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NATIONAL ADVISORY COMMITTER FOR AERCHAUTICS
TECHNICAL MEMORANDUM NO. 1135

THF. LOAD DISTRIBUTICN IN BCLTED CR RIVETED JOINTS
IN LIGHT-ALLOY STRUCTURES®

By F. Vegt
SUMMARY

This report contains a theoretical discussicn cf the lead distridbu—
ticn in bolted exr riveted Jointe in light—elloy sitructures which is
appliceble net cnly for lecade btelow the limit of properticnality but also
for lcads above thie limit. The theory is developed for double und sin—
gla ghear Joints. The mezhods given ar2 illustrated by riwmerical exsm~
ples and tha values szsswaed for the belt (or rivet) stiffuessee are based
partly on theery and partly on kncwn exrerimental values. It is shown
that the load distritution does not vary greatly with the tolt (er rivet)
stiffressms and that for design purposss it is usually sufficient to
kncw their crder of magnitude. The thecry may alco be directiy used fer
spct~welded structures and, with emall modificaticns, fer sears-veld-d
structures. The ccmputatiornal work involved in th» methods @ SRELE T
simple and may be completed in a reascrable time for moet pracvical prob-—
lems.,

A summery of earlier theoretical and experimental investigaticne cn
the subject 1s included in the report,

1. INTRODUCTICN

The distribution of the loads on rivets in steel structuras has re—
ceived ruch attenticn during the last 30 yeurs and a suonovy of refer—
erces oOr this oubject is given in secticn 2. It has beer ghow: t!:t the
lcad distributicn is not usually uniform, and tkis has been ex;luiied
theoretically by considering the relative stiffresses of the diffeient
rarts of the structura., The actual stiffnesees have been. calculated in
this way from the observed nonuniformities in the load distributiorn.

1Reprint of Report No. S.M.E. 3300, Cet. 19LkL; issued by the Royal
Aircraft FEstablishment, Farrtcrough, Erglarnd.
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The thecretical information available, lcwevar, ie cnly valid rer
lcads below the limit of proporiicnality, and for aircraft gtructures the
Teha.i~r above thie limit is of grest importence. Tais repcrt ccntelos a
therratical discuesion of the lced distrituticn in bolted or riveted
Jeinta that is more complete, and particular attenticn is glven to tiae
cese in which the loads exceed the limit cf proporticrality.

Any thecxysatical treatment must be btesed on the mowledge of the
local dicplucement at a bolt (or a rivet) as a functica of the gheer load
cerrizd, ard the loed distridbution for any nusber cf tolia or rivetes may
then be found mathematically. The basic problem is therefcre to determins
tke locul dlaplacement at a bolt, cr the stiffrees of the tolt, as a func-
tien cf the lomd. This displacemernt includes the berding and shear defor-
raticns in the tclt iteelf together with the lccal compreseicn in the
platea due %0 the bearing atresses. Thie dispiacensnt can to scme extent
be eetlmated thecretically when the loads are below the limit ¢f propor-
tionality, and this is shown in 3.2. This is rct poesitle for loads
erove this limit, and, as the experimental informaticn at present avail—
eble lg nct sufficient, further teste are necessury.

In this c-rnecticn the difference in Yehmvicr of bclte and het or
ecld rivets, and of Lrlic or rivets in single or dcuble ghear, is impor—
turt. In Lot riveting the plates are vressed together and the ghear leoad
up t2 a ceriain amcunt lg carried by fricticn; when this fricticn feils
ths rlvat cerries the phear lead directly. In cold riveting in light—
allcy structures the rressure betwesn the plates i1: ccrmparatively nuch
leeg srd conaejuently the lcad carried by fricticn is =lso loss., The
prescure in bolted ccrnecticns is entirely derendent on the tightening of
the nuty srd car:uot be relied uporn in aircraft etructurea tecauee of the
effertp ¢f vibraticn. The diemeter of the rivet is increared during the
precess ©f riveting duo to compression and this ie particularly the case
in het riveting. The rivets nct cnly f£i1l the hele drilled in the plate
but rmay even enlarge it. In bolted cornscticrns the holse usually are
drilled with a slightly largsr diemeter than the bolte, ard when the
shear lcud is increased abcve that taken by fricticn the plates will glip
before the bolte can act sgain. This slip can be elimirated cnly by us—
i bolte turned to a close fit, Owing to both there reasens Lot rivets
can be assuped to te stiffer than cold rivets of the eseme reminal dimen—
sicis, and they are bcth stiffer than tolte. Ccnpariscn between the
seriss of tegts availuble is difficult and, further, the value cf tests
or. ateel structures for the design cf light—allcy structures is limited.
It skculd be remembered also that even if rivets in single shesr are de~—
signed £or the same bearirg ard shear stresses as £or rivess in double
fh2ar, they may bekave very differently, ard this is mcat noticeable when
the pietes are thin ard flexible in compuriscn with ths rivets. In the
cana of single shear the plates will te Yeni locally, and the ccrneequent
tiltirg of the rivets may incresse cornsiderably the displacement tetween
ths plates. Because experimental data on theos furlamentael parte of the
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problem are par:ily lacking, the analysis developed in this re;;rt._ is
tesed on sssumed rivet and bolt stiffnesses that can te cnly purtly
checked either by theory or by available test results.

2. SUMMARY CF REFERENCES TO EARLIER INVESTIG/TIONS -

C. Batho in reference 1 bassd the theory of the load distribution
on the principle of least work; it is develcped for dcuble sheur joints by
essunming known values of the rivet stiffnessee. The theory is anyllicatle
only to lceds below the limit of proporticnality, and ccnsideraticn is
g€lven to Joints between tapered members. The rivet stiffnecsee were cal-
culated from teste mafe on joints with & large number of rivets.

Teats reportsd by J. Montgcmery cn pages 727 and 755 of reference 2
vere mada on eteel plates with single to quadruple riveted lap Jointe
that are crdinarily used in shipbuilding, that is, rivsts in single sheer.
A main purpose of theee tests was to determine the lcad at which the fric-
tioral resistance due to compression between the platss fails and the ncn—
uniformity of the load distribution in multiple row rivets was cenfiized.
The tests given in the paper canrot, however, te used for an accurate de~—
termination of the stiffress of the rivets because this wculd involve
complicated calculations.

Strain tests on steel guseet plates are reported by T. Wyss (refar-
ence 3) erd indicate a noruniform load distribution, but the tests cannnt
be used for the determination of the rivet stiffnesses.

In reforence 4 by W. Pleinss tests on riveted steel ccrnecticne are
referred to, and the limit of proportionality can cnly to scme extent be
Judged., Tests were made also on dural platss conrected by a eteel bolt
in double shear to ateel straps, end give valuable information on the
limit of proportionality so far as bsaring stresees on durzl plates are
concerned, The stiffness of dural bolts cornscting dural plates camnot
be fcund from these teste.

A paper by E. Cassens (referencs 5) ccntains a thecry for the calcu~
lation of the loads on rivets connecting & plate to a beam in berdirg.
The theory is not adequate as essential features are cmitted and the re~
eults are partly misleading. A few tests or the stiffness of rivets in
steel and dural structures are also referred to, btut no details of plate
dimensions or test methods are given. Althcugh the author applies these
test results to rivets in single shear it is nct clear whether the tests
vere coriducted on rivets in single or double shear.

Steel Structures Research Ccrmittee Reports (reference 6) include
theoretical inveatigatiers and also tests. In the firat report (pp. 100~
179), Batho gives an improvement of his theg¢retical treatment in reference
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1 which is valid below the limit of properticnality. Teste on Joints with
a lerge nuzber of rivets or bolte wers mede by Sanawl in connocticn with
thie theoretical investigetion. The load carried by friction in the caee
cf oclied conneciiors was meszsured also ag & function of the torgue on
the bolte. This lest mattsr also is dealt with in the secord rspert

(zp. 135%176). Cn pagss 289-291 end also on peges 295 end 296 of the

final repcrt the deformaticn at rivets and bolts due to shear forces 1s
cenaidered.,

In these reports references ere given elso to other papsrs on this
subJeot:

C. Findelsen, Fertwig and Peterman, and Hovguard (referencea 7 to 9).

Bleich, in his German texttook on giesl bridges also Las publiched,
in 1924, n theory of the load distributioa on rivete. The refsrsnces
evallable indicete that cnly the simple problem c¢f loadas below the limit
cf propertionality is coneidared.

Reference 10 by O, Volkeraon gives a thsoretical discussion of the
iomd dimtridution on rivets basaed cn & "substitute system" with a contin—
ucus cornecticr between plate end straps instead of connection at dis—
crete pointe. Thie dces not appear to simplify the analyeis and the
mothod 1e uneuitadble for tepered secticns snd for loads evove the limit
cf preporticrnulity. The extension of the thecry to nonlinear deformations
is inecerrect erd gives misleading results. The direct measurements of the
atiffness of dural rivets conatitute the main valus of hie work end these
test geries are the cnly ones of real velue that have bsen published on
this eutject. The results of the different tesgts are discussed in 3.3.

Little origiral work concerning the lced distridution on rivets is
given in reference 11 by H. Portisr, but in part VII the Bleich and
Volkerson methcds are given. In eddition, some investigations wre given
cn temperature stresses,

3. GEIFRAL THFORY OF LOUFLE SHEAR JOINTS

3.1 Distritution of Loads belew Limit of Freportionality

A dsuble shear Joint 1s shown in figure 1(a), ard in figure 1(b) the
loads carried by the different members of the Jjcint also are shown.
Aasgume the bclts to carry the shear lcedz P, P., Ps, Pg4. . ., half cf
whick are carried a% each side atrap. Ths tension lomds in the differsnt
nections of the plats ars then .

ey-uly
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and thena give the follcwing eguations,

clP;+&111-1:1 (P—P1)+c‘ P;
cp Po 4+ 8y (Py + Pz} = by (P~ Py =P.) + ¢, Pa

ez Py + a3 (Py + Po + Pg) = by (P —Py ~ P> —Py) + e By
if there are mcre than four bolte,

b1+cl)Pl*CEP_=b1P

'L.;)Pl."(a{;‘+b2+c2)1’"c3P3=b"P

e

b ) (Py + Pr) + (Bg + by + €u)P, - P, = by P, and so forth

Further, if there are n bolts
P=P1+P2+Pa+.. .+ Py

and {rom these elmple equations the lceds P,, P,, and so forth, carried
by the bolte are easily calculated once tie ccefflcients e, b, and c,
which reprecent the relative etiffnessec of the perus of the joint, zre
known,

If the bolts ere arrenged in several rows normal to.the tensile lcad,
each row centaining a number of tolte, the culeculations may te carxried
out as atove with trne fcllowing modification. Let tiae number of bolts in
the 4ith rew te m; and let P{ be the total lowud on all these bolts.
The lozd on euch bolt will then be Pi/mj. The terms c3P: in the eque—
tione which repressnt the displecement at an indiviéual. bolt shculd then
be replaced by c3Py;m:; otherwise, the equations are unaltered.

Exazple 1

Aseume the stlffness of all secticns of the pleteg and straps toc be
the same and take 6o = !/EA, where A I8 the meean effective ssction of
the plate, so that

ap =az=a5= .. .=
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figsume further that the ctiffness of all the bolts is the same:
C; *=Cg=Ca=., .=2C

The eguntions are then

(:+c)r1=c}2=P
2Py + (2+ ¢) Py--cPg =P

2Py + 2P, + (2 + ¢) Pa = ¢ P4 = P, ard so forth

and tecause of symmetry,

I"]_ = I‘n, P; = Pn-—l, PS = Pn—g, ard eo forth

which together with the relaticn

P=P1+P2+.
glves the following results.

For 3 bolte: Py = Py = P(1 + c¢)/(2 +# 3¢c) and P. =P c¢/[2 + 3c)
Fer b bolts: Py = Py = P(2 + ¢)/{4+ bc) and Fp =Py = P c/h + 42)
For 5 bolts: P, = P(2 + be + )/ (h + 10c + 557)

Py P{c + c®)/(4 + 10c + 5¢3)
end. Ps = P c2/(L + 10c + 5c%)
For 6 bolts: Py =Pg = P(b + 6¢ + ¢?)/(8 + 16¢c + 6c?)

Po = Py = P(2c + ¢?)/(8 + 16c + 6c%)

Py =P, = P c?/(8 + L6c + 6c?)

With, for instance, c¢ = 2, these relaticns give:
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For 3 boltes 0.375 P 1.125 p/3

0.25 P

Fer L belie: Py = 0,233 P 1.333 P/

Py = 0.167 P
Ps =~ 0.319 P 1.5% P/5
Py = 0,136 P
0.091
Fer 6 belte: = Ps = 0.312 1.87 /6
P = 0.125

Py = 0.C63

This gives the well-known result, that by usirg raletively stiff
tolts (whsn ¢ 41e emnll) an increass in the nuntcr of Db-lte dces not re—
duce the lcad on the histest liaded belbs very muck, provided the loada

are below the propcrticnal limit, By twing very Flexills bolis {when ¢
is large) the loed distribution epproaimeter to & unifcrm distribution:

Py PM as ¢ > =

This ie to sBime extent realized whern all the bclis urdergo large non—
lirear defcrmaticne while the rlate and straps still remein stiff. (See
2,7 ard 3.8.)

Exarple 2

A uniform lczd distributicn can be obtained alno by *eperirg the sec—
ticn of tke plate and sirape in propertion to the lcad to be carried ty
thiy denirsd distribution. For instance, in the case of five bolts the
relative stiffresses cf the different sections should be chosen as followe:

by =1 thglt ie section Ag =P

bz = 4/3 that is section Ag = Bp = 0,75 By
= bag= 2 that is pection Ap = By = 0.5 B,

by=4  that i eection Ay = B, = 0.25 B,
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=€ =C =cn, 1t 18 found that P =Ps =5, Py = R,
result ie indeperdent of the value of ¢,

More generally, a uniform lead dietridution is obtained it @!1 ) 14
kave the same stiffriase and the cross secticne of the piates ure chizeen go
that

By=Ay (n=-1)/1

tut it 1e hardly precticable, however, to tapar to extent in nziual
cenatrusticns,

If the taper 1e chesen as follcws,

ay b1 that 16 secticn
b2 that 1e section
ba that 18 section

by = that 1s section

= 0,245 p
= 0,174 P

= 0,162 P

instead or 2,319 P, 0,136 P, 4 C.CL P 1If there ware nc tapor,
Similerly, for ¢ = L,

Py 5 =021 P
P, 0.183 p
Pa 0.172 P
instead of 0,274 P, 0,061 P, amd 0.129 P 1f there wore no taper,

With thie degree of tepering, the maximum los? on &Ly Bolh for o = 2

1s reduced fyem 1.565 to 1.225 timag 0.2 P and for c =4 1g raduced fyrom
1.370 te 1.155 times 0.2 p,
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In cther words, the taper has corsidersdly reduced tho ovarlcad on
the cu<er belts to rearly the mean value 0,2 P.

It the secticne 1.0 — 0.8 — 0.6 — 0.4 are *khe maximum degree of taper
ttat sun de uesd in order to maintain the neceseary strongih of plate, 1t
1r to b guesticned whether thie 1s the best preaitle taper. A detalled
irvuct’@ation irdicates thet the dest load distrituticn i1s cttalned by
reking ‘he croes soction of the plate ae emall ss pcreible beiwesn the
lust twoc belie and by ‘apering cnly after the seccord bolt. For irstance,
wiith ke tepor 1.0 — 1.C — 0.7 — 0.4 and ‘c = 4 tkn rivs%t lcads are
0.203 P, 0,181 P, 0,180 P, 0.181 P, and 0.229 P. The redustion of the
rexirum rivet lcad 1s cnly fram 0.231 P tc 0.229 P, which 18 negligitla.
But 4tha girecesas in the platee ere roduced alsc by this chang- in ire tapor,
ard aven 1f the effect cf thie elteratlion ie of little impcrtence, 1t 1is
et least an dmprovement In the dagign of the structura. The lcad dietyi~-
btuticn for the partisular case of tive bcolts 18 slcwn in figure 2.

3.2 Displacexsnt at Rivets ~r Rolts ard Thecretical Arelysis for
Lcads talow the Limit of Proporticnality

Below tke limit of proporticrality, and assuming that no lcad is
carried by fricticr, the local deformaticn at the bolt and the hele cen
te approximately calsulated in the two extreme cassa when the dizmeter of
the bolt 1s eithsr very large or very smell in comparison with the thick-
nesess 4 of *‘ko plate and the straps.

(1) Diemeter very levrge.— In this case the Tolt 1s very stiff ard will
then bte crly slightly tent., The dis*rituticn of lced alzong the exis of
tre bolt can be aseumed +o bo falrly oven, as shown In figure 3(t). Tke
direzt ghear ard bterding dsformaticn in the tolt iteelf can then easily
te calculated. Let 3 te the displacement tetween the plats and the
atraps due to this part of the deformaticn. Thie dleplacsamert can cbvi~
oualy te taksn as thke difference tetwvern the mearn crdinate fur the elastlc
line of ths T2lt ter the thicknesy tz of the plate mirua the mean ordi-
rate for the thicknees t; of the straps, as irdicatsd in figures 3(e)
ard 3(b). The dstalled calculation gives

£1 = (P/EA) (Sty2 + 1552 to + 10t; t22+2t%)/11.784°

+ 0.3 (P/EQ) (2%, + t2)/a

where the £irst term rapresents tho daformation due to tendirg end the
s-ccrd term that due to shear.
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Vith ¢t; = 0.5% this gives

e

, { ,
(P/E) ¥ 0.6(t2/a) + (t2,

ard with 33 = to

~ N

<]
f1 = (P/E) 1 0.9(*2/a) + 3.0 (+2/3)

The Yending cf the bolt introduces ncnunif rmity of the lce? witk a
crreantratlicn toward the conmen surface of the plnte and ‘he straps, ead
trus reducea the berdirg of the bolt, In additicn. rivet heads and +tight
nuts cr. the belts will reduce the bernding. The ftormula therefrre glves
Ae~1A~dly too large & valus for the dieplecement dus to ternding 1f 4 is
erall ard can be cnly approximately correct for largs values of @&,

The dlrsct campressicn due to bearing stresces in tho plate, *he
strape, erd the bclt must be added to this displacemsnt due to berdirg
of tha bolt.

Cokar ernd Filen (referencs 12, p. 527) glve tha approximete etress
distributicn in an infinitely large plate with a lcaded hole. The stress
distridbusicn includes a term prceporticnal to 1/x where x  1s tho diw-
tancn from the canter of the hole nnd integraticr. frum the edge of the
hole ¢o irfinitely large values of x will therelirs give inrinitely
largs velues of the dienlacemsnt fp (aes fig. 472)). Cnly the local
deformaticrn. at the hole is required hers and not the effect of the otreeses
eway from the hcele, It is therefcre reascrable to integrate orly up to
cartalr. values of x, and it is fourd that

for (P/Et; 0.362
{P/Bt) 0,556
(P/EL) O0.745
(p/Et) 0.967, ard so forth

0 KA
N a4

For larger values of x, fp increases cnly very gradually, ard, eince
x = 34 takes 1nto eccount more than the local strain, it is reasonable
to take

fa = 0.9 P/ES

In the bolt 1tself there is a ccmpressicn due to the bearirg stresses
which are approxirmately P/dt at the surface and half of thie value at
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tha axic of the bolt., The corresponding ccmpreoesion between the surface
aid the axis of the bolt can be aprroximately texsn as

£y = (1/E)(P/as)(1.5/2)(a/2) = 0,375 F/Et
The tearing stressee in the plate and the bolt glve approximately
(p/et) (0.9 + 0.375) - (P/E) 1.3 ¢/t

There 13 cre such term for the middle plate (trickress ts) arnd cne for
the s'yaps (thickress t;), and thess together give

(p/Ed) 1.3 (1/2%; + a/t2)

The dirplacement at the bolt whon the kole dlamoter 1s larze 1s fi-—
nally given ty

(p/Ea) £(a/ty, 1/t2)

where f do a functicn cf the relative dimensicrs,
ard for = 0.5 t2
1.3 (3/2ty + a/t2) + 0.6%2/4 + (tz/4)°
2.6 A/ts + 0.6 to/d + (t2/2)°

1 = to

£ =1.55d/tz + 0,9 t2/a + 3 (tz/d)s

approximately,

Thess formulas are cnly valid for lerge valuves of &, and then
the first term 1s the mcst importeni, acd the oikere are cnly of minor
importance.

(2) Dirmeter vory emall.— If the dlmmeter of ilo tolt ie very small
in compericon with the thisknese of the plate the diuplianenn i hetweson the
plate and tke alreds con only logend un the defortaticii 3n Los bolt and the
plates rear their cumcn surfacea,
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Tre 182al case i1e to sorme extent repressnted ty cpol~weld'ng when
the twe surfacee are hcmegeneouely cemnscted over en arsa of llamctor 4.
For this cese ths disviacement may be fourd by meene of tos faxmuiee Fov
gtreee and grrain in a esmi—-infinite bhedy lcaded at the surfers, o “ur
icadr distrituted over roclerngular arees the average dieplacamcit la: baan
salcvlated (raference 13). Substituting a square cf sides s 1o & cirel
with diemeter 4 = 1.289, both of which kave the eams srea, 1t is Touund

that fcr btolte in double shear
5 = 2(0.5 P/Ee) 0.91 = 1.03 P/Fd

Thls calculeticn gives too emall a value for the Qisglscement in the
e6e T bolt or rivet cennestione because the bolts or rivats are roi
weldsd %o the plata. Cn the contrary, a lcadingz of the Joirnt muist pro—
ducs openirgs batwzen the bolt and the plate,

Ancther estimate may be made as followa by assuming thet the tait
ie campletsly bullt in at distances greater thar gd, 2 belng B certain
parameter, from the common surfaces cf the plate and ths strepe., The
bolt is then in double ehear, as ehown 1in figure &(b), and

5 = (P/E) (3.7g + 6.82")

and takirg different values of g 1t 1s fourd tkat

foar g
8
15
g

The costficienta can be determinad cnly by teasts, and provisicrnslly
a value of 3 1s aseumed to be reaecnakle, Much deperde cn Low cleeely
the tolt fits the hole and 1if the hole ig larger than the bolt the dis~
plasemrsnt will obviously be greatly increased.

(3) Intorpolaticn.~ By writing

8= (pfEa) ¢

and pletting f as a function of the retic d/ta for very lerge and very
emall valueue of this ratio, the values 4 f for medivm values ¢f the ratia
nay be approximately cbtained by interpolation ae shown in figure 5.
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Cn dimensicnal grcunds the displecement muet be given by a formula
of this tyre, vhere f 15 a nondimensionel functicn of the ratioe be-
tween the diameter and the thicknesess of the plate end the straps. The
width cf the plate also enters into this functicn, dbut if the width is
lerce in compariecn with the diemeter the effect of variations in the
width is negligidle.

3.3 Ccmperiscn with Tests
Volkerzor has measured the deformaticn for single dural rivets and
glves diagrane for a ccefficient n defined by the equaticn 8 = P/n
ard ty writing
8 = (P/EL)F
where f 1s a function of the relative dimensicna f = Ed/n

Vith 2 valus of E equal to 70CO kilcgrems per equare millimeter® the
following results ere obtained from hie diagrems:

—

L]

n
(kg /fom)

6,050
4,ko0
3,C7Q
2,420
8,5u0
5,950
4,020
11,220
T,4C0
L, heo
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/ The values of f are shown In figure 6 as & functicn of the ratio
d/tz.

The following resulte given by Casesns alec are shown in the came
figure on the assumption that the teets were mede cn rivets in dcutle
ehear:

d=5mm n = 100,000 kg/em
4 ym

a n = 50,000 kg/em
d =3m n = 46,000 kz/en

1This corresponds to 107 pei.
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No informati-n 1a giver cor the test meth~de amplsyed. Volkerson admits
verigtions up to sbout 25 percernt ror the irdividuel samples frm the
averaga ¢t eix, and, where so much dsperds or the werkmenship, thie 1s

not unreassrable, It 1e cbvicusly more serisus that the test reeults

ara rot in agrecment with the dimensicnel law, which recessitates that all
tre pointa shculd be on a continucus lirs in figure 6. This was not in-—
vestigated, arnd it 1s ctated that the deformaticne are proportimmal to the
lceds up to 17 percent of the ultimate for 4 = 5tz end up to 46 percernt
cf the ultimate fer d = 0,7tz. A more detailed investigaticn of Volkerson's
results shows that tks proporticrnal limit correcpconds either tn beering
stressss up to 32 kg/rm® or to sheerirg atwesses up to 13 kg/mm®, Only
feor very largs diem~ters 4 in compariseon with tho thickresses t  was
the 1imit found to te ab appreciably lower eireesses, ard thie cculd te
expected tocausz the buckling of euch thir platrs takes place. In thia
ccrnection it should be noted that Pleirer has observed permamsnt defor-
pmaticrnz dus to bearing stresses mbove 12 to 15 kg/mm® in the platea,
Since these deformaticns ere not propcrticnal to the loads, the limits
given bty Volkerscn therefore appear to bte high. The deformations, howsver,
are probably not greatly in excess of the 1limit of proporticnality.

The disagreemont with the dimensional lew can be explained ty gars
in the rivet holes or by a different type of nonlinear deformation, The
mest reasonable explanation, however, is the difference in the action of
fricticn for large eand emall rivet dismeters. Mcntgcmery (reference 2)
has pointed out in &n erticle trat, for steel rivets, "In fact, the whole
series of experiments ehcwed that thke adherence factor hed not the im—
portance in the thicker plates whichk it hed in tke case of thinner materisl."”
This statement means tkat for ccnstert tkickmens of the plates, but vari-
&bly dlameter of the rivets, the frictional resistance is camparatively
greater for large than for small riveit dilsmeters. This is in agreement
with the Volkerson results ard might explain the disagreement with the
dimensicral law,

If, now, ccmpariecrs are made with the results of the tkoorstical
aralysis giver in 3.2, 1t can be seen tkat for & emall rivet diamster there
is falr sgreement with the Volkerscr. teste. For largs diesmeters cnly did
the tests give considerably less displacemsnt than that given by the theary,
trhus indicatirg ccneiderabls frictional resistarce.

Since the main point here is to obtain a formula giving the correct
crder of magnitude,

£ =a(d/ta + 4/261) + 1

may be taken as en average vhere a = 0.8 and b = 2.5, and the etraight
lines corresponding to t3 = to and ty = tp/2 are shown in figure 6.
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By writirg

5 = Prfmd = cPb, = cP 1/EA

the cocefficient ¢ = A £/1d used in the general theory is cbtained
wkere
A croes eecticn cf plate

1 spacing cf rivets or dolte

diemeter of rivets or bolts

Frcm the approximate formula given above for f 1t is fourd that

¢ = (&4/1) (0.4/ty + 0.8/t2 + 2.5/3)

Trhe only other teat rceries that can be uced £:r the determination of
the ccefficlent ¢ 18 given by Batho in kis originml paper (refurence 1),
ard in the 3teel Structuree Ccmmittes Rsporte Ireferancs 6)., Frcm testes cn
1/2-~inch *o 7/8~1nch ste=l rivete spaced & irches mpurt and Joining
3~ ty 5/8-irch plates with 3~ by 5/16-irch dtraps, Rathlio found the empirical
relaticn

¢ = P/(10° x 4®/4) (Batho ueed 5 for ¢)
/

whore

P total lced cn the Joint, pourds

and

d rivet diareter, inchee

The coefficient ¢ 1le deduced frem theory that ie valid only telow
the limit of prcoorticnality and ¢ ehould then deverd only cn the rela—
tive dimereicng and not on the load. The varlaticn of ¢ with the load
may have been caueed by frictional effects and by renlirear deformations
within the renge of applied loed.

Bathc's formula for ¢ cannot be directly ccmpeared with the fermula
based on the threory given above end the Volkereon teets, becauss it in—
volves P &nd no otker dimeneion apart from the rivet diesmeter. Batho
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hes printsd cut that the indirect way of determinirg ithe cocffistent ¢
dces nnt give accurete results and the tests indicate a valuw of < wkich
is ccnaldsrably lees than that to te cxpected frem the foregoing tkeory
and the reeults of Volksrscn., Even at lcads equal to cne third of thnat

et fallure the valus of ¢ 18 only ona fourth to one fifth cf that %o Ye
expected, and for higher lcads the experimental velues of ¢ &re increae-—
ing very rapidly.

The oxplanation may te that, for the lower lcada, the entira lced 1s
carried by fricticn and then the corresponding etiffness of thLe rivete is
very much increased.

It 18 not, however, reascnable to base the design of ligki-alloy
structurss or these tests cn hot riveted structures becauss thress muet
involva ccneiderably more friction than is to be expected with cold
rivets or bolts.

The formula based cn the Volkerson teste is recommernded for the de-—
sign of light-alloy structures until new tests have been made,

3.k Displacements above the Limit of Proporticnality

Mathematical analycis cannot give the displacement of rivets or bolts
for lcuds above the limit of propcorticnality. The only test seriss pub-
lished, which gives general results for ligkt-allcy rivets, anvear to be
of Volkeracn.

Gererally speakirg, if the diemeter 1s largs in ccompariscr witk the
thickness, the Joint will fail due to bearing strevsees afisr large die—
placements which are primerily due to deformaticn of the plates. Very
thin plates will fall by bucklirg and, according to Pleires, tkis occurs
if 4 1e grsater than 5%, provided thke plates are no%t suprortsd dby
nute or rivet Leads,

The following data kave been taken frcem Volkerscn's work and are
shmwm in figures T(a), 7(t), 7(c), and 7(d). The tests refer to dural
rivets with dimernsicns given in 3.3.

Let

P; represent Limit of proporticnality for the rivet, fram which the
correepording bearing and shear stresses are calculated

P>, ultimate lcad at failure frcm which the carresponding tearing and
shear stresses are calculated

52, ultimate displacement at failure
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value of the ordirats at the lced axis fcr the tangsnt to the upper
pert of the displacement curve. (See fig. T{(a).)

The tearing end shear stresses for thke loads P; end P> ere plotted
as Tuncticne of the ratio d/tr and those correeponding to the lcel S
are elsc plotted in the same way. It is found that on an aveirags
S = 0.92 P, with veriesticns frcm G.86 to 0.76 end in one excepticn to 0,71.
Failure fcr d greater than 3tz eeems to be due to bearing stresses with
a mavirmum velue of 149 kilcgrems per sgquare millimeier and for szaller di-
emetere in dus to shear stresses with an everags value of abtout 29 kilcgreams
per square millimeter.

Fer A4 = 3t, the limlt of proporticrality coems to be at tearing
streeres of ebout 32 kilograms per square millimeter, enéd decreases both
fcr largsr and smaller diameters as ehown in figure T(b). For very small
diameters the linit of proportionality cerrespcuds to ehear stresses of
sbout 13 kilcgrame per squere millimeter.

The dieplacement at tﬁe limit of proporticnality can be found from

5, = (Py/Ed)f
where f 18 the quentity discussed in 3.2 &and 3.3.

Let the displacement at failure be

B2 = (Po/Ed)f>

where f> 1s a simllar functlon cf the relative dirensions., The quantity
fo has bteen calculated from the given test results end is chown in figure
7?«1) as & furcticn of the ratic d/ta. The experimental points in this
figure very nearly lie on a emocoth curve, and there 1s actually dbetter
agreement than for f below the 1limit . of proporticrnality. If F. =nd
fo ere. kncwn,the ultimate dieplacement 8 can now be found for uny
size of rivet.

In this wvay the displacement in the high region end the low region
is cbtained as a functicn of the loed, and it is cnly necessary to Join
the correepcnding two straight lines by a smooth curve. It is not nec—
esgary to determine mcre points on this curve directly from Volkerson's
tests because 1t ls more importent to know their order of megnitude than
their accurate values. The curve shown in figure T(a) 1s for the case
where d = tp. The ncnlinear pert of the displacement i1s found to be
ccmparatively much greater for larger diemeters.
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The continuous curve representing the dienlacement is perkave a little
mislieading, and fcr most practical purposes the displacement le more adu—
quately represanted ty a disccntinuous (or dotted) curve.

3.5 Test Mathcde

Volkerscr made the plate continuous with the side straps stiached to
1t as shown in figure & and measured the extension between the paints Az
ard Cy. A corrsction was ther made for the normal extensicn in tre plate
(Az — Bo) and the straps (By — Cy). Pleines neasured the extensicr be—
tween the points D; and Do without any correcticn. At firest sight it
would eppeer reascnsble to measure the displacement batween points I end
Bz to obtain the lecal "bolt + hole deformaticn" directly. This, hewever,
wculd necessitate a correction in the original equaticns as follcwn.

The elorgation of the straps between B, and Bll (see fig. G) wes
previcusly dencted by

XZ =b2 RZ ?30

The total tonaile force in the strap for the length B; to A; 18, how
ever, equal to

R1=R2+P2

and the correction expression for the elongation should therefore be

Az = Ze(ba Rz + ba! Pp)

and similerly for the lsngth of platea Bo' to Cpl the lcad Pz crntors
into the expressicn for the elongation,

Az = 50(82 Qz + 82" Py)

where the coefficients ayt and byl take account of the additicnal
elorgation in the length when the direct pressure on the hole gives tensicn
in the plates at both sides of the hole.

With the belt + hole deformation measured beiwesn the pointes B; and
B2 included in 83,

6o = 021 P> 8,, and so ferth
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Ry + Apd = Ap + B3
and using thirs relation

" b3 1 b3
021P2+a2Q2+a2 Pa = ba Ra + ba” Pu + ¢ca Fa

which xay also be obtained from the origiral equaticn

cz Pa + 082 (Py +P2) b2 (P~Py —P2) + ¢c5 Py

by writirg

¢a2 = ¢zt - bt
1
ca=ca —ay"

Trene corrscted ccefficlents ¢ may be fourdi directly by determining
the extansicn between the points Ay and Cz cn the test epecimen since
the cornecticn is mede by a single tclt. These peints shculd te situated
sufficiently far from the dbult for no appreciable strain te eccur bsyend
the polnte., Ilagrral geging shculd be aveided, ard to reduze the number
of gages a "bridgs" may te built up betwesen the tws eiraps es shown in
figure 19. Fur testirg cre bolt, two gegrs — one on each side — are then
noedsd, ’

3.6 Isformation of Plate ard Srapa

It tke effoct of the kcle bte disreogarded

A = R1/EA

vhers A 1s the croes sectien and 1 1s the distance betwesen the bolts
as shcwn in figure 11, So far as 1s krcwn, no direct tests cn the addi-—
ticnal elengation due to the hole are avalluble in publisked work, If

the diemeter (4) of the hole 1s not teo large in comperiscn with the
width (h) of the plate, an estimate may, however, be made in the follow-
ing way. A roctargular hole cf eree d x nd 1s subtstituted for the cir-
cular hole end the extensiocn.is calculated cn the basls that the stress 1is

wnifcrmly distributed both at the ccmplete secticn and at the reduced sec—
ticn, Thie glves
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A = R1/EAY

wkere the averago effective cecticn 1is

A1-A/{l+nd2/l (h—d)}

A ccmpariocn with the stress distributien given ty Cokar and Filor (refar—
erce 12, p. W€9) irdicates a valua cf the coeffi.ient n egual to 2.5t03.
Their tesis wero made en plates with cvei: t-les end, if the niuies wire
filled by bclto, the stress distributicn would be more unifcrr. and n
cerrespondingly reduced. Posu’bly n egqual to 1.5 to 2 weuld glve a
result that i1s mcre nezrly ccrvect, liea poles are very clceoely :ouced,
the effective secticn is protably not apnreciabdbly differont frem the mini-—
pun eection t(h — a).

3.7 Modificaticns in the Theory for Lead Distributicn for Leads
above the [Limit of Proportionality

tcve the limit of preporticnality the equaticrs that determine the
load distrituticn are rec lenger linees and, altkorgh un exact solubion
may bs formelly obteined by toewting ® a3 a nerlinamr funsbicn of P,
the ccmputasicnml woek would then be very ssvere. 'The veollvo may, how—
ever, be cttained to any requircd degres of zcocuracy in the Ycllewirg
simple wayr, provided tke lcad-externeion curve 1e im.own., Assume that tho

loed ¢n the 1+‘h' belt 13 Py end then nedy tris valus
B3 = k1 (P1 - Sy) Ba

where the meening of the constants ky eand Sy may be ssen from figure

12. The gmrtity k 1s proporticnal to the reciprocal cf the targsnt
modulus ir the vame way that ¢ 1s wrvasytiomal tno the wacirrace). of
the mcdalus «f elucticity () at low looes. On ths acew rticn that
nonlirear deformaticne occur only ia tie boite and at the heles and not
in the sacticns cf the plates between tke hcles, the equaticns

By + At = Mg 4+ B4y
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thken glve

ky (P4 = 51) +na1 (Py +Pa+ . . P1) =t31 (P=P) =Par—...—P1)+

ki+1 (P21 = S141)

(e1 + by + k) Py ~ka P2 =1y P+ (ky S — ko S2)

(az + B2)P; + (az + bo + ka)Pa — kgPs = baP + (kaSa—¥aSs) and so forth

Tress equaticne differ frem those that are ccrrect crly below the 1limit
ef prevoertiecnslity in the presence of terms of the type ki3S; — kz=Cp and
in tkat ¥ rew replaces c¢. In crder to determire tke valuves of 8 and
k, the bclt lcads may be assumed to be in the neighteriond cf *re average
lcad P/n, end in most cases recourse to a seccnd approximation will nct
te necessery. The correspending velue of k for all the bolts masy then
te cbtained frem the load-extensicn curve., The terme  (k1Si—ki141S1+41)
are tken zerc and the equaticns are identical with the original cnes, ex—
cept that k now replaces c.

When all tle b~Lt lcads havs teon detormined in this way, more accu—
rate valves may bo fournd by substituting tre ccrrespending values of S
and k fecr each belt into the cenmplete sguati~us given ahove. The lrad
distrituticr zay be fzund tc any required degras of accuracy by the repe—
tition of this process.

It epperre from the Volkersen teste thet at kalf +ke ultimate load
tre valus of k  1g etout five times that of ¢ in tke perticular case
of thick toltm, +Lat is, at relatively largs valuse of d&ft. If, fer
example, a=b =1 &end c =2 at low lcads, a valus of k = 10 may
be aasumed to te ccrrsct for lcads at half the ultimate. For five bolts
c =2 gives

Py =Py = 0.319 P
P = P, = 0,136 P

ard Py 0.051 P

while k = 10 gives as a first approximation
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Py =P = 0,235 P
Pp =Py = 0.182 F
P = 0,166 P
The value of Xk increases very rapidly in the neighbcrhced cf the
ultimate load and then, according to Volkerson's tests, a valus of

k = 50 (or more) 1s not unreasonsble for a value of ¢ = 2, With X = 50
it 1s fourd that

Py =Pg = 0,208 P

Pz = Py = 0,196 P

Pa = 0,192 P

Theee results shcw the extent to which the loads are more uniformly
distributed when there are deformations beyond the proporticrel limit,
The design ¢f a Joint shculd not, however, be based on these equalized
loads becauss the actual behavior of esach individual bolt (or rivet) is
likely to be irregular near the ultimate load, It 1s safer to base the
design on values of k corresponding to medium loads.
3.8 Symmetrical Joints
 Vhen there 1s symmetry, it is convenient to nimber the bolts from the

axis of symmetry and, for example, in a Joint with 8 bolts the numbering
is then

L (end), 3,2,1,1,2,3,4 (end)

‘If all the sections of the plats and strape are the same

CiL=C =, , « =m¢

The total number of bolts is assumed to be 2n, and the equaticns valid
up to the limit of proportionality are
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+ (2/c) Py
+ (2/c) (Py + Pp)

+ (2/c) (Py + P> + P,), and so ferth

and P; may be found from tha‘equatioq

2(P1+P2+- --+Pn)=P

after expreceing P; 1in terms ¢of Py, The bolt lcade for Joints with a

large number of bolte are ehown in figure 14 for vaelues of ¢ equal to
5, 10, 20, and 4O, ‘

. If, ncw, & cortain number of the bolte — say from (1 + 1) ~ carry
loeds =bove the limit of proporticnality while thkcee up to 1 carvy
loads telcw this 1imit, =n epproximate soluticn may te found es follows.

Aseume the displaecement below the limit of proporticnality to be
81 = ¢ P1Bo
and for ell loads ebove toc be

By =k (Py ~8)8,

where kX and S are conatanta.

T

The ccrntinucus lced-extension curve 1s thua rspleced by two .etraight
liren ae shcwn in figure 13. ' The assumed limit of propertiorality is at
the lcad Sy = Sk/ (k —c), eand by a proper cheice of the eescond line
this value will be greater than.P;. On the oiker hand, however, the
value of k 8o determired will be much smaller than that correeponding
to loeds neer the ultimste,

If the 1% ;bolt carries & loed that 1s Just equal to Sp, the dis-

plecement at this bolt may be expressed by eithar of the preceding for—
mules. The equations for the first 1 bolte are then
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Py = P1 + (2/c) (Py + P2 + . . . Pyy)
am defore, and for the succeeding bolte are

Piay = Py + (2/k) (Py + P2+ . . . Py)

Pi4z = P14y + (2/k) (Py + Po+ . . . Py ), =nd so forth

As an example, & symuetrical Joint with 12 bolts may be considersd
end the results for ¢ =5 and k = 20 ars given below.

(1) By = 8,1

Py = 1.0000 Py = 0.0684 S,

Pp = Py + Ok Py = 1.4000 Py = 0,0957 S

=Py + 0.4 (P, + P3) = 2,3600 P, = 0,1613 Sy

=Py + 0.4 (Py +. .. 4+P,) =4,2640 P, = 0.291% S,

=Py + 04 (Py+...4+P) = 78736 P, = 0,5380 8,

=Ps + 04 (Py+ .. .4P;) =146326 P, = 1.0000 S,

05 PwuPy +Po+ .., + P = 3L5302 P, = 2,1548 5,
(2) Ps = 8,

P, . = 1,0000 P; = 0.1270 Se

P = similar expressions 1.4000 P, = 0,1778 S,

Pa = to those above . = 2.3600 Py = 0,2997 Sg

Ps = 4.2640 P, = 0.5415 S,

Ps = 7.8736 Py = 1.0000 S,

Pg =Pg + 0.1 (Py + . . .+ By)= 9.5634 P; = 1.2146 S,
O5P=Pr+Pa+ .., .+Pg - 3.3606 S,
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= 1,007 P, = 0,2345 S,

sizilar exprossions 1.4000 P, = 0,3283 S
to thcse above 2.36C0 Py = 0.5535 S
4,2640 P; = 1.0000 5S¢

P4 + 0.1 (Pl + .0 o + P4) = 5.166& Py 1.2115 So

Py + 0.1 (P + . . . +Pg) = 6.5854 Py = 1,544k 8,

0.5P =Py +Pp+ ... +P, 4,8723 8¢

\
Similar results may be obtained for Py, P, and P; equal to 5,
thus givicg the lcads cerried by the bclts at varlous epplisd lcads as
ehewn in figure 15(a). TFor intermrdiate valnes the lcads carried ty the
bolts may be fcund simply by lineer interpclaticn. The bolt loads ere
aleo shown in figure 15(b) as functicne of the total lcad for this par—
ticular caee,

The exemple ehows that in a Joint with meny bolts the lcad distribu—
tion is far from being uniform even when tke defcrmwations are ncnlirsar,

The time taken to ccmplete the calculations arnd the drawings was 1%
hours, which clearly shows that en enulysis of this kird can be made in
a reasonable time.

3.9 Reinfercing cf Main Plate by Side Platse

If the main plate is reinforced by side plates, as shown in figure

16{(a), thuss will to scmo extent bekave as straps in the usual wey, but

tre deformaticn at the main btolt will be slightly altered. The lcads
carrisd by the bclts are denoted by

Py, F2, Py, &nd po ferth

tko lcads in the sections of the middle plate by

Q =Py, Q2 = Py + Pp, Q3=P1+P2+Pa, and so forth
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end the lcads in the sections of the two side plates taken together by

Ry =P ~Q, Ro =P ~Qz, Ra=P — Qs, eand sc forth

as shown in figure 16(b). The displacement at the first bolt was previ-
ocusly denoted by C;P180 and, because the side plates, an additlrnal

term that is proportional to P, muet now be introduced. (See fig. 16(c).)
This additional term consists of two parts. cne cof which Il dve to
bending of the bolt and the other due to tho compression eriring from
the tearing stresses on the cide plates. The first gives a displacemsnt
in the same direction as P,, and the second gives a displecement in the
oproeite direction because the side plates slip back relativelr to the
middle plate. The mein bolt will ususlly be strong in comparison with
the rlates and che displacemente due to bdending will therefors be emall
in ccmparieon with thoee due to bearing. The *otal displacement dus to
P; will therefore be negative and hence

% = (c1Py - gP)8

whore g 1ie a positive ccnetant. The equation

%3 4+ M) = A+ B,

now gives

(23 + by + 1) Py —co Po= (by +g) P

vhile the other equations are as before

(a2 + b2) Py + (a2 + by + c2) P» ~ caPs = by P

(22 + Da) (P2 + P2) + (mg + by + Ca) Pg — c4Py = by P, and so forth

A more detailed discussicn of the constant € 1is given bslow,

Apsure, for exemple, that there are one bolt and three rivets, as
in figuro 16{a), and that

8) =8 =83 =by + bo+ by =1

c1=1.5, co=ca=cyqg =3

g =10.8
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The egquatione arwe then

3.5 P, ~3P2=1.8P
2P1+5P?—3P3=P
2P1+2P2+5P3"'3P4=P

Py 4+ Po+P3 +P =P
vhick give

Py = 055TP
Pp = 0.050 P
Pas = 0,121 P

Pe = 0.272 P

In other words, not quite helf the load — Py + P, + Pa = 0443 P — 1g
traneferred by the rivete to the side platos and from these to the mein
bolt. In additicn, the bearing stresses acting cn the middle plate ere
reduced to 55.7 percent of those found when there wsre no sids plates.
If the term gP8, 1s neglscted, the lcads are fourd to be

Py = 0k03 P
Pz = 0,137 P
P 0.164 P

P, = 0.296 P

As explained, the ccefficient g may be written in the ferm

8‘81-811

where gl represents the ccmpression due to the tearing stresses and gl1
repreoents the bending of the bolt. Tho deformation due to the bearing
stresses has already been discussed and
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g'Pb, = g*P1/FA = (P/Ed) 1.3 (d/2t,)

that 18,
g* = 0.65 (a/1t,)

The bending of the bolt ile due to a bernding mcment ths value of which is
approximately

(P/2) (e =ty — t2)/2

and from this by calculating ths relative displacement batween the centers
of the eide platee and the middle plate it ie fcund that

g** Po, = gt P(1/EA) = (2/3) (P/Ea,*)(o—ty-t2) (3ta246) t2+22°)

that ie,

g*t = 0.43(A/d1) (t2/2y) (e/ts — 1 - t1/t2) '{1 + 3(ty/t2) + 1.5(n/t2)2}

If the maln bolt is made of eteel and the plates of dural, the abow
constants 0.65 and O,43 in g and g2! sghould be replaced by 0.52
and 0.14, respectively. It can be ceen frcm thoee expreseione for g*
ani g1 that the latter is small in ccmparison with the former if the
diameter d; of the first bolt ie largo in ccoparison with the thicknoeses
of the plates, which is usually the caee In prectice.

For the slightly different eystem depicted in figure 17, all the equa—

tione remain the same as before except that now Py + P + Pa + Pg = 0
instead of P. With the eame dimeneione as above it i1s found that

Py = 0462 P
P =~ 0,061 P

Py =~ 0,127 P

Py = ~ 0.274 P

In other worde, not quite half the lced is trensferred by the three rivete
to the middla plate erd from this to the main bolt, The bearing streeees
are correspcndingly reduced to 53.8 percent of those found wken no middle
rlate is added for the strengthening of the lugs.
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L, SINGLE SEZAR JOINT3

It has alrendy been pointed cut that in single slLear there 15 local
bendirg in the plates, end the comsequent tiltirg of the rivete increesee
the dfoplacement for a given lcad., Even If tho rivets are dealgned for
the fame bearing and shear stresses as for rivets in dcutle shear, - the
dieplacemonte must be expected to be larger, If this sdditicnal:dlsplace—
ment did roct cccur, the results already fcund for dcuble chear would bs
directly epplicatle to eingls shear, and by writing the displacement fer
Joeds below the limit of propertionality as

& = cP8, = cP (1/EA)

1t weuld be fcund trat

c = (&/1) (1.6/% + 5/2)

for twc pletes of the same thlckness riveted tcgsther. The ectual dis—
plucemert 19 prclably larger and this wiil Tte mcast noticeable for large
diemetors when the tilting of the rivets 18 cf greatest impeortance.

A theoretical analysls cf the load distritu+icn on ths rivets is
glvon below end tke value of ¢ 4im assumed to bPa kmown, This analysis
18 vory much ccmplicated by the bendirg of the Jolnt as a whole, end the
results nay te summerizsd as follows:

1. Tke lcad distributicn on the rivets 1s depsndent on the tctal lcad

even belcw the preportional 1imit (instead of teing independent,
as for dcuble shear Jjoints)

2, Fer fhe sama value of ¢ the load distrituticn at emall loads
shcws sven greater nonuniformity than that:-for dcuble shoar
Jrints

3. The loed distridution beccmes mcre unifcrm as ths lcads are in—
creased and In scme cases 18 better than that for dsubls shear
Joints even below the limit of proporticrality

4. At higher loads the load distridbution anproximates to tkat for
dcuble egheer jcints, provided the elastic limit or the ulti-
mate strergth kes not already besn reached
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5. The results for double shear jJjoints are therefore recormonded for
ure in design beceuse only the load distribution at the highest
allowabls loade are of interest, and this will usually be a
safe approximation.

Ae a preliminary to the detailed analyeis the bend!ng of a eirsle
plate outside the Joint ae ehown in figure 18 is firect coneidersi. The
differential equaticn for the elaetic line is

Ixx = P’[EI

vhere P 1s the offset tensile load anl EI 1s the appropriate bending
otiffness. This gives the solution

¥y = g exp (~ 6x/1)

where g 1is the offset of the elasticl;ine at y =0 and 6 die a non-
dimensional quantity equal to I(P/EI)® er (1/t) (12 £/E)® 1n tewms of
the average axial strece f = P/A in the plate. Ths slcpe of the elastic
line at x =0 18

a = (g8/1)0

How censider a eymmetrical Joint between two plates of the seme thisk-
rese t end with 2n rivele, the rivete being numbered frem the axis of
symmetry as ehown in figure 19(a). Initially the plates are flat, and
under the teneile lsad P they bend as shown in figure 19(b). At ttre
axle of eymmetry the central line of each plate is offect a dietance 0.5t
from the lcad axis. If the bending in the Joint could be reglected, and
the elope Pe kept as at the ends,

0.5t = g + a(n — 0.5)1

approximately, and this gives

g=t/ 2+(2n-1)6}

a = (t/1)8/ 42 + (2n - 1)9}
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Trese formulas give an aprroximute indication of hew the slope varies
with the lord, it beirg remembered that 6 1is a functien of the lomd. In
corgenuernce the mcment arms will also depend on the load, ecnd the 1oad die-
tritutlon cn the rivets is then deperndent cn the load even at loeds below
the 1imlt of preporticnality. The loed distribution 1s, howover, greatly
influ-nced by belng inside the Joint, and these aspproximate forrwulue have
merely been given to fix ideas.

The relation between o and g at the outer rivet 1s needed for a
more cxact goluticn of the problem. Considor a section originally of
lergth 1, between the (1 ~1)¥™ and the 1Y% rivets in the left—hand
side of the axis of symmetry as shown in figure 20. The *ensils load car—
ried ty the plates is denoted by Qg and Ry, &rd the rivet loede at the

ende ¢f the section ty Pi—3; and Py. Then from symmetry

Q =R, =P/2
Ry = P/2 ~ N3y ~

R P

n pe

N1=P1+P2+. s« Py

Tre offset lcading csuses the plates to bend, and the plane ends of the
section ars at an angle 751 to cne annsther., Ccmparison betwesen the ex—

tersions at ths ccmmon surfaces of the plates then gives

RiL/EA — t1/2 + By = Qu1/EA + tf1/2 + By
that 1s, .

f1= (1/t) {51 - %33 + (Ry - Q1) l/EA}

= (1/EAt) Jc(Py — P1—) - 2 Ni—l}

=
(t9%/12 P1) -{.c (P = P3-1) -2 Ni.l}

In crder to produce thiz degree of bending, each plate must be sub—
Ject to a bending mcment of amcunt EI¢1/1.
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Simple relations may now be found retwsen the quantities yi1 1If

there 1s an aven pumber of rivete y; = 0, eand thie merely confilrms that
the rivais on vech side of the axis of symwetry carry the samse load. Frm
figure 21{L) 1t 15 clear that the following recurrence relation holds be-
tweets the yt y Vvelues,

Yier—2y1 +yia =11, 1=2,3 ... (-1)

ard at the erds of the Jjoint (see fig. 21(c)),

Yn=8-—t/2+ /2 =g +8/2) - t/2

Yo =yn+ (o + o)l =g (L + 36/2) — tf2 + iy

The oxpreseicn for y; end ¢i previcusly found ray ncw be substituted

irto those equaticne td give n rolations between the n rivet lcads
arnd the ordicate g.

In additicn

2 (P;-I-Pg'l' ¥ .+Pn) = P
and theoe equaticrns taken all together suffice to determine the rivet
loads Py end the ordinate g.
In general, the solution of the equations is rether 2involved and

as an 1llustraticn the ccmparatively simple case of n = 2 (l.e., & rivete)
is ccnsidored in detall. The equations are

ya=g (L +0/2) - t/2
Jr=0=g (L +38/2) -~ tf2+ 1

2Py + 2P = P
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eg(l + 8/2) = t/2 + (t/6P) { c(1 - 6% Nr2)(p; - Py) - 2(&-6""/12)?,}

e(r + 38/2) = t/2 - (+/6P)(82/2) {c(P2 - P} -2p, ](

2?1-0'2?2-?

These equations give

Po/Py =1 + [8 + 82(10 + 30)/12] /{o{l + 30/2 + 62(10+30) /24 ] + 69]

and by teking ¢ = 4, the following mumerical results for various valuss
of 6 may be cbtained:

[s+]

Py /P Po/P

0.125 0.375
179 321
.200 .300
.209 <291
.213
.215
215
215

A

MoUoUowo

W N -

Yor very large values of 6
P2 =Py (1 + 2/)
and agaln this gives
Py =0,2P
P, =03P
as focr double etrap Jeints,
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Tre eoluticn fer very kigh values of & 1o of little practical im—
terqaet Docause 1t crrrespends to high lecads. Now

£ = E9% t2/1212

and by teking 6 =2 ani 1 = 10t 1t is found that f = E/30N. Strecees
in axzems nf this value will result in ncnlinoar dsfermatirne, and the
formula will n~ lenger be velid unlesa the rivet pitch 1s incrensed, The
variatien in the 1~ad on the cuter rivet 1s shown dlsgrarmatically in fig—
use 22 ~x, the banis that the lcade are within the elastic 1limit, The ac—
tual ruarrical results will, of course, vary b~th with the number ~f rivata
and with tha value of ¢ feor the particuler Joint in questiorn,

Vhen thero ere ssveral rows »f rivets jrining the two platss togather,
it 18 rncresary ecnly to modify the above formulgs by taking A +0 ba the
arga cerresprrdirng to ene line cf rivets,

Tha abava teble shows that with 4 rivets and ¢ = &  the lrad dis—
tributien ex the rivots 18 the ssme for single anl deuble choaxr Jointe
if 6 = 1, Ip general th» load distributicen for single and double abnar
Joints with 4 rivets is the seme if

q=2c/(4 +c)

and fpr largrr values of q <the lead distributicn is batior fer oingle
than f£or dcubln shear joints.

Tha equatinne as given above are for jeints with an oven number
of rivate (2n) =&nd for an odd number of rivete (2n + 1) they skould
bs modificd as frllows, The central rivet is designated by the suffix
6 and the other rivets sre designated as hefnors, Thae tntal lead 1o prw

P-Pﬂ+2(P;+P2+...Pn)

iratead of

Pm=2(PL+P2+...P)
and
N13P0/2+P1+P2+- e » P1

inetead of
N1‘P1+P2+. N 'Pi
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At the sxls of syrmetry ¥y1 = — Yo instead of y; = O. All other
ferernl, egquations, however, remaln unaltered. For sxarple, in a Joint
with only three riveta the equations are

P=P,+2P
y1 = (t6%/12 P) {c(Pl - Py) - Po}-

1 = (t/6 P) {c(l - 02 /12)(P; — Po) — (4 — 8%/12) Po }
yi1=g (L +8/2) -t/2

Jo=-F1 =8 (1L +39/2) —tfe+ ¢

which givs

PyfPo =1+ {8 - 6 + (L+B) 92/12] /[c 2(1+8) + (4+8) 92/12} + 69]

end by takirg ¢ = 4 the fcllowing numerical results fcr various values
cf 0 msay bs cbtained:

Po/P P, /P

0.200 0.kc0
.250 .375
.276 .362
.290 .355
.298 .351
.304 .38
.306 357
.30 .348
.296 . 352

[+ NoNoReNaRS NaolV Ne)

Ths eingle shsar Joint with thrss rivets has ths sams load dis—
tribution as ths dcubls shear joint; that e, P;/P =1 + 1/c if
q =2¢/(2 + ¢c), end for largsr valuse of q ths single shear joint
has 2 better load distribution than the double shsar Joint, and in
particular for g = 4/3 end ¢ =4 the load distribution
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Po/P = 0.2

Py/P = 0.357

is cbtained toth for sirgle and doudbles chear jJoints, arnd the distrltution
in eingle slear jointe is slightly improved feor lerger valuss of 0.

When there ars ceveral 1ows of rivets it is nscessery cnly to make
the seme modification that has already been mentiened for an even rumber
cf rivets.

CORCLUSICHNS

Furthar expﬂrimontal'data on the ilocad dietribution in bolted ecr
riveted Joints ir light-allcy etructures are recded to check the theery
develcpad in this rapert and also to provide design data cn btelt and
rivet slifiressss, The experimental data at present known are primarily
due to Volkerson and these are rot sufficient. The rumerical exsiaplea
given shew that the load distribution dees not very greatly with the
telt {er rivet) siiffrvsses and that for design purroses 1t is unsually
sufficient to knew their order of megnitude., The thecry mey aleo be
directly uced for epot-welded structures and, with em=ll modifications,
for seam—wslded structures.

The computational work involved in the methcods deecribed is eimple
and may be completed in a reascnable time for moet practical problems.
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