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NOEENCLATIURE

e

Fd

e, = Strain on the ID, inches per inch

e, _ Strain on the OD, inches per inch

¥ = Flow Factor = %é%

¢t = 3train in the tengential direction; inches per inch
ep = Strain in the ;adial direction, inches per inch

¢z = Strain in the longitudinal direction, inches per inch

3¢ = 3cress in the tangential direction, pounds per square inch

Stress in the radial direction, pounds per square inch

(7]
-~
"

Sz = Stress in the longitudinal direction, pounds per square inch

2 e s
S I Y

a = Bore radius in a thick hollow cylinder

3

r
0
<

Satialis

b =Outside radius in'a thick hollow oylinder
r =General radius in a thick hollow oylinder
W =Wall ratio = 2

10
u = Poisseat's ratio
L = Tcral length
h = General length in & solid
V= Volume of a solid

¢ = Constant

¢ = Change in wall ,ratio with respect to height .
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PLASTIC STRAINS IN THICK HOLLOW CYLINDERS CVER-

STRAIN"D BY INTERNAL PRESSURE

ARSTRACT

r

In this report;{gquations are derived
relating wall ratio to pldstic strains resulting from
overstraining thick hollow cylinders. That the equations
are applicable, 1s evidenced by comparison with

LV IR |

PR
.

- [
‘F’|'r' L]

statistical data from the inspection records of guns %
coldworked at Watertown Arsenal in the current hig
production activities and by agreement with experimental wht

test data, Equatlons are developed for

.

.

(1) strain Ratio,

e, = - -
N,
b4

.’<"-,‘l‘,‘"

f‘ﬁ ol
v, (I
"x. )

CZ) Flow Factor,

(3) Loncitudinal Strains,

(4) Longitudinal Shrinkage in Taperod Sections)aw\-dL &&
al
(5) Strain Distribution Through the N

Cylinder Wall. 6:

N 0

These equations have alrsady boen published
but not derived in a Watertown Arscvnal Report,
"Selected Design Data Pertaining to Cun Tubes and High-
Pressure Vessels" ©Ssport Number WNGD-4. f
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INTRODUCTION
.1\
Attempts to develop accurate cquations for Y
plastic strains in thick hollow cylinders have met F
with little success in tie past. Consequently omplrical e
rclations applicable to the deformations of gurn tubes ag
were ustablished at satertown Arsenal incldental to ths b
G carly development of the coldworking process. A "strain ot
2 ratic was determined experimantally for cylinders of RS
R various wall ratios, which ratio was limited in the ;ﬂ
o zxtent of 1ts practical applications. Provious j{
» inv:stigators, in attempting to extsnd the subject, )

have assumed that the value of Poisson's ratio =
chanced abruptly in value frow approximatcly (.285) EE
in the elastic statc to (.5) in the plastic state, o
nxperinzntal data indicate that for strains of the nix
magnitude vncountered in the coldworking and auto- 'y
fretting processes 4 value of (.3) to (.333) scems Frone
to apply. =
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2.

eport new strain equations will be

In tnis r
jzvelorad aryriicalle o cverstrained gun tubes and
relgted nlpne-rrassure vessels., The applicabllity of
trese egquatlicns 15 eviderced ty statlstical data
tzzen frorm ‘reoreztion records of currently coldworked
U6 tubes and from experimental test data.

ORIGIVAL FLOV DATA

PESES

Tr.o comrilation of the early flow data at
towxn Arsernal was ably done under the direction
reral Tracy Cickson and Dr. F. C. Langenberg by
. Solbirg, now a Lt. Col. In the Ordnance Dept.
ke curve attributed to them in Flg. 1 was plotted
rem their records of tests of overstrained cylinders.,
The curve shcows the relation tetween wall ratio and
"strain ratio”, the latter being the ratio of strain
¢ the inside of a cylinder to that on the outside.

t. Col, Solbcrg fitted the following equation to

-~

nls %=zt data:

2 w2 ’
Strain Ratio = gt =T - - —e )

T, >
.

at
f

1 Q

s
a3
184
I
v

> e (™S

e

where g 1s the unit strain on the *nside surface, e,
is the straln on the outside and w = wall ratio =
(0D/ID). His experimental data are alsc plotted-in

Fig. 1.

The =quation is a good approximation but
is not theoretically correct for small wall ratios.
This may be secn from a consideration of the value
of strain ratic = 0.89 obtained from equation 1 when
w=l, At that point the wall of the cylinder is
Infinitely thin and the 0D and ID should have the same
urit straln rmakling the theoretical value of strain

ratic wqual to unity.
DIRIVATION OF STRAIN EQUATIONS

AY

E} Gensral

;Z In the derivation of the following strain
) ecquations, it has been assumed that the condition

< of constant volume applies since the plastic strains
ty involved are large comparsd to the elastic strains.
1 The assumption of constant volume requires that the
e g sum of the prineipal unit strains is zero. 1In the
:§ case of thick hollow cylinders the principal strains
SO
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7,

Se

are tangential, radial and longitudinal and are¢ denoted

in the above order as ey, op and €,.

Nadail in his text on plasticity set up the

following cquations relating stress and strain in
the plastic state paralleling Hooke's Law for the

Elastic State:
e = C [Sg -y (Sp + Sz)}
C [Sr ~ b (S + Sz)] “““““““ \

o [S, ~u Sy + S,)]

Cr

e,

His assumption that the value (C) is a
constant, 1limits the value of 4 to (.5) in order
that the sum of the principal strains.be equal to
zero., His assumptions are, no doubt, pood when
extremely large deformations are made. 3ince the
plastic strains producesd in coldworking, proof
testing and autofrettage are relativoely small, his
assumptions aro modifled in this presentation in

the following way: i s

1) The assumption of constant volume
holds since the plastic deformations,
while rslatively small, are still
large 1n comparison to the elast ic
strains, As a result, the sum of the
princlpal stralns 1s zero.

2) Nadai's value (C) 1s not a constant
until deformations larger than aro
¢necountered hore are madc.

3) Poisson's ratio, u, in the plastic
state gradually changes after the
transition from the elastic state
from a valuc of approximately (.285)
to (.5). For the magnitude of
plastic strains where this work
applies, a smaller value of ¥ than
(.5) exists.
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Strailn Ratio

«‘gw"‘:".-’. RS

_ The¢ formula for strain ratio in tubes
that are overstrained within the above assumptions
may be derived in the following way:

O ————— ’:‘ T
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e
WIN,630~606) /'-/g 4
"\ The volume of metal in the cylinder ﬁl
(Fig. 2) 1s given by [l
Vep(b? —a?) mm - e - mm o (3) s
Tho assumption of constant volume mekes =
1t possible to write o8
dv = 0 = 2nh(bdb ~ ada) + n(b? - a2) dh L
v
by letting e
eh=%? = Unit tangential strain at the bore surface ¢
\
b
eo® %? = Unit tangential straln on the outside surfaco 5@
t’:a:
e,= ghh = Unit strain longlitudinally f'{’
; %;?
- =2 - wall ratio oo
- X
E% . Noting that longitudinal strains are uniform over '
BN the cross soction of the tube, the above equation T
3 for change in volume may be simplified to b
3 ©1 = Weeq + Bo(WE =1) = = = = = = = - (v) o
i'\l
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_ If the cylinder is free to move
longitudinally during expansion, a uniaxial stress

exists on the outside surface which makes it
possible to-write

e, = = ue,

Ry substituting this value for ez in equation 4
that equat;on becomes, expressed as strain ratio

Strain Ratio = g =W (1 - &) + -~~~ - (5)

Flow Factor

It 1s frequently convenient in engineering
problems to deal in total deformations instead of
unit strains. The flow factor is a quantity involving
total deformations which is only a slight modification
of the strain ratio. Flow factor 1s defined as follows:

».F, = Permanent Enlargement of Fore
Permanent Enlargement of the Outside Surface

L L '6)
e X 00  Weq

[o]
5
ot
By

Tquation 1 in terms of flow factor would then
become

and equation 5 would become

-— - o e e

FPe = W0 ~g—) + U

- e e e = e = B
oW !

Jongitudinal Strain

Lon,~itudinal strain

be veadily werived
in terms of tanrential strain a p

e tore ard wall

ratio from equation 4. <ince o5 = =-¢,/u
equation 4 then niay be expressed as
e " u 1 sepn
N WU - VU 3}
st= -3 -3 ‘
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By the same device Lt. Col. Solberg's equation 1
may be used to determine a value for longitudinal
strain '

Shrinkage in Tapered Sections

In the design of coldworked guns, it is
necessary to take into account longitudinal strains
in a solid having a tapered outside surface and a
concentric cylindrical hole. This may be done in
the following manner:

W

173 W —

Wm
F@. 3 WIN 6306064
Referring to Fig. 3

Wy = The wall ratio at any height h

The wall ratlo at the breech

o
1

m = The wall ratio at the muzzle
L = The total length of the tapered cylinder
'e = The change of W with respect to h
h = Any height
The wall ratio at any height h is
Wy, = Wy +(ELE‘Mn)h

or
Wy =Wn*+ M —--——==-==--=-- - (11)
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pifferentiating equation 11 ylelds
dh = g - - oo R (12)

The total shrinkage of the tapered section 1s given

by
AL=°jLezdh “““““ i (13)

A value for sz in terms of wall ratio and
strain at the bore 1is given by 2quation 10; the
value for dh in terms of wall ratio is given by
equation 12, Ry making ths substitutlicons in
aquation 13 and cnanging the limits to conform
to the change in variable, the intergration yiclds

AL=-L'—&,§-5-V‘%‘-L—— ------------- (14)

If cquation 9 1is used to expros§ gz a more
complicated integral is derived. The final equations
for &L derived in this manner for various values of y

are tabulated below:
(u = 3/10)

--.Su L -1 - -1 5 aaw) o - - - =
AL W;—__—erm[mu (2.38W,) — TAN™! 2.38up] (15)

'

(u=1/3)
aL = ZBBEL [ray-12,236W, - TAN"'2.236My] - - - - - (16)
Wb - Wm

(u=1/2)

__lilsseL - | - -' -— - - -
oL = IR [Tan—11.732, - TAN 1732y (17)
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Plastic Strain Distribution

Feferring to Fig. 4 the volume before
expansion bcunded by the bore radius (a) and any
radius (r) is given by

V = nh(r? ~ a?)

WIN,630-6065 /-79 4

Since no change in volume is bought about
dv = 0 = 2nh(rdr - ada) + (r2 - a?)ndp- - - (18)

The change in radius after expansion is given

by dr = eyr where e = unit tangential strain

at radius (r) and the change in bore radius is given
by da = ae; where e agaln eyuals the unit strain

at the bore. By substituting these values in
equation 18, noting that dh/h = o,, simplifying, and
solving for ey the following equation is derived

a? 2 .
S (19)

Since the sum of the principle strains 1s zero:

er = -(e‘ + Gz)
therefore
a? e a2
er=-;re|-é-‘(l+Fz) ------------- (20)
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DISCUSSION

Firure 1 shows a comparison of the strain
ratio equations 1 and 5 with Col. Solberg's ori inal
experimental strain ratio data which was obttained
from tests on cylinders having wall ratios from
The experimental data agree
essentially witn all of the curves except the one
plotted from equation 5 with Polsson's. ratio assumed
equal to one-half. The differences in values
obtained from these equations are more clearly
indicated in the frequency distribution curves
(Figs. 5, 6, and 7) showing shrinkage in gun tubes
&s a result of coldworking. In these figures total
shrinkage calculated by use of equation 14 1s compared
with that actually measured in a large number of gun
tubes. These data indicate that using a value of
Poisson's ratio of 3/10 to 1/3 in equation & will
lead to computed values of shrinkage tiat are in

-6lose agreement with experimental test results.

It is pointed out that equation 14
(derived from equation 1) ylelds values of siirinkage
in close agreement with those obtainsd from either
equation 15, 16, or 17 (which were cerived from
squation 5) when the saine value of Polsson's rat.o
is employed in both cases. For practical purroses
equation 14 involves simpler computations and aprears
to be equally accurate for the usual range of wall
ratios employed in gun tube design.

Fifure 8 shows a typlcal "True 3troca Jirain”
curve recorded under the direction of Lt. lieritert
Hollomon in the Watertown Arsenal latoratery.

The method of deternmiring this curve was rencrted

in Natertown Arsenal Laboratory 3lerort ~111.¢/.6
entitled "A Jescription of an Autonatic Fecoruer Ior
Tensile ilachines" by Ir. Zencr and ir, Vai. singls,

The slope of the upper portion of the curv: dcus
not "flatten out" until approximately 15  exr.nsi
reached., The average equivalent strain trroush ti.e
wall of a coldworked tube is cons.derabliy liegs tian
155, For strains greater t:an 15;, ties effzztilve
value of M probably annroaches one-half. az~d ol
the hyvothesis that for less than 157 extanslen i

is a function of tie amount of stralr, P.i.zon'c
ratio would not be constant throu hout the wall of
an asutofretted or coldworked gun sirnce %
strain af the bore surface than 4%t any ot
The rnet effect, however, ap.earc to i< &/

...
[
[yl U

n
"3
(3]
»

)

e

2
proslnately




10.

the same as though 4 were assumed constant through-
out the tube wall with an average value of approx-
imately one-third.

The cquations presented in this report
are not theoretically perfuct but serve in
2stimating plastic strains with sufficient
accuracy for practical engineering purposes. It
is sugpested that variations of Poisson's ratio
and related plastic deformation are phenomena
worthy of a more caruful study from which still
more nrecise and more academic strain equations
may be derivud, lcading to & better understanding
of the plastic behavior of mstals.
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TAVE STRESS, R31. <1000

/0

. IACHEN MO TAKEN FRWM BRELECH

EMD OF DNC % 4 AT 3 OLLOCK POSITIW
(DRI I® T-52-30359). FROM CENTRIFY -
CAULY CAST GUN TUBE N*3G-2450,

« FOLLOWMINS. AHYIKA. FROFPERTIES
WERE OBSERVED AT ROOM TEMPERATURE:

YIELD. STRENGTH . @0/8 = 35000 £S.L
YIELD STREMGTH @O/ = 8600 ~

TEMSALE STRENGTY . = 99077 ¢ ‘)\ ’

FRACTURE STRESS 24,080 +
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