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1 Summary 1

Final Report for

GEOMETRIC STRUCTURE-PRESERVING DISCRETIZATION
SCHEMES FOR ELASTICITY

AFOSR GRANT NUMBER FA9550-12-1-0290

Arash Yavari
Department of Civil and Environmental Engineering
Georgia Institute of Technology, Atlanta

1 Summary

We introduced a smooth complex for nonlinear elasticity that can be considered as the tensorial
analogue of the standard grad-curl-div complex. This mathematical structure simultaneously describes
the kinematics and the kinetics of large deformations. The relation between this complex and the de
Rham complex allows one to readily derive the necessary and sufficient conditions for the compatibility
of displacement gradient and the existence of stress functions on non-contractible bodies. The main
application of the nonlinear elasticity complex is in developing mixed finite element methods for large
deformations, which will be pursued in a future project. To this end, the smooth complex should
be extended to also include less smooth tensors. We introduced this extension by using the so-called
partly Sobolev spaces. The result is a Hilbert complex involving second-order tensors on flat compact
manifolds with boundary. We then used the general framework of Hilbert complexes to write Hodge-
type and Helmholtz-type orthogonal decompositions for second-order tensors. As some applications
of these decompositions in continuum mechanics, one can study the strain compatibility equations of
nonlinear elasticity in the presence of Dirichlet boundary conditions.

For developing finite element methods for nonlinear elasticity using the above Hilbert complex, we
first discretize this complex by means of appropriate finite element spaces and drive stable mixed finite
element methods for the associated Laplacian. We use the general theory for approximation of Hilbert
complexes and the finite element exterior calculus and introduce some stable mixed finite element
methods for the Laplacian of second-order tensors with appropriate mixed boundary conditions. To
this end, we introduce new finite elements for second-order tensors that are the tensorial analogues
of some standard finite elements for vector fields. One important feature of the finite element spaces
generated by these finite elements is that they respect the global topology of the underlying domains in
the sense that they reproduce some topological properties of the domains regardless of the refinement
level of meshes.

2 Nonlinear Elasticity Complex

Let B c R3 be an open subset and suppose { X'} is the Cartesian coordinates on B. We equip B with
metric G, which is the Euclidean metric of R3. The gradient of vector fields and the curl and the
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2 Nonlinear Elasticity Complex 2

divergence of (%)-tensors are defined as

grad : X(B) - I'(®°TB), (gradY)!/ = v’ ;,
curl : T(®%TB) - I'(®°TB), (curl T)! = epp T7F .,
div : T(®*TB) - ¥(B), (divT)! =1 ,,

where “ ;” indicates 0/0X 7. We also define the operator
curl” : T(®*TB) - I'(®*TB), (curl'T)" = (curlT)”’.

It is straightforward to show that curl’ ograd = 0, and divocurl” = 0. Thus, we obtain the following
complex
T .

0 — X(B) ST (@2TB) ™ r(02TB) 1% x(8) — 0, (2.1)
that, due to its resemblance with the ged complex (i.e. the standard grad-curl-div complex of vector
fields), is called the ged complex. Interestingly, similar to the gcd complex, useful properties of the
ged complex also follow from the de Rham complex. This can be described via the R3-valued de Rham
complex as follows. Let d: QF(B) - Q**1(B) be the standard exterior derivative given by

k )
(d,@)[o...]k = ;}(—1)1ﬁ10..j;...[k,[i’

where the hat over an index implies the elimination of that index. Any o € Q¥(B;R3) can be considered
as a = (a!,a?,a?), with o' € QF(B), i = 1,2,3. One can define the exterior derivative d : QF(B;R3) —
QF1(B;R?) by da = (da!, da?, da®). Since dod = 0, we also conclude that dod = 0, which leads to the
R3-valued de Rham complex (Q(B; R?),d). Given a € QF(B;R3), let [a]'s;...1, denote the components
of a' € ¥(B). By using the global orthonormal coordinate system {X'}, one can define the following
isomorphisms

2 X(B) -~ Q°(B;R?), [20(Y)]" =8 Y,

2 : T(®°TB) - Q' (B;R?), [21(T)]' = 8T,

2 : T(®°TB) - *(B;R?), [12(T)) s =diresx T,
13 : X(B) - Q*(B; R?), [23(Y )] 123 = 8isY 7,

where 9;; is the Kronecker delta. Let TT be the transpose of T, i.e. (TT)U =777 and let {E;} be

the standard basis of R3. For T € I'(®2TB), we define T)N to be the traction of T'" in the direction of
—
unit vector N = N'E; € 82, where 82 c R? is the unit 2-sphere. Thus, Ty = N'TVE ;. One can write

’Lk(T) = (Zk(?El) ,Zk(T)E2) ,Zk(T)ES)) y k= 1, 2. (2.2)
It is easy to show that

21 ograd = d o 1, zgocurlT:dozl, tz3odiv =do.
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2 Nonlinear Elasticity Complex 3

Therefore, the following diagram commutes for the ged complex.

0 —— x(B) 224 1(e27B) Y r(0278) ¥, x(B) 0

SN

0— QO(B; R?) -% 01(B; R?) -4 02(B; R?) -4 Q3(B; R3) — 0

The contraction (T,Y) of T € I'(®?TB) and Y € X(B) is a vector field that in the orthonormal
coordinate system {X'} reads (T,Y) = T"/Y/E;. Clearly, if N¢ is the unit outward normal vector
field of a closed surface C c B, then (T', N¢) is the traction of T on C. Suppose chd(B) is the k-th
cohomology group of the ged complex. Diagram (2.3) implies that 2; also induces the isomorphism
H’gcd(B) ~ eag”:lH’;R(B) between the cohomology groups. Using this fact, one can prove the following
theorem.

Theorem 2.1. An arbitrary tensor T € T'(®2TB) is the gradient of a vector field if and only if
curl T =0, and fz (T, t,)dS =0, VicB, (2.4)

where £ is an arbitrary closed curve in B and t; is the unit tangent vector field along £.

Similarly, one can derive the necessary and sufficient conditions for the existence of a potential for T
induced by curl’. The upshot is the following theorem.

Theorem 2.2. Given T € T'(®2TB), there exists W € T'(®2TB) such that T = curl' W, if and only
of
divT =0, and fC<T, N¢)dA =0, VC c B, (2.5)

where C is an arbitrary closed surface in B and N¢ is its unit outward normal vector field.

We can also write an analogue of the ged complex for two-point tensors. Let S = R? with coordinate
system {xz}, which is the Cartesian coordinates of R3. Suppose ¢ : B — S is a smooth mapping and let
Txp(B) = T,(x)S. Note that although ¢ is not necessarily an embedding, the dimension of Ty p(B)
is always equal to dimS. We can define the following operators for two-point tensors that belong to
I'(Typ(B)) and I'(T'p(B) @ TB):

Grad : T'(Tp(B)) - T'(Tp(B) ® TB), (GradU)" =U",
Curl" : T'(Tp(B) ® TB) - I'(Tp(B) ® TB), (Curl ' F) = e FIE i,
Div : I(T¢(B) @ TB) - T(Ty(B)), (DivF)i = Fl .

We have Curl" o Grad = 0, and Div o Curl’ = 0. Thus, the GCD complex, which we also call the
nonlinear elasticity complex, can be written as:

0— T(Tp(B)E3 (T(B) ® TB2E T (T(B) © TB) 2 T(Tw(B)) — 0.

DISTRIBUTION A: Distribution approved for public release



3 Hilbert Complexes and Orthogonal Decompositions 4
By using the following isomorphisms
Io:T(Tp(B)) - Q" (B:R%), [Zo(U)]
I, :T(Tp(B) 8 TB) ~ Q' (B;R?), [ ]
Iy:T(To(B) ® TB) - O*(B;RY), [I2(F))'k = eqxrF™r,
I3:T(Tp(B)) - 2*(B:R%), [Z5(0)]' '

one concludes that the following diagram commutes.

0 — T(To(B)EA (Tp(B) © TBYXT(T(B) © TB) 2 T(Tw(B)) — 0

e
0 — Q°(B;R?) —2— Q1(B;R?) —L— Q%(B;R?) —4— 03 (B;R?) — 0

The above isomorphisms also induce an isomorphism Hicp(B) ~ @7, H: . (B), where Hicp(B) is the
k-th cohomology group of the GCD complex. Let {E;} and {e;} be two copies of the standard basis

of R3. For F eI'(Typ(B) ® TB), and n = n'e; € 82, let F, = n'F”E; e X(B). Then, one can write

Ik(F) = (Zk(ﬁel) 7Zk(ﬁe2) 7Zk(ﬁe3)) N k= 1, 2.

Let (F,Y) := F!YTe;. The above relations for the GCD complex allow us to obtain the following
results that can be proved similarly to Theorems 2.1 and 2.2.

Theorem 2.3. Given F eI'(Tp(B) ® TB), there exists U e I'(T'o(B)) such that F = Grad U, if and
only if
Curl F =0, and fe(F,tg)dS -0, VlcB.

Moreover, there exists ® € I'(To(B) ® TB) such that F = Curl ¥, if and only if

Div F =0, and /C(F, N¢)dA =0, VC c B.

3 Hilbert Complexes and Orthogonal Decompositions

Consider the following linear subspaces of I'(T'p(B)) and I'(T¢(B) ® TB):

T(T(B)) = {U e T(T(B)) : Uly,5 = 0}

To(Tp(B)®TB) = {F ¢ [(Tp(B)@TB): Fo, L0;B, i=1,...,n},

7
—

T,(To(B)®TB) := {FeF(Tcp(B)@TB) F.,|0;B, i= 1n}

1
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3 Hilbert Complexes and Orthogonal Decompositions 5

The operators Grad, Curl’, and Div can be restricted to the above subspaces which allows one to
impose boundary conditions on the GCD complex. The upshot is the following commutative diagrams.

_ Grad; _ _ Curl}-— _ _ Div; _
0—T;(Te(B)) —Tu(Te(B)®TB) —'T(Te(B)®TB) —T(Te(B)) — 0

PP TR

0— Q0 (B;R3) —25 QL (B;R?) ——~ 02 (B;R3) — 2> Q3 (B;R3) — 0
J J J J

_. \Div; = _ Curl] ~ _Grad; ~
0—D(Te(B)) «—Tt(Te(B)®TB) «— Ty (Tp(B)®TB) «—T;(Tp(B)) +—0
N
e 6t . S at . — (st ; —
04— Q(B;R?) +—— O (BR?) «———— Q¢ (B; R®) «—— @} (B; R?) «—0

The isomorphisms Iy, -+, I's are L*-isometries. The Hilbert spaces L*T(T'¢(B)), H'T';(T¢(B)), HCFnj(Tap(B)®
TB), and HPT (T¢(B)TB) are the completions of (T'(T¢(B)), (, )z2), (T;(Te(B)), {, Vi ), (Tn,(To(B)®
TB),{,)gc), and (I‘tj(Tgo(B) ® TB), (, ) o ), respectively. These Hilbert spaces allow one to write

the following Hilbert complex for two-point tensors:

Grad;

0— HT(Tp(B))— HCFnl(Tgo(B)®TB) (3.1)
HDFtl(Tgo(B)®TB)DW1L2F(T90(B)) )
The dual of this Hilbert complex reads:
C rad _
UL D, (T (B)o TB) & HDy (T (B)) — 0 (3.2)

0+— L2D(Tp(B)) 22°HPr, (T (B) o TB)

The complex (3.1) is isomorphic to (H%Q,,(B),dy,), and hence, it is Fredholm with H’éCDI(B) N
HléCDl(B) ~ @3 HE - (B,0.18), where HECDl(B) and H’&CDl(B) are the k-th cohomologies of the smooth
GCD complex (with boundary conditions on 9;8) and the Hilbert complex (3.1), respectively. Let

HY (B) = ker Curl{ nker Divy be the kernel of the Laplacian L, associated to (3.1) and (3.2).
Then, HY (B) ~ Hgep (B). One

ni,to
can show that:

(B) only consists of smooth harmonic two-point tensors and ’Hf to

Theorem 3.1. Let B c R? be a smooth, compact 3-manifold with boundary and suppose ¢ : B - R3
is a smooth mapping. The Hilbert complex (3.1) induces the following L*-orthogonal decompositions:
The Hodge decomposition

L*T(Te(B)® TB) =
Grad(H'T1(T¢(B))) @ HY

? o(B)® Curl" (HOT,(Tp(B)  TB))
and, equivalently, the Helmholtz decompositions

L*T(Tp(B) ® TB) = Grad(H 'T1(T¢(B))) @ ker Divy
= ker Curl{ ® Curl’ (HCT,,,(Ty(B) ® TB)),
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4 Mixed formulations of the tensor Laplacian 6

where
ker Divy = Curl’ (HOT(Tp(B)  TB)) @ HY (B),
ker Curl] = Grad(H'T, (To(B))) @ ’Hfhtz(l?).

If in addition a two-point tensor is of class C™" (C), then its components in the above decompositions
are of class C™* (C*) as well.

Corollary 3.2. Let B c R? be a smooth, compact 3-manifold with boundary and suppose ¢ : B - R3
is a smooth mapping. The necessary and sufficient conditions for the existence of a Gradj-potential
for F e L>T(Typ(B) ® TB) are

FeHT, (Tp(B)®TB), Curl' F=0, (F,K);>»=0, VK ¢ H? _(B).

ni,t2
Similarly, the necessary and sufficient conditions for the existence of a Curl;—potentz’al for F are

F e HPD (To(B)® TB), DivF =0, (F,K);2=0, VK e 1? . (B).

ng,to

Similar results are also valid for 2-manifolds in R2.

4 Mixed formulations of the tensor Laplacian

By the (weak) 3D Laplacian for second-order tensors (or simply the 3D tensor Laplacian) with mixed
boundary conditions, we mean the following boundary-value problem: Given Q € L*(®2TB), find
T e L*(®>TB) such that

2(T)=Q,

4.1
T 181, (divT)ls, =0, T|82, (curl'T) L 8s, (4.1)

where £ := curl” o curl” - grad o div. The space of solutions of (4.1) for Q = 0, is the space of
harmonic tensors defined as

H(B,81,82) :=ker % = ker curlg1 nkerdivsg,.

One can write

dim H(B,81,82) = dim K (B, 81) = 3b1(B, 81). (4.2)

Note that H(B,81,82) measures the non-uniqueness of solutions of (4.1) in the sense that if T is a
solution of (4.1), then so is T+T, VT ¢ H(B,81,82). The integer b1(B,81) depends on the topological
properties of both B and 8;. For example, if B is a 3D ball with a spherical hole, then b;(B,@) = 0,
and b (B,0B) = 1. Therefore, (4.2) provides a connection between solutions of (4.1) and topological
properties of B and 87.

Since H(B,81,82) is finite-dimensional, it is a closed subspace of L2(®2T B), and therefore, using
the orthogonal projection theorem, one can write L?(®2TB) = H(B,81,82) & H(B,81,82)*, where

DISTRIBUTION A: Distribution approved for public release



4 Mixed formulations of the tensor Laplacian 7
H(B,81,82)* is the orthogonal complement of H(B,81,82), i.e.
H(B,81,82)" = {T e L*(®TB) : (T, S) 1262 =0, VS e H(B,81,82)}.
One can show that:

Theorem 4.1. The boundary-value problem (4.1) admits a solution if and only if Q € H(B,81,82)*.

For approximating solutions of the tensor Laplacians with mixed boundary conditions by means
of Galerkin methods, we need suitable weak formulations for these boundary-value problems. The
boundary-value problem (4.1) can be considered as a special case of the abstract Hodge Laplacian
and therefore, one can define the following mixed formulation for (4.1): Given Q € L*(®>TB), find
(U, T,P)e H(TB,81) x HS(®>TB,81) x H(BB,81,82) such that
(U, Xhpor - (T, grad Y) 22 = 0, VY e H'(TB,81),
(gradU,®) 242 + (curl T, curl'©®) 202 +(P,0) 24>

=(Q,®) 292, VO e H(®TB,81),

(T, IT) 262 =0, VII € H(B,81,82).

(4.3)

The above equations are the Euler-Lagrange equations corresponding to a saddle point of the functional
I HY(TB,81) x HS(®TB,81) x H(B,81,82) = R given by

J(Y,0,1I) = %«r, Y)2r - (grad X,0) 242 - %({curlTG,curlTG»Lg@g
—(ILO) 22 + (Q,O) 262

The first equation in (4.3) implies that U = divg,T. The second equation says that T' solves the
equation .Z(T) = Q — P, where the harmonic tensor P is the harmonic part of @ provided by
a Hodge-type decomposition. Hence Q — P € H(B,81,82)*, which is the necessary and sufficient
condition for the existence of a solution due to Theorem 4.1. Finally, the third equation eliminates the
degree of freedom for choosing a solution T by requiring that T € H(B,81,82)*. The well-posedness
of the mixed formulation (4.3) follows from the Fredholm property of the associated Hilbert complex.
The upshot is the following theorem.

Theorem 4.2. The mized formulation (4.3) is well-posed. Thus, for any Q € L>(®2TB), the problem
(4.3) admits a unique solution (U, T,P) e H'(TB,81) x HS(®2TB,81) x H(B,81,82), and there is a
constant ¢ > 0 such that

|Ullgir + [T ae + [Pl r2g2 < c|@Q] 282

In the mixed formulation (4.3), the boundary conditions on 8; and 8y are the essential and the
natural boundary conditions, respectively, i.e. the boundary conditions on 8; are explicitly imposed
in the solution spaces while the boundary conditions on 82 are imposed by the mixed formulation.
Alternatively, one can write another mixed formulation of (4.1) as follows: Given Q € L?(®*TB), find
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5 Discrete Hilbert Complexes 8
(S,T,P) € HS(®2TB,82) x HY(®TB,83) x H(B,81,82) such that
(S,2) 262 — (T,curl ' S) 242 = 0, VX e HY(®TB,8s),
(curl™S,0©) 262 + (div T, div ©) p2p+( P, O) 242

= (Q,0) 262, VO € HY(®’TB,Sy),
(T, IT) 292 =0, VII € H(B,81,82).

(4.4)

In this mixed formulation, in contrary to (4.3), the boundary conditions on 82 are the essential
boundary conditions and those on 8; are the natural boundary conditions.

5 Discrete Hilbert Complexes

It is possible to discretize the Hilbert complex mentioned earlier using some appropriate finite element
spaces. Let Bj be a 3D triangulation. Then, one can write the following polynomial complexes for
second-order tensors:

grad curl”

0—PH(TBy,81) E25PC (82T By, 81) 2P (@21 By, 81) 2% P, _5(TB))—0, (5.1a)
0—PH(TBy, $1)Z2%pe (@2TBy,81) Pl (@278, $1) SN P, o(TBy)—0,  (5.1b)
0—PH(TBy, 81) E2%L pe-(2TB,, 8) ﬂpﬁ_l(@o?mh,&)ﬂ o (TBy)—0, (5.1c)
0—PH(TBy, 1) E2% pe- (@2TB,,81) < pd- (0278, 81) TP, (TB,)—0. (5.1d)

Note that (5.1a) is a subcomplex of (5.1b), (5.1b) is a subcomplex of (5.1¢), and (5.1¢) is a subcomplex
of (5.1d). These discrete complexes are Hilbert complexes. Regardless of the refinement level of the
mesh By, the cohomology groups of the above discrete Hilbert complexes are the same as those of the
nonlinear elasticity complex.

6 Stable Mixed Finite Element Methods for the Tensor Laplacian

The bounded cochain projections between the nonlinear elasticity complex and the discrete complexes
introduced earlier allow one to use the general theory for approximation of Hilbert complexes for
approximating the nonlinear elasticity complexes. Consider the following mixed formulation, which is
associated to the first Laplacians of the discrete Hilbert complexes (5.1): Given Q € L*(®%TB), find
(Up, Ty, Pp) € VhH x Vi¢ x Hy, such that

<<Uha T>>L2T - «Th?grad‘r»[/Q@Q =0, VY e VhHa
(<grad Uy, ®>>L2®2 + <(curlTTh, curlT®>>L2®2 + <<Ph, ®>>L2®2 = «Q, @>>L2®2, VO € V]f, (6.1)
<<Th7 H>>L2®2 =0, VIL € Hp,

where the pair (V;7,V,¢) can be either

(P, (TB, 81), PS(®*TB, 81)) or (PE(TB,81), P (®°TBy,81)),
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7 Acknowledgment/Disclaimer 9

with » > 1. Also depending on the choice of (VhH JViE), Hy = ker curlST1 N ker grad;, is the space of
discrete harmonic tensors associated to one of the discrete Hilbert complexes (5.1). Clearly, we have
VhH c HY(TB,8;) and Vi c HS(®TB,81). However, Hy ¢ H(B,81,82), in general. Therefore, the
discrete mixed formulation (6.1) is a generalized (or non-conformal) Galerkin method for the mixed
formulation (4.3).

The Fredholm property of the original Hilbert complex and the existence of the bounded cochain pro-
jections imply that for a shape regular family of triangulations {8}, }, the mixed finite element methods
based on (6.1) are stable and convergent. The rate of convergence is determined by the smoothness of
the data @, the smoothness of the domain, and the degrees of polynomials that generate the finite ele-
ment spaces. One can also show that the error is the optimal order allowed by discrete solution spaces
if there is sufficient elliptic regularity. For example, let (VhH, V) = (Pﬁl(TBh,Sl),Pﬁ(@QTBh,Sl)),
and suppose that the solutions T' and P are of Sobolev class H?. Then, one can write
|U - Ul 2 + hlgrad(U - Us)| r2g2 + h|T = Th| 1262
+h?|eurl” (T - Th,) | 1262 + h| P = Py 1262 = O(R*2).

Therefore, regarding the degree of the polynomial approximation, all components converge with the
optimal order.

For implementing (6.1), one needs to calculate the space of discrete harmonic tensors Hy. To this end,
consider the following homogeneous problem: Find (U}, T},) € VhH x V;¥ such that

(Un, ) o = (Th,grad T 2ge =0, VY eV,
(grad U}, ©) 262 + (curl Ty, curl " @) 242 =0, VO € V.

Then, (U}, T},) is a solution if and only if Uy, =0, and T'p, € Hy,.
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