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αβ = Ω−/Ω̃ Ω̃ =
√
|Ω−|2 + |Ω+|2

E0 = −Ω̃2/∆ EB = ∆+ Ω̃2/∆ ED = ∆ d

R0

κd2/R3
0 $ Ω̃2/∆ |D〉

|0〉 |B〉

|0〉 |D〉

|B〉

|0〉

a†i = |B〉〈0|i ni = a†iai

HB = −
∑

ij

tija
†
iaj +

1

2

∑

i '=j

Vijninj,

tij = −〈Bi0j|Hdd|0iBj〉

tii =
∑

j '=i(〈0i0j|Hdd|0i0j〉 − 〈Bi0j|Hdd|Bi0j〉)

Vij = 〈BiBj|Hdd|BiBj〉+ 〈0i0j|Hdd|0i0j〉 − 〈Bi0j|Hdd|Bi0j〉 − 〈0iBj|Hdd|0iBj〉

Ni =
∑

i a
†
iai κd2/R3

0 $ ∆

Hdd

HB
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J = 1

∆ Ω−(r) Ω+(r) |Ω±| $ ∆
δ

J = 1

' p,
t, t′, W (p,)

β π/N

κ = 1, i 1= j

tij =
d201
R3

[
χ†
i (q0 + [q2]σ

x + [q2]σ
y)χj

]
,

tii = −
∑

j '=i

2
q0
R3

(d0dBi − (d0)2),

Vij = 2
q0
R3

[
dBi d

B
j − d0dBi − d0dBj + (d0)2

]
,

d0 dB ẑ |0〉 |B〉 d01

|1〉 |0〉 χi = αi(1, βi)T i

q0 =
1
2(1− 3 cos2(Φ− Φ0) sin

2(Θ0)) q2 = −3
2 [cos(Φ− Φ0) cosΘ0 − i sin(Φ− Φ0)]2 1σ

(R,Φ) Rij

ij R Φ q0 q2 dBi
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π/N

(Θ0,Φ0) = (sin−1(
√

2/3), π/4) q0 = 0

X̂ Ŷ Hdd

d+i d
+
j d−i d

−
j d± = ∓(dx ± idy)/

√
2

tX̂ij =
d201
R3

0

χ†
i

[
1

2
σx −

√
3

2
σy

]
χj,

tŶij =
d201
R3

0

χ†
i

[
1

2
σx +

√
3

2
σy

]
χj.

β = Ω−/Ω+

β

β

|B〉 |1〉 | − 1〉 β

Φ = π/4

W (p) =
∏

∂p tij

-

Ψ, = arg[W (p,)] = arg[t2, t
′2
, ] t, t′,

θ, = arg(t,) θ′, = arg(t′,) = −θ,+1

Ψ, = 2θ, − 2θ,+1 π/N

θ,+1 = η − - π
2N η ∈ θ,

β

β,+1

β,
=

sin(π3 − η + -
π
2N )

sin(π3 + η − - π
2N )

,
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4N β1

π/N

tij

HB

β = β1, β2

β1 β2 β1 ∈

β2

dBi | ± 1〉
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β = β1, β2

Ψ,−Ψ
g1 g2

/R3

β2
β1 ∈ c = 1

4π

∫
dkxdky(∂kx d̂× ∂ky d̂) · d̂ H(k) = )d(k) · )σ + f(k)

ẑ

Hm = BJ2 − dzE +HD,

B J dz

ẑ E

HD J = 1

|J,M〉

E M

J

|0〉 | ± 1〉 | ± 1〉
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d1 dBi = d1

Vij = 2
q0
R3

(d0 − d1)2.

Vij/tij (d0 − d1)2/d201

∼ 100

⊥ Ω̃

∆

HB

N ν
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(Θ0,Φ0) = (0.46, 0.42) β1 = 3.6e2.69i β2 = 5.8e5.63i

1/27R0

> 10

S(R, 0) = 〈n(R)n(0)〉 ν = 1/2

(Θ0,Φ0) = (0.66, π/4) β1 = −2.82eiφ1 β2 = −4.84e−iφ2 (d0 − d1)2/d201 ≈ 2.8

ĝ1 ĝ2 Ns = 24
2π θ1 4π θ2
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c = ∓1

ν = 1/2

(d0 − d1)2/d201 ≈ 6

S(R, 0) = 〈n(R)n(0)〉

Ns = 32

ĝ1 ĝ2

φ1 = φ2 = 0.1

k2 = 0, k1 = 0, 2π/3, 4π/3

ĝ2

Ns = 24

ĝ2
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1E

Hm = BJ2 − dzE E

|0, 0〉

J = 1 |1,−1〉 |1, 0〉

|1, 1〉 J

ẑ |J,m〉

1E
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φ
{X,Y }

ẑ Θ0 Φ0

{x, y, z} {X,Y, Z} J = 0, 1
|0, 0〉
M

J = 1
40 87 Ns = 24

Θ0

|E| = 0
J = 1
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J = 1

|e1〉 |e2〉 M

Hr = ![ |e1〉(Ω1〈1,−1|+ Ω2〈1, 0|) + |e2〉(Ω3〈1, 0|+ Ω4〈1, 1|) + ]

Ωi

|↑〉 = 1
Ω̃
(Ω2Ω4|1,−1〉 −Ω1Ω4|1, 0〉+Ω1Ω3|1, 1〉)

Ω̃

|↓〉

Hdd =
1

2

∑

i '=j

κ

R3
ij

[
di · dj − 3(di · R̂ij)(dj · R̂ij)

]
,

κ = 1/(4πε0) Rij i j di

dj

d R0

d

κd2/R3
0 Ωi

{|↑〉 , |↓〉}

2B

|↑〉

a†i = |↑〉〈↑|↓i

j i tij = −〈↑i↓j|Hdd |↓i↑j〉
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Vij = 〈↑i↑j|Hdd |↑i↑j〉+ 〈↓i↓j|Hdd |↓i↓j〉 − 〈↑i↓j|Hdd |↑i↓j〉 − 〈↓i↑j|Hdd |↓i↑j〉

HB = −
∑

ij

tija
†
iaj +

1

2

∑

i '=j

Vijninj,

N =
∑

i a
†
iai

tii

{a, b, A,B}

J = 1

a†i

tij Vij

1g1 1g2

C = −1

f ≈ 11.5

J = 1

ν

ν = 1/2

Ns = 44

Θ0 = cos−1(1/
√
3)

ν = 1/2
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a b
A B

J = 1 φ

)g1 )g2
f ≈ 11.5

C = −1 {Θ0,Φ0} = {0.68, 5.83}

σxy =
1
2π

∫ ∫
F (θx, θy)dθxdθy = −0.5

{θx, θy}

F (θx, θy) = (〈 ∂Ψ∂θy |
∂Ψ
∂θx
〉 − 〈 ∂Ψ∂θx |

∂Ψ
∂θy
〉)

ν = 1/2

Qtorus =
(
Nuc+1−Nb

Nuc+1−2Nb

)
−
(
Nuc−1−Nb

Nuc+1−2Nb

)
Nuc = Ns/2

Nb

ν = 1/2

Θ0
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σxy

ν = 1/2

|↓〉

ν = 1/2
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40 87 7 133 41 87 87 133

d ∼ 3 532

∼ 1µ

∼ 100

340 395

40 87 |e1〉 |e2〉

|J ′,m′〉 = |2,±2〉 v′ = 41 (3)1Σ+
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ν = 1/2
ν = 1/2 Ns = 24 Nb = 6

1/(3R0)3

(kx, ky) = (0, 0) (kx, ky) = (−π, 0) ν = 1/2
kx, ky Ns = 16 Ns = 44

Nb = 5 36
Qtorus

µ = ENb+1 − ENb ENb

Nb ν = 1/2
ν = 1/2

dE/dΘ0 Θ0

dE/dΘ0

E = 0.4− 8
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Hlattice " Hhf $ Ωi $ ∆

Hlattice Hhf

40 87 Hhf ∼ 1

∆ = 160 E = B/d ≈ 0.5

Ωi E1,0 − E1,1

M

Hlattice " Hhf $ Ωi

|↑〉
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! 

"BCS

! 

"

(a) (b) 

η η�

Eb

ψBCS

∆ Eb

r < ξ
η η′

r ! ξ

r

r < ξ
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r " ξ

H0 =
∑

,σ

ε c† ,σc ,σ +∆
∑

[c†↑c
†
− ↓ + c− ↓c ↑].

ψBCS

∆

J

Eb = ∆
1− (πJSN0/2)2

1 + (πJSN0/2)2
= ∆

1− β2

1 + β2

N0

tan(δ) ≡ β = πJSN0/2

Eb = ∆cos(2δ) Eb δ
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TK ∝ exp (−1/JN0) TK " ∆

β ≈ 1/ ln(∆/TK) " 1

φsh( ) ∼ 1e− /ξ| sin(2δ)|

r ! ξ

r < ξ

η η′

η

η

rL rR

ẑ

Hint = J
∑

σ

∫
d σ[SLf( − L)c

†
σ( )cσ( ) + SRf( − R)c

†
σ( )cσ( )],

SL(R) f( )

Hint = J
∑

σ

∫
d d ′σ[SLei( − ′)rL f̃ , ′ + SRei( − ′)rR f̃ , ′ ]c†σ, cσ, ′ f̃
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Ψ = (c↑, , c
†
↓,− ) H0 =

∫
d Ψ† [ε τ z +∆τx] Ψ τ

Hint = J

∫
d d ′Ψ† [SLe

i( − ′)rL f̃ , ′ + SRe
i( − ′)rR f̃ , ′ ]Ψ ′ + E0

E0 = −J
∫
d f̃ , [SL + SR]

HT = H0 +Hint

d†n =
∫
d (un, ψ

†
↑, + vn, ψ

†
↓, )

HT =
∑

n

εnd
†
ndn −

1

2

∑

n

εn =
∑

n

εn(d
†
ndn −

1

2
).

Etot = −
1

2

∑

n

|εn| = EV −
1

2

∫
dε|ε|δρ(ε)

EV δρ(ε)

I(r)

I(r) = E↑,↓
tot − E↑,↑

tot = −
1

2

∫
dε|ε| [δρ↑,↓(ε)− δρ↑,↑(ε)] .

δρ(ε) = − 1
π { [G , ′(z)−G(0)(z)]}

z = ε+ i0+ G(0)(z) = [z − (ε τ z +∆τx)]−1 G , ′(z)
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T

G , ′(z) = G(0)(z) +G(0)(z)T , ′G(0)
′ (z),

T , ′ T T

δρ(ε) = − 1

π
{ [G(0)(z)T , ′G(0)

′ (z)]}

= − 1

π
{ [JSΠ(1− JSG)−1]}

Π G S 4× 4

Πll′(z) =

∫
d G(0)(z)G(0)(z)ei ( l− l′ )

Gll′(z) =

∫
d G(0)(z)ei ( l− l′ )

Sll′ = Slδll′ ⊗ τ 0.

τ 0 l l′ {L,R}

J $ 1

[JSΠ(1− JSG)−1] ≈ [J2SΠSG]

I( ) =
Efβ2

π(kfr)3
cos(2kfr)e

− 2r
ξ F1

[
2r

ξ

]
+
∆β2

(kfr)2
sin2(kfr)e

− 2r
ξ F2

[
2r

ξ

]
.

kf r = | L − R|
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-400!

0!

100! 150!
R (nm)

200!

400!

I
n
t
e
r
a
c
t
io
n
(
k
H
z
)

RKKY 
JYSR!

Eb ≈ 10−2∆

Ef = 11.7 kf = 20.1 −1 N0 = 35 3 ξ = 1.6µ
JY SR Eb ∼ 10−2∆

JY SR r $ ξ

F1 [α] = α
∫∞
0 dxe−α(

√
x2+1−1) F2 [α] =

2
π

∫∞
0 dx e−α(

√
x2+1−1)

(x2+1)

1/r2 ∆/Ef

r ! Ef/(∆kf ) ∼ ξ I( )

e−
2r
ξ O(J2)
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J

Eb → 0 η

|ε| ε ≈ 0

[G , ′(z)] Eb

F (Eb) ≡ [1− SG(Eb)] = 0.

kfr ! 1

η η/Eb

F (Eb) + η↑↓F ′(Eb) = 0
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1− β η↑↓ = ∆
1

1−β
cos2(kf r)
2(kf r)2

e−
2r
ξ .

F (Eb) + η↑↑F ′(Eb) +
1
2η

2
↑↑F

′′(Eb) +
1
6η

3
↑↑F

′′′(Eb) = 0

η↑↑ = −∆
2

cos(kf r)
(kf r)2

e−
2r
ξ β → 1

I(r) JY SR = η↑↓ − η↑↑

Eb → 0

β → 1 JY SR η↑↓

JY SR = ∆
1

1− β
cos2(kfr)

2(kfr)2
e−

2r
ξ ,

1
1−β

∆U(r)c†L,↑c
†
R,↓ U(r) = cos(kfr)/(kfr)

2Eb β Eb

JY SR

JY SR

kfr >
1

1− β >
ξ

r
.
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r ! ξ JY SR

r ∼
√
λfξ $ ξ ∼ ∆/

√
kfξ

JY SR = η↑↓ − η↑↑

∼ 1
r2

β

JY SR

JY SR

JY SR > JRKKY

r

JY SR
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2

TK

I

I ! TK
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 !"

ε = ∆− Eb ∆ Eb

Eb
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(∆/TK)c

S = 1/2 ∆/TK > (∆/TK)c

SG = 1/2 ∆/TK < (∆/TK)c

SG = 0

HBCS =

∫
dk

(2π)3

[∑

σ

ξkc
†
kσckσ +

(
∆c†k↑c

†
−k↓ + h.c.

)]

1/2 S1 S2

Hint =
J

2
S1ψ

†
1σ ψ1 +

J

2
S2ψ

†
2σ ψ2 .

ψ1 ψ2

HT = HBCS +Hint

∆$ TK
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HT P S

2 ∆ = 0

SUc(2)

Qx = (Q+ +Q−)/2

Qy = (Q+ −Q−)/2i Qz = 1
2

∑
σ

∫
dk

(2π)3 (c
†
kσckσ − 1

2) Q+ =
∫

dk
(2π)3 c

†
k↑c

†
π−k ↓

Q− =
(
Q+

)†
∆ 1= 0 Uc(1)

Q̃

P S Q̃

∆

S0 S = 0 P = −

Q̃ = 0 T0 S = 1 P = + Q̃ = 0

D+ D−

S = 1/2 P = ± Q̃ = 1

S2 Q̃ = 2

P = −

π
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(S, Q̃, P )

S0 (0, 0,−)
T0 (1, 0,+)

D± (12 , 1,±)

S2 (0, 2,−)

∆/TK

∆/TK ! 1

S

S = sin(kFR)
kFR

R = |R1 −R2| kF

S

D±

I

I

J

I/TK
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S = 0.1 I/TK ∆/TK

S = 1 S = 1/2 S = 0
S2 S0

∆/TK

T0 I < 0 S0 I > 0

I ! TK ,∆ ∆ = 0

S2 |I|,∆$ TK

Q̃ = 0 Q̃ = 2 S0 → S2

∆ = 0

∆

∆ = 0
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∆/TK I/TK =
−0.58 S = 0.1

S2

D+ T0

S0 T0 Ieff = ES0 − ET0

−I ! TK

∆

∆$ TK

∆$ ω $ TK

S 1= 0 S = 1/2 ∆ ∼ TK

I ≈ 0 D+

∆! TK S = 0

S 1= 0

D± ∆/TK

D± D+

S = 1→ 1/2 ∆/TK
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S2

φ ( ) ∼ 1e− /ζ| sin(2δ)| E = ∆1−β2

1+β2 ζ

β ≡ tan(δ) = JSN0π/2 N0

T kFR

β

Esh = 0

I < 0 I > 0

F1 ≡ S1 · σψ1 T0 D+

D−

∼ 4
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0.6 0.8 1.0 1.2 1.4 1.6

0.0 0.5 1.0 1.5 2.0

0

1

2

3

4

5

0.0

1.0

0.5
0.8 0.9 1.0 1.1 1.2 1.3 1.4 1.5

Molecular Doublet 

Mol. 
Triplet 

Triplet 
Kondo 

0.0 0.5 1.0 1.5 2.0

0

1

2

3

4

5

0.0 0.5 1.0 1.5 2.0

0.0

1.0

0.5

β

Molecular Doublet 

Mol. 
Singlet 

Kondo 
Singlet 

(a) 

I > 0

I < 0

kFR ≈ 4.1

kFR ≈ 2.6

(b) 

E
sh
/∆

E
sh
/∆

kFR ≈ 4.1
β = JNSπ/2

β ≈ 0.86
β ≈ 1.3

kFR ≈ 2.6

∼ 500

≈ 0.14

∆Pb = 1.55

T ∼ 20mK

T0 → S0

∆E = hν S0 S0 → D±

∆→ ∆−∆E

S0

dI/dV

S0 → T0
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 ! "

 !#

 !#"

 !$

%$ %#  # $
 

 ! "

 !#

 !#"

 !$

 !"#$$%&#%'#!(

)$$%&#%'*&

T0

D+ D−
T0 → S0 hν = ∆E

(D+, S2) (D+, T0)

2→ 1 3→ 2

S2 S0

102



103



g κ
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1/2

H = H0 +H ′

H0 =
∑N−1

i=1 κ(S
+
i S

−
i+1 + S−

i S
+
i+1) H ′ = g(S+

0 S
−
1 + S+

N+1S
−
N + )

S± = Sx ± iSy 1S = 1σ/2 1σ ! = 1

g $ κ H ′

ci = eiπ
∑i−1

0 S+
j S−

j S−
i H0 H0 =

∑N−1
i=1 κ(c

†
ici+1 + cic

†
i+1)

f †
k = 1

A

∑N
j=1 sin

jkπ
N+1c

†
j k = 1, · · · , N A = (N+1

2 )1/2

H0 =
∑N

k=1 Ekf
†
kfk Ek = 2κ cos kπ

N+1

H ′ =
N∑

k=1

tk(c
†
0fk + (−1)k−1c†N+1fk + ),

tk =
g
A sin kπ

N+1 N

k = z ≡ (N + 1)/2

H ′ tz ∼ g/A
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g κ

κ a′ b′

k = z

g $ κ/
√
N

|Ez − Ez±1| ∼ κ/N

(−1)z−1 c†N+1

Heff = tz(c
†
0fz + c†N+1fz + )

Heff τ = π√
2tz

Ueff = e−iτHeff = (−1)f
†
z fz(1− (c†0 + c†N+1)(c0 + cN+1))

{(1, c†0, c
†
N+1, c

†
0c

†
N+1)|00〉0,N+1}

U fermi
eff = (−1)n0+nN+1+nz(−1)n0nN+1

0,N+1,

nθ = f †
θfθ

Heff
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0,N+1 = (−1)n0nN+1

Φi = (α| ↓〉+ β| ↑〉)0 ⊗ (α′| ↓〉+ β′| ↑〉)N+1 ⊗ΨM,nz

Ψ

M =
∑N

j=1 S
+
j S

−
j nz

Φf = (
N∏

j=1

0,j N+1,j) 0,N+1 0,N+1Φi

a a′

| ↓〉 = | ↓〉a| ↓〉a′ | ↑〉 = | ↑〉a| ↑〉a′

a b

a′ b′

b b′

b

F = 1
2 +

1
12

∑
i=1,2,3 [σiE(σi)]
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E

e−iKτ K N×N

H =
∑

i,j Ki,jS
+
i S

−
j

ε = 1− F

g/κ

g $ κ ε ≈
∑

k '=z
5
3

(
tk
Ek

)2
[1 + (−1)k+z cos(Ekτ)]

z = N+1
2

∑
k '=z

10
3

(
tk
Ek

)2

N

κ ε0 g

τ

τ N

tz tz $ κ/N

τ ∼ 1/tz ∼ N/κ

N

N N

E = 0

H∆ = ∆(Sz
0 + Sz

N+1) ∆

N

108



∆ = Ek tk

E = 0

gL gR

gL gR τ ∼
√
N/g
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N = 7
g/κ

ε0 = 10−3

τ 1/κ
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g

111



T1
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L = 12

H = −
N−1∑

i=1

κσx
i σ

x
i+1 +

N∑

i=1

Bσz
i

κ B

σx
i σ±

i = (σx
i ± iσy

i )/2

c†i = σ+
i e

−iπ
∑i−1

j=1 σ
+
j σ

−
j

HJW = −
N−1∑

i=1

κ(c†ici+1 + c†ic
†
i+1 − cic

†
i+1 − cici+1)

N∑

i=1

B(c†ici − cic
†
i )
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HJW
1φ †A1φ 1φ = (c1, c2, ..., cN , c

†
1, c

†
2, ..., c

†
N)

T

A

Λ =





ε1 0 0 0 · · ·

0 −ε1 0 0 · · ·

0 0 ε2 0 · · ·

0 0 0 −ε2 · · ·





ψ ψAψT = Λ

±εk dk = ψ2k−1,jφj d†k = ψ2k,jφj

k = 1, · · · , N

HJW =
N∑

k=1

εk(d
†
kdk − dkd

†
k),

d

εk ≈
√
κ2 +B2 − 2Bκ cos qk qk = kπ/(N + 1)

0 N + 1

g

B′

H ′ = −g(σx
0σ

x
1 + σ

x
Nσ

x
N+1) + B′(σz

0 + σ
z
N+1).
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H ′
JW = −g(c†0c1 + c†0c

†
1 + c†1c0 − c0c1)

− g(c†NcN+1 + c†Nc
†
N+1 + c†N+1cN − cNcN+1)

+ B′(c†0c0 − c0c
†
0 + c†N+1cN+1 − cN+1c

†
N+1).

B′ = εz

d†z

ci =
∑N

k=1(ψ
T )i,2k−1dk +

∑N
k=1(ψ

T )i,2kd
†
k

c1 cN d

gψ2z−1,1 = gψ2z−1,N $ B′, |εz − εz±1|

Heff ≈ εz(d
†
zdz − dzd

†
z) + εz(c

†
0c0 − c0c

†
0) + εz(c

†
N+1cN+1 − cN+1c

†
N+1)

− gψ2z−1,1(c
†
0dz + d†zc0)− gψ2z−1,N(c

†
N+1dz + d†zcN+1).

B < κ
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! 

"E >> t
t t 

(1) 

(2) 
! 

"E

! 

g
g g 

g

τ = π√
2gψ2z−1,1

Ueff = e−iτHeff = (−1)nz(−1)(c
†
0+c†N+1)(c0+cN+1)/2

= (−1)nz(1− (c†0 + c†N+1)(c0 + cN+1)),

nz = d†zdz Ueff

Ψ = {|Ω〉, c†0|Ω〉, c
†
N+1|Ω〉, c

†
0c

†
N+1|Ω〉} |Ω〉

c0 cN+1

UeffΨ = (−1)nz





1 0 0 0

0 0 −1 0

0 −1 0 0

0 0 0 −1





Ψ.

e−iπ
∑i−1

j=1 σ
+
j σ

−
j

2 =
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a b | ↓〉 = | ↓〉a| ↓〉b | ↑〉 = | ↑〉a| ↑〉b

a b

0

117



1 

2 

N-1 

N 

0 (QR) 

N+1 (QR) 

0 N + 1
X

F =
1

2
+

1

12

∑

i=x,y,z

[
σiE(σi)

]
,

E

H = g(σ+
0 σ

−
1 +σ+

Nσ
−
N+1+ )+

∑N−1
i=1 κ(σ

+
i σ

−
i+1+ )

U H t = 2τ

ρDS
ch
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FDS =
1

2
+

1

12

∑

i=x,y,z

[
σi
0U(σi

0 ⊗ ρDS
ch )U †]

=
1

2
+

1

12

∑

i=x,y,z

[
U †σi

0U(σi
0 ⊗ ρDS

ch )
]

=
1

2
+

1

12

∑

i=x,y,z

[
σi
0(t)(σ

i
0 ⊗ ρDS

ch )
]
,

σi
0(t)

M = e−iKt K

(N + 2)× (N + 2)

H =
∑N+1

i,j=0 Kijc
†
icj ˙cm = −i

∑
n Kmncn

cm(t) =
∑

n Mmncn

σ+
0 (t) = U †σ+

0 U = U †c†0U =
∑

i

M∗
0ic

†
i =

∑

i

M∗
0iσ

+
i

∏

l<i

eiπσ
+
l σ

−
l ,

σz
0(t) = 2c†0(t)c0(t)− 1 = −1 + 2

∑

ij

M∗
0iM0jc

†
icj

= −1 + 2
∑

ij

M∗
0iM0jσ

+
i σ

−
j

∏

i<l<j

eiπσ
+
l σ

−
l ,

c†0 FDS

σ± = (σx ± iσy)/2 [σx
0 (t)(σ

x
0 ⊗ ρch)] =

[
(σ+

0 (t) + σ
−
0 (t))((σ

+
0 + σ−

0 )⊗ ρch)
]

σ+
0 (t)(σ

−
0 ⊗ ρch) σ−

0 (t)(σ
+
0 ⊗ ρch)

i = 0
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[
σ+
0 (t)(σ

−
0 ⊗ ρch)

]

=

[
(
∑

i

M∗
0iσ

+
i

∏

l<i

eiπσ
+
l σ

−
l )(σ−

0 ⊗ ρch)
]

=
[
M∗

00σ
+
0 σ

−
0 ⊗ ρch

]
= M∗

00.

[
σ−
0 (t)(σ

+
0 ⊗ ρch)

]
= M00 σz

[σz
0(t)(σ

z
0 ⊗ ρch)] = [−σz

0 ⊗ ρch]

+

[
(2
∑

ij

M∗
0iM0jσ

+
i σ

−
j

∏

i<l<j

eiπσ
+
l σ

−
l )(σz

0 ⊗ ρch)
]

=
[
2M∗

00M00σ
+
0 σ

−
0 σ

z
0 ⊗ ρch

]
= 2|M00|2,

i = j

i = j = 0 [σz
0] = 0

FDS =
1

2
+

1

6
(M00 +M∗

00 + |M00|2).

N + 1

0

FSS =
1

2
+

1

12

∑

i=x,y,z

[
σi
0(t)(ρ

SS
ch ⊗ σi

N+1)
]
,
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ρSSch {0, · · · , N} FSS

σx
0 (t) = c†0(t) + c0(t) =

∑

i

M∗
0ic

†
i +M0ici

=
∑

i

[{ (M0i)σ
x
i + (M0i)σ

y
i }

i−1∏

l=0

(−σz
l )].

i 1= N + 1

[σx
0 (t)(ρch ⊗ σx

N+1)] = 2 (M0,N+1) [ρSSch

N∏

l=0

(−σz
l )].

σy σz

[σz
0(t)(ρ

SS
ch ⊗ σz

N+1)] = 2|M0,N+1|2

FSS =
1

2
+

1

6
[2 (M0,N+1) [ρSSch

N∏

l=0

(−σz
l )] + |M0,N+1|2).

FSS = 1 |M0,N+1| = 1

| [ρSSch
∏N

l=0(−σz
l )]| = 1

P =
∏N

l=0(−σz
l )

| ↓〉 = | ↓〉a| ↓〉b | ↑〉 = | ↑〉a| ↑〉b

{0a, 0b, 1, · · · , N, (N + 1)b, (N + 1)a} Ub

{0b, 1, · · · , N, (N + 1)b} Ua
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{0a, 1, · · · , N, (N + 1)a} U = UbUa

Fenc =
1

2
+

1

12

∑

i=x,y,z

[
σi
N+1(t)(σ

i
0 ⊗ ρPP

ch ⊗ ρN+1)
]
.

ρPP
ch {1, · · · , N} σi

0

0 ρN+1

(N + 1)

0a,N+1a 0b,N+1b =

P 2 =

HUa

Ua

HUa

HUa = g(c†0ae
iπn0bc1 + c†Ne

iπn(N+1)bc(N+1)a + )

Fenc =
1

6
(2|M0,N+1|2

[
M2

0,N+1 −M0,0MN+1,N+1

]

+ |M0,N+1|2 + |
∑

i

MN+1,iMi,0|2) +
1

2
.

M
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1/r3

HB =
N∑

i=1

ωa†iai +
N−1∑

i=1

κ(a†iai+1 + a†i+1ai).

bk =
1
A

∑
j sin

jkπ
N+1aj

A =
√

(N + 1)/2 k = 1, · · · , N H =
∑

k(ω + εk)b
†
kbk

εk = 2κ cos( kπ
N+1)

H ′
B = g(a†0a1 + a†NaN+1 + ) + ω′(a†0a0 + a†N+1aN+1) g

ω′

a1 aN bk

HB + H ′
B =

N∑

k=1

tk(a
†
0bk + (−1)k−1a†N+1bk + )

+ ω′(a†0a0 + a†N+1aN+1) +
N∑

k=1

(ω + εk)b
†
kbk,

tk = (g/A) sin[kπ/(N + 1)]

bz ω′ = ω + εz

tz $ |εz − εz±1| HB
eff =

√
2tz(η

†
0bz + b†zη0)

η0 = 1/
√
2(a0 + aN+1)
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ξ± = 1/
√
2(η0 ± bz)

HB
eff =

√
2tz(ξ

†
+ξ+ + ξ†−ξ−).

HB
eff τB = π/(

√
2tz)

UB
eff = e−iHB

eff τB = (−1)ξ
†
+ξ+(−1)ξ

†
−ξ− (UB

eff )
†ξ±(UB

eff ) = −ξ±

a0 aN+1

a0(τ)→ (UB
eff )

†a0(U
B
eff ) = −aN+1,

aN+1(τ)→ (UB
eff )

†aN+1(U
B
eff ) = −a0,

0 1

aN+1(τ) = MN+1,0a0 +
√
εaε ε = 1− |MN+1,0|2 ∝ g2 aε

ai i = 1, . . . , N + 1

N + 1 〈nN+1(τ)〉 = (1− ε)〈n0〉+ ε〈nε〉

ni = a†iai 〈nε〉 ≈ kT/ω > 1

g g
√
ω/(kT )
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g

g

T1

ε =
∑

k '=z

(g2L
|ψk,L|2

∆2
k

+ g2R
|ψk,R|2

∆2
k

) +N
t

T1
,

gL(R) ψk,L(R)

∆k z k N

t T1

N
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gL gR tz = gL|ψz,L| = gR|ψz,R|

t = π/
√
2tz

ε =
∑

k '=z

g2L

(
|ψk,L|2

∆2
k

+
|ψz,L|2

|ψz,R|2
|ψk,R|2

∆2
k

)
+

Nπ√
2T1gL|ψz,L|

,

gL = 3

√√√√ Nπ

2
√
2T1|ψz,L|

(
∑

k '=z

|ψk,L|2
∆2

k

+
|ψz,L|2
|ψz,R|2

|ψk,R|2
∆2

k

)−1

.

1/2

10 ≈ 50

T1 ∼ 10
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{Ji}

J0 0 1

κ = 1 g ≈ 0.7

T1

N = 11

N = 51

1− ε

∼ 200

N = 51 T1
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NPR =
1

∑N
i=1 |ψi|4

NPR ∼ O(N)

NPR $ N

NPR σκ σκ ≈ 0.5κ

< 2/3 T1 ∼ 5

gψ $ κ/N g = gM(N) ∼ κ

N + 2
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g/κ ∼ N−1/6

N > 90%
N = 100

Ji =
1
2

√
(i+ 1)(N + 1− i)

H =
N∑

i=0

Ji(σ
+
i σ

−
i+1 + h.c.) +

N+1∑

i=0

h

2
σz
i ,

h

H =
∑

ij Kijc
†
icj

Kij = Jiδj,i+1 + Jjδi,j+1 + hδi,j

H =
∑N+1

k=0 ωkf
†
kfk ωk = k + h− N+1

2

ci(t) =
∑

j Mij(t)ci(0) h = N+1
2 t = 2π M(2π) =

ci(2π) = ci(0)

{Ji} Ji = JN−i ψ

H ψik = (−1)N+1+kψN+1−i,k
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h = 3
2(N + 1) t = π

Mij =
∑

k

ψN+1−i,kψjk = δN+1−i,j.

{0, 1, . . . N}

[ρSSch P ] = 1 M0,N+1 = 1 FSS = 1

h = 3
2(N + 1) UP =




1 0

0 (−i)N+1



 0

U2
P =




1 0

0 (−1)N+1





FSS =
1

2
+

1

6
[2|M0,N+1|+ |M0,N+1|2),

Fenc =
1

2
+

1

6
[2|M0,N+1|2|M2

0,N+1 −M0,0MN+1,N+1|

+|M0,N+1|2 + |
∑

i

MN+1,iMi,0|2].

|M0,N+1| ≈ 1

Ji =
1
2

√
(i+ 1)(N + 1− i)

g ∼ κ J0 = JN = g

J1 = J2 = ... = JN−1 = κ g/κ
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1/T1

|M0,N+1| ≈ 1

N = 2, 3 Ji =
1
2

√
(i+ 1)(N + 1− i)

N > 3

g = gM(N) ωk k − N+1
2

h = 0 Fenc gM ∼ N−1/6

τ ∼ N

1/r3

e−iπ
∑i−1

j=1 σ
+
j σ

−
j
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XX

N = 12

∼ 90% N = 10

∼ 98%
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1/2

HN = −γe 1B · 1S − γN 1B · 1I + A‖S
zIz + A⊥(S

xIx + SyIy),

1S 1/2 1I

A‖ = −159.7 A⊥ = −113.8

HN = κ
N−1∑

i=1

Sz
i S

z
i+1 +

N∑

i=1

(ω0 + δi)S
z
i ,

κ ω0

δi

Heff =
a−1∑

i=1

κSz
i S

z
i+1 + JSz

NV (S
z
a + Sz

b ) +
N−1∑

i=b

κSz
i S

z
i+1,

J

a b
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Ueff = e−iHeffT ′/2Sx
NV e

−iHeffT ′/2Sx
NV = e−iκ

∑
Sz
i S

z
i+1T

′

Ulocal = e−iHeffT e−iκ
∑

Sz
i S

z
i+1T

′
= e−iJSz

NV (Sz
a+Sz

b )T

κ(T + T ′) = 2πm m

Ulocal

N N th

(N − 1)st

N + 1

Qn+1 = (
∏

Hi ·
∏

CPi)n+1

Ulocal

QM
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:  Two-qubit NV Register 

:  Nitrogen impurity 
Magnetic field gradient 

QL

QM QL

Udirected = e−iJSz
NV Sz

Nb
T

Hmed = J(Sz
NV1

+ Sz
NV2

)Sz
Nb
,
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Qk

10

implantation disorder and next-to-nearest neighbor in-
teractions in cases where coherent NV interactions are
mediated by short impurity chains.

Single Qubit Rotation Propagation - Phased Out to

SOM

The propagation of single rotations on a given NV reg-
ister will make use of both conjugation by cycles Qk

as well as directed unitaries of the form Udirected =

e
−iJSNV

z S
Nb
z 2T . Considering the three qubit scenario as

an illustrating example, we are able to propagate a sin-
gle qubit rotation S on the central qubit to either direc-
tion via conjugation by (H̃ · C̃P ) and a directed phase
gate which acts as the symmetry breaking component,
as shown in Fig. 5B. To generalize the propagation, we
consider the application of a single qubit rotation S at
the m

th qubit and desired propagation to an effective
rotation S on the first qubit according to

S
m = C̃P (CP

m−1,m) Qm C̃P S
1
C̃P Q

†
m (CP

m−1,m) C̃P

(31)
where (CP

m−1,m) represents a controlled phase gate be-
tween the NV register at position m and the nearest
neighbor impurity at position m − 1. This single qubit
propagation considers two separated NV registers along a
given row and effectively utilizes one to create a bound-
ary for the other, hence allowing for locally controlled
SWAP gates between any qubit pair. Since our array
contains a two-dimensional field gradient and standing
waves can be implemented with nodes along either rows
or columns, we have effectively shown complete control
over the mixed spin system; in particular, we have the
ability to SWAP any two neighboring qubits at any po-
sition along the lattice.

measure of the inverse of the number of sites that ”par-
ticipate” in the eigenstates.

However, the spin-lattice relaxation mechanism gov-
erning T1 is most likely related to an Orbach process
[40, 41], which is strongly temper- ature dependent.

, mediates interactions and is used to read out the
nuclear state s

which can be optically initialized and read out, is used
as a .

which can be fully manipulated through the use of co-
herent MW and

can be optically initialized and readout while

This average fidelity can be expressed in terms of el-
ements of the matrix e

−iKτ , where K is the N×N cou-
pling matrix of the full Hamiltonian found in Eq. (1),
H =

�
i,j Ki,jσ

+
i σ

−
j

The Wigner strings associated with the fermions have

Interestingly, in this ideal case, one finds that there
exists a single eigenmode through which the fidelity for
QST becomes zero, as shown in Fig. 1. Indeed, this
eigenmode corresponds to the localized Majorana mode
with a single Majorana operator per boundary point and
forms the basis of Kitaev’s idea for decoherence free quan-
tum memory (cond-mat/0010440).
individual qubits, whose performance benchmark is of-

ten judged by the
A crucial benchmark of any qubit implementation is

its coherence time, characterizing the time-scale on which
quantum information is lost. Naturally, those implemen-
tations which possess the longest coherence times also
interact most weakly with their local environment.
In addition to diverse applications ranging from quan-

tum key distribution to quantum teleportation [1, 2], reli-
able quantum state transfer between distant qubits forms
an essential ingredient of any scalable quantum informa-
tion processor [3]. However, most direct qubit interac-
tions are short-range and the corresponding interaction
strength decays rapidly with physical separation. For
this reason, most of the feasible approaches that have
been proposed for quantum computation rely upon the
use of quantum channels which serve to connect remote
qubits; such channels include: electrons in semiconduc-
tors [4], optical photons [5–8], and the physical transport
of trapped ions [9]. Coupled quantum spin chains have
also been extensively studied [10–24]. A key advantage
of such spin chain quantum channels is the ability to
manipulate, transfer, and process quantum information
utilizing the same fundamental hardware [25]; indeed,
both quantum memory and quantum state transfer can
be achieved in coupled spin chain arrays [26], eliminat-
ing the requirement for an external interface between the
quantum channel and the quantum register. Prior work
on spin chain quantum channels has focused on three
distinct regimes, in which the spin chain is either initial-
ized [10–13, 24], engineered [15, 27, 29] or dynamically
controlled [19, 28, 30–32].
An important application of spin-chain mediated co-

herent coupling is in the context of realizing a room tem-
perature quantum information processor based upon lo-
calized spins in the solid-state [33]. In this case, it is
difficult to envision mechanical qubit transport, while
other coupling mechanisms are often not available or im-
pose additional prohibitive requirements such as cryo-
genic cooling [8]. At the same time, long spin chains
are generally difficult to polarize, impossible to control
with single-spin resolution, and suffer from imperfect
spin-positioning [21, 22]; such imperfections can cause
both on-site and coupling disorder, resulting in localiza-
tion [34]. For these reasons, a detailed understanding
of quantum coherence and state transfer in random spin
chains with a limited degree of external control is of both
fundamental and practical importance.
In this Letter, we propose and analyze a novel method

! 

Qk

! 

Up
(k )

= 

$

%

$

A B X

Up = C̃P ·X1 · C̃P

X1 x π C̃P

Qk = (H̃ · C̃P )k

U (k)
p = Q†

kUpQk n n+ 1 k = n− 1

Uswap = H̃U (k)
p H̃X̃U (k)

p Z̃H̃U (k)
p H̃,

X̃ x Z̃ z π

139



140
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1/r6

1/2

H = −!∆
2

∑

i

σz
i +

!Ω
2

∑

i

σx
i +

∑

i<j

Cp

|ri − rj|p
P ↑
i P

↑
j .

∆ Ω

Cp P ↑
i = |↑〉〈↑| = (1 + σz

i )/2

ms = 0

ms = 1

|↑〉

HAB =
∑

i

Cp

|rA − ri|p
P ↑
AP

↑
i +

Cp

|rB − ri|p
P ↑
BP

↑
i .

σz
A σz

B

aR = [ζ(p)(p+ 1)Cp/∆]1/p

Ω = 0
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∆

Rmax

pr(r)

pr(r) = n exp(−nr) n

〈Rmax〉 = n−1 logN N

!∆ =
Cp

(aR −Rmax)p
,

L

L

A B

Eint = E↑↑ − E↑↓ − E↓↑ + E↓↓,

Eαβ |α〉A |β〉B

Eint ∼ b2/L b
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ε ε ≈ ε1 + ε2 ε1 ε2

ε1 = exp[−∆2
Gtg/(!λ)] ∆G

tg λ

ε1 = exp(−c∆Gtg/!) c

∆G ∼ 1/L

α = c∆G/! = α0/L

ε2 = ε2(γtg)

γ

tg ε2 = 1− exp[−(γtg)δ] ≈ (γtg)δ

δ
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γ ∼ L

γ = γ0L/L0 γ0 L0

L0 aR

ε = exp(−α0/Ltg) + (γ0L/L0tg)
δ.

topt

α! γ topt = δL log[L0α0/(L2γ0)]/α0

ε =

(
δ
L2γ0
L0α0

log
L0α0

L2γ0

)δ

.

1/L2

N

a b

|ψ〉A,B = (|↑〉A,B + |↓〉A,B)/
√
2
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|ψ〉SC =
∏

i |↓〉i

Ω(t) = Ω0 sin
2

(
8t/t0

1 + 16t2/t20

)

∆(t) = ∆0[1− 5 exp(−4t/t0)],

t0

t = t0

tπ = π!/Eint π

H −H

tg = 2t0 + tπ

F =
√

ρ2AB ρAB A B

∆Gt0

F = 1− c exp(−d∆Gt0) c d

ρAB
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F

∆Gt0

0
0.5

0.6

0.7

0.8

0.9

1

2 4 6 8 10

∆G t0 N = 34

t0 Ω0

p = 3 C3 = 100Ω0a3 ∆0 = 2.3Ω0 b = 3a

t0

L/〈aR〉

F =
1

2
[1− c exp(−d∆Gt0)]

{
1 + exp

[
− (γ0L/〈aR〉tg)3

]}

δ = 3

β

t0

∆G Eint

t0

A B

148



S p = 6

p = 3

n′ = 43

γ0 = 10KHz F = 0.95

Ω0 = 2π × 3.2MHz ∆0 = 2π × 7MHz

C3n3 = 2π × 320MHz

a = 1µm

γ0 = 100Hz

Ω0 = 2π× 80KHz ∆0 = 2π× 170KHz

a = 2nm

T ∗
2

ms = +1 ms = −1

T1
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γ0
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r
a

S = 1

W
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W

∆

2.87

ms = −1

ms = 1

m

Ω

m 0 1

Hr = −∆|0〉〈0|+
√
NΩ(|0〉〈W |+ h.c.) |0〉

ms = 0 |W 〉

|W 〉 = 1√
N

∑

i

|0 . . . 1i . . .〉 .

√
NΩ/∆ H ′

r = −∆|0〉〈0|+ J |W 〉〈W |

J = NΩ2/∆ m J

J

Vdd

|W 〉
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m

m > 1

|0〉 |W 〉

Ωext

Vdd ∆! J ! Vdd ! Ωext

N = 100

r = 20 nm

ms = 0, 1 σα

Vij =
(
1− 3 cos2 ϑij

) µ2

|ri − rj|3
×
{
1

4

[
1 + σ(i)

z

] [
1 + σ(j)

z

]
− σ(i)

+ σ
(j)
− − σ(i)

− σ
(j)
+

}
,

ri µ ϑij

ri rj

H = ∆/2
∑

i σ
(i)
z + Ω

∑
i σ

(i)
x +

∑
i<j Vij

|0〉 ms = 1

|W 〉

Heff =
√

Nc
µ2

R3
(|1q, 0〉〈0q,W |+ h.c.),
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Nc |W 〉

|1q, 0〉 ms = 1

|0〉

R = 100 nm

m ≤ 2

m = 3 |φ〉

Nc =

(
N∑

i

〈01 . . . 1i . . . 0N |φ〉
)2

,

Nc $ N

Ω ≈ h× 100MHz

Nc ≈ 70 ∼ N

Ω

Nc > 50 Nc

Nc Ω
√
NΩ/∆
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Nc Ω = 0 Ω = h × 110MHz

Nc ≈ 70 ∆ =
h× 4GHz) Nc

Ω

|1q, 0〉

ms = 1 pq

π tπ

R Heff

R− r

Vc

tπ

1/R3
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ms = 1 pq
tπ ≈ 600µs Vc

1/R3

N

N

|W 〉 N

T2 i

|W 〉

pW̄ = pT2

[
1− | 〈W | σ(i)

z |W 〉 |2
]
=

4

N
pT2

(
1− 1

N

)
,

pT2 N
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N T2

|W 〉

T eff
2

T1

ms = 1 ms = 0

|W 〉 ms = 1 ms = 0

p1→0
T1

p0→1
T1

p1→0
T1

|0〉 ms = 0

|W 〉 |0〉

pW→0 = pT 1→0
1

| 〈0| σ(i)
− |W 〉 |2 =

pT 1→0
1

N
,

N

T 0→1
1 |0〉 |W 〉

ms = 1

T 0→1
1

p0→1
T1

N

p0→1
T1

T1 ! T2

T1/N T2
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R = 100 nm

|W 〉

T2

T1 ! 1

T1
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tg tπ

T1/N ! T2

ε = 1− exp[−(4tπ/T eff
2 )3]

ε = 10−2 T eff
2 = 11ms

|0〉

|1〉 |W 〉

|W 〉

|W 〉

100 kHz ms = 1

A‖ ≈ −2.14MHz 14N

N
√
N

tπ = 70µs ε = 10−2

T eff
2 = 700µs ε = 10−4 T eff

2 = 3ms

W
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162



I = 1/2
S = 1

B ΩMW

|0〉e |1〉e
ΩRF |−1〉e

t

e n

π |1〉e
n e

τ
π/2

n e

e n n e

S = 1

|0〉e
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|0〉e |1〉e

I = 1/2 15

He,n = ∆0S
2
z + µeBSz + µnBIz + ASzIz,

∆0 = 2.87

µe = −2.8 µn = −0.43

A = 3.0

ẑ

n e
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|0〉e Iz

Bz,0 ∼ 1

∼ 100− 500

∼ 10µ ×10µ
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Bz (y) =
dBz
dy y +Bz,0
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n n = 1
n = M

ŷ
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1/2

Hint = 4κS1
zS

2
z +

∑

i=1,2

(ω0 + δi)S
i
z,

κ ω0

δi

Hdrive =
∑

i=1,2 2ΩiSi
x cos[(ω0 + δi)t]

(x, y, z)→ (z,−y, x)

Hint = κ(S+
1 S

−
2 + S−

1 S
+
2 ) + Ω1S

1
z + Ω2S

2
z .

Hint |Ω1 − Ω2| ! κ

|Ω1 − Ω2| $ κ

Ω1 Ω2

Hint =
∑

i κ(S
+
i S

−
i+1 + S−

i S
+
i+1) +

∑
iΩiSi

z
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κ

1/2 κi,i+1

Ωi Ωi+1

HFFST = g(S+
NV1

S−
1 + S+

NV2
S−
N + ) +

N−1∑

i=1

κ(S+
i S

−
i+1 + S−

i S
+
i+1)
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Ωi

Ωj

g
κ

g
Ω

∆
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HFFST

g

Bz(y)
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N = 18

8.71 18.1

¨
TNV
1

N = 7
12.6 16

TNV
1

TN
1 TN

1

≈ 50

∼ 1

TNV
1
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pSSerr ≈ N(pSSoff + padia + pdip + pSST1 + pSST2).

pSSoff ∼
(

Ωi
∆g

)2

Ωi ∆g

padia

pdip ∼
(
κ
Ωi

)2

pSST1

T1 pSST2

N N ≈ 5

100 N ≈ 20 500

pFFST
err ≈ pFFST

off + pfermi + pg + pFFST
T1 + pFFST

T2 .

pSSerr pFFST
err

pfermi

g/
√
N ∼ κ/N

∼ (g/
√
N

κ/N )2 pg

g

pSSerr

tFFST
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TNV
1 ∼ 100

10−2

T1

T1

10

T1

≈ 50

ε ≈ 1.4%
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175



g

H = −∆(|1〉〈1|+ | − 1〉〈−1|)− Ω(|0〉〈1|+ |0〉〈−1|+ )− ΩNS
N
x + 4κSNV

z SN
z ,

Ω ∆

ΩN

|B〉 = |1〉+|−1〉√
2

|D〉 = |1〉−|−1〉√
2

|+〉 ≈ |B〉+
√
2Ω
∆ |0〉 |−〉 ≈ |0〉 −

√
2Ω
∆ |B〉 Ω$ ∆

H = −∆|D〉〈D| − (∆ +
2Ω2

∆
)|+〉〈+|

+
2Ω2

∆
|−〉〈−| − 1

2
ΩN(|+〉N〈+| − |−〉N〈−|)

+ 2κ(|B〉〈D|+ |D〉〈B|)(|+〉N〈−| + |−〉N〈+|),

|±〉N = |↑〉N±|↓〉N√
2

SN
x

2κ

{
(|+〉〈D|+ |D〉〈+|) −

√
2Ω

∆
(|−〉〈D|+ |D〉〈−|)

}
(|+N〉〈−N | + |−N〉〈+N |).

{|D〉, |−〉}

g ∼ κΩ
∆
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κ$ ∆ |+〉

κ2/∆2

|0〉 ⊗ (α| ↑〉+ β| ↓〉) (α|−〉+ β|D〉)⊗ | ↑〉

π− |0〉 ⊗ | ↓〉 → | − 1〉 ⊗ | ↓〉

|0〉 ⊗ | ↓〉 → |1〉 ⊗ | ↓〉 |0〉 ⊗ | ↓〉

|D〉 ⊗ | ↓〉

|D〉 ⊗ | ↓〉 → |D〉 ⊗ | ↑〉 Ω

|D〉 |−〉
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1/2

180



|

H0 =
1

2

∑

x,x′
links

κσx
i σ

x
j +

1

2

∑

y,y′
links

κσy
i σ

y
j +

1

2

∑

z,z′
links

κσz
i σ

z
j ,

1σ ! = 1

{γ0, γ1, γ2, γ3}

σx = iγ1γ0 σy = iγ2γ0 σz = iγ3γ0

{γl, γm} = 2δlm

P = 1+D
2 D = γ1γ2γ3γ0
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Hγ =
i

4
κ
∑

i,j

Ûi,jγ
0
i γ

0
j ,

Ûi,j = iγαi γ
α
j α ij ij

Ûi,j

Ûi,j Ûl,m

{Ui,j = ±1}

{Ui,j} γ0

Ui,j 2

w(p) =
∏

ij∈∂p Ui,j p ∂p ij

Ui,j = +1

γ0

π/2 w(p) = +1

π π/2

π/2

w(p) = −1 ∆v

Q κ
∑

i,j Qk,i(iUi,j)Q∗
k′,j = δkk′εk

Hγ = 1
2

∑N/2
k=−N/2 εkc

†
kck ck =

1√
2

∑
j Qk,jγ0j N

k
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εk = −ε−k c†k = c−k k > 0

Hγ =
∑

k>0

εk(c
†
kck −

1

2
),

ck c†k

∆b

Ui,j

HT = H0 +Hint Hint

L R

Hint = −
∆S

2
(σz

L + σz
R) + gLσ

β
Lσ

β
a + gRσ

η
Rσ

η
b .

∆S β, η

gL gR

183



|

Ûi,j

γ0

i π π/2

Uij w(p) = −1
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a b

Hint = −∆S
2 (iγ3Lγ

0
L + iγ3Rγ

0
R) + gLγ1Lγ

1
aγ

0
Lγ

0
a + gRγ1Rγ

1
bγ

0
Rγ

0
b

σxσx

Ui,j

UL,a UR,b

HT = H +Hint =
∑

k>0

εk(c
†
kck −

1

2
)

+ ∆S(c
†
LcL −

1

2
) + ∆S(c

†
RcR −

1

2
)

− gLUL,a(cL + c†L)
i√
2
(
∑

k

Q∗
k,ack +

∑

k

Qk,ac
†
k)

− gRUR,b(cR + c†R)
i√
2
(
∑

k

Q∗
k,bck +

∑

k

Qk,bc
†
k),

c†L,R = 1/2(γL,R0 − iγL,R3 ) cL,R = 1/2(γL,R0 + iγL,R3 )

σz
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L R ∆S > 0

gL, gR < ∆S c†k

∆S k̃

εk̃

Heff = − i√
2
gLQ

∗
k̃,a

c†Lck̃ −
i√
2
gRQ

∗
k̃,b
c†Rck̃ + h.c.

τ

∆ε ∼ κ/- -

τ ! -/κ
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|
61 40 y

kya = π
∆b = 0.46κ

0.14κ 0.17κ

∆S gL(t)

gL(t) =

√
vf(t)√∫∞

t dt′|f(t′)|2
,

f(t) v

gR(t)

∆S -
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T Nv ∼ npe−∆v/T np

π

Nvπ

ξ ∼ a a

π
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|

∆v

Hp

HT

Hp

He = v

∫
dp

2π
pc†pcp = v

∫
dx γ(x)(i∂)γ(x),
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c†p = c−p {c†k}

p

{γ(x), γ(y)} = δ(x− y)

c†p

H ′
e = λ

∫
dx γ(x)(i∂)γ(x)(i∂)2γ(x)(i∂)3γ(x),

λ Γintp

εp ! kBT

Γintp ∼ λ2p13

v
+
λ2p11T 2

v
+O(T 4).

Γintp

κ′ λ ∼ κ(κ′κ )
2a7

Γintp ∼ κ2

∆S
(κ

′

κ )
4(ap)14 ∆S = vp

p < 1/a

Γdecp

σαi

Γdecp ∼ S(ω)
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e−d/ξ d i

S(ω0) ∼ e−ω0/kBT ω0 = 2∆v

∆S

-

Γdecp ∼ e−∆S/kBT + -e−∆V /kBT .

S(ω) ∼ 1
ω2+1/t2c

tc

Γdecp ∼ 1/∆2
v ∆v ! 1/tc
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|

e−∆S/kBT ∆S

'
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L R R L
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195



N

ρ =
⊗

i ρi ρi

Q̃ = {|+〉, |−〉, |+ i〉, | − i〉, |0〉, |1〉}

ρ

Ftol

ρi Mi
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Fi = 1/|Q̃|
∑

ρi
Tr[ρiMi(ρi)]

ph =
1

|Q|
∑

ρ∈Q

Tr[PaccM(ρ)] ≥ 1− e−ND(Fexp‖Ftol),

Q = Q̃⊗N Pacc

M =
⊗

i Mi Fexp = 1/N
∑

i Fi D

Ftol

FtolN

FtolN

FtolN (2Ftol − 1)N

2Ftol − 1

pd =
1

|Q|
∑

ρ∈Q

Tr
[
P⊗2
accT (ρ)

]
≤ e−ND(2Ftol−1‖2/3),

T

2Ftol − 1 > 2/3 5/6
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qticket:  ...  original 

! 

"1

! 

"2

! 

"3

qticket:  ...  cloned 

! 

"1

! 

"2

! 

"3

! 

"N #1

! 

"N

! 

"N #2

! 

"N #1

! 

"N

! 

"N #2! 

FtolN

! 

FtolN

m
inim

um
 

overlap 

! 

"X! 

"Z

“challenge” questions 

! 

|1"

! 

| 0"
! 

|+"

! 

| "#

a

b

Ftol

FtolN

(2Ftol − 1)N

F cv
tol =

1+1/
√
2

2
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X Z

{|0,+〉, |0,−〉, |1,+〉, |1,−〉, |+, 0〉, |−, 0〉, |+, 1〉, |−, 1〉}.

n r

n× r × 2

X Z

F cv
tolr n

Fexp > F cv
tol n
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r

pcvh ≥
(
1− e−rD(Fexp‖F cv

tol)
)n

.

F cv
tol >

1+1/
√
2

2

1 + 1/
√
2 ≈ 1.707

F cv
tol

pcvd ≤
(
v

2

)2 (
1/2 + e−rD(Ftol‖ 1+1/

√
2

2 )
)n

,

v

Fdishonest < Ftol < Fexp
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|−, 0〉 |0,+〉 |1,+〉 |0,+〉 |0,+〉 |+, 1〉 |−, 0〉 |1,+〉
Z X

0, 0 0, 1 1, 1 0, 1 −,+ +,− −,+ +,−
# # # # # # # ×

# #

n = 4
r = 2 8 Ftol = 3/4

Ftol = 3/4
Ftol > 1/2 + 1/

√
8
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c

202



c+ 1

1− 1
(c+1)(c+2)

X1, . . . , Xn {0, 1}

δi S ⊆ {1, . . . , n}

Pr
[∧

i∈S Xi

]
≤
∏

i∈S δi

Pr[
n∑

i=1

Xi ≥ γn] ≤ e−nD(γ‖δ)

δ := n−1
∑N

i=1 δi γ δ ≤ γ ≤ 1

D(p‖q) = p ln p
q + (1− p) ln 1−p

1−q

(X = 1) = p (X = 1) = q
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P ρ
acc

N

Ftol

ρ =
⊗N

i=1 ρi 0 ≤ Ftol ≤ 1

P ρ
acc =

∑

4b:|4b|1≥FtolN

N⊗

i=1

(
biρi + b̄iρ

⊥
i

)
.

1b ∈ {0, 1}N N |1b|1 =
∑N

i=1 bi b̄i = 1− bi ρ⊥i = − ρi

|1b|1

FtolN

1 1b

Mi Fi

Fexp = 1/N
∑

i Fi

Fexp > Ftol

pv ≥ 1− e−ND(Ftol‖Fexp).

1X = (X1, . . . , XN)

Pr[ 1X = 1b] =
1

|Q|
∑

ρ∈Q

Tr

[
M(ρ)

N⊗

i=1

(
biρi + b̄iρ

⊥
i

)
]

=
N∏

i=1

1

6

∑

ρi∈Q̃

Tr
[
Mi(ρi)(biρi + b̄iρ

⊥
i )
]
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Xi

Pr[Xi] = Fi

1
|Q|
∑

ρ∈Q Tr[P ρ
accM(ρ)] = Pr[

∑N
i=1 Xi ≥ FtolN ]

L ∼ 1 µ
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(a) 

(b)





(c)

(d)

|±1〉
{|+1〉 , |−1〉}

S = 1

|ms = 0,±1〉

1E 1B (! = 1)

HNV = (D0 + d‖Ez)S
2
z + µBgs1S · 1B − d⊥

[
Ex(SxSy + SySx) + Ey(S

2
x − S2

y)
]
,
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D0/2π 9 2.88 gs 9 2 µB

d‖ d⊥

|±1〉

∆B = gsµBBz/!

E⊥ |±1〉

E⊥ = E0(a+ a†) a

ωm E0

|±1〉 |0〉

∆ = ∆B − ωm $ D0 |±1〉

|0〉

Hi = g
(
σ+
i a+ a†σ−

i

)

σ±
i = |±1〉i 〈∓1| i g

Jz =
1
2

∑
i |1〉i 〈1| − |−1〉i 〈−1| J± = Jx ± iJy =

∑
i σ

±
i

H = ωma
†a+∆BJz + g

(
a†J− + aJ+

)
,

g
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0.03 −1

L! w, h

g

2π
≈ 180

(
!

L3w
√
ρE

)1/2

GHz,

ρ E

(L,w, h) = (1, 0.1, 0.1)µ ωm/2π ∼ 1

g/2π ∼ 1 ge/2π ≈ 10

T2

η = g2T2

γn̄th
γ = ωm/Q

n̄th = (e!ωm/kBT − 1)−1

T Q = 106 T2 = 10 T = 4

η ∼ 0.8

g $ ∆ = ∆B − ωm

H

eRHe−R R = g
∆

(
a†J− − aJ+

)

(g/∆)2

Heff = ωma
†a+

(
∆B + λa†a

)
Jz +

λ

2
J+J−,

λ = 2g2/∆

J+J− = J2 − J2
z + Jz J
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∝ J2
z

|ψ0〉 x

Jx |ψ0〉 = J |ψ0〉
〈
J2
y

〉
= 〈J2

z 〉 = J/2

∝ J2
z z

Jz

ξ2 =
2J 〈∆J2

min〉
〈Jx〉2

,

〈∆J2
min〉 = 1

2

(
V+ −

√
V 2
− + V 2

yz

)

V± =
〈
J2
y ± J2

z

〉
Vyz = 〈JyJz + JzJy〉 /2

ξ2 < 1

Heff

ρ̇ =− i

[
−λ
2
J2
z +

(
∆B + λa†a

)
Jz, ρ

]
+

1

2T2

∑

i

D[σi
z]ρ

+ Γγ(n̄th + 1)D[J−] + Γγn̄thD[J+],

D[c]ρ = cρc† − 1
2

(
c†cρ+ ρc†c

)
T−1
2

λ/2 ∆B

T1
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Γγ = γg2/∆2 n = a†a

n

|ψ0〉

N = 100 n̄th T−1
2

Γγ ξ2

Γγ T2

N

J ! 1

n̄th ! 1

ξ2 9 4Γγn̄th

Jλ2t
+

t

T2
.

t ∆

ξ2opt 9
2√
Jη

,

topt = T2/
√
Jη

J

ξ2opt ∼ J−2/3

n = a†a Jz
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n̄ Sn(ω) =
∫
dteiωt 〈δn(t)δn(0)〉

〈J+(t)〉 = e−χ
〈
e−iµ(Jz−1/2)J+(0)

〉
,

〈
J2
+(t)

〉
〈J+(t)Jz(t)〉 χ

µ

χ = λ2
∫

dω

2π

F (ωτ)

ω2
S̄n(ω),

µ = λ2
∫

dω

2π

K(ωτ)

ω2
An(ω),

S̄n(ω) = (Sn(ω) + Sn(−ω)) /2 An(ω) = (Sn(ω)− Sn(−ω)) /2

F (ωτ) = ω2

2

∣∣∫ dteiωtf(t)
∣∣2 τ

π K(ωτ)

µ F K

F M = 4

Sn(ω) = 2γn̄th(n̄th + 1)/(ω2 + γ2) ω = 0

χ0(t) =
1
2λ

2n̄2
tht

2 n̄th ! 1

T ∗
2 9

√
2/λn̄th

t = topt

n̄th >
√
J

M π
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t χth ∼ λ2γn̄2
tht

3/M2

Γγ T−1
2

M ! n̄th

√
γT2

ωdr = ωm + δ Sn(ω)

ω = ±δ n̄drn̄th

n̄dr(n̄th + 1) n̄dr

t/M = 2π/δ

π χdr 9
(
λ
δ

)2
n̄drn̄thγt

µ 9 λ2

δ n̄drt n̄dr ! n̄th

χth Γγ

n̄dr M = 4

g

Jeff < J J ! 1

gi
∑

i gi/
√∑
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2
i

∑
i g

2
i /
√∑

i g
4
i
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σy ≈ 2× 10−12

3

Q = ν/∆ν

∆ν ν

ν ∼
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Diamond Film
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µ

>

|0〉 |±1〉

|0〉

|0〉 |1〉
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Hgs = (Dgs + d‖σz)S
2
z + gµb

1S · 1B + d⊥σx(SxSy + SySx) + d⊥σy(S
2
x − S2

y)

d‖,⊥

C3v Dgs

µb Sk

k = {x, y, z}

1σ

Dgs Sz

ω

|0〉 |±1〉 ω ≈ Dgs

ω Dgs

B1 = 2b1 cos(2πωt)x̂ Hgs

V = e2πiωtS
2
z

H′
gs = (Dgs + d‖σz − ω)S2

z + gµbBzSz + gµbb1Sx
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ρ̇ =
1

i! [H
′
gs, ρ] +

∑

k

LkρL
†
k −

1

2
L†
kLkρ−

1

2
ρL†

kLk

ρ

Lk
√
rk

I

Ω = gµbb1 ∆ = Dgs − ω

F (I,Ω,∆) = γρss22 +
γ2

κ+γρ
ss
33 ρss22 ρss33

F

σy(τ) =
1

2πQ

1

(S/N)

1√
τ

τ S/N

C 1= 1
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S
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∆

C → 1

T ∗
2 = 88

∼

σy(τ) = 8.124× 10−5 τ−1/2

Q

S/N
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Dgs

T δω

δωT

T−1 T ! Tc

Tc

Tc

T2

mf = 0 π

T ∼ T2

π

2

)

x

τ−−→ π
)

−x

τ−−→ π

2

)

x

θ
)
φ

θ φ

tp θ = gµbb1tp Ω1 ≡ gµbb1 ! (Dgs − Ω), gµbBz
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Uecho = e−iπ2 Sxe−i(δΩS2
z+bSz)τei

π
2 Sxei

π
2 Sxe−iπ2 Sxe−i(δΩS2

z+bSz)τe−iπ2 Sx = WW ′ W

W = e−iπ2 Sxe−i(δΩS2
z+bSz)τei

π
2 Sx

= e−i(δΩX̂−bSy)τ ,

W ′

W ′ = ei
π
2 Sxe−i(δΩS2

z+bSz)τe−iπ2 Sx

= e−i(δΩX̂+bSy)τ ,

X̂

X̂ =





1
2 0 −1

2

0 1 0

−1
2 0 1

2




.

[X̂, Sy] = 0 W W ′

Uecho = e−2i(Dgs−Ω)τX̂

X̂

|0〉 π
4

x̂ U45 = e−iπ4 Sy U45 |0〉 = 1√
2
(|0〉 − i |+〉 |+〉

±1 Sz

UechoU45 |0〉 =
1√
2

(
− ieiδΩτ |+〉+ e−iδΩτ |0〉

)
.

S2
z δν

Sz
1B

∝ A‖SzIz

π/2 π/4

Sz
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Optical
Pumping

π

4
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4
TFT T}

Sz

S2
z

1 2 3 4 56
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X Y

Z

|0〉 ◦

Sz S2
z

Sz

S2
z

S2
z 2T Sz

|ψ0〉 = |ms = 0〉

Uecho

|ψf〉 = UechoU45 |ψ0〉 =
1√
2
sin(φ) |0〉 − 1

2
cos(φ)

(
|+1〉+ |−1〉

)

φ = (Dgs − ω)T = δωT

M̂

M̂ = a |0〉 〈0|+ b
(
|+1〉 〈+1|+ |−1〉 〈−1|

)
a b

M̂
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|ψf〉
δω

ω0
=

1

ω0

〈∆M̂〉
|∂〈M̂〉/∂ω|

〈∆M̂2〉 = 〈M̂2〉 − 〈M̂〉2

2a ≈ 3b M̂

M ′ τ = M ′T

〈δω
ω0

〉

M ′
=

ξ

Dgs

√
Tτ

ξ ≈ 5 b 1= 0

a ≈ 0.031 λ/γ

T = T2 ≈ 1 Dgs = 2870

δω/ω0 = 8.8× 10−9/
√
τ

∼ 0.2%

N 1/
√
N

N 1.74× 1023

3 − 10−11

µ 3 3

1/
√
N

2× 10−13/
√
τ 2× 10−9/

√
τ

∼ 100µ ∼ 1 2

σpulsed
y ∼ 6.7× 10−13/

√
τ
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T−1/2

2T

e−(2T/T2)n n ≈ 3

T2 Te n = 1− 2

S/N

Te

1017 3

∼ 10−13

∼ 50− 100 Dgs ∼ 1µ
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T2, ∼ 10− 20µ

Dgs

dDgs/dT = −74.2(7)

dDgs/dT ∼ 100

|dDgs/dT | = 100

Dgs

dDgs/dT ∼ −75

dDgs/dT
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δ

Dgs

VijSiSj = −
κ

2

〈
3r̂ir̂j − δij

r3

〉
SiSj

Si κ

a

r(1) = aŷ r(2) =
√
3a
2 x̂− a

2 ŷ r(3) = −
√
3a
2 x̂− a

2 ŷ

H = VijSiSj =
3κ

4a3
(S2

z − 2/3).

εkl

∆ H = SiSj∆Vij = −
κ

2

〈(
∂

∂rk

3r̂ir̂j − δij
r3

)
εklr̂l

〉
SiSj

=
3κ

2a3
[−3

4
(εxx + εyy)(S

2
z − 2/3) +

1

8
(εxx − εyy)(S2

x − S2
y)

+
1

8
(εxy + εyx)(SxSy + SySx)−

1

2
εzx(SxSz + SzSx)

− 1

2
εzy(SySz + SzSy)].

α = −3
4(εxx + εyy)

3κ
2a3

3κ
4a3 = 2.88

a = 2.38 ˚ α = −4.32 (εxx + εyy)
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E1 ηc1

E2

ηc2 < ηc1

T

∆ε1,2 ≈ ηd(1 + ηc1,2Ec1,2/Ed)∆T

∆T T0

ω0

T T0

∼ 10−2 − 10−3
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ω1(T ) = ω0 + β1∆T

ω2(T ) = ω0 + β2∆T

β1,2 =
dε
dT

dDgs

dε = ηd(1 + ηc1,2Ec1,2/Ed)(dDgs/dε) τ = 0

T0

T0 t

φ1,2(t) = ω0t+

∫ t

0

β1,2∆T (t
′)dt′ ±∆φ0,

∆φ0 = ξ
√
t/
√

T2, N

∆φ(t) = φ2(t)− φ1(t) =
∫ t

0 ∆β1,2∆T (t
′)dt′ ±

√
2∆φ0 ∆β1,2 ≡ β2 − β1

φ1(t) φ2(t)

φ′1(t) = φ1(t)−
∫ t

0

β1∆T (t
′)dt′

= φ1(t)−
(∫ t

0

∆β1,2∆T (t
′)dt′

)
· β1
∆β1,2

= φ1(t)−
β1
∆β1,2

(∆φ(t)∓
√
2∆φ0).

t

t

∆ω′
1

ω′
1

=
ξ√

T2NtDgs

(
1 + 2

(
β1
∆β1,2

)2
)1/2

=

(
∆ω

ω

)

T=T0

(
1 + 2

(
β1
∆β1,2

)2
)1/2

.
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σy = 2× 10−12τ−1/2

9 /
√
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|ms = 0〉 |ms = ±1〉

d∆/dT = −(2π)77 /

N
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50 µ 5

∆ = 2.87

f 1,2 ≈ f (ω−) +
∂f
∂ω |ω−

(
∓δω + δB + δT d∆

dT

)

f 3,4 ≈ f (ω+) +
∂f
∂ω |ω+

(
∓δω − δB + δT d∆

dT

)

δT =
δω

d∆/dT

(f 1 + f 2)− (f 3 + f 4)

(f 1 − f 2) + (f 3 − f 4)
,

ω± ∓ δω δB
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C ≈ 0.03

δT

σ

δT = σ/(c d∆
dT 2τ) c 2τ

t < 30 s
√
t η = δT

√
t

m

δT =
√

1
N−1Σ

N
i=1 (Ti −m Pi)

2

Ti Pi

σ (δT ) = δT
√
1− 2

N−1
Γ2(n/2)

Γ2((n−1)/2) Γ(·)
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√
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√

√
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H12 = ε1S
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1 + ε2S

z
2 + t12(S
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−
2 + S−

1 S
+
2 ) + V12S

z
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z
2

εi W t12, V12
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R t12, V12 $ |εi| ∼ W
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Sz = 0 δa = ε1 − ε2 |δa| " ta = t12

ταa
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τ za = Sz
1 = −Sz

2

Hab

Hab
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R1, R2 Vab 1= 0

ta/b 1= 0 τ z

δa/b " ta/b
√

t2a + δ
2
a,
√
t2b + δ

2
b ! Vab ! |ta− tb|

µα

µz Hab

τ µ

O(1)

τx τ z

H = Hab +Hcd +Hint

= ∆abµ
z
ab +∆cdµ

z
cd +

∑

α,β∈{x,z}

Vαβµ
α
abµ

β
cd,

Hint = Vacτ za τ
z
c + Vadτ za τ

z
d + Vbcτ zb τ

z
c + Vbdτ zb τ

z
d

µ

V (r) ∼ 1/r

1/r3
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V (r) ∼ 1/rβ

Vab = V13 − V14 − V23 + V24

=

(
1

Rβ
13

− 1

Rβ
14

)
+

(
1

Rβ
24

− 1

Rβ
23

)

=

(
1

|1R2 + 1r4 − 1r1|β
− 1

|1R2 + 1r3 − 1r1|β

)
+

(
1

|1R2 + 1r3 − 1r2|β
− 1

|1R2 + 1r4 − 1r2|β

)

≈ 1

Rβ
2

β

2

(
2r3 · r1 + 2r4 · r2 − 2r4 · r1 − 2r3 · r2

R2
2

)
∼ R2

1

Rβ+2
2

.

R1 < R2/2

R2
1

Rij Vab = V13− V14− V23 + V24

a b Vab ∼ R2
1/R

5
2

Vab N2(R1, R2)

V/Rβ
2 → V R2

1/R
β+2
2
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R1

R2

N2(R1, R2) ∼ (n1(R1)R
d
2) ·

V R2
1/R

β+2
2

t/Rα
1

∼ Rd−(β+2)
2 ,

n1 = ρN1 n1(R1)Rd
2

R2 2R2

V R2
1/R

β+2
2

t/Rα
1

R1 R2 →∞

d > β + 2

R2 V (R2) ∼ t(R1)

V (R2)
t(R1)

∼ R2
1/R

β+2
2

1/Rα
1
∼ 1/10 R2 ∼ R

α+2
β+2

1

N2(R1, R2) ∼ Rd+2
1 (R

α+2
β+2

1 )d−(β+2) = R
d−α+dα+2

β+2

1 .

d > α(β+2)
α+β+4
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N3(R1, R2, R3) ∼ (n2(R1, R2)R
d
3) ·

Ṽ /Rβ
3

Ṽ /Rβ
2

= (n2(R1, R2)R
d
3) ·

Ṽ R2
1/R

β+2
3

Ṽ R2
1/R

β+2
2

= R2d−α+2
1 ·Rd

2 ·R
d−β−2
3

n2 = n1N2

R3 →∞ R1, R2

R1 R2 ∼ R3

d > (β + 2)/2

R1 ∼ R(β+2)/(α+2)
2 R2 ∼ R3

N3

V

σz α > β + 4

R1 ≤ R2 ≤ R3

α > β R2

R1 ∼ Rβ+2/α+2
2

R1 ∼ Rβ/α
2

R̃ < R2

R2

O(1) R1 R̃ < R2
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R̃

N2(R1, R̃) ∼ ρN1(R1)R̃
d ∼ Rd−α

1 R̃d.

O(1) R̃ ∼ Rα/d−1
1 R2

V (R2) ∼ t(R1)

R̃ > R2

R̃ = R2 R1 R̃ = R2

V

R̃ < R2 R2

R̃ ∼ R2 Rα/d−1
1 ∼ R

α
β

1 dc =
αβ
α+β

d < αβ
α+β

R2 O(1)

N2(R2) ∼ 1 R2
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R2

N2(R1, R2) R2

α = β R1 ∼ R2

R2 N2(R2) ∼ 1

1 ∼ N2(R2) = ρ2 ·R2d−β
2 · V

W
=⇒ R2d−β

2 =
1

ρ2
W

V
=

1

ρ2
1

aβ0

W

V/aβ0

D = W
V/aβ0

ρ ∼ 1/ad0

R2 ≈ a0D
1/(2d−β),

d = β = 3 R2 ≈ a0
3
√
D d = 2 R2 ≈ a0D α = β = 3

dc = 1.5

D > 1 dc

α = β = 3

dzi d
z
j
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∑

i<j

dzi d
z
j

r3ij
=
∑

i<j

(dsi + dai σ
z
i )(d

s
j + dajσ

z
j )

r3ij
=
∑

i<j

(ds)2

r3ij
+
∑

i<j

dads

r3ij
(σz

i + σ
z
j ) +

∑

i<j

(da)2

r3ij
σz
i σ

z
j ,

〈↑| dz |↑〉 = ds + da 〈↓| dz |↓〉 = da − ds

εi =
∑

i '=j
dads

r3ij
i εi =

∑
j '=i

dads

r3ij
Qj = ν dads

a30

∑
,∈lat

1
,3 ν

Qj = 1 0

δε2i = ε2i − εi2

ε2i =
∑

j '=i

∑
k '=i

(
dads

r3ij
Qj

)(
dads

r3ik
Qk

)
QjQk = νδjk + ν2(1− δjk)

ε2i =
(

dads

a30

)2 [
(ν − ν2)

∑
,∈lat

1
,6 +

(
ν
∑

,∈lat
1
,3

)2]

W =
√
ε2i =

√
ε2i − εi2 =

dads

a30

√
(ν − ν2)

∑

,∈lat

1

-6
,

ν $ 1 W ∼
√
ν dads

a30

ρ ∼ ν/a30

W = dads

a30

√
(ν − ν2)

∑
,∈lat

1
,6

1 ∼ N2(R2) = ρ2 ·R2d−β
2 · V

W
=⇒ R2d−3

2 =
1

ρ2
W

V
=

1

ρ2
1

a30

dads

a30

√
(ν − ν2)

∑
,∈lat

1
,6

V/a30
.
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V ∼ (da)2

R2 ≈ a0

(
ds

da
1

ν2

√
(ν − ν2)

∑

,∈lat

1

-6

) 1
2d−3

.

ν $ 1

d = 3 R2 ≈
(

ds
da

)1/3

a0/
√
ν d = 2

R2 ≈ ds
da
a0/ν3/2
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HB = −
∑

ij tija
†
iaj +

1
2

∑
i '=j Vijninj

X Y

(Θ0,Φ0) |↑〉 = s|1,−1〉+ v|1, 1〉+ w|1, 0〉

s = Ω2Ω4/Ω̃ v = Ω1Ω3/Ω̃ w = −Ω1Ω4/Ω̃

i j R = (R, θ, φ) {x, y, z}

H = − 1

4πε0

√
6

R3

2∑

q=−2

(−1)qC2
−q(θ, φ)T

2
q (d

(i),d(j)),

Ck
q (θ, φ) k z q T 2

2

T 2
±2(d

(i),d(j)) = d(i)± d(j)± T 2
±1(d

(i),d(j)) =
(
d(i)z d(j)± + d(i)± d(j)z

)
/
√
2
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T 2
0 (d

(i),d(j)) =
(
d(i)− d(j)+ + 2d(i)z d(j)z + d(i)+ d(j)−

)
/
√
6 d± = ∓(dx ± idy)/

√
2

|1, 0〉 |1,±1〉

T 2
±1

tij

〈↑i↓j|T 2
0 |↓i↑j〉 =

√
2

3
[d200w

∗
iwj −

1

2
d201(v

∗
i vj + s∗i sj)],

〈↑i↓j|T 2
+2 |↓i↑j〉 = −d201(v∗i sj),

〈↑i↓j|T 2
−2 |↓i↑j〉 = −d201(s∗i vj),

d00 = 〈1, 0|dz|0, 0〉 d01 = 〈1,±1|d±|0, 0〉

tij

Vij

Vij = 〈↑i↑j|Hdd |↑i↑j〉+ 〈↓i↓j|Hdd |↓i↓j〉 − 〈↑i↓j|Hdd |↑i↓j〉 − 〈↓i↑j|Hdd |↓i↑j〉

i d↑i = d1(|si|2 + |vi|2) + µ0|wi|2 d1 = 〈1,±1|dz|1,±1〉

µ0 = 〈1, 0|dz|1, 0〉 |1, 0〉 Vij
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ij d

〈↓i↓j| dzdz +
1

2
(d+d− + d−d+) |↓i↓j〉 = d20,

〈↑i↓j| dzdz +
1

2
(d+d− + d−d+) |↑i↓j〉 = d↑id0,

〈↓i↑j| dzdz +
1

2
(d+d− + d−d+) |↓i↑j〉 = d0d↑j ,

〈↑i↑j| dzdz +
1

2
(d+d− + d−d+) |↑i↑j〉 = d↑id↑j −

1

2
µ2
01(siw

∗
iwjs

∗
j + wiv

∗
i vjw

∗
j + )

〈↑i↑j| d+d+ |↑i↑j〉 = −µ2
01(siw

∗
iwjv

∗
j + wiv

∗
i sjw

∗
j ),

〈↑i↑j| d−d− |↑i↑j〉 = −µ2
01(wis

∗
i vjw

∗
j + viw

∗
iwjs

∗
j),

d0 = 〈0, 0|dz|0, 0〉 µ01 = 〈1,±1|d±|1, 0〉

|1, 0〉 |1,±1〉 Hdd

tii =
∑

j '=i(〈↓i↓j|Hdd |↓i↓j〉 − 〈↑i↓j|Hdd |↑i↓j〉)

tii

2B

{a, b, A,B}

|↑〉 a A b B tij Vij

1g1, 1g2

w

tij Vij

a↔ A b↔ B g2

wa/b = wA/B wa/b = −wA/B
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40 87

40 87

I1 = 4 I2 = 3/2

HQ ∼ 1 40 87

|1,±1〉 T 2
±2 Hdd

Ω

M Hhf

{a, b, A,B}

〈↑A|Hhf |↑A〉 = 〈↑a|Hhf |↑a〉 1= 〈↑B|Hhf |↑B〉 = 〈↑b|Hhf |↑b〉

|↓〉 |↑〉

∼ 103

|↓〉 |↑〉
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A B

tii

E(R, t) = E(R)e−iωt + X̂

Hlattice = −E(R)∗α(ω)E(R)

E(R) = |E(R)|
∑

p βp(R)ep ep α(ω)

Hlattice = −E2(R)

[
2α⊥ − α‖

3
+ (α‖ − α⊥)

∑

p

C2
pγp

]

α‖ α⊥

γ0 = |β0|2 − 1/3 γ±1 = 1/
√
3(β∗

0β± − β∗
∓β0)

γ±2 = −
√
2/3β∗

∓β±

|↓〉

〈↓|Hlattice |↓〉 = −E2(R)

[
2α⊥ − α‖

3
+ (α‖ − α⊥) 〈0, 0|C2

0 |0, 0〉 γ0
]

|↑〉

〈↑|Hlattice |↑〉 = −E2(R)[
2α⊥ − α‖

3
+ (α‖ − α⊥){γ0(|s|2 〈1,−1|C2

0 |1,−1〉

+ |v|2 〈1, 1|C2
0 |1, 1〉+ |w|2 〈1, 0|C2

0 |1, 0〉) + γ2sv∗ 〈1, 1|C2
2 |1,−1〉

+ γ−2s
∗v 〈1,−1|C2

−2 |1, 1〉}].

δE = 〈↑|Hlattice |↑〉 − 〈↓|Hlattice |↓〉 A B

{s, v, w}

tii
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σ+ π

σ− γ±2

γ±1 ∆ = E1,0 − E1,1 ! Hlattice

x̂ ŷ ẑ

λ0

{a, b, A,B}

λL = R0 λ0 ≤ λL

λL

k X̂ Ŷ

λL

k (X̂ ± Ŷ )
√
2λL

k̂ × ẑ Ω2 Ω3 Ω1 = Ω4 = 0

Ω1 = Ω4

Ω2 = Ω3 = 0

M

Θ0 = 0.68,Φ0 = 5.83
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kx ky
Θ0 = 0.05 |E| ∼ 32

Θ0 = 1.05 |E| ∼ 28
Θ0 = 0.68 |E| ∼ 36

Θ0 = 0.25 |E| ∼ 40

{θa, θb, φa, φb, αa, αb, γa, γb} = {0.53, 0.97, 1.36, 3.49, 2.84, 2.03, 4.26, 3.84}

si = sin(αi) sin(θi) vi = sin(αi) cos(θi)eiφi wi = cos(αi)eiγi

ν = 1/2

Ns = 24

{Θ0,Φ0, θa, θb, φa, φb, αa, αb, γa, γb} = {0.65, 3.68, 2.4, 2.97, 6.06, 4.1, 0.97, 2.74, 3.44, 1.74}

f ≈ 7

A B a b

γA = π + γa γB = π + γb wa/b = −wA/B

E " 8 ν = 1/2

Θ0
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40 87

Θ0

A B

d00 = d01

|1,±1〉

si → sid00/d01 vi → vid00/d01

(0, 0)

(−π, 0)

|E| < 4 A B
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I(r) =
β2

4π

∫ ∞

0

[G0(r; z)G0(r; z)]dx

G0(r; z) =
∫
d3k z+ετz+∆τx

z2−ε2−∆2

G0(r; z = ix) =
2πρ0
kfr

e−
√
∆2+x2/vf r

√
∆2 + x2

(
cos(kfr)

√
∆2 + x2τz + sin(kfr)[ix+∆τx]

)
.
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[G0(r; z)G0(r; z)]

I(r) =

∫ ∞

0

dx
e
−

kf r0

√
x2+∆2

Ef β2[∆2 + x2 cos(2kfr0)]

π(kfr0)2(x2 +∆2)

=
β2

π(kfr0)2



cos(2kfr0)

∫ ∞

0

dx

[
e
−

kf r0

√
x2+∆2

Ef

]
+ 2∆2 sin2(kfr)

∫ ∞

0

dx
e
−

kf r0

√
x2+∆2

Ef

(x2 +∆2)





x→ ∆x

I(r) =
β2

π(kfr0)2



cos(2kfr0)

∫ ∞

0

∆dx

[
e
−

kf r0∆
√

x2+1

Ef

]
+ 2 sin2(kfr)

∫ ∞

0

∆dx
e
−

kf r0∆
√

x2+1

Ef

(x2 + 1)





∫∞
1 dx

[
e
−

kf r0∆x

Ef

]
= Ef

kf r0∆
e
−

kf r0∆

Ef

∫ ∞

0

dx

[
e
−

kf r0∆
√

x2+1

Ef

]
=

Ef

kfr0∆
e
−

kf r0∆

Ef F1

[
kfr0∆

Ef

]

F1

F1 [α] = α

∫ ∞

0

dxe−α(
√
x2+1−1).

∫ ∞

0

dx
e
−

kf r0∆
√

x2+1

Ef

(x2 + 1)
=
π

2
e
−

kf r0∆

Ef F2

[
kfr0∆

Ef

]
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F2

F2 [α] =
2

π

∫ ∞

0

dx
e−α(

√
x2+1−1)

(x2 + 1)
.

I(r) =
Efβ2

π(kfr0)3
cos(2kfr0)e

−
kf r0∆

Ef F1

[
kfr0∆

Ef

]
+
∆β2

(kfr0)2
sin2(kfr)e

−
kf r0∆

Ef F2

[
kfr0∆

Ef

]

=
Efβ2

π(kfr0)3
cos(2kfr0)e

− 2r0
ξ F1

[
2r0
ξ

]
+
∆β2

(kfr0)2
sin2(kfr)e

− 2r0
ξ F2

[
2r0
ξ

]

F1 F2

F1 [α] = α

∫ ∞

0

dxe−α(
√
x2+1−1) ≈ 1.25(α + 0.65)1/2

F2 [α] =
2

π

∫ ∞

0

dx
e−α(

√
x2+1−1)

(x2 + 1)
≈ 0.8

(α + 0.65)1/2
.

[G , ′(z)−G(0)(z)] = [SΠ+ SΠSG+ SΠSGSG+ . . . ] = [SΠ(z)(1− SG(0)(z))−1].

S S
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β = 0.01

Full SC Correction 
Perturbative SC Correction 

β = 0.01

∆ = 0

S

[SΠ(z)(1− SG(0)(z))−1] ≈ [SΠ(z)SG(0)(z)].

Π(z) G(z)

[SΠ(z)SG(0)(z)] =
∑

n,m

〈Ψn|S|Ψm〉〈Ψm|S|Ψn〉
(z − εm)2(z − εn)

.

Etot

∫ ∞+iΛ

0

dε

4π
2Re[

iε

(iε− εm)2(iε− εn)
]

=

∫ ∞−iΛ

−∞−iΛ

− εdε
4πi

ε

(iε− εm)2(iε− εn)

=

∫ ∞−iΛ

−∞−iΛ

− dε

4π

ε

(ε+ iεm)2(ε+ iεn)
.

±i∞ −iεm,n iΛ
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iΛ −iεn

∫ ∞−iΛ

−∞−iΛ

− dε

4π

ε

(ε+ iεm)2(ε+ iεn)

= −1

2

εn (εn − Λ)
(εn − εm)2

.

m

∫ ∞−iΛ

−∞−iΛ

− dε

4π

ε

(ε+ iεm)2(ε+ iεn)

= −1

4

εn (εn − Λ) + εm (εm − Λ)
(εn − εm)2

= −1

4

(εn − Λ)
(εn − εm)

=
1

4

∫ ∞−iΛ

−∞−iΛ

− dε

2π

1

(ε+ iεm)(ε+ iεn)
.

4δEtot = 2

∫ ∞

0

dε

4π
2 [i [SG(0)(iε)SG(0)(iε)]]

−
∫ ∞+iΛ

0

dε

4π
2 [i [SG(0)(iε)SG(0)(iε)]]−

∫ ∞−iΛ

0

dε

4π
2 [i [SG(0)(iε)SG(0)(iε)]],

Gσσ′

LL (z) Gσσ′

LR(z) Π
σσ′

LL (z) Πσσ′

LR(z)

Gσσ′
LL (z) Gσσ′

LR(z) Π
σσ′
LL (z) Πσσ

′
LR(z)

L R

Gσσ′
LL (z) = Gσσ′

RR(z)
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Gσσ′
LR(z) = Gσσ′

RL(z)

Gσσ′

LL (z) =

∫
d3k

1

z2 −∆2 − ε2k




z − εk ∆

∆ z + εk



 =
−ρ0√
∆2 − z2




z ∆

∆ z





Gσσ′
LR(z)

Gσσ′

LR(z) =

∫
d3k

1

z2 −∆2 − ε2k




z − εk ∆

∆ z + εk



 eik·r0 ,

1r0 = 1rL − 1rR Gσσ′
LR(z) =

−ρ0
kfr0

e
−
√

∆2−z2

vf
r0

√
∆2 − z2




z sin(kfr0) +

√
∆2 − z2 cos(kfr0) ∆ sin(kfr0)

∆ sin(kfr0) z sin(kfr0)−
√
∆2 − z2 cos(kfr0)



 .

Πσσ
′

LL (z)

Πσσ
′

LL (z) =
ρ0∆

(∆2 − z2)3/2




∆ z

z ∆



 .

kfr ! 1
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η↑↓ = Esh
tan2(2δ)

(2kfr)2

[
1 + β2 + (3β2 − 1) cos(2kfr)

1 + β2

]
e−

2r
ξ sin(2δ)

= ∆
1− β2

1 + β2

1

(2kfr)2

(
2β

1− β2

)2 [1 + β2 + (3β2 − 1) cos(2kfr)

1 + β2

]
e−

2r
ξ sin(2δ)

= ∆
1

1− β2

1

(2kfr)2
4β2

1 + β2

[
1 + β2 + (3β2 − 1) cos(2kfr)

1 + β2

]
e−

2r
ξ sin(2δ)

η↑↑ = Esh
sin2(2δ)

(2kfr)2

[
−1 + β2 + (1− 5β2) cos(2kfr)

1− β2
+
2r

ξ
sin(2δ) sin2(kfr)

]
e−

2r
ξ sin(2δ)

η↑,↓ β → 1 Esh → 0

Jsingular
Y SR = ∆

1

1− β
cos2(kfr)

2(kfr)2
e−

2r
ξ .
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σα = iγαγ0 α ∈ {x, y, z} α ∈ {1, 2, 3}

D = γ1γ2γ3γ0 = 1

N σαi 2N

N Di = 1 22N

P =
∏

i

1 +Di

2
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P

[P, σαi ] = 0 P

Di PDi = DiP = P

|ψ〉 O

σαi Oγ = O(iγαi γ
α
0 )

Di

|ψγ〉

|ψ〉 = P |ψγ〉 O |ψ〉 = POγ |ψγ〉 |ψγ〉 Oγ

|ψ〉 O

P |ψγ〉 1= 0

HT = H0 +HL +HR +Hint

H0 =
1

2

∑

x,x′
links

σx
i σ

x
j +

1

2

∑

y,y′
links

σy
i σ

y
j +

1

2

∑

z,z′
links

σz
i σ

z
j

HL/R = −∆S

2
σz
L −

∆S

2
σz
R, Hint = gLσ

x
Lσ

x
a + gRσ

x
Rσ

x
b

κ = 1

γ0i 2
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Ûi,j

Hγ
0 =

i

4

∑

ij

Ûi,jγ
0
i γ

0
j

Hγ
L/R = −∆S

2
iγ3Lγ

0
L −

∆S

2
iγ3Rγ

0
R

Hγ
int = −igLÛL,aγ

0
Lγ

0
a − igRÛR,bγ

0
Rγ

0
b

Ûi,j = iγαi γ
α
j α = x, y, z 〈ij〉 Ûi,j = 0 i j

Ûi,j

ÛL,R = iγ2Lγ
2
R

Ûi,j

Ûi,j Ûi,j {Ui,j = ±1}

Ui,j

ij Ui.j = 1

cL/R = 1
2(γ

0
L/R + iγ3L/R)

Hγ
L/R

Ui,j {Di, Ûi,j} = 0

w(C) =
∏

ij∈C Ûi,j w(C)
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P w(∂P ) = −1

Ui,j

2Ne/4

Ne

g

||↑〉〉L |GS〉0 ||↑〉〉R |Ω〉

||↑〉〉L |GS〉0 ||↑〉〉R = P |Ω〉

Ui,j = +1

|Ω〉 cL cR ck

k > 0 Hγ
0 (U) +Hγ

L/R

P |Ω〉

〈Ω|PP |Ω〉 = 1
2N 〈Ω| 1 +

∏
i Di |Ω〉

Ui,j Di

Ui,j γ01γ
0
2 · · · γ0N

UL,R |Ω〉 P |Ω〉

Ui,j P
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|GS〉0 σx
L/R

||↑〉〉L |GS〉0 ||↑〉〉R = P |Ω〉

||↓〉〉L |GS〉0 ||↑〉〉R = −iPc†Lγ
1
L |Ω〉

||↑〉〉L |GS〉0 ||↓〉〉R = −iPc†Rγ
1
R |Ω〉

||↓〉〉L |GS〉0 ||↓〉〉R = −iPc†Lc
†
R |Ω〉

UL,R = 1 |Ω〉

Pc†pc
†
p′ |Ω〉

Pc†kγ
α
i |Ω〉 γαi Hγ

0 (U)

Ui,j ck

U(t) Hγ
int

Ui,j γ0i

εk Qk,a ck

UL,a UR,b g $ ∆S
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c

Hγ(U) ≈
∑

k>0

εk(c
†
kck −

1

2
) + ∆S(c

†
LcL −

1

2
) + ∆S(c

†
RcR −

1

2
)

− i√
2
gL(c

†
L

∑

k

Q∗
k,ack + cL

∑

k

Qk,ac
†
k)

− i√
2
gR(c

†
R

∑

k

Q∗
k,bck + cR

∑

k

Qk,bc
†
k).

c |Ω〉

Uc†k1c
†
k2
· · · c†km |Ω〉 = c†k1(t)c

†
k2(t)

· · · c†km(t)|Ω〉

ki(t) ki

¨ c†

c c

∆S = εk̃ k̃

|gLQk̃,a|, |gRQk̃,b| $ |εk̃ − εk̃±1|

Heff = − i√
2
gLQ

∗
k̃,a

c†Lck̃ −
i√
2
gRQ

∗
k̃,b
c†Rck̃ + h.c.

gL gR

tk̃ = | gL√
2
Qk̃,a| = | gR√

2
Qk̃,b|

−iQ∗
k̃,a

= eiφk̃,a |Qk̃,a| −iQ∗
k̃,b

= eiφk̃,b |Qk̃,b|

Heff τ = π√
2tk̃

c†L −→ −e−iφc†R

c†
k̃
−→ −c†

k̃

c†R −→ −eiφc†L
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L R
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φ = φk̃,a − φk̃,b

||↑〉〉L |GS〉0 ||↑〉〉R −→ ||↑〉〉L |GS ′〉0 ||↑〉〉R

||↓〉〉L |GS〉0 ||↑〉〉R −→ −ie−iφ ||↑〉〉L |GS ′〉0 ||↓〉〉R

||↑〉〉L |GS〉0 ||↓〉〉R −→ ieiφ ||↓〉〉L |GS ′〉0 ||↑〉〉R

||↓〉〉L |GS〉0 ||↓〉〉R −→ − ||↓〉〉L |GS ′〉0 ||↓〉〉R .

|GS ′〉0 |GS〉0

|GS〉0
Ui,j = 1

Ui,j = 1

∼ κ/L

εk 1/-
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gL(t)

gR(t)

gR(t) = 0

∆S

|gL| $ ∆S

Hwp =
∑

k

Ek|k〉〈k|+
gL√
l

∑

k

(|k〉〈L|+ |L〉〈k|),

|k〉 k

gL Ek = vk ∆S

k ∆S

ci |i〉

|ψ〉

|ψ〉 = cL|L〉+
∑

ck|k〉 cL(t = 0) = 1 ck(t = 0) = 0

¨ ċL(t) = − 1
2v |gL(t)|

2cL(t) cL(t) = eh(t)

h(t) = 1
2v

∫ t

0 dt
′|gL(t′)|2 ck(t)

ck(t) = −i
∫ t

0

dt′e−ivk(t−t′) 1√
l
gL(t

′)e−h(t′).
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c(x, t) =
1√
l

∑

k

eikxck(t) ≈
√
l

2π

∫
dkeikxck(t) =

−i
2π

∫
dkeikx

∫ t

0

dt′e−ivk(t−t′)gL(t
′)e−h(t′)

= −i
∫ t

0

dt′δ(x− v(t− t′))gL(t
′)e−h(t′) = −i1

v
gL(t− x/v)e−h(t−x/v)θ(t− x/v).

θ

v k

k < 0 |gL| $ ∆S

c(x, t)

x = 0 f(t)

gL(t)
1
vgL(t)e

−h(t) = f(t)

h(t) = 1
2v

∫ t

0 dt
′|gL(t′)|2

gL(t) =

√
vf(t)√∫∞

t dt′|f(t′)|2
.

gR(t)

gL, gR ∈

gL/R Λ
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2

He = v

∫
dxγ(x)(i∂)γ(x)

γ(x) v

γ3a

Hc = v

∫
dxγ(x)(i∂)γ(x)− ∆S

2
σz + igσxγ(0)γdecoupled.

Ui,j
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∆injection
v $ ∆bulk

v

κ

T = 0

H = He +H ′
e

H ′
e = λ

∫
dx γ(x)(i∂)γ(x)(i∂)2γ(x)(i∂)3γ(x).

γp|Ω〉 γp1γp2γp3 |Ω〉
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Γ = 2π

∫
dp1
2π

dp2
2π

dp3
2π

|〈Ω|γ−p1γ−p2γ−p3H
′
eγp|Ω〉|2δ(εp − εp1 − εp2 − εp3)

M = λ

∫
dk1
2π

dk2
2π

dk3
2π

dk4
2π

k2k
2
3k

3
4(2π)δ(k1+k2+k3+k4)〈γ−p1γ−p2γ−p3γk1γk2γk3γk4γp〉

〈γ−p1γk1〉〈γ−p2γk2〉〈γ−p3γk3〉〈γk4γp〉 Γ ∼ λ2p13/v

|vp| ! kT

Γ ∼ λ2p13

v
+
λ2p11T 2

v
+O(T 4).
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