeneous, the plastic energy
for the slow expension of a hole in a plate would contribute to F’(e/d 6)
a eomponent equal to .

F3 = (19.8) (10°)

The actual medium cannot sustain an infinite strain however without
fajlure, and the actual plastic energy would be a few persent less.

Equilibrium Radial Expansjon of a Holg _n_g_Ihlgk_Elg&g
with Congtrained §grfaces

If the medium is constrained to move radially, the principal
axea of siress and strain are truly parallel to the central plane. The
equation of equilibrium between the prineipal componenta of stress is
reduced to the equation

74

<7 - b= (xl—xe) (9)

 and the equation of econtinuity is reduced to the equation
11
2f(1 + ----u JAdA (10)

in which x is the bulk modulus and $3f, ie the mean hydrostatic tension.



Static Indentation Hardnese Tests

The static penetration of a conical indenter into & bloek of
hardened coppsr has been investigated by the group at the University of
Cambridge®. The energy per unit volume of indentation was found to be
" constant, as the cone entered the bloek, until the shoulder of the
indenter entered the face of the block. The energy per unit volume of
indentation then increased slowly to nearly twiee its initial value.

The surface of the block was elevated into a coronet during the early
stages of the penetration, but the flow in the block was primarily radial
‘pear the end of a deep penstration. The energy per unit volume of indenta-~
tion was lowersd by more than one third when the indenter was rotated or
lubricated to reduce friction, and the elevation of the coronet was
inereased.”

Projectile Impact

Equilibrium flow in a projectile impact is limited to a zone
next to the surface of the plate where one component of stress is main~
tained zero by the transverse waves. It iz assumed in the present analyeis
that the plastic energy per unit volume of displaced medium is the same,
at the surface of the plate, as the plastic energy per unit volume of
displaced medium at an expanding hole in a thin plate with free surfacea.

VIII IRROTATIONAL FLOW
The Velocity Potential

If the velocity of propagation of transverse waves were every-
where zero, the flow in the medium would be irrotationsl.

Irrotational flow in e plate is governed by a veloecity poten-~
tial y which is nearly zero at the free surfaces of the plate, where the
pressure is zero, but varies with time in the interior of the plate.

The velocity potential y at any point is a solution of laplace'’s equa-
tion '

V-Vy =0 (12)

or the equivalent integral equation
1.1 1
= o { eV + V(=)}‘ds 13
‘4ﬁf{R y+y (R)} (13)

in which the surface integration is carried over any surface surrounding
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the point. The dietance § is measured from the surface element ds to
the point, and the surface element ds is directed outward from the
region occupied by the point,

Irrotational Flow in a Plate

The velocity potential for a projeectile in a plate may be
represented qualitatively by the potential of a series of positive and
negative image nose. contours, in addition to the real nose contour, which
are arranged symmetrically at equal intervale on each ajde of the plate.
The velocity potential y at any point in the medium is given to a first
order approximation, by the equation

1,1 1
_ —— qu-v . ¢ —— d
y 41tfR vy ds + 41:“’ ® (14)

in which Vy is the gradient of y at the surface of the nose contour,

ds is an element of the surface directed toward the interior of the
projectile, X ies the distance from the surface element to the point in
the medium, and @ is the solid angle subtended by a plane cross section
through the nose contour.  The integration is carried over the real nose
contour and all of 1ts images. The potential at the surface of the nose
contour is defined by Equation. (14) iteelf, which is an integral equa-
tion of the seecond kind.-

The total displacement of a point in the medium is given
approximately by the equation

1
_ [Vydt = - _Z.*ffv%)w-dsdu 4—11ffwadq1dt (15)

The first term in Equation (15) is analogous to the field of a seriea of
cylinders of uniform source density which alternate in sign from one
cylinder to the next, while the second term is analogous to the field of
a seriee of cylinders with a varieble souree density which is concentrated
near the ends of each cylinder. It is aesumed in the present analysis
that the variation in source density along each cylinder may be neglected.

The total displacement at any point in the medium may then be
represented approximately by the:field of a series of positive and nega-
tive uniform cylinders whoee source density is so adjusted as to bring
the total volume of displaced medium into equality with the medium origi-
nally located within the boundaries of the impaet hole.*

*A more accurate-analyeisll of the potential, with an approximate allow-
ance for the deformation of the surfacea of the plate, leads to essen-
tially the same displacements.
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The potential for a series of positive and negative coaxial
ceylinders of uniform source density may be found directly from Laplace's
equation, of which the potentiasl is one solution. The potential is
expreased as an infinite series of terme which contain Hankel functions.

Any point on the free surface of the plate ie displaced in a
direction nearly normal to the free surface, but a point on the central
plane of the plate is displaced in a radial direction. That portion of
the surface of the plate which wae in the path of the projectile before
.impact is spread out during impact and becomes the lining of the impact
hole.

The econtour into which the free surface of a plate of caliber
thickness would be deformed by irrotational flow is compared in
Figure (14), with the contours for irrotational flow in plates of other
thicknesges.

Irrotational flow in the plate produces nearly pure shear at a
great distance from the impact hole, with the principal axes of strain in
the same plane as the axis of symmetry. At the free surfaces of the plate

“the principal axes of strain are at 45° to the free surfaces, but on the
central plane the principal axes of strain are at 0° to the central plane.:
Near the impact hole the strain is more nearly pure compression. Although
the principal axes of strain vary in orientation through the thickness of
‘the plate, the oetahedral shear strain for irrotational flow is nearly
constant through the plate.

The plastic energy of deformation per unit thickness at the
surface of the plate may be found directly from the contour of the sur-
face. The octahedral shear strain at the surface is related to the rate
of change of thickness with distance from the axis by the equation

1 d '
2V Eeaes)” = 1 e (16)

V8 dr

in which v/ Z(e,,—e,)E is the octahedral shear strain, ¢ is the thick-
nesa of the plate and r is the radial distance from the axis of the hole.
The energy density may be found in terms of the octabedral shear strain
by integration of the work done on unit volume along the atraas strain
curve for pure phear at zerv pressure.

The integration hae been completed for STS of 116000 (1b)/(in)?2
tensile strength. The plastic energy for an adiabatic deformation in a
plate of caliber thickness would be & less than the plastic energy for
an isothermal deformation if there were no faults, but might be 22%
smaller yet as the result of fault formation.
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If the medium were perfectly homogeneous, the ﬁlastic anergy
per unit thickneses at the surface of a plate of caliber thickness would
contribute to f2(e/d,0) the component

= (26.3)(10°)

in an isothermal, irrotational expansion, but the component might be as
small as

F§ = (19.3)(10°)
in a slow ediabatic expansion with fault formation.

If the medium were perfectly homogeneoue, the plastic energy
per unit thickness at the eurface of a plate of infinite thieckness would
contribute to F2(e/d,0) the component

Fp = (26.8)(10°)

in en isothermal, irrotational expansion, but the component might be as
amall as

= (25.6)(10%)
in a slow adiabatie expansion with fault formation.

The plastic components of F*(e/d,0) for a few other plate
-thicknesses are given in Table VIII.

As a cylinder of constant source density is tilted to an
angle of obliquity, the total strength of the eylinder is increased by
a factor which is inversely proportional to the cosine of the angle of
obliquity. The potential of the tilted cylinder differs from the
potential of an upright cylinder with the same density and total strength,
by terme which vary with azimuth angle, and average out to zero., The
plastic energy per unit volume of armor in the plate of a projectile of
diameter d in an oblique impact at obliquity © should therefore be the
same ag the plastic energy per unit volume of,armor in the path of a
projectile which has a larger diameter d/(coaée) and strikes the plate
at normal obliquity. An obliquity function @ which is based on such
a relationship is represented by Curve II in Figure (4] where it is
compared with an obliquity function of ballistic origin.
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Irrotational Flow in en Infinite Medium

The flow around a projectile nose comntour of conventional
design may be represented approximately by the flow from a coatinuous
distribution of sources along the axis.. :

The special case of a point source correesponds to the flow
around a nose contour, which is similar in appearance to the nose con-
tours of modern round nceed projectiles. The stremgth Q of the source
is given by the equation

0 = 4md®z | 17

in which 2 is the velocity of the source. The particle velocity v in
an incompressible medium at a distance R from the source is given by
the expression

¢
= \Y
V= K (18)

in which Vg is a unit vector directed away from the point source. The
velocity in the medium is equal but opposite to the gradient of a scalar
velocity potential v, which is given by the equation

Q
T —— 19
b (19)
The nose contour is the surface into which any plane in the medium,
normal to the axis, is eventually deformed by flow. The equation for
the nose contour is

-4
e ——— (20)

in which r,z are the cylindrical polar coordinates of a point on the
nose contour. The distance r is measured radially from the axis of the
nose and 2 is measured axially from the point source.

Kinetic energy 1s carried forward in the medium around the
noge contour. The kinetic energy is equal to z5mpd®z?, which is just
one fourth of the kinetic energy of a sphere of the medium with a
diameter of one caliber, and is one half of the kinetic emergy in the
medium surrounding a sphere in a perfect fluid.
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The Bernoullian pressure in the medium is a maximum at the tip
of the nose contour, where it is equal to #p22, and is a minimum near
the sides of the nose contour, where it is equal to - 2pz?.

Exact analytic expressions may be found for the deformation at
any point in the medium. The rate of strain at any point is pure compres-
sion, with a uniaxial component equal to \

B 2nR5

The axes of strain rate at a point in the medium rotate through an angle
of almost 180° pe the source goes by. The etrain in the medium is a
compression at a point in advance of the source, but is more nearly a
shear at a point in the rear of the source. The components of strain
may be expressed in terms of elliptic integrals. Any sphere in the
medium is transformed by deformation into an ellipsoid. The axes of the
ellipsoid rotate through an angle of almost 90° as the source goes by.

Work is done on unit volume of the medium at a rate equal to
the sum of the products of the eomponents of strese and the components
of etrain rate. The sum of the components of etrain rate is zero, and
two componente of stress are equal. Work is therefore done on unit
volume at a rate equal to the produet of the uniaxial component of strain
rate and the common difference in stress. The stress difference is given
by the expression

31
_&""3 v E(Xn-Xa)

in which 3v Y(Xw-in)*® is the octahedral shear stress. Work is done on
the whole medium at a rate w which is given by the equation

w=Qff '715.1/' 2(An-4n)* %—sinedl?de (21)

in which R,0 are spherieal polar coordinatee. The diastance R is measured
from the point source to a point whose polar angle is 6. The integration
may be performed without a complete knowledge of the distribution of
strees, since the octahedral shear stress is a function only of the octa-
hedral shear strain and the components of rate of strain.

The rate of doing work has been computed for a point source in

STS of 115000 (1b)/(in) 2 teneile strength. If the medium were perfectly
homogeneous, - the plastic energy for isothermal irrotational flow would
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contribute to F?(e/d,0) a component equal to
F3 = (58.8)(10°)

but the component for a alow adiabatic flow with fault formation might
be as small as

Fp = (51.0)(10°)

The plastic energy near a source which is moving rapidly through STS
with the velocity # would be greater than the energy near a slowly mov-~
ing source by the factor

z

(1.20){1 + (.04)1og(1000d

)}

in which the velocity z must be expressed in (ft)/(eec) amnd the
diameter d in (ft).

The general case of irrotational flow around an arbitrary
nose contour may be represented approximately by a linear source density,
or streangth per unit length along the axia of aymmetry which varies from
point to point along the axis. The total flux Q(a), which is flowing
from all of the sources with coordinates greater than a, is given by
the equation

Co®
g(a) = f q(a)da
‘ 1 §

in which ¢() is the linear source density. The function Q(a) is defined
by the continuity of flux acrose any section of the nose contour. It is
a solution of the equation

L Y - Q)da (22)

(r? + (a-2)2)F

in which r,2 are the cylindrical polar coordinates of a point on the
.nose contour.’ The equation ig an integral equation of the first kind
with an unsymmetric kernel, but may be transformed into an integral
equation with s symmetric kernel, and may be solved by methods of
‘successive approximations. Accurate general formulae may be derived
which express the velocity potential, the deformation contours and stream
linees, the components of strain rate and the components of strain in
terms of Q(a). :
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The integration has been completed for a 3" AP M79 projectile
nose contour. The kinetic energy which is carried forward in the medium
around the projectile nose contour is equal to (.0206)mpd®22, end is 1%
‘less than the energy near a point sourece. The kinetic energy in steel
is only 6.5% of the kinetis enerzy of the standard 15 lb. projectile.
The Bernoullian preesure at the tip of the projectile is still $p3%, but
has a minimum value along the sides of the contour, equal to ~(.171)p2%.

The strain rate in the medium is pure compression on the axis
ahead of the projectile, but differs from pure compression at other
points, and approaches pure shear at a point on the surface of the pro-
jectile in the rear of the bourrelet. The components of strain rate,
the componente of stress and the rate of doing work may be calculated in
turn from the velocity potential and the octahedral shear strain. The
rate of doing work has been computed for a 3" AP M79 projectile in STS
of 115000 (1b)/(in)? tensile strength. If the medium were perfectly
homogeneous, the plastic energy for isothermal irrotational flow would
contribute to F%(e/d,0) a component equal to

Fp = (60.2)(10°%)

but the component for a slow adiabstic flow with fault formation might
be as small as _ '

Fp = (84.3)(10°)

The plastic energy near a projectile which ie moving rapidly through STS
with the velocity z would be greater than the energy near a slowly mov-
‘ing projectile by the factor

3
1000d

in which the velocity z must be expressed in (ft)/(sec) and the
diameter d in (ft).

(1.18){1 + (.04)log( ))

The plastic energy near a 3" AP M79 projectile in an infinite
medium is greater than the plastic energy in a pure radial expansion by
a ratio of 1,95, even though the final distribution of strain is nearly
the same in both. The additional energy is the result of rotation of
the principal axee of strain rate at each point in the medium as the
deformation progresses. The rotation of axes of strain rate produces
the same final strain, but involves a greater amount of plastic work.
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The plastic energy in a plate of finite thickness is also
greater than the plastic energy for the same final strain with fixed
axes of strain rate by a smaller ratio which approaches unity as the
thickness of the plate is decreased. In the case of a 3" AP M79 projec-
tile in a plate of caliber thickness the ratio is only 1,14. The esti-
mated ratio for other thicknesses is listed in Table VII.

94 THIN PLATE THEORY

The undulation in the elastic zone advances to a distance of
many calibers from the point of impact while a projectile is penetrating
a membrane at normel obliquity. The radiue of the leading edge, at any
stage of the penetration ocycle, becomes greater as the thickness of the
membrane is made less. The undulation in the plastic zone is propagated
with a velocity which is nearly constant and much greater than the velocity
of the projectile. The plate is therefore in equilibrium near the point
of impact in the limiting case of a thin membrane, and wave propagation is
only important at the outer edge of the elestic undulation.

The radius of the plastic zone is determined by the conditions
‘for equilibrium, and ie given in terms of the yield stress A’ by the
expressionl®

t of
E
64 Vrh (_ ) and'e

The radiue of the plastic zone steadily increases during the penetration
as the force on the membrane increases. The final radius of the plastie
zone is limited by the maximum force on the membrane during penetration.-
The radius of the .elastic undulation continues to increase even after the
force has passed the maximum, but the radius of the plagtic zone does not.

In the case of STS with a tenmsile strength of 115000 (1b)/(in)?Z,
the velocity of propagation of an undulation in the plastic zone is
1040 (ft)/(sec). The radii of the elastic and plastic zones have been
‘caloulated for the penstration of a 3" AP M79 projectile at normal obliq-
uity.,  The radius of the elastie undulation at the instant wheu pPenetra-
tion is half complete 1s liated for a few values of e/d in Table V,
together with the maximum radius of the plestic zone. The membrane is
under biaxial tension et the tip of the projectile. The stress-etrain
relationship for biaxial tension is nearly identical in form to the stress-
strain relationship in the conventional tensile test, since two components
of strain are equal in both cases. The strain normal to the membrane in
biaxial tension is the analog of the strain along the axis in the tensile



test. The tension in the membrane is equal to the product of the stress
in the membrane and the thickness of the membrane, whereas the load in
the tensile teat is equal to the product of the stress in the specimen
and the area of the specimen. The ratio beiween tension and load is
nearly constant for the same amount of uniaxial strain. The tension in
the membrane passes through a maximum, at the same stresa aes the load in
the tensile test, but the biaxial strain at the maximum is half the uni~
axial atrain. . : '

If the atrain in the membrane exceeds the strain for maximum
tension, the membrane thins down by contraction through its thickness,
aince it is not free to contract in a transverse direction parallel to
its surface.

A pointed projectile creates a star erack in a membrane almost
at the instant of contact, and a round nosed projectile creates a star
crack shortly after the instant of contact. The energy expended on the
petals of an n-petal star crack contributes to F*(e/d,8) an amount F}
which {s given by the equation®® "

. . !
Ff) = —n—.‘,X’ v (23)

The yield stress X’ in the equation is best represented numerically by
the dynamic tensile strength for the prevailing rate of strain.

An attempt has been made to determine experimentally the limit
approached by F(e/d,0) as e/d goes to zero. An uncapped 3" AP Type A
projectile was dropped from various heighte on pieces of .011" sheet
steel of 46000 (1b)/(ir)? teneile strength. The experimental value of
F(e/d,0) was 10100£100. The pieces were only two feet square in size,
and were orimped between two tightly fitting wooden frames, which left
an unsupported square surface of sheet steel only 18" on a side. Calcu-
lation of the radius of the elastic undulation indicates that the lead-
ing edge of the undulation had already reached the edge of the sheet
when the elastic energy was still only 6% of its final value. It is
evident therefore that the elastic undulation was nearly suppressed, and
the energy of penetration was nearly all plastic. In order to perform
the experiment properly the sheet would have to be at least 16 ft. equare.-

The dynamie¢ tensile strength of this sheet steel is not known,
but should be somewhere near the dynamic tensile strength for mild steel.
The prevailing etrain rate was at least 20 (sec”'), and the dymamic
tensile strength for this strain rate should be 623000£2000 (1b)/(in)2.
The number of petals in each star erack was three. The corresponding
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theoretical value for F(e/d,0) is 100004200, which is near enough to the
experimental value to indicate that the theory is at least qualitatively
correct. The plastic energy required for the pemetration of STS should
be greater than the penetration emergy for these sheets of steel, and
might be as large as the entries at the bottom of Table III, which are
greater than the values for sheet steel by the ratio between the dynamic
tensile strength of the two materials.

That the biaxial strain cannot exceed the strain for maximum
tension except at a crack was verified experimentally during the tests
with sheet steel. Two circles were seribed on one of the sheets with a
compass. The circles were initially separated by a small but uniform
difference in radius. The projectile was then allowed to fall on the
‘sheet with just enough velocity to erack the sheet. The separation
between the circles was increased by 10% at the tip of the projectile,
whereas maximum load in the tensile test occurred at an elongation of 21%.

"As the plate is increased in thickness, and offers more resis-
tance to penetration, the projectile must penetrate through a greater
‘thickness of plate before the atrain at the back of the plate reaches the
strain for maximum tension. Plastie energy is therefore delivered to a
thin plate of finite thickness prior to the formation of a star erack.

The plastic energy is essentially that emergy which is required
to bring the tip of the projectile just to the back of the plate. The
projectile is then in contact with the plate over a surface which extends
-back from the tip to a distance greater than the thickneas of the plate.
The pressure applied to the projectile over the surface of contaet is of
the same order of magnitude as the tensile strength of the plate material.:
The plastic energy is essentially equal to the product of the average
pressure and the volume of the imbedded portion of the nose contour., The
total plastic snergy required for penetration is equal to the sum of the -
energy required to crack the plate and the energy required to bend back
the pstals after fracture.:

Theoretical plate penetration coefficients for 3" AP M79 pro-
jectiles vs, thin STS of 115000 (1b)/(in)? tensile strength have been
calculated, and the results are compared with the test data in Figure (2).
The average stress on the projectile was assumed to be the same as the
average strese at the surface of an expanding hole of uniform diameter.
For a slow expansion the average stress would be 105000 (1b)/(in)?2, but
for dynamic¢ conditions of deformation the stress was assumed to be greater
by the ratio between the dynamic and static tensile strengths. The
prevailing strain rate before fracture is of the order of 200 (sec) ™1,
and for thie strain rate the teneile strengih for STS should be
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14500045000 (1b)/(in) 2. The thickness of each lamina of the plate was
aseumad to be the same, at the surface of the impact hole, as the thick-
nese at the surface of an expanding hole of uniform diameter. The
imbedded portion of the nose contour was therefore assumed to extend back
from the tip to a distance equal to (2.8)e at the instant of fracture.
The theoretical curve in Figure (2) is lower than the experimental curve,
but sgrees with it to within the precision of either.

The energy required to push back the petals is assumed in the
present theory to be all expended on distortion of the perimeter of the
petal, whereas a small additional component of energy is required to bend
the surface of the petal.'? The bending energy in a thin plete which ie
aslready subject to extension as well as flexure increases with inorease
in plate thickness, but is only a small quantity of the second order.

- The number of petals in the star crack is assumed to be constant, whereas
the actual number of petals tends to inerease with increase in plate
thicknese.  The two effects tend to cancel, and have therefore been
neglected.

X THICK PLATE THEORY

A surface in the medium which was originally cylindrical and
concentric with the axis would be deformed by irrotational flow into a
new surface which is convex outward, whereas the surface would be deformed
by rotational flow into a new surface which is concave outward.

Pure irrotational flow in an actual plate of plastic material
ie limited to a zone on the central plane of the plate and adjacent to
the impact hole. (Qutside of the zone the deformation is rotational. This
is 1llustrated in Figure (17) which represents the actual deformation
contoura in a limit impact, Near the center of the plate and near the
impact hole the deformation contours are similar to the contoure generated
by irrotational flow, but at the free surfaces of the plate the contours
are perpendicular to the free surfacee and the deformation is rotational.
The theoretical boundary of the zone of irrotational flow is outlined in
Figure (16), by the leading edge of a distortional wave which is propa-
gated inward from the surface for a period of d milliseconds. It was
aesumed in the analysie that the strain increases to its final value at
a constant rate in the same period of time. The strain in an actual limit
impact increases at approximately this rate. The zones of irrotational
flow in Figures (16) and (17) are essentially the same. The zone of rota-
tional flow in the actual impact is narrower at the face of the plate,
where the projectile is moving rapidly, than it is at the back of the
plate, where the projectile comes to a stop. The depth to which a trans-
verse wave penetrates a face of the plate is proportional to the time
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which the projectile spends in the neighborhood of the face. If the
projectile were pushed slowly through the plate, the transverse waves
would have time to maintain more of the medium in a state of equilibrium
and the deformation would approach the theory of equilibrium flow; but
if the projectile struck the plate at a high veloecity above limit, the
deformation would be better represented by the theory of irrotational
flow. '

The length of the deformation contour for a particular volume
of inscribed medium is greatest when the flow is irrotational and least
when the flow is rotational. The length in an actual deformation at
limit is nearly the same as it would be if the cylindrical surface
remained a cylinder.-

Theoretical contours of the free surface for the two limiting
types of flow are compared in Figure (15) for a plate of caliber thick-
nees. If the flow were irrotational, the elevation* of the plate at the
impact hole would be nearly independent of plate thickness and would be
equal to (.38)d, but if the medium were in equilibrium the slevation
might be twice as large. The mesn elevation at the front and back of
actual impact holes. have been found experimentally® to vary from (.4)d
to (.5)d as e/d varied from .7 to 1,9. The elevation of the plate near
the impact hole i3 thersefore nearly given by the theory of irrotstional
flow. At a distance from the impact hele however, the elevation for
irrotational flow is greater then the elevation for equilibrium flow.

If the flow waere irrotational, the elevation et a distence of
2.05 calibers from the point of impact would be (.03)d in a plate
4 calibers thick, but has been found experimentally® to be less than
(.001)d. The elevation for equilibrium flow at this distance would be
(.0003)d. The elevation of the plate far from the impact hole is there
fore nearly given by the theory of equilibrium flow, a result which is
confirmed by the shape of the experimental contour in Figure (17).

Theoretical values for F2(e/d,0) have been calculated for the
3" AP M79 projectile and are listed in Table I1X for a few plate thick-
nesses. The plastic energy was calculated first for the limiting case
of equilibrium flow, then also for -the limiting case of irrotational
flow. The actual energy is intermediate between these

*A theoretical formula®? for the elevetion at the point of impact has
been given by G. I. Taylor, "Notes on Bethe's Theory of Armor Penetra-

" tion", British Report R.C. 280. Taylor's formula gives an elevation
which increases with thickness at a faster rate than in direct propor-
tion to thickness, whereae the contrary is found experimentally.
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two values. The energy density at each point in the medium was first
calculated from the componente of strain for a deformation with the
principal axes of strain rate and the principal eomponents of strain rate
all held constant*. To thie energy were then added ocorrections for the
rotation of the principal axes of strain rate, and for the increase in
stresa with increase in strain rate.

The plastip ensargy at the surface of a plate of caliber thisk-
ness, in the limiting case of equilidbrium flow, would contribute to
F%(e/d,0) the component

Fp = (20.8)(10°)

in an isothermal deformation with stationary principal axes of strain
rate, but the component might be as small as

Fp = (15.1) (10%)
in a slow adiabatic deformation with fault formation.

The plastic energy in-a plate of caliber thickness, in the
limiting case of irrotational flow, would contribute to ;%(e/d,0) the
component

Fg = (26.3)(10°)

in an isothermal deformation with stationary principal axes of strain
rate, but the component might be as small as - ,

Fp = (19.3)(10°)

in a slow adisbatic deformation with fault formation. The most likely
value for the plastic component of F?(e/d,0) is intermediate between the
two values for adiabatie flow with fault formation. The relative amountse
of energy which may be assigned to irrotational flow and to equilibrium
flow may be estimated in terme of the duration of irrotational flow at
each point in the medium., In the central zone of Figure (16} the flow

is entirely irrotational, just outside of the central zone the flow is

*The validity of the assumption that the components of strain rate may
be held in a constant ratio was tested by comparative calculations of
the plastic energy in the case of equilibrium flow. The approximation
was too small by only O.¢&%.
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partly irrotational and partly at equilibrium, while at a distance from
the impact hole the medium is essentially at equilibrium. The energy in
each element of volume has been multiplied by the duration of irrotational
flow and the product has been integrated over the whole volume of medium,
to find that fraction of the plaatic energy which may be assigned to
irrotational flow. The fraction has been found to be approximately onme
half. The most likely value for the plastic component of F2?(e/d,0) in a
plate of caliber thieckness is therefore

Fp = (17.2)(10°)

in a elow adiabatic deformation with stétionary principal axes of strain
rate.

The same component has been found by ealculation in the simpli-
fied cage of a plastic deformation in a plate with e¢ylindrieal internal
deformat ion contours, but with the external surface for irrotation flow.:

It ie assumed for the purposes of the present snalysis, that
the relative amounts of enesrgy, to be assigned to equilibrium flow and
to irrotational flow, are also in the same ratio, for plates of thick-
nesses greater than one caliber.

The prineipal sxes of strain rate rotate with reapect to the
medium only in the interior of the medium. In the central zone next to
the impact hole the energy density is raleed by rotation of the principal
axes of strain rate to nearly the full amount for pure irrotational flow,
but the energy density is not raised at all at the free surfaces, and is
raised to an intermediate amount at other points in the medium. Rotation
of the principal axee of strain rate modifies only that part of the
plastic energy which may be assigned to irrotational flow.  The plastic
component of F2(e/d,0) in a plate of caliber thicknese is raised to the
value '

F3 = (18.8)(10°)
by rotation of the principal axes of strain rate.:

The dynamiec pressure in the medium raises the shear stress and
increases. the plastic energy by a small amount which is negligible in a
plate of caliber thickness, but amounte to a2 few percent in plates of
greater thickness.: o

The strain rate in the medium varies with time as the projec-

tile passes through the plate, and varies from point to point in the
plate. The plastic energy for rapid deformation is greater than the

_35-




plastic energy for a slow deformation. It is assumed for the purposes

of the present analysis that the fractional inerease in plastic energy
for a plate of finite thickness is equal, on the average, to the frac-
tional increase in plastic energy for a projectile in an infinite medium*,
The plastic component of F2(e/d,0) in 8 plate of caliber thickness is
therefore theoretically equal to

Fp = (23.2)(10°)

in the case of rapid adiabatie flow with fault formation near the impact
hole. The theoretical and experimental results agree to within the
precision of either.

The plastic component of F2(e/d,0) in a plate of caliber thick-
nese would be equal to

= (87.6)(10°%)

in the caee of rapid adiabatic flow without fault formation near the
impact hole,

The theoretical values of the plate penetration coefficient
in a thick plate are compared with the ballistic data in Figuree (2) and
(3). Curves are also included in the figures to represent the theoret-
ical plate penetration coefficients for the limiting cases of pure irro-
tational flow and pure equilibrium flow.

The contour of the free surface for irrotational flow is nearly
identical to the contour for equilibrium flow when the plate is half
caliber thick, and the zone of irrotational flow in a limit impact is
also nearly absent. The theory of thick plates is limited, therefore,
to plates of thickness greater than half caliber.

[}

X1 ENBRGY IN THE COMPRESSION WAVE

As the projectile enters the plate it creates a compression
wave and radiates energy'?. The compression wave is reflected and
diffracted at the free surfaces of the plate. The radiated energy does
not escapes to the borders of the plate, but is converted into energy of
vibration. The projectile acts like & source of strength §, and radiates

*The validity of this assumption has been qualitatively verified by
considerations of the rate of strain in a plate of caliber thickness.




energy at a rate given by the expression

0"
47e

in which p is the density of the medium and ¢ is the veloeity of a
longitudinal wave.

The strength Q is equal to the produet of the veloeity of the
projectile and the net crose secticnal area of the imbedded portion of
the nose contour. The cross sectional area is given qualitatively in
terms of the aceeleration of the projectile by the equation

F2(e/d,0)

2, ¢f
iﬂd (‘L‘mvﬁ) -

The energy in the compression wave contributes to F2(e/d,0) a component
© part FC which is given by the equation

R = rrer o i 3 (5 6)) s (24)
L

The integration has been completed for a plate of caliber thickness, and
the radiated energy has been found to be only 0.3% of the striking energy
for a plate of this thickness, The radiated energy varies as the cube

of the velocity and becomes, therefore, a larger fraction of the striking
energy as the thickness of the plate is increased.

XII CAVITATION

The impact hole has been found experimentally?®:*?® to be
larger in diameter near the entrance of the hole than it is at the center
of the plate. Such an enlargement of the impact hole is at least partly
the result of plastiec resistance to shear which would cause the lip of
the entrance to peel back from the sides of the projectile after the
bourrelet had entered the face of the plate. At a sufficiently great
velocity of impact the enlargement of the hole ahould be augmented by
cavitation.

-%7-




The average pressure on the projectile nose in a limit impact
is given qualitatively by the expression

'émvz
%ﬂdie

whereas the cavitation pressure in the case of the 3" AP M79 projectile
is given by the expression

(-171)pv}

Cavitation should only be important ballistically in a plate of such
thickness that the two pressures are equal. The thicknees of an STS
plate must be & calibers for the two pressures to be equal.
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XIII TABLES OF FUNCTIONS

Table I

Relative amount of energy per unit volume of
displaced medium for several systems of plastic flow.

_ Energy per
System unit volume

Equilibrium éxpansion of a cylindrical hole in a
thin plate with free surfaces, ' . 67
Irrotational flow in a plate of caliber thickness.
Consecutive cylindrical sources of alternate sign, .85
Equilibrium expansion of a cylindrical hole in a
thick plate with constrained surfaces. Stationary
line aource. ' 1.00
Equilibrium expansion of a spherical cavity.
Stat ionary point source. : 1.26
Point Source in motion. 1. 91

-30-



Table IT

.The Depth of Penetration of 3" AP M79 Projectiles
into Homogeneous Plate

4
d
[]
VS d
'UL :
'25 040 -65 .82 lnoo 1’58 1. 73

. 80 .65 . 68 .80 .90 1.02 1.25 1.48
. 90 - 83 .86 .98 1.09 1.22 1.53 1.82
.95 . 99 1.03 ©  1l.18 1.28 1.43 1. 77 2.09

.98 1.18 1.22 1. 39 1. 52 1.69 2.05 e.40




Table III

Elastic Energy at Limit for 3" AP M79 Projectile
at 0° Obliquity in STS of 115000 (1b)/(in)2? Tensile Strength

e A e

e - e - - - e

= aoGe] v | 2 Jaoeirg | aomeg | et e)
1. 73 48, 4 2236 . 036 o4 27.6 26.0
1. 38 36.0 1928 . 049 .6 25.5 26.1
1.00 24.0 1573 075 1.0 230 £4.0

.82 18. 9 1396 . 097 1.3 21.7 23.0

. 85 14.2 1210 .129 1.8 20.0 21.8

« 50 10.1% 1023 .174 2.4 17.9 20.3
.40 7.44 877 . 216 2.7 15.9 18.6
.25 333 586 . 30 2.7 10.7 13.3
.125 .86 298 .39 1.7 5.2 6. 9

. 083 .40 203 .43 1.3 3.5 4.8

. 05 .19 140 . 50 1.1 2.7 3.8

.02 .070 . 85 . 66 1.2 2.3 3.5
.01 + 036 61 80 l.4 B2 3.6

. 004 . 0164 41 | 1.05 1.9 2.2 4.1

~.41—



Table IV

sbsorption Functions for the 3" AP M79 Projectile
in STS of 115000 (1b)/(in)? Tensile Strength

(107°)F§

-~ 2
(10 ")FR

5] 10 15 20 25

28.0 3.4 35.6 39.0 44.4 48.9 5HH.3

] 26.1 29.4 31.5 36.8 4c.l 47.4 5HZ.7
l' Oo 24'0 2500 26-1 27-1 2902 34'4 5905 4406 4.'9.8
.82 230 24.0 25.0 26,0 28.0 33.1 38B.2 43.3 48.4

. 65 21! B 2208 250 8 24:0 7 260 7 31- 7 36‘ 7 410 7 46. 7

- 50 20.3 2l1l.2 22.2 23.1 25.0 29.9 34.8 39.8 44.7

.40 [ 18.6 19.5 20.4 21.3 23.2 28.0 33.9 37.8 42.7

« 25 3.3 14.1 15.0 159 17.7 22.5 27.4 32.3 37.2

+ 125 6.9 7.7 8.6 9.5 11.4 16.3 2l.2 @26.2 3l1.2

.083. 4.8 5,7 6.6 7.5 9.4 14.3 19.3 24.2 29.2

«05 5.8 4.7 ‘0.6 6.5 8.5 13.4 18.3 23.3 28.3

.08 3¢9 4.3 5.2 6.2 8.1 13.0 18.0 32.0 &7.9

.01 3.6 4.4 5.3 6.2 8.1 131 18.0 22.9 27.9

« 004 4.1 4.8 5.7 6.6 8.4 13.3 18,2 23.1 &8.1




Table V

The radii of the elastic and plastic zones during the
penetration of thin STS by 3" AP M79 projectiles at
normal obliquity.

e
< . 004 . 083 . 125
Elastie Radius 10 2.9 2.5
(calibers) :
Plagstic Radius >.42 .63 .85
(calibers)
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Table VI

Theoretical valuss of f2(e/d,9) for a 3" AP M79 projectile

in a thin plate of STS with a tensile strength of 115000 {lb)/{in)?

e
3 .004 1 .01 021 .05] .083 | .125 .25 40} .50 | .85| .82
e _
(107® )F’(.&,e) 4.1{ 3.6} 3.5} 3.8 4.7 6.4 | 12.0 | 17.3} 18.4| 21.2] 22.3
Teble VII
The eetimated fractional inerease in plastic energy which may be
associated with rotation of the principal axes of strain rats
during irrotational flow around a 3" AP M79 projectile:
e
7 + 5 -1.0 1.5 2 3 4 o @
Ogive
Effect 1.01 i-14 1.29 1.41 i.57 1.66 1.71 1.95




Table VIII
Plastic component of F?(e/d,0) for the surface of a

plate in the limiting case of slow adiabatic irrota-
tional flow with fault formation near the impaet hole. -

e
4

- ‘5 1.0 | L5 2 3
bmﬁwm :
(10°)F3 | 15.3 | 19.3 | 20.9 | =a1.9| 23.2 | 23.8 | 24.1 [25.8

The plastic component of F?(e/d,08) for the limiting case of slow adia-
batic equilibrium flow at the surface of a plate with fault formation
near the impact hole is

(10°%)F} = 15.1

Table IX

Theoretical values of F?(e¢/d,0) for a 3" AP M79 pro-
jeetile in a thick plate of STS with a tensile
strength of 115000 (lb)/(in)?. Adiabatic flow with
fault formation near the impaet hole.

WW
e
i -5 1.0 1.% g 3 4 5

—

‘ e
(10'°)F’(a.9) 1.1 24.2 27.2 29.8 | 33.9 | 36.2 | 37.5
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NP6 PHOTO NO. 2976 (APL) ~ FIGURE (1}

THE PLATE PENETRATION COEFFIGIENT FOR ©O° OBLIQUITY

Standard Experimentol Curve for 3" AP M79 Projectile vs STS of 115000 tlta)/'{il'l)2 Tensile Sirength af 15°C
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PHOTO NO. 2077 (APL) PLATE PENETRATION COEFFICIENTS ’ FloURE (2)
Undeformed 3" Monobloc Projectiles vs STS at 0° Obliquity, corrected to 115000 (n:niiiro)2 Tensile Strength and 15°C
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NPG PHOTC NO. 2978 (A&PL)
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to 3" Scale,

.67 Caliber

PLATE PENETRATION COEFFICIENTS FIGURE (3)

Smoall Coliber Monobloc Projectiles vs Homogeneous Plate ot 0* Obliquity, corrected for Scale, Ogive, and Tensile Strength,

Ogival Radiis, and 115000 (Ib)/(in)> Tensite Strength
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NPG PHOTO NC. 3046 (APL) FIGURE (4}

THE OBLIQUITY FUNCTION ©
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NPG PHOTO NO. 3096 (APL) FIGURE (5)

THE DEPTH OF PENETRATION

3" AP Type A Projectile in Homogeneous Plate at Low Obliquity

R

e = plate thickness

d = projectile diameter

p = depth of penetration

vg = striking velocity

vp = limit velocity
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NPG PHOTO NO. 3097 (APL) FIGURE (6)

THE DEPTH OF PENETRATION

3" AP M79 Projectile in Homogeneous Plate at Low Obliquity

= plate thickness

= projectile diameter

= depth of penetration

= gtriking velocity

= limit velocity
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3164 (APL) EFFECT OF OGIVE ON THE DEPTH OF PENETRATION

NPG PHOTO NO. FIGURE (7)
3" Projectiles in Homogeneous Plote No. DD37
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HPG  PHOTO HO.
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310 {APL) ABSORPTION DATA FOR OBLIQUE {MPACT FIGURE {13}
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NFG PHOTO NO. 3168

{APL}

3“

AP

ABSORPTION FUNCTIONS FIGURE {11)

M79 Projectile

in Homogeneous Plate at 0° QObliquity

(10°8)F2 20}

® ® o 3
H

= obliquity

= projectile mass {Ib)

= plate thickness {ft)

projectile diameter (ft)

(10-8)F3
vg = striking velocity (ft)/(sec) F2 . mvécos?9
vg = remaining veiocity (tt)/(sec) ed?
mv3cos28
F‘E s R

ed?
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‘NPG PHOTO NO. 3168 (APL) ABSORPTION DATA FOR 0° OBLIQUITY FIGURE  (12)
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NPG PHOTO NGO,
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NPG PHOTO NO. 3i56 {APL) FIGURE (14)

X
a

COMPARISON OF THE SURFACE GCONTOURS OF PLATES OF VARIOUS GCALIBERS THICKNESS —
IRROTATIONAL FLOW FROM CONSECUTIVE COAXIAL CYLINDERS OF ALTERNATE SIGN



NPG PHOTO NO. 3137 (APL} FIGURE (15)

alm

Q=

COMPARISON OF THE SURFACE CONTOURS FOR EQUILIBRIUM FLOW AND [IRROTATIONAL
FLOW IN A PLATE OF CALIBER THICKNESS

Curve I Equilibrium Fiow Curve II  Irrotational Flow



NPG PHOTO' NO. 371 {APL) FIGURE (16}

ol

THE ZOMES OF |[IRROTATIONAL FLOW AND EQUILIBRIUM  FLOW

IN A PLATE OF CALIBER THICKNESS

Zone I Irrotational Fiow Zone I  Equilibrium Flow



NPG PHQTO NO. 3163 (APL) FIGURE (11)

GII)N"I;OURS_‘_;V FOR A 3" AP M79 PROJECTILE IN A PLATE OF CALIBER THICKNESS
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