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ABSTRACT

THE ROLE OF MOLECULAR MOTORS IN THE MECHANICS OF ACTIVE GELS AND THE EFFECTS OF 
INERTIA, HYDRODYNAMIC INTERACTION AND COMPRESSIBILITY IN PASSIVE MICRORHEOLOGY

Report Title

The mechanical properties of soft biological materials are essential to their

physiological function and cannot easily be duplicated by synthetic materials. The

study of the mechanical properties of biological materials has lead to the develop-

ment of new rheological characterization techniques. In the technique called passive

microbead rheology, the positional autocorrelation function of a micron-sized bead

embedded in a viscoelastic fluid is used to infer the dynamic modulus of the fluid.

Single particle microrheology is limited to fluids were the microstructure is much

smaller than the size of the probe bead. To overcome this limitation in two-bead

microrheology the cross-correlated thermal motion of pairs of tracer particles is used

to determine the dynamic modulus. Here we present a time-domain data analysis

methodology and generalized Brownian dynamics simulations to examine the effects

of inertia, hydrodynamic interaction, compressibility and non-conservative forces in

passive microrheology. A type of biological material that has proven specially chal-

lenging to characterize are active gels. They are formed by semiflexible polymer

filaments driven by motor proteins that convert chemical energy from the hydrolysis

of adenosine triphosphate (ATP) to mechanical work and motion. Active gels per-

form essential functions in living tissue. Here we introduce a single-chain mean-field

model to describe the mechanical properties of active gels. We model the semiflexible

filaments as bead-spring chains and the molecular motors are accounted for by using

a mean-field approach. The level of description of the model includes the end-to-

end length and attachment state of the filaments, and the motor-generated forces, as

stochastic state variables which evolve according to a proposed differential Chapman-

Kolmogorov equation. The model allows accounting for physics that are not available

in models that have been postulated on coarser levels of description. Moreover it al-

lows the prediction of observables at time scales that will be too difficult to achieve

in multi-chain simulations.
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before addition of ATP; r is the change in the end-to-end distance of
the dumbbell due to motor activity. Fj is a motor-generated force
acting on bead j. Motors generate a force on the filament only
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ABSTRACT

The mechanical properties of soft biological materials are essential to their

physiological function and cannot easily be duplicated by synthetic materials. The

study of the mechanical properties of biological materials has lead to the develop-

ment of new rheological characterization techniques. In the technique called passive

microbead rheology, the positional autocorrelation function of a micron-sized bead

embedded in a viscoelastic fluid is used to infer the dynamic modulus of the fluid.

Single particle microrheology is limited to fluids were the microstructure is much

smaller than the size of the probe bead. To overcome this limitation in two-bead

microrheology the cross-correlated thermal motion of pairs of tracer particles is used

to determine the dynamic modulus. Here we present a time-domain data analysis

methodology and generalized Brownian dynamics simulations to examine the effects

of inertia, hydrodynamic interaction, compressibility and non-conservative forces in

passive microrheology. A type of biological material that has proven specially chal-

lenging to characterize are active gels. They are formed by semiflexible polymer

filaments driven by motor proteins that convert chemical energy from the hydrolysis

of adenosine triphosphate (ATP) to mechanical work and motion. Active gels per-

form essential functions in living tissue. Here we introduce a single-chain mean-field

model to describe the mechanical properties of active gels. We model the semiflexible

filaments as bead-spring chains and the molecular motors are accounted for by using

a mean-field approach. The level of description of the model includes the end-to-

end length and attachment state of the filaments, and the motor-generated forces, as

stochastic state variables which evolve according to a proposed differential Chapman-

Kolmogorov equation. The model allows accounting for physics that are not available

in models that have been postulated on coarser levels of description. Moreover it al-

lows the prediction of observables at time scales that will be too difficult to achieve

in multi-chain simulations.

xxiv
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CHAPTER 1

INTRODUCTION

The mechanical properties of soft biological materials are essential to their

physiological function and cannot easily be duplicated by synthetic materials. A

better understanding of the relations between molecular composition and mechanical

properties of biological materials will increase our understanding of the processes that

sustain life. This, in turn, will allow a more rational design of biomimetic materials

and suggest strategies to counteract defects when they arise. Therefore the relation

between molecular composition and the mechanical and rheological properties of bio-

logical materials is a highly active and growing filed of scientific study. The study of

the mechanical properties of biological materials has lead to the development of new

rheological characterization techniques. For instance, in the technique called passive

microbead rheology, a tracer bead of radius R sufficiently small to be subjected to

Brownian motion (R < 1µm), but larger than the microstructure of the medium, is

placed in a viscoelastic medium, and the trajectory or displacement of the bead is

measured by some optical technique [86, 1, 128, 59, 112]. The positional autocorre-

lation function of the trajectory is used to infer the dynamic modulus of the fluid.

Unlike bulk rheometers, microbead rheology requires only very small samples (pico-

to microliter order) and elastic modulus as small as 10-500 Pa can be measured [59].

These advantages make the technique especially useful for the analysis of biological

samples [1, 128].

An especially relevant type of biological material are active gels. Active gels

are networks of semiflexible polymer filaments driven by motor proteins that can

convert chemical energy from the hydrolysis of adenosine triphosphate (ATP) to me-

chanical work and motion. Active gels perform essential functions in living tissue

including motions, generation of forces and sensing of external forces. The cell cy-
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toskeleton is an active gel composed of many different types of filaments and motors

that performs most of the mechanical functions of cells. Moreover, active gels play a

central role in driving cell division and cell motility [23, 118, 94] and have also been

successfully prepared in vitro to study their mechanical and rheological properties

[117, 8, 91]. Recent advances in experimental techniques have allowed the charac-

terization of mechanical and rheological properties of active gels. For instance an

important mechanical feature of active gels that has been extensively studied experi-

mentally, is their capacity of self-contraction and self-organization [71, 119, 23, 65, 63].

These recent findings suggest a strategy for creating a new class of active materials

whose rheological properties are controlled by enzymatic activity.

1.1 Passive microbead rheology

In the original one-point passive microrheology technique introduced by Ma-

son and Weitz [86], the positional autocorrelation function of a micron-sized bead

embedded in a viscoelastic fluid is used to infer the dynamic modulus, G∗(ω), of the

fluid. Analysis is typically made in the frequency domain via the generalized Stokes-

Einstein relation (GSER). Inertia of both bead and medium are neglected in the

GSER so that the analysis based on the GSER is not valid at high frequency where

inertia is important. Moreover since the analysis of microbead rheology data relies

on a generalized Stokes relation [108] it is limited to fluids were the microstructure

is much smaller than the size of the probe bead. If this condition is not satisfied the

continuum mechanics assumptions used in the data analysis [52, 72, 124, 87] can be-

come invalid. To overcome this limitation Crocker et al. [19] proposed a modification

of the original one-point passive microbead rheology technique based on measuring

the cross-correlated thermal motion of pairs of tracer particles to determine G∗(ω).

Optical traps are often used in passive microrheology to hold the probe beads near

their equilibrium position and as part of the technique to track their position. How-
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ever optical traps have been shown to exert non-conservative, non-linear forces on

the particles [104, 103]. Also particles can be trapped by aharmonic potentials gen-

erated by a surrounding solid network [25, 116]. Such complications prevent analytic

analysis of the data.

The dynamics of a bead embedded in a viscoelastic medium are described by

the generalized Langevin equation (GLE) [86]. A memory function accounts for the

frictional resistance experienced by a micron-sized particle in the GLE description.

The GLE description predicts ballistic behavior in the autocorrelation function of

bead displacements at short time scales [52, 89, 28, 124]. In real systems the bead

mass is very small and therefore the ballistic regime is usually not observed experimen-

tally, not even in the highest-frequency measurements available [125, 124]. Therefore,

eliminating the inertia-related fast variable from the GLE to obtain equations that

can correctly describe the bead displacements inside the experimentally observable

window provides a more efficient way of modeling and simulating passive microbead

rheology. There are however subtle physical and mathematical issues that arise in

the elimination of inertia from the GLE. McKinley et al. [89] were the first to discuss

the singular nature of the zero mass limit, however they did not solve it. Later Indei

et al. [52] addressed this issue in detail and concluded that to eliminate bead inertia

in a self-consistent way, one must have a high-frequency purely dissipative element

in the memory kernel. This purely dissipative element can be introduced as a purely

viscous element arising from say solvent viscosity, but it can also come from the fluid

inertia.

Data analysis of passive microbead rheology is usually based on formulas that

relate bead displacement statistics to the dynamic modulus of the material in the

frequency-domain. Therefore methods of analysis require conversion of the data to

the frequency-domain using numerical Fourier transform routines. These methods are
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known to introduce errors associated with frequency discretization and finite window

size. Time-domain data analysis methods based on a single bead trajectory were

introduced by Fricks et al. [28] as an alternative to the frequency-domain formulas.

In that work, the time-domain data analysis algorithm was evaluated using synthetic

bead paths generated using a generalized Langevin equation. However their method

relies on an analytic solution of the GLE to simulate the sample bead trajectories and

therefore can not be extended to include non-linear effects such as those generated

by non-linear traps.

As stated above, in two-point passive microrheology the cross-correlations of

two micron-sized beads embedded in a viscoelastic fluid are used to estimate the

dynamic modulus of a material. The two-point technique allows for sampling of

larger length scales which means that it can be used in materials with a coarser

microstructure. An optimal separation between the beads exists at which the desired

length and time scales are sampled while keeping a desired signal-to-noise-ratio in the

cross-correlations. A large separation can reduce the effect of higher order reflections,

but will increase the effects of medium inertia and reduce the signal-to-noise-ratio.

The modeling formalisms [19, 73, 113, 48] commonly used to relate two-bead cross-

correlations to G∗(ω) neglect inertia effects and underestimate the effect of reflections.

A simple dimensional analysis presented here suggests for a model viscoelastic fluid

that there exists a very narrow window of bead separation and frequency range where

these effects can be neglected.

There has also been a recent interest to use the two-point microrheology tech-

nique to measure the complex compressibility of biopolymers and cell components

such as filamentous actin and microtubules [99, 20]. This would seem at first glance

an excellent benchmark application for the two-point microrheology technique. Mi-

crorheology methods are specially suitable to test the often scarce and expensive
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biological samples. Moreover the linkage of Poisson ratio to specific microstructural

characteristics of a great variety of materials has been studied extensively. For ex-

ample it is well known that the Poisson ratio is intimately connected with the way

structural elements are packed [38]. However a rigorous analysis of the sensitivity

of the technique to the static and dynamic properties of the Poisson ratio was still

lacking.

1.2 Active gels

Microrheology experiments in active polymeric networks have revealed fun-

damental differences from their passive counterparts. Some of the differences are

not surprising given that these are materials in which molecular motors continuously

convert chemical energy into mechanical work. For instance, recent microrheology

experiments [8, 117, 91] on active gels have shown that the fluctuation-dissipation

theorem (FDT) and the generalized Stokes-Einstein relation (GSER) are violated in

active gels. The FDT is a central part of data analysis of passive microrheology

experiments, where it is used to relate the position fluctuations of the probe bead

to a frequency-dependent friction coefficient, from which, using a generalized Stokes

relation rheological properties can be extracted [51, 15, 108]. The violation of FDT

is observed as frequency-dependent discrepancy between the material response func-

tion obtained from active and passive microrheology experiments. Moreover other

microrheology experiments in active gels [117, 91] have shown that motor-activity

induces significant strain hardening of the semiflexible network. It has also been

observed that the mass transport of probe beads in active gels often exhibits super-

diffusive behavior [68, 105]. This is different from passive polymeric networks where

the mass transport of probe beads exhibits sub-diffusive behavior due to the viscoelas-

ticity of the medium.

In the recent past several models have been proposed to describe active gels. A
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common approach is to use simple generalizations or extensions of the FDT for out-

of-equilibrium systems. In general, these extensions of FDT to out-of-equilibrium

systems model the non-equilibrium forces as effective Brownian forces, with an effec-

tive temperature [78, 79, 80], which is higher than the real temperature and is meant

to account for the larger magnitude of the non-equilibrium fluctuations. These type

of models are usually postulated on a continuum level of description and are in-

spired by hydrodynamic theories of liquid crystals [65, 63]. This kind of approach

can not explain the observations in the microrheology experiments in active gels

[91] since Brownian forces alone can not produce a frequency-dependent discrepancy

between the material response obtained from the material’s spontaneous stress fluctu-

ations, and the material response obtained by applying a small external perturbation

and observing the material response. Other works [74, 43] have modeled the at-

tachment/detachment dynamics of motor forces as a stochastic jump process. This

approach has been successful in describing some of the features observed in the mi-

crorheology experiments of active gels, such as the super-diffusive behavior of tracer

beads. However these models assume that motors can be described as force dipoles

inside a continuum, which is an assumption that can easily break down for semi-

flexible networks, where the mesh size is smaller than the persistence length of the

filaments. They also assume that the motors do not interact through the strain field

in the network and neglect strain hardening. Given the level of description of such

models, removal of these assumptions is difficult; therefore more microscopic models

are required to elucidate the specific effect that these physical features have on the

rheology of active gels.

More microscopic models have described active gels using a master equation

for interacting polar rods; Aranson and Tsimring [2] presented analytic and numer-

ical results for rigid rods, later Head et al. [42] presented more detailed numerical

simulations that account for filament semiflexibility. These models have been suc-
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cessful in describing large-scale phenomena such as the formation and dynamics of

cytoskeletal patterns (eg.: asters, vortices). However, the precise microscopic mech-

anisms underlying these processes are still the subject of considerable experimental

and theoretical investigation. Moreover these multi-chain simulations are notoriously

expensive and calculation of observables at time scales of practical interest is often not

possible. Recently, a microscopic single-filament mean-field model to describe myosin-

induced contraction of non-sarcomeric F-actin bundles was postulated by Lenz et al.

[71]. Sarcomeres are highly organized structures from which striaded muscle is made.

In sarcomeres, myosin motors are restricted to one end of filamentous actin, while

passive permanent cross-linkers are present at the other end of the actin filaments.

This structure is crucial to the contraction mechanism in sarcomeric actomyosin gels.

However many contractile active gels found in vivo such as the contractile ring in the

cytoplasm and smooth muscle fibers lack sarcomeric organization. In those systems

contractility has been shown to arise from more microscopic mechanisms that origi-

nate at the single filament level [94, 119]. In this work we use a similar description of

active gels to the one proposed by Lenz et al. [71]. However there are several issues

in the level of description and mathematical formulation of the model of Lenz et al.

[71] that we discuss and reformulate here.

1.3 Outline

In Chapter 2, published in the Journal of Rheology [16], we present a time-

domain data analysis formalism and Brownian dynamics (BD) simulations for passive

single-particle microbead rheology. Using these we perform Monte-Carlo simulations

on synthetic data to evaluate and compare analysis algorithms for systems in which

particles are trapped in linear or non-linear traps. We show that by including a

small purely dissipative element in the memory function of the GLE we can elimi-

nate inertia-related fast variables directly from the GLE to find an inertia-less GLE,
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avoiding the singularity reported by McKinley et al. [89]. Using the inertia-less GLE

the computational cost of the BD simulations are reduced by nearly five orders of

magnitude. We also show that, in real systems, this purely dissipative element can

arise from fluid inertia, since the Basset force acts dissipative at high frequencies.

In Chapter 3, published in Physics of Fluids [18], we use generalized data

analysis and generalized Brownian dynamics simulations to examine the effects of

higher order reflections and medium inertia in two-point passive microrheology. Our

proposed analysis relies on recent analytic results of Ardekani and Rangel [3] for a

purely viscous fluid, which are generalized to linear viscoelastic fluids. Implemen-

tation requires approximations to estimate Laplace transforms efficiently. These ap-

proximations are then used to create generalized BD simulation algorithms. The data

analysis formalism presented here can expand the region of separation between the

beads and frequencies at which rheological properties can be accurately measured

using two-point passive microrheology. Moreover the additional physics introduced

in the data analysis formalisms do not add additional significant computational costs.

In Chapter 4, published in Soft Matter [15], we extend our analysis for two-

point passive microrheology to compressible viscoelastic solids. We show that the

cross-correlations in the direction parallel to the line of centers is insensitive to com-

pressibility, so may reliably be used to determine G∗ alone. Although, the cross-

correlation in the perpendicular direction may then be used to extract a constant

Poisson ratio, it is relatively insensitive to its frequency dependence. We consider the

example of a composite actin/microtubule network.

In Chapters 5 and 6 we introduce a single-chain mean-field mathematical

model to describe the role of molecular motors in the mechanical properties of active

gels. We model the semiflexible filaments that compose the active gel as bead-spring

chains; the active interactions between filaments generated by molecular motors are
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accounted for using a mean-field approach, in which filaments have prescribed prob-

abilities to undergo a transition from one motor attachment state into the other

depending on the state of the probe filament. The model allows physics that are not

available in models postulated on coarser levels of description. Moreover it proposes a

level of description that allows the prediction of observables at time scales too difficult

to achieve in multi-chain simulations for realistic filament lengths and densities. In

Chapter 5, published in RSC advances [17], we make several assumptions to simplify

the mathematics and obtain analytical results. In Chapter 6 we relax some of the

assumptions and apply the model introduced in Chapter 5 to describe the role of

molecular motors in the mechanical properties of active gels.
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CHAPTER 2

ELIMINATION OF INERTIA FROM A GENERALIZED LANGEVIN
EQUATION: APPLICATIONS TO MICROBEAD RHEOLOGY MODELING

AND DATA ANALYSIS

This Chapter previously appeared in the Journal of Rheology (The Society of

Rheology), volume 56, issue 1, pages 185-212, year 2012.

2.1 Introduction

There are a variety of physical systems in which a well-defined separation

of time scales exists; that is, a class of variables fluctuates on a time scale that is

characteristically more rapid than the time scale of the remaining variables [31]. A

well known and widely studied system is Brownian motion of micron-sized particles in

suspension. Here one follows the position of the Brownian particles, since momentum

fluctuates too rapidly to be observed.

In the technique called passive microbead rheology, a tracer bead of radius R

sufficiently small to be subjected to Brownian motion (R < 1µm), but larger than the

microstructure of the medium, is placed in a viscoelastic medium, and the trajectory

or displacement of the bead is measured by some optical technique [86, 1, 128, 59, 112].

Unlike bulk rheometers, microbead rheology requires only very small samples (pico-

to microliter order) and elastic modulus as small as 10-500 Pa can be measured [59].

These advantages make the technique especially useful for the analysis of biological

samples [1, 128].

One-bead microrheology is limited to systems where the microstructure of the

medium is smaller than the size of the bead. If this condition is not satisfied the

continuum mechanics assumptions used in the analysis may become invalid. Two-

bead microrheology is used to overcome this issue. In that technique the cross-

correlation of two beads is used to estimate the rheological properties [73]. The
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distance between the two beads is chosen to be larger than the characteristic length-

scale of the material. In the present work our models are blind to the microstructure

of the medium and the bead-medium interactions and we assume that continuum

mechanics hold throughout. Extension of our methods to two bead microrheology is

treated in Chapters 3 and 4.

The dynamics of a bead embedded in a viscoelastic medium are described

by the generalized Langevin equation (GLE) [86]. A memory function accounts for

the frictional resistance experienced by a diffusing particle in the GLE description.

Because of the viscoelasticity, this frictional resistance is nonlocal in time and the

frictional force experienced by a diffusing particle is influenced by its velocity at ear-

lier times. The GLE description predicts ballistic behavior in the autocorrelation

function of bead displacements at short time scales [52, 89, 28, 124]. In real sys-

tems the bead mass is very small and therefore the ballistic regime is usually not

observed experimentally, not even in the highest-frequency measurements available

[125, 124]. Therefore, eliminating the inertia-related fast variables from the GLE to

obtain fundamental equations that can correctly describe the bead displacements in-

side the experimentally observable window provides a more efficient and simpler way

of modeling and simulating passive microbead rheology.

There are however subtle physical and mathematical issues that arise in the

elimination of inertia from the GLE. McKinley et al. [89] were the first to discuss the

singular nature of the zero mass limit, by pointing out that there is an anomalous gap

between the MSD derived by taking the zero-mass limit in the equation of motion and

the MSD for finite bead mass. In a separate work [52] we address this issue in detail.

For purposes of the present work the main conclusion is that, to eliminate bead inertia

in a self-consistent way, one must have a high-frequency purely dissipative element

in the memory kernel. This purely dissipative element can be introduced as a purely



12

viscous element arising from say solvent viscosity, but it can also come from the fluid

inertia, since the Basset forces act as a purely dissipative element at high frequency

damping the oscillations that arise from bead inertia. We have previously shown the

occurrence of this inertia-driven damping in a one-mode Maxwell fluid [52], in this

work we show that the results can be extended to multi-mode fluids.

The elimination of particle inertia from the Langevin Equation, used to de-

scribe the motions of colloidal particles suspended in Newtonian fluids, is a common,

well-documented, practice [31, 47]. This procedure has been widely exploited in BD

simulations to increase computational efficiency [47, 37]. The elimination of particle

inertia from the GLE poses a more difficult mathematical problem that has not been

fully explored and exploited. A method called adiabatic elimination is often used

to eliminate fast or irrelevant degrees of freedom from the description of a system,

resulting in a reduced and simpler description in terms of the remaining slow degrees

of freedom [31, 107]. The method can be directly applied if the model describing the

system is expressed in terms of Markovian equations (i.e., Langevin equations). If

the governing equations are non-Markovian (e.g., the GLE), the elimination of fast

variables might still be accomplished by the adiabatic elimination method, but the

equations must first be reduced to Markovian equations [28, 107, 22, 92]. This means

that before eliminating inertia one must specify a memory kernel, which must be

discrete for the GLE to be written as a discrete system of Markovian equations. In

this work we present an alternative method to eliminate inertia from the GLE in the

frequency domain. Our approach to eliminate inertia from the GLE, produces results

equivalent to the adiabatic elimination method but is mathematically simpler and

does not require a discrete memory kernel to be specified before eliminating inertia.

This means that the derived GLE is not limited to discrete memory kernels, but can

be used with continuous memory kernels. Of course BD simulations of the GLE still

requires discretization, but this may be accomplished after inertia elimination, using
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either a generalized Maxwell or a continuous fraction approximation [22] of the mem-

ory function. This allows for a somewhat more general approach and avoids having to

apply the method of adiabatic elimination for a high-dimensional system of stochastic

differential equations.

Fricks et al. [28] have recently introduced direct GLE simulation and data

analysis algorithms for microbead rheology. They developed an exact algorithm to

generate particle trajectories efficiently from a GLE with a Prony series memory kernel

with an arbitrary number of modes N , which corresponds to the generalized Maxwell

model. They have also shown that the time-domain analysis of microbead rheology

data is a valuable complement to formulas based on bead displacement statistics in

the frequency domain [87, 110]. A very common approach to microbead rheology

data analysis is to calculate the one-sided Fourier transform of the MSD from the

trajectory data using fast Fourier transform (FFT) algorithms. These methods are

known to introduce errors associated with frequency discretization and finite size

windowing. In the method developed by Fricks et al. [28] a single trajectory of the

bead is analyzed in the time-domain using the maximum likelihood estimators via

the Kalman filter.

Following on those ideas we have developed a similar simulation and data

analysis toolkit for microbead rheology. Our aim is to develop time-domain methods

that can be extended to trapped particles. Traps can introduce non-linear terms in

the GLE, and therefore the methods introduced and developed by Fricks et al. [28],

which are highly efficient and exact for linear GLEs can not be applied. In microbead

rheology there are various scenarios where particles might be trapped. For instance,

some microbead rheology techniques use optical tweezers, which have been shown to

exert non-conservative, non-linear forces on the particles [104, 103]. Also particles

can be trapped by anharmonic potentials generated by a surrounding solid network
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(e.g., gel) [25, 116].

Simulations of the microbead rheology experiment have been shown to be use-

ful for testing data analysis algorithms and data acquisition errors inherent to specific

particle tracking techniques. For instance Brownian dynamics (BD) simulations have

been used in Reference [106] to study dynamic and static errors in video-microscopy

microrheology measurements. In that work, trajectories of a particle embedded in a

purely viscous fluid were generated, with the aim of quantifying the effects of sampling

time in the signal-to-noise ratio.

This Chapter is organized as follows. In Section 2.2 we describe how to elimi-

nate inertia from a GLE in the frequency domain. In Section 2.3 we use the generalized

Stokes relation (GSR) to relate the memory functions in the inertial and inertia-less

GLEs to G(t) and J(t). We show that methods used to inter-convert between discrete

forms of these material functions can be applied directly to the memory functions.

In Section 2.4 the non-Markovian GLEs are lifted to higher-dimensional Markovian

SDEs. The results of the synthetic MSD data generated with BD simulations, for

beads embedded in viscoelastic fluids, are shown in section 2.5. Using our simula-

tion toolkit we illustrate the synergistic effects of medium and particle inertia in in a

multimode Maxwell fluid in Section 2.6. In Section 2.7, we show how to analyze the

MSD data in the time domain to obtain J∗ and G∗. In Section 2.8 we illustrate the

elimination of inertia for particles trapped in anharmonic potentials and present BD

simulations results for the case of a cubic trap.

2.2 Elimination of Inertia in the Generalized Langevin Equation

Neglecting particle inertia in the Langevin equation is a common, well doc-

umented practice in the modeling and simulation of colloidal particles suspended in

Newtonian fluids [32, 47, 37]. If the particle and the media are isotropic, elimination
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of particle inertia from the Langevin equation can be done simply, setting the particle

mass equal to zero [37].

In GLEs, neglecting particle inertia is a more complicated and not fully ex-

plored problem. It was first addressed by Schaink et al. [107] using the method of

adiabatic elimination. That approach requires the GLE to be made Markovian at

the onset; the authors accomplish this by specifying a one-mode exponential memory

kernel and using the method proposed by Dygas et al. [22] to rewrite the GLE as

a higher dimensional Markovian system. This method was generalized to N -mode

exponential memory kernels by McKinley et al. [89]. There are two limitations

with that approach. The first one is that it limits a priori the memory kernels that

can be used in the inetia-less GLE. The second problem is that unless N → ∞ the

inertia-less GLE does not produce bead displacement autocorrelations consistent with

the complete GLE [89]. In this work we eliminate inertia directly from the GLE in

the frequency domain and derive an inertia-less GLE that is not limited to discrete

or exponential memory kernels. Additionally we show that for discrete exponential

memory kernels, introducing a very small but purely dissipative element makes the

autocorrelations derived from the inertia-less GLE consistent with the ones derived

from the complete GLE, even for a small number of modes.

The dynamics of a bead embedded in a viscoelastic fluid are known to be

described by a GLE [45, 13].

dpb(t)

dt
= −Heδrb(t)−

∫ t

−∞
ζ(t− t′)

pb(t
′)

m
dt′ + fB(t), (2.1)

Where kB is the Boltzmann constant and T is the temperature. If fluid inertia is

not considered, m is purely bead mass, but in the presence of fluid inertia, the mass

of fluid dragged around with the bead should be included in m. ζ(t) is the memory

function, which has been written as a scalar, implying that we consider only isotropic

particles and materials. The models presented in this work can be extended to non-
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spherical particles or anisotropic materials by using an appropriate tensorial form

for ζ(t). The external force to trap the particle around a fixed position is assumed

to be linear with restoring constant He. The trapping force is often produced by an

optical tweezer in experimental systems. Although recent work has shown that optical

traps can exert nonlinear nonconservative forces on particles [104, 103], the linear

approximation is commonly used for the trapping force for laser tweezers and small

bead displacement [36, 95]. The microbead rheology simulation toolkit presented in

this work is generalized to nonlinear traps in Section 2.8. δrb is the displacement of

the bead from the equilibrium position of the trap and pb is the momentum. The

random force on the bead satisfies the fluctuation dissipation theorem

⟨fB(t)fB(t
′)⟩eq = kBTζ(t− t′)δ. (2.2)

Because of the integral that appears in the GLE, the elimination of the inertia-related

fast variable, pb, may not seem simple, at first sight. However, the elimination of the

momentum is straightforward in the frequency domain. By taking the two-sided

Fourier transform of the GLE, eq.(2.1), we obtain

−mω2δrb[ω] = −Heδrb[ω]− iωζ̄[ω]δrb[ω] + fB[ω] (2.3)

where δrb[ω] = F{δrb(t)} :=
∫∞
−∞ δrb(t)e

−iωtdt is the two-sided Fourier transform

of the bead displacement and ζ̄[ω] is the one-sided Fourier transform of the memory

kernel (i.e., ζ̄[ω] ≡ F̄{ζ(t)} :=
∫∞
0
ζ(t)e−iωtdt). We indicate the Fourier transform by

frequency argument with square brackets, and one-sided transform by an over-bar.

In the frequency domain, eq. (2.2) can be written as

⟨fB[ω]fB[ω
′]⟩eq = 2πkBTδ(ω + ω′)ζ[ω]δ. (2.4)

Note that it is the two-sided Fourier transform of ζ(t) that arises here. The presence

of δ(ω+ω′) in eq.(2.4) indicates that fB is a stationary process. Now making the left
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side of eq. (2.3) zero and solving for δrb, we obtain the GLE without inertia for the

bead displacement

iωδrb[ω] = −Heµ̄[ω]δrb[ω] + gB[ω] (2.5)

where µ̄[ω] is the one-sided Fourier transform of the memory function with respect to

the inertia-less bead motion. This is given as unity divided by the one-sided Fourier

transform of the original memory function,

µ̄[ω] :=
1

ζ̄[ω]
. (2.6)

For non-spherical particles or anisotropic materials the inertia-less memory function

is defined by ζ̄[ω] · µ̄[ω] = δ. The second term in the right side of eq.(2.5) is the

colored noise defined by

gB[ω] := µ̄[ω]fB[ω]. (2.7)

Using eqs. (2.6) and (2.4), it can be proven that it satisfies the FDT

⟨gB[ω]gB[ω
′]⟩eq = ⟨µ̄[ω]fB[ω]µ̄[ω

′]fB[ω
′]⟩eq

= 2πkBTδ(ω + ω′)
|µ̄[ω]|2

2R{µ̄[ω]}
δ

= 2πkBTδ(ω + ω′)µ[ω]δ (2.8)

where µ[ω] is the two-sided Fourier transform of µ(t)
(
= F̄−1{µ̄[ω]}

)
. By taking the

two-sided inverse Fourier transform of eq. (2.5), the general form of the inertia-less

GLE in the time domain can be obtained as

dδrb(t)

dt
= −He

∫ t

−∞
µ(t− t′)δrb(t

′)dt′ + gB(t), (2.9a)

⟨gB(t)gB(t
′)⟩eq = kBTµ(t− t′)δ. (2.9b)

Equation (2.9) describes the bead motion except at the short-time regime t ≤
√
m/He

where inertial effects are not negligible. The simplicity of the mathematical procedure
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presented to eliminate particle inertia from the GLE does not imply that the effects of

particle inertia should be treated as irrelevant in the analysis of microbead rheology.

The procedure presented to eliminate inertia from the GLE is effectively equivalent

to applying an optimal low pass filter in the frequency domain to the Brownian force

to eliminate the high frequencies where inertial effects are present. This is clear in

eq.(2.7), where the inertia-less Brownian force is defined; the memory function is act-

ing as a low pass filter. In recent microrheology experiments where high-frequency

measurements (up to 106 rad/s) are made of wormlike micelle solutions oscillations

are not observed in the MSD. This indicates that in real measurements, the high fre-

quency inertial components of the Brownian force are being filtered out by dissipative

elements in the medium.

The GLEs derived in this section can be solved to obtain relations between

positional autocorrelation functions of the bead (e.g., MSD, power spectral density)

and the memory functions ζ or µ. The positional autocorrelation functions of the bead

are observable quantities, while the memory functions contain combined information

about the rheological properties of the medium, and size of the probe bead.

One widely used equation in the analysis of microbead rheology is the GSER,

which relates the G∗ to the MSD in the frequency domain. The GSER is comprised

of two important relations. The Einstein component of the GSER, which relates the

MSD to the memory function ζ in the frequency domain, is a solution to eq.(2.1).

Additional assumptions and equations are required to extract rheological properties

from the memory functions, which comprise the Stokes component of the GSER.

2.3 Spectral Decomposition of the memory function

Eqs. (2.1) and (2.9) can be used to relate an observable quantity (positional

autocorrelations of a probe bead) with the response of the fluid to the bead. However
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we usually seek a material property of the fluid, i.e., G∗ or J∗. If the the probe size

is much larger than the microstructure of the material, constitutive equations from

continuum mechanics can be used to find a relation between the memory function and

the material property. To obtain the so-called generalized Stokes relation (GSR) for

viscoelastic fluids, we make use of the correspondence principle between the equation

of motion for a Newtonian fluid (creeping flow) and for a linear viscoelastic material

in the frequency domain [69, 129, 126]. According to the correspondence principle,

we make the substitution η → G∗/(iω) in the Stokes relation for Newtonian fluid to

obtain the GSR

ζ̄[ω] =
6πG∗(ω)R

iω
. (2.10)

In the last equation, the terms corresponding to fluid inertia are neglected. This

simplification is justified at frequencies much smaller than the characteristic frequency

of fluid inertia determined from the penetration length around the bead [67, 126, 77,

52]. We consider the effects of fluid inertia in Section 2.6.

Since the creep compliance and the dynamic modulus are related byG∗(ω)J∗(ω) =

1, the GSR can be expressed in terms of the creep compliance and the memory func-

tion for the GLE with no particle inertia as

µ̄[ω] =
J∗(ω)iω

6πR
. (2.11)

Equations (2.10) and (2.11) indicate that efficient methods for conversion between

the dynamic modulus and the creep compliance may be directly adapted to obtain

µ(t) from ζ(t). We use here a procedure introduced by Baumgaertel and Winter [6]

for a discrete relaxation spectrum.

A specific functional form for G(t) and J(t) must now be prescribed to obtain

a final, useful form of the memory functions. These functions are defined through

the relaxation spectrum H(λ) of the fluid and can be obtained by a simple integral
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transformation, e.g.,

G(t) =

∫ ∞

0

H(λ)e−t/λdλ

λ
. (2.12)

The relaxation spectrum H(λ) can be continuous or discrete (i.e., a sum of Dirac

delta functions). One continuous relaxation spectrum that has been widely used for

describing material functions obtained from molecular models is the BSW spectrum

[7]. However, for convenience in data analysis and modeling of viscoelastic materi-

als, discrete representations of the relaxation or retardation spectrum are often used.

Moreover, a continuous spectrum can be approximated to arbitrary accuracy by a

discrete spectrum [5, 7]. Note that eq. (2.9) can be used with any type of memory

kernel, discrete or continuous, in contrast to previous works where a discrete memory

kernel is specified [107] before eliminating particle momentum from the GLE. There-

fore, continuous spectra such as the BSW spectrum can be used with this equation.

In what follows, we consider a discrete relaxation spectrum. We assume that

its dynamic modulus is described in terms of the generalized N -mode Maxwell model

plus a purely viscous element which takes into account the presence of a solvent

or of faster, unresolvable viscoelastic modes. The inclusion of a purely dissipative

element in the dynamic modulus of the medium is a novel idea that allows us to

eliminate particle inertia avoiding the singularity observed in the inertia-less MSD by

McKinley et al. [89]. Details of the physical origins of this purely dissipative term

and its relation to inertial effects are given elsewhere [52].

G∗(ω) = iωη0 +
N∑
j=1

gjλjiω

1 + λjiω
, (2.13)

where gj and λj are the elastic modulus and the relaxation time of the j-th Maxwell

element respectively, and η0 is the viscosity of the purely viscous element. This

viscosity can be very small, even experimentally undetectable, but it should be finite
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to avoid the inertia-less singularity. Inserting eq. (2.13) into eq. (2.10) we obtain

ζ̄[ω] = ζ0 +
N∑
j=1

Hjλj
1 + λjiω

. (2.14)

where Hj := 6πRgj and ζ0 = 6πRη0. Taking the inverse one- sided Fourier transform

of eq. (2.14), we obtain the expression for the memory function in the time domain

as

ζ(t) = 2ζ0δ(t) +
N∑
j=1

Hje
−t/λj . (2.15)

Now that the memory function for the complete GLE (eq.(2.6)) has been specified,

we seek an efficient procedure to find the spectrally decomposed memory function for

the inertia-less GLE. Since the one-sided Fourier transforms of ζ(t) and µ(t) are di-

rectly proportional to G∗ and J∗ respectively, methods for calculating the retardation

spectrum from a relaxation spectrum can be directly used to solve the problem. The

memory function for the inertia-less GLE in the time domain is found to be,

µ(t) = 2µ0δ(t)−
N∑
j=1

cje
−t/Λj (2.16)

where the parameters µ0, {cj} and {Λj}, which specify J∗ and µ(t) using the proce-

dure described in Reference [5] after setting the values for ζ0, {Hj} and {λj}. The

cited procedure reduces to finding the roots of a polynomial to obtain {Λj} and

solving a linear system of equations to obtain µ0 and {cj}.

All the elements necessary to relate bead displacement autocorrelations to the

rheological properties of the viscoelastic medium have now been presented. In what

follows, we use these models to create computer simulations of passive microbead

rheology experiments. To that end, a discrete G∗ is specified and using eqs.(2.15) and

(2.16) memory functions for the inertia and inertia-less GLEs calculated. We consider

two different viscoelastic fluids, whose relaxation spectra are shown in Tables 2.1-2.2.

Using the procedure described in the next section simulations can then be used to

produce autocorrelation functions of the bead displacements.
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Table 2.1. Parameters that define the discrete modulus and creep compliance of a fluid
with 4 closely spaced Maxwell modes (M4C). Parameters are made dimensionless
using

√
kBT/He as the characteristic length scale and the smallest λ(= λ1) as

characteristic time scale. (ζ∗0 = 0.1, µ∗
0 = 10).

Input

j H∗
j λ∗j c∗j Λ∗

j

1 4.0 1.0 1.0× 102 1.0× 10−2

2 3.0 5 1.7× 10−2 1.5

3 2.0 10 4.7× 10−4 7.0

4 1.0 18 5× 10−6 16

Output

1 2.8 8.5× 10−1 9.8× 101 1.0× 10−2

2 4.5 3.5 1.9× 10−3 1.1

3 2.7 16 1.6× 10−4 7.1

4 −− −− −− −−
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Table 2.2. Parameters that define the discrete modulus and creep compliance of a
fluid with 4 widely spaced Maxwell modes (M4W). Parameters are made dimen-
sionless using

√
kBT/He as the characteristic length scale and the smallest λ as

characteristic time scale. (ζ∗0 = 0.1, µ∗
0 = 10).

Input

j H∗
j λ∗j c∗j Λ∗

j

1 4.0 1.0 1.0× 102 1.0× 10−2

2 3.0 1.0× 101 2.1× 10−2 1.6

3 2.0 1.0× 102 3.5× 10−4 1.9× 101

4 1.0 1.0× 103 5.6× 10−6 2.6× 102

Output

1 3.8 9.7× 10−1 9.9× 101 1.0× 10−2

2 3.3 8.8 2.2× 10−2 1.5

3 2.1 1.2× 102 4.6× 10−5 18

4 8.4× 10−1 1.2× 103 3.5× 10−7 3.5× 102

The relations derived in this section are also the starting point for constructing

data analysis algorithms for microbead rheology. In that case the goal is to obtain

rheological properties of the host medium from the bead displacement autocorrelation

(i.e., MSD) data obtained from an experiment. As discussed in section 2.2, the mem-

ory functions can be related to the MSD from solutions to eq.(2.1) for the complete

GLE or eq.(2.9) for the inertia-less GLE. Then eq.(2.10) or eq.(2.11) can be used to

obtain a relation between the probe motion and G∗ or J∗ respectively. In the next

section we discuss in detail how to obtain G∗ from MSD data.

As a consistency check we perform computer simulated experiments in which

G∗ is specified a priori. We then use the simulated MSD to calculate an output G∗.

The input and output G∗ should be equivalent.



24

2.4 Markovian Stochastic Differential Equations

Lower-dimensional non-Markovian SDEs can be written as equivalent higher-

dimensional Markovian SDEs. In this section the non-Markovian GLEs (2.1) and (2.9)

with memory functions (2.15) and (2.16), respectively, are written as Markovian SDEs

by introducing new stochastic variables with white noise spectra. In this particular

case, the complete GLE eq.(2.1) is a 6-dimensional system, comprised of 3-dimensional

equations for momentum and displacement. The Markovian SDEs are necessary for

performing the Brownian dynamics simulations presented in the next section. We

follow the methodology presented by Fricks et al. [28] for GLEs for exponential multi-

mode memory kernels, in which only one additional stochastic variable is introduced

per mode. Dygas et al. [22] had previously presented the same procedure for a 2-mode

memory kernel. The Markovian SDE for particle momentum is given by,

dpb(t) = −

(
Heδrb(t) +

N∑
j=1

HjQj(t) +
ζ0
m
pb(t)

)
dt+ (2.17)√

2kBTζ0dW0(t)

where Qj are the new stochastic variables introduced to make the system Markovian.

The SDEs for Qj are found to be

dQj(t) =
pb

m
dt− Qj(t)

λj
dt+

√
2kBT

λjHj

dWj(t), (j = 1, 2, ..., N) (2.18)

where theN+1Wiener processes {Wj} (j = 0, 1, 2, ..., N) have white-noise properties,

i.e.,

⟨dW j(t)⟩eq = 0, ⟨dW i(t)dW j(t
′)⟩eq = δ(t− t′)δijδdtdt

′. (2.19)

The resulting Markovian system of SDEs is a set of 6+3N equations, which includes

the 3D equations for momentum, displacement and 3N additional stochastic variables.

It is possible to prove that eqs.(2.17-2.18) are equivalent to eq.(2.1) by integrating

eq.(2.18) by parts and inserting the solution for Qj into eq.(2.17). The remaining

statistics follow from eq.(2.19).
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The derivation of eqs.(2.17) and (2.18) is purely mathematical. However there

is a mathematical isomorphism between the evolution equations for the simple phys-

ical system shown in Figure 2.1A and the Markovian SDEs that describe the motion

of a bead embedded in a viscoelastic fluid. In the physical system depicted in Fig-

ure 2.1A a labeled Brownian bead trapped by an elastic spring of strength He is

embedded in a purely viscous fluid. A viscous drag force and a delta correlated

Brownian force act directly on it. Additionally the labeled bead is connected to N

other virtual Brownian beads by virtual springs with strengths H1, H2, ...HN . Qj is

a vector connecting the real bead to the virtual beads and gives the deformation of

the virtual springs.

Similarly, the particle motion described by the GLE without inertia (eq. (2.9))

with memory function (eq.(2.16)) can be written as an equivalent higher-dimensional

Markovian system of SDEs. In this case, the complete GLE is comprised of a 3-

dimensional equation for the particle displacement. The procedure for reducing the

non-Markovian inertia-less GLE to Markovian SDEs is similar to the one used for the

GLE with inertia. However, since the memory functions have slightly different forms,

the results are different. The SDE for the particle displacement in this case is,

dδrb(t) = −

(
Heµ0δrb(t) +

N∑
j=1

cjQj(t)

µ0

)
dt+√√√√2kBT

(
µ0 −

N∑
j=1

cjΛj

)
dW0(t) +

N∑
j=1

√
2kBTcjΛjdWj(t) (2.20)

where here again Qj are the new stochastic variables introduced to make the system

Markovian. Baumgaertel and Winter [5] have shown that the term µ0 −
∑N

j=1 cjΛj is

guaranteed to be positive according to the constraints.



26

The SDEs for Qj can be written as

dQj(t) = −
(
Heµ0δrb(t) +

Qj(t)

Λj

)
dt+

√
2kBTµ2

0

cjΛj

dWj(t), (2.21)

(j = 1, 2, ..., N)

where the N + 1 Wiener processes {Wj} (j = 0, 1, 2, ..., N) satisfy eq. (2.19)

Here again a mathematical isomorphism exists between eqs.(2.20) and (2.21)

and the simple physical system depicted in Figure 2.1B. In this case, N + 1 delta-

correlated Brownian forces are acting directly on the labeled Brownian bead, which

again is trapped by an elastic spring. However the spring constant has been modified

with respect to the system with inertia. Here too, the labeled bead is connected by

springs to N virtual Brownian beads and the stochastic variables Qj can be inter-

preted as the displacement of the virtual Brownian beads.

Figure 2.1. Diagram of a physical system whose evolution equations are mathemati-
cally isomorphic to A: GLE with particle inertia eq.(2.1) and B: inertia-less GLE
eq.(2.9)

It is illustrative to consider an example where the inertia-less model can be

expressed analytically in terms of the original material parameters. We consider a

three-parameter model comprised of a single Maxwell element and a purely viscous

element originating from the solvent viscosity. The viscoelastic parameters are H, λ
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and ζ0. The original memory function for the three element model is

ζ(t) = 2ζ0δ(t) +He−t/λ. (2.22)

By setting N = 1 we obtain µ0 = 1/ζ0, c = H/ζ20 , and Λ = ζ0λ/(Hλ+ ζ0). Thus, the

memory function for the inertia-less GLE becomes

µ(t) =
2

ζ0
δ(t)− H

ζ20
e
−t

(
H
ζ0

+ 1
λ

)
. (2.23)

In the next section, materials with multi-mode relaxation spectra are considered.

2.5 Brownian Dynamics simulations

Fricks et al. [28] have proposed an efficient algorithm to generate sample paths

from a GLE with a memory kernel given by the generalized Maxwell model. Their

method takes advantage of the fact that the GLE to be simulated has no non-linear

elements. Therefore they can use the quadrature solution of the higher dimensional

Markovian process that is derived from the GLE after specifying the generalized

Maxwell model kernel. Since the method uses the analytical solution, the simulated

sample paths are guaranteed not to be polluted with time-discretization errors. Addi-

tionally they have established appropriate sampling rates of the quadrature solution

to properly resolve the bead position autocorrelations.

However for GLEs that contain non-linear elements (i.e., particles trapped in

anharmonic potentials) analytical quadrature solutions can not be written for eqs.

(2.17) and (2.18) or for eqs. (2.20) and (2.21), and a discrete numerical method

must be used to generate the bead displacement trajectories. Additionally, since the

physics of external particle traps or purely elastic elements of the medium appear at

long time scales, it becomes necessary to simulate longer bead trajectories. These

longer trajectories, in turn, require an appropriate method for processing long bead-

displacement trajectories. To observe all the relevant time scales of the materials
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Figure 2.2. Simulated MSD for different values of bead mass in a 4-mode fluid (M4C).
Corresponding input parameters for this simulation are shown in Table 2.1. The
continuous line is the fit of eq. (2.27) to the inertia-less MSD.

considered here we have developed our simulation toolkit by adapting widely used

algorithms for BD dynamics simulations [31] and time-domain correlators [84].

We start by making the Markovian stochastic differential equations with and

without inertia, eqs. (2.17), (2.18), (2.20) and (2.21) dimensionless by using
√
kBT/He

as the characteristic length scale and the smallest relaxation time, λ =min{λj}, as

the characteristic time scale (dimensionless parameters are denoted by an asterisk).

We have used either an explicit vector Euler algorithm or the more stable, weak

vector semi-implicit algorithm [32, 96] for discretization of the SDEs. The choice of

algorithm, for a specific simulation, depends on the stiffness of the memory function

and the particle trap. Time steps of 10−5 ≤ ∆t/λ ≤ 10−3 were used. The simulation

results presented here were convergent and stable in this range of time-step sizes.

To observe all the characteristic relaxation time scales of the synthetic fluids intro-

duced in Tables 2.1-2.2 a long-time trajectory for the probe particle is simulated. A

typical trajectory consists of 109 time steps, and storage of these trajectories is com-

putationally impractical. Therefore an adaptation of a multi-tau photon correlation
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Figure 2.3. Simulated MSD for different values of bead mass in a 4-mode fluid with
widely spaced modes (M4W). Corresponding input parameters for this simulation
are shown in Table 2.2. The continuous line is the fit of eq. (2.27) to the inertia-less
MSD.

spectroscopy (PCS) algorithm [27, 84, 76] was used to calculate the MSD during the

simulations. Instead of storing the complete trajectory and calculating the MSD in

post-processing, the MSD at specified lag times (on the order of 102) is calculated in

real time during the simulations. The PCS algorithm makes use of correlators with

adjustable size and sample rate. Each correlator is used to calculate the MSD in a

different range of lag times. The results from all the correlators are assembled to

obtain the MSD over a wide range of time scales. Between six and seven correlators,

fed with 104 trajectory points, were used to obtain each of the MSDs presented in

this work, which span over six decades of lag times. The PCS method allows us to

calculate positional autocorrelation functions of very long trajectories, using 5 orders

of magnitude smaller storage [76]. An extensive study of the effect of sample rate and

its associated errors induced by this in the calculation of autocorrelation functions by

the PCS has been presented by Magatti and Ferri [84]

Figure 2.2 shows the MSD calculated with the BD simulations for a particle
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Figure 2.4. Simulated MSD for different values of bead mass in a 10-mode fluid
(M10). Input parameters: Hj/He = {5, 4, 3, 2, 1, 0.5, 0.4, 0.3, 0.2, 0.1}, λj/λ1 =
{1, 7, 12, 17, 34, 52, 63, 75, 86, 94} and ζ0 = 0.1

embedded in a fluid described by 4, closely spaced, Maxwell modes. We have per-

formed simulations using the SDEs which include inertia for three different values of

particle mass, eqs.(2.17) and (2.18). In the simulations that include particle inertia,

the mass was set to artificially large values, to illustrate inertial effects. Oscillations

can be observed in the MSD of simulations performed with equations where particle

mass is retained. This behavior has also been previously discussed and observed in

theoretical constructions of the MSD [124, 89, 52]. The time range during which

the oscillations occur is determined by the particle mass and the trap stiffness; more

precisely the characteristic time of the oscillation is λm =
√
m/He. The oscillations

in the MSD stem from the resonance between the elastic component and the inertia

of the bead. For time scales large compared to λm, the fluctuations in particle mo-

mentum relax to zero and the effects of particle inertia become negligible. As mass

is made smaller, the MSD obtained from the simulations that include particle inertia

approach the MSD obtained with the inertia-less SDEs. This shows that the results

from the complete GLE converge to our derived inertia-less GLE, thus providing an
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independent confirmation for our derivation.

Figure 2.3 corresponds to the MSD of a bead embedded in a fluid with 4

Maxwell modes but in this case the modes are widely spaced and therefore the spec-

trum is broader. To illustrate that the simulation is not limited by the number of

modes in the material Figure 2.4 shows the MSD of a particle embedded in a fluid

with 10 Maxwell modes. Again as the mass is progressively made smaller the results

from the simulations performed with the SDEs that include bead inertia approach

the inertia-less results.

A feature that is common to all the MSD curves plotted in Figs.2.2-2.4 is

the plateau reached at long time scales. This plateau in the MSD appears because

the particle is trapped; if the particle were not trapped, it would behave in a purely

diffusive way at long time scales. The value of the MSD at this plateau depends on

the trap stiffness and is ⟨∆δr2b(t = ∞)⟩eq = 6kBT/He. The continuous lines in Figs.

2.3 and 2.4 are the least-squares fits of 6kBT/He minus a sum of exponentials to the

MSD generated by the BD simulation. We explain below what the exact form of this

fitted function is and how it can be used to calculate G∗ or J∗.

The main motivation to eliminate particle inertia from the complete GLE for

particle momentum was to obtain a simpler, more efficient model, that could describe

correctly the observable trajectory of a particle embedded in a viscoelastic medium.

In real systems, where the particle mass is very small and the solvent viscosity is

small but finite, effects of particle inertia appear only in the high frequency regime.

In a typical system, ωm := 1/λm is of the order of 10 MHz [113]. In the simulations

performed with eqs.(2.17) and (2.18), the small particle mass limit is hard to approach

numerically since as mass is made smaller the bead position fluctuates faster making

it necessary to use very small time steps ∆t ≪ λm to achieve convergent and stable

solutions. If the zero particle mass limit is to be approached numerically, the time-
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step size must be reduced proportionally to keep the BD simulations stable. These

issues can be avoided simply by using the inertia-less SDEs, eqs.(2.20) and (2.21).

With these equations the experimentally observable MSD can be simulated using BD

with much less computational cost. This implies the computation time for simulating

the observable frequency window for a typical real system can be reduced by a factor

as high as 104. Additionally there is a less significant reduction in the computation

time of the inertia-less simulations caused by the elimination of one variable (i.e.,

momentum) from the description of the system.

In a recent work [52], we discussed in detail the importance of the purely

viscous element in the dynamic modulus of the fluid for safely eliminating inertia. If

the zero-particle-mass limit is taken without the presence of a purely viscous element,

the frequency of oscillation ωm diverges and the correct long-time plateau in the MSD,

i.e., ⟨∆δr2b(t = ∞)⟩eq = 6kBT/He is not produced. However, in the presence of a

(very small) purely viscous element, particle inertia can be eliminated safely and the

inertia-less model reproduces correctly the MSD of the model with inertia at time

scales larger than λm. At short time scales, the inertia-less model produces a MSD

in which inertial effects do not appear and the behavior changes from ballistic (∼ t2)

to diffusive (∼ t). In real fluids the purely viscous element can be interpreted as the

presence of a solvent or as the diffusive part of a faster viscoelastic mode of the fluid

that is outside the experimentally observable window. The purely viscous element

can also come from the the fluid inertia, which at high frequencies acts dissipative,

as shown in the next section.

2.6 Medium Inertia

When writing eq.(2.10) we neglected the terms corresponding to medium in-

ertia. These inertial contributions from the fluid are comprised of the fluid mass

dragged by the bead and the viscoelastic Basset force. This last term can be ne-
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glected if ω ≪ ωM where ωM is determined by√
|G∗(ωM)|
ρR2

= ωM. (2.24)

If the Basset force is taken into account, eq. (2.10) becomes [52]

ζ̄[ω] =
6πRG∗(ω)

iω
+ 6πR2

√
ρG∗(ω). (2.25)

Where ρ is the medium density. And m in eq.(2.1) should now be taken as an

effective mass which includes the mass of fluid dragged by the bead. In Figure 2.5,

BD simulation results that include both bead inertia and fluid inertia are shown.

The input dynamic modulus used for these simulations corresponds to a fluid with 4

Maxwell modes (M4C, Table 2.1). For these simulations the purely viscous element

was not included in the memory functions.

To perform BD simulations that include fluid inertia, the inverse one-sided

Fourier transform of eq.(2.25) has to be calculated. The Basset-force term, which

includes the square root of G∗ can not be inverted to the time-domain analytically.

We have therefore used a rational minimax approximation [40] of the Basset force

term, which is valid in the frequency range at which the simulations are performed.

The rational approximation can easily be transformed to the time-domain. Putting

the spectrally decomposed dynamic modulus for the M4C fluid (Table 2.1) and the

rational approximation for the Basset force in eq.(2.25) and taking the inverse one-

sided Fourier transform, an 8-mode exponential memory kernel is obtained, with the

4 Maxwell modes coming from the Stokes component and 4 additional modes coming

from the Basset force.

The main effect of introducing fluid inertia is that the oscillations in the MSD

are damped. For time scales smaller than λm the MSD assumes a ballistic behavior

(∼ t2). For the red squares in Figure 2.5 bead inertia has been eliminated, but keeping

a small value of fluid density. Note that no gap is observed between this result and



34

the results that include bead inertia. The only difference being that a purely diffusive

regime is observed at short time scales. In this case the Basset force is effectively

acting as the purely viscous element that allows elimination of bead inertia, without

observing the anomalous gap pointed out by McKinley et al. [89]. These results are

in agreement with what is observed experimentally for the MSD of Brownian particles

in viscous and viscoelastic fluids. Only under extremely low pressures, in air, have

oscillations been observed in the MSD of a Brownian particle [75].

For a single-mode Maxwell fluid we pointed out in a previous work [52] that the

Basset forces generated by the medium inertia effectively become a purely dissipative

element at high frequencies, damping the oscillations produced by particle inertia.

The results presented in Figure 2.5 illustrate a generalization of this observation to

multi-mode Maxwell fluids.
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Figure 2.5. Simulated MSD for different values of bead mass in a 4-mode fluid (M4C)
including particle and medium inertia. Corresponding input parameters for this
simulation are shown in Table 2.1. ζ0 = 0 for the simulations that include particle
and bead inertia. The time step size used in the simulation was ∆t = 10−5, a
trajectory of 1010 time steps was simulated.

2.7 Analysis of the Synthetic MSD data
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In what follows, we present an efficient way to recover the material parameters

from the simulated MSD. Most relations between the MSD of the bead and the

rheological properties of the host fluid have very general and simple forms in the

frequency domain. On the other hand the MSD data are usually taken in the time

domain. A common approach to analyze microbead rheology data is to calculate the

power spectral-density (PSD) by applying FFT directly to the raw bead position data

and squaring the absolute value of the result, then the imaginary part of the one-sided

Fourier transform of the MSD is obtained from the Kramers-Kronig relation [110].

Fricks et al. [28] recently developed a time-domain data analysis algorithm

for passive microbead rheology. Their method is based on the analysis of a single

short bead path using a maximum likelihood function derived using a Kalman filter.

The autocorrelation functions of the bead velocity are used as an exploratory tool to

determine appropriate sample rate for the path and the initial values of the parameters

to be found by maximizing the maximum likelihood function.

In this work we also use a time-domain data analysis strategy. However our

methods have been chosen with the purpose of analyzing long bead displacement

paths. The PCS method allows us to calculate the MSD at specified lag times chosen

in a convenient logarithmic scale. This is a significant data reduction step that makes

it computationally feasible to analyze materials with a wide range of relaxation times,

including time scales spanning from particle and material inertia effects to particle

traps or purely elastic elements. Our approach is therefore to derive analytical func-

tions that can be fitted to the MSD data in the time domain. We show how J(t) and

G(t) can be obtained from the fitted parameters.

The continuous line in Figure 2.6, labeled as input, shows the PSD calculated

analytically using the inertia-less GLE eq.(2.5) and the GSR eq.(2.10) corresponding

to the dynamic modulus specified in Table 2.1. The finely dashed lines show the
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PSD obtained by analyzing the trajectories obtained from the BD simulations using

the FFT routine. This technique reproduces the input PSD well at the intermediate

frequency range but fails at the high and low frequency ends. The errors in the PSD

calculated using FFT are due to a well-known aliasing, an issue inherent to discrete

Fourier transforms [101]. As can be observed in Figure 2.6 these errors are particularly

problematic for the study of inertial effects, which occur at high frequencies. The

discrepancies observed at low frequencies will also be problematic if, for example,

the effects of non-linear traps, which will be observable at long time scales, are to

be analyzed. Additionally the PCS method allows the calculation of autocorrelation

functions with less error, and less computational resources, than the FFT-based PSD

estimators [76, 84].

The starting point for our data analysis procedure is the GSER written in

terms of the inertia-less memory function

⟨∆δr2b[ω]⟩eq =
6kBT µ̄[ω]

iω (iω +Heµ̄[ω])
. (2.26)

Since we are seeking an analytic expression that we can fit to the time-domain data,

we need to take the inverse one-sided Fourier transform of both sides of this relation.

By putting the one-sided Fourier transformed expression for the spectrally de-

composed inertialess memory function, eq.(2.16) into eq.(2.26) and taking the inverse

one-sided inverse Fourier transform we obtain

⟨∆δr2b(t)⟩eq =
6kBT

He

−
N+1∑
j=1

c′j({cj}, He, µ0)e
−t/Λ′

j({cj},He,µ0) (2.27)

where we have introduced the modified retardation times {Λ′
j} and the modified {c′j}

which, as indicated by the parentheses, are functions of the original parameters that

determine J(t) that is, {Λj}, {cj}, µ0 and of the trap stiffness He. The relation

between the modified and the original parameters are found numerically for a spec-

trum with more than 2 Maxwell modes. After finding the modified parameters {Λ′
j}
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Figure 2.6. Comparison between the PSD obtained by analyzing the simulated tra-
jectory data of the 4-mode fluid M4C by two different approaches, the time domain
model-based analysis presented in this work and the common numerical FFT anal-
ysis.

and {c′j} by fitting eq.(2.27) to the time-domain MSD data the the parameters {cj},

{Λj} and µ0 are found by putting the one-sided Fourier transformed expression for

the spectrally decomposed inertialess memory function, eq.(2.16), into eq.(2.26) and

equating the result to the one-sided Fourier transform of eq.(2.27). This results in

an equation with rational functions on both sides of the equal sign, which gives the

following equation for the numerators

N+1∑
j=1

[
c′j

N+1∏
k=1,k ̸=j

(iω + 1/Λ′
k)

]
=

N∏
k=1

(iω + 1/Λk) . (2.28)

Therefore the retardation times {Λj} can found from the inverse of the real roots of

the polynomial with respect to iω, that appears on the left hand side of eq.(2.28).
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On the other hand the denominators must satisfy

Heiω

N∏
k=1

(iω + 1/Λk) +H2
e

[
µ0

N∏
k=1

(iω + 1/Λk)−
N∑
j=1

(
cj

N∏
k=1,k ̸=j

(iω + 1/Λk)

)]
=

N+1∏
k=1

(iω + 1/Λ′
k)

(2.29)

therefore {cj} and µ0 can be found by solving the N + 1 linear equations that result

from pairing the corresponding frequency terms in eq.(2.29) Once the parameters

that determine J(t) (i.e., {cj}, {Λj} and µ0) have been found, the parameters that

determine G(t), (i.e., {Hj}, {λj} and ζ0), can be calculated using the method de-

scribed in Reference [7]. The set of parameters that was initially inputed into the

simulations, and the ones that are obtained from analyzing the BD simulation results

are compared to evaluate the efficacy of the data analysis procedure. The continuous

lines shown in Figs. 2.2 and 2.3 are the fits of eq.(2.27) to the MSD obtained with

the inertia-less BD simulations.

To perform a blind test of the data analysis algorithm we have used only the

MSD data produced with the inertia-less BD simulations. Since the functional form

of the MSD becomes more complex and the fitting to the more noisy data more

challenging, analyzing the MSD data with oscillations will be a harder task. This

however does not constitute a limitation of our analysis methodology since, as has

been pointed out in Section 2.6, oscillations are not observed in the MSD of particles

embedded in real fluids, where the medium inertia acts as a purely dissipative element

at high frequencies.

In this work the MSD data used are synthetic. Hence the number of Maxwell

modes in the input spectrum used to generate the MSD is known. Consequently

the number of parameters necessary to fit the MSD is also known. However in the

analysis of actual experimental data the number of modes necessary to fit the MSD
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is not known a priori. To make the analysis more realistic we have allowed the fitting

parameters {c′j} to become equal to zero during the fitting procedure. This means

that modes that do not improve the fit can be eliminated by the algorithm. For

the fluid that was originally specified as having a dynamic modulus with 4 closely

spaced Maxwell modes (Table 2.1), the analysis produces an output modulus with

only 3 modes. For the fluid with a broader relaxation spectrum M4W (Table 2.2) the

analysis produces a spectrum with the same number of modes as the input spectrum.

For the three-element model discussed in section 2.4, eq. (2.27) reduces to

a very simple analytical expression in terms of the parameters that determine the

dynamic modulus of the fluid

⟨
∆δr2b(t)

⟩
eq

=
6kbT

He

− 6kbTH

He (H +He)

[
e−

Het
(He+H)λ +

He

H
e
− (H+He)t

ζ0

]
. (2.30)

0.001 0.01 0.1 1 10 100 1000

0.001

0.01

0.1

1

10

100

ΩΛ1

N
o
rm

a
liz

e
d

D
y
n
a
m

ic
M

o
d
u
lu

s

Input

Output

G'HΩL

G''HΩL

Figure 2.7. Comparison between the dynamic modulus used as input in the inertia-
less simulations and the dynamic modulus recovered by fitting eq. (2.27) to the
simulation results for synthetic material M4C. The time step size used in the sim-
ulation was ∆t = 10−4, a trajectory of 108 time steps was simulated.

The continuous line plotted in Figure 2.7 is the dynamic modulus that was

input into the BD simulations for the fluid with 4 closely spaced Maxwell modes
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(M4C, Table 2.1). The dynamic modulus that results from analyzing the MSD data

produced with the inertia-less BD simulations is plotted with a dashed line. A very

good agreement between the input and output functions is obtained. Figure 2.8

shows the same comparison but for the material with 4 widely spaced Maxwell modes

(M4W, Table 2.2). Again good agreement between the input and output dynamic

modulus is obtained, confirming the robustness of the proposed analysis.

In Figure 2.6, the PSD obtained using FFT was compared to the PSD ob-

tained using the time-domain model-based analysis used in this work. Both methods

reproduce equally well the input PSD in the intermediate frequency range, but the

time-domain analysis reproduces significantly more accurately the input PSD at the

lower and higher frequency ranges. A similar comparison between time-domain anal-

ysis and the traditional numerical frequency-domain calculation of rheological prop-

erties from MSD data has previously been done by Fricks et al. [28], who also find

the time-domain analysis to be more accurate.

To illustrate that their simulation methods are not mode limited Fricks et al.

[28] presented the MSD obtained from simulations for a GLE with a 22-mode memory

kernel. The performance of their time-domain maximum likelihood method in recov-

ering the dynamic modulus, from a simulated bead trajectory, was illustrated with a

4-mode Maxwell fluid. The number of degrees of freedom in the maximum likelihood

function scales linearly with the number of modes in the memory kernel. Therefore

its maximization becomes harder as the number of modes increases. Our methods

suffer from the same limitation. Since the number of parameters to be fitted scales

linearly with the number of modes, the minimization of the sum of squared residuals

becomes a harder problem as the number of modes increases. Note that µ0, {c′j} and

{Λ′
j} are all fitting parameters and therefore we are performing non-linear fits. This

constitutes a limitation when the number of modes increases, since the convergence



41

of the fits becomes harder to achieve and the uncertainty in the fitted parameters

becomes larger. Both in our data analysis methodology and in the maximum like-

lihood method proposed by Fricks et al. [28], the limitation is associated with the

convergence of the numerical optimization algorithm (minimization or maximization

respectively), as the number of modes increases.
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Figure 2.8. Comparison between the dynamic modulus used as input in the inertia-
less simulations and the dynamic modulus recovered by fitting eq. (2.27) to the
simulation results for synthetic material M4W. The time step size used in the
simulation was ∆t = 10−4, a trajectory of 109 time steps was simulated.

The differences between the input and output G∗ are generated by the numer-

ical errors introduced by the numerical techniques used for generating and analyzing

the synthetic data. The synthetic trajectory data is exempt of static and dynamic er-

rors inherent to experimental tracking setups, and in this work we have not attempted

to include tracking noise in our model. However, the simulated MSD does contain

statistical errors associated with the finite size of the bead trajectory used to calculate

it. Increasing the size of the trajectory or performing ensemble averages can reduce

these errors, but will also increase the computational cost of the simulation. Details

about the statistical error in the PCS method can be found in Reference [84]. The
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statistical errors propagate through the fitting to G∗, which gives rise to the small

differences observed between the input and output moduli. A useful application of

the simulations of passive microbead rheology presented here would be to study how

the capacity of the microrheology technique to resolve the relaxation modes of the

fluid, is affected by different types of measurement noise. For example, by including

equations in the model to describe the experimental noise of specific techniques one

can predict the resolution of the experimental technique [106].

We have used an efficient method for data analysis in which an explicit function

of time is fitted to the MSD. In our procedure, no numerical transformation of the raw

data from the time to the frequency domain is necessary. We have derived analytical

expressions for all the quantities involved, and therefore transformations between time

and frequency domain are performed very efficiently.

2.8 Non-linear traps

Some of the most common microbead rheology experimental set-ups use optical

tweezers and laser interferometry to trap and track the displacement of the probe

beads. The forces generated by these optical traps are usually assumed to depend

linearly on bead displacement and to be conservative. However, recent work has

shown that radiation pressure exerted by laser tweezers on spherical beads can be

non-linear and non-conservative. This produces an accumulation of circulation in the

trajectory of the particle. [104, 103]. Additionally recent experimental evidence [25,

116] indicates that biological networks and gels exhibit non-linear elasticity even at

very small deformations. This means that even in passive microbead rheology a non-

linear response of the elastic elements of the material might be observed. Therefore,

the analytic tools used to date cannot be applied to such systems. The tools developed

here are applicable, however.
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Figure 2.9. Simulated MSD for a bead embedded in synthetic material M4C (Table
2.1) bead and trapped by a quartic potential.

In Section 2.2 we assumed that the trapping force acting on the bead is pro-

duced by a harmonic potential. However, the procedure for eliminating inertia from

the GLE in the frequency domain is also valid for anharmonic potentials. For that

general case, we can rewrite eq. (2.1) as

dpb(t)

dt
= −∂Φ(δrb(t))

∂δrb(t)
−
∫ t

−∞
ζ(t− t′)

pb(t
′)

m
dt′ + fB(t), (2.31)

where Φ(δrb(t)) is an external potential field acting on the bead. It is important to

note that we are considering non-linearities of the purely elastic element only. The

memory function ζ(t) remains linear and can therefore still be determined from the

GSR.

The same procedure to derive the inertia-less GLE in the frequency domain, de-

scribed in Section 2.2 can be used to eliminate the particle momentum from eq.(2.31)

to obtain

dδrb(t)

dt
= −

∫ t

−∞

∂Φ(δrb(t
′))

∂δrb(t′)
µ(t− t′)dt′ + gB(t), (2.32)

Note that eq.(2.5) can be recovered simply by setting Φ(δrb(t)) =
He

2
|δrb(t)|2.
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Equations (2.31) and (2.32) can be written as a set of equivalent higher-

dimensional Markovian SDEs by the procedure described in Section 2.4. The elim-

ination of inertia for an anharmonic quartic potential was checked numerically by

performing BD simulations for a trapped bead embedded in material M4C (Table

2.1), the length scale to make the material parameters dimensionless in this case is

4
√
kBT/He. The external potential field used was isotropic and quartic; therefore the

trapping force becomes −He |δrb(t)|2 δrb(t). The MSD for the particle embedded in

material M4C and trapped in the quartic potential is shown in Figure 2.9. It can

be observed that, as the particle mass is progressively decreased, the MSDs obtained

with the complete model, eq.(2.31), converge to the simulations performed with the

inertia-less model, eq.(2.32).
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Figure 2.10. Equilibrium distribution of bead positions for a trapped bead embedded
in fluid M4C (Table 2.1) and trapped in a quartic potential. The inset shows the
residuals between the actual distribution that comes out from a BD simulation and
a fit of that distribution to a Gaussian curve.

In Figure 2.10 we show the equilibrium distribution of bead positions when

the bead is trapped in the quartic potential, the continuous line is a Gaussian fit to

this distribution. It can be observed that the fit becomes worst at the edges of the

distribution. To illustrate the effect of the nonlinear elastic element in the analysis
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of microbead rheology data we now proceed with the analysis as if the trap were

harmonic. The continuous orange line in Figure 2.9 shows a fit of eq. (2.27) to the

inertia-less MSD obtained for the particle trapped in the quartic potential. We use

this fit to obtain G∗ using the procedure described in Section 2.7.

The comparison between the dynamic modulus used as input in the simulation

and the output modulus that results from treating the trap as if it were linear is

shown in Figure 2.11. Note that we have included the purely elastic element (the

trap), in G∗ since our goal here is to show the effect of nonlinearities in the analysis

of materials that can be modeled as a purely elastic mesh embedded in a viscoelastic

fluid. Figure 2.11(A) shows that there is a small discrepancy between the input

and output G∗ at low frequencies. This discrepancy becomes more significant if the

trapping potential is stiffer (sextic potential) as can be observed in 2.11(B), where the

error propagates through most of the frequency range. In the analysis shown the trap

stiffness (elastic constant) was obtained from the MSD fit and not from the Gaussian

fit to the distribution of bead positions. If the Gaussian fit to the distribution is

used to obtain the trap stiffness the errors in the estimated G∗ become larger. These

results indicate that for materials that strain harden at very small strains, using the

traditional microbead rheology data analysis techniques may introduce small errors

in the estimated rheological properties.

New experimental and theoretical evidence presented by References [104] and

[100] shows that a colloidal particle immersed in a fluid and trapped by an optical

tweezer does not come to equilibrium, but rather circulates in steady-state motion.

This has been shown to be caused by non-conservative forces exerted on the particles

by the optical trap. The non-conservative force comes from radiation pressure that

acts in the direction of the propagating laser beam. Roichman et al. [104] modeled

the trap as a radially symmetric harmonic well with radiation pressure directed along
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Figure 2.11. A: Dynamic modulus that includes a quartic potential and 4 Maxwell
modes. B: Dynamic modulus that includes a sextic potential and 4 Maxwell modes.
The continuous lines are obtained with the parameters used as input in the simu-
lations. The dashed lines result from analyzing the synthetic data as if the purely
elastic element were linear.

the optical axis,

F (δrb) = −Heδrb + f1exp

(
−|δrb(t′)|2

2σ2

)
δz. (2.33)

Where the trap stiffness He and the scale of radiation pressure f1, are proportional

to the laser’s power. And σ is the effective width of the trap, δz is the unit vector in

the direction of the optical axis. [104]. They consider only viscous fluids.

The non-conservative force exerted by the trap causes the particle to wind

clockwise in a plane parallel to the beam direction [104, 100]. The amount of clockwise

circulation can be quantified using the accumulated circulation χ(t) defined by

χ(t) :=

∫ t

0

⟨δrb(t′)× δrb(0)⟩ · δθdt′

=

∫ t

0

⟨δzb(0)δrb(t′)⟩ − ⟨δzb(t′)δrb(0)⟩ dt′. (2.34)

Where δr and δz are the first and third components of the displacement vector δrb

in cylindrical coordinates, and δθ is the unit vector in the θ direction. The angle

brackets denote taking an average at steady state.
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Exploring the effect of such non-conservative forces on a particle immersed in a

viscoelastic fluid is a non-linear problem with a wide spectrum of relevant time scales,

where the use of our microbead rheology simulation toolkit is useful. Figure 2.12

shows the accumulated circulation results obtained from BD simulations for a purely

viscous fluid (ζ∗0 = 0.1), a 1-mode Maxwell fluid and for the 4-mode Maxwell fluid

specified in Table 2.2. It can be observed that in the viscoelastic fluid the bead also

circulates. However the more complex spectrum of time scales is clearly reflected

in the circulation rate. In real systems, the quantity f1/(σHe) is a small number

around 0.1 [104]. However to emphasize the effects of the non-conservative force in

the simulations we have set f1/(σHe) = 1. This allows the particle to explore regions

far away from the trap center. Thus the particle motion is more influenced by the

non-conservative force [100].
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Figure 2.12. Accumulated circulation for a bead trapped in an optical tweezer with
non-conservative forces along the optical axis. For the purely viscous fluid ζ∗0 = 0.1,
the parameters used for the simulations with the viscoelastic fluid are shown in
Table 2.1.

A relevant question to microbead rheology is if the circulation of the bead

produced by the radiation pressure has an effect in the rheological properties ob-

tained from the bead displacement data. From a simple inspection of eq.(2.33) one
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notices that the radiation pressure can affect only the z-component of the bead dis-

placement, therefore we consider the data analysis of that component. Here we wish

to see if a naive analysis that ignores the non-Gaussian shape of the trap and the

non-equilibrium circulation still gives a good estimate of G∗. One might expect that

the fluid memory could couple with the circulation to modify the relationship be-

tween MSD and G∗. Pesce et al. [100] have already shown that bead displacement

autocorrelations are not affected by these forces for a viscous fluid.

To analyze the bead displacement data we simply treat the displaced center

of the non-conservative trap as the origin of an effective harmonic trap. Figure 2.13

shows a comparison between the MSDs, of three different fluids, obtained from sim-

ulations that include radiation pressure (symbols) and analytical solutions that do

not include radiation pressure (continuous lines). The absolute residuals between the

MSDs that include radiation pressure and the ones that do not, are shown in the

inset. No pattern is observed in this residuals, and their magnitude is what is ex-

pected from the finite size of the ensemble used to calculate the MSDs obtained from

simulations. We can therefore conclude that the radiation pressure will not have any

effect in the rheological properties estimated from the MSD of a trapped particle.

These results are not surprising in light of the fact that the angular velocities

of the circulation made dimensionless by the longest relaxation time of the fluid

is approximately 10−2 , which means that the circulation is effectively Newtonian.

Considering that we have made the radiation pressure unrealistically large in our

simulations, this suggests that the circulatory motion is probably always too slow to

have any effect in the estimates of the rheological properties of an homogeneous fluid

obtained from microbead rheology.

2.9 Conclusions



49

à

à

à

à

à

à

à

à

à

à

à

à

à

à

à

à

à

à

à
à

à

à
à
à
à
à
àà
ààà
àààààààààààààààààààààààààààààààààààààà

ààààààà

è

è

è

è

è

è
è
è

è
è
è
è
è
èè
èèèèè

èèèè
èèèèèè

èè
èèè
è
èè
èè
è
è
èè
è
è
è
è
è
è
è
è
è
è
è
è
è
è
è
è
è
è
è
è
è
èè
èèèèèèèèè

ò

ò

ò

ò

ò

ò

ò

ò

ò

ò

ò
ò

ò
ò
ò
ò
ò
ò
òò
òò
òòò
òòò
òò
òò
ò
òò
ò
ò
ò
ò
ò
ò
ò
ò
ò
ò
ò
òò
òò
òòò
òòòòòòòòòòòò

òòòòòòòòòòò

0.001 0.01 0.1 1 10 100 1000

0.01

0.02

0.05

0.10

0.20

0.50

1.00

t�Λ1

N
o
rm

a
liz

e
d

M
S

D

0.05 1 10 1000
-0.06

-0.04

-0.02

0.00

0.02

0.04

Figure 2.13. Comparison between the MSDs that include radiation pressure (symbols,
obtained from BD simulations) and the ones that do not include radiation pressure
(continuous lines, obtained from analytical solutions). For the purely viscous fluid
ζ∗0 = 0.1, the parameters used for the simulations with the viscoelastic fluid are
shown in Table 2.1. The modulus for the 1-mode viscoelastic is the first mode of
the 4-mode fluid. Plot markers as in Figure 2.12. Inset: Relative residuals between
the MSDs that include the effect of radiation pressure and the ones that do not.
Brown line shows the residuals for a BD simulation without radiation pressure.

Simulations of the motion of micron-sized particles embedded in viscoelastic

fluids can be useful for developing and testing data analysis algorithms for passive

microbead rheology. However these simulations become computationally cumbersome

if high-frequency inertial effects are taken into account explicitly. The elimination of

particle momentum from the Langevin description of colloidal particles suspended in

viscous fluids is a wide-spread practice used to increase the computational efficiency

of BD simulations. The elimination of particle inertia from the generalized Langevin

equation (GLE) with a multi-mode exponential memory kernel has been addressed by

McKinley et al. [89] and previously by Schaink et al. [107] for a one-mode exponential

memory kernel.

In this work we have presented a method to derive an inertia-less GLE, by

eliminating particle inertia in the frequency domain. Our method does not require a
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specific type of memory function to be specified before eliminating inertia, therefore

the derived inertia-less GLE can be used either with continuous or discrete memory

functions. For the case of discrete exponential memory functions McKinley et al.

[89] have shown that the inertia-less limit is singular and that an infinite number of

modes are required to obtain self-consistent results. By adding a very small (possibly

undetectable) purely viscous element to the exponential multi-mode memory function

we have shown that the inertia-less GLE produces MSDs consistent with the numerical

zero-particle-mass limit of the inertial GLE simulations, even for a small number of

modes. Additionally we have previously shown that this purely dissipative element

can arise entirely from fluid inertia, since the Basset force acts dissipative at high

frequency. Therefore we conclude that the presence of the purely dissipative element

in the memory function is not limited to special cases, such as dilute polymer solutions,

where important viscous dissipation arises from the solvent, but is rather a general

feature for any system where the particle and medium density are similar.

Time-domain simulation and data analysis strategies for passive microbead

rheology were recently developed and introduced by Fricks et al. [28]. Their sim-

ulation strategy exploits the linearity of the GLE and therefore is exact and highly

efficient. Their methodology to extract rheological properties from bead trajectories

is based on the analysis of a single path using the maximum likelihood function. We

have developed an alternative time-domain strategy that extends the applicability of

the time-domain methods to include medium inertia effects and linear and non-linear

particle traps. Our approach was to adapt traditional BD simulation algorithms to

the simulation of the GLE. Analogous to the common practice of BD simulations of

Langevin equations we have made use of the inertia-less GLE to make the simula-

tion of the non-linear GLEs more computationally efficient. By making use of the

photon correlation spectroscopy algorithm (PCS), Our methodology has been made

especially suitable and efficient for the analysis of data with a broad distribution of
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timescales spanning from high frequency inertial effects to purely elastic responses

(over six decades of frequency). As a relevant example of the specific applicability of

our microrheology simulation toolkit we have shown that, the radiation pressure of

optical traps [104] do not affect passive microbead rheology data analysis.

Having all the necessary elements to simulate the microbead rheology exper-

iment by BD and the explicit time-domain analytical expressions to fit the MSD

data, we performed Monte Carlo simulations to test the data analysis algorithm. The

correspondence between the dynamic modulus inputed into the simulations and the

dynamic modulus that is obtained after analyzing the MSD data obtained from the

BD simulations was very good. We have shown that a small purely dissipative ele-

ment in the memory function of the GLE allows one to simulate the passive rheology

correctly with zero-mass, avoiding the singularity. As has been demonstrated here

and in other works [28, 106], BD simulations are useful for testing data analysis or

error handling algorithms in microbead rheology.
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CHAPTER 3

THE EFFECTS OF HYDRODYNAMIC INTERACTION AND INERTIA IN
DETERMINING THE HIGH-FREQUENCY DYNAMIC MODULUS OF A

VISCOELASTIC FLUID WITH TWO-POINT PASSIVE MICRORHEOLOGY

This Chapter previously appeared in Physics of Fluids (The American Institute

of Physics), volume 24, issue 7, page 073103, year 2012.

3.1 Introduction

In the original one-point passive microrheology technique introduced by Mason

and Weitz [87] the positional autocorrelation function of micron-sized beads (R <

1µm) embedded in a viscoelastic fluid is used to infer the dynamic modulus of the

fluid [86, 1, 128, 59, 112]. Unlike bulk rheometers, microbead rheology requires only

very small samples (pico- to microliter order) and elastic modulus as small as 10-500

Pa can be measured [59]. These advantages make the technique especially useful for

the analysis of biological samples [1, 128]. However since the analysis of microbead

rheology data relies on a generalized Stokes relation [52, 87] it is limited to fluids

where the microstructure is much smaller than the size of the probe bead. If this

condition is not satisfied the continuum mechanics assumptions used in the data

analysis formalisms [52, 72, 124, 87] can become invalid.

To overcome this limitation Crocker et al. [19] proposed a modification of the

original one-point passive microbead rheology technique based on measuring the cross-

correlated thermal motion of pairs of tracer particles to determine G∗(ω). The pair of

particles of radius R is separated by a distance L larger than the microstructure of the

fluid. It has been shown that two-point microrheology can correctly reproduce results

obtained with a mechanical rheometer, in systems where single-particle microrheology

gives erroneous results [73, 19]. In the passive two-point microrheology experiment

the motion of the beads is driven by Brownian forces. The motion of the beads creates
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a velocity field in the otherwise undisturbed fluid. This velocity field is characterized

by waves that originate at the bead-fluid interface, and then reflect back and forth

between the beads. The cross-correlations of the two tracer beads will therefore be

determined by the nature of those waves. The waves produced at the bead-fluid

boundary can be characterized by a wavelength and a penetration depth. At a given

frequency the wavelength indicates the velocity at which the waves propagate while

the penetration length indicates a characteristic distance the wave propagates before

dissipating significantly from the medium.

Data analysis formalisms for two-point microrheology usually make two im-

portant approximations (i) that the waves produced at the bead-boundary interface

decay before producing reflections, (ii) and that the waves propagate through the

fluid instantaneously, in other words that the inertia of the medium is negligible. For

a given material to satisfy those assumptions only data gathered with beads placed

at a distance 2L at which the reflections produced by one bead will significantly de-

cay before reaching the other bead should be used. Similarly, the methods are only

applicable to data gathered at frequencies where the waves can be assumed to be

propagating much faster than the relaxation times being measured. However finding

the experimental conditions where all these assumptions are met might not be possi-

ble for a viscoelastic fluid, especially if a wide spectrum of relaxation times is to be

measured.

Levine and Lubensky [73] have demonstrated theoretically the validity of the

Crocker hypothesis by solving the elastic problem of two spheres embedded in an

inhomogeneous compressible viscoelastic medium. They calculated the mutual re-

sponse function for these beads and showed that in the limit that the bead-bead

separation (L) is large compared to the radius of the beads (R), this response func-

tion measures the bulk rheological properties of the medium independently of the
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rheological properties of the regions immediately surrounding the two beads. This

conclusion was reached when the response functions were derived with lowest-order

reflections. The corrections due to higher-order reflections were estimated and shown

to be small for a large bead-bead separation (L). Their analysis however was based

on the steady Stokes equation and therefore the effects of fluid inertia in the mutual

response functions were not considered in that work.

L

R

G*HΩL

Microstructure Size` L

Figure 3.1. Schematic of the two-point microrheology experiment

Following Levine and Lubensky [73], Hohenegger and Forest [48] generalized

an elastic problem to include both inner and outer moduli as well as the thickness

of a chemically modified layer around each bead. They considered the case where

the second probe bead is a passive point source of force. They presented inverse

characterization tools for the two-point passive microrheology experiment for the de-

termination of the local and non-local G∗(ω), as well as the thickness of the chemically

modified layer. While Levine and Lubensky [73], Crocker et al. [19] and Starrs and

Barlett [113] considered response functions with only first-order terms in the (R/L)

ratio. Hohenegger and Forest [48] considered second-order reflections of the waves

generated at the bead-fluid interface, but assumed that the waves travel much faster

than the shortest relaxation time of the fluid to derive response functions with errors

of order (L/R)3.
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The main effect of inertia in the response of viscoelastic liquids is the finite

propagation time of stress. Therefore the combined effect of inertia and reflected

waves is expected to be different from the effect of reflections alone. This is more

precisely characterized by the penetration depth and the wavelength of the waves

generated at the bead-fluid interface [50, 77]. Microscopically, the manifestation

of inertia is the vortex-like flow or displacement field, which appears both in the

equilibrium response at a distance, as well as in the correlations of fluctuations about

thermal equilibrium [77]. It has been shown that medium inertia can affect the cross-

correlations of two neighboring Brownian particles and that the effect becomes more

pronounced for more elastic materials.

In a two-point microrheology experiment an optimal distance between the two

beads exists at which the desired length scales are sampled while a good signal-to-

noise ratio is maintained in the cross-correlations. However this optimal distance

might not be large enough for higher-order reflections to be neglected from the anal-

ysis of two-point cross-correlations. Additionally if the dynamic modulus of a fluid

is going to be measured at high frequencies, inertial effects can become important.

Moreover increasing the distance between the beads will attenuate the effect of reflec-

tions, but will increase the effect of inertia and reduce the signal-to-noise ratio in the

two-point cross-correlations. It therefore seems that having to choose experimental

conditions under which both reflections and inertia effects are negligible, while sam-

pling the desired length scales and maintaining a good signal-to-noise ratio reduces

the versatility of the two-point microrheology technique.

To our knowledge the combined effect of medium inertia and an infinite number

of wave reflections in the analysis of microbead rheology data, has not been previ-

ously considered. A data analysis formalism for two-point microrheology that can

account for both the finite velocity at which the waves propagate and for the effects
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of reflected waves will significantly broaden the applicability of the technique. We

have recently introduced a one-point passive microrheology formalism that takes into

account bead and medium inertia and can therefore be used to infer high-frequency

linear viscoelastic properties from bead position autocorrelations [52]. In this work

we introduce methods to analyze two-point cross correlations that take into account

the combined effects of bead and medium inertia as well as reflections. The meth-

ods introduced here are expected to be useful for inferring high-frequency relaxation

modes in G∗(ω) from two-point cross-correlations.

Hydrodynamic interactions of micron-sized particles suspended in Newtonian

fluids have been extensively studied theoretically and experimentally. The most com-

mon theoretical approach has been to solve the Stokes equations using approximate

methods such as the method of reflections [4, 39, 66] or the method of induced forces

[88]. These results have been extensively exploited to construct simulation algorithms

for predicting the behavior of suspensions of Brownian particles in Newtonian fluids

[26, 11]. Most theoretical work has been done using the steady Stokes equation as the

starting point, for which fluid inertia effects are neglected. Mazur et al. [123] were the

first to calculate the hydrodynamic interactions for suspended micron-sized spheri-

cal particles resulting from the time-dependent linearized Navier-Stokes equation. In

that work the time-dependent mobilities for the particles were calculated using the

method of induced forces. In general, hydrodynamic interactions in dilute suspen-

sions of particles can be obtained by taking only hydrodynamic pair interactions into

account. However this approximation has proven to fail for more concentrated sus-

pensions. The method of induced forces introduced by Mazur et al. [123] is specially

suitable to treat the many sphere problem. More recently Ardekani and Rangel [3]

used the method of reflections to solve the unsteady creeping flow field produced by

two hydrodynamically interacting spheres suspended in a Newtonian fluid. The cor-

respondence that exists between the creeping flow equations for Newtonian fluids and
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viscoelastic fluids in the frequency domain [52, 126, 129], allows one to use solutions

found for Newtonian fluids to study equivalent problems in linear viscoelasticity. The

main problem that remains is to perform the transformations of the creeping flow

solutions from the frequency to the time-domain, which can be a non-trivial mathe-

matical problem per se.

A very common approach to microbead rheology data analysis is to calculate

the one-sided Fourier transform of the bead auto or cross-correlations from the trajec-

tory data using fast Fourier transform (FFT) algorithms. These methods are known

to introduce errors associated with frequency discretization and finite size windowing

[28]. Time-domain methods that avoid the use of FFT have been recently proposed

for the analysis of one-point passive microbead rheology data [16, 28]. For the analysis

of two-point passive microrheology data Starrs and Barlett [113] used a time-domain

method based on fitting the two-bead cross-correlations to cubic-splines. Their anal-

ysis however does not include inertia or reflections. In Chapter 2 we introduced a

simulation and data analysis toolkit for microbead rheology [16]. We derived a gen-

eralized Brownian dynamics (GBD) algorithm that can account for inertial effects,

nonlinear and nonconservative effects in particle traps. We also introduced a regu-

larization for the limit with zero-mass of the bead, This limit as has been previously

shown to be a singular limit [52, 89]. By including a small purely dissipative element

in the memory function of the GLE, ζ0, one can eliminate bead inertia from the GLE

avoiding the singularity [52, 16]. It can be shown that the purely dissipative element

can arise entirely from medium inertia, since the Basset force arising from medium

inertia plays the same role as a frictional force at high frequencies [50].

In this Chapter we show how our methods can be extended to simulate the two-

point passive microrheology experiment. The generalized Brownian dynamics simu-

lations are then used to perform Monte-Carlo evaluations of our time-domain data
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analysis formalism for inferring the high-frequency of G∗(ω) from cross-correlations

of beads embedded in viscoelastic fluids. The Chapter is organized as follows. In

Section 3.2 we derive generalized Stokes tensors with medium inertia and an infi-

nite number of reflections for viscoelastic fluids by making use of a solution for the

unsteady creeping flow field produced by two hydrodynamically interacting spheres

suspended in a Newtonian fluid [3] and the correspondence principle. In Section 3.3

a generalized Langevin equation for two hydrodynamically interacting trapped beads

embedded in a viscoelastic fluid is presented. The equation is solved in the frequency

domain to obtain relations between the beads auto- and cross-correlations and the

components of the generalized Stokes tensor derived in Section 3.2. In Section 3.4 we

use simple dimensional arguments to construct a phase diagram for two-point passive

microrheology, which can serve as a guide to indicate experimental conditions un-

der which inertia and reflections may become important. In Section 3.5 we present a

time-domain data analysis strategy for inferring high-frequency G∗(ω) from two-point

cross-correlations. The time-domain strategy is evaluated using Monte-Carlo simu-

lations. In Section 3.6 we show that the formalism presented here converges to the

commonly used formalism introduced by Crocker et al. [19] in the limit of zero inertia

and lowest order reflections. In Section 3.7 we show that this simplified data analysis

formalism can generate errors in estimating G∗(ω) when used to analyze data gath-

ered outside the range of experimental conditions where inertia and reflections are

negligible. Moreover the region of experimental conditions where these assumptions

are valid can be very small for viscoelastic fluids.

3.2 High-frequency generalized Stokes tensors

In this section we begin by deriving a generalized Stokes tensor for two-point

microrheology that accounts for inertial effects and an infinite number of reflected

waves. We make use of previously derived unsteady Stokes tensors [3] for Newto-
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nian fluids and use the correspondence principle [52, 126] to obtain the frequency-

dependent friction tensors for beads suspended in viscoelastic fluids. Previous analy-

ses of two-point microbead rheology are based on solutions obtained from the steady

Stokes equation [48, 113, 73, 19], which neglects the effects of medium inertia.

The correspondence principle allows one to replace the viscosity of simple

viscous liquids, η, by the complex viscosity of linear viscoelastic materials, after the

equations have been transformed from the time domain to frequency space. This

identification is possible because linear viscoelasticity presumes a convolution integral

for the stress tensor, whose Fourier transform yields the Stokes relation with complex

(frequency-dependent) viscosity. Therefore in the frequency domain, the creeping flow

equations (steady or unsteady) for a viscoelastic fluid are equivalent to the creeping

flow equations for a viscous fluid. Whenever the creeping viscous flow problem can be

solved, the analogous solution of the viscoelastic flow problem follows [126]. In this

work we make use of the unsteady creeping flow solution derived by Ardekani and

Rangel [3] and the correspondence principle to derive a generalized Stokes relation

for two-point microrheology that includes inertial effects and infinite reflections.

Ardekani and Rangel [3] used the method of reflections, which is an approxi-

mate method for calculating the force exerted on two small spheres moving in Stokes

flow to solve the unsteady problem. The particles are assumed to be sufficiently

close to each other to interact hydrodynamically but sufficiently distant from bound-

ary walls so that the surrounding fluid is regarded as infinite. Solutions for a single

time-dependent point-force or for an isolated sphere are used in combination with

the method of reflections. The velocity field that satisfies boundary conditions on

two spheres is constructed by a linear superposition of an infinite number of velocity

fields that satisfy boundary conditions on one sphere, each velocity field representing

a reflection of the wave generated at the bead-fluid interface. Because of symmetry of
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the geometry the problem is axisymmetric about the line of centers between the two

beads. The method of reflections gives the solution as an infinite series. Calculating

all the terms in this geometric series, one can analytically find the summation of all

the terms.

Consider two particles of radius R located at a distance L from each other

and moving with velocities vb(1)(t) and vb(2)(t) in an unbounded viscoelastic fluid

(Figure 3.1). In the absence of the particles the fluid is at rest; the motion of the the

particles produces a velocity field in the medium v(r, t). The particles are at least

a few diameters apart. We assume following References [48, 113, 73, 19] that L is

independent of the motion of the beads, which implies that the displacements of the

beads are small compared to L. The correspondence principle is used by making the

substitution η ⇒ G∗(ω)/iω, in the Fourier transform of the unsteady Stokes solutions

introduced by Ardekani and Rangel [3] to obtain the frequency-dependent friction

tensor for a viscoelastic fluid. The following relation between the motion of the two

beads and the force exerted by the viscoelastic fluid on one of the particles is obtained,

F(1)[ω] = −ζ̄[ω]
(
vb(1)⊥[ω]− vb(2)⊥[ω]A⊥(ω)

1− A⊥(ω)2
δ⊥ +

vb(1)∥[ω]− vb(2)∥[ω]A∥(ω)

1− A∥(ω)2
δ∥

)
.(3.1)

Where,

ζ̄[ω] =
6πRG∗(ω)

iω
+ 6πR2

√
ρG∗(ω) +

2

3
πR3ρiω (3.2)

is the one-sided Fourier transform of the single-bead memory kernel including the

“Stokes-Basset” force term and the fluid mass dragged by the bead (i.e., ζ̄[ω] ≡

F̄{ζ(t)} :=
∫∞
0
ζ(t)e−iωtdt). We indicate the Fourier transform by frequency ar-

gument with square brackets, and one-sided transform by an over-bar. The first

subindex indicates the bead number, and the symbols ⊥ and ∥ indicate the direc-

tions perpendicular and parallel to the line of centers of the two beads, respectively.

Eq.(3.1) is the geometric series that results from adding an infinite number of re-



61

flected waves. The necessary conditions for the convergence of the geometric series

to eq.(3.1) are that (A⊥(ω)/8π)
2 < 1 and (A∥(ω)/8π)

2 < 1.

We now consider two different approximations for reflections. In this first

calculation we assume that particle 1 is located at a relatively large distance (several

diameters) from particle 2. We then compute the translational effect of particle 1

by assuming that: (i) it generates the same force as that produced by a point force

located at the center of the particle; (ii) the drag resulting from the field reflected at

a given particle can be approximated by considering the field to be equivalent to a

uniform velocity field with the same magnitude and direction as would actually exist

at the location of the particle center if it were not present [39]. As long as L/R is

sufficiently large the assumptions should be safe. Then the functions A∥(Q,ω) and

A⊥(Q,ω) are given by

A∥(ω) =
iωQζ̄[ω]

4πG∗(ω)

{
2

ik(ω)L
eik(ω)L − 2

(ik(ω)L)2
[
eik(ω)L − 1

]}
. (3.3)

A⊥(ω) = −
A∥(ω)

2
+
iωQζ̄[ω]

4πG∗(ω)
eik(ω)L, (3.4)

where Q = R/L. It is important to note that in viscoelastic media, unlike purely

viscous or purely elastic media, the waves produced at the bead-fluid interface have

a frequency-dependent, complex wave-number k(ω) = −ω
√
ρ/G∗(ω). It is useful to

define the wavelength of the wave penetrating into the fluid from the bead surface

[50],

Λ(ω) := 1/|k′(ω)| (3.5)

where k′(ω) is the real part of the frequency-dependent wave number. We may also

define the penetration depth of the wave as,

∆(ω) := 1/k′′(ω) (3.6)
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where k′′(ω) is the imaginary part of the frequency-dependent complex wave number.

From eqs.(3.5-3.6) we can see that,

ik(ω)L = − L

∆(ω)
+

iL

Λ(ω)
. (3.7)

The first term on the right hand side of eq.(3.7), which involves the penetration

length, determines how fast the wave decays. The second term, which involves the

wavelength, characterizes the oscillatory part of the memory function tensor. If the

distance L between the two beads is much larger than the penetration depth, ∆(ω),

then the reflected waves decay significantly before reaching the other bead and there-

fore the effect of reflections is small. However if the distance between the beads is

comparable to the penetration depth the reflected waves from bead 2 will have an

important effect in the motion of bead 1 and vice-versa. For viscoelastic fluids, the

penetration depth increases with decreasing frequency, so that reflections are expected

to have a larger effect at lower frequencies. On the other hand, the wavelength Λ(ω)

can be a good indicator whether medium inertia is effective at a given frequency; if

the frequency is high and therefore the wave length is smaller than the distance be-

tween the beads L≫ Λ(ω), the contributions of fluid inertia to the memory functions

become effective. The penetration depth of viscoelastic materials is often below 1 µm

in the MHz range [125]. On the other hand, medium inertia may be important in the

high frequency regime since the wavelength is always smaller than the penetration

depth and therefore Λ(ω) can be smaller than L. For micron-sized beads only a few

diameters apart (e.g., Q = 0.2), both fluid inertia and reflected waves can have an

effect in determining the response function.

In deriving eqs. (3.4) and (3.3) we have made use of the solutions for a point-

force. The finite size of the beads can be accounted for approximately by instead using

a solution to the solitary sphere in unsteady Stokes flow and then again applying the

method of reflections to satisfy the boundary conditions on two spheres. Here again
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we have generalized the solutions presented by Ardekani and Rangel [3] to viscoelastic

fluids, by making use of the correspondence principle,

A∥(ω) =
3Q

(ik(ω)L)2
− 3Q2

ik(ω)L
+Q3iω − 3Qe(1−Q)ik(ω)L

[
1

(ik(ω)L)2
− 1

ik(ω)L

]
(3.8)

and

A⊥(ω) = −
A∥(ω)

2
+

3Q

2
e(1−Q)ik(ω)L (3.9)

Eqs.(3.9) and (3.8) can be used together with eq.(3.1) and eq.(3.2) to write response

functions that will account for inertial effects and reflections, and that will be suitable

for use when the probe beads are only a few diameters apart. Again, it is important to

note that the error in eq.(3.1) used with eqs.(3.2), (3.9) and (3.8) is of order Q3. This

error is due to the fact that the drag resulting from the reflected field is approximated

by considering it to be equivalent to a uniform velocity field whose magnitude and

direction are the same as what would exit at the center of the particle if it were not

present.

3.3 Two-point high-frequency generalized Langevin Equation

In this section we write the equations of motion for the two probe beads

of radius R and separated by a distance L. The dynamics of micron-sized beads

embedded in a viscoelastic fluid are known to be described by a generalized Langevin

Equation (GLE) [45, 13],

dpb(t)

dt
= −He · δrb(t)−

∫ t

−∞
ζ(t− t′) · pb(t

′)

m
dt′ + fB(t). (3.10)

Where,

δrb =



δrb(1)⊥

δrb(1)∥

δrb(2)⊥

δrb(2)∥


(3.11)
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is the bead displacement vector and pb = mdδrb(t)
dt

are the beads momenta, withm the

bead mass. The Brownian forces satisfy the fluctuation-dissipation theorem (FDT),

⟨fB(t)fB(t
′)⟩eq = kBTζ(t− t′). (3.12)

If the distance L between the two probe beads is assumed to be constant, the equation

of motion of the beads can be decoupled from the unsteady Stokes equation. This is a

reasonable assumption if the fluctuations of the beads’ positions are small compared to

L. In that case solutions to the unsteady Stokes equation such as eq.(3.1) can be used

to write a GLE with a bead-position-independent memory kernel, We can use eqs.(3.1)

and (3.2) to write the components of the memory function tensor, ζ(t) = F̄−1
{
ζ̄[ω]

}
(where F̄−1{f̄ [ω]} is the inverse one-sided Fourier transform),

ζ̄[ω] = ζ̄[ω]



1
1−A⊥(ω)2

0 − A⊥(ω)
1−A⊥(ω)2

0

0 1
1−A∥(ω)2

0 − A∥(ω)

1+A∥(ω)2

− A⊥(ω)
1−A⊥(ω)2

0 1
1−A⊥(ω)2

0

0 − A∥(ω)

1−A∥(ω)2
0 1

1+A∥(ω)2


(3.13)

Note that, although the two beads are correlated, the ⊥ and ∥ directions are decou-

pled.

These expressions for the components of the memory function tensor are gen-

eral and can be used with either the expression for A⊥(ω) and A∥(ω) derived with the

point-force approximation (eqs.(3.4) and 3.3) or with the expressions that take some

account of the finite size of the bead (eqs.(3.9) and (3.8)). In what follows we show

how the two solutions compare when predicting the mean-squared displacement and

cross-correlations of probe particles in a viscoelastic fluid.

The external force to trap the particle near a fixed position is initially as-

sumed to be linear and isotropic with restoring constant He, therefore He = Heδ.
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The trapping force is often produced by an optical tweezer in experimental systems.

Although recent work has suggested that optical traps can exert nonlinear, noncon-

servative forces on particles [104, 103], the linear approximation is commonly used

for the trapping force for laser tweezers and small bead displacement [36, 95]. We

have recently shown that nonconservative forces in optical traps can be neglected in

one-point microbead rheology data analysis [16]. The particles may also be trapped

by purely elastic elements of the medium; recent experimental evidence [25, 116] indi-

cates that biological networks and gels exhibit non-linear elasticity even at very small

deformations. Our methods can be extended to analyze systems with non-linear traps

by making use of generalized Brownian dynamics simulations (GBDS) [16].

Since eq.(3.10) is linear in δrb(t) it can be Fourier transformed and solved. By

making use of the FDT (eq.(3.12)) we can obtain analytical expressions for all the

components of the one-sided Fourier transform of the mean-squared displacement ten-

sor (⟨δrb[ω]δrb[ω]⟩eq). Since the process is stationary, we can utilize ⟨δrb(0)δrb(0)⟩eq=

⟨δrb(t)δrb(t)⟩eq to write

⟨∆δrb(t)∆δrb(0)⟩eq = 2 (⟨∆δrb(0)∆δrb(0)⟩eq − ⟨∆δrb(t)∆δrb(0)⟩eq) (3.14)

where the angular brackets ⟨...⟩eq mean an ensemble average taken at equilibrium.

For a homogeneous isotropic medium the mean-squared displacement tensor

will be symmetric with four distinct components. A diagonal component involving

only autocorrelations in the direction perpendicular to the line of centers,

⟨∆δr2b(t)⟩⊥ := 2
(
⟨δrb(1)⊥(0)2⟩ − ⟨δrb(1)⊥(t)δrb(1))⊥(0)⟩

)
, (3.15)

and a similar definition for the mean-squared displacement (MSD) in the direction

parallel to the line of centers. The off-diagonal components of the mean-squared

displacement tensor involve only cross-correlations, one of them in the direction per-
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pendicular to the line of centers,

⟨∆δr2b(1,2)(t)⟩⊥ := −2⟨δrb(1)⊥(t)δrb(2))⊥(0)⟩ (3.16)

and an equivalent cross-mean-squared displacement (CMSD) in the direction perpen-

dicular to the line of centers.

The following relationship between the one-sided Fourier transform of the

mean-squared displacement in the direction perpendicular to the line of centers and

the memory function tensor can be found by using the the FDT eq.(3.12) and the

solution of the GLE eq.(3.10) in the frequency domain,

⟨∆δr2b[ω]⟩⊥ =
2kBT

(
He −mω2 + iωζ̄1,1[ω]

)
iω

−ω2
(
He −mω2 + iωζ̄1,1[ω]

)2 − ω4ζ̄1,3[ω]2
. (3.17)

An equivalent relation can be written for the direction parallel to the line of centers

with the replacements ζ̄1,1[ω] → ζ̄2,2[ω] and ζ̄1,3[ω] → ζ̄2,4[ω]. The following relation

between the CMSD and the components of the memory tensor, can also be obtained

from the solution of the GLE and the FDT in the frequency domain,

⟨∆δr2b(1,2)[ω]⟩⊥ =
2kBT ζ̄1,3[ω]ω

2

−ω2
(
He −mω2 + iωζ̄1,1[ω]

)2 − ω4ζ̄1,3[ω]2
. (3.18)

Here again an equivalent equation can be written for the direction parallel to the line

of centers with the replacements ζ̄1,1[ω] → ζ̄2,2[ω] and ζ̄1,3[ω] → ζ̄2,4[ω].

Eqs.(3.17) and (3.18) and their equivalent equations in the direction parallel

to the line of centers, used together with eq.(3.13) and a set of definitions for the

functions A⊥(ω) and A∥(ω), either eqs. (3.4) and (3.3) for the point force approxi-

mation, or eqs.(3.9) and (3.8) for the finite-sized beads, relate observable two-bead

statistics to linear viscoelastic properties of the fluid. These relations include bead

and medium inertia as well as an infinite number of reflections.

For the sample calculations that follow we consider a discrete relaxation spec-
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Figure 3.2. Real part of the one-side Fourier transform of the mean-squared dis-
placements (MSD) and cross-mean-squared displacement (CMSD) evaluated at the
frequency corresponding to the smallest relaxation time (ω = 2π/λ1), for beads em-
bedded in a 4-mode fluid as a function of the bead radius to bead separation ratio.
Comparisons between curves obtained with memory tensors with one reflection and
infinite reflections are shown. A:Real part of the MSD. B:Real part of the CMSD.

trum, which gives the following form for the dynamic modulus of the medium

G∗(ω) =
N∑
j=1

gjλjiω

1 + λjiω
, (3.19)

To illustrate the effect of reflections and finite bead size on the solutions derived above,

we consider the 4-mode relaxation spectrum, H∗ = {4, 3, 2, 1} and λ∗ = {1, 3, 9, 27}

where Hj := 6πRgj and the asterisk indicates the they have been made dimensionless

by using
√
kBT/He as the characteristic length scale and the smallest relaxation

time, λ =min{λj}, as the characteristic time scale. For the following illustrations the

dimensionless bead mass is set to m∗ = m/(λ21He) = 0.0001 and the mass of fluid per

bead volume (M = 4
3
πR3ρ) is set to the same value. Therefore

√
m∗ =

√
M∗ = 0.01

is the ratio between the smallest inertial time scale of the system and the shortest

relaxation time of this fluid. For micron-size beads suspended in water and trapped by

optical tweezers (He ≈ 7× 10−4N/m) there is a single characteristic time scale which

is defined by the viscosity of the fluid and the strength of the trap (λ = 6πRη/He). In

that system the ratio between the inertial time scale λm and the viscous characteristic
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time scale is approximately 0.07. For example, when performing microrheology of

biopolymers, which usually contain water as solvent, it is reasonable to assume that

viscoelastic relaxation time scales will start to be observable shortly after the viscous

characteristic time for water. Therefore a ratio λm/λ1 = 0.01 will be typical in this

type of system.

Figure 3.2 shows the real part of the one-sided Fourier transform of the MSD

and CMSD, evaluated at the frequency corresponding to the smallest relaxation time

(ω = 2π/λ1), as a function of Q. We first consider the effect of including an infinite

number of reflections in the memory function tensors, for the plots in Figure 3.2 the

point-force expressions for A⊥(ω) and A∥(ω) were used. It can be observed that the

memory functions with only one reflection systematically underestimate the MSD

and the CMSD at timescales where viscoelasticity dominates. Not surprisingly, the

closer the beads are placed (larger Q), the more important the number of reflections.

As a reference, when the beads are placed one bead diameter apart, Q = 0.25. As

expected, both solutions converge to the same estimates of the MSD and CMSD as

Q decreases.

In Figure 3.3 the real part of the one-sided Fourier transform of the MSD

and CMSD generated using the memory tensors with the point-force approximation,

eqs.(3.4) and (3.3), are compared with the MSD and CMSD generated using the

memory function tensors that were derived using the the finite-size solutions, eqs.(3.9)

and (3.8). The point-force approximation slightly overestimates the MSD in the

direction perpendicular to the line of centers, but significantly underestimates the

MSD in the direction parallel to the line of centers for Q ≥ 0.25. Ordinarily this

difference at Q > 0.25 would be unimportant in two-point microrheology, where

length scales larger than the bead size are sampled and therefore Q is always chosen

to be smaller than 0.25. On the other hand the point-force approximation slightly



69

0.10 0.15 0.20 0.25 0.30 0.35 0.40

0.0355

0.0360

0.0365

0.0370

0.0375

Q

N
o
rm

a
liz

e
d

R
e
8M

S
D
@Ω
=

2
Π
�Λ

1
D<

A

Finite-Size, þ

Point-Force, þ

Finite-Size, ¦

Point-Force, ¦

0.10 0.15 0.20 0.25 0.30 0.35 0.40

0.005

0.010

0.015

Q

N
o
rm

a
liz

e
d

R
e
8C

M
S

D
@Ω
=

2
Π
�Λ

1
D<

B

Finite-Size, þ

Point-Force, þ

Finite-Size, ¦

Point-Force, ¦

Figure 3.3. Real part of the one-side Fourier transform of the mean-squared dis-
placements (MSD) and cross-mean-squared displacement (CMSD) evaluated at the
frequency corresponding to the smallest relaxation time (ω = 2π/λ1), for beads em-
bedded in a 4-mode fluid as a function of the bead radius to bead separation ratio.
Comparisons between curves obtained with memory tensors with one reflection and
an infinite number of reflections are shown. A:Real part of the MSD. B:Real part
of the CMSD.

underestimates the CMSD in the direction perpendicular to the line of centers but

significantly overestimates it in the direction parallel to the line of centers for Q ≥

0.25.

At frequencies higher than that corresponding to the fastest relaxation time of

the fluid the discrepancies between the MSD predicted by the point-force approxima-

tion and the finite-size sphere become larger. Figure 3.4 shows comparisons between

the real part of the one-sided Fourier transform of the MSD generated by the point-

force approximation and the finite-size solutions. In the direction parallel to the line

of centers both methods predict the same high-frequency plateau followed by a bal-

listic region. The relative residuals between the two solutions increase as frequency

increases, but are evenly distributed around zero and do not increase beyond 5%. On

the other hand, for the direction parallel to the line of centers the memory tensor

calculated with the finite-bead-size solution produces an MSD with a much longer
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Figure 3.4. Real part of the one-sided Fourier transform of the mean-squared dis-
placement (MSD) for a 4-mode fluid as a function of frequency. The bead radius
to bead separation ratio was set to 0.2 for these figures. A: In the direction per-
pendicular to the line of centers. B: In the direction perpendicular to the line of
centers. The insets show the relative residuals between the two curves.

high-frequency plateau and no ballistic region, while the point-force approximation

produces a much smaller high-frequency plateau followed by a ballistic region.

3.4 Phase diagram for two-point microrheology

We address here when the data analysis formalism that includes inertia and

infinite reflections should be used, and when the inertia-less one, with only the lowest-

order reflections gives correct results. We consider two simple dimensional arguments

that can serve as guides to choose the proper data analysis strategy for a given fluid

and set of experimental conditions. As was shown in Section 3.2, for the wave that

forms in the bead-fluid interface to decay before producing multiple reflections it is

required that 2L
∆(ω)

≫ 1. For a viscoelastic fluid the ratio 2L
∆(ω)

increases as ∼ ω1/2 at

low frequencies. Whereas for a purely viscous fluid the ratio L
∆(ω)

always increases

with increasing frequency as ∼ ω1/2, for a viscoelastic fluid it reaches a plateau at

high frequencies, where elasticity dominates in the response, and becomes frequency

independent. Figure 3.5 shows a phase diagram for the two-point microrheology
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experiment done by Crocker et al. [19] on 0.25 % guar solutions with 0.20 µm diameter

beads. The dashed line represent 2L
∆(ω)

= 1, which means that, in region II, below

this line it is safe to neglect higher order reflections in the analysis of the CMSD. The

line stops at a ω = 0.2λ1 because for larger values of Q the ratio 2L
∆(ω)

never becomes

greater than one. Again this is due to the elasticity of the fluid which dominates at

high frequencies, making ∆(ω) frequency independent.

We turn now to the effects of medium inertia. The main effect of medium

inertia is that it can significantly affect the velocity at which the waves generated

at the bead-fluid interface propagate through the fluid. Therefore to analyze these

effects it is useful to define the speed at which the wave produced at the bead-fluid

interface propagates through the fluid,

c(ω) = ωΛ(ω). (3.20)

Where Λ(ω) is the wavelength of the wave, that was defined in eq.(3.5). Therefore

the time it takes for the wave to travel from one bead to the other is L
c(ω)

. At time

scales much longer than this the propagation of stress through the medium can be

assumed to be instantaneous and therefore inertia can be safely neglected from the

analysis. Therefore for medium inertia to be negligible ωL
c(ω)

≪ 1. At high frequencies

inertia becomes important because the time the wave takes to travel between the

beads becomes comparable to the relaxation time of the fluid being measured at a

frequency ω. At low frequencies the waves behave as they would in a purely viscous

fluid, ωL
c(ω)

∼ ω1/2. With increasing frequency the response becomes more elastic and

the effects of medium inertia more pronounced, ωL
c(ω)

∼ ω. Opposite to what is required

to reduce the effect of reflections, to reduce the effect of inertia a large Q is required.

This is because the shorter the distance between the beads, the shorter the time it

takes for the waves to propagate between them and therefore the assumption that the

propagation occurs instantaneously is more easily approached. The continuous line in
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the phase diagram shown Figure 3.5 represents ωL
c(ω)

= 1. In region III, above this line,

the effects of inertia can be neglected when inferring G∗(ω) from the CMSD. Region

I in the phase diagram is the intersection of regions II and III and therefore both

higher order reflections and inertia can be neglected when inferring G∗(ω) in that

region. When inferring G∗(ω) from a two-point microrheology experiment, carried

under conditions that fall inside region IV a data analysis formalism that accounts

for inertia and reflections is more appropriate.

The phase diagram shown in Figure 3.5 corresponds to a specific ratio between

the smallest characteristic time for inertia and the shortest relaxation time of the fluid,√
M/(Heλ21). If only a low-frequency range of the dynamic modulus is to be measured

then the
√
M/(Heλ21) ratio will have a smaller value and the continuous line (inertial

boundary) will move to the right (towards higher frequencies). The main result being

that region III will be expanded while region IV will shrink. On the other hand if

one wishes to measure viscoelastic properties at smaller time scales, then the ratio√
M/(Heλ21) will become larger and the inertial boundary will move to the left that

is, towards lower dimensionless frequencies, making region III smaller.

We now check more precisely the ability of this simple dimensional analysis

to predict the importance of inertia and reflections. We calculate the MSD for a

model viscoelastic fluid using generalized Brownian dynamics simulations and com-

pare the performance in recovering the input G∗(ω) of data analysis algorithms that

do not include inertia and high order reflections with the data analysis formalisms

that includes inertia and all reflections.

3.5 Time-domain data-analysis strategy

A common approach to analyze microbead rheology data is to calculate the

power spectral-density (PSD) by applying FFT directly to the raw bead position data
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Figure 3.5. A: Data points correspond to G’ (filled symbols) and G” (empty symbols)
data for 0.25 % guar solutions obtained by passive two-point microrheology pre-
sented by Crocker et al. [19]; the continuous lines is a fit of a multimode Maxwell
model to the experimental data. B: The phase diagram for the two-point microrhe-
ology experiment of the 0.25 % guar solutions [19] using dimensional analysis. The
continuous line represents ωL

c(ω)
= 1, and the dashed line is 2L

∆(ω)
= 1. In region II,

2L
∆(ω)

≫ 1, higher order reflections can be neglected. In region III, ωL
c(ω)

≪ 1, fluid
inertia can be neglected. In region I both inertia and reflections can be neglected.
In region IV neither reflection nor inertia should be neglected when inferring G∗(ω)
from the CMSD. For this fluid λ1 is equal to 0.014 seconds.

and squaring the absolute value of the result to obtain the real part of the one-sided

Fourier transform of the MSD. The imaginary part of the one-sided Fourier transform

of the MSD is obtained from the Kramers-Kronig relation [110]. These methods

however are known to introduce errors associated with frequency discretization and

finite-size windowing. Recently time-domain data analysis strategies that overcome

these issues were proposed [16, 28] for one-point microrheology. However, to derive

time-domain methods for high-frequency two-point passive microrheology the inverse

one-sided Fourier transform of eqs.(3.17) and (3.18) must be calculated. We next

propose an efficient method to approximate these integrals.

3.5.1 Rational approximations of the memory function tensors. For a



74

purely viscous fluid the one-sided Fourier transform of eq.(3.13) can be performed

analytically using the contour integration technique [3]. However for viscoelastic flu-

ids the inverse one-sided Fourier transform of eq.(3.13) can not be taken analytically

since it involves terms that contain the square root of G∗(ω) or the inverse of the

square root of G∗(ω) in an exponent. Even for the simplest model to describe G∗(ω)

for a viscoelastic fluid, the one-mode Maxwell model, the one-sided Fourier transforms

of eq.(3.13) can not be performed analytically. We therefore seek rational function

approximations in the frequency domain for the non-zero components of the memory

tensor eq.(3.13) which will allow us to take the inverse one-sided Fourier transforms

in a straightforward and computationally efficient way. To construct the approxima-

tions we start by specifying a functional form for G∗(ω) given by an N-mode discrete

relaxation spectrum, eq.(3.19). Moreover, a continuous spectrum can be approxi-

mated to arbitrary accuracy by a discrete spectrum [5, 7]. We find that the memory

function tensor that includes infinite reflections and medium inertia effects can be

well approximated by,

ζ(t) ≈ F̄−1

{
a+ biω +

N∑
i=1

ci
iω + λi

}
= aδ(t) + b

dδ(t)

dt
+

N∑
i=1

cie
−t/λi . (3.21)

The non-zero components of the tensors a, b, c1, ... cN are found by sampling the

components of eq.(3.13) and fitting rational functions to them. We find that b =Meffδ

is always a diagonal tensor that contains the effective mass of fluid dragged by each

individual bead accounting for the effect of reflections. a is an effective coefficient for

the dissipation of energy from the bead caused by fluid inertia and the {ci} tensors

contain the strengths of each Maxwell mode modified by fluid inertia and reflections.

To illustrate the performance of the rational approximation for the memory

function tensor, Figure 3.6 shows a comparison between the MSD generated with the

exact solutions and with the rational approximations for the 4-mode Maxwell fluid

introduced in the previous section, H∗ = {4, 3, 2, 1} and λ∗ = {1, 3, 9, 27}. The insets
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show the absolute residuals between the exact solutions generated with the point force

method and those generated using the rational approximations. The approximations

reproduce the exact MSD well in the entire frequency range. At higher frequencies,

in the ballistic region, the relative residuals become larger but they usually stay

below 5% and are distributed around zero without a systematic error. Moreover at

those high frequencies, where ballistic motion dominates, rheological properties can

not be extracted from the MSD or CMSD so these small errors are not expected

to be important. This type of approximation for the memory function tensor can

in principle be used for discrete relaxation spectra with arbitrary number of modes,

since the computational cost of generating the approximations scales linearly with

the number of modes.
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Figure 3.6. Comparison between the real part of the one-sided Fourier transform
of the mean-squared displacement (MSD) for beads embedded in a 4-mode fluid
generated by using exact solutions of the memory tensor or by using rational ap-
proximations. Insets show the relative residuals between the curves. A: In the
direction perpendicular to the line of centers. B: In the direction parallel to the
line of centers. The insets show the relative residuals between the two curves.

Figure 3.7 shows the effect that the radius-to-separation ratio, Q, has on the

capacity of the rational approximations to reproduce the MSD and CMSD generated

by the exact solution at frequencies corresponding to the fastest relaxation time of
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the fluid. The rational approximations reproduce the exact solutions very well for all

values of Q. Note that for Q = 0.5 the beads are touching and for Q = 0.25 exactly

one bead would fit in the space between the two beads. For two point microrheology

experiments, where the objective is primarily to sample length scales larger than

with one point microrheology, Q is usually smaller than 0.25. The agreement seen

for Q < 0.25 provides some justification for the approximation usually used in data

analysis.
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Figure 3.7. Effect of the radius-to-distance ratio, Q, on the quality of the ratio-
nal approximation of the memory tensor. A: On reproducing the mean-squared-
displacement (MSD) evaluated at the frequency corresponding to the fastest relax-
ation time. B: On reproducing the cross-mean-squared-displacement (CMSD) at
the frequency corresponding to the fastest relaxation time.

Using the rational approximation for the memory function tensor, eqs.(3.17)

and (3.18) can be transformed to the time domain using well-known methods for cal-

culating the inverse one-sided Fourier transform of rational functions. These methods

involve a one-dimensional root finding, and the solution of a linear system of equa-

tions [5]. The time-domain expressions, which are sums of exponentials, can be fitted

to MSD and CMSD data in the time domain. G∗(ω) is inferred using the fitted

parameters.

3.5.2 Generalized Brownian dynamics simulations. The rational approx-
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imation of the memory function tensor also allows us to extend our one-point mi-

crorheology simulation tools [16] to two-point microrheology. The GLE, eq.(3.10),

with a memory function tensor given by eq.(3.21) can be written as an equivalent

higher-dimensional Markovian system of SDEs. We can therefore perform Brown-

ian dynamics (BD) simulations of the two-point microrheology experiment, and use

these simulations to perform Monte-Carlo evaluations of our time-domain data anal-

ysis strategy.

Lower-dimensional non-Markovian stochastic differential equations SDEs can

be written as equivalent higher-dimensional Markovian SDEs. The non-Markovian

GLE eq.(3.10) with memory tensor (3.21) can be written as a system of Markovian

SDEs by introducing new stochastic variables with white noise spectra [16, 28, 22].

The SDE for the momentum of bead 1 in the direction perpendicular to the line of

centers is,

dpb(1)⊥(t) = −Heδrb(1)⊥(t)dt−

(
N∑
j=1

c1,1,jQ(1)⊥,j(t)−
N∑
j=1

c1,3,jQ(2)⊥,j(t)

)
dt

−
(
a1,1pb(1)⊥(t)

meff

+
a1,3pb(2)(t)

meff

)
dt

+

√
kBT

2

(√
a1,1 − a1,3 +

√
a1,1 + a1,3

)
dW1,⊥(t)

+

√
kBT

2

(√
a1,1 − a1,3 −

√
a1,1 + a1,3

)
dW2,⊥(t) (3.22)

where meff = m +Meff/2, and Q(1)⊥,j and Q(2)⊥,j are the new stochastic variables

introduced to make the system Markovian. The SDEs for {Q(1)⊥,j} are,

dQ(1)⊥,j(t) =

(
pb(1)⊥
meff

−
Q(1)⊥,j(t)

λj

)
dt

+

√
kBT

2

(√
1

λj (c1,1,j − c1,3,j)
+

√
1

λj (c1,1,j + c1,3,j)

)
dW1,⊥,j(t)

+

√
kBT

2

(√
1

λj (c1,1,j − c1,3,j)
−

√
1

λj (c1,1,j + c1,3,j)

)
dW2,⊥,j(t),

(3.23)
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Where the vector of Wiener processes dW = {dW1,⊥, dW2,⊥, dW1,⊥,1,

dW2,⊥,1, ...dW1,⊥,j, dW2,⊥,j, ...} has white-noise properties, i.e.,

⟨dW (t)⟩eq = 0, ⟨dW (t)dW (t′)⟩eq = δ(t− t′)δdtdt′. (3.24)

Equivalent equations for bead number 2 are coupled to eqs.(3.22) and (3.23). The

resulting system of coupled SDEs has 2+2N equations, the vector of Wiener processes

for the system has 4 + 4N components. A similar system, but involving different

components of the memory function tensor can be written for the direction parallel

to the line of centers. We simulate these systems of Markovian SDEs using Brownian

dynamics [16, 32, 96]. A multi-tau photon correlation spectroscopy (PCS) algorithm

[27, 84, 76] is used to calculate the MSDs and CMSDs on the fly, during the simulations

[16].
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Figure 3.8. Normalized mean-squared-displacement (filled squares) and cross-mean-
squared-displacement (empty squares), in the direction parallel to the line of
centers, generated by generalized Brownian dynamics simulations for beads em-
bedded in a 4-mode Maxwell fluid, including inertia and infinite reflections. A:√
M/(Heλ21) = 0.01, Q = 0.2. B:

√
M/(Heλ21) = 0.032, Q = 0.2. The lines are fits

used to transform the data to the frequency domain.

Figure 3.8 shows the MSD (filled squares) and CMSD (empty squares), in the

direction parallel to the line of centers, obtained with BD simulations of the two-

point passive microrheology experiment for beads embedded in the 4-mode Maxwell
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fluid introduced earlier. The generalized Brownian dynamics simulations are not

limited however to a small number of modes in the discrete relaxation spectrum, as

we have previously illustrated [16]. At very short time scales (t ≤ 0.002λ1) the MSD

is characterized by a ballistic region (∼ t2) caused by particle inertia. This is followed

by a small diffusive (∼ t) region (0.005λ1 ≤ t ≤ 0.01λ1) caused by the medium inertia,

which at these high frequencies plays the same role as a purely viscous element, and

therefore damps the oscillations that would otherwise be produced by particle inertia

[52, 16]. A plateau caused by the elastic elements of the fluid can be observed for

0.01λ1 ≤ t ≤ λ1. For time scales longer than the shortest relaxation time of the fluid

(t > λ1) an anomalous diffusion region (∼ t1/2) can be observed. This is followed by

the elastic plateau caused by the trap. In the CMSD the high-frequency ballistic and

diffusive slopes are not observed, the cross-correlations becomes zero for t ≤ 0.01λ1.

The high-frequency viscoelastic plateau and the anomalous diffusion regions can be

observed in the CMSD. However no elastic plateau is observed at long time scales

since the traps are uncorrelated.

In the simulation that gives the results shown in Figure 3.8A Q was set to 0.2

and the ratio between the smallest inertial characteristic time scale and the short-

est relaxation time of the fluid,
√
M∗ =

√
M/(Heλ21) was set to 0.01. The results

shown in Figure 3.8B correspond to a simulation where Q was also set to 0.2, but

the ratio of time scales
√
M∗ was set to 0.032, which means that there is a less pro-

nounced separation of inertial and viscoelastic time scales in the system. Recall that

for micron-sized beads suspended in water and trapped by optical tweezers the ratio

between the inertial time scale and the characteristic viscous time scale is approxi-

mately 0.07. Therefore a value of
√
M∗ of 0.032 is still a reasonable value at which

high-frequency viscoelastic response may be observed in biopolymers that contain

water as solvent.
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Since we have assumed that the fluid is a continuum, which implies that the

radius of the beads is much larger than the microstructure of the medium, the dy-

namic modulus obtained from both the MSD and the CMSD, obtained from the BD

simulations, should be the same. We have previously performed Monte-Carlo evalua-

tions for the time-domain data analysis of MSDs [16], therefore in this work we focus

on analyzing the CMSDs in the time domain to obtain G∗(ω). The lower gray line

in Figure 3.8A is a fit of the inverse one-sided Fourier transform of eq.(3.18) to the

CMSD generated with the BD simulations. The fitted parameters are the strengths

{Hj} and the relaxation times {λj} of the 4-mode Maxwell model. To check self con-

sistency we have also plotted (in Figure 3.8) the one-sided inverse Fourier transform

of eq.(3.17) using the parameters obtained from fitting the CMSD. As expected, since

we have assumed a continuum, this line falls on top of the MSD generated by the

BD simulations. In cases were the size of the bead is smaller than the microstructure

of the medium the rheological properties inferred from the CMSD can differ from

the ones obtained from analyzing the MSD. It has been shown experimentally [19]

and theoretically [73] that the CMSD is less contaminated by local inhomogeneities

surrounding the beads, and is therefore a better estimator for the bulk rheological

properties of the medium. Note however that the signal-to-noise ratio in the CMSD

will alway be smaller than in the MSD. Therefore in experiments an optimal distance

L between the beads exists at which the desired length scales are sampled with the

CMSD, while keeping a desired signal-to-noise-ratio. If the data analysis method

being used can not account for the effects of inertia and reflections one has to add

yet another restriction to the choice of Q, since it must be large enough to make such

effects negligible.

3.6 The inertia-less limit

In this section we consider the inertia-less and zero-reflections limit of the com-
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ponents of the memory function tensor eq.(3.13) and the GLE eq.(3.10). We consider

this limit because the expressions that result from it are those most commonly used

to analyze two-point passive microrheology experiments. We then compare a time-

domain method based on the inertia-less zero-reflections versions of eqs.(3.17) and

(3.18) to the time domain method described in the previous section which includes

medium and bead inertia as well as infinite reflections.

For small Q = R/L ratio (only first-order terms of a Taylor series expansion)

and in the limit ρ→ 0, the memory functions take the well known inertia-less forms

[113, 19, 4],

ζ1,1(t) = ζ3,3(t) = ζ2,2(t) = ζ4,4(t) = F̄−1

{
6πRG∗(ω)

iω

}
(3.25)

ζ2,4(t) = ζ4,2(t) = −3Q

2
ζ1,1(t) = F̄−1

{
−9QπRG∗(ω)

iω

}
(3.26)

ζ1,3(t) = ζ3,1(t) =
ζ2,4(t)

2
=
ζ4,2(t)

2
(3.27)

Note that the one-sided inverse Fourier transforms in eqs.(3.25-3.27) can be taken an-

alytically if a generalized Maxwell model is specified for G∗(ω), since all the integrands

can be written as rational functions.

By using the simplified memory functions eqs.(3.25-3.27) and by setting the

bead mass equal to zero in eq.(3.17) we obtain the following expression for the MSD

of the two beads,

⟨∆δr2b[ω]⟩ =
6kBT

iω
(
He + iωζ̄1,1[ω]

) . (3.28)

Similarly, by using eqs.(3.25-3.27) together with eq.(3.18) we obtain the following

simplified expression for the CMSD between the two beads,

⟨∆δr2b(1,2)[ω]⟩ =
9QkBT ζ̄1,1[ω]

2
(
He + iωζ̄1,1[ω]

)2 . (3.29)
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Eqs.(3.28) and (3.29) or their analogs for free particles are well known, and widely used

to analyze two-point passive microrheology experiments. However one must be careful

when taking this inertia-less limit since it is singular [52, 89]. We have previously

shown that by including a small, purely dissipative element in the memory function

of the GLE, ζ0, one can eliminate inertia from the GLE avoiding the singularity

[52, 16]. In the memory functions that include medium inertia the purely dissipative

element arises naturally at high frequencies from the Basset force terms. However

once these terms are neglected a small purely dissipative element must be introduced

in the memory functions of the inertia-less GLE to avoid the inertia-less singular limit

[52].

The inverse one-sided Fourier transforms of Eqs.(3.28) and (3.29) can also be

taken analytically if a generalized Maxwell model is used for G∗(ω), since the right

sides involve only rational functions. Similar to Reference [16], the following expres-

sion results from taking the one-sided Fourier transform of eq.(3.29), after specifying

a generalized Maxwell model for G∗(ω).

⟨∆δr2b(1,2)(t)⟩ =
N+1∑
j=1

[
c′j({cj}, He, ζ0) + c′′j ({cj}, He, ζ0)t

]
e−t/λ′

j({cj},He,ζ0) (3.30)

where the relations between Hj, λj, ζ0 and He with c
′
j, c

′′
j , and Λ′

j are found numeri-

cally when performing the transform.

3.7 Monte-Carlo evaluation of the data analysis algorithms

In this section we use the synthetic data generated with the simulations that

include all reflections and medium inertia to test the data analysis algorithms pre-

sented in Sections 3.5 and 3.6. Figure 3.9 shows a comparison between the G∗(ω)

used as input in the simulations and the G∗(ω) that is obtained from the time-domain

data analysis of the CMSD generated with the BD simulations (Figure 3.8). Output

1 was obtained including inertia effects and an infinite number of reflections, Output
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Figure 3.9. Monte-Carlo evaluation of the time-domain data analysis algorithms using
the synthetic CMSD data generated with the BD simulations. Output 1: Obtained
with the data analysis algorithm that include inertia and infinite reflections, eq.
(3.18). Output 2: Obtained with the data analysis algorithm that neglects inertia
and accounts only for first order reflections eq. (3.29). The ratio between the
smallest inertial time scale and the shortest relaxation time of the fluid is 0.01
for this case. Output 3: Obtained with the data analysis algorithm that neglects
inertia and accounts only for first order reflections eq. (3.29). The ratio between
the smallest inertial time scale and the shortest relaxation time of the fluid is 0.032
for this case.

2 was inferred using the data analysis formalism that neglects fluid inertia and high

order reflections, that is eq.(3.29). Both data analysis algorithms were applied to the

same time-domain CMSD fit, therefore the errors observed in output 2 are entirely

due to neglecting inertia and higher-order reflections when inferring G∗(ω). Output

2 was obtained from analyzing the CMSD obtained from a simulation in which the

ratio between the smallest inertial time scale and the shortest relaxation time of the

fluid,
√
M/(Heλ21), was set to 0.01 while Output 3 was obtained from analyzing a

CMSD in which this ratio was 0.032. It can be observed that in Output 3 the errors

caused by neglecting inertia in the data analysis start corrupting the inferred G∗(ω)

at lower frequencies than in output 2. On the other hand, the time-domain data

analysis, that includes inertia and all reflections, performs equally well in inferring

the dynamic modulus from the synthetic CMSD data for both values of
√
M/(Heλ21).
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We can now analyze the results presented in Figure 3.9 in the light of the

phase diagram for two-point microrheology that was presented in Figure 3.5. The

CMSD from which the G∗(ω) of Output 1 and Output 2 was inferred corresponds

to a system at the top of region III of the phase diagram. At frequencies near the

cross-over between G′ and G′′ the errors in Output 2 can be attributed entirely to

neglecting higher-order reflections in the analysis. At frequencies close to 2π/λ1 there

is a cancellation of the errors produced by neglecting higher-order reflections and

the errors produced by neglecting inertia. At higher frequencies (region IV) inertia

becomes important and the observed discrepancies from the input are due to inertial

effects. When the separation between the smallest inertial time scale and the shortest

relaxation time of the fluid is smaller (Output 3, in Figure 3.9), region III in the phase

diagram shrinks and inertial effects become important at lower frequencies.

3.8 Conclusions

We have derived a generalized Stokes tensor for two hydrodynamically inter-

acting beads embedded in a viscoelastic fluid. The tensors include the effects of

medium inertia and consider an infinite number of reflections of the velocity waves

caused by the motions of the beads. A generalized Langevin equation for two hydro-

dynamically interacting trapped beads embedded in a viscoelastic fluid was presented.

Using the memory function tensor obtained from the generalized Stokes relation the

GLE was solved in the frequency domain to obtain relations between the beads’ auto-

and cross-correlations and the components of the generalized Stokes tensor. We have

analyzed the effects of including one reflection or an infinite number of reflections of

velocity waves, in the generalized Stokes tensor. The memory functions with only

one reflection systematically underestimate the MSD and the CMSD of particles em-

bedded in a viscoelastic fluid. The effect of using point-force solutions or solutions

for finite-size spheres, when constructing the tensors has also been addressed. MSDs
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and CMSDs generated with both solutions agree for values of the radius-to-separation

ratio below 0.25, but deviate significantly for values larger than that. However it is

important to note that experiments are typically made with a radius-to-separation

ratio below 0.25.

To derive a time-domain data analysis strategy for inferring high-frequency

linear viscoelastic properties from two-point cross correlations, we have proposed ra-

tional function approximations for the components of the memory function tensor.

The approximations allow one to perform efficiently the inverse one-sided Fourier

transform of the expressions obtained for the MSD and CMSD from solutions of the

GLE in the frequency domain. The rational approximation of the memory function

tensor was also used to construct generalized Brownian dynamics (BD) simulations

of the two-point passive microrheology experiment. The time-domain data analy-

sis strategy for the two-point cross correlations was evaluated using synthetic data

produced with the simulations.

We have taken the zero-inertia and lowest order reflections limit of the general-

ized Stokes tensor and the GLE and shown that in this limit our methods converge to

the formulas most commonly used in the literature to analyze passive two-point mi-

crorheology. There is a considerably large region of values for the radius-to-distance

ratio and frequency, relevant to microbead rheology experiments, where the data

analysis formalism that neglects medium inertia and higher order reflections produces

noticeable errors in the dynamic modulus inferred from two-point cross-correlations.

At high frequencies the wavelength of the waves propagating trough the viscoelastic

fluid becomes small compared to the distance between the beads and therefore the

assumption that stress propagates instantaneously becomes invalid. Additionally re-

flected waves can be important at low frequencies, where the penetration depth of

the waves can become larger than the distance between the beads. In experiments
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an optimal distance L between the beads exists at which the desired length and time

scales are sampled while keeping a desired signal-to-noise-ratio in the CMSD. A large

L can reduce the effect of higher-order reflections, but will increase the effects of

medium inertia and reduce the signal-to-noise-ratio in the CMSD. The data analysis

formalism presented in this work significantly expands the region of distances between

the beads and frequencies at which rheological properties can be accurately measured

using two-point passive microrheology. Moreover the additional physics introduced in

the data analysis formalisms do not add additional significant computational costs.
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CHAPTER 4

THE EFFECTS OF COMPRESSIBILITY, HYDRODYNAMIC INTERACTION
AND INERTIA ON TWO-POINT, PASSIVE MICRORHEOLOGY OF

VISCOELASTIC MATERIALS

This Chapter previously appeared in Soft Matter (The Royal Society of Chem-

istry) volume 9, issue 13, page 3521-3534, year 2013.

4.1 Introduction

The two-point passive microrheology technique is based on measuring the

cross-correlated thermal motion of pairs of tracer micron-sized beads (R < 1µm)

to determine G∗(ω) [19, 73, 48]. Unlike bulk rheometers, microbead rheology requires

only very small samples (pico- to microliter order) and elastic modulus as small as

10-500 Pa can be measured [59]. These advantages make the technique especially

useful for the analysis of biological samples [1, 128]. The pair of particles of radius

R is separated by a distance L larger than the microstructure of the medium. In the

passive two-point microrheology experiment the beads are driven by Brownian forces.

The motion of the beads creates a velocity field in the otherwise undisturbed medium.

This velocity field is characterized by waves that originate at the bead-medium in-

terface, and then reflect back and forth between the beads. The cross-correlations of

the two tracer beads will therefore be determined by the nature of those waves. The

waves produced at the bead-medium boundary can be characterized by a wavelength

and a penetration depth. At a given frequency the wavelength indicates the velocity

at which the waves propagate while the penetration length indicates a characteristic

distance the wave propagates before dissipating significantly from the medium. If the

medium is compressible, then there are two kinds of waves, each of which has two

such length scales.

There has been a recent interest to use the two-point microrheology technique
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to measure the complex compressibility of biopolymers and cell components such as

F-actin and microtubules [99]. This would seem at first glance an excellent benchmark

application for the two-point microrheology technique. As stated above microrheol-

ogy methods are specially suitable to test the often scarce and expensive biological

samples. Moreover the linkage of Poisson ratio to specific microstructural characteris-

tics of a great variety of materials has been studied extensively. For example it is well

known that the Poisson ratio is intimately connected with the way structural elements

are packed [38]. Measurements of the Poisson ratio might be appropriate for testing

or fitting microscopic models of cell mechanics. This approach has already proven

successful in the understanding and molecular-based design of other type of materials

[38]. A rigorous theoretical study of the sensitivity of the passive two-point microrhe-

ology technique is still lacking however. Therefore the reliability of compressible data

obtained using two-point microrheology has not been well established.

Data analysis for two-point microrheology usually makes two important ap-

proximations: (i) that the waves produced at the bead-boundary interface decay

before producing reflections, (ii) and that the waves propagate through the medium

instantaneously, in other words that the inertia of the medium is negligible. For a

given material to satisfy those assumptions only data gathered with beads placed at

a distance 2L at which the reflections produced by one bead will significantly de-

cay before reaching the other bead should be used. Similarly, the methods are only

applicable to data gathered at frequencies where the waves can be assumed to be

propagating much faster than the relaxation times being measured. However finding

the experimental conditions where all these assumptions are met might not be possi-

ble for a viscoelastic material, especially if a wide spectrum of relaxation times is to

be measured.

The compressibility of the medium adds another factor to consider in the
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analysis of the two-point microrheology data. [72] have previously pointed out there

are two basic reasons to question the validity of the traditional microrheology data

analysis (generalized Stokes-Einstein relation) in compressible viscoelastic solids. A

probe particle moving at a given frequency will excite modes other than simple shear

modes, and its response to external forces will, in general, depend on all of these modes

in a way not simply described by the shear modulus. To model the effect of medium

compressibility in the two-point microrheology experiment they considered a model

viscoelastic medium consisting of a viscoelastic network that is viscously coupled to an

incompressible, Newtonian fluid. They calculated an approximate mutual response

function for their two-fluid medium and showed that in the limit that the bead-

bead separation (L) is large compared to the radius of the beads (R), this response

function measures the bulk rheological properties of the medium independently of

the rheological properties of the regions immediately surrounding the two beads [73].

This conclusion was reached when the response functions were derived with lowest-

order reflections only. The corrections due to higher-order reflections were estimated

and shown to be small for a large bead-bead separation (L). Their analysis however

was based on the steady Stokes equation and therefore the effects of medium inertia

in the mutual response functions were not considered.

In Chapter 3 we presented a data analysis algorithm for the two-point mi-

crorheology technique that accounts for medium inertia and high-order hydrodynamic

reflections and therefore expands the versatility of the technique. We have shown that

the waves produced by two micron-sized beads trapped close together inside a vis-

coelastic fluid travel through the medium at a frequency-dependent speed. This is

unlike purely viscous or elastic media. In a purely viscous medium the penetration

length is identical to the wavelength, therefore there is only one relevant length scale.

On the other hand in a purely elastic solid the waves travel back and forth between

the beads without ever dissipating. Therefore the only relevant length scale is the
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wavelength of this oscillatory wave. In a viscoelastic material the waves created at

the bead-medium interfaces will display two different length scales, the penetration

length and the wavelength. Moreover these two length scales will have a frequency

dependence determined by the dynamic modulus of the material. In the two-point

microrheology technique rheological properties are inferred from the particular charac-

teristics of these waves. However it is usually assumed that the waves travel infinitely

fast between the two beads and that they decay significantly before wave reflections

can return to the beads. The first of these assumptions is usually valid at low frequen-

cies, but can break down at high frequencies where the time scales being measured

become comparable to the time it takes the waves to travel between the beads. The

second of these assumptions is expected to be valid when the beads are separated by a

distance at much larger than the penetration length of the wave. We have shown that

if these assumptions are used outside this range then observable errors can be intro-

duced in the inferred rheological properties. However due a cancellation of the errors

produced by neglecting higher-order reflections and the errors produced by neglecting

inertia these simplified techniques can sometimes work outside the expected domain.

In this Chapter we extend our data analysis formalism to viscoelastic compressible

solids. In contrast to incompressible materials, two types of waves can propagate

through a compressible medium, namely shear waves and longitudinal waves. Char-

acterizing the velocity at which these two types of waves travel and the distance they

travel before significantly dissipating from the medium is important for the correct

analysis of two-bead microrheology data of compressible materials. We address these

issues here.

In Section 4.2 we derive generalized Stokes tensors with medium inertia and an

infinite number of reflections for compressible viscoelastic solids. We make use of well-

known analytic solutions for an isolated sphere in a compressible elastic medium [129,

90], the method of reflections [18, 3], and exploit the correspondence principle. Simple



91

dimensional arguments are then used to construct a phase diagram for the shear and

longitudinal waves propagating through a viscoelastic solid, which can serve as a guide

to indicate experimental conditions under which inertia and reflections may become

important for compressible materials. In Section 4.3 a generalized Langevin equation

is given for two hydrodynamically interacting beads embedded in a viscoelastic solid.

The equation is solved in the frequency domain to obtain relations between the beads

auto- and cross- correlations and the components of the generalized Stokes tensor

derived in Section 4.2. In Section 4.4 we present a detailed analysis of the sensitivity

of the two-point microrheology technique to changes in the complex compressibility

of viscoelastic solids. We consider the sensitivity of two-bead cross-correlations to

dynamic and static properties of the Poisson ratio. Finally in Section 4.5 we make use

of generalized Brownian dynamics (GBD) [16] and a microscopic model which relates

the Poisson ratio to the microstructure of the medium [20] to simulate the two-bead

passive microrheology experiment in F-actin and microtubule composites. We use the

simulated two-point cross-correlations to test the traditional data analysis formalism

which neglects inertia and high order hydrodynamic interactions, and show the errors

that can be generated in the inferred Poisson ratio. As comparison, we use the data

analysis formalism which is obtained from the equations derived in Section 4.3 and

show that a better estimation of the Poisson ratio, and therefore of microstructural

characteristics of the actin-microtubules composites, can be obtained.

4.2 High-frequency generalized compressible Stokes tensors

We begin this section by deriving a generalized Stokes tensor for the two-

point microrheology of compressible materials that accounts for inertial effects and

an infinite number of reflected waves. To construct the Stokes tensors for compressible

media we make use of two components: (i) the well known response function for a

sphere in a compressible viscoelastic fluid [129, 90] and (ii) the method of reflections
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for unsteady Stokes flows introduced by Ardekani and Rangel [3], and previously

generalized by us to viscoelastic incompressible fluids [18]. Previous analyses of two-

point microbead rheology are based on solutions obtained from the steady Stokes

equation [48, 113, 73, 19], which neglects the effects of medium inertia and higher-

order hydrodynamic reflections.

Zwanzig and Bixon [129] were the first to derive the unsteady response function

for an isolated sphere in a compressible 1-mode viscoelastic medium. However as

Metiu et al. [90] later pointed out their derivation contains a minor error which

causes an additional erroneous term to appear in their expression for the response

function. The correct unsteady response function for the isolated sphere was first

derived by Metiu et al. [90].

Ardekani and Rangel [3] used the method of reflections [39], which is an ap-

proximate method for calculating the force exerted on two small spheres moving in

Stokes flow to solve the unsteady problem. The particles are assumed to be suffi-

ciently close to each other to interact hydrodynamically but sufficiently distant from

boundary walls so that the surrounding medium is regarded as an infinite sea. So-

lutions for a single time-dependent point-force or for an isolated sphere are used in

combination with the method of reflections. The velocity field that satisfies boundary

conditions on two spheres is constructed by a linear superposition of an infinite num-

ber of velocity fields that satisfy boundary conditions on one sphere, each velocity

field representing a reflection of the wave generated at the bead-medium interface.The

problem is axisymmetric about the line of centers between the two beads, and can

therefore be reduced to a two-dimensional problem. The method of reflections gives

the solution as an infinite series. Calculating all the terms in this geometric series,

one can analytically find the summation of all terms.

The correspondence principle allows one to replace the frequency-independent
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shear modulus and Poisson ratio of simple elastic materials by the complex shear

modulus and complex Poisson ratio of linear viscoelastic materials, after the equa-

tions have been transformed from the time domain to frequency space. This identi-

fication is possible because linear viscoelasticity presumes a convolution integral for

the stress tensor, whose Fourier transform yields the Stokes relation with complex

(frequency-dependent) modulus. Therefore in the frequency domain, the linearized

Cauchy equations (steady or unsteady) for a compressible viscoelastic material are

equivalent to the linearized Cauchy equations for a compressible purely elastic solid.

Whenever the linear elastic deformation problem can be solved, the analogous solution

of the linear viscoelastic deformation problem follows [126, 120, 69].

Consider two particles of radius R located a distance L apart and moving with

velocities vb(1)(t) and vb(2)(t) in an unbounded viscoelastic solid. In the absence of the

particles the medium is not deformed; the motion of the particles produces a velocity

field in the medium v(r, t). The particles are at least a few diameters apart. We

assume following References [48, 113, 73, 19] that L is independent of the motion of

the beads, which implies that the displacements of the beads are small compared to

L. The relation between the motion of the two beads and the force exerted by the

viscoelastic solid on one of the particles is,

F(1)[ω] = −ζ̄[ω]
(
vb(1)⊥[ω]− vb(2)⊥[ω]A⊥(ω)

1− A⊥(ω)2
δ⊥ +

vb(1)∥[ω]− vb(2)∥[ω]A∥(ω)

1− A∥(ω)2
δ∥

)
,(4.1)

where,

ζ̄[ω] :=
4πG∗(ω)

iω
R (ikt(ω)R)

2

{
[1− ikl(ω)R]At − 2 [ikt(ω)R− 1]Al

2 (ikt(ω)R)
2Al + (ikl(ω)R)

2At

}
, (4.2)

is the one-sided Fourier transform (i.e., ζ̄[ω] ≡ F̄{ζ(t)} :=
∫∞
0
ζ(t)e−iωtdt) of the

frequency-dependent friction coefficient including the Basset force term and the mass

of material dragged by a single bead embedded in a viscoelastic compressible medium.

We indicate the Fourier transform by frequency argument with square brackets, and
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one-sided transform by an over-bar. The first subindex indicates the bead number,

and the symbols ⊥ and ∥ indicate the direction perpendicular and parallel to the line

of centers of the two beads, respectively. At and Al are defined by,

At = 3− 3ikt(ω)R + (ikt(ω)R)
2 (4.3)

Al = 3− 3ikl(ω)R + (ikl(ω)R)
2 . (4.4)

kt(ω) and kl(ω) are frequency-dependent, complex wave-numbers for the shear and

longitudinal waves respectively,

kt(ω) = −ω
√

ρ

G∗(ω)
, kl(ω) = −ω

√
ρ (2ν∗(ω)− 1)

2G∗(ω) (ν∗(ω)− 1)

= −ω
√

ρ

K∗(ω) + 4
3
G∗(ω)

(4.5)

The complex Poisson ratio, ν∗(ω), is defined as

ν∗(ω) =
3K∗(ω)− 2G∗(ω)

6K∗(ω) + 2G∗(ω)
=

λ∗(ω)

2(G∗(ω) + λ∗(ω))
(4.6)

where K∗(ω) is the bulk modulus, G∗(ω) is the dynamic modulus, and λ∗(ω) =

K∗(ω)− 2
3
G∗(ω) is the first Lamé coefficient. Note that the real part of the complex

Poisson, ν ′(ω), ratio is always bounded between −1 and 1/2 and its imaginary part,

ν ′′(ω), between 0 and 1/2 [120]. These inherent bounds of the Poisson ratio make it

specially convenient to characterize the compressibility of a material by significantly

reducing the parameter space to be explored during data analysis.

To calculate the reflections we assume that particle 1 is located at a relatively

large distance (several diameters) from particle 2. We then compute the translational

effect of particle 1 by assuming that: (i) it generates the same force as that produced

by a point force located at the center of the particle; (ii) the drag resulting from the

field reflected at a given particle can be approximated by considering the field to be

equivalent to a uniform velocity field with the same magnitude and direction as would
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exist at the location of the particle center if it were not present [39]. As long as L/R

is sufficiently large the assumptions should be safe. Then the functions A∥(Q,ω) and

A⊥(Q,ω) are given by

A∥(ω) =
iωQζ̄[ω]

4πG∗(ω)

{
2

ikt(ω)L
eikt(ω)L − 2

(ikt(ω)L)
2

[
eikt(ω)L − 1

]}
+
iωQζ̄[ω]

4πG∗(ω)

(
1− 2ν∗(ω)

2− 2ν∗(ω)

)
×
{
eikl(ω)L − 2

ikl(ω)L
eikl(ω)L +

2

(ikl(ω)L)
2

[
eikl(ω)L − 1

]}
, (4.7)

A⊥(ω) = −
A∥(ω)

2
+
iωQζ̄[ω]

4πG∗(ω)

{
eikt(ω)L +

(
1− 2ν∗(ω)

2− 2ν∗(ω)

)
eikl(ω)L

2

}
, (4.8)

where Q = R/L is the bead radius to bead separation ratio. The detailed derivation

of eqs.(4.7) and (4.8) is given in Appendix A.

It is important to note that in viscoelastic media, unlike purely viscous or

purely elastic media, the waves produced at the bead-medium interface have frequency-

dependent, complex wave-numbers kt(ω) and kl(ω), for the waves propagating in the

transverse and longitudinal directions, respectively. We previously considered incom-

pressible fluids where only shear waves are produced [18]; a detailed characteriza-

tion and dimensional analysis for the shear waves propagating through a viscoelastic

medium has already been presented in Chapter 3. Although the characterization and

dimensional analysis is analogous in this work we restate it for the longitudinal waves

propagating through a compressible viscoelastic solid. The wavelength of the longi-

tudinal wave penetrating into the viscoelastic solid from the bead surface is defined

as,

Λl(ω) := 1/|k′l(ω)| (4.9)

where k′l(ω) is the real part of the frequency-dependent wave number. We may also

define the penetration depth of the wave as,

∆l(ω) := 1/k′′l (ω) (4.10)
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where k′′l (ω) is the imaginary part of the frequency-dependent complex wave number.

From eqs.(4.9-4.10) we can see that,

−ikl(ω)L =
L

∆l(ω)
+

iL

Λl(ω)
. (4.11)

The first term on the right hand side of eq.(4.11), which involves the penetration

length, determines how fast the wave decays. The second term, which involves the

wavelength, characterizes the oscillatory part of the memory function tensor. If the

distance L between the two beads is much larger than half the penetration depth,

∆l(ω)/2, then the reflected waves decay significantly before reaching the other bead

and therefore the effect of reflections is small. However if the distance between the

beads is comparable to the penetration depth the reflected waves from bead 2 will

have an important effect in the motion of bead 1 and vice-versa.

Based on eq.(4.11) we propose two simple dimensional arguments that can

serve as guides to determine whether or not medium inertia and high order hydrody-

namic reflections should be taken into account when determining the compressibility

of a viscoelastic solid with the two-point microrheology technique. The Brownian

motion of two micron-sized near each other in a viscoelastic medium produce waves

at the bead-medium interfaces. These waves will travel a distance equal to their

penetration length before dissipating significantly. If the distance between the two

beads is comparable to, or smaller than, the penetration length, then bead 1 will feel

the presence of bead 2, and vice versa. This effect is called “hydrodynamic inter-

action”, and its observable manifestation is the appearance of cross-correlations in

the statistics of the beads’ displacements. Additionally, when the wave produced by

bead 1 reaches bead 2 it gets reflected, bouncing back towards bead 1. This reflection

is the so-called “first-order reflection” of the hydrodynamic waves. If the distance

between the beads is sufficiently small, then these first-order reflections will return to

bead 1 before dissipating; the same holds for bead 2. Therefore in such a situation
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Figure 4.1. A: Dynamic modulus, eq.(4.25) normalized by the equilibrium modulus
ge, and B: complex Poisson ratio, eq.(4.26), of the viscoelastic solid for which
the dimensional-analysis phase diagrams in parts C and D were constructed. C:
Phase diagram for the shear waves propagating through the medium. D: Phase
diagram for the longitudinal waves propagating through the medium. In both phase
diagrams the continuous line represents ωL

cl(ω)
= 1, and the dashed line is 2L

∆l(ω)
= 1.

In region I where 2L
∆l(ω)

≫ 1 higher order reflections should be negligible. In region

II where ωL
cl(ω)

≪ 1 it is safe to neglect medium inertia. In region III both inertia and
high order hydrodynamic reflections may have a measurable effect in the dynamics
of the shear and longitudinal waves propagating through the viscoelastic medium.
Frequency is made dimensionless by the shortest relaxation time of the material,
λmin.

the beads feel the first-order reflections. These in turn, have an observable effect on

the cross-correlations of the beads’ displacements. Moreover if the beads are brought

closer together, then higher-order reflections are felt by the beads before dissipating.
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Figure 4.1 shows a dimensional-analysis phase diagram for the waves propa-

gating through a 4-mode Maxwell viscoelastic solid during a two-bead microrheology

experiment. For the wave that forms in the bead-medium interface to decay before

producing multiple reflections it is required that 2L
∆l(ω)

≫ 1. The dashed line in parts

C and D represent 2L
∆l(ω)

= 1, which means that, in region I, below this line higher-

order reflections are not relevant for the analysis of the waves propagating through

the compressible viscoelastic medium.

We turn now to the effects of medium inertia. Inertia causes a vortex-like flow

surrounding a localized disturbance at short times which leads to enhanced correla-

tions in the thermal velocity fluctuations in liquids. A well-studied consequence of

these correlations is the slow, decay of velocity correlations, known as the long-time

tail [129, 90]. In viscoelastic media the velocity autocorrelation functions, specif-

ically their oscillatory character, becomes much more pronounced with increasing

elastic component of the shear modulus [77]. At a more microscopic level the main

effect of medium inertia is that it can significantly affect the velocity at which the

waves generated at the bead-medium interface propagate through the medium. In

traditional microrheology analysis one assumes that hydrodynamic waves propagate

instantaneously between the beads. However, for sufficiently large bead separation,

or sufficiently high frequencies, the lag time for wave propagation can be important.

Therefore to analyze these effects it is useful to define the propagation speed of the

longitudinal wave (speed of sound) produced at the bead-medium interface as,

cl(ω) = ωΛl(ω). (4.12)

Where Λl(ω) is the wavelength of the wave, that was defined in eq.(4.9). Therefore the

time it takes for the wave to travel from one bead to the other is L
cl(ω)

. At time scales

much longer than this the propagation of longitudinal stress through the medium can

be assumed to be instantaneous and therefore inertia can be safely neglected from
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the analysis of the longitudinal waves. Therefore for medium inertia is negligible if

ωL
cl(ω)

≪ 1. At high frequencies inertia becomes important because the time the wave

takes to travel between the beads becomes comparable to the relaxation or delay time

of the fluid being measured at a frequency ω. Opposite to what is required to reduce

the effect of reflections, to reduce the effect of inertia a large separation between the

beads is required. This is because the shorter the distance between the beads, the

shorter the time it takes for the waves to propagate between them and therefore the

assumption that the propagation occurs instantaneously is more easily approached.

The solid lines in the phase diagrams shown in Figure 4.1 represents ωL
cl(ω)

= 1. In

region II, above this line, the waves can be assumed to be traveling infinitely fast. In

region III the magnitude of the effect of both inertia and reflections on the motion of

the waves propagating through the viscoelastic medium becomes important.

Note that the phase diagrams shown in Figure 4.1 differ from the phase dia-

grams we have presented before [18] for viscoelastic fluids in that there is no region

where medium inertia and high order reflections become negligible at the same time.

This region appears for viscoelastic fluids at low frequencies and small bead-radius-

to-bead-separation ratio. This is because for viscoelastic fluids, the equilibrium mod-

ulus ge is zero (ge = 0) and therefore each component of the dynamic modulus is

G′ ∼ ω2, G′′ ∼ ω at the low-frequency terminal zone, so that ∆(ω) ≃ Λ(ω) ∼ ω1/2.

On the other hand, for viscoelastic solids, the equilibrium modulus is finite (ge > 0)

and therefore G′ ∼ ω0 so ∆(ω) is much larger than Λ(ω) at low frequencies.

The preceding analysis, which was carried out for a compressible viscoelastic

solid, with a complex-valued, frequency dependent Poisson ratio, is an alternative

to results previously presented by Levine and Lubensky [72] for two-fluid models. In

two-fluid models at high frequencies the compressible network is dissipatively coupled

to the incompressible fluid (solvent). Therefore, the longitudinal mode of the network
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plays no role in the high-frequency bead dynamics. Moreover at large enough frequen-

cies the fluid will carry the larger part of the stress in the material, while below some

crossover frequency the network shear modulus is the dominant contributor to the

mechanical properties of the two-fluid material. A simple calculation shows that this

crossover frequency is on the order of 108 Hz [72], which is well above experimentally

accessible frequencies, so that the network shear modulus is typically the principal

contributor to the two-fluid shear modulus.

4.3 Two-point high-frequency compressible generalized Langevin Equa-
tion

In this section we write the equations of motion for the two probe beads of

radius R and separated by a distance L embedded in a viscoelastic solid. The

dynamics of micron-sized beads embedded in a viscoelastic solid are known to

be described by a generalized Langevin Equation (GLE) [50, 45, 13],

dpb(t)

dt
= −He · δrb(t)−

∫ t

−∞
ζ(t− t′) · pb(t

′)

m
dt′ + fB(t). (4.13)

Where,

δrb =



δrb(1)⊥

δrb(1)∥

δrb(2)⊥

δrb(2)∥


(4.14)

is the bead displacement vector and pb = mdδrb(t)
dt

are the beads’ momenta,

with m the bead mass. The Brownian forces satisfy the fluctuation-dissipation

theorem (FDT),

⟨fB(t)fB(t
′)⟩eq = kBTζ(t− t′). (4.15)
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If the fluctuations of the beads’ positions are small compared to L the solutions

to the linearized Cauchy’s equation such as eq.(4.1) can be used to write a GLE

with a bead-position-independent memory kernel. We can use eqs.(4.1) and

(4.2) to write the components of the memory function tensor, ζ(t) = F̄−1
{
ζ̄[ω]

}
(where F̄−1{f̄ [ω]} is the inverse one-sided Fourier transform),

ζ̄[ω] = ζ̄[ω]



1
1−A⊥(ω)2

0 − A⊥(ω)
1−A⊥(ω)2

0

0 1
1−A∥(ω)2

0 − A∥(ω)

1+A∥(ω)2

− A⊥(ω)
1−A⊥(ω)2

0 1
1−A⊥(ω)2

0

0 − A∥(ω)

1−A∥(ω)2
0 1

1+A∥(ω)2


− He

iω
(4.16)

Note that, although the two beads are correlated, the ⊥ and ∥ directions are

decoupled. The expression for A⊥(ω) and A∥(ω), which include all reflections,

medium inertia and compressibility where given in eqs.(4.8) and (4.7) respec-

tively.

He is the so-called frequency matrix involving only purely elastic elements.

We have shown before that for viscoelastic solids there exists a frequency matrix

He outside of the memory function [50]. For a compressible viscoelastic solid the

frequency matrix is given by,

He = He



1
1−A2

e,⊥
0 − Ae,⊥

1−A2
e,⊥

0

0 1
1−A2

e,∥
0 − Ae,∥

1+A2
e,∥

− Ae,⊥
1−A2

e,⊥
0 1

1−A2
e,⊥

0

0 − Ae,∥
1−A2

e,∥
0 1

1+A2
e,∥


(4.17)

where

He =
24πRge(νe − 1)

6νe − 5
(4.18)
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and

Ae,∥ =
6Q(νe − 1)

6νe − 5
, Ae,⊥ =

3Q(4νe − 3)

2(6νe − 5)
. (4.19)

Where ge = G∗(ω = 0) and νe = ν∗(ω = 0). Eqs.(4.17)-(4.19) are obtained by solving

the steady linearized Cauchy equation for two beads embedded in an infinite purely

elastic medium and keeping only first-oder terms in Q.

For a homogeneous isotropic medium the mean-squared displacement tensor

will be symmetric with four distinct components [18]. The diagonal component in-

volving only autocorrelations of the first particle in the direction perpendicular to the

line of centers is given by,

⟨∆δr2b(t)⟩⊥ := 2
(
⟨δrb(1)⊥(0)2⟩ − ⟨δrb(1)⊥(t)δrb(1))⊥(0)⟩

)
, (4.20)

with a similar definition for the mean-squared displacement (MSD) in the direction

parallel to the line of centers. Similar definitions also hold for the second probe

particle. The off-diagonal components of the mean-squared displacement tensor in-

volve only cross-correlations, one of them in the direction perpendicular to the line

of centers,

⟨∆δr2b(1,2)(t)⟩⊥ := −2⟨δrb(1)⊥(t)δrb(2))⊥(0)⟩ (4.21)

and an equivalent cross-mean-squared displacement (CMSD) in the direction perpen-

dicular to the line of centers.

The following relationship between the one-sided Fourier transform of the

mean-squared displacement in the direction perpendicular to the line of centers and

the memory function tensor can be found by using the the FDT, eq.(4.15), and the

solution of the GLE, eq.(4.13), in the frequency domain,

⟨∆δr2b[ω]⟩⊥ =
2kBT

(
He,1,1 − iω

(
miω + ζ̄1,1[ω]

))
iω
[(
He,1,1 + iω

(
miω + ζ̄1,1[ω]

))2 − (He,1,3 + iωζ̄1,3[ω]
)2] . (4.22)
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An equivalent relation can be written for the direction parallel to the line of centers

with the replacements ζ̄1,1[ω] → ζ̄2,2[ω], He,1,1 → He,2,2 and He,1,3 → He,2,4. The

following relation between the CMSD and the components of the memory tensor, can

also be obtained from the solution of the GLE and the FDT in the frequency domain,

⟨∆δr2b(1,2)[ω]⟩⊥ =
2kBT

(
He,1,3 − iωζ̄1,3[ω]

)
iω
[(
He,1,1 + iω

(
miω + ζ̄1,1[ω]

))2 − (He,1,3 + iωζ̄1,3[ω]
)2] . (4.23)

Here again an equivalent equation can be written for the direction parallel to the line

of centers with the replacements ζ̄1,1[ω] → ζ̄2,2[ω], He,1,1 → He,2,2 and He,1,3 → He,2,4.

Eqs.(4.22) and (4.23) and their equivalent equations in the direction parallel

to the line of centers, used together with eq.(4.16) and definitions for the functions

A⊥(ω) and A∥(ω), eqs. (4.8) and (4.7) relate observable two-bead statistics to linear

viscoelastic properties (including compressibility) of the solid. These relations include

bead and medium inertia as well as an infinite number of reflections.

If higher-order hydrodynamic reflections and medium and bead inertia are

neglected the following simple relation between the Poisson ratio and the two-bead

cross-correlations can be derived by taking the limits m → 0, ρ → 0 and only the

first-order terms of a Taylor series expansion in Q of eqs. (4.22) and (4.23),

ν∗(ω) = 1 +
⟨∆δr2b(1,2)[ω]⟩∥

4
(
⟨∆δr2b(1,2)[ω]⟩⊥ − ⟨∆δr2b(1,2)[ω]⟩∥

) . (4.24)

Eq.(4.24) was originally presented by Levine and Lubensky [73] and has been

used by Gardel et al. [30] and Pelletier et al. [99] to calculate the complex Poisson

ratio of F-actin and actin composites. In Sections 4.4 and 4.5 we test the relations

derived in this section for inferring the high-frequency compressibility of viscoelastic

solids from two-bead cross-correlations. Additionally we illustrate the magnitude of

the errors that can be introduced in the measured compressibility if eq.(4.24) is used

to analyze two-bead cross-correlations obtained under experimental conditions where
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medium inertia or higher-order reflections are expected to be important. We also

evaluate, using our generalized Brownian dynamics (GBD) simulations [18] the possi-

bility of using the two-point microrheology technique to elucidate the microstructural

origins of enhanced compressibility in biopolymer composites [99].

4.4 Sensitivity of the two-point microrheology technique to medium com-
pressibility

In this section we evaluate the sensitivity of the cross-correlations of bead

positions to changes in the Poisson ratio of the medium. We consider both statics

and dynamics of a time-dependent Poisson ratio. For the sample calculations that

follow we consider a discrete relaxation spectrum, which gives the following form for

the dynamic modulus of the medium

G∗(ω) = ge +
N∑
j=1

gjλjiω

1 + λjiω
. (4.25)

To illustrate the effect of reflections and finite bead size on the solutions derived above,

we consider the 4-mode relaxation spectrum, H∗ = {4, 3, 2, 1} and λ∗ = {1, 3, 9, 27}

whereHj := 6πRgj and the asterisk indicates that they have been made dimensionless

by using
√
kBT/He as the characteristic length scale, where He = 6πRge is the

incompressible He. The smallest relaxation time, λ1 =min{λj} is used to make time

dimensionless. For the following illustrations the density of the bead and the density

of the medium are assumed to be the same, the dimensionless bead mass is set to

m∗ = m/(λ21He) = 0.0001. Therefore
√
m∗ = 0.01 is the ratio between the smallest

inertial time scale of the system and the shortest relaxation time of this material.

The complex Poisson ratio of a viscoelastic solid can also be spectrally decom-

posed as,

ν∗(ω) = νe +
2N∑
j=1

νjθjiω

1 + θjiω
(4.26)
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where,

νe − νg =
2N∑
j=1

νj (4.27)

here νe = ν∗(ω = 0) and νg = ν∗(ω = ∞) are the equilibrium and glassy (or instanta-

neous) Poisson’s ratios, respectively, and the θj are the delay times, while the νj are

the associated lateral contraction ratios, i.e., the strengths of the spectral lines that

compose the discrete distribution of delay times [120].

The real part of the one-sided Fourier transform of the two-bead cross-correlations

calculated using eq.(4.23) and its equivalent equation in the direction parallel to the

line of centers of the beads is shown in Figure 4.2A. The Poisson ratios used to

calculate these two-point cross-correlations are shown in Figure 4.2B, the black line

corresponds to the incompressible solid, while the red lines correspond to the com-

pressible solid. The upper line is the real part and the lower line is the imaginary part

of the complex Poisson ratio. This particular compressible solid has a high compress-

ibility at low frequencies (νe = 0.1) and becomes incompressible at higher frequencies

(νg = 0.5).

Notice that the cross-correlations in the direction parallel to the line of centers

are practically identical for the incompressible and compressible viscoelastic solid.

The inset shows the only frequency region where a small difference can be observed.

In data with noise, which will be the case in any situation of practical interest,

this difference might be too small to be detected. When inertia and high order

reflections are neglected from the calculations it can be shown analytically that the

cross-correlations in the direction parallel to the line of centers are independent of the

Poisson ratio [72]. Therefore the small difference that can be observed in the inset

of Figure 4.2A between the cross-correlations in the direction parallel to the line of

centers are entirely due to differences in the speed at which the hydrodynamic shear

and longitudinal waves travel through the medium from one bead to the other. Since
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the compressibility of the medium does not have an observable effect on the two-bead

cross-correlations in the direction parallel to the line of centers this data can be used

to extract the dynamic modulus of the material using the time-domain methods that

we have previously described [16] for incompressible materials.

On the other hand in the direction perpendicular to the line of centers the

cross-correlation for the beads embedded in the compressible solid are shifted up-

wards from the incompressible case. At high frequencies as the Poisson ratio of the

compressible media approaches 0.5 the difference between the cross-correlations in

the perpendicular direction decreases until it eventually vanishes completely as can

be observed in Figure 4.2A. We show in Section 4.5 using GBD simulations that the

vertical shift in the perpendicular direction to the line of centers caused by compress-

ibility can be accurately detected in systems where microrheology is usually applied.

10-3 10-2 10-1 100 101 102
10-5

10-4

10-3

10-2

10-1

100

101

ΩΛ1

N
o
rm

a
liz

e
d

R
e
8C

M
S

D
@Ω
D<

A

5 10 20 50

0.0010

0.0015

Compressible, °

Compressible, ¦

Incompressible, °

Incompressible, ¦

0.001 0.01 0.1 1 10 100 1000

0.0

0.1

0.2

0.3

0.4

0.5

ΩΛ1

Ν
*
HΩ
L

B

Ν'

Ν''

Figure 4.2. A: Real part of the one-sided Fourier transform of the two-bead cross-
correlations (CMSD) for a 4-mode Maxwell solid as a function of frequency,
eq.(4.23), normalized by 2kBT/He. The ratio of bead radius to bead separation, Q,
was set to 0.2 for this figure. The black lines correspond to the cross-correlations
for an incompressible viscoelastic solid while the red lines correspond to a com-
pressible viscoelastic solid with Poisson ratio, eq. (4.26) , shown in part B (red
line). Inset in part A: Zoom of the frequency range where the larger difference
between the compressible and incompressible cross-correlations is observed.
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Having established that changes in the compressibility of a viscoelastic solid

may be detected in the direction perpendicular to the line of centers, we now consider

sensitivity to changes in the dynamics of the Poisson ratio. Figure 4.3 shows the

cross-correlations in the direction perpendicular to the line of centers for two beads

embedded in compressible viscoelastic solids with the same glassy (νg) and equilibrium

(νe) Poisson ratios, but with different distributions of delay times (θj). The differences

in the dynamics of the Poisson ratio for the three different model solids are significant.

The maximum in ν ′′(ω) are about an order of magnitude of frequency apart. However

the differences that can be observed in the two-point cross-correlations are very small.

For most of the frequency range plotted in Figure 4.3A no differences can be detected

between the cross-correlations corresponding to the three different solids. The only

region where some effect of the dynamics of the Poisson ratio can be observed is

shown in the inset of Figure 4.3A. The effect is too small to be detected in data with

noise; moreover it occurs in a very narrow frequency range.

From the two-point cross-correlations in the direction perpendicular to the

line of centers the equilibrium and instantaneous Poisson ratios can in principle be

accurately determined, however it does not seem feasible to measure accurately the

complete dynamics of the Poisson ratio using the two-point microrheology technique.

In Section 4.5 we consider a specific application of the two point-microrheology tech-

nique; we do not however attempt to extract the dynamics of the Poisson ratio but

rather evaluate, using GBD simulations and time-domain data analysis, how accu-

rately a constant Poisson ratio can be extracted from the cross-correlations.

4.5 Application: Actin-Microtubule composite networks

Recently Pelletier et al. [99] used two-point passive microrheology to measure

the Poisson ratio of F-actin and actin-microtubule composite networks. They found,

in agreement with Gardel et al. [30], that pure F-actin is incompressible with ν = 1/2.
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Figure 4.3. A: Real part of the one-sided Fourier transform of the two-bead cross-
correlations (CMSD) in the direction perpendicular to the line of centers of the
beads for a 4-mode Maxwell solid as a function of frequency, eq.(4.23), normalized
by 2kBT/He. The bead radius to bead separation ratio, Q, was set to 0.2 in
this calculations. Inset: Zoom of the frequency range where the larger difference
between the compressible and incompressible cross-correlations is observed. B: The
complex Poisson ratios, eq.(4.26), corresponding to the cross-correlations shown in
part A. The black lines correspond to an incompressible solid and are given as
reference. The dashed lines indicate the location of the shortest relaxation time
(λ1) and the characteristic inertial time (

√
M∗) for this systems.

By contrast, in the composite network, ν was found to be unambiguously less than

1/2 at longer times, and is closer to 0.3.

The different filament types influence each other through their viscoelastic

responses. Actin filaments are a prototypical example of semiflexible polymers, and

entangled, uncrosslinked actin filaments have been shown to follow the worm-like-

chain model [30]. Microtubules are the stiffest element in cells. Their fluctuations,

although much smaller than those of actin filaments, are important for deployment

of polymerization forces and for the search and capture mechanism used to position

the mitotic spindle. Microtubules have a persistence length of a few mm, and in

solution might be expected to behave as rigid rods. Macroscopic linear rheology of

microtubule solutions has shown an elastic plateau modulus of ∼ 1 Pa, with a weak
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frequency dependence and no terminal relaxation over a frequency range extending

as low as ω = 6.3× 10−3 rad/s [99].

In an attempt to interpret the experimental results reported by Pelletier et al.

[99], Das and MacKintosh [20] developed a model for the mechanical response of a

composite material consisting of rods in an elastic matrix using a mean-field approach

and a dipole approximation for the rod-like inclusions. The elastic matrix under con-

sideration is treated as an effective medium that is made of the bare elastic medium

(e.g., the F-Actin matrix) and a collection of rods (microtubules) embedded in it.

Their approach is similar to what has been used to model aligned fiber-reinforced

composites [21]. Consistent with the experiments of Pelletier et al. [99], they found

that the addition of rigid rods can lead to enhanced compressibility of a nearly in-

compressible medium. Specifically, they found that for matrices characterized by

Poisson’s ratio 1/4 < ν < 1/2, the addition of rods reduces ν, while for ν < 1/4, stiff

rods increase ν. In this way, ν = 1/4 can be thought of as a stable fixed point of such

a composite.

We first summarize the main elements of the model proposed by Das and

MacKintosh[20]. We then incorporate this model into our GBD simulations of two-

bead microrheology with the purpose of evaluating the sensitivity of the two-bead

microrheology technique to the changes in the compressibility of the actin network

upon addition of microtubules. For an isotropic and homogeneous elastic compressible

material with shear modulus G and Poisson ratio ν, the displacement field u at a

position r in the medium due to a force F acting at a point r′, is equal to u(r) =

α(r − r′) · F (r′) where,

α(r) =
1

8πG|r|

[
δrδr

(
1− 2ν − 1

2(ν − 1)

)
+ δ

(
1 +

2ν − 1

2(ν − 1)

)]
, (4.28)

where δr is the unit vector in the direction of r, and δ is the unit tensor. The change

in the response function and Lamé coefficients upon addition of rods is calculated
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as follows. Consider a single rod of length a embedded in the elastic medium. The

presence of the rod represents a constraint on the displacement field induced by the

applied force. For a force applied at the origin of the coordinate system, the net

displacement of the ends of the rod with end-to-end vector a is given by,

∆u(r) = u (r + a/2)− u (r − a/2) . (4.29)

The constraint of an incompressible rod is approximated by a dipole at its center

of mass. This induced (tensile) dipole is oriented along the rod and its strength is

chosen so as to enforce a constant end-to-end distance of the rod: Gπa(a · δu). By

keeping terms only leading order in a, which is assumed to be smaller than all other

length scales in the system, the resulting displacement field allows calculation of the

change in the linear response functions. In the effective medium approach the change

in response arises from a cloud of induced dipoles in the elastic continuum.
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Figure 4.4. Real part of the Poisson ratio of a composite network (soft matrix with
rigid rods) as a function of the ratio between the length of the rigid rods and the
mesh size of the rod network. Each line corresponds to a different value of the
Poisson ratio of the pure soft matrix.

The changes in the parallel and perpendicular response functions with the
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addition of rods are:

δα∥ = − π

30
na3α∥ (4.30)

and

δα⊥ =

[
7 + 4ν (4ν − 5)

8 (ν − 1)2

]
α⊥, (4.31)

where n is the rod number density and an average has been taken over rod orientation.

Therefore for a small increment dn in added rods, the following differential equation

can be written for the change in the Poisson ratio, ν, upon addition of the rigid rods

in the compressible elastic matrix

dν

dn
=

1

60
a3π

(
1− 6ν + 8ν2

)
. (4.32)

By solving eq.(4.32) with initial condition ν(n = 0) = νa, where νa is the Poisson

ratio of the soft matrix (actin), we obtain an expression for the Poisson ration of the

composite network (actin-microtubule)

νc =
1− e

1
30(

a
ξ )

2
π − 4νa + 2νae

1
30(

a
ξ )

2
π

2− 4νae
1
30(

a
ξ )

2
π − 8νa + 8νae

1
30(

a
ξ )

2
π

(4.33)

where, ξ is the mesh size of the microtubule network. The mesh size ξ is related to

the rod density n by 1/ξ2 = na. The Poisson ratio of the composite network as a

function of the ratio a/ξ is shown in Figure 4.4, for various values of the pure F-actin

Poisson ratio. For soft matrices with Poisson ratio close to 0.5 the addition of the

rigid rods (increasing a/ξ) causes an increase in the compressibility (or decrease in the

Poisson ratio) of the composite network. On the other hand for highly compressible

elastic matrices the addition of rigid rods causes an increase in the Poisson ratio on

the composite network. In general, the model predicts a stable fixed point for the

Poisson ratio at νc = 1/4.

To simulate the passive two-bead microrheology experiment in the actin and

microtubules network we make use of eq. (4.33) with the Poisson ratio of the soft
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Figure 4.5. Two-bead cross-correlations, normalized by 2kBT/He, obtained using
generalized Brownian dynamics simulations of the two-point passive microbead
rheology experiment in F-actin and microtubule composites. Simulations where
performed for different values of the radius to mesh-size ratio of microtubules, a/ξ,
in the blend. The solid lines are fits of the inverse one-sided Fourier transform of
eq.(4.23) to the generalized Brownian dynamics simulations results.

viscoelastic matrix, the F-actin, set to a value very close to νa ≈ 0.5. As explained in

Section 4.4 here we consider only viscoelastic solids with a constant Poisson ratio. We

performed GBD simulations [18] of the two-point passive microrheology of composite

networks with different values of the a/ξ ratio. According to Figure 4.4 the com-

pressibility of this nearly incompressible solid matrix will increase upon the addition

of rigid rods (and increase the a/ξ ratio). The two-bead cross-correlations calculated

from the simulations are shown in Figure 4.5. Notice that in the direction parallel

to the line of centers all the data points collapse to a single curve. This is because,

as was pointed in Section 4.4, the cross-correlations in this direction are not sensitive

to changes in the speed at which the longitudinal waves travel through the medium.

Therefore one can use the cross-correlations in the direction parallel to the line of

centers to extract the dynamic modulus of the material as if analyzing the data of

an incompressible medium. We do this using the time-domain data analysis strategy

that we have previously proposed [16, 18]. The method involves fitting the CMSD in
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the direction parallel to the line of centers (in the time domain), and then extracting

the discrete relaxation spectrum of the medium from the fitted parameters. The line

labeled as Input in Figure 4.6A shows the dynamic modulus that was used as input in

the simulations. Output 1 illustrates the dynamic modulus that is obtained from an-

alyzing the two-bead cross-correlations in the direction parallel to the line of centers

as if they had been obtained from an incompressible medium. A very good agreement

with the input dynamic modulus is obtained, as expected. The line labeled Output

2 in Figure 4.6A is the dynamic modulus obtained when the cross-correlations in the

direction parallel to the line of centers are analyzed using the traditional inertialess

generalized Stokes-Einstein relation (GSER), which does not account for inertia or

high order hydrodynamic reflections (a detail discussion of why the traditional GSER

fails in a situation such as the one considered here has been given in Chapter 3).

Once the dynamic modulus has been determined from the cross-correlations

in the direction parallel to the line of centers, the Poisson ratio can be obtained by

fitting a single extra parameter (in the case of a constant Poisson ratio) to the cross-

correlations in the direction perpendicular to the line of centers. An approximation

to the one-sided inverse Fourier transform [16] of eq.(4.23) is fitted to the time-

domain cross-correlation in the direction perpendicular to the line of centers, using

as fitting parameter the Poisson ratio of the viscoelastic solid. The solid lines in

Figure 4.6B show ν ′(ω) obtained from the values of the ratio a/ξ used as inputs

in the GBD simulations. We also calculate the Poisson ratios from the two-bead

cross-correlations using eq.(4.24), which neglects inertia and high-order hydrodynamic

interactions. Although this analysis correctly predicts a decrease in the Poisson ratio

as the concentration of microtubules is increased, it can be observed that analyzing the

cross-correlation data with this simplified equation leads to a frequency dependent

Poisson ratio, even though the input Poisson ratio was constant. The simplified

analysis works well in the lower frequency range but deviations from the input Poisson
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Figure 4.6. Monte-Carlo evaluation of the time-domain data analysis algorithms
using the synthetic CMSD data generated with the BD simulations. A: Dynamic
modulus, eq.(4.25) normalized by ge, obtained from analyzing the cross-correlations
in the direction parallel to the line of centers as if they came from an incompressible
material. Output 1 was obtained with the data analysis algorithm that include
inertia and infinite reflections, eq. (4.23). Output 2 was obtained with a data
analysis algorithm that neglects inertia and accounts only for first order reflections.
B: Real part of the complex Poisson ratio, eq.(4.26), obtained from analyzing the
two-bead cross-correlations in the direction perpendicular to the line of centers.
The solid (lighter) lines are the Poisson ratios used as input in the simulations, the
dashed lines are the Poisson ratios obtained from analyzing the CMSD data using
eq.(4.24), which neglects inertia and high order hydrodynamic reflections. The
dotted (darker) lines are the Poisson ratios obtained by using the data analysis
that accounts for inertia and all hydrodynamic interactions.

ratio start becoming significant at frequencies corresponding to the shortest relaxation

time of the medium. According to this simplified analysis the material is compressible

at low frequencies but becomes nearly incompressible at high frequencies. This is an

important point since as we pointed out in Section 4.4 the sensitivity of the two-

point microrheology technique to changes in the dynamics of the Poisson ratio is very

low. This additional issue that can be introduced by not properly accounting for

inertia and hydrodynamic reflections can make it even more challenging to obtain

accurate compressibility measurements using microrheology techniques. Therefore

compressibility measurements obtained using two-point microbead rheology may need
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careful analysis in light of the dimensional analysis outlined in Section 4.2 to determine

whether inertia and/or high order hydrodynamic reflections should be accounted for

in the analysis. The dotted lines in Figure 4.6B show the Poisson ratios obtained

by using the rigorous data analysis strategy based on eqs. (4.22) and (4.23). The

small errors that can still be observed are due to the finite size of the ensemble used

to calculate the cross-correlations, and can be reduced as much as desired by using

more bead trajectories when calculating the ensemble averages on eqs. (4.22) and

(4.23). With the proposed data analysis procedure the microstructural parameter

a/ξ of the F-actin and microtubules composite can be estimated accurately using

two-bead passive microrheology. Further more the analysis correctly reproduces the

theoretical results presented in Figure 4.4, that is the increase in compressibility of

the F-actin matrix as the concentration of microtubules is increased.

4.6 Conclusions

We have derived a generalized Stokes tensor for two hydrodynamically inter-

acting beads embedded in a viscoelastic compressible solid. The tensors include the

effects of medium inertia and consider an infinite number of reflections of the shear

and longitudinal waves caused by the motion of the beads. A generalized Langevin

equation for two hydrodynamically interacting beads embedded in a compressible vis-

coelastic solid was presented. Using the memory function tensor obtained from the

generalized Stokes relation the GLE was solved in the frequency domain to obtain

relations between the beads’ auto- and cross-correlations and the components of the

generalized Stokes tensor.

Using these new theoretical developments we have systematically evaluated

the sensitivity of two-bead cross-correlations to changes in the static and dynamic

properties of the complex Poisson ratio of a model viscoelastic material. We find that

the sensitivity of the cross-correlation in the direction parallel to the line of centers of
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the beads to the compressibility of the medium is very small. These effects which ap-

pear only at high frequencies, and are due to medium inertia, can be safely neglected

in the data analysis. This means that the shear modulus can be inferred indepen-

dently from the cross-correlations in the direction parallel to the line of centers even

when inertia and higher-order hydrodynamic reflections are expected to have a rele-

vant effect. This conclusion had already been reached with theoretical developments

that neglect medium inertia and high order hydrodynamic reflections; here we show

that it is still valid even when those effects are considered. On the other hand, the

two-bead cross-correlations in the direction perpendicular to the line of centers show

a detectable dependence on the compressibility of the material. A clearly distinguish-

able vertical shift can be detected in the cross-correlations obtained in a compressible

medium with respect to those obtained in an incompressible one. However we have

shown that the sensitivity of the cross-correlations in the direction perpendicular to

the line of centers is practically undetectable to changes in the specific spectrum of

delay times of the complex Poisson ratio. Therefore the passive two-point microrhe-

ology technique does not seem appropriate to accurately measure dynamic properties

of the complex Poisson ratio.

Using generalized Brownian dynamics [16] and a microscopic model for bio-

logical composite networks [20] we simulated the two-bead microrheology experiment

in F-actin and microtubules composites. We used the simulated two-bead cross-

correlations to test data analysis formalisms for inferring microstructural properties

of the composites. We find that commonly used data analysis which neglects inertia

and higher-order hydrodynamic reflections will over predict Poisson ratios by 30 %.

On the other hand the time-domain data analysis procedure [16, 18] that can be con-

structed using eq.(4.23) can successfully recover the input complex Poisson ratio of

the F-actin and microtubules composite network in all the frequency range considered

here. The traditional data analysis algorithm and the one that accounts for medium
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inertia and high order reflections give comparable results at low frequencies, which

indicates that medium inertia is the main cause for the failing of the simplified data

analysis formalism.

There is a considerably large region of values for the radius-to-distance ratio

and frequency, relevant to microbead rheology experiments, where the data anal-

ysis formalism that neglects medium inertia and higher-order reflections produces

detectable errors in the dynamic modulus and the complex Poison ratio inferred from

two-point cross-correlations. At high frequencies the wavelength of the shear and lon-

gitudinal waves propagating through the viscoelastic solid becomes small compared to

the distance between the beads and therefore the assumption that stress propagates

instantaneously becomes invalid. Additionally reflected waves can be important at

low frequencies, where the penetration depth of the waves can become larger than

the distance between the beads. In experiments a large separation between the probe

beads can reduce the effect of higher-order reflections and allow for statistically rele-

vant sampling of larger microstructures. However a large separation will increase the

effects of medium inertia and reduce the signal-to-noise-ratio in the CMSD. These

factors constrain the experimental conditions under which the two-point technique

is applicable. As has been illustrated with the F-actin and microtubules composite

networks, the data analysis formalism presented in this work significantly expands the

region of distances between the beads and frequencies at which the dynamic modulus

and the complex Poisson ratio can be accurately measured using two-point passive

microrheology.
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CHAPTER 5

A SINGLE-CHAIN MODEL FOR ACTIVE GELS I: ACTIVE DUMBBELL
MODEL

This Chapter previously appeared in RSC Advances (The Royal Society of

Chemistry) volume 4, issue 34, pages 17935-17949, year 2014.

5.1 Introduction

Active gels are networks of semiflexible polymer filaments driven by motor

proteins that can convert chemical energy from the hydrolysis of adenosine triphos-

phate (ATP) to mechanical work and motion. Active gels are ubiquitous in living

tissue—the cell cytoskeleton is an active gel composed of many different types of fil-

aments and motors. Active gels play a central role in driving cell division and cell

migration, [23, 118], and have also been successfully prepared in vitro to study their

mechanical and rheological properties [117, 8, 91]. The semiflexible filaments that

form active gels, such as actin and tubulin, are characterized by having a persistence

length (length over which the tangent vectors to the contour of the filament remain

correlated) that is much larger than the size of a monomer, and larger than the mesh

size of the network, but typically smaller than the contour length of the filament. For

instance, filamentous actin (F-actin) has persistence length of around 20 µm, while

the mesh size of actin networks is estimated to be approximately 0.2 µm [85, 34, 115].

This sets them apart from flexible networks where the persistence length of the poly-

meric chains is much smaller than the mesh size of the networks formed by those

chains. An important mechanical characteristic of semiflexible networks is that they

exhibit significant strain hardening for modest strains. A tension of a few pN can

increase the modulus of a semiflexible network by a factor of 100 [85, 34].

Molecular motors are proteins with a rigid, roughly cylindrical, backbone and

clusters of binding heads on both ends that can attach to active sites along semiflexible
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filaments [49, 46]. In the absence of ATP they act as passive cross-links between the

semiflexible filaments. In the presence of ATP molecular motors can “walk” along

the filaments. The direction in which motors move is determined by the filament

structural polarity [127, 56]. A molecular motor starts walking when an ATP molecule

attaches to a binding head domain of the motor protein, which causes it to detach

from the filament. Using the chemical energy from the hydrolysis of ATP the detached

motor head moves towards the next attachment site along the filament contour and

reattaches, in a process known as the Lymn-Taylor cycle [81]. Each motor has at

least two clusters of binding heads performing this same process. However, both of

them do not necessarily detach at the same time. When the binding heads on one

end of the motor are detached and moving towards the next attachment site, the

heads on the other end can be attached to a different filament. This filament will

feel an extensional or compressive force due to the motion of the motor. Therefore,

in a network molecular motors can generate active, pair-wise interactions between

filaments. The forces generated by the motors when they move along the filament

are a function of the chemical potential difference between ATP and its hydrolysis

products, which in itself is a function of the local concentration of ATP. In-vivo

molecular motors operate far from equilibrium. In typical active gels found in living

cells the difference in chemical potential between ATP and its hydrolysis products

is on the order of 10kBT [55, 56]. Examples of molecular motors that have been

extensively studied are myosin which moves along actin filaments; and kynesin and

dynesin which move along microtubules.

Recent advances in experimental techniques have allowed the characteriza-

tion of mechanical and rheological properties of active gels. These active polymeric

networks have shown fundamental differences from their passive counterparts. The

differences are not surprising given that these are materials in which molecular motors

continuously convert chemical energy into mechanical work. Recent microrheology
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experiments [8, 117, 91] on active gels have shown that the fluctuation-dissipation

theorem (FDT) and the generalized Stokes-Einstein relation (GSER) are violated

in active gels. The FDT is a central part of data analysis of passive microrheol-

ogy experiments, where it is used to relate the position fluctuations of the probe

bead to a frequency-dependent friction coefficient, from which, by using a generalized

Stokes relation rheological properties can be extracted [51, 15, 108]. The violation of

FDT is observed as a frequency-dependent discrepancy between the material response

function obtained from active and passive microrheology experiments. In the active

experiments an external force is applied to the probe bead and the material response

function is calculated from the bead position signal [108]. In passive microrheology

experiments, no external force is applied, and the material response function is cal-

culated from the bead position autocorrelation function using the FDT [91]. Other

microrheology experiments in active gels [91, 117] also indicate that the activity of

molecular motors can produce significant strain hardening of the active networks.

This is observed in the non-Gaussian statistics of the probe bead position or as an

overall progressive increase in the magnitude of the modulus of the gel upon addition

of ATP.

From the theoretical perspective, in the recent past a considerable amount of

work has been devoted to deriving simple generalizations or extensions of the FDT

for out-of-equilibrium systems, such as active gels [102, 10, 29]. In general, these

extensions of FDT to out-of-equilibrium systems model the non-equilibrium forces

as Brownian forces, but introduce an effective temperature [78, 79, 80, 97], which

is higher than the real temperature and is meant to account for the larger mag-

nitude of the non-equilibrium fluctuations. This kind of approach can not explain

the observations in the microrheology experiments in active gels [91] since Brownian

forces alone can not produce a frequency-dependent discrepancy between the material

response obtained from the material’s spontaneous stress fluctuations, and the mate-
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rial response obtained by applying a small external perturbation and observing the

material response. Other works [74, 43] have modeled the attachment/detachment

dynamics of motor forces as a stochastic jump process. This approach has been suc-

cessful in describing some of the features observed in the microrheology experiments

of active gels, such as diffusive behavior of tracer beads at frequencies where storage

modulus of the gel has plateau behavior. However these models assume that motors

can be described as force dipoles inside a continuum, which is an assumption that

can easily break down for semiflexible networks, where the mesh size is smaller than

the persistence length of the filaments. They also assume that the motors do not

interact through the strain field in the network and neglect strain hardening. Given

the level of description of such models, removal of these assumptions is difficult; there-

fore more microscopic models are required to elucidate the specific effect that these

physical features have on the rheology of active gels.

Another important mechanical feature of active gels that has been exten-

sively studied experimentally, is their capacity of self-contraction and self-organization

[71, 119, 23, 65, 63]. These mechanical features of active gels play a central role in cell

division and motion. It has recently been shown that self-contraction in F-actin gels,

is controlled by the buckling of individual filaments [71, 119]. This is known to be

caused by the activity of myosin motors on F-actin filaments which support large ten-

sions but buckle easily under piconewton compressive loads [23, 115]. Several works

have used a continuum-mechanics level of description to model self-organization [64, 2]

and rheology [79, 12, 33] of active gels and fluids. More microscopic models have de-

scribed active gels using a master equation for interacting polar rods; Aranson and

Tsimring [2] presented analytic and numerical results for rigid rods, later Head et al.

[42] presented more detailed numerical simulations that account for filament semiflex-

ibility. These models have been very successful in describing large scale phenomena

such as the formation and dynamics of cytoskeletal patterns (eg.: asters, vortices).
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However, the precise microscopic mechanisms underlying this process are still the

subject of considerable experimental and theoretical investigation. Recently, a mi-

croscopic single-filament mean-field model to describe myosin-induced contraction of

non-sarcomeric F-actin bundles was postulated by Lenz et al. [71]. In this work we

use a similar description. However there are several issues in the level of description

and mathematical formulation of Lenz et al. [71] that we discuss and reformulate

here.

The main objective of this Chapter is to introduce a single-chain mean-field

model for active gels. We present a level of description for active gels that has the

minimum necessary components to predict mechanical and rheological features that

have been observed in active gels. The general formulation of the model can account

for many of the known microscopic characteristics of active gels. For example, motor

concentration, the non-linear elasticity of semiflexible filaments, the dependence of

motor attachment/detachment rates on the filament tension, and details about the

motor-generated forces. However, in this introductory Chapter we make some as-

sumptions that allow us to simplify the mathematics while still keeping most of the

relevant physics in the model. Numerical simulations of more general formulations

are postponed to Chapter 6. In Section 5.2 we give a detailed description of the

model, and discuss the main assumptions, and parameters. In Section 5.3 we show

that the active dumbbell model can predict the violation of the FDT observed in

microrheology experiments of active gels. This is done by comparing the dynamic

modulus of the gel obtained from the autocorrelation function of stress at the non-

equilibrium steady state, with the modulus obtained from the stress response when

a small perturbation is applied to the gel. In Section 5.4 we illustrate the use of

the active dumbbell model to make predictions about the underlying mechanism of

self-contraction in active F-actin bundles.
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5.2 Description of the active dumbbell model

In this section we introduce a single-chain mean-field model for an active bun-

dle. Active networks are formed by semiflexible filaments and molecular motors that

form active cross-links between filaments (Figure 5.1A). In the presence of ATP, mo-

tors will go through detachment/attachment cycles [81] in which they detach from

one of the filaments that they are linking and step forward (in a direction deter-

mined by the filament’s structural polarity) therefore exerting a force on the other

filament to which they remained attached. Our model follows a single probe fila-

ment (illustrated in gray in Figure 5.1A) and approximate its surroundings by an

effective medium made of point-like motors that attach and detach from specific sites

along the probe filament. The motors are assumed to form pair-wise interactions

between filaments. When a motor is attached to the probe filament it is detached

and steps forward on another filament in the mean-field and therefore pulls/pushes

on the probe filament. The formulation of temporary network models provides a very

useful mathematical and conceptual framework to model these dynamics [44, 54, 53].

In Figure 5.1B a probe filament is shown in more detail, each bead represents an

active site along the filament where a motor can attach, and the springs represent the

filament segments between this active sites. For the dumbbell version of the model

(shown in Figure 5.1C) there are only two active sites per filament (at the ends) where

motors attach. The motors create the type of pair-wise active interactions between

the dumbbells described above. To model these interactions we use a mean-field ap-

proach, in which filaments have certain probabilities to undergo a transition from one

attachment/detachment state into another depending on the state of the particular

filament. The integer variable s is used to label the attachment/detachment state of

the dumbbell.

We assume that before addition of ATP the distance between motors (acting
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A

B

C

Figure 5.1. Sketch of the single-chain mean-field model for active gels. A: Active
bundle formed by polar filaments and motors (which can move towards the barbed
end of the filaments). Motors attach and detach from the filaments. After detaching
from a given filament a motor will step forward in that filament and will exert a
force on the other filament where it is still attached. The gray filament indicates a
probe filament whose dynamics are followed by the model. B: The probe filament
is represented by a bead-spring chain. Red beads represent attachment sites in the
filament where a motor is attached, ζa is the friction coefficient of those beads. Blue
beads represent sites in the filaments where no motor is attached ζd is the friction
coefficient of those beads. ℓ0 is the rest length of the filament before addition
of ATP; r is the change in the end-to-end distance of the dumbbell due to motor
activity. Fj is a motor-generated force acting on bead j. Motors generate a force on
the filament only when attached. C: Sketch of the attachment/detachment states
of a dumbbell version of the model. The attachment/detachment states model the
interaction of the probe filament with the mean-field.

as passive cross-links) is given by ℓ0. This is the rest length of the filament segment

and therefore there is no tension on the filaments before addition of ATP. After

addition of ATP the motors (cross-links) become active and start detaching from and

reattaching to the beads. τd is the average time a motor spends attached to a bead

before detaching from it, whereas the average time a motor spends detached before

reattaching is given by the model parameter τa. Active gels can have, besides motors,

permanent passive cross-links; however in the model presented here, all cross-links are

allowed to become active, we do not consider permanent cross-links here. The force

generated by a motor attached to bead j will be denoted Fj. Molecular motors can
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only move in one direction along the filament, determined by the filament’s polarity.

In this single-chain description we introduce this asymmetry by making all the forces

Fj, that the motors exert on the beads of a given dumbbell, have the same sign (either

positive or negative). Another force acting on the filament is the viscous drag from

the surrounding solvent (which is mainly water for these biological networks). The

frictional force from the surrounding solvent is characterized by a friction coefficient.

Motors are expected to increase the friction coefficient of the filament when attached

to an active site. Therefore this friction coefficient is allowed to take two different

values: ζa when attached, and ζd < ζa if there is no motor attached to that bead.

The change in the end-to-end length of the dumbbell due to the action of the motors

is denoted r (see Figure 5.1). We emphasize that the strands (filament segments

between motors) have non-zero rest length ℓ0 and the motors generate a change r

in this length. The strands do not collapse to zero length, their end-to-end lengths

fluctuate around ℓ0 due to motor activity.

The general physical picture of our model, that is, the single-chain description

and the representation of semiflexible filaments as bead-spring chains are the same

as in a previous model proposed by Lenz et al. [71]. As discussed in section 5.1, this

model has been used by its authors to study buckling in non-sarcomeric actin bundles.

However the level of description (state variables of the model) and mathematical

formulation of our model does not follow the work of Lenz et al. [71]. Instead we use

a mathematical formulation similar to the one used in temporary network models of

associating polymer chains [44, 54, 53].

The following state variables (level of description) are used to construct the

model of the active dumbbell Ω : {s, F1, F2, r}. Now let ψ(Ω) be the probability

density describing the probability of finding an active dumbbell in state s with a

change in its end-to end distance r due to motor forces F1 and F2 at time t. The time
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evolution for ψ(Ω) is given by the differential Chapman-Kolmogorov equation

∂ψ(ω̂, r; t)

∂t
=

∂

∂r

{
ψ(ω̂, r; t)

[
−ϵ̇(t)r + A(s)kbr −

(F2 − F1)

ζa

]}
(5.1)

+
3∑

s′=0

∫ ∫
Ws,s′(ω̂|ω̂′)ψ(ω̂′, r; t)dF ′

1dF
′
2,

where ω̂ : {s, F1, F2} is a subspace of Ω and ϵ(t) is an externally applied strain in

the direction of filament alignment. On writing eq.(5.1) we have assumed that the

semiflexible segment can be described as a Fraenkel spring with spring constant kb

. This assumption, although it is only expected to be valid for very small defor-

mations (semiflexible filaments are known to strain harden under a tension of a few

pN, which motors are known to generate [85, 34]) allows us to proceed analytically

with the solution of the model. For a semiflexible filament segment MacKintosh et

al. [82] derived a relation between the persistence and rest lengths of the semiflexible

filament and its linear elastic response constant kb =
3π3kBTℓ

2
p

ℓ40
, we use this relation

throughout this Chapter. For F-actin filaments, the persistence length, ℓp, is around

10 µm, ℓ0 ∼ 1µm, and therefore kb is on the order of 1 µN/m.

The function A(s), in eq.(5.1) gives the connectivity of the beads as a function

of the motor-attachment state, s, and is defined as,

A(s) =



2
ζd

if s = 0

1
ζd
+ 1

ζa
if s = 1 or s = 2

2
ζa

if s = 3

(5.2)

where, as stated above, ζa is the friction coefficient of a bead when a motor is attached

to it and ζd is the friction coefficient when there is no motor attached to it. For

instance, several experimental measurements [119, 71] have shown that myosin II

motors move along actin filaments at approximately 0.5 − 1 µm/s, and they have

an average stall force of 1 pN, therefore ζa is estimated to be around 1 µN · s/m.
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ζa is expected to be larger than ζd since the motor attachment heads increase the

cross-sectional area of the actin filament when they attach to it. Additionally to τa

and τd it is convenient to label two additional time scales of the model τr,a = ζa/kb

and τr,d = ζd/kb which are local relaxation times of the filament when a motor is

attached to it and when there is no motor attached to it respectively. For mysosin

motors in actin gels τd is on the order of 200 ms while τa is usually between an

order to two orders of magnitude smaller [71, 74]. Therefore in a typical active gel

τa < τd ≤ τr,d < τr,a is expected.

The transition rate matrix W(ω̂′|ω̂) in eq.(5.1) contains the transition rates

between attachment/detachment states,

W(ω̂′|ω̂) =



∗ δ(F ′
1)δ(F

′
2)

τd

δ(F ′
1)δ(F

′
2)

τd
0

p(F ′
1)δ(F

′
2)

τa
∗ 0

δ(F ′
1)δ(F

′
2)

τd

δ(F ′
1)p(F

′
2)

τa
0 ∗ δ(F ′

1)δ(F
′
2)

τd

0
δ(F ′

1)p(F
′
2)

τa

p(F ′
1)δ(F

′
2)

τa
∗


. (5.3)

For example, the second row of the first column gives the rate at which a dumbbell in

state s = 0 jumps to state s = 1. The diagonal elements of the transition matrix are

given by Ws,s(ω̂|ω̂) = −
∑3

s′ (̸=s)=0 Ws′,s(ω̂
′|ω̂). The function p(F ) is the probability

distribution from which a motor force is drawn every time a motor attaches to a

bead. Motor force distributions have been measured experimentally in actin-myosin

bundles [119, 71]. The first moment of this distribution is approximately Fm =

1pN, where Fm is usually referred to as the motor-stall force. The exact shape of

these distributions can be incorporated into the model, however in this Chapter we

will use simplifying assumptions about this distribution which will be discussed in

Section 5.3. Note that we have assumed that the motor force distribution is time

independent which is expected to be a good assumption as long as the kinetics of the
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ATP → work reaction in the motors are much faster than any of the time scales in

the model. We have also assumed that the τa and τd are independent of time and

of the tension on the filament. This might be unrealistic since it has been shown

that the tension on the filaments can affect attachment and detachment rates of the

motors [93]. To summarize, we use a single-filament model of the active gel where

binary active crosslinks with other filaments are accounted for by a mean-field of

point-like motors that undergo transitions between attachment states determined by

the phenomenological parameters τa, τd and p(F ).

Note that in the model presented here p(F ) is bead independent in contrast

to the model by Lenz et al. [71]. In that model the transition rates do not depend

on the motor force distribution but the motor force distribution depends on the

position along the filament of the bead to which the motor is attached. Physically

this assumption can be interpreted as the motors having spatial memory and being

able to identify the particular position along the filament to which they are attaching.

Presumably these assumptions are done to simplify the mathematics, however it leads

to several issues in the solution and interpretation of the model predictions that have

not been clearly resolved. We avoid such assumptions. Instead, F is kept as a

stochastic state variable, p(F ) is the same far all motors, and the transition rates

depend on this motor force distribution. In other words, our model exists at a more-

detailed level of description than the model of Lenz et al. [71]. In Section 5.4 we

will discuss the implications that these conceptual differences between the two models

have in the explanation of the mechanisms underlying buckling and self-contraction

in active gels.

In eq.(5.1) Brownian forces have not been included. To account for Brownian

forces a term A(s)kBT
∂ψ(ω̂, r; t)

∂r
should be added inside the square bracket on the

right hand side of eq.(5.1). Here we omit this term since it does not make any
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difference for the proof-of-concept calculations presented here. In other words, the

version of the model presented here represents an active limit, where the diffusive

motion of the filaments due to thermal forces is negligible compared to the driven

motion produced by motor activity. Since all terms of eq.(5.1) are linear, and motor

and Brownian forces are in general uncorrelated [74, 43], a solution that includes

Brownian forces will simply be the superposition of the solution presented here plus

the well known solution for a passive dumbbell [9]. The passive part of the solution

will not contribute to the active gel features we are investigating. For instance, it

has been extensively shown that single-chain temporary network models that include

Brownian forces, but not motor forces, satisfy the fluctuation dissipation theorem

[53, 109].

It is common for active gels to contain permanent passive cross-links such as

biotin or α-actinin in actomysosin networks. In those cases myosin contracts F-actin

into dense foci around the permanent cross-links. Once contracted, these aggregates

can undergo further coalescence with each other and may form structures such as

asters or vortices. The present formulation of our single-chain mean-field model does

not yet seem appropriate for describing that type of phenomena. Other descriptions

such as multi-chain models [42] or coarser levels of description [64, 2] have been used

to describe such observations. However other experiments [119, 94] have shown that

local contraction can also occur in active gels containing motors alone. For instance

sufficiently high density of myosin motors in the absence of passive cross-linkers has

been shown to cause contractility in actomyosin bundles [119]. In these conditions,

the length scale over which contraction occurs within the network is proportional

to the F-actin length, consistent with poor network connectivity by myosin motors.

Through the addition of passive cross-linkers the length of contraction is increased to

macroscopic length scales [94, 60]. The model presented here is expected to describe

well the dynamics of active gels that do not contain permanent passive cross-links or
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sarcomeric organization.

In Sections 5.4 and 5.3 we show that the model described above presents some

of the main mechanical and rheological characteristics observed in active gels. The

predictions here are expected to be only qualitative since several strong assumptions

have to be made to obtain analytic solutions of the model: i.) Aligned one-dimensional

filaments, ii.) Filaments with only two attachment sites at its ends (dumbbells),

iii.) Filaments modeled as Hookean springs, and iv.) Attachment/detachment rates

independent of filament tension. There is experimental evidence indicating that often

some of these assumptions break down in active gels, but the calculations presented

here illustrate the fundamental elements that a single-chain model needs to describe

the main mechanical and rheological characteristics of active gels. Removal of these

assumptions is straightforward with this approach.

5.3 Dynamic Modulus of Active Gels

To test the validity of FDT in active gels, Mizuno et al. [91] compared the com-

plex compliance of actin-mysoin networks measured with active and passive microrhe-

ology . In the active experiment they used optical tweezers to apply a small-amplitude

oscillatory force to the bead. The complex compliance or the dynamic modulus of the

medium can be calculated from the bead position signal [57]. In a passive microrhe-

ology experiment no external force is applied to the bead or a static harmonic trap is

used to hold the bead near its equilibrium position. In this case the autocorrelation

of the bead position is used to estimate the dynamic modulus using the FDT and a

generalized Stokes relation [15, 51]. Before addition of ATP the complex compliance

of the actin-myosin network obtained with the passive and active techniques were

identical. In gels activated with ATP a frequency-dependent discrepancy between

the complex compliance obtained from the passive and active experiments appears at

frequencies below 10Hz. This discrepancy is due to a frequency-dependent increase
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in the magnitude of the bead fluctuations observed in the passive microrheology ex-

periment, in the actin-mysosin gels activated with ATP. These increased fluctuations

have been linked to motor activity [43, 74, 68]. Since the FDT does not account for

motor activity, the dynamic modulus calculated from the fluctuations using the FDT

does not agree with the modulus obtained from the active experiment.

In this section, we perform calculations with the active dumbbell model that

test the validity of FDT in active gels in a way similar to the microrheology experi-

ments of Mizuno et al. [91]. We begin by calculating the relaxation modulus of the

active gel from the autocorrelation function of stress at the non-equilibrium steady-

state. In other words, we apply in an active gel the famous Green-Kubo formula

which relates the autocorrelation function of stress with the relaxation modulus of a

material [14]. In a second calculation we apply a small-amplitude oscillatory strain

to the active gel and estimate the dynamic modulus from the observed stress. If the

active dumbbell model satisfies the FDT the dynamic modulus obtained from those

two calculations should be the same; if it does not, a time-dependent discrepancy

should appear. Similar calculations are often performed for single-chain models of

temporary networks, to demonstrate thermodynamic consistency (FDT compliance)

[53, 109].

5.3.1 Dynamic modulus of active gels from a Green-Kubo Formula. For

the derivation of the dynamic modulus we introduce the conditional probability

ψst(ω̂, r; t|ω̂0, r0; 0) (where ω̂ : {s, F1, F2}) that an active dumbbell at steady sate

is in attachment state s with a change in its end-to end distance r due to motor

forces F1 and F2 at time t when it had the initial conformation r0 and the initial

attachment state s0 at t = 0. The time-evolution of ψst(ω̂, r; t|s0, r0; 0) obeys the
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same evolution equation as eq.(5.1) for an arbitrary initial state (r0, s0),

∂ψst(ω̂, r; t|ω̂0, r0; 0)

∂t
=

∂

∂r

{
ψst(ω̂, r; t|ω̂0, r0, 0)

[
A(s)kbr −

(F2 − F1)

ζa

]}
(5.4)

+
3∑

s′=0

∫ ∫
Ws,s′(ω̂|ω̂′)ψst(ω̂

′, r; t|ω̂0, r0; 0)dF
′
1dF

′
2.

Where the initial condition for the probability distribution function is given by

ψst(ω, r; t = 0|ω̂0, r0; 0) = δ(r − r0)δs,s0 . The function A(s) was defined in eq.(5.2)

and the transition rate matrix W(ω̂|ω̂′) in eq.(5.3), both in Section 5.2. Eq.(5.4) can

be solved exactly using the same procedure outlined in Appendix B for eq.(5.1).

If we make the motor force distribution a Dirac delta function centered around

Fm, p(F ) = δ(F − Fm), where Fm is a mean motor stall-force, all calculations

can be performed analytically. At the end, the procedure reduces to solving a sys-

tem of ordinary differential equations, eqs.(B.6a) and (B.6b), with initial conditions

⟨r⟩{s,F }(t = 0) = ⟨r⟩{0,s} and ⟨r2⟩{s,F }(t = 0) = ⟨r2⟩{0,s}. The Green-Kubo for-

mula requires the calculation of the autocorrelation function of stress at steady-state

⟨σ(0)σ(t)⟩st. Where σ, for this 1-dimensional system, is the normal stress in the direc-

tion of filament alignment. For a bead-spring single-chain model of a network, such

as the one being considered, the macroscopic stress is related to the tension on the

filaments by σ = −ncfr = nckbr
2, where f = −kbr is the tension on the filament and

nc is the number of filaments per unit volume [54, 9]. It is convenient to introduce

the marginal probability density,

ϕst(s, r; t|s0, r0; 0) =
∫ ∞

−∞

∫ ∞

−∞
ψst(s, F1, F2, r; t|ω̂0, r0; 0)dF1dF2 (5.5)

Using eq.(5.5) the autocorrelation function of stress at steady state can be calculated

as,

⟨σ(t)σ(0)⟩st = n2
ck

2
b

3∑
s=1

3∑
s0=1

∫ ∫
r2r20ϕst(s, r; t|s0, r0; 0)ϕst(s0, r0)dr0dr (5.6)

= n2
ck

2
b

3∑
s=1

3∑
s0=1

⟨r(t)2⟩s⟨r2⟩{0,s0}.
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Where ϕst(s, r) = limt→∞ ϕ(s, r; t|s0, r0; 0). The expressions for the conditional second

moments of r for a given attachment state s that appear in eq.(5.6) are given in

Appendix B, eq.(B.9).

Using eq.(5.6) the non-equilibrium steady-state relaxation modulus of the ac-

tive gel at the non-equilibrium steady-state can be expressed as,

GGK(t) =
1

nckb⟨r2⟩0
⟨σ(t)σ(0)⟩st (5.7)

where ⟨r2⟩0 =
∑3

s=1⟨r2⟩{0,s}.

The detailed procedure to obtain the full expression for the relaxation modulus

is given in Appendix B. In the limit τr,a → τr,d when τa/τd ≪ 1, simplified algebraic

expressions can be obtained. Using eqs.(5.6) and (5.7) the following simplified ex-

pression for the relaxation modulus is obtained,

GGK(t) =

(
ncF

2
m

kb

)
1

τr

(
1

2
− τa
τd

)[
2τd

(
2 +

τr
τd

)
e−

2t
τr − τd

(
4 +

τr
τd

)
e−

4t
τr

]
, (5.8)

where τr = ζa/kb = ζd/kb. A plot of this relaxation modulus for τa/τd = 0.1 and

τr/τd = 4 is shown in Figure 5.6A. A distinctive feature of this relaxation modulus,

which makes it different from typical relaxation moduli of passive networks, is that

it has a maximum located at t =
τr
2
log

(
4 + τr/τd
2 + τr/τd

)
with a magnitude given by

ncF
2
m

kb

(1− 2τa/τd)(2 + τr/τd)

2τr/τd(4 + τr/τd)
. As we show in Section 5.3.2 this feature is essential to

the violation of FDT observed in active gels.

Also, by taking the one-sided Fourier transform of eq.(5.8), the non-equilibrium

steady-state dynamic modulus of the active gel is obtained G∗(ω) = iωF̄{G(t)} =

G′(ω) + iG′′(ω),

G′
GK(ω) =

ncF
2
m

kb

(τd − 2τa)τrω
2(48τd + 28τr + τ 3r ω

2)

2τd(64 + 20τ 2r ω
2 + τ 4r ω

4)
, (5.9a)

G′′
GK(ω) =

ncF
2
m

kb

8(τd − 2τa)(4τd + 3τr)ω

τd(64 + 20τ 2r ω
2 + τ 4r ω

4)
. (5.9b)
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Figure 5.2. A: Non-equilibrium relaxation modulus for a gel formed by active dumb-
bells calculated from the autocorrelation function of stress at steady-state (Green-
Kubo formula). B :Non-equilibrium dynamic modulus for a gel formed by ac-
tive dumbbells calculated from the autocorrelation function of stress at steady-
state (Green-Kubo formula). The parameter values used in these figures are
τr = ζa/kb = ζd/kb = 4τd and τa/τd = 0.1. It can be observed that a maxi-
mum appears in both G(t) and G′(ω). This maximum is characteristic of active
gels and does not appear in passive temporary networks.

Where G′
GK(ω) is the storage modulus and G′′

GK(ω) is the loss modulus. Eq.(5.9) are

valid in the limit τr,a → τr,d when τa/τd ≪ 1. A plot of this dynamic modulus for

τa/τd = 0.1 and τr/τd = 4 is shown in Figure 5.2B. Here, a maximum is also observed

in G′
GK(ω) which corresponds to the maximum in GGK(t). Extrema do not occur in

the relaxation or storage modulus of passive networks, and therefore this is a specific

feature of active gels. The dynamic modulus of the active dumbbell gel also has

features in common with the dynamic modulus of passive temporary networks, such

as the high-frequency plateau in the storage modulus and the low frequency terminal

zone in G′(ω) that goes as ω2.

To further investigate how the shape of the dynamic modulus of the active

network depends on the model parameters we performed calculations for different

values of the ratios τa/τd and ζd/ζa. Figure 5.3A shows how the shape of the dynamic

modulus depends on the ratio τa/τd for a constant value of τr/τd. It can be observed

that as the values of τa/τd increase, G′′(ω) and the maximum in G′(ω) decrease
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slightly. In general, the shape of the dynamic modulus does not depend strongly

on the ratio τa/τd. On the other hand, Figure 5.3B shows how the position of the

maxima in G′(ω) and G′′(ω) depends strongly on the ratio of friction coefficients

ζa/ζd. This can be understood by considering that when ζd is much smaller than ζa

local relaxation of the filament upon motor detachment is faster than tension build-up

when the motor is attached. Therefore stress relaxation in the gel occurs at shorter

time scales (higher frequencies).
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Figure 5.3. Non-equilibrium dynamic modulus for a gel formed by active dumbbells
calculated from the autocorrelation function of stress at steady-state (Green-Kubo
formula). A: Dependence on the ratio τa/τd for a constant τr/τd = 10 ratio. B:
Dependence on the ratio ζd/ζa for a constant τa/τd = 0.1 ratio.

5.3.2 Dynamic modulus of active gels from a driven calculation. To show

that the dumbbell model for active gels violates FDT in the way active gels do [91],

we calculate the dynamic modulus observed in the stress response to an externally

applied small-amplitude oscillatory strain. The calculation starts with eq.(5.1) with

a small amplitude oscillatory strain applied to the bundle in the direction of filament

alignment ϵ̇(t) = ϵ0ω cos ωt. Where ϵ̇ is the strain rate, ϵ0 is the strain amplitude

and ω is the frequency. The detailed procedure to derive the dynamic modulus from

this type of calculation and its general result are given in Appendix C. Moreover In

the limit τr,a → τr,d when τa/τd ≪ 1 the analytic expressions for G′ and G′′ can be
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simplified to

G′
D(ω) =

ncF
2
m

kb

(τd − 2τa)τ
2
r ω

2(28 + τ 2r ω
2)

2τd(64 + 20τ 2r ω
2 + τ 4r ω

4)
, (5.10a)

G′′
D(ω) =

ncF
2
m

kb

24(τd − 2τa)τrω

τd(64 + 20τ 2r ω
2 + τ 4r ω

4)
. (5.10b)

A plot of this dynamic modulus is shown in Figure 5.4A. This dynamic modulus

presents features similar to those obtained from the Green-Kubo formula. However

there is a frequency-dependent discrepancy between the two moduli discussed in the

next subsection.

5.3.3 FDT in active gels. By comparing eq.(5.9) and eq.(5.10) it can now

be established if the active dumbbell model exhibits violation of FDT observed in

microrheology experiments of active gels. Figure 5.4A shows a comparison between

the dynamic modulus of a typical actomyosin active gel obtained from the Green-

Kubo formula, in Section 5.3.1, and the one obtained from the driven calculation, in

Section 5.3.2. It can be observed that at high frequencies the two dynamic moduli

are equal. In the limit τr,a → τr,d when τa/τd ≪ 1, this high frequency plateau is

given by G′
GK(ω → ∞) = G′

D(ω → ∞) =
ncF

2
m

2kb

(
1− 2τa

τd

)
. At lower frequencies

G∗
GK begins to grow faster than G∗

D. Then both the storage and loss moduli reach

maxima. The maximum in G∗
GK is larger than in G∗

D. At lower frequencies, below

the maximum, G′
GK and G′

D decrease as ω2, while G′′
GK and G′′

D decrease as ω. The

difference between G∗
GK and G∗

D persists as ω → 0.

Figure 5.5A shows the imaginary part of the complex compliance J ′′(ω) =

6πRα′′(ω) of the actomyosin gel studied by Mizuno et al. [91]. Where α(ω) is the

complex compliance of the probe bead. In an active microrheology experiment the

complex compliance is obtained from the relation ⟨rb(ω)⟩ = α(ω)f trap. Where rb(ω)

is the measured probe bead displacement and f trap is a small amplitude oscillatory
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force, with frequency ω, applied with an optical trap. In the passive microrheol-

ogy experiment the imaginary part of the complex compliance is obtained using the

FDT, α′′(ω) =
ω

6kBT
C(ω). Where C(ω) =

∫∞
−∞⟨rb(t) · rb(0)⟩e−iωtdt is the autocorre-

lation function of the bead position. The complex compliance J∗(ω) is related to the

dynamic modulus by J∗(ω)G∗(ω) = 1. The symbols are experimental data obtained

using passive and active microrheology, while the lines are fits used to transform J∗(ω)

to G∗(ω). The data were taken at steady state after addition of ATP to the acto-

myosin network. In Figure 5.5B the storage modulus obtained from the Green-Kubo

calculation, eq.(5.9), and the one obtained from the driven calculation, eq.(5.10),

are compared to the storage modulus of the actomyosin gel measured by active and

passive microrheology by Mizuno et al. [91]. These experimental storage moduli

are obtained from the fits to J ′′(ω) shown in figure 5.5A using standard procedures

[6, 43, 83].
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active dumbbell model, violation of FDT vanishes in the limit τr/τd → ∞.

The frequency-dependent discrepancy between the response function of the

active gel obtained from the driven and Green-Kubo calculations is in good qualitative

agreement with the experimental observations of Mizuno et al. [91] in microrheology
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experiments of actomysoin gels. For mysosin motors τd ∼ 1 − 10 s, if we make

frequency dimensional using this τd in Figure 5.4A the discrepancy between G′
GK

and G′
D appears around 10 − 50 Hz which agrees in order of magnitude with the

results of Mizuno et al. [91]. It is important to emphasize that the parameters τa

and τd used for the prediction shown in Figure 5.5B were determined from other

experiments [119, 71]. Only τr was fitted to the Mizuno et al. [91] data. The model

predicts correctly the characteristic maximum observed in the G′(ω) obtained from

the passive microrheology technique. However, the active dumbbell model can not

predict, simultaneously, the frequency at which the the maximum occurs and the

frequency where the discrepancy between the two moduli starts. This could be due

to the very narrow relaxation spectrum of the dumbbell model in comparison with

the real gel. Additional improvement in the prediction might be achieved by using a

bead-spring chain with more beads, accounting for the polydispersity and non-linear

elasticity of the actin filaments; these can increase the breadth of the relaxation

spectrum of the gel. We note however that the predictions of the active dumbbell

model are worst at lower frequencies, where the experimental observations indicates

thatG′(ω) goes to an elastic plateau, while the predictions continue to decay. However

this discrepancy can be explained by the fact that the actomysoin gels prepared by

Mizuno et al. [91] also contain biotin crosslinks, while the active dumbbell model

does not contain permanent passive crosslinks, but only active crosslinks (motors).

By taking the ratio of eq.(5.9) and eq.(5.10) we can obtain the following rela-

tion for the active dumbbell model,

G′
GK(ω)

G′
D(ω)

= 1 +
48τd

28τr + τ 3r ω
2
. (5.11)

This relation is valid for τa/τd ≪ 1 and τr = ζa/kb = ζd/kb. The second term on the

right hand side of eq.(5.11) gives the deviation from the FDT. In the limit τr/τd → ∞

this term vanishes and the FDT, G′
GK(ω) = G′

D(ω), is recovered. A plot of this
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G∗. B: Comparison of the storage moduli, G′(ω), predicted by the active dumbbell
model with the storage moduli determined from the microrheology experiments
of Mizuno et al. [91]. The parameter values used in these figures are typical for
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relation, for different values of τr/τd, is shown in Figure 5.4B. Note that the deviation

from the equilibrium FDT in eq.(5.11) is frequency-dependent and cannot, in general,

be interpreted as an effective temperature. This result is in agreement with the

conclusions of a recent and more general theoretical work by Ganguly and Chaudhuri

[29] in which an extension of the FDT for active systems was derived. Eq.(5.11) is one

of the main conclusions of this Chapter and in contrast to other models for active gels

in which motor activity is accounted for by means of an effective temperature [78, 79,

80]. These latter works can not, in general, predict the correct frequency-dependent

violation of the FDT due to the use of an effective temperature to model motor

activity. Other works [74, 43] have used an attachment/detachment jump process

to model motor dynamics. However those models were postulated on a continuum

level of description, where motors are treated as force dipoles embedded within a

continuum. In that picture each pole of the force dipole, representing the motor, is

assumed to lie on a different filament. Those models have also been successful in
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describing some of the observations in the microrheology of active gels.

The microrheology experiments of Mizuno et al. [91] can now be interpreted

based on eq.(5.11). The frequency-dependent increase in the magnitude of the probe

bead autocorrelation function in the passive microrheology of active gels is due to

frequency-dependent stress fluctuations caused by motor activity. These fluctuations

are therefore not related to the response function of the bead by the FDT. An ad-

ditional, frequency-dependent term, as in eq.(5.11), is necessary to account for the

magnitude and dynamics of motor activity. If such a modified FDT is used in the

analysis of the passive microrheology data in active gels, it will account for frequency-

dependent increase in the magnitude of the probe bead autocorrelation, yielding the

same dynamic modulus obtained from the active technique. This conclusion agrees

with previous works [74, 43] that have modeled the rheology of active gels on a contin-

uum mechanics level of description but using a similar description of motor dynamics.

Other microrheology experiments in active gels [117, 91] have shown that

motor-activity induces significant strain hardening of the semiflexible network. This

can be observed in the statistics of bead displacements, which are Gaussian for non-

active gels, but develop non-Gaussian tails when the gels are activated with ATP.

The strain hardening is also observed as an overall increase in the magnitude of the

dynamic modulus of the gel after addition of ATP. Since we have used a linear force

law for the springs that represent the semiflexible filaments the current version of the

model can not exhibit this feature. Non-linear spring force relations for semiflexible

filaments [85, 98, 122] could be used to model the strain-hardening in active gels.

Accounting for these physics has the potential of further improving the predictions

presented in Figure 5.4B, which is explored in Chapter 6.

5.4 Buckling and contraction in active bundles
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Recent experiments [71, 23] in actomyosin bundles without sarcomeric orga-

nization have shown that self-contraction, upon addition of ATP, is related to the

buckling of individual F-actin filaments that form the bundle. In the experiments,

individual bundles were observed and F-actin buckling was found coincident with con-

traction. Prior to ATP addition, compact bundles with aligned F-actin are observed.

Upon ATP addition, the frequency of buckles increases rapidly during contraction,

and then diminishes once contraction stops. These F-actin buckles are dynamic, with

their amplitude, curvature, and location changing over time. Motor-induced buckling

of actin filaments has been shown to be a ubiquitous process in the self-organization

of the cellular cytoskeleton [23].

The main purpose of this Section is to compare our model and results to the

other single-chain mean-field description of active gels available in the literature [71].

That model, as ours, treats the filaments as linear springs. However, as pointed

in Section 5.2, there are several differences in the level of description and mathe-

matical formulation of the two models. Here we discuss in more detail how these

differences reflect in a specific observable of the model. Lenz et al. [71] specifically

apply their model to study buckling and contraction in non-sarcomeric actomyosin

bundles. Therefore using the model presented in Section 5.2 we calculate the fraction

of buckled dumbbells, ϕB, as a function of time after addition of ATP in the absence

of externally applied strain. Before addition of ATP the dumbbells have relaxed end-

to-end length ℓ0 . Upon addition of ATP Motor activity can change the end-to-end

length of the dumbbells by an amount r. This change can cause compression (r < 0)

or extension (r > 0) of the dumbbells. However F-actin filaments support large ten-

sions but buckle easily under piconewton compressive loads [23, 115]. Therefore only

dumbbells under compression (r < 0) buckle. A compressed dumbbell buckles when

its tension f = −kbr reaches a buckling force threshold, FB. An estimation of this

force threshold can be obtained by treating the filaments as thin elastic cylinders
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[115, 35] FB =
kBTℓp
ℓ20

. For a typical F-actin filament, using the values presented in

Section 5.2, FB ∼ 0.1 pN.

To proceed with the calculation of ϕB we set ϵ(t) → 0 in eq.(5.1) and introduce

the marginal probability function ϕ(s, r, t),

ϕ(s, r; t) =

∫ ∞

−∞

∫ ∞

−∞
ψ(s, F1, F2, r; t)dF1dF2 (5.12)

To perform the integrals in eq.(5.12) we make use of the algebraic expressions for

the conditional moments given in Appendix B. Here as in Section 5.3 we assume

p(F ) = δ(F − Fm). Using this p(F ) in eq.(B.1) and then putting the result into

eq.(5.12) we can now take the integrals with respect to F to obtain:

ϕ(s, r; t) =
δs,0
4
δ(r) +

3∑
s′=1

δs,s′

Js′
exp

{
− (r − ⟨r⟩s′)2

2(⟨r2⟩s′ − ⟨r2⟩s′)

}
, (5.13)

where the first and second conditional moments of r for a given s are given in Ap-

pendix B, eq. (B.9). And J is a normalization constant.

On average, filaments in motor-attachment state s = 1 (see Figure 5.1) un-

dergo compression (⟨r⟩s=1 < 0); filaments in motor-attachment state s = 2 experience,

on average, the same magnitude of extension (⟨r⟩s=1 = −⟨r⟩s=2). The end-to end dis-

tance of filaments in states s = 0 and s = 3 does not change, in average, due to motor

activity (⟨r⟩s=3 = 0). To find the fraction of buckled filaments eq.(5.13) is integrated

over all the compressed filaments whose tension exceeds FB and then summed over

all the attachment states that is,

ϕB(t) =
3∑

s=0

∫ −FB/kb

−∞
ϕ(s, r; t)dr =

1

8

3∑
s=1

erfc

{
FB + kb⟨r⟩s

kb
√

2(⟨r2⟩s − ⟨r⟩2s)

}
(5.14)

Eq.(5.14) gives the fraction of buckled filaments in the dumbbell as a function of

time. Note that the first term on the right hand side of eq.(5.13) vanishes after

performing the integral in eq.(5.14) since the end-to-end distance of the dumbbells

on that attachment state does not change due to motor activity. In Figure (5.6A)
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the fraction of buckled filaments is shown as a function of time, for different values

of the ratio ζd/ζa. To make the calculations and plots shown here we make time

dimensionless by τd and choose as characteristic length scale Fm/kb. For these figure

the ratio ζd/ζa is set to 0.1 and τr,a/τd is set to 10. The ratio between the buckling

force of the filaments, FB, and the mean motor stall force Fm was set to 0.3, this

value is inside the range observed experimentally in actomyosin networks [119, 71].

Upon addition of ATP at t = 0 there is a short lag time, after which the fraction

of buckled filaments grows until reaching a steady state value that depends on the

ratios ζa/ζd and τa/τd. The fraction of buckled filaments is never greater than 1/4,

since this is the maximum fraction of filaments that can undergo compression due to

motor activity. Since we have assumed p(F ) = δ(F − Fm) the fraction of buckled

filaments is expected to be smaller , for a given set of parameters, than in the real gel.

A wider motor-force distribution will cause some filaments on attachment state s = 3

to also undergo compression. Qualitatively the shape of this curve coincides with the

experimental observations of Lenz et al. [71]. Figure (5.6B) shows the steady state

value of the fraction of buckled filaments as a function of the ratio τa/τd. It can be

observed that for a given set of friction coefficients there is a critical values of the τa/τd

at which buckling occurs. If, the detachment rate of the motors becomes comparable,

or larger than the attachment rate then motor activity can not produce buckling of

the semiflexible filaments. Here and through the rest of the Chapter it is useful to

consider the limit τr,a → τr,d when τa/τd ≪ 1, in this case the algebraic expressions

simplify considerably. However, as mentioned in Section 5.2, in real systems τr,a is

larger than τr,d therefore the expressions for this limit are presented only to illustrate

the general features of the model, and do not represent a specific physical system.

For instance, in this limit the expression for ⟨r⟩s=1 at steady state simplifies to ⟨r(t =

∞)⟩s=1 =
Fm

2kb

(
τa
τd

− 1
)
, and ⟨r2(t = ∞)⟩s={1,2,3} → 0. Therefore in this limit, the

steady state does not depend on the friction coefficients and a filament buckles when
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an effective motor force that accounts for the attachment/detachment,
Fm

2

(
1− τa

τd

)
,

is larger than the buckling force of the filament FB.
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Figure 5.6. A: fraction of buckled filaments in a bundle, ϕB, as a function of time for
different values of the ratio ζd/ζa. τa/τd was set to 0.1. B: Steady state fraction of
buckled filaments as a function of τa/τd, for different values of the ratio ζd/ζa. For
these plots FB/Fm = 0.3 and τr,a/τd was set to 10, where τr,a := ζa/kb.

Some previous attempts have been made to use microscopic models to describe

buckling of filaments in active bundles [71, 70], however, to our knowledge, this is the

first time the dynamics of buckling formation have been calculated. This dumbbell

version of our model is not sufficient to investigate the influence of motor concentra-

tion in the buckling dynamics. Lenz et al. [71] have investigated the effect of motor

concentration and found that there is an optimum concentration of motors for con-

traction to occur. High concentrations of motors suppress buckling while very sparse

motors can not generate it. We will investigate the effect of motor concentration using

our model in Chapter 6. There is however a fundamental difference in how the model

presented in this work and the model by Lenz et al. [71] explain the mechanisms

that cause buckling and self-contraction in active bundles. In the model presented

here buckling arises because a fraction of the filaments in the bundle exist in a motor

attachment state where contraction is favored (eg.: state s = 1 for the dumbbell ver-

sion). This is achieved by maintaining the motor forces as stochastic state variables
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instead of pre-averaging eq.(5.1) over them. The filaments on attachment states that

undergo contraction buckle when the tension in them reaches FB. On the other hand

in the model of Lenz et al. [71] buckling arises from the dependence of p(F ) on the

position along the filament of the bead (active site) to which the motor attaches. In

other words, in that model the underlying mechanism for buckling is postulated to

be a spatial gradient of the motor stall forces.

5.5 Conclusions

We have introduced a single-chain mean-field model for active gels. The motors

are assumed to create pair-wise active interactions between the filaments, which are

taken into account by considering the probability for a motor to attach to (or detach

from) the network active sites. We have postulated a minimum level of description

that a single-chain mean-field model needs to reproduce the characteristic rheological

and mechanical features of active gels. In the model presented here, the change in the

end-to-end distance of the filaments, the attachment state of the filaments, and the

motor-generated forces, are stochastic state variables that evolve according to a differ-

ential Chapman-Kolmogorov equation. The motor-generated forces are drawn from

a stationary distribution of motor stall forces that can be measured experimentally

[119, 71]. Most of the model parameters, which include attachment/detachment rates

of motors, friction coefficients for filaments and motors, as well as parameters to char-

acterized the elasticity of the semiflexible filaments, can be measured in independent

experiments.

The general formulation of the model allows us to account for physics that

are not available in models that have been postulated on coarser levels of description

[74, 43, 71]. These physics include motor concentration in the gel, non-linear elastic-

ity of the semiflexible filaments and attachment/detachment rates dependent on the

local filament tension. However, to simplify the mathematics and with the aim of ob-
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taining analytical results here we have made several assumptions. We have assumed

that motors attach only at the ends of the filament, this means we have represented

the filaments as dumbbells. This is expected to be a reasonable approximation only

in the limit of very low motor concentration. We have also assumed that the semi-

flexible filaments obey a linear elasticity law; again this is expected to be a reasonable

assumption only in the limit of very low motor concentration where strain hardening

is negligible. Additionally we have assumed that the attachment/detachment transi-

tion rates are independent of the local filament tension. In a Chapter 6 we present

numerical results for a more general version of the model, where we examine the effect

of relaxing some of the aforementioned assumptions.

We have shown that in its simplest form, the active dumbbell model, can

qualitatively reproduce characteristic rheological and mechanical properties of active

gels. For instance, the model can predict the buckling of individual filaments that

is thought to be the underlying mechanism in the self-contraction of non-sarcomeric

actin-mysoin bundles [71, 119]. We have calculated the dynamics of buckling forma-

tion and found that they are mostly determined by the ratio of the friction coefficients

of the filament to that of the motors. In general, buckling occurs if the ratio of detach-

ment/attachment rates is below a critical value that is determined by the buckling

force of the filaments, the mean motor stall force and the friction coefficients of fil-

aments and motors. The active dumbbell model can also predict the violation of

the fluctuation-dissipation theorem observed in microrheology experiments in active

gels [91]. We calculated and compared the dynamic modulus, of a network com-

posed by active dumbbells, obtained from the autocorrelation function of stress at

the non-equilibrium steady state and from the stress response after applying a small

oscillatory strain. If the fluctuation-dissipation theorem were obeyed the two moduli

would be equal [53, 109, 14]. We find that for the active dumbbell model there is a

frequency-dependent discrepancy between the moduli obtained from the two different
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methods. This discrepancy is in general determined by the attachment and detach-

ment rates, as well as by the friction coefficients. When the ratio between the local

relaxation time scale and the detachment time of the motors becomes very large, the

FDT is recovered. In this limit, the dynamics of the system are completely dominated

by the local relaxation of the filaments, and motor attachment/detachment dynamics

have a negligible effect.
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CHAPTER 6

THE ROLE OF FILAMENT LENGTH, FINITE-EXTENSIBILITY AND MOTOR
FORCE STATISTICS IN STRESS RELAXATION AND BUCKLING

MECHANISMS IN NON-SARCOMERIC ACTIVE GELS

6.1 Introduction

Active gels are networks of semiflexible polymer filaments driven by motor

proteins that can convert chemical energy from the hydrolysis of adenosine triphos-

phate (ATP) to mechanical work and motion. Active gels perform essential functions

in living tissue including motions, generation of forces and sensing of external forces.

The cell cytoskeleton is an active gel composed of many different types of filaments

and motors that performs most of the mechanical functions of cells. Moreover, active

gels play a central role in driving cell division and cell motility [23, 118, 94]. Ac-

tive gels have also been successfully prepared in vitro to study their mechanical and

rheological properties [117, 8, 91].

In active gels, molecular motors assemble into clusters with a rigid, roughly

cylindrical, backbone and groups of binding heads on both ends that can attach to

active sites along semiflexible filaments [49, 46]. These clusters of motor proteins

constitute the active component of active gels. In the absence of ATP motor clusters

act as passive cross-links between the semiflexible filaments. In the presence of ATP

molecular motors can walk along the filaments. The direction in which motors move

is determined by the filament structural polarity [127, 56]. A molecular motor starts

“walking” when an ATP molecule attaches to a binding head domain of the motor

protein, which causes it to detach from the filament. Using the chemical energy from

the hydrolysis of ATP the detached motor head moves towards the next attachment

site along the filament contour and reattaches, in a process known as the Lymn-Taylor

cycle [81]. Each motor has at least two clusters of binding heads performing this same

process. However, both of them do not necessarily detach at the same time. When
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the binding heads on one end of the motor are detached and moving towards the next

attachment site, the heads on the other end can be attached to a different filament.

This filament will feel a force due to the motion of the motor. Therefore, in a network

molecular motors can generate active, pair-wise interactions between filaments.

The forces generated by the motors when they move along the filament are a

function of the chemical potential difference between ATP and its hydrolysis products.

In-vivo molecular motors operate far from equilibrium. In typical active gels found

in living cells the difference in chemical potential between ATP and its hydrolysis

products is on the order of 10kBT [55, 56]. Examples of molecular motors that

have been extensively studied are myosin which moves along actin filaments; and

kynesin and dynesin which move along microtubules. Each type of motor protein has

particular characteristics that determine its function inside the cytoeskeleton. For

instance the duty ratio of mysosin (ratio of attached to unattached time) increases

with decreasing ATP concentration, when motor release induced by ATP binding

becomes the rate-limiting step in the Lymn-Taylor cycle [81, 91]. Non-equilibrium

motor activity appears when the motors switch from a non-processive mode, which

cannot generate forces between filaments, to a processive tension-generating mode.

In addition, the processing time of different myosin isoforms have different sensitivity

to tension [93]. It has been recently shown that Myo1b is very sensitive to tension,

where forces > 0.5 pN cause the motor to transform from a low-duty-ratio motor

with attachment times < 1 s to a high-duty-ratio motor with attachment times > 50

s [111]. On the other hand Myo1c is far less sensitive to force than Myo1b enabling

it to power motility over a range of forces.

The semiflexible filaments that form active gels, such as actin and tubulin, are

characterized by having a persistence length (length over which the tangent vectors

to the contour of the filament remain correlated) that is much larger than the size of
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a monomer, and larger than the mesh size of the network, but typically smaller than

the contour length of the filament. For instance, for filamentous actin (F-actin) the

persistence length is around 10 µm, while the mesh size of actin networks is estimated

to be approximately 1 µm. [85, 34, 115] This sets them apart from flexible networks

where the persistence length of the polymeric chains is much smaller than the mesh

size of the networks formed by those chains. An important mechanical characteristic

of semiflexible networks is that they exhibit significant strain hardening for modest

strains. A tension of a few pN can increase the modulus of a semiflexible network by

a factor of 100 [85, 34]. This capacity of biological gels to stiffen as they are strained

allows them to prevent large deformations that could threaten tissue integrity.

Recent advances in experimental techniques have allowed the characterization

of mechanical and rheological properties of active gels. For instance an important

mechanical feature of active gels that has been extensively studied experimentally,

is their capacity of self-contraction and self-organization [71, 119, 23, 65, 63]. These

mechanical features of active gels play a central role in cell division and motion. For

instance, a widely studied active gel is the actin cortex, which is a disordered network

of F-actin decorated with myosin II motors. Changes in cell shape, as required for

migration and division, are mediated by the cell cortex, a thin shell of cross-linked

F-actin bound to the inner layer of the plasma membrane. Myosin II motors drive

contractility of the cortical actin network, enabling shape change and cytoplasmic

flows underlying important physiological processes such as cell division, migration

and tissue morphogenesis [94].

Several works have used a continuum-mechanics level of description to model

self-organization [64, 2] and rheology [79, 12, 33] of active gels and fluids. More mi-

croscopic models have described active gels using a master equation for interacting

polar rods; Aranson and Tsimring [2] presented analytic and numerical results for
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rigid rods, later Head et al. [42] presented more detailed numerical simulations that

account for filament semiflexibility. These models have been very successful in de-

scribing large scale phenomena such as the formation and dynamics of cytoskeletal

patterns (eg.: asters, vortices). The latter work also investigated the effect of motor

attachment/detachment rates on the predictions of the super-diffusive mass transport

typical of active gels. However, the precise microscopic mechanisms underlying this

process are still the subject of considerable experimental and theoretical investigation.

Recently, a microscopic single-filament mean-field model to describe myosin-induced

contraction of non-sarcomeric F-actin bundles was postulated by Lenz et al. [71]. In

this work we use a similar description. However there are several issues in the level-

of-description and mathematical formulation of Lenz et al. [71] which were discussed

in Chapter 5.

Rheological experiments in active polymeric networks have revealed fundamen-

tal differences from their passive counterparts. Some of the differences are not sur-

prising given that these are materials in which molecular motors continuously convert

chemical energy into mechanical work. Recent microrheology experiments [8, 117, 91]

on active gels have shown that the fluctuation-dissipation theorem (FDT) and the

generalized Stokes-Einstein relation (GSER) are violated in active gels. The FDT is

a central part of data analysis of passive microrheology experiments, where it is used

to relate the position fluctuations of the probe bead to a frequency-dependent fric-

tion coefficient, from which, using a generalized Stokes relation rheological properties

can be extracted [51, 15, 108]. The violation of FDT is observed as a frequency-

dependent discrepancy between the material response function obtained from active

and passive microrheology experiments. In the active experiments an external force

is applied to the probe bead and the material response function is calculated from the

bead position signal [108]. In passive microrheology experiments, no external force

is applied, and the material response function is calculated from the bead position
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autocorrelation function using the FDT [91]. Other microrheology experiments in

active gels also indicate that the activity of molecular motors can produce significant

strain hardening of the active networks. For instance non-Gaussian statistics of the

probe bead position have been observed [117] in beads embedded in gels made to

mimic the cytoskeleton. In other passive microrheology experiments a decrease in the

overall magnitude of the the probe-bead power-spectral density and a slow-down of

stress relaxation was observed after addition of ATP [91] to an actomyosin gel.

A considerable amount of work has been devoted to deriving simple gener-

alizations or extensions of the FDT for out-of-equilibrium systems, such as active

gels [102, 10, 29]. In general, these extensions of FDT to out-of-equilibrium systems

model the non-equilibrium forces as Brownian forces, but introduce an effective tem-

perature [78, 79, 80, 97], which is higher than the real temperature and is meant

to account for the larger magnitude of the non-equilibrium fluctuations. This kind

of approach can not explain the observations in the microrheology experiments in

active gels [91] since Brownian forces alone can not produce a frequency-dependent

discrepancy between the material response obtained from the material’s spontaneous

stress fluctuations, and the material response obtained by applying a small external

perturbation and observing the material response. Other works [74, 43] have modeled

the attachment/detachment dynamics of motor forces as a stochastic jump process.

This approach has been successful in describing some of the features observed in the

microrheology experiments of active gels, such as diffusive and superdiffusive behavior

of tracer beads at frequencies where storage modulus of the gel has plateau behavior.

However these models assume that the motors do not interact through the strain field

in the network and neglect strain hardening. Given the level of description of such

models, removal of these assumptions is difficult; therefore more microscopic models

seem necessary to elucidate the specific effect that these physical features have on the

rheology of active gels.
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In Chapter 5 we introduced a single-chain mean-field model for active gels.

We proposed a level of description with the minimum set of components necessary to

predict mechanical and rheological features that have been observed in active gels. In

that work we considered dumbbells, meaning that we had only two beads per filament.

The filaments were modeled as Fraenkel springs, and the motor force distribution

was made a Dirac delta function centered around a mean motor stall force. Those

assumptions allowed us to obtain analytical expressions for several observables of the

model, such as relaxation modulus and fraction of buckled filaments.

The main objective of this Chapter is to relax some of the assumptions of

the model presented in Chapter 5. More specifically, we consider bead-spring chains

with multiple beads, explore the effect of finite-extensibility of the filament segments

and incorporate into the model motor force distributions that have been measured

experimentally. In that form the model can no longer be solved analytically and we

therefore use numerical simulations. In Section 6.2 we give a detailed description of

the model, and discuss the main assumptions, and parameters. We generalize the

proposed differential Chapman-Kolmogorov equation to the case of multiple beads

and give the expressions for the finite-extensibility of the strands and the motor force

distributions. We also discuss the numerical solution of the model and provide checks

of the numerical algorithm used to solve the model against analytic solutions that

can be obtained in special cases. In Section 6.3 we present predictions of the dynamic

modulus of active gels using the active single-chain mean-filed model. The effect of

multiple beads and finite extensibility of the strands in the relaxation spectrum of the

active gel is discussed. We show that the the model can predict the violation of the

FDT observed in microrheology experiments of active gels [91]. This is done by com-

paring the dynamic modulus of the gel obtained from the autocorrelation function of

stress at the non-equilibrium steady state, with the modulus obtained from the stress

response when a small perturbation is applied to the gel. In Section 6.4 we discuss
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transport of filaments in an active gel using our model. We do this by following

the mean-squared displacement of the probe filament center at the non-equilibrium

steady-state. In Section 6.5 we illustrate the use of the model to describe the underly-

ing mechanisms of self-contraction in active non-sarcomeric F-actin bundles. Here we

specifically focus on the effect that the density of active crosslinks along the filament

has on the fraction of buckled filaments and present predictions that show the relation

between filament buckling and contraction of non-sarcomeric actomyosin bundles.

6.2 The active single-chain mean-field model

In this section we describe a single-chain mean-field model for an active bundle.

Active networks are formed by semiflexible filaments and motor clusters (hereafter

simply called motors) that form active cross-links between filaments (Figure 6.1A).

For instance myosin II thick filaments, which cross-link actin, are ∼ 1.5µm in length

and contain ∼ 400 attachment heads [94]. In the presence of ATP, motors will

go through detachment/attachment cycles [81] in which they detach from one fila-

ment and take nanometer-sized steps towards a direction determined by the filament’s

structural polarity, therefore exerting a force on the filament to which they remain at-

tached. Our model follows a single probe filament (illustrated in gray in Figure 6.1B)

and approximate its surroundings by an effective medium of motor clusters that at-

tach and detach from specific sites along the probe filament. The motors are assumed

to form pair-wise interactions between filaments. When a motor is attached to the

probe filament it is detached and steps forward on another filament in the mean-field

and therefore pulls/pushes on the probe filament. The formulation of temporary net-

work models provides a very useful mathematical and conceptual framework to model

this dynamics [44, 54, 53]. In Figure 6.1B a probe filament is shown in more detail,

each bead represents a site along the filament where a motor can attach, and the

springs represent the filament segments between this active sites. In this Chapter we
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consider the case of multiple beads. The motors create the type of pair-wise active

interactions between the bead-spring chains described above. To model these inter-

actions we use a mean-field approach, in which filaments have certain probabilities to

undergo a transition from one attachment/detachment state into another depending

on the state of the particular filament.

A
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{0+r1 {0+r2
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Figure 6.1. Sketch of the single-chain mean-field model for active gels. A: Active
bundle formed by polar filaments and motors (which can move towards the barbed
end of the filaments). Motors attach and detach from the filaments. After detaching
from a given filament a motor will step forward in that filament and will exert a
force on the other filament where it is still attached. The gray filament indicates a
probe filament whose dynamics are followed by the model. B: The probe filament
is represented by a bead-spring chain. Red beads represent attachment sites in the
filament where a motor is attached, ζa is the friction coefficient of those beads. Blue
beads represent sites in the filaments where no motor is attached ζd is the friction
coefficient of those beads. ℓ0 is the rest length of the strands before addition of
ATP; ri is the change in the end-to-end distance of a strand due to motor activity.
Fj is a motor-generated force acting on bead j. Motors generate a force on the
filament only when attached. C: Sketch of the attachment/detachment states of
a three-bead version of the model (N = 3). The attachment/detachment states
model the interaction of the probe filament with the mean field.

It is convenient to represent the attachment state by a single number s; by

allocating number 0 to free beads and 1 to beads attached to a motor. In the following,

the number 0 or 1 assigned to bead j on the chain in an attachment state is denoted

by nj(s). By definition, s takes one of the values 0, 1, ..., 2N(= smax), where N is the
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number of beads. For example, s is equal to 0 for a chain whose beads are all free

(i.e., nj(0) = 0 for all j) and s = smax for a chain whose all beads are attached (i.e.,

nj(smax) = 1 for all j). Figure 6.1 illustrates the labeling of the attachment states for

a chain with three beads.

We assume that before addition of ATP the distance between non-processive

motors (acting as passive cross-links) is given by ℓ0. This is the rest length of the

filament segments and therefore there is no tension in the filaments before addition of

ATP. For instance, if an actin network is formed in the presence of high concentrations

of myosin the resulting cross-link density is higher and ℓ0 smaller than in the same

network formed under lower concentrations. In typical actin networks prepared in-

vitro ℓ0 is on the order of 1µm [34, 115]. After addition of ATP the motors (cross-

links) become active and start detaching from and reattaching to the beads. τd is the

average time a motor spends attached to a bead before detaching from it, whereas

the average time a motor spends detached before reattaching is given by the model

parameter τa. The force generated by a motor attached to bead j will be denoted Fj.

Molecular motors can only move in one direction along the filament, determined by

the filament’s polarity. Filaments are thus expected to move in the opposite direction.

In this single-chain description we introduce this asymmetry by making all the forces

Fj, that the motors exert on the beads of a given filament, have the same sign (either

positive or negative). Another force acting on the filament is the viscous drag from the

surrounding solvent (which is mainly water for biological networks). The frictional

force from the surrounding solvent is characterized by a friction coefficient. Bulky

motor cluster (i.e.: 1.5µm for myosin II thick filaments) increase the friction coefficient

of the filament when attached to an active site. Therefore this friction coefficient is

allowed to take two different values: ζa when attached, and ζd < ζa if there is no motor

attached to that bead. The change in the end-to-end length of a filament segment

due to the action of the motors is denoted ri.



157

The following state variables (level of description) are used to construct the

model of the active dumbbell Ω : {s,F , r}. Where F := {F1, F2, Fj, ...FN} is a vector

that contains the motor forces for all the beads and r := {r1, r2, ri, ...rN−1} is a vector

that contains the change from the rest length in the end-to end distance of all the

strands due to motor forces. Now let ψ(Ω) be the distribution function describing

the probability of finding an active filament in state s with strands with a change in

their end-to-end distance r due to motor forces F at time t. The time evolution for

ψ(Ω) is given by the following differential Chapman-Kolmogorov equation:

∂ψ(ω̂, r; t)

∂t
=

N−1∑
i,j=1

∂

∂ri

{
ψ(ω̂, r; t)

[
− ϵ̇(t)rj + Ai,j(s)f(rj) (6.1)

− (Fj+1 − Fj) δi,j
ζa

]}
+

smax∑
s′=0

∫
Ws,s′(ω̂|ω̂′)ψ(ω̂′, r; t)dF

where ω̂ : {s,F } is a subspace of Ω, ϵ(t) is an externally applied strain in the direction

of filament alignment and f(rj) is the spring force. For linear springs f(rj) = −kbrj.

The linear spring constant for inextensible (ie.: fixed contour length ℓc) semiflexible

filaments [82] is given by kb =
3π3kBTℓ

2
p

ℓ40
. The rest length ℓ0 is related to the contour

length by ℓ0 = ℓc −
ℓ20
πℓp

. For F-actin filaments, the persistence length, ℓp, is approx-

imately 10 µm and ℓ0 ∼ 1µm and therefore kb is on the order of 1 µN/m. However

approximating the filament segments (strands) as Fraenkel springs is only expected

to be valid for very small deviations from the relaxed length ℓ0. We discuss other,

more accurate, expression for f(rj) below.

The matrix Ai,j(s), in eq.(6.1) gives the connectivity of the beads as a function

of the motor-attachment state, s, and is defined as,

Ai,j(s) = −ai(s)δi,j−1 + [ai(s) + bi(s)]δi,j − bi(s)δi,j+1 (6.2)
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where ai(s) and bi(s) are given by,

{ai(s), bi(s)} =



{
1
ζa
, 1
ζa

}
if {ni(s), ni+1(s)} = {1, 1}{

1
ζd
, 1
ζa

}
if {ni(s), ni+1(s)} = {0, 1}{

1
ζa
, 1
ζd

}
if {ni(s), ni+1(s)} = {1, 0}{

1
ζd
, 1
ζd

}
if {ni(s), ni+1(s)} = {0, 0}.

(6.3)

As stated above, ζa is the friction coefficient of a bead when a motor is attached

to it and ζd is the friction coefficient when there is no motor attached to it. For

instance, several experimental measurements [119, 71] have shown that myosin II

motors move along actin filaments at approximately 0.5 − 1 µm/s, they have an

average stall force of 1 pN; therefore ζa is estimated to be around 1 µN · s/m. ζa is

expected to be larger than ζd since the motor attachment heads increase the cross-

sectional area of the actin filament when they attach to it. Additionally to τa and

τd it is convenient to label two additional time scales of the model τr,a = ζa/kb and

τr,d = ζd/kb which are local relaxation times of the filament when a motor is attached

to it and when there is no motor attached to it respectively. For myosin motors in

actin gels τd is on the order of 100 ms while τa is usually between an order to two orders

of magnitude smaller [71, 74]. Therefore in a typical active gel τa < τd ≤ τr,d < τr,a is

expected.

In Chapter 5 we treated the strands between motors as linear springs to be

able to obtain analytic solutions of the model. However semiflexible filaments are

known to strain harden under a tension of a few pN, which motors are known to

generate. The end-to-end, ℓ, versus tension, f , behavior of semi-flexible filaments has

been the subject of extensive theoretical and experimental study during the last four

decades [24, 85, 82, 122]. Given the importance of such relations to accurately model

biological networks the elasticity of semiflexible filaments is still the object of ongo-
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ing experimental and theoretical work. In bead-spring simulations an interpolation

formula developed by Marko and Siggia [85] that approximates the force-extension

curve of inextensible (ie.: fixed contour length ℓc) semiflexible filaments is commonly

used [121, 122],

f(r) = −kWLC

{
r +

ℓc
4(ℓ0/ℓc + r/ℓc − 1)2

− ℓc
4(ℓ0/ℓc − 1)

}
. (6.4)

Where ℓ0 is the rest length and r is the deviation from ℓ0. The end-to-end length vs

tension curve given by eq.(6.4) displays a linear regime for small tensions f and in the

limit of strong stretching approaches ℓc with a characteristic saturation ∼ −f−1/2 (see

Figure 6.2). Polymeric filaments that display this characteristic behavior are usually

referred to as wormlike chains [24, 85, 82] (WLC). Note that since to linear order in

r eq.(6.4) must match the behavior of the Fraenkel springs kb and kWLC are related

by
kWLC

kb
=

2(ℓc − ℓ0)
3

2(ℓc − ℓ0)3 + ℓ3c
.
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Figure 6.2. Relation between tension f and the deviation r from the rest-length ℓ0 in
a semiflexible filament as predicted by the wormlike chain model. The plot shows
the linear approximation to it, and the Marko and Siggia [85] formula, eq.(6.4).
The plot is made for values of the parameters typical of actin filaments in a network
ℓ, ℓp = 10µm ℓ0 = 1µm.

In our model, a filament of end-to-end length ℓf is constructed by connecting

N − 1 segments of rest length ℓ0 through the connectivity matrix A(s). We assume a

single value for ℓ0. In real systems a distribution of ℓ0 is expected, even if the strands
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have the same ℓc. Initial cross-linking by non-processive motors of the thermally

undulating filaments can create local pair-wise separations that differ from the zero-

force end-to-end lengths of the filaments. Storm et al. [115] have performed a detailed

analysis of ℓ0 distributions and their effect in the mechanical response of semiflexible

networks. We also assume that the tension in each segment as a function of r is given

by eq. (6.4), or its linearized version. This assumption implies that the end-to-end

length vs tension relation does not couple the strands (filament segments), the tension

in each strand only depends in its own deviation from the relaxed length and not on

the state of the other segments in the chain. However in the real WLC the tension

in a particular strand depends on the orientation of the other segments in the chain.

A more accurate bead-spring chain discretization of the WLC would include

bending potentials between the springs which introduce correlations between the

strands’ orientations. The approximation without bending potentials is expected

to work best when the end-to-end length of the segment represented by a spring is

larger than the persistence length of the filament [122]. More accurate bead-spring

chain descriptions of semiflexible filaments include, in addition to finite extensibility

of the strands, bending potentials between the springs. Recently a theoretical frame-

work that allows one to systematically obtain coarse-grained models for semiflexible

filaments was proposed [62]. This framework has been used to construct a bead-

spring model for the WLC that incorporates quadratic penalties for stretch, shear,

and bending deviations as well as coupling between the bend and shear degrees of

freedom of the free energy of the chain [61]. That model allows for discretization at

any segment length while still remaining accurate at shorter length-scale.

The transition rate matrix W(ω̂′|ω̂) in eq.(6.1) contains the transition rates

between attachment/detachment states. To construct W(ω̂′|ω̂) a matrix K(l) of di-
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mensions 2l × 2l(l = 1, ..., N) is first generated by an iterative procedure:

K(l) =

 K(l − 1) 1
τd

∏N
i=1 δ(F

′
i )δ(2

l−1)

p(F ′
l )

τa

∏N
(i̸=l)=1 δ(F

′
i )δ(2

l−1) K(l − 1)

 . (6.5)

Where K(0) = 1, δ(...) is the Dirac delta function and δ(2l) is an identity matrix of

dimensions 2l × 2l. Then W(ω̂′|ω̂) is defined in terms of K(l) as,

W(ω̂′|ω̂) =


Ks′,s(N) if s′ ̸= s

−
∑smax

s′′ (̸=s)=0 Ks′′,s(N) if s = s′.

(6.6)

The block matrix at the upper-left or lower-right block element of W(ω̂′|ω̂) represents

the transition rate matrix of a chain having N − 1 beads, whereas the upper right

and lower left elements stand for the detachment and attachment rates of motors in

the Nth bead, respectively.
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Figure 6.3. Cumulative distribution function (CDF) of myosin-generated forces in an
actomyosin bundle. Symbols represent experimental data reported by Thoresen
et al. [119]. The lines are fits to the cumulative distribution function of analytic
probability distributions used to incorporate p(F ) in the model. From this dis-
tribution we find that the mean motor stall force for a myosin thick filament is
approximately Fm = 0.7nN with standard-deviation given by δFm = 25nN.

The function p(F ) is the probability density from which a motor force is drawn

every time a motor attaches to a bead. In eq. (6.6) the subindex j indicates the
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bead to which the motor attaches. Motor force distributions have been measured

experimentally in actomyosin bundles [119, 71]. In Chapter 5 we assumed that the

motor force distribution was given by a delta function centered around the mean-

motor stall force that is p(F ) = δ(F − Fm). where Fm is the mean motor-stall

force. This assumption allowed us to proceed with the analytic solution of the model.

However a more realistic shape of these motor force distributions can be incorporated

into the model. Figure 6.3 shows the cumulative probability function of myosin

motors in an actin bundle [119]. To incorporate this distribution in the model we

fit the experimental data with either a triangular distribution (for fast, preliminary

calculations) or with a Gamma distribution (for final, quantitative calculations). The

first moment of this distribution is approximately Fm = 0.7nN and with standard-

deviation, for the distribution shown in Figure 6.3 of approximately δFm = 0.25nN.

We assume that the motor force distribution is independent of time, or that it is

stationary, this is expected to be a good assumption as long as the kinetics of the

ATP → work reaction in the motors are much faster than any of the time scales in the

model. To summarize, we use a single-filament model of the active gel where binary

active crosslinks with other filaments are accounted for by a mean-field of motors that

undergo transitions between attachment states determined by the phenomenological

parameters τa, τd and p(F ) all found by independent experiments.

In this work a numerical algorithm derived from the proposed differential

Chapman-Kolmogorov equation, eq.(6.1), is used to simulate an ensemble of fila-

ment trajectories [44] from which moments of the probability density ψ(Ω) can be

calculated. In Chapter 5 we presented analytic solutions for a dumbbell (two beads)

version of the model with several simplifying assumptions. Even for chains with more

than two beads the numerical solutions can be checked against analytic solutions

that can be obtained in specific cases. For instance, Figure 6.4A shows a comparison

between the fraction of filaments in attachment state s (i.e.,
∫
ψ(Ω)dF dr) obtained
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Figure 6.4. Check of the numerical algorithm used to solve the model against an-
alytical solutions in particular cases. The procedure is illustrated for a filament
with three beads (attachment states illustrated in Fig. 6.1C). A: Motor forces are
turned off and the jump process between attachment states is checked against an
analytic solution for the fraction of filaments in each attachment state. For the
example shown the parameters were set to τa = 0.5, τd = 1. B: The jump process
between attachment states is turned off and predefined values for the motor forces
are specified. The numerical solution for

∑N−1
i=1 ri is checked against the analytic

solution of the resulting deterministic equation for each attachment state. For the
example shown the parameters were set to τr,a = 20, τr,d = 2, F = {1, 2, 1}, kb = 1.

from a simulation where all motor forces are turned off and the analytic solution that

is obtained for that particular case. The calculations were performed for the three-

beads chain (attachment states illustrated in Figure 6.1C). Figure 6.4B shows a check

of the numerical algorithm in the other case where analytic solutions are attainable.

That is, when the jumps between attachment states are turned off and the motor

forces for all beads are made equal to Fm. In that case the model reduces to a sys-

tem of deterministic ordinary differential equations. The two calculations shown in

Figure 6.4 confirm all terms in eq.(6.1) which is why these two particular checks were

chosen. In general we find that to obtain convergence it is sufficient to set the value of

the time step a factor of 10 times smaller than the smallest characteristic time scale

of the system, taking relaxation times of the segments, attachment/detachment time

scales into account.
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Note that in the model presented here p(F ) is bead independent in contrast to

the model by Lenz et al. [71]. In that model the motor force distribution depends on

the position along the filament of the bead to which the motor is attached. In other

words in that model the underlying mechanism for buckling is postulated to be a spa-

tial gradient of the motor stall forces. Physically this assumption can be interpreted

as the motors having spatial memory and being able to identify the particular posi-

tion along the filament to which they are attaching. Presumably this pre-averaging

and its related assumptions are done to simplify the mathematics; however this leads

to several issues in the solution and interpretation of the model predictions that have

not been clearly resolved. We do not make such assumptions. Instead F is kept as

a stochastic state variable, p(F ) is the same for all motors, and the transition rates

depend on this motor force distribution. In other words, our model exists at a more

detailed level of description than the model of Lenz et al. [71]. In Section 6.5 we

will discuss the implications that these conceptual differences between the two models

have in the explanation of the mechanisms underlying buckling and self-contraction

in active gels. In Sections 6.3, 6.4 we use the active single-chain mean-field model

to describe some of the rheological and mass transport properties that have been

observed in active gels.

6.3 Dynamic Modulus of Active Gels

6.3.1 Introduction. To test the validity of FDT in active gels, Mizuno et al.

[91] compared the complex compliance of actin-myosin networks measured with ac-

tive and passive microrheology. In the active experiment they used an optical trap

to apply a small-amplitude oscillatory force to the bead, f trap = Acos ωt δx, where

A is the amplitude, ω is the frequency and δx is the unit vector in the direction

of the applied force. The complex compliance, α(ω), is obtained form the relation

⟨rb(ω)⟩ = α(ω)f trap. Where rb(ω) is the measured probe bead position, which can
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also be written as ⟨rb(ω)⟩ = A [α′(ω)cos ωt+ α′′(ω)sin ωt] δx. Where α′(ω) char-

acterizes the elastic response of the medium, in phase with the applied force, and

α′′(ω) characterizes the viscous response, out of phase with the applied force. In

a passive microrheology experiment no external force is applied to the bead or a

static harmonic trap is used to hold the bead near its equilibrium position and the

imaginary part of α(ω) is obtained using the FDT, α′′(ω) =
ω

6kBT
C(ω). Where

C(ω) =
∫∞
−∞⟨rb(t) · rb(0)⟩e−iωtdt is the autocorrelation function of the bead position

[15, 51]. Before addition of ATP the complex compliance of the actin-myosin network

obtained with the passive and active techniques were identical. In gels activated with

ATP a frequency-dependent discrepancy between the complex compliance obtained

from the passive and active experiments appears at frequencies below 10Hz. This

discrepancy is due to a frequency-dependent increase in the magnitude of the bead

fluctuations observed in the passive microrheology experiment, in the actin-mysosin

gels activated with ATP. These increased fluctuations have been linked to motor ac-

tivity [43, 74, 68]. Since the FDT does not account for motor activity, the complex

compliance calculated from these fluctuations using the FDT does not agree with the

complex compliance obtained from the active experiment.

Figure 6.5A shows the imaginary part of the complex compliance J ′′(ω) =

6πRα′′(ω) of the actomyosin gel studied by Mizuno et al. [91]. The complex com-

pliance, J∗(ω), is related to the dynamic modulus, G∗(ω), by J∗(ω)G∗(ω) = 1. The

symbols are experimental data obtained using passive and active microrheology, while

the lines are fits used to transform J∗(ω) to G∗(ω). The data were taken at steady

state after addition of ATP to the actomyosin network. Part B of Figure 6.5 shows

the dynamic modulus obtained from the fits to J ′′(ω) shown in figure 6.5A using stan-

dard procedures [6, 43, 83]. The red lines represent the dynamic modulus obtained

from the active microrheology experiment, where an external strain or force was ap-

plied using optical tweezers. The blue lines represent the modulus obtained from the
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experimental results by Mizuno et al. [91] and the lines are fits used to convert J∗

to G∗. B: Dynamic modulus obtained from the creep compliance shown in part A.

passive microrheology technique without applying any external strain or force.

In this section, we perform calculations with the active single-chain mean-field

model that test the validity of FDT in active gels in a way similar to the microrheology

experiments of Mizuno et al. [91]. We begin by calculating the relaxation modulus

of the active gel from the autocorrelation function of stress at the non-equilibrium

steady-state. That is, we apply the Green-Kubo formula, that relates the autocorre-

lation function of stress with the relaxation modulus of a material [14], to the active

gel. In a second calculation we apply a small step-strain to the active gel and esti-

mate the dynamic modulus from the stress relaxation curve. If the active single-chain

mean-field model satisfies the FDT the dynamic modulus obtained from those two

calculations should be the same, if it does not, a frequency-dependent discrepancy

should appear. Similar calculations are often performed for single-chain models of

not-active networks, to demonstrate FDT compliance [53, 109].

Other microrheology experiments in active gels [117, 91] have shown that

motor-activity induces significant strain hardening of the semiflexible network. Mizuno
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compliance shown in part A.

et al. [91] observed this effect in the power-spectral density of the probe bead in

passive microrheology experiments. Their experimental results are shown in Fig-

ure 6.6A. As can be observed the overall magnitude of the response function starts

to decrease after the myosin motors switch from a nonprocessive mode to a proces-

sive tension-generating mode at approximately 2.5 hours after addition of ATP. The

strain hardening can also be observed in the storage modulus obtained from this

passive microrheology experiments shown in Figure 6.6B. The stiffening of the fila-

ments generated by the motors causes an overall decrease in the magnitude of stress

fluctuations and therefore a decrease in the storage modulus obtained from passive

microrheology experiments. A broadening in the relaxation spectrum of the gel which

causes a slow-down in stress relaxation at frequencies around 102Hz is also observed.

For instance, the storage modulus obtained from passive microrheology goes from a

ω0.67 behavior to ω0.5 when myosin motors become processive.

6.3.2 Dynamic modulus of active gels from a Green-Kubo Formula. For
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the derivation of the dynamic modulus we introduce the conditional probability

ψst(ω̂, r; t|ω̂0, r0; 0) (where ω̂ : {s,F }) that an active filament at steady state is in

attachment state s with strands that have a change in their end-to end distance r due

to motor forces F at time t when it had the initial conformation r0 and the initial

attachment state s0 at t = 0. The time-evolution of ψst(ω̂, r; t|s0, r0; 0) obeys the

same evolution equation as ψst(ω̂, r; t): that is eq.(6.1), with initial condition given

by ψst(ω, r; t = 0|ω̂0, r0; 0) = δ(r − r0)δs,s0 .

To obtain the relaxation modulus in a way similar to what is done in passive

microrheology experiments, we use the Green-Kubo formula. This formula relates the

relaxation modulus, G(t), of a material to the autocorrelation function of stress at

equilibrium (see Appendix for derivation). We apply it at a non-equilibrium steady

state without modification, in the same way the FDT is applied for the analysis

of passive microrheology data in active gels. This requires the calculation of the

autocorrelation function of stress at steady-state ⟨σ(0)σ(t)⟩st. Where σ is the normal

stress in the direction of filament alignment in the bundle. For the mean-field single-

chain model, such as the one under consideration, the macroscopic stress is related

to the tension on the filaments by σ = −nc

∑N−1
i=1 firi where fi is the tension on

the filament and nc is the number of filaments per unit volume [54, 9, 44]. For

the calculations with linear springs σ simplifies to nckb
∑N−1

i=1 r2i , whereas for WLC

springs the tension fi is given by eq.(6.4). With these, the non-equilibrium steady-

state relaxation modulus of the active gel is obtained from,

GGK(t) =
1

nckBT
⟨σ(t)σ(0)⟩st . (6.7)

The Green-Kubo simulations start with an ensemble of filaments in which for all the

filaments the beads have motors attached to them, and all the strands are relaxed

(ri = 0 for all i) we let the ensemble of filaments reach steady state before calculating

⟨σ(t)σ(0)⟩st on the fly using the photon correlation spectroscopy algorithm [27, 84].
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Figure 6.7. Effect of the number of beads for a fixed strand rest length, ℓ0, on
the stress relaxation behavior of the the active single-chain mean-field model with
linear springs observed in a Green-Kubo simulation. Model parameters used were
τa/τd = 0.005, τr,a/τd = 2, ζd/ζa = 0.1, and the Gamma motor force distribution
shown in Figure 6.3. A: Relaxation modulus, symbols are simulation results and
lines are fits used to transfer the information to the frequency domain. B: Storage
modulus obtained from the fits in part A.

The relaxation modulus of the active single-chain mean-field model obtained

from Green-Kubo simulations is shown in Figure 6.7A. Where the symbols represent

simulation results and the lines are fits used to carry the information to the frequency

domain [6, 7]. By taking the one-sided Fourier transform of the relaxation modulus the

non-equilibrium steady-state dynamic modulus of the active gel is obtained G∗(ω) =

iωF̄{G(t)} = G′(ω) + iG′′(ω). Where F̄{G(t)} :=
∫∞
0
G(t)e−iωtdt is the one-sided

Fourier transform; G′
GK(ω) is the storage modulus and G′′

GK(ω) is the loss modulus.

The storage modulus of the active bundle as predicted by our model is shown in

Figure 6.7B. A distinctive feature of this storage modulus is that it has a maximum.

Extrema do not occur in the relaxation or storage modulus of passive networks, and

therefore this is a specific feature of active gels. As we show in Section 6.3.3 this

feature is essential to the violation of FDT observed in active gels. The storage

modulus of the active single-chain mean-field model also has features in common

with the storage modulus of passive temporary networks, such as the high frequency



170

plateau in the storage modulus and the low frequency terminal zone in G′
GK(ω) that

goes as ω2.

In Chapter 5 we discussed how the shape of the dynamic modulus of the active

network depends on the model parameters τa, τd and ζd, ζa. In general, we observe

that as the values of τa/τd increase, G′′
GK(ω) and the maximum in G′

GK(ω) decrease

slightly. The shape of the dynamic modulus does not depend strongly on the ratio

τa/τd. On the other hand the position of the maxima in G′
GK(ω) and G

′′
GK(ω) strongly

depends on the ratio of friction coefficients ζa/ζd. When ζd is much smaller than ζa

local relaxation of the filament upon motor detachment is faster than tension build-up

when the motor is attached. Therefore stress relaxation in the gel occurs at shorter

time scales (higher frequencies). Here we will focus on what changes when we relax

some of the assumptions made in Chapter 5.

First we consider the effect of the density of motor clusters in the dynamic

modulus of active gels. In experiments the number of motors per filament is commonly

used as a control parameter to study the effect of motor activity in the mechanical

properties of active gels [94, 119, 60]. For instance, rheological measurements in

actomyosin gels [60] have shown that varying the myosin concentration at fixed actin

filament length has the same effect on the magnitude of the storage modulus of an

actomyosin gel as varying the average actin filament length (with the capping protein

gelsolin) for fixed myosin concentration. Therefore it has been suggested that the

number of myosin thick filaments per actin filament is the relevant control parameter

to study the effect of motors on the dynamic modulus of actomyosin gels. In the active

single-chain mean-field model the number of motors per filament can be controlled

by changing the number of beads, N , for a fixed rest length of the strands, ℓ0 and a

fixed τa/τd ratio. Which is equivalent to varying the total rest length of the filaments,

ℓf = (N−1)ℓ0, for a fixed motor concentration. The average number density of active
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cross-links, at steady-state, is given by ncNτd/(τa + τd). Where nc is the number of

filaments per unit volume and τd/(τa + τd) is the fraction of attached motors. If the

motors are operating under strong attachment or high duty ratios, τa ≪ τd, such

as the case under consideration, the average number density of active cross-links is

approximately ncN .

The effect of increasing the number of motors per filament in the relaxation

modulus of the active single-chain mean-field model is shown in Figure 6.7A. We find

that the magnitude of the relaxation modulus increases with increasing number of

motors per filament. This tendency agrees with what is observed experimentally in

actomyosin gels [60]. In real systems however entanglements between myosin filaments

contribute significantly to the modulus, especially in concentrated gels formed by long

filaments [60]. The results obtained with the single-chain mean-field model are also

consistent with theoretical calculations in temporary networks formed by associating

polymers [54, 53], where the magnitude of the storage modulus also increases with

increasing number of stickers per chain. Another effect of increasing the density of

active cross-links is that the spectrum of relaxation times becomes broader making

the longest relaxation time larger. The shape of the characteristic peak in G′
GK(ω)

also changes as the number of motors per filament is increased as can be observed in

Figure 6.7B. The peak is narrow and relatively high compared to the plateau for low

motor densities. It becomes wider and relatively lower for larger motor densities, as

τd and the longest relaxation time become more separated.

We previously considered only a linear version of our model, in which the

strands were modeled by Fraenkel springs. However as has been shown in microrhe-

ology experiments on actomyosin gels [91] (Figure 6.6) molecular motors can cause

strain hardening of the active gel. Therefore here we check for the effect of finite

extensibility of the strands in the relaxation modulus observed in the Green-Kubo
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Figure 6.8. Effect of strand stiffness on the stress relaxation behavior of the active
single-chain mean-field model observed in a Green-Kubo simulation. Strands for
which the ratio ℓ0/ℓc is large can be thought as being more prestressed than strands
for which the ratio ℓ0/ℓc is small. Model parameters used were τa/τd = 0.005,
N = 6, τr,a/τd = 2, ζd/ζa = 0.1, and the Gamma motor force distribution shown
in Figure 6.3. Results shown are for a chain with six beads. kWLC for eq.(6.4) was
chosen such that the small tension behavior matches the linear spring. A: Relax-
ation modulus, symbols are simulation results and lines are fits used to transfer
the information to the frequency domain. B: Storage modulus obtained from the
fits in part A.

simulations. To perform a calculation similar to the experiments of Mizuno et al.

[91] we vary the initial stiffness of the strands by changing the ratio between the

rest length of the strands, ℓ0, and their contour length, ℓc. Strands for which ℓ0 is

closer to ℓc can be thought of as being initially stiffer than strands for which the ratio

ℓ0/ℓc is small. Figure 6.8A shows the effect of finite-extensibility on the relaxation

modulus obtained from Green-Kubo simulations. As the strands are made stiffer by

making the ratio ℓ0/ℓc larger there is an overall decrease in the magnitude of the

relaxation modulus obtained from Green-Kubo simulations. The result for a chain

with linear springs (i.e., ℓ0/ℓc → 0) is shown as reference. The parameter kWLC for

the non-linear springs is chosen such that their small-tension behavior matches the

linear spring behavior. In addition to the overall decrease in magnitude, there is also

a decrease in the slope of the relaxation modulus at long times, which means that
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the breadth of the spectrum of relaxation times of the active gel becomes larger as

the strands are made stiffer. Figure 6.8B shows the storage modulus obtained from

the one-sided Fourier transform of the relaxation modulus shown in Figure 6.8A. The

same effects observed in the relaxation modulus can be seen here. For the linear

springs the low-frequency behavior in G′
GK(ω) is the ω2 typical of a terminal zone.

On the other hand, at the same frequencies, the G′
GK(ω) of the gel with the stiffer

WLC springs considered displays a ω1.6 behavior and the terminal zone can not be

observed in the calculated frequency window. This again indicates that the stiffer

strands increase the breadth of the relaxation spectrum of the gel. These theoretical

results agree qualitatively with the experimental observations of Mizuno et al. [91]

shown in Figure 6.6. Where stiffer filaments were also observed to produce a broader

relaxation spectrum and an overall decrease in the modulus obtained from passive

microrheology experiments in actomyosin gels.

Other passive microrheology experiments in active gels have also shown that

motor activity induces significant strain hardening of the semiflexible network. For

instance, Stuhrmann et al. [117] observed the statistics of the displacements of a tracer

bead embedded in an in vitro cytoskeleton and found that the distribution of the bead

position fluctuations becomes narrower with time due to motor activity. Moreover

the statistics develop non-Gaussian tails when the gels are activated with ATP. These

observations have been attributed to the stiffening of the semiflexible filaments due

to motor activity. The effect of molecular motors and strand semi-flexibility in the

non-equilibrium statistics of the active single-chain mean-field model are shown in

Figure 6.9. The change in the total end-to-end length of the filaments,
∑N−1

i=1 ri, is

plotted in Figure 6.9A and the non-equilibrium statistics of the total tension are shown

in Figure 6.9B. As the filaments are made stiffer by increasing the ratio ℓ0/ℓc these

distributions become narrower (i.e., smaller variance). It can also be observed in the

insets of Figure 6.9 that the absolute residuals between the distributions obtained from
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Figure 6.9. Effect of the strand stiffness on the non-equilibrium steady state statistics
of the active single-chain mean-field model. A: Cumulative density function (CDF)
of the change in the end-to-end length of the filaments due to motor activity. B:
CDF of the the total tension on filaments due to motor activity. Model parameters
used were τa/τd = 0.005, N = 6, τr,a/τd = 2, ζd/ζa = 0.1, and the Gamma motor
force distribution shown in Figure 6.3. Results shown are for a chain with six
beads. kWLC for eq.(6.4) was chosen such that the small tension behavior matches
the linear spring. Symbols are simulation results, the lines are fits to Gaussian
CDFs. The lower legend shows the second moments of the fitted Gaussian curves
and the insets show the absolute residuals between these fits and the simulation
results.

the simulation and their best Gaussian fits are larger for the WLC filaments. This

indicates that the molecular motors are indeed extending/compressing the filaments

beyond the linear regime of the tension-extension relation. This explains why a tracer

bead embedded in an active gel “feels” a non-harmonic potential. Note that there is a

slight asymmetry in the absolute residuals between the distributions obtained from the

simulation and their best Gaussian fit, this is due to the asymmetric character of the

WLC tension-extension relation, eq.(6.4), where tension rises steeply for extensions

but remains relatively flat for compressions. In real systems filaments actually buckle

for small compressions, which leads to contraction of the entire gel. Buckling and

contraction in active gels is discussed in Section 6.5.

6.3.3 Dynamic modulus of active gels from a small step-strain calculation.
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To show that the active single-chain mean-field model violates FDT in the way active

gels do [91], we calculate the dynamic modulus observed in the stress response to

an externally applied small step-strain in the direction of filament orientation. We

simulate an ensemble of chains with dynamics given by eq.(6.1), starting from an

initial condition in which all the strands are relaxed (ri = 0 for all i) we let the

ensemble of chains reach steady state before applying a small uniform step strain, ϵ,

at t = tst. We assume that on the time scale of interest for which G(t) is calculated the

step-strain applied at the boundaries propagates instantaneously through the system.

Therefore ri(t = tst+) = ri(t = tst−)+ ϵ0ri(t = tst−) for i = 1, 2, 3, ..., N −1, where ϵ0

is the strain magnitude. Then the relaxation of stress back to its steady state value

is followed. In this externally driven calculation the relaxation modulus is given by

GD =
⟨σ(t)⟩st
ϵ0

. The subscript D indicates that the modulus is obtained from an

externally driven experiment (externally applied force or strain). To obtain the plots

shown here we average over an ensemble of 3000 filaments.
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Figure 6.10. Effect of the number of beads for a fixed strand rest length, ℓ0, on
the stress relaxation behavior of the active single-chain mean-field model with
linear springs observed in a step-strain calculation. Model parameters used were
τa/τd = 0.005, τr,a/τd = 2, ζd/ζa = 0.1, and the motor force distribution shown in
Figure 6.3. A: Relaxation modulus, symbols are simulation results and lines are
fits used to transfer the information to the frequency domain. B: Storage modulus
obtained from the fits in part A.
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A plot of the relaxation modulus of the active single-chain mean-field model

obtained from the step-strain calculation is shown in Figure 6.10A. Similar to what

is observed in the Green-Kubo calculations the overall magnitude of the relaxation

modulus increases with increasing density of motors, which is controlled by varying the

number of beads, N , for a fixed rest length of the strands, ℓ0 and a fixed τa/τd ratio.

Also, the breadth of the relaxation spectrum for the gel increases with increasing

number of motors per filament. The storage moduli corresponding to the relaxation

moduli shown in Figure 6.10A are plotted in Figure 6.10B. These results show a

trend similar to what is observed in the rheological experiments of Koenderink et

al. [60] in actomyosin gels, who find that G′(ω) can be tuned over two orders of

magnitude by controlling the number of myosin motors per actin filament. With

increasing N , a behavior that goes as ∼ ω0.5 appears at intermediate frequencies

in the storage modulus obtained from the step-strain calculations. This viscoelastic

relaxation behavior is of the Rouse type and does not appear in G′
GK because in that

case the characteristic peak appears instead. This type of relaxation behavior is also

observed experimentally in the dynamic modulus of actomyosin gels measured using

active microrheology (see Figure 6.6). In the active single-chain mean-field model

the Rouse behavior originates from the attachment/detachment of motors. However

it does not become visible until the longest relaxation time becomes significantly

larger and separated from τd. This type of low-frequency Rouse mode also appears

in temporary networks formed by associating polymers [54, 53], where it is called

associative Rouse behavior, to distinguish it from another Rouse behavior observed

at high frequencies in those type of systems. The frequency-dependent discrepancy

between the modulus obtained from the Gree-Kubo formula and the one obtained

from the step-strain calculation that appears at frequencies around 1/τd indicates a

violation of the FDT.

6.3.4 FDT in active gels. By comparing the moduli obtained from the Green-
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Kubo simulations, shown in Figure 6.7, with the moduli obtained from the step-strain

simulations, shown in Figure 6.10, it can now be checked if the active single-chain

mean-field model describes the frequency-dependent violation of FDT observed in the

microrheology of active gels. Figure 6.11A shows a comparison between the relaxation

modulus for a ten-bead chain with linear springs obtained from the Green-Kubo

formula and the one obtained from the step-strain calculation. It can be observed that

at high frequencies the two dynamic moduli are equal. At intermediate frequencies

G′
GK grows towards a maximum while G′

D exhibits a Rouse relaxation behavior ∼ ω0.5.

Both G′′
GK and G′′

D exhibit maxima but the maximum in G′′
GK is larger than in G′′

D.

At lower frequencies, below the maximum, G′
GK and G′

D decrease as ω2, while G′′
GK

and G′′
D decrease as ω. The difference between G∗

GK and G∗
D persists as ω → 0.
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Figure 6.11. Predictions of the active dumbbell model of the dynamic modulus of
active gels. A: Comparison between modulus obtained from the Green-Kubo sim-
ulations and the modulus obtained from a step-strain simulation for a 10-beads
chain. B : Comparison of the dynamic modulus, G∗(ω), predicted by the active
single-chain mean-field model with the dynamic modulus determined from the pas-
sive (PM) and active (AM) microrheology experiments of Mizuno et al. [91]. The
parameter values used in these figures are ℓ0 = 1µm, τa = 1ms, τd = 200ms,
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motor force distribution shown in Figure 6.3. The parameter, ζa is fitted to the
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Figure 6.11B presents a comparison between the dynamic moduli obtained



178

from our theory and the microrheology experiments of Mizuno et al. [91] in acto-

myosin gels. The frequency-dependent discrepancy between the response function of

the active gel obtained from the step-strain and Green-Kubo calculations is in good

qualitative agreement with the experimental observations of Mizuno et al. [91] in

microrheology experiments in actomyosin gels. We emphasize that the parameters

τa, τd, Fm and kb used for the prediction shown in Figure 6.7B were determined

from other experiments [119, 71]. Only ζa and ζd were fitted to the data of Mizuno

et al. [91].The model describes the characteristic maximum observed in the G′(ω)

obtained from the passive microrheology technique, which causes G′
GK to be larger

than G′
D at low frequencies. The frequency-dependent increase in the magnitude of

the probe bead autocorrelation function observed in the passive microrheology of ac-

tive gels is caused by the frequency-dependent stress fluctuations caused by motor

activity. These fluctuations are therefore not related to the response function of the

bead by the FDT. An additional, frequency-dependent term, is necessary to account

for the magnitude and dynamics of motor activity. If such a modified FDT is used

in the analysis of the passive microrheology data in active gels, it will account for

a frequency-dependent increase in the magnitude of the probe bead autocorrelation,

yielding the same dynamic modulus obtained from the active technique [74, 43].

The predictions shown in Figure 6.11B are an improvement with respect to

the ones presented in Chapter 5, given the wider relaxation spectrum achieved by in-

creasing the number of beads in the filaments from two beads to ten beads. However,

there is still some discrepancy between the model predictions and the experimental

results. In the data, significant stress relaxation is occurring at frequencies between

101 to 103 Hz while in the model predictions most of the relaxation occurs at frequen-

cies below 101 Hz. This could be due to a high polydispersity in the total lengths

of actin filaments that form the gel, which can further increase the breadth of the

relaxation spectrum of the gel. Accounting for polydispersity in the filament lengths
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is possible and straight forward to implement in the single-chain mean-field approach

[58]. However this will require experimental characterization of the molecular-weight

distribution of actin filaments from which the active gel is formed. Accounting for

dispersion [115] in the rest length of the strands, ℓ0, may also improve the predictions

by increasing the breadth of the relaxation spectrum. However the model predic-

tions are worst at the lower frequencies, where the experimental observations indicate

that G′
D(ω) goes to an elastic plateau, while the predictions present a terminal zone.

The model also predicts a time scale for the the maximum in G′
GK(ω) that is about

ten times shorter than the one observed experimentally. The two latter discrepan-

cies are related to the fact that the actomyosin gels prepared by Mizuno et al. [91]

also contain biotin cross-links, while our model does not contain permanent passive

cross-links, but only active cross-links (motors). When passive cross-linkers such as

biotin or α-actinin are present in an actomyosin gel myosin contracts F-actin into

dense foci around the passive cross-links. Once contracted, these aggregates can un-

dergo further coalescence and may form larger length-scale structures such as asters

or vortices [60]. This in turn introduces longer time scales and length scales relevant

for the dynamics of the active gel. The proposed single-chain mean-field framework

does not yet seem appropriate for modeling those physics. Other descriptions such

as multi-chain models [42] or coarser levels of description [64, 2] have been used to

describe such phenomena.

The deviation from the equilibrium FDT predicted by our model is additive

and frequency-dependent and cannot, in general, be interpreted as an effective tem-

perature. This result is in agreement with the conclusions of a recent and more general

theoretical work by Ganguly and Chaudhuri [29] in which an extension of the FDT for

active systems was derived. In contrast to other models for active gels in which mo-

tor activity is accounted for by means of an effective temperature [78, 79, 80]. These

latter works can not, in general, predict the correct frequency-dependent violation of
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the FDT due to the use of an effective temperature to model motor activity. Other

works [74, 43] have used an attachment/detachment jump process to model motor

dynamics. However those models were postulated in a continuum level of descrip-

tion, where motors are treated as force dipoles embedded within a continuum. Those

models have also been successful in describing some of the observations in the mi-

crorheology of active gels. However given their level of description, including physics

such as finite extensibility of the network strands or realistic motor force distributions

can be difficult.

6.4 Super-diffusive mass transport

The “diffusion” of tracer beads or labeled filaments inside active gels has been

extensively studied both experimentally and theoretically [74, 43, 68, 105]. In exper-

iments, the mass transport of probe beads or filaments in active gels often exhibits

super-diffusive behavior [68, 105]. This is different from passive networks where the

mass transport of probe beads often exhibits sub-diffusive behavior due to the vis-

coelasticity of the medium. Head et al. [42] investigated the mass-transport of fil-

aments in active gels using a multi-chain model. Their model also accounts for the

elasticity of the filaments and for motor attachment/detachment dynamics. They

find that filament translational motion ranges from diffusive to super-diffusive, de-

pending on the ratio of attachment/detachment rates of the motors. And becomes

sub-diffusive when motor forces are turned off.

In our model mass transport can be quantified by the mean-squared displace-

ment of the probe filament center, ⟨∆R2
c(t)⟩st. Figure 6.12 shows ⟨∆R2

c(t)⟩st obtained

from simulations of the active single-chain mean-field model for different values of

the ratio of detachment and attachment rates. It can be observed that filament

transport has behavior that ranges from diffusive ⟨∆R2
c(t)⟩st ∼ t to super-diffusive

⟨∆R2
c(t)⟩st ∼ tα with α as large as 2. It can be observed that for gels with weak motor
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attachment, large τa/τd ratio, filament translational motion of the filaments has two

well-defined regions. At time scales shorter than τr,a the mean-squared displacement

of filament centers goes roughly as t2 which is the characteristic ballistic behavior ex-

pected from a filament being pulled by motors. While for time scales larger than τr,a

the behavior becomes diffusive. Note that we have not included Brownian forces in

eq.(6.1) and therefore the apparent diffusive behavior that is observed in ⟨∆R2
c(t)⟩st

at long times for large τa/τd ratios is not due to thermal motion of the filaments.

In these weak attachment scenarios significant local relaxation occurs in the strands

between motor attachment events. This causes the motion of the filament centers

to become slower, since the filament has time to significantly retract between motor

attachment events.
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Figure 6.12. Mean-squared displacement of the probe filament center, ⟨∆R2
c(t)⟩st, of 3-

beads filaments for different values of the ratio between detachment and attachment
rates. For this simulations τr,a/τd = 2 and ζa/ζd = 0.1, we use the Gamma motor
force distribution shown in Figure 6.3. The lines are given as reference for diffusive
⟨∆R2

c(t)⟩st ∼ t and super-diffusive behavior ⟨∆R2
c(t)⟩st ∼ tα, α > 0.

In the strong motor attachment regime, achieved by making the ratio τa/τd

smaller the two regions in ⟨∆R2
c(t)⟩st become less well-defined. For strong motor

attachment the mean-squared displacement of filament centers deviates only slightly

from the t2 behavior at long times. This is because in the strong attachment scenario

almost no relaxation of the strands occurs between attachment events. This means
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that for the strong motor attachment mass-transport is mostly dominated by motor

dynamics. The filament’s and motor size (i.e.: friction coefficients) have a negligible

effect in ⟨∆R2
c(t)⟩st in the strong motor attachment regime. These observations agree

with what is observed in the simulations of Head et al. [42] who also find that in the

strong motor attachment regime only slight deviations from super-diffusive behavior

are observed in ⟨∆R2
c(t)⟩st. As discussed above, in the low and intermediate motor

attachment regimes, they also observe sub-diffusion of the filaments at short time

scales related to non-processive motors acting as passive cross-links which generate

viscoelasticity of the aggregate structures that retards filament motion [41]. Since

our model does not account for permanent passive cross-links we do not observe this

sub-diffusive behavior in the filaments’ motion.

6.5 Buckling and contraction in active bundles

Recent experiments [94, 71, 23] in actomyosin bundles without sarcomeric or-

ganization have shown that self-contraction, upon addition of ATP, is related to the

buckling of individual F-actin filaments that form the bundle. In the experiments,

individual bundles were observed and F-actin buckling was found coincident with con-

traction. Prior to ATP addition, compact bundles with aligned F-actin are observed.

Upon ATP addition, the frequency of buckles increases rapidly during contraction,

and then diminishes once contraction stops. These F-actin buckles are dynamic, with

their amplitude, curvature, and location changing over time. Motor-induced buckling

of actin filaments has been shown to be a ubiquitous process in the self-organization

of the cellular cytoskeleton [23].

The main purpose of this Section is to expand the results presented in Chapter

5 by presenting more quantitative predictions of the buckling dynamics observed in

active bundles. We also compare our model and results to the other single-chain

mean-field description of active gels available in the literature [71]. As pointed out in
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Section 6.2, there are several differences in the level of description and mathematical

formulation of the two models. Here we discuss in more detail how these differences

reflect in a specific observable of the model. Using the model presented in Section

6.2 we calculate the fraction of buckled filament segments, ϕB, as a function of time

after addition of ATP in the absence of externally applied strain. Before addition

of ATP all the myosin motors are attached (as passive cross-links) and the strands

between them have relaxed end-to-end length ℓ0. Therefore a filament has total rest

length ℓf = (N−1)ℓ0, where N is the number of myosin cross-links along the filament

(beads). Upon addition of ATP motor activity can change the end-to-end length of

the strands by an amount r. This change can cause compression (r < 0) or extension

(r > 0) of the strands. However F-actin filaments support large tensions but buckle

easily under piconewton compressive loads [23, 115]. Therefore only strands under

compression (r < 0) buckle. A compressed strand buckles when its tension f = −kbr

reaches a buckling force threshold, FB. An estimation of this force threshold can be

obtained by treating the filaments as thin elastic cylinders [115, 35] FB =
kBTℓp
ℓ20

. For

a typical F-actin filament, using the values presented in Section 6.2, FB ∼ 0.1 pN.

We simulate an ensemble of filaments and keep track of the number of strands that

buckle in each filament. We then average over the ensemble of filaments and divide

by the total number of strands in the filament to obtain ϕB.

In Chapter 5 we presented buckling predictions with the dumbbell version of

the model (N = 2). The analytic results presented there revealed that in our model

buckling arises because a fraction of the filaments in the bundle exist in a motor

attachment state where contraction is favored. This is achieved by maintaining the

motor forces as stochastic state variables instead of pre-averaging eq.(6.1) over them.

The filaments on attachment states that undergo contraction buckle when the tension

in them reaches FB. However the model presented in Chapter 5 did not allow us to

make quantitative predictions of the buckling dynamics. Since the dumbbell version
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Figure 6.13. Fraction of buckled filaments, ϕB for different number of beads along
the filaments. Where N is the number of beads and the total rest length of the
filaments is given by ℓf = (N−1)ℓ0. With ℓ0 the rest length of the strands between
beads. Simulations were performed with linear springs, with τa/τd set to 0.1 and

ζd/ζa = 0.1. Since kb ∼ kBTℓ2p
ℓ40

and FB ∼ kBTℓp
ℓ20

we make τr,a/τd = ( 32
N−1

)4 and

FB/Fm = (N−1
70

)2. In part A: δFm/Fm = 0.5. And in part B: δFm/Fm = 0.3.

had only two beads along the filament, which is not the most accurate representation

of real systems. Additionally in Chapter 5 we assumed p(F ) = δ(F−Fm) and therefore

the fraction filament compression was possible only in one of the attachment states of

the dumbbell. Here we consider the case of N beads in a filament of total rest length

ℓf , and use a motor force distribution as the one shown in Figure 6.3. In Figure 6.13

the effect that the number of beads has on the fraction of buckled filaments is shown.

In general, the fraction of buckled filaments increases with the number of beads until

reaching a maximum. After this maximum the fraction of buckled filaments sharply

decreases with increasing number of beads. The fraction of buckled filaments also

depends strongly on the width of the motor force distribution. For the case with

a wider motor force distribution shown in Figure 6.13A compression of filaments in

a given attachment state is more likely to occur and this results in more buckling.

The fraction of buckled filaments is reduced significantly when the width of the motor

force distribution is reduced from δFm/Fm = 0.5 to δFm/Fm = 0.3 as can be observed
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in Figure 6.13B.
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Figure 6.14. Effect of the number of beads N , width of the motor for distribution,
δFm, and ratio of detached to attached friction coefficients, ζa/ζd, on the fraction
of buckled filaments. Simulations were performed with linear springs, with τa/τd
set to 0.1. The total rest length of the filaments ℓf is held fixed, then the length

of the strands is ℓ0 = ℓf/(N − 1). Since kb ∼ kBTℓ2p
ℓ40

and FB ∼ kBTℓp
ℓ20

we make

τr,a/τd = ( 32
N−1

)4 and FB/Fm = (N−1
70

)2. A: Steady state value of the fraction of
buckled filaments. B: Time shift required to collapse the different curves of ϕB

such as the ones shown in Figure 6.13 to a single master curve.

We showed previously with the analytic solutions obtained in Chapter 5 that

the steady state value of the fraction of buckled filaments depends strongly on the

ratios ζa/ζd and τa/τd. For a given set of friction coefficients there is a critical values

of the τa/τd at which buckling occurs. If, the detachment rate of the motors becomes

comparable to, or larger than the attachment rate then motor activity can not produce

buckling of the filaments. Figure 6.14 shows a more systematic exploration of the

parameter space of the model with regards to buckling predictions. Note that we

consider only the strong-attachment case (i.e.: τa/τd < 1) since this is the relevant

case for the actomyosin bundles to which we compare our predictions. In Figure 6.14A

the effect of the density of beads along the filaments is shown. It can be observed that

independently of the width of the motor force distribution and the ratio of friction

coefficients the steady-state fraction of buckled filaments goes as −1
2
(N − 1)−1 until
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it reaches a maximum around N = 17. For the number of beads larger than the

location of this maximum, ϕB decreases in a way that also appears to be independent

of the width of the motor force distribution and the ratio of friction coefficients. For

the part of these curves that lies on the right side of the maximum the observed

behavior can be interpreted as being due to the increase in the number of attachment

states where compression of strands occurs caused by the higher density of active

cross-links. However increasing the number of beads for a constant filament length ℓf

also makes the strands between beads shorter (i.e.: ℓ0 = ℓf/(N − 1)) and therefore

stiffer since kb ∼ kBTℓ2p
ℓ40

. When the curves in Figure 6.14A reach their maxima it is

because the latter effect becomes predominant over the former effect. This indicates

that there exists a critical value for the number of beads in the filament for which

buckling is maximized. For values of N larger than this critical value the stiffening

of the strands dominates and ϕB drops sharply. In that regime the translational

motion of the filaments is expected to be more relevant than the buckling dynamics.

In Figure 6.14B it can be observed that for values of N below the location of the

maximum observed in Figure 6.14B the curves of ϕB vs t can be collapsed into a

single master curve. The time shift factor goes with the number of beads in the

filament as (N − 1)3.3 and is independent of δFm and ζd/ζa. For values of N larger

than the critical value the buckling dynamics appear to be independent of the number

of beads along the filament. This again indicates that below a critical number of beads

(around N = 17), increasing the density of active cross-links along the filament can

increase how fast contraction occurs in non-sarcomeric bundles, while for N larger

than that critical value contraction dynamics are dominated by the stiffness of the

strands and increasing the density of active cross-links has no effect.

Figure 6.15 shows a comparison between the fraction of buckled filaments

predicted by the active single-chain mean-field model and contraction data for a non-

sarcomeric actomyosin bundle reported by Lenz et al. [71]. The friction coefficients
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Figure 6.15. Fraction of buckled filaments, ϕB, in a active bundle after addition of
ATP as predicted by the active single-chain mean-field model. Predictions are
compared to the contraction data of an actomyosin bundle reported by Lenz et
al. [71]. ℓ0 = 1µm, τa = 1ms, τd = 200ms, ζa = 121µN · s/m, ζd = 6.1µN · s/m,
N = 10, and the motor force distribution shown in Figure 6.3. The only parameters
fitted to the contraction data are the friction coefficients.

(e.i.: ζa and ζd) were used to fit the prediction to the data. The other parameters are

known from independent measurements and were reported by Lenz et al. [71]. The

values for the friction coefficients obtained from fitting the bundle contraction data

are significantly larger than the ones obtained from the fits to the microrheology data

of Mizuno et al. [91]. Although both experiments used actomyosin gels there were dif-

ferences in their composition and ATP concentration. Moreover the gels prepared by

Mizuno et al. [91] also contained biotin—a passive cross-linker. The contour length

of actin between myosin motors and the size of the myosin motor clusters can vary

significantly depending on gel composition and preparation, which may explain the

discrepancy in friction coefficients obtained from different experiments. The role of

filament buckling as a mechanism in non-sarcomeric actomysosin bundle contraction

has been observed experimentally [94, 71]. Network contraction has been observed

to correspond exactly with the extent of individual F-actin shortening via buckling.

Moreover in experiments [119] it is observed that for low myosin density (N ≤ 2)
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bundle structure is weak and dissociation occurs upon addition of ATP. Intermediate

myosin densities (N = 2− 4) allow enough cross-linking within the bundles to main-

tain network integrity upon ATP addition, but contraction is not observed. For higher

myosin densities (N > 4) myosin-generated forces lead to filament buckling and bun-

dle contraction. We note that in its present form the active single-chain mean-field

model can only describe contraction in active bundles containing myosin and actin

alone. In these conditions, the length scale over which contraction occurs within the

network is proportional to the F-actin length, consistent with poor network connec-

tivity by myosin motors. Through the addition of permanent passive cross-linkers

such as α-actinin the length of contraction can be increased to macroscopic length

scales. This leads to the formation of structures such as asters and vortices that form

due to clustering of actin filaments around the permanent cross-links.

Some previous attempts have also been made to use microscopic models to

describe buckling of filaments in nonsarcomeric active bundles [71, 70], however, to our

knowledge, this is the first attempt to quantitatively describe the dynamics of buckling

formation. For instance Lenz et al. [71] proposed a single-chain bead-spring model to

explain their bundle contraction data. They also investigated the effect of density of

active crossinks and found that there is a value for which for contraction is maximized.

They found that strong active cross-linking suppress buckling while filaments with

very sparse motors do not buckle. Our results are apparently in agreement with their

theoretical results. As discussed in Section 6.2 we assumed a single value for ℓ0—in

real systems a distribution of ℓ0 is expected. Lenz et al. [71] studied the effect of

a distribution of ℓ0 by arbitrarily assuming a uniform distribution and found that

it does not have a qualitative effect in their model predictions. However there is a

fundamental difference on how the model presented in this work and the model by

Lenz et al. [71] explain the mechanisms that cause buckling and self-contraction in

active bundles as was discussed in Section 6.2. In the model presented here buckling
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arises because a fraction of the filaments in the bundle exist in a motor attachment

state where contraction is favored. In the model of Lenz et al. [71] buckling arises

due to a spatial gradient of the motor stall forces.

6.6 Conclusions

We presented a single-chain mean-field mathematical model for active gels that

can describe several experimental observations. For instance, our model describes the

dynamic modulus and the frequency-dependent violation of the fluctuation-dissipation

theorem observed in active gels. It also describes the super-diffusion of filaments and

the contraction mechanisms in non-sarcomeric active bundles. The model allows ac-

counting for physics that are not available in models that have been postulated on

coarser levels of description [74, 43, 71]. Recently microscopic multi-chain models for

describing the dynamics of active gels have also been proposed [42, 41]. However for

realistic chain lengths and densities the numerical simulation of those models is noto-

riously expensive. This makes observables such as the relaxation modulus difficult to

calculate for time-scales of practical interest. Here we have proposed a more coarse

grained level of description that overcomes those limitations by using a mean-field ap-

proach. Although our framework can not yet account for the large length scale physics

that arise when permanent cross-links are present, it provides important insight into

the role of molecular motors in the mechanical properties of active gels.

In Chapter 5 we made several assumptions to simplify the mathematics and

with the aim of obtaining analytical results. In this Chapter we discussed numerical

simulations results for a more general version of the model and examined the effect

of relaxing some of the aforementioned assumptions. We implemented experimen-

tally measured motor force distributions into the model, generalized the differential

Chapman-Kolmogorov equation to bead-spring chains made of multiple beads and

examined the effect of finite extensibility of the filament segments. This allowed a
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more quantitative description of the role of molecular motors in the rheology and

mechanical properties of active gels. For instance, we presented quantitative agree-

ment of the predictions of buckling dynamics in non-sarcomeric actomyosin bundles

with the contraction data of Lenz et al. [71]. We were also able to look at the ef-

fect of density of active cross-links along the filaments and find that there is a fairly

universal density for which buckling is maximized. This universality arises from the

competing effects of increased motor activity and strand stiffening as the density of

active cross-links along the filament is increased.

By increasing the length of the filaments we were also able to increase the

breadth of the relaxation spectrum of the gel which improved the agreement of the

dynamic modulus predictions with the data of Mizuno et al. [91]. The effect of fi-

nite extensibility of the filament strands on the dynamic modulus obtained from the

Green-Kubo formula was also found to be in agreement with the passive microrheol-

ogy experiments of Mizuno et al. [91]. The strain hardening of the filaments causes

an overall decrease in the response function observed in passive microrheology exper-

iments as well as a slowdown of the stress relaxation processes in the gel. This is

observed in our simulations as a decrease in the slope of the terminal zone of the stor-

age modulus obtained from the Green-Kubo simulations. We also calculated the mass

transport of filaments in the active gel using our model. We found that the mean-

squared displacement of filament centers has a behavior that varies from diffusive

to super-diffusive depending on the motor attachment and detachment rates. These

results are in agreement with experimental results [68, 105] as well a observations in

multi-chain simulations [42].

By removing some assumptions we obtained certain improvement in the quality

of the predictions of the active single-chain mean-field model for active gels. However,

fully quantitative predictions will require a more accurate bead-spring description of
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the semiflexible filaments which includes, additionally to finite-extensibility, bending

potentials between the springs [61]. Polydispersity in the molecular weight of the

filaments is also expected to be important in biological networks and could have a

big impact in the quality of the predictions. This will require characterization of

the molecular weight distribution of the filaments forming the gel. Including specific

details about the motor protein used to prepare the gel might also be necessary

to have a fully quantitative description of the rheology of active gels. For instance,

different myosin isoforms have been shown to have different sensitivity to tension [93].

Including all these additional physics in the framework of our model is straightforward.

However we note that this will introduce additional parameters into the model that

must be determined either from experiments or independent theories.
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CHAPTER 7

CONCLUSIONS

We have developed an alternative time-domain data analysis strategy for one-

bead microrheology that extends the applicability of the time-domain methods to

include medium inertia effects and linear and non-linear particle traps. Our approach

was to adapt traditional BD simulation algorithms to the simulation of the General-

ized Langevin equation (GLE). Analogous to the common practice of BD simulations

of Langevin equations we have made use of the inertia-less GLE to make the simu-

lation of the non-linear GLEs more computationally efficient. By making use of the

photon correlation spectroscopy algorithm (PCS), our methodology has been made

especially suitable and efficient for the analysis of data with a broad distribution of

timescales spanning from high frequency inertial effects to purely elastic responses

(over six decades of frequency).

We have derived a generalized Stokes tensor for two hydrodynamically inter-

acting beads embedded in a viscoelastic incompressibe fluids and compressible solids.

The tensors include the effects of medium inertia and consider an infinite number of

reflections of the shear and longitudinal waves caused by the motion of the beads.

To derive a time-domain data analysis strategy for inferring high-frequency linear

viscoelastic properties from two-point cross correlations, we have proposed rational

function approximations for the components of the memory function tensor. The ap-

proximations allow one to perform efficiently the inverse one-sided Fourier transform

of the expressions obtained for the MSD and CMSD from solutions of the GLE in

the frequency domain. The rational approximation of the memory function tensor

was also used to construct generalized Brownian dynamics (BD) simulations of the

two-point passive microrheology experiment. Using these new theoretical develop-

ments we have systematically evaluated the sensitivity of two-bead cross-correlations
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to changes in the static and dynamic properties of the dynamic modulus and the

complex Poisson ratio of a model viscoelastic material. We find that the sensitivity

of the cross-correlation in the direction parallel to the line of centers of the beads to

the compressibility of the medium is very small. These effects which appear only at

high frequencies, and are due to medium inertia, can be safely neglected in the data

analysis. This means that the dynamic shear modulus can be inferred independently

from the cross-correlations in the direction parallel to the line of centers even when

inertia and high order hydrodynamic reflections are expected to have a relevant effect.

On the other hand, the two-bead cross-correlations in the direction perpendicular to

the line of centers show a detectable dependence on the compressibility of the mate-

rial. However the sensitivity of the cross-correlations in the direction perpendicular

to the line of centers is practically undetectable to changes in the specific spectrum

of delay times of the complex Poisson ratio.

Using the generalized Brownian dynamics and a microscopic model for bi-

ological composite networks we simulated the two-bead microrheology experiment

in F-actin and microtubules composites. We used the simulated two-bead cross-

correlations to test data analysis formalisms for inferring microstructural properties

of the biological composites. We find that commonly used data analysis which ne-

glects inertia and high order hydrodynamic reflections will predict Poisson ratios close

to 0.5 at high frequencies when actually the microstructural parameters used as in-

put in the simulation give smaller Poisson ratios. This case study with the F-actin

and microtubules composite networks, shows that the data analysis formalism pre-

sented in this work significantly expands the region of distances between the beads

and frequencies at which the dynamic modulus and the complex Poisson ratio can be

accurately measured using two-point passive microrheology.

We have also introduced a single-chain mean-field mathematical model for ac-
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tive gels that can describe several experimental observations. Moreover the model al-

lows accounting for physics that are not available in models that have been postulated

on coarser levels of description. For instance, the active single-chain mean-field model

describes the frequency-dependent violation of the fluctuation-dissipation theorem ob-

served in active gels. It can also describe the motor-induced strain hardening and

the the super-diffusion of filaments ubiquitous in active gels. Additionally the model

provides new insight into buckling as a contraction mechanism in non-sarcomeric ac-

tive bundles. Recently microscopic multi-chain models for describing the dynamics of

active gels have also been proposed. However for realistic chain lengths and densities

the numerical simulation of those models is notoriously expensive. This makes observ-

ables such as the relaxation modulus difficult to calculate for time-scales of practical

interest. The more coarse-grained level of description proposed here overcomes those

limitations by using a mean-field approach.

The active single-chain mean-field model can not yet account for the large

length-scale physics that arise in active gels when permanent passive cross-links are

present. For this reason the predictions of the dynamic modulus of active gels are

only qualitative and the formation of large scale structures such as asters and vortices

can not yet be described. A fully quantitative description of active gels in the single-

chain mean-field framework will require accounting for permanent passive cross-links.

It will also require a more accurate bead-spring model of the semiflexible filaments

which includes, additionally to finite-extensibility, bending potentials between the

springs. Polydispersity in the molecular weight of the filaments is also expected to be

important in biological networks and could have a considerable impact in the quality

of the predictions. Including details about the specific motor protein used to prepare

the gel might also be necessary to achieve a more quantitative description of the

rheology of active gels.
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APPENDIX A

DERIVATION OF TWO-POINT HYDRODYNAMIC INTERACTION SCALAR

FUNCTIONS
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Here we show the detailed derivation of the two-point hydrodynamic interac-

tion scalar functions A⊥ and A∥, eqs.(4.7) and eqs.(4.8) respectively.

A.1 Introduction

We begin with the equation of motion for a compressible elastic solid

ρ
∂2u(r, t)

∂t2
= G∇2u(r, t) + (G+ λ)∇(∇ · u(r, t)) + f(r, t). (A.1)

where u(r, t) is the displacement and f(r, t) is an external applied force field, G is the

elastic modulus, K is the bulk modulus and λ = K− 2
3
G is the first Lamé coefficient.

The derivation is illustrated for a purely elastic solid, but in the frequency domain

the results are equivalent for a viscoelastic solid according to the correspondence

principle. The force is applied at the particle 1 located at the origin r = 0. We

assume that it is given as the point force, that is,

f(r, t) =
δ(|r|)
4πr2

F (t) (A.2)

where F (t) is the time-dependent part of the force. We seek to calculate the displace-

ment field u at r where the particle 2 is located. The coefficient of the force field and

the displacement field gives the mutual compliance.

By taking the Fourier transform for r and t, eq.(A.1) becomes

−ρω2u(k, ω) = −Gk2u(k, ω)− (G+ λ)kk · u(k, ω) + f(k, ω), (A.3)

or, equivalently,

[[
(2G+ λ)k2 − ρω2

]
δkδk + (Gk2 − ρω2)(δ − δkδk)

]
· u(k, ω) = f(k, ω). (A.4)

Therefore, the displacement field in the (k, ω)-domain is written as

u(k, ω) =

[
δkδk

(2G+ λ)k2 − ρω2
+

δ − δkδk
Gk2 − ρω2

]
· f(k, ω). (A.5)
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The force field eq.(A.2) is written in the (k, ω)-domain as

f(k, ω) = F (ω). (A.6)

By putting this into eq.(A.5) and by taking the inverse Fourier transform for k, we

have

u(r, ω) = H(r) · F (ω) (A.7)

where H is the Oseen tensor defined by

H(r) =
1

(2π)3

∫
d3k eik·r

[
δkδk

(2G+ λ)k2 − ρω2
+

δ − δkδk
Gk2 − ρω2

]
. (A.8)

Note that δk is the unit vector in the direction of k, and δ is the identity matrix.

A.2 Oseen tensor

Since H(r) depends on the vector r only, it can be written in terms of the

scalars A⊥ and A∥ and unit vector δr parallel to r as

H(r) = A⊥δ +
(
A∥ − A⊥

)
δrδr. (A.9)

Therefore the scalars A⊥ and A∥ are determined from the two equations:

Tr {H} = 2A⊥ + A∥, (A.10)

δr ·H · δr = A∥. (A.11)

By putting eq.(A.8), the left sides can also written as

Tr {H} =
1

(2π)3

∫
d3k eik·r

[
1

(2G+ λ)k2 − ρω2
+

2

Gk2 − ρω2

]
=

f(kl)

2G+ λ
+

2f(kt)

G
, (A.12)

δr ·H · δr =
1

(2π)3

∫
d3k eik·r

[
(δk · δr)2

(2G+ λ)k2 − ρω2
+

1− (δk · δr)2

Gk2 − ρω2

]
=

g(kl)

2G+ λ
+
f(kt)− g(kt)

G
(A.13)
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where we have defined

f(x) :=
1

(2π)3

∫
d3k eik·r

1

k2 − x2
, (A.14)

g(x) :=
1

(2π)3

∫
d3k eik·r

(δk · δr)2

k2 − x2
(A.15)

By solving eqs.(A.10-A.13) for A∥ and A⊥, we have

A⊥ =
f(kl)− g(kl)

2(2G+ λ)
+
f(kt) + g(kt)

2G
, (A.16)

A∥ − A⊥ = −f(kl)− 3g(kl)

2(2G+ λ)
+
f(kt)− 3g(kt)

2G
.. (A.17)

Where f(x) and g(x) are given by:

f(x) =
2π

(2π)3

∫ ∞

0

dk k2

k2 − x2

∫ 1

−1

dz eikrz =
e−ixr

4πr
, (A.18)

g(x) =
2π

(2π)3

∫ ∞

0

dk k2z2

k2 − x2

∫ 1

−1

dz eikrz (A.19)

=
1

4πr

[
2

ixr
e−ixr + e−ixr − 2

(ixr)2
(1− e−ixr)

]
.
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APPENDIX B

ANALYTIC SOLUTION OF THE ACTIVE DUMBBELL MODEL
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To solve eq.(5.1) analytically we begin by postulating a general form for the

solution,

ψ(Ω; t) = δs,0δ(F1)δ(F2)ψ̃(s = 0, r; t|F ) + δs,1p(F1)δ(F2)ψ̃(s = 1, r; t|F ) (B.1)

+ δs,2δ(F1)p(F2)ψ̃(s = 2, r; t|F ) + δs,3p(F1)p(F2)ψ̃(s = 3, r; t|F )

where F = {F1, F2}. By putting eq.(B.1) in eq.(5.1) it can be shown that this prob-

ability density function satisfies eq.(5.1) with ψ̃(r, s; t|F ), a conditional probability

distribution for a given set of motor forces {F1, F2}, that evolves according to,

∂ψ̃(s, r; t|F )

∂t
=

∂

∂r

{
ψ̃(s, r; t|F )

[
−ϵ̇(t)r + A(s)kbr −

F (s)

ζa

]}
(B.2)

+
3∑

s′=0

W̃(s|s′)ψ̃(s′, r; t|F ).

Where the function F (s) is given by,

F (s) =



0 if s = 0

−F1 if s = 1

F2 if s = 2

F2 − F1 if s = 3

(B.3)

The transition rate matrix, W̃(s′|s), that appears in eq.(B.2) whose elements give the

transition rate at which a dumbbell that is in state s jumps to state s′ is defined as,

W̃(s′|s) =



∗ 1
τd

1
τd

0

1
τa

∗ 0 1
τd

1
τa

0 ∗ 1
τd

0 1
τa

1
τa

∗


, (B.4)

with diagonal elements given by W̃(s|s) = −
∑3

s′(̸=s)=0 W̃(s′|s).
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Now that the F dependence has been “factored-out” from ψ̃(r, s; t|F ), it is

straightforward to obtain a solution from eq.(B.2). Since the equation is linear, the

solution is a Gaussian distribution for r given by,

ψ̃(r, s; t|F ) =
1

J
exp

−
(
r − ⟨r⟩{s,F }

)2
2
(
⟨r2⟩{s,F } − ⟨r⟩2{s,F }

)
 , (B.5)

where J is the normalization factor and ⟨r⟩{s,F } :=
∫
rψ̃(r, s; t|F )dr and

⟨r2⟩{s,F } :=
∫
r2ψ̃(r, s; t|F )dr are the first and second conditional moments of r for a

given s and F . The evolution equations for these conditional moments can be derived

from eq.(5.4) by multiplying both sides by r and r2, respectively. Integrating over r

gives,

d

dt
⟨r⟩{s,F } = ϵ̇(t)⟨r⟩{s,F } − kbA(s)⟨r⟩{s,F } +

F (s)

ζa
+

3∑
s′=0

W̃(s′|s)⟨r⟩{s′,F }, (B.6a)

d

dt
⟨r2⟩{s,F } = 2ϵ̇(t)⟨r2⟩{s,F } − 2kbA(s)⟨r2⟩{s,F } +

2F (s)

ζa
⟨r⟩{s,F } (B.6b)

+
3∑

s′=0

W̃(s′|s)⟨r2⟩{s′,F }.

For a given set of initial conditions this system of coupled ordinary differential equa-

tions (eight equations, for the dumbbell version of the model) is solved for ⟨r⟩{s,F }

and ⟨r2⟩{s,F }. These moments can, in general, be expressed as

⟨r⟩{s,F } = a1
(
s, t,X, ⟨r⟩{0,s}

)
F1 + a2

(
s, t,X, ⟨r⟩{0,s}

)
F2, (B.7)

⟨r2⟩{s,F } = b1
(
s, t,X, ⟨r⟩{0,s}, ⟨r2⟩{0,s}

)
F 2
1 (B.8)

+ b2
(
s, t,X, ⟨r⟩{0,s}, ⟨r2⟩{0,s}

)
F1F2

+ b3
(
s, t,X, ⟨r⟩{0,s}, ⟨r2⟩{0,s}

)
F 2
2 .

Where X : {kb, τd, τa, ζd, ζa} are model parameters; and ⟨r⟩{0,s} and ⟨r2⟩{0,s} are initial

conditions for the first and second conditional moments of r for a given s, respectively.
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In general, the specific expressions for a1, a2, b1, b2 and b3 as a function t and s are

calculated by solving eqs.(B.6a) and (B.6b) after specifying values for kb, τd, τa, ζd,

ζa, ⟨r⟩{0,s} and ⟨r2⟩{0,s}.

Once specific expressions for ⟨r⟩{s,F } and ⟨r2⟩{s,F } are obtained the probability

density function of active dumbbell conformations can be obtained by putting back

these moments into eq.(B.5), and then inserting the result into eq.(B.1).

A distribution of motor forces, p(F ) must be specified before making further

calculations with the model. For p(F ) = δ(F − Fm) the conditional second moments

of r for a given attachment state s that can be calculated analytically and are given

by

⟨r⟩s=1 = a1(s = 1)Fm, ⟨r⟩s=2 = a1(s = 2)Fm, (B.9a)

⟨r⟩s=3 = [a1(s = 3) + a2(s = 3)]Fm;

⟨r2⟩s=1 = b1(s = 1)F 2
m, ⟨r2⟩s=2 = b1(s = 2)F 2

m, (B.9b)

⟨r2⟩s=3 = [b1(s = 3) + b2(s = 3) + b3(s = 3)]F 2
m.

And are therefore completely determined by the solution of eqs.(B.6a) and (B.6b)
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APPENDIX C

DYNAMIC MODULUS FROM DRIVEN CALCULATION
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To calculate the dynamic modulus of the active gel observed in a driven ex-

periment a small amplitude oscillatory strain is applied to the bundle in the direction

of filament alignment ϵ̇(t) = ϵ0ω cos ωt. We need to calculate the macroscopic stress

in the active gel that results from such a deformation. For a single-chain bead-spring

model this is given by,

σ = nckb⟨r2⟩ = nckb

3∑
s=1

∫ ∞

−∞
r2ϕ(s, r; t)dr. (C.1)

Where ϕ(s, r, t) is the marginal probability density defined in eq.(5.12). In the long-

time limit the conditional moments ⟨r⟩{s,F } and ⟨r2⟩{s,F }, which are required to cal-

culate ϕ(s, r, t) have the form:

⟨r⟩{s,F } = g1(s, ω) sin ωt+ h1(s, ω) cos ωt (C.2a)

⟨r2⟩{s,F } = g2(s, ω) sin ωt+ h2(s, ω) cos ωt (C.2b)

The coefficients g1 and g2 are associated with the material response that is in phase

with the applied strain, while h1 and h2 are associated with the material response

that is out of phase with the applied strain. By putting eqs. (C.2a) and (C.2b) in

eqs. (B.6a) and (B.6b) a set of equations for g1, g2, h1 and h2 is obtained:

−ϵ0ω⟨r⟩{0,s} + ωg1(s, ω) + kbA(s)h1(s, ω) =
3∑

s′=0

W̃(s′|s)h1(s, ω) (C.3a)

kbA(s)g1,s(ω)− ωh1(s, ω) =
3∑

s′=0

W̃(s′|s)g1(s, ω) (C.3b)

− ϵ0ω⟨r2⟩{0,s} + ωg2(s, ω) + 2kbA(s)h2(s, ω) (C.3c)

+
2F (s)

ζa
h1(s, ω) =

3∑
s′=0

W̃(s′|s)h2(s, ω)

2kbA(s)g2(s, ω)− ωh2,s +
2F (s)

ζa
g1(s, ω) =

3∑
s′=0

W̃(s′|s)g1(s, ω) (C.3d)
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Where ⟨r⟩{0,s} and ⟨r2⟩{0,s} are the non-equilibrium steady-state values for the first

and second conditional moments, respectively; and the transition matrix W̃(s′|s) was

defined in eq.(B.4). For the active dumbbell model this yields a system of 16 coupled

linear equations. In general the solutions for g1 can be written as a function of F as:

g1 = a1,1(s, ω,X, ⟨r⟩{0,s})F1 + a1,2(s, ω,X, ⟨r⟩{0,s})F2 (C.4)

where X : {kb, τd, τa, ζd, ζa} are model parameters. An equivalent equation can be

written for h1. Note that the first subindex in the ai,j coefficients indicates whether

the coefficient is used to express the solution for g or h; and the second subindex

indicates if the coefficients multiply either F1 or F2. For g2 the solutions can be

expressed as,

g2 = b1,1(s, ω,X, ⟨r⟩{0,s}, ⟨r2⟩{0,s})F 2
1 + b1,2(s, ω,X, ⟨r⟩{0,s}, ⟨r2⟩{0,s})F1F2(C.5)

+ b1,3(s, ω,X, ⟨r⟩{0,s}, ⟨r2⟩{0,s})F 2
2 .

And an equivalent definition for h2. As in Section 5.3.1 we specify a motor force

distribution p(Fj) = δ(Fj − Fm) with this ϕ(s, r, t) can be written as in eq.(5.13) but

with conditional moments of r for a given s are given by,

⟨r⟩s=1 = a1,1(s = 1)Fmsin ωt+ a2,1(s = 2)Fmcos ωt, (C.6a)

⟨r⟩s=2 = a1,2(s = 2)Fmsin ωt+ a2,2(s = 2) Fmcos ωt,

⟨r⟩s=3 =
2∑

i=1

a1,i(s = 3)Fmsin ωt+
2∑

i=1

a2,i(s = 3) Fmcos ωt;

⟨r2⟩s=1 = b1,1(s = 1)F 2
msin ωt+ b2,1(s = 2)F 2

mcos ωt, (C.6b)

⟨r2⟩s=2 = b1,3(s = 2)F 2
msin ωt+ b2,3(s = 2) F 2

mcos ωt,

⟨r2⟩s=3 =
3∑

i=1

b1,i(s = 3)F 2
msin ωt+

3∑
i=1

b2,i(s = 3) F 2
mcos ωt.

The dynamic modulus of the gel, observed in the driven or active experi-

ment, can now be calculated by using eqs.(C.1) and (C.6) and the relation σ =



206

ϵ0 [G
′(ω)sin ωt+G′′(ω)cos ωt]. This gives in general,

G′
D(ω) = nckbF

2
m

[
b1,1(s = 1) + b1,3(s = 2) +

3∑
i=1

b1,i(s = 3)

]
(C.7a)

G′′
D(ω) = nckbF

2
m

[
b2,1(s = 1) + b2,3(s = 2) +

3∑
i=1

b2,i(s = 3)

]
. (C.7b)
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APPENDIX D

GREEN-KUBO FORMULA
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Consider a physical system described by the set of state variables Ω, which

may be deterministic (eg., position and momentum) or coarse-grained variables. Now

let ψ(Ω; t) be the probability density describing the probability that the system is in

state Ω at time t. The time evolution for ψ(Ω; t) is given by

∂ψ(Ω; t)

∂t
= Leqψ(Ω; t). (D.1)

The linear operator Leq may be the Liouville operator for atoms, or an infinites-

imal generator for a Fokker-Planck or differential Chapman-Kolmogorov equation.

Formally, we can write the solution of eq.(D.1) as ψ(Ω; t) = eLeqtψ(Ω; 0). The equi-

librium probability density ψeq(Ω) is

ψeq(Ω) =
e−βH(Ω)∫
e−βH(Ω)dΩ

(D.2)

where β = 1
kBT

, and H(Ω) is the Hamiltonian for an atomistic level of description or

the free energy for a single-chain level of description.

Now consider that the system is in an initial equilibrium state denoted by Ω0.

At t = 0 a small step-strain of magnitude ϵ0 is applied to the system. The subset

of Ω that is changed by the external perturbation is denoted by x. The microscopic

stress, τ̂ (x) can be written in terms of H(Ω) using a virtual work argument [114],

τ̂ (x) = x
∂H(Ω)

∂x
.

At this point it is useful to introduce the marginal probability density ϕ(x; t) =∫
ψ(Ω; t)dx̂ where x̂ is the subset of Ω not contained in x. Then ϕ(x; t) for t = 0+

is given by,

ϕ+(x; t) =

∫
δ(x− [δ + γ] · x0)ψeq(Ω0)dΩ0 (D.3)

where δ is the identity tensor and γ is the deformation tensor, which, for example in
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step shear is given by,

γ =


0 ϵ0 0

0 0 0

0 0 0


. (D.4)

We assume that the step-strain, applied at the boundaries, propagates in-

stantaneously through the system, on the time scale of interest for which G(t) is

calculated. Eq.(D.3) can be written in terms of H(Ω) by making use of eq.(D.2)

ϕ+(x; t) =
e−βH({[δ−γ]·x,x̂})∫
e−βH({[δ−γ]·x,x̂})dΩ

(D.5)

≈
e−βH(Ω)

[
1 + β ∂H(Ω)

∂x
· γ · x

]
∫
e−βH(Ω)

[
1 + β ∂H(Ω)

∂x
· γ · x

]
dΩ

=
e−βH(Ω) [1 + βτ̂ : γ]∫

e−βH(Ω)dΩ [1 + βγ : ⟨τ̂ ⟩eq]
≈ ψeq(Ω) [1 + βγ : (τ̂ (x)− ⟨τ̂ ⟩eq)] .

Where in the second and fourth lines we have taken only first-order terms in the

Taylor series expansion with respect to γ, since we are considering the response to

a small perturbation. In the third line we used the definition of microscopic stress,

τ̂ (x) given above.

The macroscopic stress that is observed after applying the step strain, t ≥ 0,

is

τ (t) = nc⟨τ̂ (x)⟩ (D.6)

= nc

∫
τ̂ (x)ϕ(x; t)dx

= nc

∫
τ̂ (x)eLeqtψ+(Ω; t = 0+)dx̂dx

= ⟨τ̂ ⟩eq − βnc [⟨τ̂ ⟩eq⟨τ̂ ⟩eq − ⟨τ̂ (0)τ̂ (t)⟩eq] : γ.
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Where nc is the number of chains per unit volume for a coarse-grained object or 1/V

for atomistic or multi-chain descriptions, and V is the volume of the sample. We

used eq.(D.5) and stationarity ⟨τ̂ ⟩eq=⟨τ̂ (0)⟩eq= ⟨τ̂ (t)⟩eq to obtain the last line. The

relaxation modulus is obtained from,

γG(t) = τ (t)− ⟨τ ⟩eq =
β

nc

[⟨τ (0)τ (t)⟩eq − ⟨τ ⟩eq⟨τ ⟩eq] : γ (D.7)

=
β

nc

⟨[τ (0)− ⟨τ ⟩eq] [τ (t)− ⟨τ ⟩eq]⟩eq : γ.

Where we used τ = ncτ̂ and eq.(D.6) to obtain the first line. By defining δτ (t) =

τ (t)− ⟨τ ⟩eq we obtain the Green-Kubo formula for stress,

γG(t) = δτ (t) =
β

nc

⟨δτ (t)δτ (0)⟩eq : γ. (D.8)

In Chapter 6 we consider the case of a bundle of filaments aligned in the z direction to

which a step-strain of magnitude ϵ0 is applied in the direction of filament orientation.

Therefore γzz = ϵ0, and all the other components of γ are set equal to zero. The

fluctuations of the zz component of stress, σ(t) = δτzz(t), are followed.
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[55] F. Jülicher, A. Ajdari, and J. Prost. Modeling molecular motors. Reviews of
Modern Physics, 69(4):1269, 1997.
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