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Statistical Method of Prediction in Fire Control

(None)
Wiener, Horbert
(Not known) RS-59
Office of Scientific Research and Development, NDRC, Div. 7

Dect 42 Confd'l U.s. Eng. 26 (None)

The present report concerns the use of statistical methods of prediction, particularly as
applied to the control of anti-aircraft fire of large caliber at long range, and even more
specially concerned with such fire a8 that used against planes flying an approximately level
and straight course. It was found that an optimum mean square prediction method based on
a 10 second past and with a lead of 20 seconds does not give substantial improvement over a
memory point method, nor give existing practice. These results will be checked with a
similar method in which the more unpredictable parts of the course are discarded, and to
discover the maximum lead for which this method yields an effective improvement in
prediction. The theoretical effect of better tracking will also be investigated in the future.

Copies of this report obtainable from Air Documents Division; Attn: MCIDXD

Ordnance and Armament (22) Fire Control,AA (36852.8)
Fire Control (4)
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Hational Defense Rascarch Coumittee

Contract NDCrc-83

STATISTICAL METECD OF PRADICTION Il FIRE CUUTRCL

In the past it has been custousary for antiaircrsft predictors to assume
straight line flight of the enemy aircraft, and tc use various smoothing tech-
niques to handle all departures of the 1nputs from linear siguals.

However, if antiaircraft engineers ever succeed in furnishing a suf-
ficiently deadly solution for the problen of straight-line targets, then
this very success would make the problen relatively unimpertant; for eneny
aircraft would then be forced to fly other than straight courses. Further-
more, aircraft which attempt to fly straight courses do not precisely do so,
for a variety of reasons. It is alsoc clear trat, whatev.or the path of the

eneny aircraft, the inputs to the predictor consist of the true signals, due

to the actual noblon, up.n which are superposed "noise! due te tracking errors.

Thus it is imp.rtant to investigabe huw cne can, by various methods,
predict other than a pure linear signal. For analvtical curves of varying
aimounts of cowplexity (horizontal circles, helices with dive or climb, etc.)
the predicticn procedures can be worked out by sinple peomebiical nethods.
sut to investigete prediction problems for signals whick contain noise dae
to tracking or to flipght errcrs, or for signals corresjzondin,, tc varicus gen-
eral bypes of curved flight, that is a much deeper and m.re difficult matter.

This is, in very general terms, the preblenm with whick Professor Wieuer
has been concerned. Ia a previ.us memeir (Report to Services No. 19) he an—
plied powerful anulytical tools to develop a statistical rethod of predicting.
In the present report e indicates, in two pavers dated Decerber 1, 1242 and
January 15, 1943, the result of applying his wethod to certain definite cases.
That these particular applications did not turn out to be of pgractical impor-
tance dees nob, in our judgnent, mean that the stud:- was not well wortbhwhile.
The general t;eory will doubtless bave obler apolicaticns; and it was a nabtter
of importance to knuwr just how successfal this statistical rethod woild be
for ths antiaircraflt provlen.

On page 5 of Frofessor Wiener's repert dated Decewber 1, 1942, he re-
fers to certain charts. ©On these charts were plctted the actual path of the
airplane on Antiaircraft Artillery Board couarses 3053 and 3uh, as determined
from theodolite data. These charts are very long, and there does not seem
to be any practicable way of reproducing the. for inclusion in this report

The initial distribution is listed on the fcllowing sheet.
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CONFIDENTIAL

FINAL REPORT ON SECTIOK D - 2 PROJECT #6  December 1, 1942
suBMITTED TO DR. WARREN WEAVER
SectioN D—2, NORC

. This oocument contains informa—
IXTRODUCT I OH tion affecting the national de-
fense of the United States with—
in the meaning of the CLspionage
Act,50 U.§.C., 31 and 32, [ts
trdnamISSIon or the revelation
of its contents in any manner to
an unauthorized person is pro-
hinited by law.

The present report concerns the use of statistical methods of predictien,
particularly as applied to the control of anti-aircraft fire of large caliber at
lorg range, and even more specially concerning such fire as used againstplanes fly-
on‘gbproximately level and straight course. This investigation had its inception in
certain qusestions that were put to the author in the tall of 41940 concerning servo-
mechanism design. At that time the author was very much interested in what has

become a rcutine matter since, namely, the use of the methods of communication
en¢gineering in servo design.

In firing at a moving target, it is necessary that the projectile arrive at
the position of the target at some future time and not at the present position of
the target. This means that some method or determining the expected future position
of the target is necessary. The simplest method would e to determine precisely the
present position of the target and its velocity and by multiplving the velocity by
the expected time of flight te arrive at the vector exrressing the differences be-
tween the expectezd future position and the present positien. This is only strictly
accurat= for perfectly rectilinear flighi ebserved with a perfect instrumsnt. It 1s
wgll known that our tracking instruments have very apereciabls intrinsic and person-—
nel errors and it is further well known that even a careful attempt to make @ stra-
ight flight through an air subject to all sorts of currents and with machine subject
to irregularities of performance both intrinsic and due to the pilot is impossible.
It is further clear that errors far below such as would throw a shell effectively
off the present wvosition of the target mav lead to false estimates of the future
vosition great enough to cause misses. Thus, even for Bominally rectilinear flight,
the problem of prediction is one which seems to involve a fairly complicated mathe—
matical apparatus, at least for its critical investigation and treatment,

It then occurred to the author that the proktiem of pradiction, so clese to
proslemns in servo-mechanism theorv, was ezuivalent te that of dusigning an operator
which should approximate in an arpropriets senss the operator € Lo , which 1s
w&all Xnown to represent anticiypation oy thz amount XN , but which is not rwalizable

without alteration bv anv =stable circuit. The rroblem then was to arrive at stabla
anproximations to this; and a priori it occurrsu that an operater of the form
Ty L Arw oA
——— 2P
A LW
I - '“f;”““

mi¢ht fulfill the aesired purpose. Accordingly an attempt was made,usiny Dr. Bush!s
arfferential analyzer, to study the kenavior of such overators
sorts, and in particular on data corsisting of a succession of
This nttempt was performed and the -=uthor gradually came to be
intrinsic differences in the protles. If ™M  was

on data of various
linear segmentis,
aware of some of the

so chosen that the overator gave a
really gool prediction for a rectilinear part of tne course to ke followed, this was

at an enormous expense of stability when the targ¢get vlane changes from one rectilin-

ear ceurse to another. At such places there was o simply enorrmous overshoot, and
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it became cbvious that in any curve not precisely of the shave of a simple

sinusoid or straight line, ony attempt to use this method of prediction in an
extreme form would lead to a failure tecause of lack of stability,-or what is the
same thing, to an excessive response of such a system to high frequencies in the
input. This response was ¢o great that the overshoot increased exponentially as
the number of meshes in the circuit increaseda. On the other hand, if the number ot
meshes used in the circuit ware small, or in other words if ™ were small, the
approximation of the operator in question to an operator predicting by a fixed lead
becams sketchy in the extreme. It was obvious that the problem of predictionm was
assentially that of a compromise between two effects in diametrically oppesite
directions, As in all such compromises, the question of determining the optimum
sacrifice of accuracy to be made for stability and of stapility to be made for
accuracy was the cardinal questien; ond as in all such cases, this led to consid~
erations essentially belonging to the calculus of variations,.

In order to settle such a proplem mathematically, it was necessary to have
2 numerical measure of the amount bv which a method departs from ideal performance,
In the case of prediction for anti-aircratit fire, the fundamental goal of our
efforts is to find the design of the predictor wrich shall produce the maximum
number of effective hits. This notion, however, is not well adapied to mathemat-—
ical treatment; and in varticular, not to the calculus of variatiecns. In the first
place, it 1nvolves a rather conventional definition of what an effective hit is;
and in the secona place, integral numpers like numbers of hits are in general not
good material for minimization. It is thesrefore expedient at our vresent stage of
development to replace this minimization rroblem by one more immediately accesible

to mathematical trectment.

Qf all quantitiies which lend themselves to an easy minimization, the most
natural are those which are inherently positive because they areé squares of some
somple real expression or sums of such squares, If this be applied to the course
of a plane, then a tentative definition of the best prediction is that in which
the mean square distance between the actual and predictsd position is a minimum,
this mean Peing taken with respect io the time.

I wish to say that I am well aware that this deiinition has serious faultb.
In the Ifirst place, it puts an over—emphasis on the points whers the predicted
and the actual positions differ by a large amount. Now in fact afiter a very limi-
ted twilight zone, one miss is as useless as another. If a shell bursts over .
400 vards from a plane, it is gquite as effectively wasted as if it burst a mile
away.* On the other hand, the mean square definition of error yives a consideraole
weight to small errors occuring with great freguency over a leong interval of time.
It discriminates between two methcds of prediction, in one ¢f which a prediction,
let us say, in error by 20 vards, 1s consistently reduced:-by five yards over the
prediction make by the other method.. Now withlein, let us say, 40 vards of a plane,
a shell burst is a hit, and may be regarded as completely destructive.to the plane.
Thits at beth ends of the scale the mean sguare tedt is ‘too sensitive, and it is not
specifically sensitive to the Tegion-of error corresponding to the. boundary of the
area blasted by the shell. Xotwithstanding these considerations, the author has
not found any method of direct treatment of the true ballistic problem which is

* NOTF by Dlv, 7. This statenent is some what too strong., For example E.L. Welch has shown
(the Chances of Damage TO Alrcraft frow A.A. Shells: A generzlizatlon of Frevious Methods of
Solution. T.P.D. Peport No.23, pave 21) that when the standard errors in the rectangular
components of the errors ln the burst polnt are of the order of £00 feet, tien about 199 of
the vital rounds are less than 100 fv., fror the tarzet, 289 from 10C fT.to 200ft. 732 .hrom 200fwto
400 ft., and 20% over 400 ft. awav., These data are for the British 3.7Y, If the standard

e

error 1s about =00 feet, then the correaprcndlng rercertages «re 249, 3%, 22% and o«
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mcthematically mcncgehble. He Lelieves that such a method must pe found by the
use of mathematically manageable criteria such as that here employed, together
with a certain amount of artificial elimination of parts of the nlane course which
are not important for real military purposes.

Another thing that will zZe seen is that the method emploved is statistical.
The criterion of goodness ot a prediction procedure is one involving time averages.
It is in the theory of time series that the outhor has sought the basis of his
methods. Without geing into any detnil concerning these wmetheds, it may be said
they are tased on the two basic ideas of guto-correlation coefficient and spectruin.
If we have a segquence of numbers ap, the auto-correlation coefficient¢%1of these
numbers for the lag vw is the mean value, taken ever all time, of the product of

cne of these numbers and its associate w, stages later. The spectrum is the func-.
tion whose Fourier series has as coefficients the cute-correlation coefficients@)
of the original sequence. 'These are the simplest but not the only statisticol paro-

meters of the time series. 1In ordsr for any statistical prodictionmethed tofunction,
it is necessary for such statistical parameters to have a certain degree of stabil.:
ity or in other words to be much alik: ovsr a considuorable range of diffcrant time
serizs and of diffserant parts of a single timse svorizs, Whother the stapility ox-
ists in particular cases is a gucstion ot fact kut it 1s on this quustion of fact
that th2 possibility of ths wffeciive use of s thods of pradiction, curs or any
others, depends,

It is urnecessary here te go into the mathzmatical detail of the theory arising
from these¢ conclusions. It has been presented by the author in a monoyraph pub-
lished privately py the NDRC entitled The Interpolation and Extrapolation of Lin-
ear. Iime Series. and Communications Engineerinyg. It is essentially similar to a
method carried out somewiat earlier by Kolmogoroff in Russia but not known to the
author until the pamphlet in guestion was well underway. This method has recently
been somewhat extended and nrojected, and it is the intention of the author to give
a subsequent report explaining these extensions and projections in scme detail,
but they do not concern in any vital manner the guestions which he has been specif-
ically askad to answer in the present final report.

In ths early winter of 4940, Mr. Julian Big¢gelow was added as enginser to the
personnal of the project, and later Mr. Poul Mooncy, as a mechanic. Mr, Bigelow
helped the author very consiiuerably in the development of ths theory and in the
numerical computation needed to test the theory; but his assistance was greatest
and indeed indispensable in the design of apparatus, ana in particular in the de-
velopment of the technique of electric circuits of long time constont. By the
use of an amplifier of extremely yreat input impedance and a very accurate voliage-
fatie of unity, he was able to show that circuits wi'th any impedance characteristic
realizable at all were realizople with ths use only of amovlifiers, capacities and
resistances, completely iguoring the use of inductances. The inductances are well
known to be the least satisfactory alemsnt of ordinary circuit design. They always
havs undesirable parasitic resistance, anil where th2 inductance is itself to be at

all largs, this rosistance may b :ntirsly excessiva., It was therefore a stev of
enorinous importance to free the technijgue of circuit design from the use of such
objectionable elements. Mr. 3igelow also desianed an anparatus fcr generating

curves not unlike the track of an airplane as raw material for testing the statis-—
tical method., This apparatus for g¢enerating "tracks" was stotistically stabilized
by giving the operator a task to vericrm which was strictly beyond his ecapacity
for accurate performance. In ihe arparatus a quide light was moved across the
woll of the room ry clock work, and the operator had a control &y which he was to
move a following light. This conirol 1za on the cne hand to an appraratus which
deliberately falsified the kinesthetic sen.ations stimnlated in controlling it,

- t ————— A
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and on the other, controlled its spot of light in velocity rather than in pos-
ition. The angular distance between the input spot of 1light and the output spot
was registered through potentiometers as a variable voltage, and this voltage
operated two Easterline—Angus recorders. One of these recorders was operated
directly, whle the other was operated through an adjustable electric circuit of

the amplifier capacity inductance type, the constants of this circuit being adjust-
ed as in the authors theory of prediction, on the basis of the auto-correlation of
the input recorder for previous runs. With the aid of this apparatus a very sig-—
nificant degree of prediction of the input was obt«ined, and Mr. Bigelow and the
author consultad with members of Section D-2 of NDRC for further instructions.

This consultation took place in the carly summer of 1942. At the same timz a de-
tailed plan of a predicting arparatus was devsloped in which the method of predict-
ion of our theory was applied to the data of fiight of the planz as transformed
into intrinsic coordinates or in other words, coordinates determining the direction
of flight, the speed of flight in track, and the altitude.

At the end of the summer of 1942, 1t was dezcided by Section D-2 that before
any definite conclusicn should be arrived at concerning carrying our theory into
practice we should inrorm ourselves more specificallly as to the actual statistical
character of airplane flight and of the tracking of such flight. 1In accordance
with this, Mr. Bigelow and myself nade an extended trip in which we visited
Mr, Flood's project at Princeton, where we obtained a considerakbls amount of infor-
mation concerning long time and short time errors in tracking, and concerning the
possible use of methods for thz precise determination of plane position; the
Anti-Aircraft Board at Camp Davis, py which coursas 303 and 304 as here presented
were vut into our hands, ana by ih¢ courtesy of which wo ware given o much morc
extensive acquaintance than we previously had had of the technigues end difficul-
ties of anti~aircraft fire control; the authorities at Langley Field, who put at
our disposal considerable informetion conwernings-the- regularitiesand irregularitiesof
different types of flight; the Crdnance Rureau of the Navy Department at Washington,
who then and on a later occasion informed us very fully of what naval procedure
and anti~aircraft prediction was; the authorities at Aberdeen Proving Ground;
Frankford Arsenal at Philadelphia; Dr. Fernberger at Philadelphia; the Foxboro
Instrument Company; and finally the work being done on tracking at Tufts Colisge.
In this way we learnsd a great deal concerning tracxking accuracies and techniques,
and the matter of airplane flight from the standpoint ot thg anti-aircraft gunner.
We also obtained by the courtasy of the Army Anti-Aircraft Board a considerable

amount of numerical material which was to serve as the basis of an estimate of the
value of our method.

et i

e o
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PROCEDURE

Runs 303 and 304 were mode at Camp Davis. Only angular tracking was performed,

the altitude of the plane being assumed constant, We took the Ry cos © and Rp¢hd

-~ coordinates of run 303 at second intervals and obtained their autocorrelation
coefficients. The same work is under way on 304, but is not completed.

The on-course and cross-course autocorrelation coefficients ap and by, re-—
spectively of the consecutive differences for n and for n-1 seconds of the compon—
ents of 303 were used to obtain spectra. It was found that in the spectra both of
on—course and cross—course components, there was a marked minimum ot period about
43.5 seconds. This minimum was taken to indicat2 the approximate boundary betwsen
components due to the track and components due to fthe fraszxiny. It is scarcely to
be expected that a gap should not exist between freguencies primerily in the true
course and frequencies primarily irn the trackirg. Ii may be cbseived that we al-
ready know that the spectrum of tracking ervors tenus to hove o peex at a period
of about 40 seconds end fall off rapidly for lonter pericas. The autcgorrelation
coefficients a, and bp wer2 separatad at this Irevuzzey inte high oud low frequency

terms, n, and [ n being the low iieguency parsiz. 7The system of syuations
igi-y-+r Jf+/
v g cno o . o
Xo VL-}(, o= : - t(‘j C{CI—}—( = / x><._‘. ) _.J... a.,. (}-l =0, . - 'q)
Ve - o Yz - Oy
is solved by a method due to Dr., Crout of M.I,T. The quantities are then used

to give riss to the weighting ractors

1l

=3
s
tad

Yo
Yy = %4 = %o
Y2 = X2 - X4
Yo = X9 ~ %g
Yio= ~Xg

If then the sequence of values of R, cos ¢ at second intervals is given as X,
we obtain the best mean sguare appreach to X, + 20, in terms of X,, X,_,4
aa ‘Xn—iO as

EECEE Y

X1 2 X Y
n-l-ZO_ }-<>:{J n-k k.

A similar method is then used on the values of R, sin ®, independently. We plot on
the same graph X, a smoothed X;, X}, and thepredicted X' obtained on the basis of
a 40-second memory point method by taking

Xt = 3X -2 X
n n—-20 n—-40,
plotting the pairs (Ro c os ¢,Ro sin ¢) and their predictions and smoothings as
actual points in the plane. Furthermore, the predictions X' and its corresponding
pred¢icted R, sin ¢ ere made for #304 on the basis of coefficients computed from
# 303

C3. On the # 303 chart, certain other smoothing methods and prediction methods
are also shown. (see accompanying charts,)
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RESULTS

It is amply clear in #303 that the mean square error of prediction is less
for X! points than for the X%'!? points. The very great errors at the beginning of
#303 are reduced by not inconsiderable factors. It also appears that the X! points
are closer to the X points than are the X'! points 90 times out of 434, or 67% of
the time. ©On the other hand, allowing an error of 40 yards for hits to be consid-
ered as effective, the X! points produce only 43 hits as to 44 by the X'! method,
a relative improvement of only 4%. This is scarcely enough to justify the construct-
ion of new apparatus.

Por a prediction method to justify itself, it must be transferable to other -
courses than those on the basis of which it is designed. When applied to #304, the
mean sqgquare error still seems to be reduced, though slightly, but the other factors
favor the X'*' method. X'' yields 53 hits against 48 for X!, and is better $7% of
the time. Taking both runs together, X! is better 54% of the time, but X!! yields
3% more hits.

Let it be noted that a least-sjuare method is dominated sy its bad points. In
#303 the early predictions are much worse than the later predictions, and much
vworse than any of the predictions of #3C4. This suggests that it would be desir-
able to re~examine the two metihods in the light of autocorrelation coefficients
ortained from the later points of # 303, or from #304. This I intend to do in the
near future.

In all such work, the difficult and expensive part is the computation of the
autocorrelation coefficients, although this will be much cheapened and speeded by
a new computing machine,invented oy Mr. Bigelow for another government project.
Once these are obtained, it woula be a shame not to use them to the full. I pro-
pose to submit a supplementary report in a few weeks, containing predictions for
#303 and #304 for leads of O, 5, 10, 415, 25, 30, and 35 seconds, kased on auto-
corrclation coefificients obtained from eithar:

(a) the corrgsponding coordinates of #303
(k) the corresponding coordinates of #3C4

(¢) compromises betwsen th: R, cos ¢ and R, sin @ coordinates
to produce apparatus independent of the angular orientation of the apparatus with s -3
respect to the general direction of flight of the airplane. I also propose to in-
clude some practical examples of altitude prediction.

Let it be noted that the assumptions that the aliitude of the plane is constant
in #303 and #304 mean that we have been predicting, not true horizontal coordinates,
but mixtures of these with the vertical coordinates. This affects the usefulness
of any instrument based on our computations, but not the general question of the
feasibility of such instruments.
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CONCLUSIONS

Apart from the possibility that the use of predictions based on #304, or the
latter part of #303, may improve matters much more substantially than I now eXpect.
It appears that my methods do not lead to any practical improvement over the
“memory-point" method. This latter method can be realized either by taking as one
terminus of a rectilinsar segment to be prolonged a really fixed mechanical point,
as in the Bode method, or a short time average, as in the Lovell method. 1In either
case, the results as applied to #303 and #304 will not be substantially better than
those actually obtained by the use of Sperry or of USMC apparatus, as shown'in the
accompanying official charts,

It is almest certain that the mathematical advantage of my method will really
appsar for considerably shorter times of flight than 20 seconds. Here, however,
the large-caliber AA weapons, to which I have peen asked to confine my report, find
as heavy competitors rapid-firing automatic weapons of smaller caliber, which fire
traces, and hence act simultaneously as weapons, observing instruments and ballistic
cams. With light portable weapons, the advantage of an elaborate, not too easily
portable instrument becomes guite questionable,

To what extent the negative result of this investigation is due to bad tracking,
to what extent to the restriction of the useable past to 4C seconds, and to what
extent to the fact that the enemy plane has a very considerable chance te change its
flight pattern, whether voluntary or involuntary, in the twenty seconds cf nrojects
ile flight, is not yvet fully clear. I intend to study thesz matters with somewhat
grzater thoroughness, although I am convinced that ths last named c¢ffect is pre-
ponderant. This is indicated 2y the general similarity of the X' and X'! curve,
which differ much more in their long-time swings than in their general short-time
character.

The work done on #3C3 1s optimum from the mean square point of view, The fact
that this optimum work is not significantly wore effective from the practical point
of view than the memory-point method, nor than the overall results of present
predicting apparatus as realized in practice, indicates that no great consistent
improvement in long range AA fire is to se exnectel. This is all the more obvious—
ly true in that the actual predictions used ior these tracxs employ times of
flight varying from arcund 20 seconds up to about 35 seconds. In particular, it
is now clear that the unremovable srrors of these predictions are not smaller than
those errors due to oscillations in the time-oi-flight feed-kback cycle, etc.
Present field results are much closer to the best obtainable by any imaginable ,,
apparatus than I had expected, and I presume, than most workers in the field had
exvected. Accordingly, there is less scope for further work in this field than
wa had believed to be the case.
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RECOMMENDATIOKS

The author finds that an optimum mean sguare prediction method based
on a 410 second past and with a lead of 20 seconds does not give substantial
improvement over a memory-point method, nor over existing practice. He
proposes to check this result with a similar method in which the more unpre-
dictable parts of the course are discarded, and to discover the maximum lead
for which his method yields an effective improvement in prediction.
wishes to examine the theoretical effect of befter tracking. He considers
that if these investigations do not yield a much more favorable result than
those already carried out, and he does not anticipate that they will, hoe
will have ostablished that new developments in the design of long-time pre-—
dictors have already reached the point of diminishing rzturns, and that all

efforts in this field should be concentrated on featurecs lsading to more
rapid production and simplicity of use in the field.

He also




January 45, 4943

Dr. Warren Weavsr

Room 5500 CONFIDENTIAL
49 Vest 49th Street

New York, New York

Dear Dr. Weaver:

The present report is intended to cover all remaining
issues on project 5980. As a basis for this report, I refer
back to vour letter to Major General Williams and others dated
October 4, 4942. 1In that letter you distinguish between four
types of curved flight. These are:

{(4) The curved flight of deliberate-evasive action
{2) The rather steady longer radius flights of a plane
making a wide sweeping change in direction

(3) The very much longer radius curve, presumably followed

by a plane whose pilot is attempting to fly in approximately a
straight course

{(4) The irregular deviations of a plane whose pilot.is
attempting to fly a straight course due to bumpiness of air, etc,

You make a distinction between two types of flight predic-
tors, namely, an analytical flight predicior depending on the
assumption that the course has certain analytical properties,
and a wander predictor, the latter being statistical in character,

You ask

(4) ©Of the four types of curved path referred to above,
how important tactically do I consider it to be to develop an
anti-aircraft predictor that might furnish better predictionst

{2) Do I think an analytical curved flight predictor is
important in connection with type three?

(3) Do I think that tvpe (2) occurs frequently enough to
make it important tactically to shoot effectively during this
type of flight?

"These questions were addressed to various army officers as
well as to myself. I have seen ths answers of a good many of
these army cfficers, and I have in addition had the opportu-~
nity to make a thorough statistical study of flights 303 and 304,
furnished me by the Anti Aircraft Beard at Camp Davis, North
Cardlina. I have also had the oppertunity of looking at a good
many of the othar courses from a less detailedly critical point
of view, and of talxing over with airforce authorities the
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mechanisms of straight line flight and the causes and extent of
errors in such flights, I have come to the following conclusions.

{(4) The curved flight of deliberate evasive action, in par—
ticular when the plane is flving at a height of 410,000 feet or
more, is much too curved over the interval between which the
shell leaves the gun and that at which it arrives at its destina-—
tion tc make any effective prediction for such flight worth
while., This conclusion might conceivably have to be changed for
very short range, small calibre anti-aircraft weapons, ptut it is
extremely doubtful in such a case whether any mgthematical treat-
ment of the matter can begin to compare with the use of simple

and foolproof devicgs for pradicting, plus the building up of a

pattsry throwing a simply overwhelming weight of metal.

(2) ~ The evidence from all military sources that has keen
made available to me is that the rather steady, longer radius
curved flights of a plane making a wide, sweeping change in
direction, occur so seldem during actual combat that it is
scarcely worth while tc design fir: control apparatus to meet them.

(3) The very much longer radius curve followed by a plane
whose pilot is attempting to fly in approximately a straight
course can not be too completely distinguished from

(4) The irregular deviaticons due to bumpiness of air , etc.
Between (3) and (4), we find a gquite appreciasls aeviation of the
plane from a straight course, and(if we usa any elementary
method of prediction) a much more apprecianle deviation of the
predicted position of the plane from its actual future position,
These deviations are large in comparison with the deviation of
the pburst of a fuse shell from its root-mean-sgquare position.

Any reduction in this deviation will cause a more econimical use
of ammunition and an appriciable improvement in the number of
hiis with a given amcunt of ammunition.

The author has made several attempts to introduce an impreve-
ment in the prediction of the future position of the shell in
such a manner as to conserve as much as péssible some existing
type of predicting arparatus, and also to lead to as stable and
consistent @ thesory and design as possikble. It is well to notice
that in an ideal arrangement the provrer coordinates to introduce
would Fe intrinsic coordinates, as we have indicatad in an
earlier report. The chief value of introducing intrinsic
coordinates 1s thpt they make a sharp distinction tetween thle on-
cours< and cross—course coordinates, which have a sharply distinct
statistical behavior. Another way of producing what is to a
tirst order thz same efiect is to introduce one of the goometrical
methods of pradiction first, such as, that of Bede,* and then to
anply statistical prediction to the =rrors of the gezometirical
m2thod.

“Mote by Division?, tne'Eode! wmethod to which Miener refers is a memory point systen

which

was originated by Bode, altnough urknowr to him, it was developsd considerably earlier

by M¥r. Tuncan J. Stewert, Member of Division 7. (Barber-Colman Co., Rockford, Iil.)
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T mav remark narenthetically here that I do not consider the
distinction retween geometrical and statistical prediction as
absolute. 2Any geometrical prediction which involves too great
a uniformity in the geometirical characteristics of the curves to
Be predicted is to be thrown out because it is not apwvlicable
on the average to the predictor problem which we meet in practice.
This simply says that it is to be thrown out pecause it is
statistically inadmissarble. Similarly any statistical method of
prediction is based on the existence of certain uniformities
petwsen the various curves which are to be pradicted, and these
uniformities’ are expressable in more or less geometrical language,

To return to the Bode prediction, Bode's method is to fix a
certain memory-point in the past of the motion of the plare; and
to extrapolate linearily along this straight line. Any such
method will c¢f course have errors, as the motion is not in fact
perfectly rectilinear. These errors mey be observed and re-
corded, and a crude method of improving the Bode prediction
would te to correct the future position predicted for the plane
by cancelling out the present observed error. This method would
involve a negative feed-back. It can te made much more effective
by replacing the present error of position of the plane
computed statistically from this, The Bode method has a great
advantage in that it is easy both theoreticallv and mechanically
to treat departures from urniform rectilinear motion across the
general path of the plane on a different basis from those along
the path of the plane. It is therefore both from the theoreti-
cal side and from the practical side a method sxtremely adaptable
to improvements such as those hers suggested.

It will bz noted that the memory point in the Bods method
need not be at the beginning of the trajectory. 1In fact, the
Bode apparatus is so constructed as to allow for a change in
the memory point used in the middle of the flight. A method of
predictiqn closely rtelated to this would te one in which the
memory point is set a fixed distance back in time, bevond the
running present point. This result may be achieved to a con-
siderable degree of precision by takingaverage past coordinates
of the point, as read through an electrical lag system, and com-—
raring them-with observed present values. Such a method differs
in description, but not in actual function, from one in which
the derivatives of the coordinates of a plane are taken, not
instantaneously, but by means of an integrating, smoothing
device, and used as the basis of a linear «xtrapolation of the
coordinates of the plane. Such electrically smoothed derivatives
are usea in a device invented by Mr. Lovell, and in the improve-
ment of the Sperry predictor by the United Shoz Machinsgry
Corporation.* 1In the latter case, the smoothing covers and
interval of some three ssconds.

% HNote by Division 7. A rate smoothing and matching device, designed to be 2dded to the
Speery director in the fleld, and following th2 gener2l scheme sugeested Ly the United

Shoe Machinery Co., kas alsc been produced under Divislon 7 auspices, and }s now under
service production.
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On the basis of courses 303 and 304, predictions were made
by several tentative methods, of which the significant ones
appeared to be: (4) the Bode method, using the initiol point
as a memoTy poirt; (2) the modified Eode method, using a point
40 seconds back as the memory point; (3) the Bode method,
with the cross-course error of the Bode method corrected by a
statistical method of prediction based on a conjoint use of the .
statistical data of 303 and 304. Over a period of time of 4165
seconds for 303 and about the some time for 304, and with an
assumed rtadius of destruction of 40 yards for a burst, this
vielded

Track (1) BRode (2) 40 Sec. Bode (3) Statis-—
= . ticql

303 6 hits 22 hits 23 hits

304 35 hits $5§ hits 49 hits

In course 303, the curvoture of the course is very comspicuous
on the map, and it is perhaps not surprising that the fixed
memory point is disadvantageous. On the other hand, 304 is a
much straighter course, and ithe result is really noteworthy.

It appeared that an improvement of (3) by the application

of a statistical method to the on-course coordinate as well as

the cross—course coordinate would increase the number of hits,

but not greatly, and would certainly not bring out any clear

superiority to method (2). It also appeared that the merits

of (2) would not be greotly changed by reducing the amount of

past used to 6 seconds, nor by increasing it to 20 seconds.

It was easy to get statistical methods which should slightly

but appreciably improve the number of hits for 303 or 304

separately, but not simulianeously,

To come to practical conclusions, the Bode method is
certainly not to be used with fixed memory point, and it seems
that to put the memory point under the voluntary contrel of an
operator is giving him too much freedon of judgement in practice,
The Bode apparotus can be brought to a high efficiency by a
supplementary statistical 44 network. Even at this level,
however, it does not seem from present evidence that it will be
out of the class of a somewhat improved U.S.M.C., apparatus, and
similar simple smoothing devices.

In the computation of method (3), the full force of my
statistical method was used, without anv restriction, as before,
to a ten-second base. As far os 303 and 304 are concerned, the
work may be considered substantially final. Howsver, these
flight paths are to a certain extent not completely accurate
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trajectories. They have been made on the assumption that the
height of the plane above the ground is constant and only the
azimuth and angle of elevation of the plane have been measured.
That is any departure of the altitude of the plane from con-
stancy has been registered as a fictitious change of azimuth or
angle of elevation. This means that in any true mechanization

of an improved predictor, there will be three qualities that we
have to take care of, not two, and these three will be on-course;
distance, cross—course distance, and altitude. It is important
to design the constants of any predictor on the basis of the
history of the actual data submitted to the predictor, and if
any further use is to be made of the suggestions presented in
this paper, it will be necessary to carry out further experiments
in this direction.

Furthermore, two courses maae under similar conditions with
a similar plan are not enough to serve as a basis of design, no
matter how much they may be suggestive that improvements may be
obtained. Before any attempt to realize method (3) cen e
carried out, a program of examination of courses run certainly
up into the4O's and probatly into the 400's will be needed,
I hesitate to makxe any such recommendation because I frankly
do not know to what extent work of this sort may tie up
present working sources of the country, and because the present
expectation of great improvement is too distant to be signifi-
cant in the present war. I most definitely do recommend that
such study be made within some part of the long time program
of our armed services.

Pespectfully submitted

NORBERT WIENER
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