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CHAPTER  I 
INTRODUCTION 

A.    Background and Scope 

In the  HF and lower VHF range of frequencies vehicular an- 

tennas, and in particular aircraft antennas, usually are restricted 

in size to the extent that the largest dimension of the antenna may 

be much less than a wavelength.    Such antennas are said to be 

"electrically small" although they may actually be relatively large, 

physically.    An electrically small antenna generally tends to have an 

impedance with a small resistive component due to radiation.    If 

there is loss due to finite conductivity of the structure,  the loss 

resistance may exceed the radiation resistance and the antenna will 

be relatively inefficient.    Impedance and efficiency are important 

parameters in the design of an antenna system,  particularly if 

substantial power is to be radiated as in a long range communication 

system. 

This study is concerned with the impedance and efficiency of a 

particular type of HF-VHF antenna,   specifically,  a multi-turn loop. 

It should be noted, however,  that the techniques discussed here are 

applicable to any antenna having a well defined set of terminals. 



Determination of antenna impedancfe by experimental methods is 

straightforward.   In the HF-VHF region, impedance bridge and Vector« 

Volt rneter measurements are generally quite satisfactory. *   Analyti- 

cal determination of the antenna impedance is not so straightforward. 

The radiation resistance may be found by the usual method of closed- 

surface integration of the far-field Poynting vector     if the current 

distribution on the antenna is known to an adequate approximation. 

The total impedance is difficult to calculate, generally.    The induced 

x 
EMF method or the near-field Poynting vector integration method 

may be used for some geometrically simple antennas such as slot, 

stub,  dipole, and single-turn loop antennas.    In this study, the far- 

field Poynting vector integration method is used to find the radiation 

resistance of a multi-turn loop antenna but experimental methods will 

be used to determine the total impedance. 

Determination of antenna efficiency is a much more difficult 

problem than determination of antenna impedance.    This is particular- 

ly true in regard to experimental techniques.    The usual method is to 

obtain both the directivity and absolute gain of the antenna and then 

obtain the efficiency as the ratio of gain to directivity.    This can be 

done experimentally with good precision at microwave frequencies 

where the antenna or antenna system can be isolated from the ground 

«These will be discussed in Section III-A, 



and other reflecting objects so that accurate patterns can be meas- 

ured from which to determine directivity« and where the gain of a 

reference antenna is known accurately enough for the precise de- 

termination of gain. 

At lower frequencies»  and in particular below 100 MHz,  several 

problems arise which make the measurement of antenna efficiency 

extremely difficult.    At these frequencies, one wavelength may be 

several meters,   consequently the antenna (in any practical meas- 

urement situation) is relatively close to the ground and other 

reflecting objects.    The effect of the resulting extraneous reflec- 

tions is to alter the radiation pattern and thereby prevent the 

accurate determination of antenna directivity. 

The same problem occurs when one attempts to measure antenna 

gain.   Gain is usually measured by comparison with a standard-gain 

antenna, and since the standard-gain antenna is usually geometri- 

cally different from the antenna to be measured, the effect of 

extraneous reflections is to alter the patterns of the standard and 

test antennas in different ways, thus destroying the accuracy of the 

gain measurement. 

Another problem in the measurement of antenna efficiency is the 

relatively low efficiency and poor impedance  matching of antennas of 

restricted physical size.  This is often the case at frequencies below 

100 MHz.   If the efficiency of the antenna is low and the antenna is 
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poorly matched to its feed system, then the effects of radiation from 

cables and the antenna feed structure may become significant.    This 

further complicates the measurement of antenna gain and directivity. 

The crux of the problem with both gain and directivity measure- 

ments is that these measurements depend entirely on the measure- 

ment of antenna field intensity.   It would be very useful to have an 

efficiency measurement technique which depends not on the measure- 

ment of antenna field intensity but rather on the measurement of 

antenna terminal impedance,  since this is much more straightfor- 

ward in the HF and the lower VHF region.   Such a technique has been 

developed and is discussed in Section III-B-2, 

B.    The Basic Problem 

In practice the efficiency of an antenna generally decreases as 

the electrical size of the antenna is decreased.    This is related to 

impedance behavior in that at frequencies below the first resonance 

the radiation resistance generally decreases with antenna size. 

This study is concerned with the efficiency and the input impedance 

pf a multi-turn loop antenna having small enclosed area. 

The behavior of a small circular loop with constant current has 

been described by many authors such as Foster3 and Kraus. *   But 

the analyses have been restricted to loops which are small in terms 



of wavelength and/or loops of only ode turn.      For loops of larger 

size,   more sophisticated analyses involving integral equations for 

the currents on the loop have been given by Harrington4   and Storer;5 

but,  again, these analyses have been restricted to loops of only a 

single turn.    The question of radiation efficiency has been ignored by 

the above-mentioned authors. 

The purpose of the present work is to verify,  experimentally, 

the predictions of a theoretical calculation of the radiation efficiency 

and input resistance of a multi-turn loop antenna at frequencies below 

150 MHz. 

C.    Dlustration of the Type of 
Loop to be Considered 

This study is concerned with a class of multi-turn loop antennas 

for which the circumference of a single turn is small in terms of 

wavelength, but with a sufficient number of turns such that the total 

wire length may be several wavelengths. 

Figure 1 is a diagram of the geometry of the loop to be studied. 

The antenna consists of N circular turns of wire,  each turn of radius 

a.    The conductor is of circular cross section with radius b.    The 

adjacent turns of the loop are separated by a distance 2d. 



TERMINALS 

Fig.   1.    Geometry of a multi-turn loop antenna. 



As mentioned above, the radius a is chosen so that the cir- 

cumference of a single turn is small in comparison with wavelength, 

i.e.. 

( 1) 2ira « \   . 

The number of turns may be such that the  total wire length 2irNa is 

not necessarily small in terms of wavelength«   It is also assumed 

that d << a. 

A standard model is chosen so that theoretical and measured 

results may be compared.    The parameters of the model are as 

follows: 

N «   5 turns 

a =   0, 2 meters 

b ■   0,000794   meters 

d ■   0.005 meters 

Calculated and measured values of impedance and efficiency 

are to be compared for the antenna specified in (2). 

(2) 
< 



CHAPTER II 
THEORETICAL DEVELOPMENT 

A,    Input Resistance 

B, A.  Munk of The Ohio State University ElectroScience 

Laboratory has recently completed an analysis of the multi-turn 

loop antenna which yields the radiation resistance and loss resistance 

6 
at the terminals of the loop.      A brief outline of Munk's analysis is 

given below. 

The current on the loop is assumed to be of the form 

(3) W)  »  ^I0cosk0a<|>» 

where k0 « 

The geometry is illustrated in Fig.  2. 

The magnetic far-field of a circular source is given by7 

jk0a        -jk0r ,.Nir jk0a sin 9   cos^^*) 
\    W») x?« (4) H "   1     e \      IC*1) x r« e d*» 

and the components of the electric field are given by 

k 

(5) 



{r,B,<f>) 

Fig.  2.    Coordinate system for Munk* s analysis 
of the multi-turn loop« 

By using Eq.   (3)  in Eq.  (.4)  and inserting the result into Eq. 

( 5),  Munk obtains the components of the electric field as: 

(6) 

and 

-jk0r 

Ee    = 
ju|i0 a e 

8r 

jkoa(«j> + -y«) 

cosG 
sin(Nirk0a) 

sin(irk0a) 

(     I     (z)   +      JT      (z) ) lk0a+ 1 koa-1 K   ' ' 

+ e 
-JkoaU+T-) 

^Al^^J-l^" 



w^alje^ o' 8in(NTrk0a) 
(7) E<l>"   " il 8in(irk0a) 

rjk#(<|.+'r) -Jk0a(«t>+T) 1 
x      e j' (z)  +  e JT'Cz) 

L k^ -k0a      J 

where z «   k0a   sin9   and Ja(ß) in the Anger function8   of 

order   or   with argument   ß. 

The radiation resistance RR   of the N-turn loop is calculated 

from (6)  and (7)  by the standard technique of Poynting Vector inte- 

gration in the far-field.1    The radiated power PR   is 

2ir   IT 

(8) PR -   1 R^Termi«! ■    .H'-li^ '' "" 6ded*      ' 
o   o 

With simplifying approximations,  the integral in Eq.  (8)  is 

evaluated giving 

8iT2F*a2 

(9, RR  "      9xlo3      ^'(N^o»)   • 

where F is the frequency in MHz. 

The power lost in the antenna,  P   , and the loss resistance, R. * 

are related to the current on the antenna as follows: 

Nir 
.    R. 

(10) PLa   ^Terminal    '*£   **    * ^^ 

where R8   is the surface resistivity of the copper wire given by9 

(11) R8 «     2. 16 x 10"4    ^F    O 

10 



In evaluating ( 10),  Munk obtains 

4 . 16 x 10"5     Nua V F I"      Bin( 2NTrk0a)1 
(12) RL«~        b co82(Nirk0a)      ^+     2NiTk0a     J     • 

For the model conforming to the conditions given in (2),  the 

values of RR and R^ have been calculated in the band from 1 MHz 

to 150 MHz.    The results are shown plotted in Fig.  (3).    The 

terminal input resistance R is given by 

(13) R =   RR +  RL      . 

and is plotted in Fig.   (4 ). 

As shown in Fig.  (4 ), Munk* s analysis predicts sharp peaks 

in the input resistance at frequencies where the total wire-length 

is an odd number of half-wave lengths.    This prediction is consistant 

with the known behavior of loop antennas of this type. * 

B.    Efficiency of a Multi-Turn Loop 

The radiation efficiency of an antenna is customarily defined 

10 
as 

( 14 ) E = 
PR 

PR+P
L 

♦ This statement will be verified in section IV-A where measured 
results are presented. 

II 
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Fig.   3.    Radiation resistance and loss resistance of 
a 5-turn loop (Munk* s formulas). 
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Fig.   4.    Input resistance of a 5-turn loop 
( From Munk1 s formulas). 

ISO 

12 



Using Eq.  (8) and Eq.  (10) in Eq.  (14 ) gives 

^R R1 Terminal 

» RHITerminal    +   » RLITerminal 

or. 

(15) E = 
Rp+Ri 

When Eq.  (9) and Eq.  (12) are substituted   into Eq.  (15),  the 

efficiency of a copper wire antenna is obtained: 

sin* (NiTak0) 
(16) 

sinl(NWak0)  +  0' 374 N,      n +    «in(2Nkfl^1 
8 irabF 

The efficiency of the standard model described in I-Ct as 

calculated from Eq.  (16), is shown plotted in Fig,  5, 

100 

fWOUINC»   IHMII 

Fig.   5.    Efficiency of a 5-turn loop 
( From Munk* s formulas). 
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CHAPTER in 
DEVELOPMENT OF MEASUREMENT TECHNIQUES 

A,    Impedance Me>»urementi 

In order to verify the theoretical developments given previously, 

it is necessary to measure the input impedance of the model des- 

cribed in 1-C,   While the loop antenna is a balanced structure, most 

RF impedance bridges are built for unbalanced inputs,    A balun 

transformer is therefore needed if meaningful measurements are to 

be made.   A commercial wide-band balun transformer (Anzac Model 

XT-6 17) was found to be acceptable. 

If the impedance at the terminals of the loop antenna is to be 

obtained from the impedance presented at the terminals of the balun 

transformer, the equivalent circuit of the balun transformer must be 

known.   An experimental study has revealed that the equivalent 

circuit of the balun transformer is approximated by an ideal 4 -to-1 

impedance transformer connected to a short section of transmission 

line.    The parameters of the transmission line are as follows:* 

*For complete details,  see Appendix I. 

14 



Length s Ö. 2171 meters 

Characteris tic 3 50.66 + J3. 80 ohms 
Impedance 

Attenuation ■ 0. 1601 nepers/meter 
Constant 

Phase Veloc ity S 3x 108 meters/second 

(17) 

The equivalent circuit is shown in Fig.  6. 

t— 

UNBALANCED ^S 

i:4 

BALANCED 

Fig.    6.    Equivalent circuit of the balun transformer. 

With the parameters of the equivalent circuit and the 

standard transmission line equations,11   the terminal impedance 

of the loop antenna can be calculated from the impedance ZM 

measured at the terminals of the balun transformer.    The equation 

for the loop terminal impedance is 

15 



Z«   4 1 

where 

1 + re2vL 

1 -re 2YL 

(18) 

ZQ    B    50.66 +  j3.00   ohms 

L     ■    0.2171   meters 

'M - Z, 

•M + Z, 

y      »    or  +  j -jE-      (meters)" 

^ a      B    o, 160    (meters)" 

At frequencies above 50 MHz,  a Hewlett Packard Model 803A 

VHF bridge may be used to measure   directly the impedance ZM 

presented at the balun terminals.    At frequencies below the range of 

the VHF bridge the impedance ZM may be measured with a Hewlett 

Packard Model 8405A Vector Voltmeter.   A test circuit as shown in 

Fig.  7 is set up and the voltages V^ and Vg and the phase angle   V 

between them are measured on th* Vector Voltmeter. 

RF 
SIGNAL 

GENERATOR 

f     II      r 

r     I 

i 
BALUN ANTENNA 

I 

Fig.  7,    Test circuit for impedance measurement. 
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The impedance Zj^ is given by 

(»9) ZM ■(S   e-i* ^   ^C 

B,    Efficiency Measurements 

1,    Discussion of Established Methods 

In the measurement of antenna radiation efficiency, the 

following relation is most commonly used:   '  3» 

(20) G0   «   ED 

where 

and 

G0   B    absolute gain of the antenna 

■    maximum radiation intensity from the antenna 
radiation intensity from a lossless Isotropie 
source with the same power input, 

D     =    directivity of the antenna 

=    maximum radiation intensity 
average radiation intensity. 

E     =    antenna efficiency 

From Eq,  (20) ,  the antenna efficiency is obtained as 

(21) E «_52_ 

The usual procedure in efficiency measurements is to obtain D 

by numerical integration of the far-field pattern function and to 

measure G     by comparison with a standard-gain antenna.    The 

17 



calculation of D is straightforward,  though tedious, but two serious 

problems are encountered when one attempts to measure G0.    One 

problem arises because the antenna often cannot be removed a 

sufficient distance from the ground and from supporting structures 

to prevent reflections from influencing the field intensity.    These 

"site errors" are particularly troublesome in the frequency range 

below 150 MHz.    The other problem arises because the power input 

to each antenna must be accurately known.   Accurate measurement of 

input power to the antenna may be quite difficult if the frequency is too 

low to allow the use of a slotted line. 

An efficiency measurement technique, which reduces the problem 

of site-errors, has been developed by T. H. Crowley.1S    The method 

described by Crowley employs two different antennas which are 

geometrically identical but constructed of metals with different 

surface resistivities.   With quantities pertaining to antenna No.   1 

identified by superscript 1   and quantities pertaining to antenna No.  2 

identified by superscript 2,  the following equations hold: 

(power input) * ■   (power radiated) *   +   (power lost)1 

or 

(22) p/11   .   PR''>   ♦   P^1' 

and 

(23) P^»)   ■    PRU)    +   pj*) 

18 



p (l) PR 
T       A.                               rs 

pL(l) Pjd) 

R     PR'1' 
•  äL" p («)  ' andKi" ?,<•> 

Crowley gives the efficiei icy of antenna No.    1 as 

KL 
(24 )                                       ~K  n       l 

-   1 

KR 
. - i 

If the surface resistivities of the two metals are not too different. 

the current distributions on the two antennas and the patterns of the 

two antennas will be very nearly identical, in which case 

d) . »   (l) PT ~        R 
(7i 

s. 
(25) KL   =    p    (IT R   (2) 

Let the surface resistivities of the two metals be related as follows: 

(26) R8
(|)    -     r   Rs

(l) 

Then if the metals are not too dissimilar, Eq.  ( 25)  and Eq.   (26) 

imply that 

(27) K,^ — 
1 

kL 

Also,  the power input to each antenna may be adj us ted, by field 

intensity measurements,  so that 

PR<>) 

(28) KR   *     p   (2)      B     1 
PR 

With this done,  Eq,   (24) becomes 

>^ 

(29)     E(I) = LIS: 
r - 1 

IP 



If the two antennas are geometrically identical and the patterns 

are the same, the problem of site-error is eliminated.    The problem 

of input power measurement is still present;   however, only measure- 

ment of relative power is required. 

Another technique for the measurement of the radiation efficiency 

of electrically small antennas has been suggested by Wheeler1* . 

Wheeler* s method makes use of the fact that   for an electrically 

small antenna (assumed centered at the origin of a spherical coor- 

dinate system)  the near field is to a good approximation confined 

to the region   r <^J" * i«e,    the interior of the "radiansphere",l* 

Thus a conducting sphere placed around the antenna with radius 

rj^ "r-"    will reduce the radiation resistance to zero while leaving 

the loss resistance essentially unchanged.    The loss resistance, R* « 

may then be measured directly at the antenna terminals.    With the 

conducting sphere removed the radiation resistance plus loss resis- 

tance, Rp +   RL ,   is measured at the antenna terminals.    The antenna 

efficiency is then calculated from the equation 

(RR+   RJ    -RL 

%(30) E " (RR+   RJ 

/ 
Wheeler* s method is the simplest and most convenient; but it has a 

serious limitation at lower frequencies,  since the size of the re- 

quired radiation shield becomes impractically large. 

20 



The next few paragraphs describe an efficiency measurement 

scheme which is practical at low frequencies and which eliminates 

both the site-error problem and the necessity of making power 

measurements. 

2.    A Resistance-Comparison Method 

As does Crow ley1 s method, the present scheme employs 

two antennas which are geometrically identical but materially 

different.    The input resistance,   radiation resistance, and loss re- 

sistance are related as follows: 

(31) R{,)    «    RR
(,)+   RL

(l) 

(32) R(2)    -    RR(2)+   RJ^ 

Again, if the surface resistivities of the two antennas are not 

widely different, then the current distributions and pattern functions 

will be very nearly identical«    Therefore to a good approximation 

(33) R(l) 
RR ■   «iH          • 

and *. 

1 
5        — 

Rjjl) 

^         R8(2) 

R8(l) 

or 

(34 ) R^z)   =    r R^l)     . 

21 



Inserting Eq.   (33) and Eq.  (34)  into Eq.   (32)  gives 

(35) R(2)   >  RR(i) +  r R^     . 

Multiplying Eq,   (31) by   r   and subtracting Eq.   (35) from the result 

yields 

r R(l)   - R(2) ■   (r-1)  RR
(l) 

or 

R(I)   .   LEU! -R(2) 
«p      ■   ■  (36' 

The efficiency of antenna No.   1 is 

(37'        E(,) '-h-   - 
By combining Eq.   (36) and Eq.   (37), an    expression for the 

efficiency is obtained: 

(38) E 
d)    _    rR(l) -R^ 

(i) R11' (r-1) 

Eq.  (38)   shows that the efficiency of an antenna can be cal- 

culated when the input resistances of two geometrically identical 

* but materially different antennas are known.    The ratio   r   is easily 

calculated from the expression9   for   R . 
9 

Rs d) •\IT 
:"    -W 2_ 

Z 

22 



therefore 

(39) r   « 

In Eq,   (39) *  M-n  ""i and JA2,  az are the permeability and conductivity, 

respectively,  oi metals 1 and 2. 

3.    Sensitivity of the Resistance-Comparison 
Method to Errors of Observation 

In order to determine the accuracy of the resistance-compar- 

ison method of antenna efficiency measurement, it is necessary to 

know the error in the measured efficiency as a function of the error in 

observed quantities.    Eq.  ( 38)  can be written in the form 

R(t) 

(40)        E(.) . __ .        __   . 

From Eq.  (40)  it is seen that E^'    is a function of  r   and the ratio 

niz) d) Ji    .     The error   AE in measured efficiency is given in terms 
R(I) /R<*M of the   errors   AT and A f—7—r-/   in t*16 observed quantities by the 

equation17 

V    (,) 3E(l) 8E^ f^l} 
(4i)        W1' --57- Ar + JRHTN   *\jKrJ    • 

8 /Rlii\ 
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From Eq.  (40) * 

(42) 

8E d) pd) 
-1 

8r 
(r-l) 

8E^) i 
r-l 

Using Eq«   (42)  in Eq,   (41), the maximum error in efficiency in 

ad) 
terms of errors in r   and   ~T v     is 

^ 

(43) AE (I) 

/R(2) N 

(r-l)2 

Ar 
-    A 

r - 1 

Eq. (43) shows that when the efficiency being measured is 

high, (i. e. R^)/ R^i ) ~ 1) the error contribution from Ar is 

very small. 
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CHAPTER  IV 
MEASURED RESULTS 

A,    Impedance Measurements 

Impedance measurements were taken on the 5-turn loop of 

w4,r      Section   I-C in the frequency range from 0 to 150 MHz.    A com- 

puter was used to perform the calculations indicated in Eq.  (18) 

and the results are shown plotted in Figs,   (8)  and (9). 

MO 

«00 

300 

s 
■ 

100 

0 

1 

v \ }\ ^_ J V 
JO r» too 

rUCOUCNCT  I MHi I 
I« IM 

Fig.   8.    Input resistance of a 5-turn loop (measured). 
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Fig.   9.    Input reactance of a 5-turn loop (measured). 

Fig,  (8) i« a plot of the input resistance and Fig.   (9)   depicts the 

input reactance. 

A comparison of calculated and measured resistance is shown 

in Fig.  ( 10).    The results of Munk» s analysis and the actual 

measured results agree quite well in form; however,  the frequen- 

cies at which the resistance peaks actually occur are somewhat 

lower than the frequencies at which the theory predicts that the peaks 

should occur.    This is probably due to the fact that the adjacent turns 

of the loop produce loading which decreases the phase velocity of the 

26 



traveling waves on the loop to a value which is less than the free 

space phase velocity. *   It should be recalled that in Munk* s approxi- 

mate analysis it was assumed that the velocity of the traveling waves 

was that of free space.     Thus the effect of loading would be to cause 

the structure to resonate at frequencies somewhat lower than thot e 

predicted by Munk* s analysis. 
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Fig.   10.    Radiation resistance of a 5-turn loop. 

*The measured resonant frequencies indicated in Figs.   (8)  and (9) 
were verified by   grid-dip meter measurements. 
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B,    Efficiency Meaiuremcnti 

Efficiency measurements with the resistance comparison method 

have been made on the 5-turn copper loop antenna of section I-C by 

comparing its input resistance with that of a geometrically identical 

5-turn brass loop.    For copper and brass, Eq.  (39) gives:a 

(44) r »   1. 90 

The measured values of efficiency are shown plotted in Fig.  (11) 

with calculated values from Munk* s analysis.    As seen from Fig.   (11)» 

the measurements are somewhat scattered but tend to substantiate the 

predictions of Munk1 s analysis. 

ratOMMCT IMMtl 

Fig.   11.    Efficiency of a 5-turn loop. 
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The experimental errors from Eq.  (43) have been plotted as a 

function of measured efficiency in Figs.   (12)  and ( 13)  forthevalue 

of r   given in Eq,   (44),    The observational errors Ar   and   Af—7~\) 

are shown as    parameters on the graphs.    The observational error 

Ar   was estimated from maximum and minimum values given in 

tables18   to be about 8%.    The error   A( p( TJ   was estimated from 

variations in several sets of measurements tobe about 7%,    To find 

the maximum experimental error   for any efficiency one simply adds 

the errors from Figs,  ( 12)  and ( 13),    Since the actual  value of E*" 

cannot be known,  the usual practice is to express the efficiency as the 

measured value plus and minus the error calculated from the mea- 

sured value. w 

0 24 

04 06 OS 10 
AMTCM* CFFIClCNCV 

Fig, 12,    Error in efficiency measurement 
due to error in r. 
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Fig.    13.    Error in efficiency measurement 
due to error in R< «) /R^ i) . 

For example, with the measured value E'"  «   0, 8 and a 

Ar   of about 8% ,    Fig.   (12)  «hows an error of about 3%,   With 

En;  "0.8   and     Al     . i 1    about 7%,    Fig.  (13)   shows an error 

of 9%    The efficiency is then E( ^  «   0. 80 + 0. 12.    It should be 

noted that the error calculated in this way does not account for 

systematic errors in the measuring equipment. 

In the manner described above    Figs.  (12)  and ( 13) were 

used to determine the maximum and minimum values of efficiency 

corresponding to the measured values shown in Fig.   (11).    The 

maximum and minimum values of efficiency have been plotted in 

Fig.   ( 14 ) and the area between the two curves has been shaded. 
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Fig.   14.    Measured and calculated values 
of efficiency. 

The calculated values of efficiency have also been plotted in Fig.  ( 14) 

and are seen to be in fairly good agreement with the measured 

values. 

31 



CHAPTER  V 
SUMMARY AND CONCLUSIONS 

In Chapter II the theoretical calculations of the input resistance 

and radiation efficiency of a multi-turn loop antenna have been re- 

viewed.    The theoretical input resistance and radiation efficiency 

of a particular loop were presented in Figs.  (4)    and (5). 

In part A of Chapter III» techniques were discussed for measur- 

ing the impedance properties of an antenna.    Results of the applica- 

tion of these techniques to the particular loop under study were 

presented in Chapter IV,  Figs.  (8) and (9), 

In Part B of Chapter III several established techniques for the 

measurement of antenna radiation efficiency were discussed. 

Finally, in Chapter III a resistance-comparison method of measuring 

antenna efficiency was developed.   It should be emphasized that the 

resistance comparison method is an adaptation of Crowley* s method 

to antennas   with a well defined set of terminals.   A tacit assump- 

tion used in the development of the resistance comparison method is 

that the input resistance of the antenna can be adequately represen- 

ted as a loss resistance in series with a radiation resistance.    This 

is generally true for <tny antenna having a well defined set of terminals. 

The efficiency of the particular loop under study was measured by the 
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resistance-comparison method and the results presented in 

Chapter IV,  Figs.   (11) and ( 14). 

Referring to Fig.  ( 10)  it is seen that the theory gives a good 

indication of the behavior of the input resistance in the range 

beyond the first resistance   peak.    In Figs,  ( J1)  and ( 14) it is 

seen that the measured values of efficiency« although somewhat 

scattered, do tend to substantiate the predictions of Munk* s theory. 

It is therefore concluded that Munk' s theory provides a good 

general description of a multi-turn loop antenna and that the resis- 

tance comparison method of   measuring antenna efficiency is a 

practical method of measurement especially at frequencies be-low 

100 MHz. 
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APPENDIX I 

DETAILS OF THE METHOD OF EVALUATION OF 
PARAMETERS OF THE BALUN TRANSFORMER 

Consider the transmission line circuit shown below. 

H d H 

'*< g  r^ 
The characteristic impedance is Z     ( complex in general);   the 

propagation constant is y " ff +   jß;   and the length is   d.    The line 

is terminated in complex impedance ZR.    The impedance Z observed 

at the end of the li e is given by Moore11   as 

(la) Z-   Z0      K. 

where 

(2a) rB = 

i-rR.-^ 

ZR " Zo 
R       zR + z0 

One may solve for ZR   in terms of Z,   Zo, and d by inserting Eq.  (2a) 

into Eq,  (la)  and rearranging the result.    When this is done,  the 

result obtained is 

1 +   F R»    e+2Vd 

(3a) ZR   n    Z +2Yd 
i -   i R    e 

where 
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z - z0 
(4a) T   •     -   2. 

R Z+   ZQ 

If for a transmission line of interest«   Z   and y are unknown,  a 

method of measuring them must be established.    This can be done 

as follows.    By inserting Eq.   (4a)  into Eq.   (3a)  and rearranging, 

the exponential term may be isolated.    The result is 

(5a) Z^ + Z0(ZR-Z)   ( 777^3" I" ZZR "   0      . 

Now,  if load impedance ZR.    produces impedance Z.   at the opposite 

end of the line and load impedance ZR2    produces impedance Z2   at 

the opposite end of the line,   then these quantities satisfy the equations 

( 6a) Z0
2 +   Zo ( ZR1 - Z,) I , . e^ij -ZlZR1   -  0 

and 

A+e«A 
(7a) Z0

2 +   Z0 (ZR2 - Z2)l      .e+2Ydy- Z2ZR2   "   0    • 

Now, by multiplying Eq.  (6a)  by(ZR2-Z2)   and Eq.  (7a)    by 

(ZR2 " zi)    and subtracting the results,  one obtains 

(8a) Zo2 (ZR2 " z2 " ZR1 +   Zl) S!   Z1ZR1ZR2-Z1Z2ZR1 + 

Z1Z2ZR2 " Z2ZR1ZR2 » 

or 

ZiZ^ZR2-ZR1)   ♦    ZR^R^ZpZz) 

o ZR2 - ZR1 (9a) Z0
2 =    ~ Z«, - Zr, +   Z 
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,sc Now if Zpi =   0 (short circuit)    produces Z       at the left end and 

ZR2   " "   (open circuit)   produces Z       at the left end of the line then 

the characteristic impedance is 

(10a) 
/ 

zoc zsc 

and from Eq.  (la)    and   Eq.  (2a)    (with ZRB 0} 

1 - e-ZYd 
(11a) z8C = z 0 1 + e"2^ 

Solving Eq,  (11a)  for the exponential term gives 

(12a) 
7       m    7SC 

e.2Yd „ io • z 
z0 + z8c 

or 

(13a) -2«d   a-2jpd   _ ZQ - Z sc 

Z0 +Z sc 

Thus 2a d   and 2pd   are evaluated as 

fSC 

(14a) 

and 

(15a) 

2a d a logg 
Zo + Z1 

Z0 - Zsc 

2pd   =   -tan'1 

M M/' Zo-Z 
SC 

L?o+z8c. 
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By observation,  it was determined that the balnn transformer 

(Anzac Model XT-617)  used in making the measurements, behaved 

essentially as a transmission line in series with a 4 :1   impedance 

transformer.     Thus multiplying the right-hand side of Eq.   (3a) by 4 

gives Eq.   ( 18). 

Short circuit and open circuit measurements were made on the balun 

transformer at frequencies between 50 and 150 MHz.    The results 

were as follows. 

F z8C zoc 

50 MHz 11. 75 / 89.0° 223 A-76. 0* 
75 MHz 18.0   ^87.8* 142/-79. 6r 

100 MHz 24.7   /+ 89.0* 103/-^.O* 
125 MHz 33.0   /f 88. 8° 78. 5/-82. 5« 
150 MHz 42.5   /+88. 5° 61. 1/-82. 2* 

From these va'luet and Eq. ( 10a)  the characteristic impedance at 

each frequency was calculated.    The results were 

F Z0 (ohm) 

50 MHz 50.8 + j6. 69 
75 MHz 50.5 + j3. 60 

100 MHz 50. 3 + j3. 10 
125 MHz 50.8 + j2. 80 
150 MHz 50.9 + j2. 80 
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50 MHz 0.0672 
75 MHz 0.0725 

100 MHz 0.0619 
125 MHz 0.0683 
150 MHz 0.0780 

For each value of Z0   and Zsc   given aboVe,    Zad   and 2ßd  were 

calculated from Eqs.   ( 14a) and (J 5a). 

F 2ord 2pd 

0.446 
0.678 
0.906 
1. 148 
1.388 

Eqs.   (14a)  and ( 15a)  constitute a system of two equations and 

three unknowns {a, p,d).    Thus one of these may be specified 

arbitrarily.    It was decided to assume that the phase velocity of the 

transmission line was equal to that of free space,    i. e., 

P ■ 
2ITFMHZ 

300 

Under tbis assumption, the average length d and attenuation constant 

a were 

d =   0. 217    meters 

0 = 0. l60   (meters) ", 

The average characteristic impedance was found to be 

Z0   =      50.66 +   j3.80    n      . 
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