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1.0 SUMMARY

In this project, several fundamental research topics have been carried out for developing multiagent
task coordination strategies under a distributed optimization framework. The proposed subjects are
critical to the development of engineered multiagent systems such as robotic networks, sensor net-
works, and computer networks, and they are important to both military and civilian applications.
The objectives of the proposed research are three-folds: perform systematic controllability analy-
sis for multiagent networks which may have nonlinear dynamics, design distributed optimal and
adaptive coordination protocols in the presence of various model and communication uncertain-
ties, and conduct computer simulation and experimental validation of the proposed designs using
mobile robotic platforms.

The project renders novel methods for discontinuous cooperative control under least restrictive
sensing/communications and communication delays, approximate dynamic programming based
optimal cooperative control, adaptive cooperative control of uncertain multiagent systems, and
distributed formation control and coverage controls of multiple mobile robots with kinematic con-
straints. In particular, the following three sets of results have been obtained:

e By analyzing the least restrictive condition for sensing/communication among multiagents,
it is revealed that network consensus may not be achieved in the presence of discontinuous
system dynamics. To address the issue, a new discontinuous cooperative law was proposed
to achieve the task coordination of multiagent systems under directed and switching sens-
ing/communication topologies [26]. In particular, we have shown the resilience of the pro-
posed nominal cooperative control to certain extent in terms of communication link failures
and time-delays.

e The optimal and adaptive task coordination for multiagent systems was thoroughly studied
from three aspects. First, a practically implementable valued function approximation-based
multiagent policy iteration algorithm was proposed for the optimal cooperative control of a
class of nonlinear systems [31]. In the design, system behaviors are quantized using indi-
vidual cost functions in order to direct the optimal operation of multiagent systems. Second,
to further relax condition for the requirement of system dynamics, approximate Q function-
based multiagent coordination algorithm was proposed. Third, the adaptive coordination of
multiagent systems with uncertainties was studied. A new distributed adaptive cooperative
control was proposed to deal with model uncertainties using neural network approximation
and adaptive estimation of unknown parameters.

e Simulation and experimental study was conducted to test the robustness of the proposed
coordination controls for multiagents based on case studies for formation control and cov-
erage control of multiple mobile robots [27, 8, 30]. Specifically, for formation control of
multiple mobile robots, both linearization-based design and nonlinear model-based design
were proposed by assuming that only limited information of a desired trajectory is available.
For coverage control, we proposed a distributed deployment algorithm for mobile robots to
cover a convex region. The proposed deployment algorithm iteratively updates the Voronoi

Approved for Public Release; Distribution Unlimited.
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partition through local information exchange, and then moves toward its centroid based on
centroid-driven control algorithms.

Technical discussions of these three topics and research results are provided in the following sec-
tions.

2.0 INTRODUCTION

Multiagent systems are generically defined as a group of dynamical systems in which certain emer-
gent behaviors are exhibited through local interactions of group members that individually have
the capability of self-operating [[18][13][2][19]. The fundamental issues in the study of multiagent
systems are the analysis of network controllability and the design of coordination control protocol
in order to achieve autonomous and optimal tasking allocation. For network controllability, the
objective is to figure out the connectivity conditions on sensor/communication topologies among
agents (including human operators) to achieve desired behaviors. Recent results on connectiv-
ity conditions for multiagent systems mostly assume perfect communication conditions, while in
practice there often exist communication uncertainties and bandwidth limitations. For coordina-
tion control protocol design, the objective is to develop the proper control protocol to perform the
coordinated tasks. The existing results in literature may not be directly applicable to multiagent
task allocation due to possible link errors, long communication delays, and system uncertainties.
More importantly, considering the possible dynamic task evolution for multiagent networks, the
individual agent may exhibit multi-modal dynamics under different running circumstances or due
to uncertainties and disturbances. All of these pose challenges in the design of performance guar-
anteed distributed coordination protocols that explicitly take into consideration system dynamics
and uncertainties.

The proposed research have been centered on addressing the aforementioned fundamental issues
by targeting the following objectives: perform systematic controllability analysis for multiagent
networks which may have nonlinear dynamics, design distributed optimal and adaptive coordi-
nation protocols in the presence of various model and communication uncertainties, and conduct
computer simulation and experimental validation of the proposed designs using mobile robotic
platforms.

The project has rendered several significant results in the development of distributed optimal, adap-
tive and robust cooperative control protocols for the task coordination of multiagent systems. These
results have reported and published in a number of IEEE conferences [26, 131,127, 18, 30], and jour-
nal versions are under preparation for submission. The overall contributions of this project lie in
two aspects: 1) the learning approaches borrowed from rich results in artificial intelligence re-
search are effectively integrated with the rigorous control systems analysis tools, and produced
novel approximate dynamic programming based optimal cooperative control and adaptive cooper-
ative control for uncertain multiagent networks; 2) the research outcome on new task coordination
algorithms for multiple agents operating in complex environments are a manifestation of robust
intelligence.

Approved for Public Release; Distribution Unlimited.



The rest of the report is organized as follows. Section 3.0 presents the basic methods, assumptions
and procedures in this research, and formulates the general multiagent coordination problem. Sec-
tions 4.0, 5.0, and 6.0 present the technical results and discussions on three sets of results in term
of optimal and adaptive cooperative control design and applications, respectively. In each section,
simulation and experimental results are given to illustrate the effectiveness of the proposed designs.
Section 7.0 concludes the report.

3.0 METHODS, ASSUMPTIONS, AND PROCEDURES

3.1 Multiagent Dynamics and Assumptions

This research builds upon rigorous methods ranging from systems and controls theory, distributed
reinforcement learning, adaptive learning to neural network approximation. We consider a set of

agents ) = {1,--- , N}, where NV is the number of agents in the group and assume that each agent
evolves according to the general system dynamics described by
{ &) = fil& uint) + Afi&, 1) +wi(t), (1)
vit) = hi(&, &) +ui(t)
wherei = 1,--- | N, &(t) € R™ is the state vector, u; € R™ is the input vector, m; < n;, y; € R¥:

is the output (measurement) vector, w;(t) € R™ and v;(t) € R are Gaussian noises with zero
mean, f;(-) and h;(-) are piecewise continuous vector-valued functions of &; on 1", and A f;(-) and
Ag;(+) denote model uncertainties. Agent dynamics considered in (1)) are given by the first-order
differential equations in continuous time. The analog of (I)) in discrete time can be defined by a
system of first-order discrete time equations of the following form

vi(k) = hi(&(k), & (k) +vi(k)

where k € {0,1,2,---} is the discrete time index. In this project, we deal with the general class
of multiagent dynamical systems, and the agent dynamics may assume either the continuous-time
model in (T)) or the discrete-time model in (2)).

2)

To achieve multiagent systems coordination, it is necessary that the agents in the group are capable
of exchanging information through the sensing/communication networks. For agent 7, its output
and measurement vector y; reflects its interaction with other agents &; in the group through commu-
nication/sensor channels. In addition, we define a coordination variable x; = x;(y;) to generically
describe the coordination tasks for multiagent systems, where y; : % +— R? is a continuous
and differentiable function of y;. By introducing x;, various coordination tasks such as consensus,
rendezvous, cooperative target localization, mobile agents coverage control, distributed resource
allocation, and formation control may be embedded into the definition of function y;(y;). To this
end, the multiagent task coordination to be addressed in this project can be recast as cooperative
stability issues as defined below.

Approved for Public Release; Distribution Unlimited.



Definition 1 Multiagent systems (1) or (2) are said to be cooperative if limy_,, [x;(t) — x;(t)] =
1,0, where 1, is g—dimensional column vector with all its elements being 1. Multiagent systems
or are said to be cooperatively stable (i.e., cooperative and all the state variables of the
systems are uniformly bounded) if, for some steady state x*° € R, lim,_, o, x;(t) = x°°.

As seen in definition (1}, the steady state x°° represents the convergence value of the coordination
variables x;(t) for all agents in the group. For example, if the coordination task for mulitagent

systems (1)) is to seek the average consensus, then z°* = S°~  2;(0)/N.

Now, let us define the objective function U;(x, u;,t) for agent i to accommodate the optimal per-
formance of the multiagent systems coordination. Let the objective function U;(x, u;,t) be

Uiwvust) = [ LiGatr),ur)dr G
t
where z = [T 2L ... 2T ]T is the stacked overall coordination variable, L;(-) and 1(-) are the
running cost functions. To this end, the multiagent systems task coordination problem studied in
this project can be generically described as follows.

Problem 1 For a network of mulitagent dynamical systems ([I)) or (2), design cooperatively stabi-
lizing control protocols u;(t) of the form

ul(t) :a/i(xiaxju”' 7leat)7 (4)

while solving the following optimization problem
min Z Ui(x) (5)
i=1

where x;,, j € N; are the coordination variables of the neighboring agents of agent i, N is the
index set of the neighboring agents of agent i.

3.2 Sensing/Communication Model and Procedures

The success of solving coordination Problem [I] is dependent on information exchange among
agents. In general, we assume that the information exchange among agents are done through com-
munication broadcasting or agents’ sensing capabilities. We consider flexible time-varying sens-
ing/communication topologies among agents. To precisely account for the sensing/communication
information exchange among agents in the design of coordination strategy and control protocols,
we introduce the following sensing /communication matrix and its corresponding time sequence
{t : k =0,1,---}. Thatis, within time interval [t,¢;, ), the sensing/communication topology
is assumed to be unchanged.

st s12(t) - s1g(2)
S(t) _ 521:<t) 8:22 .. qu:(t) 7 (6)
sqi(t) se2(t) -0 Sy

Approved for Public Release; Distribution Unlimited.



with S(t) = S(t),Vt € [t;,t5,), where s;; = 1; s;;(t) = 1 if the jth agent is in the sen-
. . . . A

sor/communication range of the ith agent at time ¢, and s;; = 0 otherwise; and ?; = ?,. It can

be assumed without loss of generality that 0 < ¢, < tj; — tj, < ¢ < oo, where ¢, and ¢; are con-

stant bounds. In the presence of communication delay 7, the available information at time instant
t will depend on S(t — 7).

In the following sections, we report several multiagent coordination control algorithms in solving
Problem 1] by focusing on procedures of dealing with the following key elements.

e First, a sensing/communication model is fundamental to describe the information exchange
among multiple agents in the system. One of the main objectives of this project is to establish
the least restrictive network controllability condition for multiagent systems to achieve the
task coordination.

e Second, in order to cover a broad class of practical applications for multiple agents, multi-
agent dynamics are of paramount importance in the coordination tasks. We design optimal
and adaptive coordination controls for a general class of dynamical systems with uncertain-
ties.

e Third, multiagent task coordination applications are conducted by particularly solving the
formation control and coverage control problems for multiple mobile robots with kinematic
constraints.

e Forth, extensive computer simulation and experimental tests have been performed to illus-
trate the proposed designs.

4.0 RESULTS AND DISCUSSION: NETWORK CONTROLLABILITY
ANALYSIS

In this section, we report the results on network controllability analysis and present a new dis-
continuous cooperative control for consensus of multiagent systems under directed and switching
sensing/communication topologies and time-delays. Simulation test results for underwater sonar
data transmission are also given.

4.1 Sequential Completeness Condition on Network Controllability

One of the key issues in engineered multiagent systems is the study of network controllability.
The objective is to figure out the connectivity conditions on sensor/communication topologies of
the network for achieving consensus behavior. In [7][20], the condition is obtained for composite
undirected graphs which need to be connected. Extensions were made in [[17][9] to the case with di-
rected graphs, and the less restrictive conditions are stated as that there exists a spanning tree or the
network is strongly connected periodically. Complement to the aforementioned graph-theoretical
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methods, a matrix-theoretical framework is developed in [16] to deal with the high-order systems
with arbitrary but finite relative degrees. The notion of sequentially completeness was introduced
in [16]][29] to describe the least required condition on network connectivity for cooperative control
design, which is restated by the following definitions.

Definition 2 Sensing/communication matrix sequence {S(t)} is said to be sequentially lower-
triangularly complete if it is sequentially lower-triangular and in every row 1 of its lower triangular

canonical form, there is at lease one j < i such that the corresponding block S;;(t) is uniformly
non-vanishing.

Definition 3 Sensing/communication matrix sequence {S(t)} is said to be sequentially complete
if the sequence contains an infinite subsequence that is sequentially lower-triangularly complete.
As an example for sequential completeness, let us assume that the sensing/communication topolo-

gies for 3 agents are changing according to the sequence {S(tx), k € N, R 2 {1,2,...}} defined
below: S(tp) = Sp for k = 4n, S(tx) = Sy for k = 4n + 1, S(tx) = S5 for k = 4n + 2, and
S(ty) = Sy for k = 4n + 3, where n € N,

(7

oo R @O

o, o @
—_—o o = OO

It then follows from the structure of [ J, .S; that the corresponding sequence is lower-triangularly
complete, and therefore the switching sensing/communication topologies defined by (/) is sequen-
tially complete.

4.2 Multiagent Coordination with Discontinuous Dynamics

4.2.1 Issues with Sequential Completeness Condition in the Presence of Discontinuous Dy-
namics

Let us consider the consensus problem for the simplest multiagent systems described by single-
integrator dynamics

Ty =y, ®)

Approved for Public Release; Distribution Unlimited.



A . . . .
wherel € Q = {1,--- ;n}, z;(t) € R is the state, u; € R is the control input to be designed. The
objective is to design w,(t) to achieve the consensus of the multiagent system , that is,

lim z(t) = 2, VI, 9)

t—o00

where z* is some constant denoting the consensus value.

For the cooperative control of multiagent systems , if the standard design of u;(t) is adopted as
given below

w(t) = Z ayj (s1(t) (5 (t) — (1)), ¢ € [, i), (10)

where (t )
s s (g,

(15) = — Ik

i) = S @)

then it has been proved in [16] that the sequential completeness of sensing/communication matrix
sequence {S(¢)} is the necessary and sufficient condition for consensus of multiagent systems.

(11

However, in practice it is often necessary to consider the following discontinuos cooperative con-
trol of the form

w(t) = Y au(siy(6h), ;(t))sen(;(t) — w(t)), ¢ € [t 8341), (12)

Jj=1

where «y;(-,-) is a nonlinear gain to be designed based on the sensing/communication topology
S(t7) as well as the available boundary values x;(t}) if s;;(¢;) # 0, and sgn(-) function is defined
as

1, z2>0
sgn(z) = 0, z=0
-1, 2<0

Remark 1 By including sgn(-) in the control law , it may provide benefits to deal with the
control of truly nonlinear systems such as nonholonomic mobile robots [5], and improve the con-
vergence speed of the system. In addition, the control may reduce the sensing/communication
loads because on one hand nonlinear gain oy; only relies on states x;(t},) at the time instants
whenever the communication topology changes, and on the other hand, information exchange of
sgn(x;(t) — x,(t)) may also significantly reduce the required transmission capacity compared with
that of (z;(t) — x,(t)). <&

Under cooperative control (12)), the closed-loop multiagent system become system with discontin-
uous dynamics. The sequential completeness of sensing/communication network may no longer
ensure the consensus if the gains a; are simply designed using (TT). This is illustrated through the
following example.

Approved for Public Release; Distribution Unlimited.
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Example 1 Suppose we have 3 agents. Define index set Q2 = {1,2,3}, Qunax = {1 € Q1 2;(t) =
Zanax(t) = max; (1)}, and Quuin = {i € Q2 2,(t) = Tgu(t) = ming a5 (1) .
Assume that at time instant to, we have Quin(to) = {1}, and Qumax(to) = {2,3}, and the sens-

ing/communication topologies among three agents switch according to sensing/communication
matrices S(tsg), S(tspr1) and S(tski2) defined below.

1 00 1 01 1 00
Star) =11 1 0 |,Staes) =10 1 0 |,S(tsps2)=(0 1 0 [,
0 01 0 01 011
where k = 0,1, ---. It can be readily verified that the matrix sequence S(tsj), S(tsx+1), S (t3k+2)

is sequentially complete. However, the consensus is not guaranteed if the standard gain design
for ay; in (I1) is applied under control (I2). One possible scenario is that according to the sens-
ing/communication matrix S(to), agent 2 receives information from agent 1 and may converge to
agent 1 in finite time interval t; — to, thus at time instant t,, we could have Qu;,(t1) = {1,2}
and Quax(t1) = {3}, similarly, according to S(t1), agent 1 receives information from agent
3 and may converge to agent 3 in finite time ty — t1, thus we may have Quin(t2) = {2} and
Omax(te) = {1,3}; by S(t2), agent 3 receives information from agent 2 and may converge to
agent 2 in finite time t3 — to, and we may have Quin(t3) = {2,3} and Qnax(ts) = {1}. This
pattern will repeat following the periodical sensing/communication matrix sequence {S(t;)}. In
other words, though within time interval [ty,t3), the communication topology is complete, con-
traction mapping is not established since we have Ty (t3) = Tmax(to) and Twin(ts) = Tmin(to)
from the above analysis. This is further illustrated in figure[l| in which we consider three agents
with controls and gain o;;(t) are chosen based on , simulation parameters are given as
takri —takrio1 = 0.1,0=1,2,k = 0,1, -, and initial conditions z1(ty) = 0.01, x5(te) = —0.01,
and z3(tg) = 0.1. Apparently, no consensus is reached. &

4.2.2 Design of New Discontinuous Cooperative Controls

As shown in examples [I], standard network topology based control gain design for (I2)) no longer
implies the consensus of multiagent systems, even with the most-restrictive network connectivity
condition (that is, fixed and undirected communication). In this subsection, in order to ensure the
multiagent systems consensus with control under the least restrictive sensing/communication
condition (that is, sequential completeness of {S(¢; }), we propose a new nonlinear piecewise gain
design. The convergence of the overall closed-loop systems is proved by developing a contraction
mapping method for multiagent systems.

Theorem 1 Consider the multiagent system ({8) under cooperative control (I2). Assume that sens-
ing/communication matrix sequence {S(t;)} is uniformly sequentially completd’| Let the nonlin-
ear gain oy be designed as follows: for any agent |,

*The time-varying sensing/communication topology is considered here. If the topology becomes fixed after certain
time, we can treat it as a special case of switching sensing/communication sequence S(¢;) with ¢, being any positive
constant.
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Figure 1: System responses

1) if x(t]) = maxjen, z;(t;) = minjen; z;(t7), then oy;(t]) can be any bounded positive
value.

2) ifxi(t]) > maxjen; x;(t]), let oy(t}) be selected to satisfy the inequality

tS _ 3 . . ts
0< 3 () < 2B TN () (13)
JEN; !

3) if x(t]) < minjen, x(t;), let ay;(t7) be selected to satisfy the inequality

0< Z Oélj( s) < maxX;en, x](tZ) B xl(’i) (14)

Cy

4) ifminjen, z;(t7) < xi(t;) < maxjen; x;(t3), let ay(t;) be selected to satisfy the inequality

max;en; Iz(ti)*wl(ti)
0< Z ay;(ty) < min 2y (t)—ming e x5 (8) ’ (15)
JEN;

Ct

Then consensus of system ({8)) is asymptotically achieved.
Proof: See [26]].

Approved for Public Release; Distribution Unlimited.



Theorem [I|provides a general set of sufficient gain design conditions for the asymptotical stability
of discontinuous multiagent systems with directed and switching sensing/communication topolo-
gies. The nonlinear gain design conditions to are imposed for the purpose of avoiding
the possible states oscillation due to the finite time state reachability of dynamical systems driven
by discontinuous functions under certain communication topologies.

The result in theorem [I] can be extended to the case with communication delays. That is, In the
presence of sensing/communication delays, the cooperative control in (I2)) becomes

w(t) = ayi(syy,x(th — 7j))sen(a; (t — 7)) — 2(t)), £ € [, thy1), (16)
=1

where 7;; € [0, ] are time delays incurred during transmission with 7 being the upper bound on
latencies of information transmission over the network. The following theorem is in the sequel.

Theorem 2 [26] Consider the multiagent system (8) under cooperative control (I6)). Assume that
sensing/communication matrix sequence of {S(t;)} is sequentially complete. Let the nonlinear
gain oy; be designed as follows: for any agent |,

1) if x(t]) = maxjen; x;(t; — 7;) = minjen; (] — 7;), then oy;(t]) can be any bounded
positive values.

2) ifx(t]) > maxjen, x;(t; — 71;), let oy (t) be selected to satisfy the inequality

s x(t3) — minjen; (¢ — 75
0< > a(t) < ((th) ma)ifal,f}( £ ) (17)
jGJ\fl ty

3) if x(t;) < minjen, x;(t; — 7). let oy;(t}) be selected to satisfy the inequality

s max;cn, €i(t; — 715) — 21t
0< Y aylty) < == lnjlé)f{é j?}) ) (1)
jeM ty

4) ifminjen, z;(t; — 15) < () < maxjen; ©;(t7 — 7;), let ay;(t;) be selected to satisfy the

inequality
max;en; T (tif—n]-)—zl (t3)
0< Y ayy(tf) < min ( B e ) (19)
JjeEN; max{c¢,r}

Then consensus of system (8)) is asymptotically achieved.

Approved for Public Release; Distribution Unlimited.
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Figure 2: System responses

4.2.3 Simulation Results and Experimental Testing

Let us reconsider example |1| for the consensus of three agents with control under the sens-
ing/communication topologies S(tsx), S(tsk+1) and S(tsk+2). We choose the nonlinear piecewise
constant gain a;; based on theorem|[I} Under the same simulation conditions, system responses are
shown in figure 2] and consensus is reached.

To further illustrate the benefit of introducing discontinuous dynamics in multiagent systems, the
underwater sonar data transmission testing was conducted at the Wave Laboratory, Embry-Riddle
Aeronautical University. As shown in figure[3] a wave tank is used as the testbed and wave maker
generates the noise environment. Two sonar communication transducers are used for sending and
receiving data. 100 sets of data are used in the testing under two scenarios of direct position data
transmission and indirect position data transmission. That is, in the scenario of indirect position
data transmission, the sign of data (binary number) was transmitted. Figures 4] and [5 show the
testing resulting for two scenarios, respectively. The transmitting and receiving speed is S5/ Rs =
13bits/s. It is apparent that the error rate with indirect data transmission is much lower.

5.0 RESULTS AND DISCUSSION: OPTIMAL AND ADAPTIVE MULTI-
AGENT COORDINATION

In this section, we present three results on optimal and adaptive multiagent coordination. The first
result is on the design of a practically implementable approximately adaptive neural cooperative
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control for multiagent systems based on online approximate dynamic programming. The second
one is on the design of optimal cooperative control based approximate Q-functions. The third one
is on a new distributed adaptive cooperative control method for consensus tracking of multiagent
systems with model uncertainties.

5.1 Value Function Based Multiagent Policy Iteration

In the study of cooperative control of multiagent systems, fruitful results for cooperative control
design have been obtained for first-order linear systems [/, [17, 19, 6, 20], for second-order linear
systems [23]], for high-order linear systems [[16} 28], and for nonlinear systems [11} [10} [12} [14,
4., 129, 126]], few results are available for optimal cooperative control design. There appeared some
recent work in the study of optimal cooperative control, such as those in [22, 1,13, 15]. Nonetheless,
it is still a challenge to systematically address the optimal cooperative control problem for more
general nonlinear multiagent systems, particularly, in the presence of model uncertainties.

The result reported in this section aims to deal with such a challenge. For multiagent optimal co-
operative control, the key issue is how to establish an optimality equation and find its solution in
real time. We tackle this problem by considering a general class of feedback linearizable nonlinear
multiagent systems. We assume that there exist admissible cooperative controls for such kind of
multiagent systems under the complete sensing/communication condition [16]. The fixed sens-
ing/communication topology is imposed for ease of design. The case for more complicated time-
varying sensing communication topology will be treated in future work. The optimal cooperative
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control problem is then formulated as making all systems achieve consensus while minimizing the
individual sensing/communication topology dependent cost functions. It is shown that the optimal
solution to the defined problem requires to solve a multiagent Hamilton-Jacobi-Bellman (HJB)
equation. To avoid the obstacles in analytically solving multiagent HIB equation, we extend the
online policy iteration approach in [21][25] to the multiagent case, and employ radial basis func-
tion (RBF) neural networks to approximate value functions at each iteration. Through seeking the
least-squares solution to estimate the optimal neural weights, a new approximately adaptive multi-
agent policy iteration algorithm is proposed. It is further shown that the proposed adaptive optimal
cooperative control approximately solves the posed optimal consensus problem. Simulation results
are provided to illustrate the effectiveness of the proposed optimal design.

5.1.1 Problem Formulation

Consider a multiagent system which has N members and each agent assumes the general nonlinear
dynamics
@i = fi(x:) + gi(@i)wi, (20)

where i € Q 2 {1,--- N}, z;(t) € R" is the system state, u; € R™ is the control input to be
designed, f;, g; : " — R™ are locally Lipschitz continuous functions.

The objective is to design an optimal cooperative control u;(t) to achieve the consensus of the
multiagent system (20) such that
lim z;(t) = %, Vi, (21)

t—o00

while minimizing the following individual cost function for each agent ¢,

T wi(t), 84525 (1)) = / .

to

N
(Z(% - xj)TsijQij(a:i — ;) + uiTRZ-u,-) dt, (22)

j=1

where 2 is some constant denoting the consensus value, ();; and R; are symmetric and positive
definite matrices, and s;; (defined in equation (6))) is a binary number describing the availability of
the sensing/communication information exchange between the agent ¢ and the agent ;.

It should be noted that the individual cost function defined in (22)) is related to the measurement of
closeness of z; to x; and control effort of agent <. In contrast, a multiagent differential graphical
game problem was defined in [24]], in which a cooperative performance index was imposed by
including the terms related to control efforts of neighboring agents. Here we are not looking into
the team performance index as formulated in cooperative game based solution. Instead, we deal
with the optimal solution by looking into minimizing individual performance defined in (22)).

5.1.2 On the design of Approximately Adaptive Cooperative Optimal Control

Multiagent HJB Equation: The design starts with the development of multiagent HIB equations.

14



Recall that the cost function for agent : is defined in (22]), which may be rewritten as

JEN;

Ji(ui; i(to), sijzj(to)) = /OO

to

where N; = {j € Qls;; # 0} denotes the neighbor set of agent i. The following lemma is
instrumental in developing the multiagent Hamilton-Jacobi-Bellman (HJB) equation.

Lemma 1 For admissible cooperative control u;(t), if there exists a positive definite continuously
differentiable function V;(x;, s;;x;; w;) satisfying the following property

oVt oV}
al'i (f(xz> + g<xz uz + Z 81’] f(l’]) + g(xj)uj)
JEN;
+ > (= 2) Qi — i) + ul Riuy = 0 (24)
JEN;

and the boundary condition V;(x;(00), s;;x;(00);u;) = 0, then V;(x;, s;;x;; u;) is the value func-
tion for system for all t, and

Vi(zi(to), sijxj(to); wi) = Ji(wi; xi(to), sijj(to)) (25)

It follows from lemma 1| and Bellman’s principle of optimality, we know that the optimal value
function V;*(x;(t), s;jx;(t)) approximately satisfies for small A — 0

Vi (i), sy () = min(l(z;(2), 2;(2), i) A + V¥ (@it + A), sija; (L + A)], (26)

Us

where I(z;(t), z;(t), u;) 2 > jen (i — )T Qij (i — x5) + uf Ry, xi(t+ A) =~ a(t) + (f () +
g(z)u) A, and x(t + A) ~ z;(t) + (f(z;) + g(x)u;)A.

The corresponding optimal cooperative control can be derived as

ov.*

— __RT 27
u; R % Bz, (27)
and the mutliagent HJB equation is
oV 1oVT A%
— N O (. — e ( ) -1
0 = Z(% ;)" Qij(v; — ;) + o flai) =4 B gxi) R ()" oz,
JEN;
a‘/i*T
+]EZN‘ oz, (f(2;) + g(z))uy), (28)
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*

with the associated boundary condition V;*(z}, s;;75) = 0, which requires that the optimal value
must be null when evaluated on an extremal trajectory (all agents in the set {7, N} reach consen-
sus.)

The solution to would provide the optimal cooperative control in (27). However, it is difficult
to solve mainly for two reasons. First, equation (28)) is a nonlinear partial differential equation,
and it is in general impossible to solve this equation in analytic form. Second, the coupling terms
D ieN, E);/TT( f(z;) + g(x;)u;) cause extra difficulty due to involvement of «; which may require
information propagation from agents not in the neighboring set ;.

The Proposed Multiagent Policy Iteration Algorithm: The proposed multiagent policy iteration
algorithm consists of the following two steps:

Step 1:  Policy evaluation. Find an admissible cooperative control policy w; o(z;, s;;x;). For any
integer [ > 0 denoting the iteration index, solve for V;,(x;, s;jz;; u;;) using

ovh
0 = Z(% — )" Qij(x; — x;) + UZle'Ui,l + P . (f (@) + g(xi)uip)
, T
JEN;
ovh
+> aTﬂl(f(l’j) + 9(@;)uz0), (29)
JEN; Y
with V; (2%, s;;2*) = 0.
Step 2: Policy improvement. Update the control policy by
1 A%y
41 = —=R gl —= 30
U J+1 9 ) gz axl ( )

The convergence of the multiagent policy iteration algorithm given in (29) and (30)) is summarized
into the following theorem.

Theorem 3 If a sequence of pairs {V;;, u; 41} is generated by @) and @) then the correspond-
ing value function V;; satisfying

Vi < Vi (31)
and

lim V,, = V7 (32)

l—o0

Proof: See [31].

For the ease of implementation, the policy evaluation step in the proposed multiagent policy
iteration algorithm can be replaced by following equation (33) for solving for V;; based on the
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available information x;(t), z;(¢) and u;;(¢) during the time interval [t, ¢ + 7.

t+T

Via(@i(t), sije;(t); uig(t)) = / (Z( — ;)" Quj(aj — ) + UZzRiUz‘,l> dt
t JEN;

FVia(@i(t + 1), 55 ( + T); uia(t +T)), (33)

where T' > ( represents certain time interval.

Approximately Adaptive Cooperative Optimal Control: A significant advantage of the pro-
posed multiagent policy iteration algorithm is that it iteratively generates a sequence of pairs
{Vii,wi 41} through and by only using the available local information z;, x; and u; for
agent 4, which monotonically converges to the optimal value V;* and «;. It is apparent that the key
is to solve for V;; from . For the unknown value functions V; ;(z;, s;;2;), we use the following
neural network approximator.

‘/i,l(xiy Sijxj) = @ZZ(@)QZZ + wi,l(ji), Vz; € Q; (34)

where Z; = [s;121, SiaT2, -+ , iy, 8iiT4, ++ , SinTn|!, 0F; € R is an unknown constant pa-
rameter vector, the neural network node number [; > 1, w;;(Z;) is the approximation error, and
D, 1(Z;) = [Giyas Bigts- -+, Piy 4)" is the known basis function vector.

Upon using the function approximator (34)), the policy evaluation equation in (33)) becomes

t+T
/ <Z( — 271) Q”( 371) -+ uZlRiui,l> dt = [(I)z,l(jz@)) — (I),L’l(i’z(t + T))]TGZZ
t FEN;
@), (35)
where w; ;(t) = w; (t) —wi (t +T).

It follows from (35) that 67, provides the best approximate solution for the policy evaluation.
However, its value is unknown, and needs to identified online. Let 6;,(¢) be the estimate of Hfl,
and equation (35)) becomes

t+T
/ (Z(l’] — .Z'i)TQij(.Tj — .Z'l) + UZJR#LM) dt
t

JEN;
= [@;1(%;(t)) — @iy (Ti(t + 1)) 0i1(t) + ein(t), (36)
where 6“(75) = [(pz,l(fz(t)) — (I)Z’l(fl(t -+ T))]Téhl(t) + (Di,l(t), él7l(t) = H;J — 6171(75) Thus, given
any admissible cooperative control the parameter 6, ; should be chosen to minimize the squared
approximation residual error €7, (t). As 0;(t) — 67, it is obvious that e; () — @;.

In what follows, we present the proposed adaptive law for 6;; using the least-squares estimation.
Let us define

Zz(tk) — /t k+1 (Z( — J}z) Qz]( ,) + uz?:lRiui,l> dt

JEN;
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and
U, i(tk) = @i (i (tr)) — Ciy(Zi(trsa))-
Substituting this into (36)) yields

zi(te) = Wiy (tr) 00 + i (th) 37)

The model in is the regression model for policy iteration and W, ; is called the regressor.
Through the observation interval [t tj.,], pairs of observations and regressors {(2;(tx+,), Vii(trtu)),
p=0,1,n— 1} are obtained by using control policy u; ;. The parameter 6; ; will be chosen to min-
imize the least-squares loss function

n—1
1 T \2
L(6is 1) = 5 Z:l (2i(tegn) — Wia(togn) ' 0i1)" -
M:
To this end, standard least-squares estimation algorithm renders
—T— \—1lo
01 = (*:z:l:i,l) :ZZZZ',Z (38)
where Zi,l = [Zl(tk), Zz’(tk+1>, s ,Zi<tk+n_1)]T, and Ez‘,l = [‘Ifgjl@k), L 7‘113:l<tk+n—1)]T- Thus,
T
according to policy improvement step in , and noting 88‘? = %QM the control law is
wi = —5 Rl =0 (39)

The above results can be summarized into the following proposition.

Proposition 1 Under assumption of complete sensing/communication topology, the control law
(39) with adaptive law (38) approximately solves the optimal cooperative consensus problem for
multiagent nonlinear system (20) by minimizing the cost function ([22).

In summary, the proposed approximately adaptive multiagent policy iteration (MPI) algorithm is
given in Algorithm 1.

Algorithm 1 Approximately Adaptive MPI Algorithm

1: Let [ = 0. Given initial states x;(%y), s;;2,(to), let the initial admissible cooperative control
policy be u; .

2: Employ the control policy u,;, and within the observation interval [¢;.,,, t(141)n—1], collect the
data pairs

{(zi(thn+lt)7 \I/i,O(thn—&-u))a n= Oa 17 n— 1}

3: Solve for 0;; from (38).

4: Solve for u; ;1 from (39).

5: Letl + [+ 1, and go to step 2, until

165,41 — 9i,zH2 <e,

where € > 0 is a sufficiently small predefined threshold.
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5.1.3 Simulation Results

To illustrate the proposed approximately adaptive cooperative control, we consider a simple mul-
tiagent system with 3 agents modeled by the following single integrators

Ti=u;, 1=1,2,3 (40)

where z; € R, and u; € R. Let the sensing/communication topology among 3 agents be given by

n

Il
_ o =
O =

0
1
1

Apparently, S matrix is complete, and admissible cooperative control exists for the consensus of
(#0). Select the weight matrices in as (Q;; = 1, R; = 0.25 for simulation purpose. We use a
single neural node approximator for each value function V;;. Based on S matrix, we choose the
basic functions as ®1; = (21 — 22)?, P2y = (22 — 23)? and P3; = (z3 — 21)? for value functions
Vi1, Vo, and V3, respectively. System initial states are z1(0) = 0.5, 25(0) = 0.2 and x3(0) = 0.3.
Figure [6] shows that system states consensus is achieved, figure [7] displays the instantaneous cost
values. Figure [§]illustrates the optimal cooperative control inputs, and the convergence of neural
network weights estimates is shown in figure 9]
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Figure 6: Consensus of z;(t)
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Figure 9: Parameters of neural networks versus time

Simulation was also done for the following three agents with nonlinear models, and the corre-
sponding results in figures[I0|to[I3]illustrate the performance of the proposed optimal coordination
algorithm.

Agent 1: &1 = —x1 +sin(zy) + ug
Agent 2: Iy = —x9 — sin(zg) + us
Agent 3: 13 = ug

5.2 Approximate Q-Function for Multiagent Coordination

There are two main issues with the proposed value function based multiagent policy iteration
algorithm. First, the computation of w;;4; requires to know system dynamics g;. Second, the
implementation of estimation algorithm requires an excitation condition for matrix EZIEZ'J’ which
might cause difficult in selecting basis functions for linear approximators. To address those issues,
we propose the following new cooperative Q-iteration algorithm.
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5.2.1 Problem Statement

Consider multiagent systems with more general nonaffine discrete-time model
zi(k +1) = fi(zi(k), wi(k))

The individual cost function for agent ¢ is

Viai(k), siyas (k) = (Z(l‘i(l) —2;(1))" 51 Qis(wi(l) — 2;(1)) + uiT(l)Riui(l)>

1=k \j=1

Q-function is a state-action value function, which gives the value obtained when starting from a
given state, applying a given action, and following a policy thereafter. The Q function for agent ¢
is given as follows:

N

Qi(wi(k), sijw(k), ui(k)) = > (wilk) — 2;(k)) 555 Qus (wi(k) — (k) + u] (k) Ry (k)

j=1
Correspondingly, the optimal () function id defined as

N
Qi (a(k). sy (k) wilk) = S (k) — (k) sy Qg () — (k) + (k) Riaas ()
j=1
and the optimal cooperative coordination control protocol is

u; (wi(k), sijzj(k)) = argmin, Q; (zi(k), sijz;(k), ui(k))

5.2.2 Proposed Coordination Algorithm

To this end, the proposed Q function based approximate multiagent policy iteration algorithm is
summarized as two steps.

e Policy evaluation

— According to Bellman equation

N

S (i), sy (k) uia (k) =) (k) — a5 (k)) s Qu (2:(k) — (k)

J=1

+ul (k) Riugg (k) + Qi (fir sij fj wig(k))
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— The parameter vector ¢, is obtained by a projection mapping P
9i,l+1 = P(Q;rl_t,_l)

e Policy improvement
Ui l+1 = argminuin’,l+1

Specifically, by using available on-line data z;(k), z;(k), w;(k), z;(k + 1), 7;(k + 1), u;(k + 1), the
following temporal difference Q-Iteration can be used in the multiagent Q-function policy iteration
algorithm

Qi1 (wi(k),ui (k) = Qip(wi(k),u;(k)) + aglri(k + 1) + Qs x(xi(k + 1), u;(k + 1))
_Qi,k(xz(k)a u;i(k))] 41)
However, for systems with large and continuous spaces, (Q-functions in terms of state-action pairs

will have infinite number of pairs, there is no way to learn and explore all those. Therefore we
propose to use the parametric approximation of ()-functions, that is, let

Qi(wi, w;) = @] (w4, si525, u:)b;

where ¢; basis functions, #; parameter vector to be estimated. To this end, the model-free approxi-
mate multiagent Q-learning algorithms can be summarized as follows.

1: Measure initial states x;(%o), s;;2;(to)-
2: Initialize parameter vector, 6;(0) = 0.
3: Letu;(0) =0
4: For every timesetk =0,1,2,--- ,do
5: Apply u;(k), measure z;(k + 1), z;(k + 1), r;(k + 1)
6:

0¢i

wlk+ 1) = 5200
7
Oi(k+1) = 0i(k) + [Tz(k’ +1) + 9] (zi(k + 1), ui(k + 1))0;(k)
—¢; (@i (), u;(k))6i (k)] ¢i(i(k), uwi(k))

8: end for

5.2.3 Simulation Results

To illustrate the proposed design, we apply the approximate Q-learning algorithm to the consensus
control of the following three agents

zi(k +1) = x;(k) + Tu;(k), T = 0.05
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with the Sensing/Communication Topology

S:

—_ O
O~ =
—_ _= O

The reward function r;(k + 1) are

7"1<k' + ].) - —5(1’2(1{?) - $1(l{?))2 - 0011/4(/{?)2
7”2(]{3 + ].) == —5(1’3(1{?> - Ig(k'))z - 001UQ(/€)2
7"3<k' + ].) = —5(1’1(1{?) - $3(l{?))2 - 001@63(/{?)2

and the approximate Q-functions
Ql(l’l, Ul) = —((1’2 - .771)2 + (ZL’Q - xl)ul + u%)@l

Q1 (x2,u2) = —((z3 — 1‘2)2 + (x5 — xa2)us + U%)QQ
Q1 (z3,u3) = —((z1 — 963)2 + (21 — x3)us + U§)93

The corresponding cooperative controls are

1

uy (k) = —m(xl(/f) — x(k))01 (k)
1

us(k) = —m(@(k) — x3(k))02(k)
1

usg(k) = —m(ﬂfs(k) —x1(k))03(k)

with adaptation laws

0:(k+1) = 0;(k)+ oy [ri(k + 1) +v¢] (z:(k + 1), ui(k + 1))0;(k)
— o (zi(k), u;i(k))0; (k)] di(wi(k), us(k))

Simulation parameters: 1" = 0.05; p = 10; Rp =5; 7 = 0.98; «a = 0.5. The simulation
results are shown in figures [[4]-

5.3 Adaptive Consensus Tracking for Uncertain Multiagent Systems

5.3.1 Problem Statement

Consider the multiagent systems in which the ¢th agent is described by the scalar differential equa-

tion
T = a;T; + giu; (42)
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Figure 15: Cooperative control inputs
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where a; and g; are constants, z; € R state, and u; € R control input. We first consider the case of
a; being unknown and g; is known. For simplicity, we simply assume that g; = 1. Let the reference
trajectory be described by the first-order differential equation

j)g = QpXo + To(t) (43)

where unknown constant ag < 0, ro(t) is a piecewise-continuous bounded function of time pa-
rameterized by 7o(t) = ¢ (t)w, where basis functions ¢(t) = [¢1(t), da(t),- -+, &y (t)]F € R are
available to all agents, and parameters w = [wy, ws, -+ ,w]T € ! are unknown constants. The
control objective is to design adaptive control u; such that

lim z;(t) = xo(t).

t—o00

5.3.2 Proposed Adaptive Control

To proceed, let us define the Laplacian matrix L for the sensing/communication S(t) as follows.

We also assume that the reference state x((t) is available to at least one agent through sens-
ing/communication detection, and this is described by a diagonal matrix B given below

B = diag {0}

where b;p > 0 means that agent 7 has the information z(¢). Let a; be the parameter estimate of
af = ap — a; for agent 7, w;; be the estimate of w; by agent i, w; = [W;1, - - ,wil]T. The control
input for agent  is chosen to be

ui = Qg + ¢ (1) (44)
Defining the tracking error X = [Zy,--- ,&,|T = |21 — @0, , T, — 70]7, the parameter errors
a; = a; — al, W; = W; — w; = [Wyy, -+ ,Wy]T, we obtain the error equation as
and the overall error dynamics as
. l
X =aX+Xa+ ) Cui, (46)
i=1
where @ = [ay, -+ , |7, Was = [Wr4, -+, W), X = diag[zy, -+, x,], and ®; = diag[¢;(t),-- -,

Gi(t),- -+, di(t)).
We further define consensus error e; = » e sij(xj — ;) + bjo(xo — x;). It thus can be verified
that

(L—l—B)X:[el,'--,ei,--~,en]T 47
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Let us consider the Lyapunov-like function

n

l
YD Tuy (i)’ (48)

7=1 =1

N | —

1 N
V=_X"(L+B)X +5) T,(a)
5 (L+B)X + pa +
where I'y, > 0, I',; > 0. The time derivative of V" along the trajectories of (#6) is given by

. n l n
V=X"(L+B)X+) Todi;+ » Y Tu, iy (49)

i=1 =1 i=1

Choosing the adaptive laws

éLi = F;IZEilei (50)
u;}ij = F;}ngjel (51)

fore=1,---,n,j=1,--- 1, and then we obtain
V=0 X" (L+B)X <0 (52)

which implies X, a;, W;j € Loo. Also X € Ly and X € L., which further implies that X = 0as
t — oo. The main result is summarized into the following theorem.

Theorem 4 Consider the multiagent system in . If the sensing/communication topology S(t)
is connected, and B has at least one entry being nonzero, then the distributed adaptive cooperative
control in (H4) together with the adaptive laws in (50) and guarantee the boundedness of all
signals of the closed-loop system and achieve asymptotical consensus tracking.

5.3.3 Simulation Results

The proposed adaptive cooperative control is simulated for the following multiagent system with
three agents
T 1= 2x 1+ w

i2:x2+u2
Zt3:55(73+U3

Assume the Informed Agent: &g = —xzo+7(t), 7(t) = 2 cos(t)+3 cos(2t). The sensing/communication
matrix S and leader information matrix B are given by

S = . B=

(e R S
— =
e e )
o O =
oS O O
o O O
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The corresponding adaptive consensus control is
w; = a;x; + Wiy cos(t) + W cos(2t)

withe adaptive laws
@i = k(Y siylay — ) + buo(2o — 2.))

Wy = kcos(t)(z sii(x; — 23) + bio(zo — 7))

ﬁ}ig =k COS(2t)(Z Sij(xj — ZL’Z) + bz‘o(ﬂfo — I‘Z>>
J
Simulation results are given in figures [I8}23] which illustrate the effectiveness of the proposed
design.

Informed Agent
o
[4)]

2 I I I I I I
0 10 20 30 40 50 60 70
Time (sec)

Figure 18: The trajectory of informed agent

6.0 RESULTS AND DISCUSSION: MULTIAGENT COORDINATION AP-
PLICATIONS

In this section, we present two case studies for multiagent coordination tasks. One is for formation
control of mobile robots, and the other is for coverage control of mobile agents.
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Figure 20: Adaptive cooperative controls
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Figure 21: Parameter estimate for w,
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Figure 22: Parameter estimate for w,
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Parameter estimate
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Figure 23: Parameter estimate for a

6.1 Multiagent Formation Control
6.1.1 Problem Statement

Consider a network of multiple nonholonomic mobile robots with the individual system dynamics
given by

T; = w;cosb;,
Y = w;sind;, (53)
02‘ = W
. A : . . . .
where i € Q = {1,--- ,n}, (z;,y;) € R? denotes the ith robot’s position, 6; is the orientation,

v; € R driving velocity, and w; € R the steering velocity.

The design objective of this paper is to coordinate the motion of individual robots to follow a
desired trajectory contour while maintaining certain prescribed geometric formation shape through
local information exchange among robots. By taking the whole group of mobile robots as a virtual
body moving along the desired trajectory, formation shape of robots in the group can be determined
by a set of local coordinates with reference to the moving frame attached to the desired trajectory.

More specifically, let qo(t) = [z0(t), yo(t)]" € R? be the desired trajectory for the group motion,
the moving frame F(t) attached to go(¢) can be defined by the following orthonormal vectors e ()
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and e (1)
o (1)

_ _ | VIO + [50(1)]?
el(t)_{elz(t)}_ Yo(t)

+

t

VT ()] + [90(t)]?
_ Yo(t)
es(t) = { 621(t§ ] = \/[x(](t)] + [90(8)]?

et o (t)
VIEo(®)]2 + [go()]?
Accordingly, any formation consisting of n robot positions in F(t) can be expressed as { Py, - - - , P, }
with
Pi(t) = ane(t) + aizea(l), (54)

where o;; are constants of determining the formation. To this end, the formation control objective
can be recast as to design the control laws v;(¢) and w;(¢) for the ith robot such that

lim H zi(t) ] — qo(t) — Pi(t)l = 0. (55)

6.1.2 Proposed Linearization-Based Control
To facilitate the control design, the robot model is first converted into a linear model as
Zi1 = U, Zip = Ugp (56)

where z;; = x; + Rcosb;, zio = y; + Rsin#;, and

U; COS 01 sin 01 Uil
= sin 0; cos b;
w | T L e | g

To this end, the proposal new coordination control is of the form

un = Y ai(t)sgn (zﬂ zin + Z ag — aj)e ) +do + 7

JjeN;

up = Y o(t)sgn (zjz — Zig + Z ag — aj)e ) + o + (38)

JEN;

in which the control gains are chosen based on the following guidelines: for any agent [,

1) if z(¢]) = maxjen; 2j(t)) = minjen; 2;(t;), then ay;(¢;) can be any bounded positive value.
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2) if z(t]) > max;en, z;(t]), let ay;(t]) be selected to satisfy the inequality

tS _ 1 ) . tS
0< E :O-/lj(tz> < Zl( k:) ml_njef\[l ZJ( k:)
“ Ct
JEN

3) if z(t7) < minjen; 2;(t7), let ay;(t;) be selected to satisfy the inequality

3 . tS _ ts
0 < Z (1) < max;en; 25 (1) — zi(t})

C
JEN; t

4) if minjen; 2;(¢) < zi(t]) < maxjen; z;(t5), let ay;(3) be selected to satisfy the inequality

max;en; 2j (t‘fc)le (t;)

s . - )

0<  a(t}) < min w1 (tg)—mingen, 2 (1)
JEN Ct

6.1.3 Simulation and Experimental Results
We conducted the experimental study to verify the proposed design. In the experiment, we use

4 Amigobot robots (see figure 24)) and the sensing/communication topology among robots is as-
sumed to be

S:

_ o O
O O ==
O~ = O
—_ _ O O

The testing results validated the proposed design.

Figures [25] and [26] show the snapshots of experiments conducted using AmigoBots at Robotics
Lab, Bethune-Cookman University.

Figure 26 shows the formation shape changing from rectangle to line, then to rhombus, and finally
converging to one point.

6.1.4 Proposed Nonlinear Model-Based Control with Limited Information of Desired Tra-
jectory

It is noted that the control objective defined in (55) can be achieved through the standard tracking
control design for individual robots if the desired trajectory qo(t) and its derivative ¢o(t) are avail-
able to every robot. However, such a design may not be robust in the presence of disturbance and
noise measurements due to the lack of coordination among robots. On the other hand, the desired
trajectory ¢o(t) may be known only by some of robots in the group. Therefore, it is desirable to de-
sign distributed formation control law for the ith robot based on information exchange and relative
position measurement between robots within its sensing/communication range.
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P3-AT AmigoBot

Figure 24: P3-AT and AmigoBots

Square to Line

Line to Square

Figure 25: Rectangle-to-line and line-to-rectangle formation control with undirected communica-
tion
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Format from Rectangle to line to Rhombus End in a Point

t=61s t=75s t=86s

Figure 26: Formation changes from rectangle to line to rhombus and ends with a point with undi-
rected communication

Distributed Observers for Desired Trajectory

The proposed new formation control is done with the aid of distributed observes for the estimation
of qo(t). The proposed distributed observer is of the form (for ¢ € [t7,17,,))

Fio(t) = > agsgn(zo(ty) — zi0(th)) + ciosiosgn(zo(th) — zio(4)) (59)
JEN;
Gio(t) = Y augsgn(yjo(th) — vio(th)) + ciosiosgn(yo(th) — vio(ty)) (60)
JEN;
Oio(t) = > aysgn(B;0(17) — bio(t3)) + osiosen(fo(t3) — bio(t})) (61)
JEN;

where x;(t), y;0(t) and 6, ¢(t) are the ith robot’s estimate of x((t), yo(t), and 0y(t), respectively,
s;0 = 1 if and only if the 7th robot has the direct access to the information of the desired trajectory,
«; ; and a; are piecewise constant control gains to be designed, and sgn(-) function is defined as

1, 2>0
sgn(z) = 0, z=0
-1, 2<0

Nonlinear Formation Control with Limited Information of a Desired Trajectory

The proposed new design is summarized into the following proposition.
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Theorem S Consider a group of nonholonomic mobile robots. Let the distributed cooperative
control be for t € [to + kTs,to + (k + 1)T5)

un(t) = a¥ +absinw(t —to — kT)) (62)
up(t) = bfl + bfz cosw(t —tg — kTy) (63)
where w = 2T—TSF, an = 0 can be any constant, and
1 n
ay = T > Gij(k) (k) — i(k) — 24(k) + 2 (k + 1)), (64)
S ‘7:1
1 n
b = o D Gi(k)zn(k) = za(k)], (65)
S ]:1
2w _ af bf T52
= g |30 GalBlan(h) — k) — (k) + 5+ 1) - B
) S j=1
k bk T,
—aiza (k)T + “Tl} . (66)
with
Giy(k) sis (k) =1,---,n. (67)

-n _ 3 J=L
Zn:l Sin(k)

Id(k’) = Ii,O(k> + ;1 COS «91’0(/6) — (2 sin QZ’()(]{?)
yi(k) Yio(k) + asin; o(k) + iz cos b, 9(k)

ek +1) = zio(k+ 1)+ ancosbig(k+1) — aesinb; o(k + 1)
yg(k’ —f- ].) = yi,O(k + 1) —f- (6751 sin 91‘70(]{3 + 1) + ;9 COS 91‘70(]6 + ].)

where x;, y; 0, and 6, o are governed by (@), (@), and (|3_7[), respectively, and

ziolk+1) = xio(k)+ TS(Z a;jsgn(xjo(k) — i 0(k)) + aipsiosgn(zo(k) — z;0(k)) X68)

JEN:

Yiolk+1) = yiolk) + Ts(z ijsgn(y;o(k) — yio(k)) + ciosiosgn(yo(k) — vio(k))) (69)
JEN;

ei’o(k -+ 1) = 0170(k’) + TS(Z aijsgn(ﬁjp(k’) — 9170(16)) —+ Oéiosi()sgl’l<90(k> — 6170(k))) (70)
JEN;

Then the formation control objective (33)) is achieved.
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6.1.5 Simulation Results

We simulate the proposed formation control by considering three mobile robots moving according
to a circular contour while maintaining a right triangle formation.

Let qo(t) be [sin(0.2t), — cos(0.2¢)]7. The corresponding moving frame is given by e;(t) =
[cos(0.2t), —sin(0.2¢)]7, ey(t) = [sin(0.2t), cos(0.2¢)]T. The formation parameters are given
by a;; = 0,19 = 0,01 = —1,a09 = 1l,a31 = —1,a3s = —1. The initial conditions
[z:(t0), yi(to), 0;(to)] are given by [0.1,0.2,7/4],[1, =2, 7/6],[-1,—1.5,0]T fori = 1,2,3, re-
spectively, a%, = 0.2 and T, = 0.1. Figure 27|illustrates the phase portrait under the proposed
controls proposed controls (62)) and (63).

35 T T T T T
robat 1
34 — — robot 2 i
—-— robot 3

Figure 27: Phase portrait of three robots

6.2 Multiagent Coverage Control

Coverage control aims to address the issue of deployment of sensor networks for tasks like mon-
itoring an environment, environment modeling, search and rescue, and so on. In recent years,
mobile autonomous agents have been applied in the construction of mobile sensor networks due to
their flexibility and resilience to dynamically changing environments.

In this section, we propose a distributed deployment algorithm for a group of mobile robots
to cover a convex region. The individual mobile robot considered has kinematic constraints,
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and may only exchange information locally with its neighboring counterparts due to its lim-
ited sensing/communication range. The proposed deployment algorithm iteratively updates the
Voronoi partition through local information exchange, and then moves toward its centroid based
on centroid-driven control algorithms.

6.2.1 Problem Statement

To solve the autonomous deployment problem, we make the following assumptions without loss
of generality:

e The robots have the knowledge of the area to be covered and sensed.

e The robots have limited sensing ranges 75, and limited communication ranges .. That is,
only points in a circle centered at the current robot’s position and of radius 7, can be sensed
by the robot. In addition, at time ¢, robot ¢ can communicate with its neighboring robot j,
J € Ni(t) = {j|dij < r.}, where d;; is the distance between the ith robot and the jth robot.

e For a given region, there are enough number of 7 mobile robotic agents to completely cover
the area.

To this end, the multiagent coverage control problem is formulated as designing a distributed de-
ployment control algorithm to move the robots towards the centroid of the corresponding parti-
tioned regions based on the minimization of certain coverage cost functions. Under the aforemen-
tioned assumptions, the coverage control problem has at least one solution. In this section, a new
paradigm is proposed to deploy the robots by assuming limited sensing and communication ranges.

6.2.2 Proposed Coverage Control

The kinematic model of mobile robotic agent carrying sensors is described by the following equa-
tions:

T; = w;cosb;,
vi = wvsind;, (71)
01' = W

where i € Q 2 {1,--+ ,n}, pi = [zs, ;|7 € R? denotes the ith robot’s position, 6; is the orien-

tation, v; € R driving velocity, and w; € R the steering velocity. The optimal coverage control
problem is then defined as designing distributed cooperative control v; and w; such that agents
converge to optimal positions p; by minimizing certain cost function.

The proposed deployment algorithm is a recursive one. At each sampling time instant, each robot
first computes its Voronoi cell based on its communication with neighboring robots, then deter-
mine the centroid of its Voronoi region, and then moves towards it by employing a distributed
coordination algorithm.
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In what follows, we describe the basic idea of Voronoi partition based coverage control for mobile
robots. Let us denote an arbitrary point in the region () as q. At each sampling time instant, the
agents will be able to generate the Voronoi partition of (). That is, for agent ¢ at position p;, its
Voronoi region satisfies

Vi=1{q € Qlllg —pill < llg —p;ll,Vj # i} (72)

Define cost function over the region as
- 1
T o) =3 [ lla=piPolady (73)

where ¢(g) is a weighting function of importance over ). The distance function $|¢ — p;||? is
included in the cost function for the consideration of reducing energy consumed by a sensor’s
transceiver because it is generally a function of distance. In addition, the reliability of the informa-
tion at ¢ measured by robot at p; will degrade with the increase of distance ||q — p;||?.

At each sampling time instant, the generation of Voronoi region V; for robot ¢ is based on the robots
in its neighboring set ;. That is, robot ¢ can only use the position information of the robots in its
communication range r. to compute V;. This is a realistic situation since during the motion, the
robot could move in or out the communication range which is limited.

Once the Voronoi region is obtained, a simple control to drive the robot to the centroid of the
Voronoi region is to follow negative gradient of cost function .J, that is,

5 == [ = oty

However, as discussed before, the kinematic model in is nonlinear and may not be able to
follow the negative gradient due to velocity constraints. A simple way to avoid this issue is to
conduct input/output linearization by choosing a reference point off the robot center (z;,y;), that
is, let the cartesian coordinates of the off-center reference point be

pi1 = x; +bcosb; (74)
Pi2 = Y +bsing; (75)

where b > 0 is a constant. Differentiating (74) and (75) with respect to time, we have

Di1 _ cosf —bsinf v;
pie | | sinf bcosh w;
2 Vi | A Ui
= T(0) { w; } o [ Ujo } (76)
To this end, the distributed deployment control for robot i is given by
A U oJ
Uy = { u'l } = _8 = —/ (q —p@')¢(q)dq = _MVi(CVi _pi) 77
i2 D; g
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where mass My, is given by

My = [ olaig 7
the first moment |
L = [ aotaydy 7
and the centroid | Ly
= b (80)

Once u; is obtained, the control inputs v; and w; can be calculated by using inverse input transfor-

mation given below:
Vi | -1 Uq1
& ]=rol]

6.2.3 Simulation Results

In this section, we simulate the proposed distributed deployment algorithm. Consider first the case
with 5 mobile robotic agents, and we assume fully connected communication topology. That is, at
each time instant, each robot has the position information of the rest members in the group. Figure
and [29] illustrate the initial location with Voronoi partition and the final position with Voronoi
partition, respectively. Figure [30|illustrates of the evolution of the robots.

In the 2nd case, we consider 10 robots with limited communication ranges. Assume that the initial
communication topology is defined by

=

o]

~—

I

_— O O oo oo oo
OO OO, PR, OO OoOOo
DO O~ MHEHF OOOOoOOo
DO R P OOOO oo
O R R OO O oo oo
__ 0 O 0O 0O oo oo

eleleleleleolohaell
SO O OO OO RO
(leleloelolloll oo
=l elolNoNoeol S =)

and changes subsequently based on system evolution. Figure [31] and [32]illustrate the initial loca-
tion with Voronoi partition and the final position with Voronoi partition, respectively. Figure [33|
illustrates of the evolution of the robots.

43



25

20

25 T

20+ i
151 .
10 T
&
&
5+ -
Lehx
ok 7 4
1 1 1 I 1
0 5 10 15 20 25
Figure 28: Initial location and Voronoi partition
i " . . |
r /\/ Sl S i
r £ & B
0 5 0 15 2 2

Figure 29: Final location and Voronoi partition
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Figure 31: Initial location and Voronoi partition
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7.0

CONCLUSIONS

In this report, we have presented a comprehensive description of the research results obtained
through this project. Specifically, technique details have been provided for three sets of multia-
gent coordination algorithms which solve the distributed task coordination problem while ensuring
system stability, accommodating the least-restrictive sensing/communication conditions, handling
system uncertainties, and guaranteeing near-optimal performance. Computer simulation and ex-
perimental results are presented to illustrate the effectiveness of the proposed algorithms.

8.0

[1]

(2]

[7]

[8]

[10]

[11]

[12]

REFERENCES

D. Bauso, L. Giarre, and R. Pesenti. Nonlinear protocols for optimal distributed consensus in networks
of dynamic agents. Systems and Control Letters, 55:918-928, 2006.

E. Bullo, J. Cortés, and S. Martinez. Distributed Control of Robotic Networks. Applied Mathematics
Series. Princeton University Press, 2009. Electronically available at http://coordinationbook.info.

Y. Cao and W. Ren. Optimal linear consensus algorithms: an lqr perspective. IEEE Trans. on System,
Man and Cybernetics Part B: Cybernetics, 40:819-830, 2010.

Y. Cao and W. Ren. Distributed coordinated tracking with reduced interaction via a variable structure
approach. IEEE Trans. Automa. Control, 56:in press, 2011.

D. V. Dimarogonas and K. J. Kyriakopoulos. Connectedness preserving distributed swarm aggregation
for multiple kinematic robots. IEEE Transactions on Robotics, 24:1213-1223, 2008.

J. A. Fax and R. M. Murray. Information flow and cooperative control of vehicle formations. /EEE
Transactions on Automatic Control, 49:1465-1476, 2004.

A. Jadbabaie, J. Lin, and A.S. Morse. Coordination of groups of mobile autonomous agents using
nearest neighbor rules. IEEE Trans. on Automatic Control, 48:988-1001, 2003.

J.Shao, J. Wang, and T. Yang. Experimental validation of distributed cooperative control for mo-
bile agents with switching topologies and time delays. In IEEE International Conference on Elec-
tro/Information Technology, Milwaukee, W1, Best paper award, June 5-7 2014.

Z. Lin, M. Brouchke, and B. Francis. Local control strategies for groups of mobile autonomous agents.
IEEE Trans. on Automatic Control, 49:622—-629, 2004.

Z. Lin, B. Francis, and M. Maggiore. State agreement for continuous-time coupled nonlinear systems.
SIAM Journal on Control and Optimization, 46:288-307, 2007.

L. Moreau. Stability of multiagent systems with time-dependent communication links. IEEE Trans-
actions on Automatic Control, 50:169-182, 2005.

A. Papachristodoulou, A. Jadbabaie, and U. Munz. Effects of delay in multi-agent consensus and
oscillator synchronization. IEEE Trans. Automa. Control, 55:1471-1477, 2010.

47



[13]
[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

(28]

Z. Qu. Cooperative Control of Dynamical Systems. Springer-Verlag, London, 2009.

Z. Qu. Cooperative control of networked nonlinear systems. In 49th IEEE Conf. on Dec. and Ctrl,
pages 3200-3207, Atlanta, GA, Dec 2010.

Z. Qu and M. Simaan. An analytic solution to the optimal design of information structure and coop-
erative control in networked systems. In 5/th IEEE Conf. on Dec. and Ctrl, pages 4015-4022, Maui,
HI, Dec 2012.

Z. Qu, J. Wang, and R. A. Hull. Cooperative control of dynamical systems with application to au-
tonomous vehicles. IEEE Transactions on Automatic Control, 53:894-911, 2008.

W. Ren and R. W. Beard. Consensus seeking in multiagent systems under dynamically changing
interaction topologies. IEEE Transactions on Automatic Control, 50:655-661, 2005.

W. Ren and R. W. Beard. Distributed Consensus in Multi-vehicle Cooperative Control. Springer-
Verlag, London, 2008.

R. O. Saber, J. Alex Fax, and R. M. Murray. Consensus and cooperation in networked multi-agent
systems. Proceedings of the IEEE, 95:215-233, 2007.

R. O. Saber and R. M. Murray. Consensus problems in networks of agents with switching topology
and time-delays. IEEE Transactions on Automatic Control, 49:1520-1533, 2004.

G. N. Saridis and C. G. Lee. An approximation theory of optimal control for trainable manipulators.
IEEFE Trans. on Systems, Man and Cybernetics, 9:152-159, 1979.

E. Semsar-Kazerooni and K. Khorasani. Optimal consensus algorithms for cooperative team of agents
subject to partial information. Automatica, 44:2766-2777, 2008.

H. G. Tanner, A. Jadbabaie, and G. J. Pappas. Flocking in fixed and switching networks. [EEE
Transactions on Automatic Control, 52:863-868, 2007.

K. G. Vamvoudakis, F. L. Lewis, and G. R. Hudas. Multi-agent differential graphical games: online
adaptive learning solution for synchronization with optimality. Automatica, 48:1598-1611, 2012.

D. Vrabie and F. L. Lewis. Neural network approach to continuous-time direct adaptive optimal control
for partially-unknown nonlinear systems. Neural Networks, 22:237-246, 2009.

J. Wang, M. Obeng, Z. Qu, T. Yang, G. Staskevich, and B. Abbe. Discontinuous cooperative control
for consensus of multiagent systems with switching topologies and time-delays. In the 53th IEEE
Conf. on Dec. and Ctrl, Florence, Italy, Dec 2013.

J. Wang, M. Obeng, T. Yang, G. Staskevich, and B. Abbe. Formation control of multiple nonholonomic
mobile robots with limited information of a desired trajectory. In IEEE International Conference on
Electro/Information Technology, Milwaukee, WI, June 5-7 2014.

J. Wang, Z. Qu, C.M.Ihlefeld, and R. A. Hull. A control-design-based solution to robotic ecology:
Autonomy of achieving cooperative behavior from a high-level astronaut command. Autonomous
Robots, 20:97-112, 2006.

48



[29]

[30]

[31]

J. Wang, Z. Qu, and M. Obeng. A distributed cooperative steering control with application to nonholo-
nomic robots. In 49th IEEE Conf. on Dec. and Ctrl, pages 4571-4576, Atlanta, GA, Dec 2010.

J. Wang, C. Smith, G. Staskevich, and B. Abbe. A distributed deployment algorithm for mobile
robotic agents with limited sensing/communication ranges. In /IEEFE International Conference on Elec-
tro/Information Technology, Naperville, IL, May 21-23 2015.

J. Wang, T. Yang, G. Staskevich, and B. Abbe. Approximate policy iteration for cooperative control of
multiagent systems under limited sensing/communications. In JASTED International Conference on
Computational Intelligence, Innsbruck, Austria, Feb 16-17 2015.

APPENDIX A - Publications and Presentations

The research results have been reported and published in a number of IEEE Conferences. Below

is a

list of publications, presentations and journal papers under preparation based on the research

in this project.

Publications

e Network Controllability Analysis

1. J. Wang, M. Obeng, Z. Qu, T. Yang, G. Staskevich, and B. Abbe, “Discontinuous
cooperative control for consensus of multiagent systems with switching topologies and
time-delays,” in 53rd IEEE Decision and Control Conference, Florence, Italy, Dec
2013.

e Optimal Multiagent Coordination

2. J. Wang, T. Yang, G. Staskevich, and B. Abbe, “Approximate policy iteration for co-
operative control of multiagent systems under limited sensing/communications”, 2015
IASTED International Conference on Computational Intelligence, Feb 16-17, 2015,
Innsbruck, Austria.

3. J. Wang, T. Yang, G. Staskevich, and B. Abbe, “Approximately adaptive neural coop-
erative control for multiagent systems with performance guarantee”, under revision for
journal IEEE Trans. on Cybernetics, 2015.

4. J. Wang, G. Staskevich, and B. Abbe, “Adaptive consensus trajectory tracking for a
class of uncertain multiagent systems”, under preparation for journal submission.

5. J. Wang, T. Yang, G. Staskevich, and B. Abbe, “Cooperative Q Learning Control of
Multiagent Systems”, under preparation for conference submission.

e Multiagent Coordination Applications: Simulation and Experiments

49



6. J. Shao, J. Wang, and T. Yang, “Experimental Validation of Distributed Cooperative
Control for Mobile Agents with Switching Topologies and Time-Delays”, in IEEE In-
ternational Conference on Electro/Information Technology, June 5-7, 2014, Milwau-
kee, WI, USA. Best paper award.

7. J. Wang, M. Obeng, T. Yang, G. Staskevich, and B. Abbe, “Formation Control of Mul-
tiple Nonholonomic Mobile Robots with Limited Information of a Desired Trajectory”,
in IEEE International Conference on Electro/Information Technology, June 5-7, 2014,
Milwaukee, WI, USA.

8. C. Smith, D. VanDeWater, and J. Wang, “Optimal deployment of mobile robotic agents
with limited sensing capabilities”, 24th Annual Argonne Symposium for undergradu-
ate/graduate, Abstract, Argonne National Lab, IL, Nov.7,2014.

9. J. Wang, C. Smith, G. Staskevich, and B. Abbe, “A distributed deployment algorithm
for mobile robotic agents with limited sensing/communication ranges”, IEEE Interna-
tional Conference on Electro/Information Technology, May 21-23, 2015, Naperville,
IL, USA.

10. J. Wang, T. Yang, J. Shao, G. Staskevich, and B. Abbe, “Distributed formation con-
trol of nonholonomic robots: theory and experiments”, under preparation for journal
submission.

Presentations

e J. Wang, M. Obeng, Z. Qu, T. Yang, G. Staskevich, and B. Abbe, “Discontinuous cooperative
control for consensus of multiagent systems with switching topologies and time-delays,” in
53rd IEEE Decision and Control Conference, Florence, Italy, Dec 10- 13, 2013.

e J. Shao, J. Wang, and T. Yang, “Experimental Validation of Distributed Cooperative Control
for Mobile Agents with Switching Topologies and Time-Delays”, in IEEE International
Conference on Electro/Information Technology, Milwaukee, WI, USA, June 5-7, 2014. Best
paper award.

e J. Wang, M. Obeng, T. Yang, G. Staskevich, and B. Abbe, “Formation Control of Multiple
Nonholonomic Mobile Robots with Limited Information of a Desired Trajectory”, in IEEE
International Conference on Electro/Information Technology, Milwaukee, WI, USA, June
5-7,2014.

e C. Smith, D. VanDeWater, and J. Wang, “Optimal deployment of mobile robotic agents with
limited sensing capabilities”, 24th Annual Argonne Symposium for undergraduate/graduate,
Abstract, Argonne National Lab, IL, Nov.7,2014.

e J. Shao, “Decentralized Cooperative Control for Mobile Agents with Switching Topologies
and Time-Delays”, ERAU College of Engineering Industrial Advisory Board meeting, Day-
tona Beach, FL, Nov. 3, 2014.

50



e S. Joseph-Ellison, Q. Zhou, Z. Fu, “System Architecture for a Fleet of Autonomous Under-
water Vehicles”, 2015 SIAM Conference on Computational Science and Engineering, one of
12 invited student chapter presentations worldwide, Salt Lake City, Utah, March 15, 2015.

e J. Wang, C. Smith, G. Staskevich, and B. Abbe, “A distributed deployment algorithm for mo-
bile robotic agents with limited sensing/communication ranges”, IEEE International Confer-
ence on Electro/Information Technology, May 23, 2015, Naperville, IL, USA.

51



530

APPENDIX B - Copies of Papers

A Distributed Deployment Algorithm for Mobile Robotic Agents with
Limited Sensing/Communication Ranges
Jing Wang, Christopher Smith, Gennady Staskevich, and Brian Abbe

Abstract—1In this paper, we propose a distributed deploy-
ment algorithm for a group of mobile robots to cover a
convex region. The individual mobile robot considered has
kinematic constraints, and may only exchange information
locally with its neighboring counterparts due to its limited
sensing/communication range. The proposed deployment algo-
rithm iteratively updates the Voronoi partition through local
information exchange, and then moves toward its centroid based
on centroid-drive control algorithms. Particularly, in addition to
gradient-based centroid-drive control algorithm in which input-
output linearization has been applied to robot model, a new
algorithm based on distributed consensus is proposed to directly
address the kinematic constraint associated with robot model.
Simulation results are provided to illustrate the effectiveness of
the proposed algorithm.

I. INTRODUCTION

Coverage control aims to address the issue of deployment
of sensor networks for tasks like monitoring an environment,
environment modeling, search and rescue, and so on [7][2].
In recent years, mobile autonomous agents have been applied
in the construction of mobile sensor networks [3][6][15][8]
due to their flexibility and resilience to dynamically changing
environments.

Generically, in solving coverage control problem using
multiple mobile agents, two fundamental issues have to be
addressed: i) how to optimally assign subregions for each
agent based on sensing/communication capabilities, online
updates about importance of the region to be surveyed,
and information exchange among agents; ii) how to design
control algorithms to drive agents to the desired deployment
locations. In addressing problem 1), the typical method is to
generate Voronoi diagram for agents by minimizing certain
cost functions related to distances between the deployment
positions and the measuring points [3]. The importance of
region can be embedded into cost function through density
function, which could be analytically unknown and can
be adaptively estimated using measurement data [15]. For
problem ii), the standard gradient-based control can be used
if agents assume linear dynamics.

In this paper, we propose a distributed deployment algo-
rithm for a network of mobile robotic agents with kinematic
constraints, which is a common characteristic for typical
mobile robots such as differential drive robots and car-like
robots. In addition, we consider more realistic scenarios

J. Wang is with Faculty of Electrical and Computer Engineering, Bradley
University, Peoria, IL, 61625. C. Smith is a graduate student with Depart-
ment of Electrical and Computer Engineering, Bradley University, Peoria,
IL, 61625. G. Staskevich and B. Abbe are with AFRL/RISC, Rome, NY,
13441. Email: jingwang@fsmail.bradley.edu This work
was supported by the Air Force Research Laboratory FA8750-13-1-0109.

of that robots have limited sensing/communication ranges,
and solving deployment problem through local informa-
tion exchange among agents. The proposed work relies
on the distributed coordination/consensus results for mul-
tiagent systems [11][10][12]. Distributed coordination of
multiagent systems has been an active research topics in
recent years. Fruitful results are available for the study of
cooperative control design and network connectivity analysis
[4][12][14][11]. In [11], we proposed sequential complete-
ness condition for sensing/communication matrix sequences
connectivity for ensuring coordination of multiple dynamical
systems. On the other hand, cooperative control and forma-
tion control have been studied extensively for both linear
and nonlinear dynamical systems [14][5]. However, there is
still a lot of work to be done for dealing with coordination
control of mobile robots with kinematic constraints.

The proposed deployment control algorithm in this paper
follows a two-step strategy. First, at each time instant,
Voronoi partition for each robot is generated based on robot’s
current position as well as the positions of robots in its com-
munication range. Then control algorithms are designed to
drive robots to centroids of Voronoi partitions. In particular, a
distributed centroid-drive algorithm is proposed by explicitly
taking into account kinematic model constraints for robots.
Unicycle robots are used, and the distributed control is based
on the transformation of unicycle into chained form [17][16].
Under the assumption of robots maintaining a sequentially
complete communication topology, the proposed distributed
deployment control algorithm solves the posed coverage
control problem. Simulation results are included to illustrate
the effectiveness of the proposed design.

II. PROBLEM FORMULATION

In this paper, we shall consider the problem of deploying
a fixed number of mobile robotic agents in a given convex
environment (). An illustration example is shown in figure
1, in which three robots start from some initial positions,
and through coordination eventually move to points [1,3]7,
[2,1]T, and [3, 3], respectively, to cover a square area () =
4 x 4 unit®. Each robot has the sensing range r, = 2.2 unit.

To solve the autonomous deployment problem, we make
the following assumptions without loss of generality:

o The robots have the knowledge of the area to be covered
and sensed.
The robots have limited sensing ranges rg, and limited
communication ranges r.. That is, only points in a circle
centered at the current robot’s position and of radius
rs can be sensed by the robot. In addition, at time ¢,

978-1-4799-8802-0/15/$31.00 ©2015 |IEEE
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Fig. 1. Deployment of 3 robots in a square area Q = 4 x 4 unit? with
sensing range rs = 2.2 unit

robot ¢ can communicate with its neighboring robot 7,
Jj € Ni(t) = {jldij < rc}, where d;; is the distance
between the ith robot and the jth robot.

« For a given region, there are enough number of n mobile

robotic agents to completely cover the area.

To this end, the multiagent coverage control problem is
formulated as designing a distributed deployment control
algorithm to move the robots towards the centroid of the
corresponding partitioned regions based on the minimization
of certain coverage cost functions. Under the aforementioned
assumptions, the coverage control problem has at least one
solution. In this paper, a new paradigm is proposed to deploy
the robots by assuming limited sensing and communication
ranges.

A. Robot Modeling

The kinematic model of mobile robotic agent carrying
sensors is described by the following equations:

Z; = w;cosb;,
yz = V; Si]fl 91 5 (1)
(91' = W

where i € Q 2 {1,---,n}, pi = [z5, )T € RN? denotes
the ith robot’s position, 8; is the orientation, v; € R driving
velocity, and w; € R the steering velocity. The optimal cover-
age control problem is then defined as designing distributed
cooperative control v; and w; such that agents converge to
optimal positions p; by minimizing certain cost function.

Remark 2.1: The model (1) has the so-called nonholo-
nomic constraints [9]. For such a system, there is no contin-
uous state feedback control to solve its stabilization problem
due to the violation of Brockett’s necessary condition [1].
Therefore, it becomes even more challenging to address the
optimal deployment problem of multiple mobile agents with
nonholonomic constrains.

III. PROPOSED DEPLOYMENT ALGORITHM

In this section we present a distributed deployment
algorithm for mobile robotic agents with limited sens-
ing/communication ranges. The proposed deployment algo-
rithm is a recursive one. At each sampling time instant,

each robot first computes its Voronoi cell based on its
communication with neighboring robots, then determine the
centroid of its Voronoi region, and then moves towards it by
employing a distributed coordination algorithm.

A. Voronoi Partition

In solving coverage control problem for sensor networks,
Voronoi diagram has been popular in generating the deploy-
ment positions for sensor nodes [3]. In what follows, we
describe the basic idea of Voronoi partition based coverage
control for mobile robots.

Let us denote an arbitrary point in the region @ as q.
At each sampling time instant, the agents will be able to
generate the Voronoi partition of (). That is, for agent 7 at
position p;, its Voronoi region satisfies

Vi={q€Qlllg —pill <llg—p;ll,Vj# i}

Define cost function over the region as

2

- 1
Ton ) =Y [ Gla-plolds ©)

where ¢(q) is a weighting function of importance over Q.
The distance function %|l¢ — p;||? is included in the cost
function for the consideration of reducing energy consumed
by a sensor’s transceiver because it is generally a function
of distance. In addition, the reliability of the information at
q measured by robot at p; will degrade with the increase of
distance |lq — p;|?.

At each sampling time instant, the generation of Voronoi
region V; for robot 7 is based on the robots in its neighboring
set AV;. That is, robot 4 can only use the position information
of the robots in its communication range 7. to compute V;.
This is a realistic situation since during the motion, the robot
could move in or out the communication range which is
limited. It is apparent that, by only considering the robots
in its communication range, the obtained Voronoi partition
could be different. For instance, consider a robot at location
[2,1]7 computing its Voronoi region for a square area () =
4 x4 unit®. Figure 2 and figure 3 show the resulting Voronoi
region under 3 neighboring robots and 2 neighboring robots,
respectively.

Once the Voronoi region is obtained, a simple control to
drive the robot to the centroid of the Voronoi region is to
follow negative gradient of cost function J, that is,

o= [ a=pota)ig

However, as discussed before, the kinematic model in (1)
is nonlinear and may not be able to follow the negative
gradient due to velocity constraints. A simple way to avoid
this issue is to conduct input/output linearization by choosing
a reference point off the robot center (z;,y;), that is, let the
cartesian coordinates of the off-center reference point be

x; + bcosb;
y; + bsinb;

“4)
®)

Di1
Di2
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Fig. 2. Voronoi region for robot at [2, 1]7 with 3 neighboring robots
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Fig. 3. Voronoi region for robot at [2, 1] with 2 neighboring robots

where b > 0 is a constant. Differentiating (4) and (5) with
respect to time, we have
Vs
bcos b w;

Di1 cosd
piE sin 6
Vi | A Ui
wi || w2
To this end, the distributed deployment control for robot % is
oJ

given by
Uil | _
Ui Op;

- [ @ potaria = ~2t(Cy —p)

i

—bsin @

I1>

7(0) | ©

>

Usg

where mass My, is given by

My, = /V ¢(q)dq (8)

the first moment

Ly, = / q9(q)dq )
Vi

and the centroid

Ly,
Cv, = My, (10)

Once u; is obtained, the control inputs v; and w; can be
calculated by using inverse input transformation given below:

i eref ]

B. Deployment Algorithm Based on Distributed Consensus

In this subsection, a distributed deployment algorithm by
directly dealing with nonlinear model in (1) is presented.
That is, we propose a new control to drive robots to Voronoi
centroids based on distributed consensus algorithms.

To start, we first convert (1) into the following canonical
chained form

Zi1 = Ui
Zio = U (11)
Zi3 = Zi2Uq

by using the state and input transformations defined below

(12)
13)

Zil = T, 2z =tanb;, z;3 =1y,
Wi

U1 = Uy COS 97;, U2 =

cos20;’
The controls u;; and w;o will be designed and the corre-
sponding v; and w; can be obtained through the inverse
transformation of (13).

To facilitate the design, we apply a binary matrix C(¢) to
describe the time-varying communication topologies among
robots, that is, given a time sequence {t; : n = 0,1,---},
C(t) is defined by

c11 c12(t) cin(t)
co1(t €22 ce Conl(l
Cnl(t) CnZ(t) Cnn

with C(t) = C(t;),Vt € [t;,t; 1), where ci; = 1; ¢i5(t) =
1 if the jth robot is in the sensing/communication range
of the ¢th robot at time ¢, and ¢;; = 0 if otherwise; and

to = to. It can be assumed without loss of any generality
that 0 < ¢, < tfH_l — tf7 < ¢ < oo, where ¢, and ¢; are
constant bounds.

Remark 3.1: At each sampling time instant, finite-time
steering control can be used to move robots to the centroids
of Voronoi regions. In what follows, in order to further im-
prove the robustness against measurement errors, we propose
a distributed coordination algorithm based on information
exchange among neighboring robots.

The proposed design is based on distributed consensus
idea, which requires that the communication topologies
defined by (14) satisfy sequential completeness condition
[11][17]. The sequential completeness condition describe the
least required condition on network connectivity for cooper-
ative control design, which is equivalent to the existence of
a spanning tree introduced in [12].

Assumption 3.1: The group of robots defined in (1) has a
sequentially complete communication network.

Approved for Public Release; Distribution Unlimited.
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In what follows, we present the distributed deployment
algorithm under assumption 3.1. Define an infinite sequence
of time instants {to + kTs} for k € N = {0,1,---} and
with sampling time 0 < T < ¢,. The control inputs will
be updated according to the sampling time instants. For
notational convenience, z(to + kT) is simplified as z(k) for
any variable z. At each time instant k, the Voronoi partition
V; is obtained for robot 7 based on local information, then
its centroid [C,, »(k), Cy, (k)T is computed, and then the
distributed centroid control algorithm is used for moving
robots to the desired positions. The proposed distributed
centroid control algorithm is summarized as follows.

Let the distributed centroid control be for ¢ € [to +
kT, to + (k+1)Ts)

w1 () af, + abysinw(t — tg — kTs) (15)
wp(t) = bF, 4+ bk cosw(t —to — kT,) (16)
where w = QT—Z, ak, # 0 can be any constant, and
1 n
aly = =D Gi(W);(k) - i(k) = Cuo, (k)
S j:1
+Co; (k)] (17)
1 n
b = T > Gij(k)[zj2(k) = zia(K)), (18)
S ]:1
v = 2 IS G () s (k k) — Cy (K
i2 = W Z 5 ( )[y;( ) —vi(k) vj,y( )
% s j=1
k pk T2
+Cvl,y(k)] a1 51 s
kb T,
with
Gii(k) = cilk) 4. o)

2= Cin(K) ’

In the use of algorithms (15) and (16), the centroid
[Cos.z(k), Coy y (K)]T at each step will be generated using
(10).

In summary, the proposed distributed deployment algo-
rithm is given in Algorithm 1.

Algorithm 1 Distributed Deployment Algorithm

1: Let k = 0. Given initial states p;(k), ¢;;p;(k), calculate
the initial Voronoi partition V;(k).

2: Compute the centroid [Cy, . (k), Cy, ,(k)]T using (10).

3: Employ control (7) or (15)-(16).

4: Let k <+ k+ 1, and go to step 2, until

(Co,o(k+1)=Co, 0 (k) *+(Co, y (k+1)=Cl, 4 (K))?) < ¢,

where € > 0 is a sufficiently small predefined threshold.

IV. SIMULATION

In this section, we simulate the proposed distributed de-
ployment algorithm. Consider first the case with 5 mobile
robotic agents, and we assume fully connected communica-
tion topology. That is, at each time instant, each robot has the
position information of the rest members in the group. Figure
4 and 5 illustrate the initial location with Voronoi partition
and the final position with Voronoi partition, respectively.
Figure 6 illustrates of the evolution of the robots.

201

Fig. 4. [Initial location and Voronoi partition

Fig. 5. Final location and Voronoi partition

In the 2nd case, we consider 10 robots with limited com-
munication ranges. Assume that the initial communication
topology is defined by

1
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#  Starting Point
#  Ending Point

201

Fig. 6. Evolution of the robots

and changes subsequently based on system evolution. Figure
7 and 8 illustrate the initial location with Voronoi partition
and the final position with Voronoi partition, respectively.
Figure 9 illustrates of the evolution of the robots.
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V. CONCLUSION

In this paper, we proposed a distributed deployment al-
gorithm for solving the coverage control problem of mo-
bile robotic agents with inherent kinematic constraints. The
proposed design assumes the limited sensing/communication
capabilities, and the generation of Voronoi partition for each
robot as well as the centroid-drive control are based on
local information exchange among agents. Simulation results
validated the effectiveness of the proposed design. Future
work will be focused on experimental validation of the

proposed algorithm by using Kilobots [13].
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Discontinuous Cooperative Control for Consensus of Multiagent
Systems with Switching Topologies and Time-Delays

Jing Wang, Morrison Obeng, Zhihua Qu, Tianyu Yang, Gennady Staskevich, and Brian Abbe

Abstract—In this paper, we propose a discontinuous co-
operative control for consensus of multiagent systems with
directed and switching sensing/communication topologies and
time-delays. By introducing a new design for nonlinear co-
operative control gains, multiagent system consensus can be
guaranteed in the presence of switching topologies and time-
delays. System convergence analysis is done by employing a
new contraction mapping method. Simulation examples are
provided to illustrate the effectiveness of the proposed design.

I. INTRODUCTION

Cooperative control of multiagent systems has attracted
a great deal of attention in recent years [18][14][1][19].
Multiagent systems are generically defined as a group of
dynamical systems in which certain emergent behaviors are
exhibited through the local interaction of group members that
individually have the capability of self-operating. Fundamen-
tally, the key issues in engineered multiagent systems are the
study of network controllability and the design of distributed
cooperative control. In terms of network controllability, the
objective is to figure out the connectivity conditions on sen-
sor/communication topologies of the network for achieving
consensus behavior. In [8][20], the condition is obtained for
composite undirected graphs which need to be connected.
Extensions were made in [17][9] to the case with directed
graphs, and the less restrictive conditions are stated as that
there exists a spanning tree or the network is strongly
connected periodically. Complement to the aforementioned
graph-theoretical methods, a matrix-theoretical framework
is developed in [16] to deal with the high-order systems
with arbitrary but finite relative degrees. It is shown that
network controllability is ensured if and only if the sens-
ing/communication network is sequentially complete.

The design of cooperative control is closely related
to system dynamics. For linear systems, the results in
[81[17][9]1[6][20] are developed for the first-order integrator
model, in [22] for double integrator model, and in [16][23]
for high-order linear model. For nonlinear systems, the
problem becomes complicated since network controllability
may not render the direct design of cooperative control and
system dynamics have to be explicitly taken into account. In
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[11], a solution is obtained by convexity analysis for a class
of discrete-time nonlinear systems. The continuous-time non-
linear systems are also addressed such as in [10][13][15].
Particularly, a subtangentiality condition on the vector fields
is identified in [10]. In [13], the local passivity condition
is imposed on nonlinear functions in the system dynamics,
while a diagonally quasi-linear functions of positive gains
is introduced in [15]. In addition, time delays are literally
analyzed in [13][15] for continuous-time nonlinear systems.
It should be noted that the results in [10][13][15][24] are
for nonlinear systems with smooth dynamics. There also
appeared some pioneering work on consensus of systems
with discontinuous dynamics [5][3][2][7][4] by using the
tools from nonsmooth analysis [21][12]. Discontinuous con-
trol law was proposed for the coordination of nonholonomic
mobile robots in [5]. The finite-time semistable concept was
introduced in [7] for a class of switched rendezvous proto-
cols. The results in [3][2] addressed the distributed estimation
and tracking problem using a variable structure approach, and
a binary consensus control protocol was designed in [4] via
a pin node.

In this paper, we propose a new discontinuous cooperative
control design for multiagent systems with switching and
directed sensing/communication topologies. The case in the
presence of sensing/communication delays is also rigorously
addressed. Particularly, we developed a contraction mapping
method for the consensus analysis of multiagent systems
under the proposed discontinuous cooperative control. The
proposed discontinuous cooperative control design provides
a possible way to address the cooperative control problem
with more complicated system dynamics, and enriches the
disposal for cooperative control protocols. The contributions
of the paper are two-fold. First, it reveals that network
controllability condition does not guarantee the consensus in
the presence of discontinuous system dynamics. Second, it is
rigorously proved that through designing nonlinear piecewise
control gains, the convergence can be ensured for multiagent
systems with switching topologies and time-delays under the
least-restrictive network controllability condition of that the
system sensing/communication topologies are sequentially
complete. Simulation examples are provided to illustrate the
effectiveness of the proposed design.

II. PROBLEM FORMULATION

Consider a multiagent system which has n members and
each agent assumes the single-integrator dynamics

.fi = U, (1)
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where i € Q 2 {1,---,n}, x;(t) € N is the state, u; € N
is the control input to be designed. The objective of this
paper is to design a discontinuous cooperative control u;(t)
to achieve the consensus of the multiagent system (1), that
is,
Vi, 2)
where z* is some constant denoting the consensus value.
To reach the consensus, the control design will be based
on the sensing/communication information exchange among
agents, which can be described by the following sens-
ing/communication matrix and its corresponding time se-
quence {t; : k = 0,1,---}. That is, within time interval
[t3,t5 Jrl), the sensing/communication topology is assumed
to be unchanged.

o
Jim i) ="

s s12(ty) s14(t3)
. soa1(ty)  sa2 oo s2q(})
S(tk) = . : .. . )
sq(tg)  sq2(t}) Sqq
S(t) = S(tZ)a Vt € [thtZ-&-l)a (3)
where s;; = 1; s;;(¢t) = 1 if the 4th agent can receive the
information from the jth agent at time ¢, and s;; = 0 if

otherwise; and ¢ 2 to. The neighbor set of agent 7 is defined
as V; = {j € Qs;; # 0}. We further assume without loss
of any generality that 0 < ¢, <7, —t; < ¢ < oo, where
¢, and ¢, are constant bounds.
The proposed cooperative control is of the form
n
wit) = Y aulsalti), au(t;))sen(zi(t) — zi(t)), @)
1=1
t € [ty thyr),

where (-, -) is a nonlinear gain to be designed based on
the sensing/communication topology S(t;) as well as the
available boundary values x;(¢}) if s;(¢;) # 0, and sgn(-)
function is defined as

1, z>0
sgn(z) = 0, z=0
-1, z<0

III. MAIN RESULTS

Assume that the multiagent system (1) is operating under
switching and directed sensing/communication topologies.
That is, sensing/communication matrix S(¢]) is changing,
and not necessary be symmetric (in general s;;(t;) #
s5i(tx))-

To proceed with the design and stability analysis for the
closed-loop system under control (4), we introduce the fol-
lowing definitions which are adapted from [16] and describe
the standing conditions on sensing and communication.

Definition 3.1: Sensing/communication matrix sequence
{S(t)} is said to be sequentially lower-triangularly complete
if it is sequentially lower-triangular and in every row ¢ of
its lower triangular canonical form, there is at least one
J < 1t such that the corresponding block is uniformly non-
vanishing.

Definition 3.2: Sensing/communication matrix sequence
{S(t)} is said to be sequentially complete if the sequence
contains an infinite subsequence that is sequentially lower-
triangularly complete.

Remark 3.1: The sequential completeness concept of the
sensing/communication matrix sequence {S(t)} was first
introduced in [16]. It spells out the least restrictive connec-
tivity condition for sensor/communication network in order
to achieve the asymptotically cooperative stability of the
overall system. It is equivalent to condition of the existence
of a spanning tree in the graph theory [14]. As an example,
consider the following communication sequence,

1 00 1 0 1
S(tse)= |1 1 0 |,S(tsk)=|0 1 0|,
0 0 1 0 0 1
1 00
S(tsk42)=10 1 0 (%)
0 1 1
where £k = 0,1,---. It is readily verified that the ma-

trix sequence {S(tsr), S(tax+1), S(tsk+2)} is sequentially
complete since the sub-sequence consisting of S(ts;) and
S(tsgr2) is sequentially lower triangular complete. &

A. Motivating Example

For the cooperative control of multiagent systems (1), if
the standard design of u;(¢) is adopted as given below

wi(t) =Y aqlsa(ty)(@i(t) — zi(t),t € [t5,t541), (6)
=1

her
where st
2= 85 (8)
then it has been proved in [16] that the sequential com-
pleteness of sensing/communication matrix sequence {S(¢)}
is the necessary and sufficient condition for consensus of
multiagent systems. However, under the discontinuous co-
operative control (4) proposed in this paper, the sequential
completeness of sensing/communication network may no
longer ensure the consensus if the gains «; are simply
designed using (7). This is illustrated through the following
example.

Example 1: Suppose we have 3 agents. Define index set
Q = {1,2,3}, Quax = {i € Q : 2;(t) = Tmax(t)
max; x;(t)}, and Quin = {i € Q & 2;(t) = Tmin(t)
min; x;(t)}.

Assume that at time instant ¢o, we have Qi (to) = {1},
and Qmax(to) = {2,3}, and the sensing/communication
topologies among three agents switch according to sens-
ing/communication matrices S(tsx), S(tsx+1) and S(tsx+2)
defined in (5).

It can be readily verified that the matrix sequence
S(tsr), S(tsk+1), S(tar+2) is sequentially complete. How-
ever, the consensus is not guaranteed if the standard gain
design for «;; in (7) is applied under control (4). One possi-
ble scenario is that according to the sensing/communication

)

ail(ty) =

1> 11>
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matrix S(o), agent 2 receives information from agent 1 and
may converge to agent 1 in finite time interval ¢; — %,
thus at time instant ¢;, we could have Quin(t1) = {1,2}
and Qumax(t1) = {3}; similarly, according to S(¢1), agent
1 receives information from agent 3 and may converge to
agent 3 in finite time to — ¢1, thus we may have Qi (t2) =
{2} and Quax(t2) = {1,3}; by S(t2). agent 3 receives
information from agent 2 and may converge to agent 2 in
finite time t3 — t2, and we may have Quin(t3) = {2,3}
and Qmax(t3) = {1}. This pattern will repeat following the
periodical sensing/communication matrix sequence {S(¢;)}.
In other words, though within time interval [to,t3), the
communication topology is complete, contraction mapping
is not established since we have Xpax(t3) = Tmax(to) and
Zmin(t3) = Tmin(to) from the above analysis. This is further
illustrated in figure 1, in which we consider three agents
with controls (4) and gain «;(t) are chosen based on (7),
simulation parameters are given as tsg;—tsgpt+i—1 = 0.1,2 =
1,2,k =0,1, -, and initial conditions x; (o) = 0, z2(t9) =
0, and x3(tp) = 0.1. Apparently, no consensus is reached.
O

. .
15 2
Time (sec)

Fig. 1. System responses

In the presence of sensing/communication delays, the
cooperative control in (4) becomes

wit) = > aalsa, xi(t] — 7a))sgn(i(t — 1) — 2i(t)),
=1
te [thtier), 3)

where 7;; € [0, r] are time delays incurred during transmis-
sion with r being the upper bound on latencies of information
transmission over the network. In general, multiagent sys-
tems with time-delays become more involved. By imposing
more stringent network connectivity conditions, such as bi-
directional (undirected) sensing/communication, the consen-
sus may still be ensured. However, given the discontinuous
cooperative control (8), if control gains «;; are simply chosen
according to (7), consensus cannot be guaranteed even under
fixed and undirected communication topology as illustrated
by the following example. Nonlinear piecewise constant gain
a;;(-) needs to be designed to solve the problem.

B. Design and Stability Analysis with Directed and Switch-
ing Topologies

As shown in example 1, standard network topology based
control gain design for (4) no longer implies the consensus
of multiagent systems, even with the most-restrictive net-
work connectivity condition (that is, fixed and undirected
communication). In this subsection, in order to ensure the
multiagent systems consensus with control (4) under the least
restrictive sensing/communication condition (that is, sequen-
tial completeness of {S(t;}), we propose a new nonlinear
piecewise gain design. The convergence of the overall closed-
loop systems is proved by developing a contraction mapping
method for multiagent systems.

Theorem 1: Consider the multiagent system (1) under
cooperative control (4). Assume that sensing/communication
matrix sequence {S(¢;)} is uniformly sequentially com-
plete*. Let the nonlinear gain «;; be designed as follows:
for any agent [,

1) if z;(¢)) = maxjen, x;(t]) = minjen, x;(t5), then
oy (t7) can be any bounded positive value.
if @;(t]) > maxjen, ;(t]), let oy;(t;) be selected to
satisfy the inequality

2)

s z1(t3) — minjen, x4 (t5
OS Z alj(tk) < (k) 7JE 1 ]( k) (9)
: Ct
JEN;
3) if z;(¢]) < minjen, z;(t5), let ay;(t]) be selected to
satisfy the inequality
. . tS _ tS
0< ) aylty) < EEN: x{( B) — ot (10)
JEM
4) if minjen, z;(¢5) < x(t]) < maxjen; z;(t5), let

max;en, Tj (ty)—zi(t3,)

0< Z az;(ty) < min
JEM

. Ct
zy(ty)—minjen; z; (t)
ct

ay;(t7) be selected to satisfy the inequality

(1)

Then consensus of system (1) is asymptotically achieved in
the sense of (2).

Proof: See Appendix.

The nonlinear gain design conditions (9) to (11) play a
paramount important role for the consensus of multiagent
systems (1). Those conditions are easy to be satisfied since
for agent [, it only requires the available neighboring state
information of agent [ in the design of ¢y (7). For instance,
to satisfy (9), one simple choice could be

(ty) — mingen; z;(t7)
(V| + 1)z
where || denotes the cardinality of the set Aj. Same

selection can be made for satisfying the conditions (10) and

(11).

, VieN,

ai;(t}) = 12)

*The time-varying sensing/communication topology is considered here.
If the topology becomes fixed after certain time, we can treat it as a special
case of switching sensing/communication sequence S(t; ) with ¢; being any
positive constants.
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C. Multiagent Systems with Time-Delays

The following theorem presents the control design and
consensus analysis for multiagent systems with directed
switching communications and time-delays.

Theorem 2: Consider the multiagent system (1) under
cooperative control (8). Assume that sensing/communication
matrix sequence of {S(¢7)} is sequentially complete. Let the
nonlinear gain oy; be designed as follows: for any agent [,

D) if x(t]) = maxjen, z;(t, — 715) = minj.e./\/l xi(t] —

715), then ay;(t}) can be any bounded positive values.

2) if z;(t7) > max en, z;(t;—7i5), let aq;(¢;) be selected
to satisfy the inequality
0< 3 ayth) < zilty) — minjen, 2;(t — )
Py max{¢,r}
(13)
3) if @;(t]) < minjen, z;(t] —75), let oy;(¢]) be selected
to satisfy the inequality
0< Y ay(t) < maxjen; 25t — 715) — 2i(t})
b max{¢,r}
(14)
4) if minjen, z; (], — 7;) < @i(t]) < maxjen, z;(t] —

max;en; 5 (b —715) —@1 ()

715), let ag;(t}) be selected to satisfy the inequality
max{c;,r} ’
Il(tZ)—miﬂjeNl ;i (ty—715)

( max{c¢,r}
(15)

Then consensus of system (1) is asymptotically achieved in
the sense of (2).

Proof: The proof can be done following the similar proce-
dure as shown in theorem 1, and omitted here due to space
limitation.

0< Z oy (t) < min
JEN

IV. EXAMPLE

Let us reconsider example 1 for the consensus of three
agents with control (4) under the sensing/communication
topologies S(tsk), S(tsr+1) and S(tsx+2) given in (5). Un-
der the same simulation conditions, system responses are
shown in 2, and consensus is reached.

0.1

5
Time (sec)

Fig. 2. System responses

V. CONCLUSIONS

In the paper, we proposed a new discontinuous cooperative
control for consensus of multiagent systems with directed
and switching topologies and sensing/communication delays.
The proposed new design may be applied to address the
cooperative control problem for truly nonlinear systems.
Further research will be devoted to convergence speed and
performance analysis of the proposed cooperative control.

APPENDIX

Proof of theorem I: By substituting (4) into (1), we have

di =y aal(sa(ty) zi(t}))sen(a(t) — (1))

=1

fz(l‘)7

(16)
where i =1,---,n and z = [11, 29, -, 2,]7.

We first show that if matrix sequence {S(¢7)} is uniformly
sequentially complete, then x = 2*1 is the only type of
equilibrium point of the closed-loop system (16) where 1 €
R™ a vector with all entries being 1. The proof is established
by contradiction. Assume that z¢ [z$,---,2¢]T is an
equilibrium point satisfying F;(x¢) = 0, Vi and min; z¢ #
max; z$. Define index sets @i, = {J : z$ = min; x$} and
Drnax = {7 : r§ = max; xf}.

Since matrix sequence is uniformly sequentially complete,
which is equivalent to say that the composite graph S(t) has
at least one globally reachable node x,. Apparently, , may
be in &5, or P ax Or may not be in both sets. For any
case, there must exist an index j in the compliment set of
the set containing x, while maintaining a path to x, due
to the completeness assumption. That is, x; # x4, which
renders F;(z) # 0 for at least one ¢, a contradiction.

In what follows, we further show that the system (16) is
Lyapunov stable, and cooperative stable (consensus can be
achieved).

(a) At each time instant ¢, let ¢* denote the index such that

x4+ (t) = max x;(t)

a7

we will show that x;+(¢) is non-increasing over time. It
follows from (17) that sgn(x;(t) — - (t)) < 0 for all <) #
0. Hence @;+(t) < 0, and we conclude that the maximum
value of max; x;(t) never increases over time. The proof
of the minimum value of min; x;(¢) never decreasing over
time is similar. Lyapunov stability becomes obvious from the
above conclusions.

(b) To prove consensus, we will show that the mapping
defined by differential equation (16) is a contraction mapping
under undirected sequentially complete network topologies.
That is, we will prove that for any ¢, there exists a constant
d(t) > 0, such that

max [|z;(t +6) —x; (£ +0)|| < Amax [l (t) —z;(1)]], (18)
¥ 2

where 0 < \ < 1.
Let Q = {1,---,n} be the set of indices on state variables,
and at time ¢, let Zmax(t) = max;x;(t) and Tmin(t) =
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min; x;(t). Define sub-sets Qmax(t), Qmin(t), O

/Do (), and Q.. (1) = Q/Qin(¢) as follows:

Qunax(t) = {i* € Q& 24+ () = Tanax(£)}

(t) =

and
Qin(t) = {ix € Q1 24, (1) = Tmin(t)}

To show (18), it is equivalent to prove for any ¢, there exists
a constant §(¢) > 0, such that

[ Zmax (t +0) = Tmin(t +0)[| < M|Zmax(t) = Zmin (1) [, (19)

for some 0 < \ < 1.
It follows from points (a) and (b) that for any time interval
o(t), we have

xmax(t + 5) S xmax(ﬂy xmin(t + 5) Z xmin(t)a (20)

thus, a weaker version of inequality (19) holds for some
0 < A1 <1 under arbitrary network conditions and system
dynamics constraints.

Now let us show that if for any ¢, there exists a finite value
d(t) such that the composite network topology is complete
within the time interval [t,t 4 6), then (19) always holds.

Consider the evolution of z;«(t) for every i* € Qumax(t)
and z;, (t) for every iy € Qumin(t). Several cases are in the
sequel.

Case I If there are leader nodes’ staying in Q.. (#') for
t' € [t,t + 0), which means they don’t directly or indirectly
receive any information from members in Q¢ (¢') and
hence Zmax(t+0) = Tmax(t). Thus all the agents in Qi (¢)
must have either direct or indirect (through agent in Q,,i, (¢))
information exchange with members in their complement
set Q¢ (t) during the time interval [t,t 4 d(t)), otherwise,
it contradicts the completeness assumption for composite
network topology within the time interval [¢,¢ + 6(¢)). The
question then becomes to verify @min(t + 0) > Tmin(t) in
order to prove that (19) holds.

Now consider the evolution of z;, (¢) and z;(t) for [ €
Q¢ .. (t). According to point (a), the states x;, (t) have the
tendency of increase, and x;(t) have the tendency of either
increase or decrease. If we can show that all z; (t) will
increase in [t,t + (t)), and the decreasing agents x;(t)
will not reduce their values to some x;, at time instant {,
that is, x;, (t), then Zpnin(t + 0) > Tmin(t) is apparent.
Since by completeness assumption, every agent i, € Qpin(t)
will have a chance to communicate with some agents in
Q¢ (t), without loss of generality, we consider that agent
ix € Qmin(t) has the communication with agents in Q€ . (¢)
right at time instant ¢, then we have

zj(t) > i (1), Vj € Ni, N

min

Z O[i*j(t) > 0.

JEN,

(t)

and thus

2

TA node is called a leader node if it does not receive information from
other nodes or only has communication with nodes in its current set.

It is readily seen from (21) that before network topology
at time instant ¢ switches to another topology, the value of
x;, (t+7) for 0 < 7 < 6 will increase within the given time
interval.

On the other hand, consider the agent | € Q. (t)
with decreasing speed at time instant ¢, and has one of its
neighboring agents from i, (¢), that is, we have

(1) > i (th)sgn(x;(t) — () <0,

JEN

te [t ti) 22)
It follows that
=Y ay(ty) < @ult) <0 (23)
JEN
and
x(t+7) > a(t) — Z Oélj(tZ)T (24)

JEN;

Note also that since #; < 0, agent [ must satisfy
zi(ty) > maxjen; z;(ty) or minjen, x; () < wi(ty) <
max;en;, ¢;(t;). To this end, due to the nonlinear gain
a;;(t7) selected in (9) or (11), we have

STt < ayt)
JENM JEN
< xy (7)) — minjen, x;(t7) 25)

Ct

Note that minjen, ;(t; — 7ij) > Tmin(t) , we further have

X ts — Tmin t
Z alj(ti) < M (26)
JEN t
together with (24), we have
min t) — ty
wt+r) > m()+ el =0l
t
> xmin(t) (27)

Therefore, we know that before network topology at time
instant ¢ switches to another topology, the value of x;(t+ 7)
for some 0 < 7 < ¢ will keep decreasing but not achieving
to the minimum value at time instant ¢ (that is, Zyy(t)) in
any given time interval smaller than ¢;. In conclusion, for all
agents i, € Qmin(t), their values will increase during time
interval [t, t40); for the decreasing agents x;(t),l € Q¢ (1),
their values will not be able to reduce to xin (). Hence, we
have Zpin(t + 6) > Tmin ().

Case II: Similar argument is true for the case of leader
nodes staying in Qi (¢) in time interval [t,t 4 &). That is,
for all agents i* € Quax(t), their values will decrease during
time interval [t,¢ + §);

For agent | € Q¢ ._(t) which acquires the increasing speed

max

at time instant ¢, we have
ai(t) = > ou(th)sen(a;(t) — w(t) >0,
JEN:

t e [titiit) (28)
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It follows that

0<di(t) < ) ay(ty) (29)
JEN
and
wit+7) <mt)+ > ay(ti)r (30)

JEN
Note also that since #; > 0, agent ! must satisfy
zi(t7) < minjen, zj(t5) or minjen, x;(t5) < x(t;) <
max;en, Z;(t5). Thus, according to gain selection dj;(¢) in
(10) or (11), we have

STty < Y ayt)
JEM JEN
max; e, fjfti) —z(t}) 31
Ct
which further leads to
Tmax(t) — x1(t
Z alj(tz) < ( )é 1 k) (32)
JEN t
and
max(t) — x1(t5
l‘l(t + T) S (L‘l(t) + z ( )6 xl( k)T < mmax(t)a
t

since max;en, €;(t3) < Tmax(t). Thus for zmin(t + ) =
Zmin(t), we have Zpax(t + ) < Tmax(t).

In summary, for both Case I and Case II, inequality (19)
holds.

Case III: Now we consider the case in which there are no
leader nodes in Qyax(t) and Qs (t). Then, for every i* €
Omax(t), we must have x;«(t +0) < x;+(t), because system
2+ (t) must have state exchange with at least one element in
their complement sets during time interval [t,¢ + ). Same
argument holds for x;,(t), and we have z;, (t +9) > z;, (¢).
Several sub-cases follow:

Case HI-1: If Quax(t) N Quax(t + ) # 0 and Qpin () N
Qumin(t + 6) # 0, which means at least one i* € Quax(t)
remains staying in Qy,.x(t+0), and at least one i, € Qi (t)
remains staying in Quin (t + 0), thus (19) holds.

Case HI-2: Qmax(t) N Quax(t +6) # 0 and Quin(t) N
Quin(t+38) = 0. Tt follows from Qpax(t) N Qmax(t+ ) # O
that Tpax(t + 0) < Tmax(t). On the other hand, we have
Znin(t + 0) > Tmin(t) from point (b). Thus, (19) holds.

Case III-3: Quax(t) N Quax(t + 6) = 0 and Qpin (¢) N
Quin(t+6) # 0. Tt follows from Quin (£) N Quin(t+6) # 0
that Tyin(t + ) > Tmin(t). It then suffices to show that
Tmax(t +0) < Zmax(t), which is always true from point (a).

Case IIT-4: Qax(t) N Qax(t + ) = 0 and Qin(t) N
Qumin (t+6) = 0. This means that the entries in Qpax (£ +0)
and Quin(t + ) are completely from the complement sets
Q6 . (t) and QE; (t), respectively.

Due to the undirected network topology, and following
the same argument in case I, we know that for any entry
of ¢, (t), its maximum increase in §(¢) can only reach to
some value less than x,ax(t), and for any entry of Q¢ . (%),
and its maximum decrease in 0(¢) can only reach to some
value greater than %y, (t). Thus, we have Zmax(t + 0) <

Zmax(t) and T pmin (t+9) > Tmin(t). This completes the proof.
O
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ABSTRACT

In this paper, we propose an approximate policy itera-
tion method for cooperative control of multiagent systems
under the limited sensing/communication topology. By
considering a class of nonlinear multiagent systems, the
cooperative control problem is formulated as making all
systems achieve consensus while minimizing the individ-
ual sensing/communication topology dependent cost func-
tions. To solve the induced multiagent Hamilton-Jacobi-
Bellman (HJB) equations, a multiagent policy iteration al-
gorithm is proposed with convergence proof. Neural net-
work parameterization is further employed to approximate
value function to deal with unknown system dynamics.
Through seeking the least-squares solution based on the
measured online sensing/communication data, the approx-
imate multiagent policy iteration algorithm is obtained to
solve the posed optimal cooperative control problem for
multi agents. Simulation results illustrate the effectiveness
of the proposed optimal cooperative control.

KEY WORDS
Multiagent policy iteration, Cooperative Control, Multia-
gent Systems, Neural Network.

1 Introduction

Cooperative control of multiagent systems, in particular
consensus control of multiagent systems, has been one
of the dominating research subjects in the current control
community due to numerous potential applications in the
areas such as robotic network [11][14][15], power network
[20], to name but a few. The research for cooperative con-
trol has been focused on two types of major issues: the
necessary and sufficient multiagent network connectivity
condition for information exchange [6][13], and the design
of locally distributed cooperative control. While fruitful re-
sults for cooperative control design have been obtained for
first-order linear systems [8][16], for second-order linear
systems [21], for high-order linear systems [13], and for
nonlinear systems [10][9][23], few results are available for

Gennady Staskevich, and Brian Abbe
AFRL/RISC
Rome, NY 13441, USA

optimal cooperative control design. There appeared some
recent work in the study of optimal cooperative control,
such as those in [19][2][4][12]. Nonetheless, it is still a
challenge issue to systematically address the optimal coop-
erative control problem for more general nonlinear multia-
gent systems, particularly, in the presence of model uncer-
tainties. In this paper, we develop an approximately adap-
tive multiagent policy iteration (MPI) algorithm to coop-
eratively solve the consensus problem for multiagent sys-
tems.

The result reported in this paper aims to present a
dynamic programming solution to multiagent cooperative
control. For multiagent optimal cooperative control, the
key issue is how to establish an optimality equation and
find its solution in real time. We tackle this problem by
considering a general class of feedback linearizable nonlin-
ear multiagent systems. We assume that there exist admis-
sible cooperative controls for such kind of multiagent sys-
tems under the complete sensing/communication condition
[13]. Since this paper is centered on the design of approxi-
mately adaptive optimal cooperative control, the fixed sens-
ing/communication topology is imposed for ease of design.
The case for more complicated time-varying sensing com-
munication topology will be treated in future work. The
optimal cooperative control problem is then formulated as
making all systems achieve consensus while minimizing
the individual sensing/communication topology dependent
cost functions. It is shown that the optimal solution to the
defined problem requires to solve a multiagent Hamilton-
Jacobi-Bellman (HJB) equation. To avoid the obstacles in
analytically solving multiagent HIB equation, we extend
the online policy iteration approach in [18][22] to the mul-
tiagent case, and employ RBF neural networks to approx-
imate value functions at each iteration. Through seeking
the least-squares solution to estimate the optimal neural
weights, a new approximately adaptive multiagent policy
iteration algorithm is proposed. It is further shown that
the proposed adaptive optimal cooperative control approx-
imately solves the posed optimal consensus problem. Sim-
ulation results are provided to illustrate the effectiveness of
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the proposed optimal design.

2 Problem Formulation

Consider a multiagent system which has N members and
each agent assumes the general nonlinear dynamics

Ty = fi(zs) + gi(wi)ug, (D

, A .
where i € Q = {1,--- ,N}, z;(t) € R" is the system
state, u; € R'™ is the control input to be designed, f;, g; :
R™ — R are locally Lipschitz continuous functions.

The objective of this paper is to design an optimal
cooperative control u;(t) to achieve the consensus of the
multiagent system (1) such that

fli)rgo xz(t) =T, VZ7 (2)
while minimizing the following individual cost function for
each agent ¢,

Ji(ui; w4(to), sijz;(to))
o [ N
= / D (@i = 2) T si;Qij(wi — 5) + uf Riwg | di3)
to =

where x* is some constant denoting the consensus value,
Q;; and R; are symmetric and positive definite matrices,
and s;; is a binary number describing the availability of the
sensing/communication information exchange between the
agent ¢ and the agent j.

The success of solving consensus problem defined in
(2) is dependent on the sensing/communication informa-
tion exchange among agents, which can be described by a
N x N sensing/communication matrix defined below

511 S12 51N
S21 S22ttt SoN
S = . . . ; “4)
SN1 SN2 SNN
where s; = 1; s;;(t) = 1 if the ith agent can receive

the information from the jth agent, and s;; = 0 if other-
wise. In general, sensing/communication matrix S could
be time-varying due to the changing environment. In this
paper, we focus on the design of approximately adaptive
optimal cooperative control for multiagent systems under
the assumption of the sensing/communication matrix S be-
ing constant and satisfying the completeness condition for
its connectivity. The completeness condition for network
connectivity was developed in [13], which can be summa-
rized into the following definition.

Definition 2.1 Sensing/communication matrix S is said to
be complete if in every block row i of its lower triangular
canonical form, there is at least one j < 1 such that the
corresponding block is nonzero.

For more general sequentially changing sens-
ing/communication topology, the sequential completeness
concept of the sensing/communication matrix sequence
{S(t)} was also introduced in [13]. It is equivalent to the
condition of that there exists a spanning tree in the commu-
nication graph [11], which represents the least restrictive
connectivity condition for sensor/communication network
in order to achieve the asymptotically cooperative consen-
sus of the overall multiagent system. In this paper, the fixed
S is considered, the completeness condition is described in
definition 1. We will utilize the following assumptions for
the design of optimal cooperative control.

Assumption 2.1 The sensing/communication matrix S in
(4) is complete.

Assumption 2.2 For nonlinear multiagent systems (1),
there exist admissible cooperative control policies u;(t) to
solve the consensus problem defined in (2).

To this end, the optimal cooperative control problem
can be formulated: given the nonlinear multiagent systems
(1), the set of admissible cooperative control policies, and
the infinite horizon cost function (3) for individual agents,
find an admissible cooperative control policy such that the
cost function (3) achieves its minimum.

3 The Proposed Approximate Policy Itera-
tion for Multiagent Cooperative Control
3.1 Multiagent HJB Equation

Recall that the cost function for agent ¢ is defined in (3),
which may be rewritten as

Ji(ui; zi(to), sizxj(to))

where NV; = {j € Qs;; # 0} denotes the neighbor set of
agent 7. The following lemma is instrumental in developing
the multiagent Hamilton-Jacobi-Bellman (HJB) equation.

37 (@i — 2)7Qij(wi — ;) +ul Rug | dt(5)
JEN;

Lemma 3.1 For admissible cooperative control u;(t), if
there exists a positive definite continuously differentiable
function Vi(x;, si;x5;u;) satisfying the following property

aT

o, (fz(fz) +gz($z)uz)

+ Z fl zj) + gi(x;)u;)
JEN; L

+ > (25— 2:) " Qij(wy — ) + uf Riuy = 0(6)
JEN;

and the boundary condition V;(x;(00), s;;2;(00); u;) = 0,

then V;(x;, s;jx;;u;) is the value function for system (1)

forall t, and
Vi(zi(to), sijzj(to);

u;) = Ji(ug; xi(to), sijz;(to)) (7)
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To this end, it follows from lemma 3.1 and Bell-
man’s principle of optimality [3], we know that the optimal
value function V;*(z;(t), s;jx;(t)) approximately satisfies
for small A — 0

Vit (wi(t), sijz;(t))

~ r%iin[l(xi(t), 2 (8), u)) A + Vi (z; (6 + A), 55525t + A)],

where 1(wi(t), (1), ui) = X jen (w5 — 25)T Qi —
;) +uf Riug, wi(t+ A) = 25(t) + (fi(2:) + gi(wi)ua) A,
and x;(t + A) ~ x;(t) + (fi(z;) + gi(z;)u;)A. Since V;*
is continuously differentiable, we may write (for A — 0)
Vit(zi(t + A), sijzj(t + A)) = Vi (zi(t), sija;(t))
av;*T
o (@i(t), 2 (&) [ fi(2:) + gi(ws)us] A

*T
+ 3 Z 0, 2O i) + ()] AO)

Substituting (9) in (8) we obtain the multiagent HIB equa-
tion

0= minHi(xi,sija:j,ui,Vi*) (10)

Uq

where the multiagent Hamiltonian is defined as
H'(CUz', SijLj, Uq, Vz‘)

= Z (zj — Qu(

T

+6Lx:(fz(xz)+gz(xz)uz)

oV
+ Z W(fi(zj)Jrgi(zj)Uj) (11)
JEN; J

The minimum with respect to w; is obtained by solving

OHi(wisiseiw Vi) — () that is
Ou; ) )

*T
QUlTRi + oV;
8xi

gz(ffz) =0 (12)

yielding the optimal cooperative control

* 1 —1 Ta‘/z*
ui =R (13)

Substituting (13) into (10) yields

a‘/i*T
0= Z( — ;)" Qij(x; z‘)*‘Wfi(fi)
JEN; v
1oV;T OV
_ZTxigi(zi)Ri gi(mi) o

8‘/;-*T
+ D S (filag) + gilog)uy), (14)
JEN; ‘

with the associated boundary condition V;* (7, sijz7) = 0,
which requires that the optimal value must be null when
evaluated on an extremal trajectory (all agents in the set
{3, N;} reach consensus.)

Equation (14) is the mutliagent HJB equation. 1ts
solution would provide the optimal cooperative control in
(13). However, it is difficult to solve mainly for two rea-
sons. First, equation (14) is a nonlinear partial differen-
tial equation, and it is in general impossible to solve this
equation in analytic form. Second, the coupling terms

D ieN: 8(91@ (fi(xj)+gi(x)u;) cause extra difficulty due
to involvement of u; which may require information prop-

agation from agents not in the neighboring set ;.

3.2 Multiagent Policy Iteration Algorithm

Motivated by the policy iteration algorithm for solving HIB
equation for single agent systems in [18], in what follows,
we provide the mutliagent policy iteration algorithm for ap-
proximately solving the multiagent HIB equation (14). The
proposed multiagent policy iteration algorithm consists of
the following two steps:

Step 1:  Policy evaluation. Find an admissible coop-
erative control policy w; o(z;, s;jz;). For any inte-
ger [ > 0 denoting the iteration index, solve for
Via(@s, sijxj; us) using

0="> (v — )" Qi(x;

T
i) + u;  Riuig

JEN;
oV

+ 8ZE (fl(:E?) +gl(xz)uzl)

+ Z fz (25) + 9i(;)u;), (15)
JEN; i

with V; ;(z*, s;;2*) = 0.

Step 2:  Policy improvement. Update the control policy
by

Ui = —= Rty x (16)
(2

The convergence of the multiagent policy iteration al-
gorithm given in (15) and (16) is summarized into the fol-
lowing theorem.

Theorem 1 If a sequence of pairs {V; ;,u; 41} is gener-
ated by (15) and (16), then the corresponding value func-
tion V; | satisfying

Vit < Vi (17)
and

lim V;; =V* (18)

l—o00
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The proof of theorem 1 can be done following the
similar lines of reasoning as that of theorem 4 in [18]. De-
tails are omitted due to space limitation. The proposed mul-
tiagent policy iteration algorithm relieves the nonlinearity
obstacle in solving multiagent HIB equation (14) to a cer-
tain level in the sense of only dealing with a linear partial
differential equation. For instance, by linearly parameter-

T
izing 38‘;2;1 , the solution to (15) can be obtained from a set
of linear algebra equations. However, u;; for j € N are
still needed in solving (15), which might be hard to directly
be sensed and/or communicated.

To avoid this obstacle, we note that the solution V; ;
to (15) is actually the value function for system (1) at the
iteration [, since it satisfies the properties in lemma 3.1.
Thus, we obtain

Via(@i(t), sijwj () ui) = Ji(uig; xi(t), sija;(t)), vt
It follows from the above equation and (3) that

Vi (i(t), sija(t);ui(t))

t+T
/t

Z (CL’j - CL’i)TQZ‘j (CL’j - 1’1) + 'LLZIR{U,Z"[ dt

JEN;
FVia(zi(t + 1), sija;(t + T);ui(t +T)), (19)
where T' > 0 represents certain time interval. To this

end, the policy evaluation step in the proposed multia-
gent policy iteration algorithm can be replaced by equation
(19) for solving for V; ; based on the available information
x;(t), x;(t) and u; ;(t) during the time interval [t,t + 7.

3.3 Approximate Policy Iteration

A significant advantage of the proposed multiagent policy
iteration algorithm is that it iteratively generates a sequence
of pairs {V;;,u; 41} through (19) and (16) by only us-
ing the available local information z;, z; and u; for agent
1, which monotonically converges to the optimal value V;*
and u;. It is apparent that the key is to solve for V;; from
(19). To facilitate the design and for the ease of implemen-
tation, in the sequel, we hypothesize that V; ; has a linearly
parameterized form as

m
Vii(wi, sijwg) = Y biya(w, sija)05, = @07,

p=1
(20)
T
where Qi,l = [¢11,l7¢i2,l7“' 7¢im,l] € R
are some known basis functions, and 07, =
0iy050i00, -+ ,0i,,4]7 € R™ are unknown constant

parameters to be estimated.

It is worth pointing out that the value functions V;;
are generally nonlinear and may not assume the exact para-
metric form as that in (20). In that sense, a linearly pa-
rameterized approximator can be used to approximate un-
known nonlinear value function V; ;. Several function ap-
proximators are available for this purpose, such as, radial

basis function (RBF) neural networks [5, 17], high-order
neural networks [7] and fuzzy systems [24], which are de-
scribed as W7 S(z) with input vector z € R", weight vec-
tor W € R!, node number [, and basis function vector
S(z) € R!. Universal approximation results indicate that,
if [ is chosen sufficiently large, then W7 S(2) can approxi-
mate any continuous function to any desired accuracy over
a compact set [7, 17].

In this paper, we assume that the value functions V; ;
are approximated by RBF neural networks. That is, for
the unknown value functions V; ;(z;, s;;2;), we have the
following approximation over some compact set 2;

V;‘)Z(SL'Z‘, sijxj) = (bz:l(‘fl)e;k,l + wi’l(a’ci), Vz,; € Q; 2n

where Z; = [$;121, Siaa, *+  Tiy* 4 SijTj,  ,SiNTN]T,
07, € Rl is an unknown constant parameter vector, the
neural network node number I; > 1, w; ;(Z;) is the approx-
imation error, and ®; ;(Z;) = [Pi; 1, Pig1s- - a¢mi,l]T is
the known basis function vector.

Upon using the function approximator (21), the policy

evaluation equation in (19) becomes
Z (fﬂj - .IZ')TQZ‘]' (fﬂj — SCl) + ug:lRiui_,l dt

/t+T
¢ JEN;

= [®ia(Zi(t)) — @i (it + T)))707; + @i1(t),(22)
where @; ;(t) = w; 1 (t) —wi i (t+T).

Remark 3.1 Based on the universal approximation theo-
rem [7, 17], approximation error w; (T;) will uniformly
converge to zero as the neural network node number l; —
oc. In other words, |Vi; — ®1,0%,| — 0 as l; — oo. Thus,
wii(t) = 0asl; — oo, which implies that (22) can be
used as an approximation for the policy evaluation in the
proposed multiagent policy iteration algorithm. o
It follows from (22) that 6} ; provides the best approx-
imate solution for the policy evaluation. However, its value
is unknown, and needs to identified online. Let 6, ;(¢) be
the estimate of 0; ;> and equation (22) becomes
t+T
/ Z (.’Ej - LEZ')TQij (.’Ej - LEZ) + uZlRiui-,l dt
¢ JEN;

= [@i0(2(t)) — P (Zi(t + T))]"0,0(t) + €5, ((23)

where ei,l(t) = [‘1)2’[(!)731(1») - (I)i,l(ji(t + T))]Téi’l(t) +
@i 1(t), B;.1(t) = 07, — 0,1(t). Thus, given any admissible
cooperative controll the parameter 6, ; should be chosen to
minimize the squared approximation residual error e?’ ().
As 6;,(t) — 9;"1, it is obvious that e; ;(t) — @; ;.

In what follows, we present the proposed adaptive
law for 6;; using the least-squares estimation. To pro-

ceed with the proposed adaptive design, we introduce an
infinite sequence of time instants {t 2 to + KT} for
keN21{0,1,--,} with T > 0 the sampling time. The

proposed adaptive multiagent policy iteration algorithm re-
lies on two types of updating intervals:
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1) Control action interval [tg,tx41), in which the same
control policy u;; will be applied;

2) Observation interval [ty,tx4rn), in wWhich n sets of
control action with the same control policy wu;; will
be applied, and observation data during the n intervals
will be used for the least-squares estimation of 0; ;.

Remark 3.2 Note that the observation interval is imposed

for the least-squares solution of V; ; based on (23) for the

policy evaluation szep in the proposed multiagent policy

iteration algorithm, while the control action interval corre-

sponds to the implementation of control u; ; from the policy

improvement step. o
For notational convenience, let us define

Zi(tk)

tht1
= / Z (l‘j — CL’i)TQij(LL‘j — 1'1) + UZlRiuiJ dt

b JEN:
and
U, (tk) = @i0(Zi(tr)) — it (Ti(thar))-
Substituting this into (23) yields

2i(tr) = W (te) T 0i0 + ei1(tr) (24)

The model in (24) is the regression model for policy itera-
tion and W, ; is called the regressor. Through the observa-
tion interval [ty, t;4n], pairs of observations and regressors
{(zi(tktpn), Yii(thtp)), # = 0,1,n — 1} are obtained by
using control policy u; ;. The parameter 6; ; will be chosen
to minimize the least-squares loss function

1

(zi(thrn) = Wialtnrn) " 0i1)
1

n

2
L(0;,tr) =

DN | =

”w

To this end, standard least-squares estimation algorithm
renders

—T = \—1—
i, = (ELEi1)  ElZi (25)
where Zi,l = [Zi(tk)yzi(tk+1)7"‘ ,Zi(tk_;_n_l)]T, and
il = [\IIZ:l(tk), e ,\Ilgjl(tk+n,1)}T. Thus, according

to policy improvement step in (16), and noting % =
oaT '

az,;l 6,1 the control law is

T

6(I)i,l 0
8331' ol

1
Us 141 = —§R,; 192[ (26)
The above results can be summarized into the follow-
ing proposition.

Proposition 3.1 Under assumptions 2.1, 2.2 and ??, the
control law (26) with adaptive law (25) approximately
solves the optimal cooperative consensus problem for mul-
tiagent nonlinear system (1) by minimizing the cost func-
tion (3).

Proof: The proof can naturally be done following the
above multiagent policy iteration design steps, the least-
squares estimation, the claims in lemma 3.1, theorem 1 as
well as the universal approximation theorem for neural net-
work function approximation. O

Remark 3.3 The implementation of estimation algorithm
in (25) requires an excitation condition for matrix EZZEM’
which could be satisfied with the careful choices of basis
function for neural network approximators. To further re-
duce the computation load due to the computation require-
ment for matrix inverse, in what follows, we give a simpli-
fied adaptive recursive algorithm for 0; ;. <

The simplified adaptive recursive update for 6,
is based on Kaczmarz’s project algorithm [1]. That
is, one pair of data {z;(t),¥; ()} generates an
estimate 6, ;(tx). Once a new measurement pair
{#i(tk+1), Vi1 (tr+1)} is obtained, it is natural to choose
the new estimate 6; ;(tx+1) as that minimizes the following
cost function

L = %(ei,l(tk-&-l) —00(t1)) " (034 (trrr) — 050(tr))
FA(zi(tk+1) — Ui (thr1)0i0(tet1)),s 27)

where ) is a Lagrangian multiplier. Taking derivatives with
respect to 0; ;(t;4+1) and A, we obtain

Oi1(tes1) — 051(tk) — AV, 1 (teg1) =0,
Zi(tk+1) — Wi 1 (thr1)8i1(teg1) = 0.

Solving the above equations yields

(28)
(29)

Oia(tes1) = Oia(tr)
Wi (trt1)
: i (t — W, (t 0;.1(1%)030
‘I’i,l(tk+1)T‘I’i,l(tk+1) (2i(tr+1) ,l( k+1)0i.1(t1)§30)
To avoid the possible singularity for the term

W, (tk1)T Wi (k1) for computation stability, a
modified algorithm for (30) would be used in practice as
given below by the double-column formula (31), where
~ > 0 is the learning rate and « is a positive constant.

In summary, the proposed approximately adaptive
multiagent policy iteration (MPI) algorithm is given in Al-
gorithm 1.

Algorithm 1 Approximately Adaptive MPI Algorithm

1: Let ! = 0. Given initial states x;(to), s;;2,(t0), let the
initial admissible cooperative control policy be u; q.

2: Employ the control policy u; ;, and within the observa-
tion interval [t; s, £ (;41)n—1], collect the data pairs

{(Zi(tlxn—i-u)y \I’i,O(thn+u))7 M= Oa 17 n— 1}
3: Solve for 0; ; from (31).
4: Solve for u; ;41 from (26).
5: Letl < 1l 4 1, and go to step 2, until
16i,041 = 0i]|* < e,

where € > 0 is a sufficiently small predefined thresh-
old.
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Y51 (k1)

0i1(tet1) = 0:1(t) +

4 Simulation Results

To illustrate the proposed approximately adaptive coopera-
tive control, we consider a simple multiagent system with
3 agents modeled by the following single integrators

j:i:uj,, i=1,2,3 (32)

where z; € R, and u; € R. Let the sensing/communication
topology among 3 agents be given by

1 10
S=10 11
1 01

Apparently, S matrix is complete, and admissible cooper-
ative control exists for the consensus of (32). Select the
weight matrices in (3) as Q;; = 1, R; = 0.25 for sim-
ulation purpose. We use a single neural node approxi-
mator for each value function V;;. Based on S matrix,
we choose the basic functions as ®1; = (77 — x2)?,
®y; = (v9 — x3)% and 3, = (x3 — x1)? for value func-
tions V; 1, Vo, and V3, respectively. System initial states
are 21(0) = 0.5,22(0) = 0.2 and 23(0) = 0.3. Apply-
ing the proposed approximately adaptive MPI algorithm in
Algorithm 1, the correspondingly cooperative controls are
of the form (26), and the adaptive laws for 0;; are given
by (31). Figure 1 shows that system states consensus is
achieved, figure 2 displays the instantaneous cost values.
Figure 3 illustrates the optimal cooperative control inputs,
and the convergence of neural network weights estimates is
shown in figure 4.

1 L L 1 1 L 1 1 1
05 1 15 2 25 3 35 & &5
Time [sec]

Figure 1. Consensus of x;(t)

5 Conclusions

In this paper, we proposed a new approximately adaptive
online multiagent policy iteration algorithm to address the

i (ter1) "W (thr1) + o

(zi(tk+1) — Wia(tht1)0i0(tk)) 31

agent |
—— agent2
— —agent3

Castyaluss

L L , . L . , .
[5 T TS5 H B 3 35 4 45
Tirme sec)

Figure 2. Instantaneous cost values versus time

Gontrai inputs

1 n L 1 1 n 1 1 1
[H i T8 H 75 3 35 B T8
Time [sec]

Figure 3. Optimal cooperative controls

i T8 H 75 3 35 B T8
Time [sec]

Figure 4. Parameters of neural networks versus time
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optimal cooperative consensus control problem for a gen-
eral class of nonlinear multiagent systems. The proposed
design relies on iterative policy evaluation and policy im-
provement by using neural network based online adaptive
estimation for optimal value functions. Simulation results
further verified the effectiveness of the proposed design.
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Experimental Validation of Distributed Cooperative Control for Mobile
Agents with Switching Topologies and Time-Delays*

Junzhen Shao', Jing Wang? and Tianyu Yang'

Abstract—1In this paper, we present practical experimental
results to demonstrate a control law for consensus of multiagent
systems with switching topologies and time delays. The nonlin-
ear control law utilizes nonlinear cooperative control gains and
uses contraction mapping to achieve consensus of multiagent
systems. The testing platform we used consists of a number
of mobile robots. We present the effectiveness of the control
law design by Aria mobile robots with applications in dis-
tributed cooperative formation control. Computer simulations
and hardware experiments presented include point consensus
control and formation control, both with changing topologies
and time-delays using directed and undirected communication
topologies.

I. INTRODUCTION

Cooperative control[5][10] aims at achieving consensus or
agreement dynamics in a multiagent system. It is an area
of research lying at the intersection of systems and graph
theory. A prominent application area of cooperative control is
autonomous systems, especially for military and government
applications. The development of single agent systems is
increasingly mature in recent years. For example, unmanned
aerial vehicles (UAV) and autonomous underwater vehicles
(AUV) play an important role in applications in severe envi-
ronments or classified operations. On the other hand Cooper-
ative control of multiagent systems can enhance the system
performance for applications like patrolling, monitoring, etc.
The design of cooperative control is closely related to system
dynamics. For linear systems, the dynamics can be simplified
to the first-order integrator model or the double integrator
model[1][2]. For nonlinear systems, which are more relevant
to real world applications, cooperative control becomes much
more complicated, and large gaps exist between theoretical
system design and practical applications[1][3].

The multigent system is a computerized system of multiple
interacting intelligent agents within an environment[5][13],
and the agents work together to accomplish certain tasks.
Each agent in the system has the capability of self-operating.
There are two key topics in the research of multiagent sys-
tems: the design of cooperative control laws, and the control-
lability of networks. The network communication topology
plays a key role in accomplishing consensus tasks. From this

*This work was supported by Air Force Research Laboratory FA8750-
13-1-0109, Bethune-Cookman University and Embry-Riddle Aeronautical
University

Tianyu Yang and Junzhen Shao are with the department of Electrical
Engineering and Computer Science, Embry-Riddle Aeronautical University,
Daytona Beach, FL 32114, USA sz030247Q@hotmail.com

2Jing Wang is with Faculty of Computer Engineering, School of Sci-
ence, Engineering and Mathematics, Bethune-Cookman University, Daytona
Beach, FL 32114, USA

perspective, several different communication strategies have
been proposed[2][7]. A popular method is the leader-follower
model, in which one agent plays as the leader, and other
agents communicate with the leader when performing the
tasks. This model has little communication requirement and
short reaction time. Nevertheless, the entire system breaks
down once the leader agent is disabled.

In this paper, we experimentally validate the effectiveness
of the nonlinear cooperative control proposed in [1], which is
demonstrated through discontinuous cooperative control for
consensus of multiagent systems with switching topologies
and time-delays using mobile robots[1][2][12][15]. By de-
signing nonlinear piecewise control gains, the consensus or
formation of multiangent systems with switching topologies
and time-delays are achieved both in software simulations
and hardware experiments.

II. PROBLEM FORMULATION

The dynamics of a group of mobile agents are expressed
as

x,-:vicos9;7y'i:v,-sin9,»,9'i:a),- (])

where x; and y; denote the position of the ith agent, 0; shows
the orientation which is based on the driving velocity v; and
steering velocity @;. In this case (x;,y;) € R?, (vi,®;) € R
andiel, - n.

Let us define the desired trajectory for the group of agents
as

go(t) = [xo(r),yo(1)]" € R (2)

And the motion frame is denoted as F(r), which can be
considered as a constraint in geometric coordinates in terms
of relative positions of the robots. IF(z) consists of go(¢) and
the orthonormal vectors, e, e,, as defined below,

wo= [ -|

612([)

(1)

Po (1)1 +[yo (1)) (3)

Yo(t) ’
L v/ Bo ()2 +[o (1))

i o (1)
[to (1)]2+[o (1)) (4)

Yo(t) )

L v/ Fo ()12 +[o(1)]% ]

Based on the orthonormal vectors ¢;(¢) and the trajectory
information go(r), the agent position is given as,

e t) = [621(1‘)} =

(%) (l‘)

Pi(t) = ajei(t) + opea(t), (5)

978-1-4799-4774-4/14/$31.00 ©2014 |IEEE
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where P;(r) is the position of the ith robot, and o;; are
constants determining the formation shape.

The sensing/communication information exchange
among the fleet agents can be expressed by the
sensing/communication matrix,

s an(t) aim(ty)
sa()  an aom(t})
S = s (6)
Sm1 (t]f) Sm2 (t/i) Amm
where at (1)) :k=0,1,-- -, the ith agent receives velocity, ori-

entation and position information from agent j, if s;;(#}) = 1.
Otherwise, if s; j(t,i) =0, there is no communication between
agent i and agent j.

Define the sign(z) function as,

1, z>0
sign(z) = 9 0, z=0 (7)
-1, z<0

For sij(t,i) = 0, the control model can be expressed as,

wilt) = Y. (s (i), P (1) sign(Pi() — P6)),  (8)
j=1

where ¢ € [t},#], ], and a(,) is a nonlinear control gain.

III. CONTROL DESIGN

In this paper we use formation control to demonstrate the
consensus of multiagent systems with the new control law
(8). First, we use the robot model (1), and define £ = x+
Rcos0,9 =y + Rsin8. Therefore,

©)

Now, we can linearize the robot model as (10), and the real
control inputs are expressed as (11).

% =vcos® — Rsin®w,y = vsin® — RcosO w,

)ézux,)?:uy, (10)
[v} B {cos@ sin@] N [ux]
- sin@ cosB 3
® R R Uy
% uycosO + uysinﬂ}
= Uy Sin@ uycos® | s (1 1)
[

The moving velocity for the ith robot during formation to
a certain shape following certain predetermined track can be
expressed as (12) based on (2),

2

qi(t) = qo(t) + 21 a(sij(t;), Pi(t)),
=

(12)

This can be considered as the derivative value based on
the robot’s relative velocity. For each robot in the system,
we can assume the velocity of the robot to be a constant,
and others follow the robot based on (12).
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The ith robot’s control design without time-delays is based
on (2)(3)(4)(8)(12), and is given by,

U = Zn: o(sij(17), Pj(t7))sign(P;j(1) — Pi(1)) +4i(r),  (13)
j=1

in (13), a(s;;j(#) is the nonlinear control gain. S(z}) can
be changing to reflect different types of communication
strategies such as leader-follower, global communication and
neighbor-follower, etc.

The design of nonlinear control gain for global commu-
nication and simple directed communication without time-
delay can be given as,

o(sij (1) = Z;lf(stfgt,f)’

which has been proved in [1]. In this paper, we show
through computer simulations and robots experiments that,
the control gain (14) is sufficient for systems with directed
communication topologies. However, this control gain may
fail to achieve consensus when applied to systems with
undirected communication topologies. Therefore, we adopt
the new nonlinear control law for undirected communication
as follows [1]. Let the nonlinear control gain ¢;; be designed
as,

case 1: if Pi(t}) = maxjen,Pj(t}) = min jen,P;(t}), 0t jcan be
any bounded positive value.

case 2: if P(t}) > maxjcn,P;(t}), then alpha(s;; can be
ranged,

(14)

L P.(t}) — min jen.P; (8]
OS Z a(szj(tjz) < l(k) CJGNI ](k)7
JEN;

(15)

case 3: if P(1}) < minjen,P;(t}), then alpha(s;j can be
selected,
maxjeNin(t,i) —P,(l‘]i)

0< Z (X(S,'j(tji) < ,

JEN; ¢

(16)

case 4: if minjen,Pj(t}) < P;(t)) < maxjen,P;(t}), let
alpha(s;; be selected to satisfy,

0< Z a(sij(ty) < min[(9), (10)],
JEN;

(17)

where ¢ could be any positive constant. This theorem has
been proved in [1] analytically.

IV. SIMULATION AND EXPERIMENTS
A. Software Results

In the Matlab environment, we demonstrate the new con-
trol algorithm for multiagent systems. All the demos consist
of four agents performing the consensus and formation
control tasks with two communication strategies. One is the
directed communication topology, which means each agent
knows the connected neighbor agents’ information in terms
of velocity, position and orientation. The other is called least
restrictive communication topology, in which each agent
knows their neighbors’ information in one way only.
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To implement the control law shown in (13), for the
directed communication topology, we consider a group of
four mobile robots achieving a rhombus formation while
following a circular movement. For the general setting
as expressed in (12) (13), we set qo(t) = [2cost,2sint]",
and ey (t) = [—sint,cost)”,ey(t) = [—cost,—sint]". The four
robots are following a circle, and the control gain applied
is (14). The update time ¢z, = 0.05s. First, the control input
(13) is adopted, which contains the sign function. Second,
to simulate the control law without the sign function, simply
remove the sign function part.

In the first set of simulations, the directed communication
topology is adopted and we compare the system performance
with and without the sign function. Four robots are designed
to either converge to one point or form a certain shape (while
making circular movements). s;;(#) is applied as,

sl = s2 =

—_0 O =
S o~ O
_——_0 O
- o O O
S o o=
SO = =
S = O O
—_0 O -

s3 = ,852

SO ==
SO = O
S = = O
- o O O
S OO =
S = = O
o = O O
—_——_ O O

The obtained trajectories are shown in figures 1-4,

Directed Topology for Agents Consensus without Sign Function

Consensus Time:
4,75

0

18

Fig. 1: Consensus of four agents without the sign function
with directed communication topology, starting from four
different positions and converging to one point. Time to
consensus is T=4.7s
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Directed Topology for Agents Consensus with Sign Function

T T T T T T T T
Consensus Time: | |
3.65

20

Fig. 2: Consensus of four agents with the sign function
with directed communication topology, starting from four
different positions and converging to one point. Time to
consensus is T=3.6s

Directed Topology Formation Control with Sign Function
T T T T T

Formation Time:

T=3.3s T

20k

0 15
%

Fig. 3: Four robots starting from different positions and

forming a rhombus while following a circle with the sign

function and the directed communication topology. Time to

the desired formation is T=3.3s

Directed Topology Formation Control without Sign Function

Formation Time:
4.4s

20k

-5 0 s}

-0
Fig. 4: Four robots starting from different positions forming
a rhombus while following a circle without the sign function
and with the directed communication topology. Time to the
desired formation is t=4.4s
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For the undirected communication topology, we adopt
the least-restrictive neighbor communication topology,
with each robot only communicating with a neighboring
agent. There is no leader in the system, and minimum data
transferring is incurred. s;;(#) is set as,

100 0 1100
ot oo S o100
=10 o 1 ol o o 1 o
100 1 000 1
100 0 100 0
01 10 0100
B3=10 01 02001 1> 19
000 1 000 1

The control law with time-delays and the sign function
can be expressed as (21), with 7;; set to one second,

wi= Y a(sif(11), Pi(E) — ti)sign(Py(t — ) — B(1)) + dilt),
=1

(21)

The control gain design is specified in (14)(15)(16)(17),
i.e., every time an agent receives a neighbor’s position infor-
mation, the software compares this value with the maximum
or minimum value as shown in (14)(15)(16)(17), then the
control gain is selected accordingly.

As we mentioned before, the control gain in (14) may not
be a appropriate for undirected communication topologies.
Agents may fail to form the desired shape. Figure 5 below
gives an example of such scenario with the continuous
control gain (14). The four agents fail to converge within
60s and the trajectory contains oscillation.

Undirected Topology for Agents Consensus with Sign Function

01

BN ET
Fig. 5: Consensus of four agents with the sign function and
time-delays with the directed communication topology. They
start from four different positions and attempt to converge
to one point, but fail to converge within 60s.

As we apply the rules (14)(15)(16)(17), the system works
satisfactorily under the same conditions, as shown in figure
6. A formation example is also displayed in figure 7,
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Undirect Topology for Agents Consensus

T
Consensus Time:
3.25

-10 0 10 20
b4

-20

Fig. 6: Consensus of four agents using new rules with the
sign function and time-delays with the directed communi-
cation topology. They start from four different positions to
converge to one point in 3.2s.

Undirected Topology Formation Control

sl Formation Time:| |
3.5s

20k

0 15
s

Fig. 7: Four robots starting from random positions form a

rectangle following a certain circular movement. Time to

the desired formation t=3.5s

B. Hardware Experiments

We also implemented the new control law in the Aira
mobile robots. The robots know the initial position of them-
selves, but when they are moving, each robot only knows
the velocity and the position information from one of its
neighboring robots. ¢;(f) is set based on the requirement
of the consensus speed. All the Aira demos shown are for
the distributed formation control of multiagent systems with
switching topologies. ¢;(¢) is set to 200mm in both x and
y orientations. The communication topology (19) is adopted
with the control law (13). At this time, the control gains are
designed as Kx=120 and Ky=20. Figure 8 shows the position
information of robotl and figure 9 compares the experimental
results with the theory.

From figure 9 we can see the experimental value Kx=120
fits the theoretical control gain very well based on (15).
Similarly, for the y domain, the experimental value fits well
with the theoretical value (17).
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Position Shift of Robat1 in X and ¥ domain

700 . : .
Vg X Domain Position Shift: ——
5 Y Domain Position Shift: —
__4mof \ 1
3
£ \\
T amf . .
y
\
y
2o | | J
e
5 —_
|
100k 3 1
\\ f,ﬁff\‘\.w\_—h,\.,,\q_\
0 g ; S ‘ .
0 20 40 B &0 100 120

T

Fig. 8: Referring to Robotl and Robot2, Y is the distance
between two robots in x and y domains. We sampled 120
points, one point per second.

X Contral Gain of Robot 1 ¥ Control Gain of Robot1

140

f AN DAAAN i

100 100

120

(] 2 a0 60 0 100 20 0 2 a0 60 ] 100 120
Tis) )

Fig. 9: X and Y control gains comparison between theory
and experiments. We sampled 120 points, one point per
second.

Figures 10 and 11 are a series of images showing the
Aira robot simulations in our lab.

Square to Line

Line to Square

Fig. 10: Rectangle-to-line and line-to-rectangle formation
control with undirected communication and the sign func-
tion.

Figure 11 shows the formation shape changing from
rectangle to line, then to rhombus, and finally converging
to one point. K is set to 60, moving velocity ¢;(t) = 100mm
with the same communication topology (19).
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Format from Rectangle to line to Rhombus End in a Point

t=61s =755 t=86s
Fig. 11: Formation changes from rectangle to line to rhom-
bus and ends with a point with undirected communication
and the sign function

V. CONCLUSION

In this paper, we demonstrate the distributed coopera-
tive control for the consensus of multigent systems with
switching topologies and time-delays using Matlab and Aira
mobile robot experiments. Matlab simulations confirmed the
advantages of using the sign function in terms of short
consensus time and assurance of consensus, compared with
the control law without the sign function. Also, the results
obtained through the discontinuous design of control gains
validated the effectiveness of such design in consensus and
formation problems. Another important benefit is, this new
control law can be easily loaded into real robots, so practical
implementation issues can be studied experimentally, such as
time-delays, hardware limitations, etc.
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Formation Control of Multiple Nonholonomic Mobile Robots with
Limited Information of a Desired Trajectory

Jing Wang, Morrison Obeng, Tianyu Yang, Gennady Staskevich, and Brian Abbe

Abstract—In the study of task coordination for multiagent
systems, formation control has received considerable attention
due to its potential applications in civil and/or military prac-
tices. Fundamentally, formation control problem for multiagent
systems can be formulated as making a group of agents follow
the desired trajectory while maintaining certain prescribed
geometric distances among agents. In this paper, we consider
the formation control problem for mobile robots with nonlinear
dynamics and moving in a 2D environment. To address the
inherent challenges due to nonlinear system dynamics and
agents’ limited sensing/communication capabilities, we instill an
idea of integrating the recently developed distributed consensus
theory into the standard feedback control, and propose a new
time-varying cooperative control strategy to solve the forma-
tion control problem for multiagent systems. In particular,
the proposed design only requires the local and intermittent
information exchange among agents to achieve the formation
control objective. More importantly, we remove the restriction
on the need of the desired trajectory for every agent, and
instead design a distributed observer for obtaining the desired
trajectory in order to establish the formation in the design.
The overall distributed formation control system stability is
rigorously proved by using a contraction mapping method
under the condition that the sensing/communication network
among robots is sequentially complete. Simulation is provided
to validate the effectiveness of the proposed design.

I. INTRODUCTION

Coordination of multiagent systems has been and con-
tinues to be an active research area in the current control
community, and recent years have seen a significant progress
in the development of distributed consensus strategies for
multiagent systems [24][23][25].

The developments have been primarily focused on ad-
dressing two aspects of issues. The first issue is on the study
of network controllability. The core is to identify the least
required sensing/communication conditions for completing
coordination tasks. A significant result was obtained in
[10], in which the sensing/communication topologies are
modeled using an undirected graph and its uniform connec-
tivity provides the sufficient condition for agents consensus.
This condition was further relaxed to take into account the
directed graph [25][27], and the existence of a spanning tree
in the graph is necessary and sufficient for group coordina-
tion. In our recent work [24], we addressed this issue by
using matrix theory, and introduced the notion of sequential

J. Wang and M. Obeng are with Faculty of Computer Engineering, School
of Science, Engineering and Mathematics, Bethune-Cookman University,
Daytona Beach, FL 32114, USA. G. Staskevich and B. Abbe are with
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Email: ecejwang@ieee.org This work was supported by the
Air Force Research Laboratory FA8750-13-1-0109.

completeness of sensing/communication matrix sequences
to describe the connectivity condition. The second issue is
on the design of cooperative control and stability analysis.
The cooperative control for linear systems are thoroughly
studied in [13][10][27][8][24]. For nonlinear systems, some
results are available by using passivity-based design in [2],
Lyapunov design in [23], and set-valued Lyapunov functions
[19][16].

The aforementioned results are mostly centered on the
study of consensus problem for multiple dynamical systems.
One of direct applications of those results is to tackle the
formation control problem for real systems. Fundamentally,
formation control problem can be formulated as making a
group of agents follow the desired trajectory while maintain-
ing certain prescribed geometric distances among agents. In
this paper, we consider the formation control problem for
nonholonomic mobile robots with nonlinear dynamics and
moving in a 2D environment. Progress has been made in
solving formation control problem by using leader-follow
strategies, virtual structure method, and artificial potentials
[26][11][22][71[51[171[9][1][14][18]. However, most results
are obtained by either assuming linear system dynamics or
converting the nonholonomic robot model into linear one
through feedback linearization. It is well known that it is
challenging to design feedback control for mobile robots
with nonholonomic constraints [21]. There are some results
for studying the cooperative control of nonholonomic robots
[6][15][20][28]. Among them, a discontinuous control was
proposed in [6] and nonsmooth Lyapunov theory and graph
theory are used for stability analysis. In [15], based on the
Frenet-Serret model of unicycle, time-varying controls were
designed and analyzed using average theory. The work in
[20][28] assumed the constant driving velocity and controls
were only designed for steering velocity. In our recent paper
[30], we proposed a distributed cooperative steering control
design for a class of networked dynamical systems with
inherent nonlinear dynamics. A number of conditions were
established in terms of the properties of the cooperative
steering control for achieving cooperative behaviors.

In this paper, we present a new solution for the formation
control design of nonholonomic mobile robots. The nonholo-
nomic constraints of robots are explicitly taken into account
in the proposed design by converting the unicycle model
into the canonical chained form. The proposed distributed
formation control utilizes the information exchange to better
coordinate the motion of individual robots, but there is
no requirement for the strongly connected communication
topology which could be uncertain and unreliable due to
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communication noises. Instead, we allow more flexible,
intermittent, and time varying communication topologies
among robots. A finite-time distributed observer is designed
to estimate the desired trajectory information. The stability
and convergence analysis for the proposed formation control
are done through contraction mapping method under the
condition that the sensing/communication network among
robots is sequentially complete. Simulation result is included
to validate the effectiveness of the proposed control.

The rest of the paper is organized as follows. Section
IT formulates the formation control problem. Main results
are presented in section III, in which distributed finite-
time observer and nonlinear formation control are designed
including system stability analysis. A simulation example is
given in section IV. Section V concludes the paper.

II. PROBLEM FORMULATION

Consider a network of multiple nonholonomic mobile
robots with the individual system dynamics given by

I; = w;cosb;,
yi = U sin 91‘, (l)
0 = wi

where i € Q 2 {1,--- ,n}, (z;,y;) € R? denotes the ith

robot’s position, 6; is the orientation, v; € R driving velocity,
and w; € R the steering velocity.

To make the method in this paper more general, our design
will be based on the following canonical chained form

2

into which the model in (1) can be converted by using the
following state and input transformations

Zil = Uq1, 22 = U432, 243 = Z42U41,

3)
“4)

That is, once the formation controls wu;; and w2 are designed,
the corresponding v; and w; can be found through the inverse
transformation of (4).

The design objective of this paper is to coordinate the
motion of individual robots to follow a desired trajectory
contour while maintaining certain prescribed geometric for-
mation shape through local information exchange among
robots. By taking the whole group of mobile robots as a
virtual body moving along the desired trajectory, formation
shape of robots in the group can be determined by a set of lo-
cal coordinates with reference to the moving frame attached
to the desired trajectory (see figure 1 for an illustration of
moving frames).

More specifically, let qo(t) = [2o(t),%0(t)]T € R? be the
desired trajectory for the group motion, the moving frame
F(t) attached to ¢o(t) can be defined by the following
orthonormal vectors e;(t) and ea(t)

Zi1 = T, 2z =tanb;, z;3 =1y,
Wi
U1 = V4 COS 97;, U2 = YR
cos? 0,

o (t)
N0k
Yo

i) t

Vo)

[90
Yo

G

(®)]?
(®)]?

+
(t)
+
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Fig. 1. Moving frames on the desired trajectory

V()] + [ (1))
Accordingly, any formation consisting of n robot positions
in F(t) can be expressed as {Py,--- , P,} with

Pi(t) = asie1(t) + aszea(t), (5)

where «;; are constants of determining the formation. To

this end, the formation control objective can be recast as to

design the control laws v;(¢) and w;(t) for the ith robot such
i(t)

that
i [[ 290 ]t - 0] =0,

It is noted that the control objective defined in (6) can
be achieved through the standard tracking control design
for individual robots if the desired trajectory go(t) and its
derivative ¢o(t) are available to every robot. However, such
a design may not be robust in the presence of disturbance
and noise measurements due to the lack of coordination
among robots. On the other hand, the desired trajectory
go(t) may be known only by some of robots in the group.
Therefore, it is desirable to design distributed formation
control law for the ith robot based on information exchange
and relative position measurement between robots within its
sensing/communication range.

In this paper, we assume that the sensing/communication
topologies among robots are changing, which can be cap-
tured by the time sequence {t; : 7= 0,1, - }. Correspond-
ingly, we introduce the following binary matrix to describe
the sensing/communication topology.

(6)

S11 Slg(t) Slq(t)
S(t) = Sle(t) 8?2 sng(t) ; @)
Snl(t) an(t) Snn

with S(t) = S(t;),Vt € [t;,t;,1), where s;; = 15 s4;(t) =
1 if the jth robot is in the sensing/communication range
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of the ith robot at time ¢, and s;; = 0 if otherwise; and

t5 2 to. It can be assumed without loss of any generality
that 0 < ¢, < t5.4 —t; < ¢ < oo, where ¢, and ¢; are
constant bounds. We also define the neighbor set for the ith
robot as N;(t) = {j € Qs;;(t) = 1}.

It is apparent that in order to achieve the coordination
task, the sensing/communication topologies defined by (7)
must satisfy certain connectivity conditions. In our recent
work [24][30], we introduced the notion of sequentially
completeness to describe the least required condition on
network connectivity for cooperative control design, which
is restated by the following definitions.

Definition 2.1: Sensing/communication matrix sequence
{S(t)} is said to be sequentially lower-triangularly complete
if it is sequentially lower-triangular and in every row i of its
lower triangular canonical form, there is at lease one j < ¢
such that the corresponding block S;;(¢) is uniformly non-
vanishing.

Definition 2.2: Sensing/communication matrix sequence
{S(t)} is said to be sequentially complete if the sequence
contains an infinite subsequence that is sequentially lower-
triangularly complete.

As an example for sequential completeness, let us assume
that the sensing/communication topologies for 3 robots are
changing according to the sequence {S(tx),k € NN 2
{1,2,...}} defined below: S(tx) = S; for k = 4n, S(tx)
Sy for k = 4n+ 1, S(tx) = S5 for K = 4n + 2, and
S(ty) = Sy for k = 4n + 3, where 1 € N,

1 0 0 1 1 0
Si=|11 1 0], SS=]01 0|,

0 0 1 0 0 1

1 0 0 1 0 0
S3=10 1 0], and S4=|0 1 0 )
1 0 1 0 0 1
The bitwise union of S;,i =1,--- ,4is
1 1,0 r
Usi=|1 110 é[sﬁ‘élﬂ.
; 101 SA,21‘1

It then follows from the structure of J, S; that the corre-
sponding sequence is lower-triangularly complete, and there-
fore the switching sensing/communication topologies defined
by (8) is sequentially complete.

Assumption 2.1: The group of robots defined in (1) has a
sequentially complete sensing/communication network.

III. THE MAIN RESULT

In this section, we present a nonlinear formation control
design for nonholonomic mobile robots (1) with limited
information of the desired trajectory go(t). Particularly, the
proposed new formation control will be done with the aid of
distributed observers for the estimation of go(¢).

It follows that the desired trajectory ¢o(t) also satisfies the
nonholonomic constraints, that is, we have

io = o COSH(), ?JO = UQSineo, (90 = Wy

562

for some vp,wqy, and Oy. It is then readily seen that the
moving frame attached to ¢o(¢) can be established using the
rotation matrix in terms of the desired trajectory orientation

0o (t), that is,
o |

To this end, the formation control can be designed based
on the real time estimation of 2 (t), yo(t) and (). The pro-
posed distributed observer is of the form (for ¢ € [t7,¢7, )

€1 (t) =

[ cos fy

—sin 6y
sin 6

cos by

Biot) = D agsen(@jo(ty) — 2io(t}))

JEN;

+aiosiosgn(wo(ty) — zio(t;)) (©))
iot) = Y aigsgn(y;o(ti) — vio(t}))

JEN;

+aiosiosgn(yo(ty) — vio(ty)) (10)
Oio(t) = > aisgn(8;0(t;) — 0i0(t7))

JEN;

+agosiosgn(Oo(ty) — Oio(ty))  (11)

where x;0(t), ¥;,0(t) and 6; o(¢) are the ith robot’s estimate
of zo(t), yo(t), and 6y(t), respectively, s;0 = 1 if and only
if the ¢th robot has the direct access to the information of
the desired trajectory, «; ; and oo are piecewise constant
control gains to be designed, and sgn(-) function is defined
as

1, z>0
sgn(z) = 0, z=0
-1, z2<0

The following theorem states the finite-time convergence
of the proposed distributed observers (9), (10) and (11) under
appropriate choices of «; ; and «;p.

Theorem 1: Consider a group of nonholonomic mobile
robots given by (2) with assumption 2.1. The finite-time
convergence of x; o(t) to zo(t), yi,0(t) to yo(t) and 6; o (¢)
to 6p(t) can be guaranteed under the proposed distributed
observers (9), (10) and (11), if the control gain «;; and oy
(for s;0 = 1) are designed as follows: for agent ¢,

> aii(ty) +aiolty) > d, if sip =1, (12)
JEN;
> ai(ty) > d, if si0 =0 (13)
jEN;

where d is the upper bound of |0 (t)], |5o(t)| and |6o(t)].
Proof: We prove the convergence of (9). The same pro-
cedure applies to (10) and (11). We first consider the robots
which have the direct access to x(t), that is, robot 4 for ¢ €
Qo ={i € Q: 550 = 1}. Define z§" (t) = max;cq, Tio(t)
and " (t) = max;cq, i o(t). Let TTEE(t) (t) —
zo(t), and 74" (t) = 24" (t) — wo(t). It follows from (9)

J— max
= T;0
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that
F) =Y aigsen(izo(t) — F (1)
JEN;
+agosgn(zo(ty) — m‘””(tk)) — g (14)
) = Y aisgn(Eo(th) — E70" ()
JEN;
+o¢iosgn(x0(tz) — l,;né,n(ts)) — l"o (15)

Now consider the evolution of Z{'§"(¢) and Z}" (¢). If both
e (t) > 0 and Z7§"(t) > 0, it suffices to show that

T]§*(t) converges to zero in finite time. It follows from
(14) and (12) that
) = - Z Qjj — Qo — To
JEN;
< _Zaij_ai0+cz<0, (16)
JEN;

which implies that z7"¢"* will converge to zero in a finite

time. If both & (¢ ) < 0 and Z}G"(t) < 0, it suffices to
show that :c%”‘(t) converges to zero in finite time. It follows
from (15) and (12) that

.’f;‘;%”(t) = Z Q;j + Qo — T
JEN;
> Y ajtap—-d>0, (17
JEN;

which implies that imom will converge to zero in a finite
time. If Z}' (t) > 0 and Z}"(t) < 0, same conclusion can
be drawn by noting both (16) and (17).

Now let us consider the robots which do not have direct
access to xo(t) but have information exchange with robots in
Q, that is, for robot ¢ withi € Oy = {i € Q: 5,0 =0,5;; =
1,7 € Qp}. To this end, we know that since after certain
finite time, robot j (for j € Q) will converge to x(t), thus,
similar analysis can be done to show the convergence of
Z;,0 (for i € 1) to zero in finite time. The above procedure
can be repeated recursively due to the sequentially complete
sensing/communication assumption. O

Remark 3.1: The proposed distributed observers are mo-
tivated by the result in [4], in which a distributed estimator
with terms like sgn(Z:?:1 aij(z; —x;)) was proposed, while
in this paper we consider more general form with terms like
sgn(z; — x;). &

In what follows, we present the distributed formation
control design. Let us define an infinite sequence of time
instants {ty + kT,} for k € N = {0,1,---} and with
sampling time 0 < T, < ¢, The control inputs will
be updated according to the sampling time instants. For
notational convenience, z(to + kT) is simplified as z(k)
for any variable z.

Theorem 2: Consider a group of nonholonomic mobile
robots given by (2) with assumption 2.1. Let the distributed
cooperative control be for ¢t € [tg + kTs,to + (kK + 1)T)

wi (1) afy +abysinw(t —to — kTs)  (18)
up(t) = bfl + be cosw(t — tg — kT%s) (19)

5563

where w = %—” afz # 0 can be any constant, and
1 n
ay = g Y Gig(R)a(F) — ai(k) — 2 (k)
S j:l
d(/f +1)), (20)
bﬁ=TZ% [2j2(k) = 22 ()], @n
= zcm k)~ )
d af bkl
(1)) - T
k bk T,
b i (K) T + ‘”wl] . 22)
with
! Zn:l S’”](k)
mf(k’) = x;0(k) 4+ a1 cosb; o(k) — o sind; o(k)
yld(k) = yz,O(k) —+ (6751 SiIl 07410(/%') + Q39 COS 01,0(k)
Jizd(k' +1) = z0(k+1)+ aircosto(k+1)
—@9 Sin (97;’0(1{,‘ + 1)
yfl(k + 1) = yi,O(k + ].) + (6751 sin 07;’0(]{ + ].)

“+;0 COS 91‘70(l€ + 1)

where x; 0, 4,0, and 6; o are governed by (9), (10), and (11),
respectively, and

+T5( Z aisgn(z;0(k) — xio(k))
JEN;
+aiosiosgn(xo(k) — xi0(k))) (24)
violk+1) = yiolk)
+T,( Y agsen(yso(k) = yio(k))
je/\/}
+aiosiosgn(yo(k) — yio(k))) (25)
Oiok+1) = 6;0(k)
+T( Z aijsgn(0j0(k) — 0;,0(k))
jENi
+aiosiosgn(o(k) — 0;0(k))) (26)

Then the formation control objective (6) is achieved.
Proof: Directly applying controls (18) and (19) to (2)
yields

zin(k+1) = zu(k)+ aflTs (27)
sk +1) = za(k) + b T (28)
ak bk T?
zis(k+1) = zis(k) + afzia(k)Ts + %
_a‘gbflTs n vk, ak, T 29)
w 2w
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Substituting (20), (21) and (22) into the above equations, and
noting that ai?l and bk, can be rewritten as

n
koo
a;; = E: )z (k
° =

=z (k) — 2§ (k) + 2 (k)]

1
- (@ + 1) — 2 (R), (30)
W L PR k) — yd(k
2 = GE > Gij(k)lyjs(k) — yis(k) — yi (k)
(3 S j=1
ak bk T2
i (0)] + (' (k + 1) =y (k) — ===
k 1.k
—al zia (k)T + Wf] : 31)
we have
zin(k+1)= zn(k —l—ZG” )[G1 (k) — G (k)]
t0+(k+1)
+ / a‘:?(t)dt, (32)
to+kTs

Zlg(k —+ 1) = 2’22

+ ZG” ZJQ
+ ZG” CJS

to+(k+1)
+/
to+kTs

A

where G (k) = (k) — 2 (k) and G(k) = mi(k) — vl (k).
It then follows from the definitions of (;; (k) and (;3(k) and
from (32) and (34) that

- Ziz(k)],(33)
zis(k+1)= zi3(k — Giz(k)]

(e, (34)

Gi(k+1)= Cu(k Z i (R)[Gi1 (k) — G (k)],(35)

Ga(k+1)= Ga(k)+ D Gy (k)[¢s(k) — Gia(k)]-(36)
=1

To this end, if we can show that limg_ o (1(k) = c1,

limg 0o Gis(k) = 3, limp_oo zia(k) = co, for all 4,

where c¢i,c2,c3 are some constants, then it is obvious
that the formation control objective (6) is achieved since
limy o0 le(k?) = c1 + l‘?(k‘) and limy_, o Zig(k) = c3 +
4(k)
y; (k).
It suffices to show the convergence of (;1 (k) in (35). Same
argument can be applied to (;3(k) in (36) and z;2(k) in (33).
It follows from the choice of G;;(k) in (23) that

ZG” CJl Ctl ZGU le Czl(k)
Thus, (35) becomes
Calk+1) = Gij(k)G (k (37)
Jj=1

554

To show the convergence of (;;(k), let us define Q =
{1,--- ,n} to be the set of indices on state variables, and
at time instant ¢y 4+ kT, let ¢}, (k) = max; (j1(k) and

! .o(k) = min; ¢;1 (k). Define sub-sets Qmax(k), Qmin(k),

min

Q. (k) = Q/Unax(k), and Q¢ (k) = Q/Quin(k) as

max
follows:

Qmax (k) = {i" € Q: =1(k) = Célax(k)}

and
Qmin(k) = {ix € Q: Gia(k) = Grin ()}

Thus, the proof of the convergence (;1(k) is equivalent to
prove for any k, there exists a constant § (k) > 0, such that

for some 0 < A < 1.
Noting that It follows from the sampling time 7T < ¢,

that the sensing/communication sequence {S(k) = S(to +
kTs),k = 0,1,---} completely captures the information
of sequence {S(t;),n = 0,1,---}. Thus, the sequential
completeness of {S (t5),m=0,1,---} implies the sequential
completeness of {S(k ) =0,1,---}.

To this end, the inequality (38) can be established by
looking into the evolution of (;«1 (k) for every i* € Quax(k)
and (;,1(k) for every i, € Qumin(k). This can be done using
a similar analysis as in [29]. Details omitted due to space
limitation. O

Remark 3.2: The kinematic model (1) was considered in
the proposed formation control. With the aid of backstep-
ping design [12], the result can be extended to deal with
the distributed formation control for nonholonomic robots
described by the following dynamic models [3]:

M(q)i+ C(q,4)d + G(q) B(q)+J ()X 39)
J(@)g = 0 (40)

where ¢ = [ 1 -+ ¢n ]T € R” is the generalized

coordinates, M (q) € R™*™ is a bounded positive-definite
symmetric inertia matrix, C'(q,¢) € R™*"™ is the centripetal
and coriolis matrix, G(¢) € R™ is the gravitation force
vector, B(q) € R™*" is the input transformation matrix,
7 € R" is the input vector of forces and torques, J(q) €
R(n—m)xn iq the matrix associated with the constraints, and
A € R™™™ is the vector of constraint forces on the contact
point between the rigid body and the surface. o

IV. SIMULATION

In this section, we simulate the proposed formation control
by considering three mobile robots moving according to a
circular contour while maintaining a right triangle formation.
We assume that the sensor/communication topologies are
changing according to the sequence {S(¢1), k € R} defined
in (8), and robot 1 can receive the desired trajectory contour
information g (t).

Let qo(t) be [sin(0.2t), — cos(0.2¢)]T. The corresponding
moving frame is given by e;(t) = [cos(0.2t), — sin(0.2¢)]T,
ea(t) = [sin(0.2t), cos(0.2t)]T. The formation parameters
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are given by a1 = 0,12 = 0,01 = —1, 000 = 1,031 =
—].,0432 = —1. The initial conditions [ii(t()),yi(t()),ei(to)]
are given by [0.1,0.2,7/4],[1,—2,7/6],[—1,—1.5,0]T for

i = 1,2,3, respectively, a¥, = 0.2 and T, = 0.1. Figure
2 illustrates the phase portrait under the proposed controls
proposed controls (18) and (19).

35 T T T T T
robot 1
sl — — robot2 4
— - — rohot 3
251 “‘Jw"&-ﬂ-\ﬂ 4
- S,
- Y
2k - Finial =, i
K fomation ™
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1 ..:'
L ) i
i
05k q

"
™

Fig. 2. Phase portrait of three robots

V. CONCLUSION

In this paper, we proposed a new nonlinear formation
control method for nonholonomic mobile robots. Formation
patterns are defined based on local coordinates with respect
to the moving frame attached to the desired trajectory contour
for the group. Through the design of a finite-time distributed
observer for the desired trajectory, the formation control
design can be done with limited information for the desired
trajectory. System stability was rigorously proved using a
contraction mapping method. Simulation result validated the
effectiveness of the proposed design.
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LIST OF SYMBOLS, ABBREVIATIONS, AND ACRONYMS

HJIB Hamilton-Jacobi-Bellman

RBF Radial Basis Function

MPI Multiagent Policy Iteration

= identically equal

2 defined as

< (>) less (greater) than

< (>) less (greater) than or equal to

v for all

€ belongs to

— tends to

> summation

U union

Izl the norm of a vector z

max maximum

min minimum

R the n—dimensional Euclidean space
diag[zy,--- ,z,] adiagonal matrix with diagonal elements z; to z,,
x the first derivative of x with respect to time
x the second derivative of x with respect to time
AT (2T) the transpose of a matrix A (a vector z)
argmin the argument of the minimum

Lo the space defined based on 2—norm
Lo the space defined based on co—norm
sgn(+) the signum function
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