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Given a domain G, a reflection vector field d(-) on 8G, the bound-
ary of G, and drift and dispersion coefficients b(-) and o(-), let £ be
the usual second-order elliptic operator associated with b(-) and o(-).
Under mild assumptions on the coefficients and reflection vector field,
it is shown that when the associated submartingale problem is well
posed, a probability measure 7 on G with 7(9G) = 0 is a stationary
distribution for the corresponding reflected diffusion if and only if

/Ef(m)ﬁ(dm) <0
a

for every f in a certain class of test functions. The assumptions are
verified for a large class of obliquely reflected diffusions in piecewise
smooth domains, including those that are not semimartingales. In ad-
dition, it is shown that any nonnegative solution to a certain adjoint
partial differential equation with boundary conditions is an invari-
ant density for the reflected diffusion. As a corollary, for bounded
smooth domains and a class of polyhedral domains that satisfy a
skew-symmetry condition, it is shown that if a certain skew-transform
of the drift is conservative and of class C!, and the covariance matrix
is non-degenerate, then the corresponding reflected diffusion has an
invariant density p of Gibbs form, that is, p(z) = ¢ ® for some C?
function H. Finally, under a non-degeneracy condition on the diffu-
sion coefficient, a boundary property is established that implies that
the condition 7(0G) = 0 is necessary for 7 to be a stationary distri-
bution. This boundary property is of independent interest.

CONTENTS
1 Introduction. . . . . . . . . . . ..o 2
2 A Class of Reflected Diffusions . . . . . . . ... ... ... .... 8
3 Statement of Results . . . . . . . . . .. 11

*Partially supported by NSF grants CMMI-1052750 (formerly 0928154), CMMI-
1114608 and ARO grant W911NF-12-1-0222

AMS 2000 subject classifications: Primary 60H10, 60J60, 60J65; Secondary 90B15,
90B22.

Keywords and phrases: Reflected diffusions, invariant distribution, stationary density,
submartingale problem, stochastic differential equations with reflection, basic adjoint rela-
tion (BAR), adjoint partial differential equation, skew-symmetry condition, product-form
solutions, skew-transform, gradient drift, queueing networks.

1



2 W. N. KANG AND K. RAMANAN

4 Examples . . .. .. 24
5 Sufficiency of the Inequality Condition . . . . . . ... ... .. .. 27
6 A Boundary Property . . . ... ... ... ... ... ... . 35
7 Proofof Theorem 2. . . . . . . .. . ... ... ... ... ..... 41
A An Approximation Lemma . . . . ... ... 43
B Construction of Test Functions . . . . . ... ... ... ...... 46
References . . . . . . . . . . 49

1. Introduction.

1.1. Description of Main Results. This work establishes a simple charac-
terization of stationary distributions of a broad class of reflected diffusions in
piecewise smooth domains with oblique reflection, including those that are
not necessarily semimartingales, and uses it to identify classes of reflected
diffusions with state-dependent drift for which the stationary density takes
an explicit form. Reflected diffusions arise in a variety of applications, rang-
ing from queueing theory and operations research to finance and mathemat-
ical physics, and their stationary distributions often serve to characterize or
approximate important quantities of interest. Consider a domain G C R”,
equipped with a vector field d(-) on the boundary dG, and drift and dis-
persion coefficients b : G — R and 0 : G — R’ x RV, where G is the
closure of G. A reflected diffusion associated with (G,d(-)), b(-) and o(-) is,
roughly speaking, a continuous Markov process that behaves locally, near
x € G, like a diffusion with state-dependent drift b(z) and dispersion o(x),
and is constrained to stay inside G by a pushing term that is only allowed
to act when the process is on the boundary, and then only along the di-
rections specified by the vector field d(-) at that point on the boundary.
One approach to making this heuristic description precise is a generaliza-
tion of the martingale problem referred to as the submartingale problem,
which was introduced by Stroock and Varadhan [43] to characterize the law
of reflected diffusions in smooth domains. Other approaches to construct-
ing reflected diffusions include Dirichlet forms [8, 20], controlled martingale
problems [30] and stochastic differential equations with reflection (SDER)
defined via the Skorokhod problem [16, 26, 35]. However, Dirichlet forms
are more naturally suited to analyzing normally reflected diffusions (which
are symmetric Markov processes), and the controlled martingale problem
and Skorokhod problem approaches can be used only to construct semi-
martingale reflected diffusions. While extensions of these approaches have
been considered in particular cases [15, 26, 35], the submartingale problem
seems most suitable for providing a common framework for the characteriza-
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tion of the distributions of semimartingale and non-semimartingale reflected
diffusions with oblique reflection in piecewise smooth domains.

fWe provide a precise formulation of the submartingale problem in piece-
wise smooth domains in Definition 2.1. Prior to this work, although the
submartingale problem framework had been used to study specific exam-
ples such as reflected Brownian motion (RBM) in two-dimensional cusps
and wedges, conical domains and skew-symmetric RBMs in polyhedral do-
mains (which almost surely do not visit the non-smooth parts of the domain)
[12, 13, 46, 31, 49], there was no clear definition for the submartingale prob-
lem in general piecewise smooth domains. Indeed, the development of a
theory of reflected diffusions that could fail to be semimartingales in dimen-
sions greater than two has long been posed as a challenging open problem
(see (iii) in Section 4 of [50]). One of the contributions of this work is the
identification of a suitable formulation of the submartingale problem that
allows for the unique characterization of both the reflected process and its
stationary distribution in some generality (see Remark 2.4 for a discussion
of some of the subtleties involved). Further justification for the definition
of the submartingale problem that we introduce is provided in [28], where
it is shown that well-posedness of the submartingale problem is equivalent
to existence and uniqueness in law of a weak solution to the correspond-
ing SDER, thus generalizing a classical result for (unconstrained) diffusions
obtained by Stroock and Varadhan (cf. Corollary 3.1 of [42]). If the sub-
martingale problem has a unique solutio, it is said to be well-posed.

For a reflected diffusion in a bounded domain, the family of time-averaged
occupation measures is automatically tight, and existence of a stationary dis-
tribution can be deduced as a simple consequence. On the other hand, for
reflected diffusions in unbounded domains suitable conditions on the drift
and reflection vector field need to be imposed to guarantee positive recur-
rence, and have been identified in various cases (see, e.g., [1, 24]). In either
case, when the diffusion coefficient is uniformly elliptic, uniqueness of the
stationary distribution follows from standard results in ergodic theory. Ex-
plicit expressions for the stationary distribution have been obtained mostly
for reflected Brownian motions (RBMs) with constant drift in polyhedral
domains, either in two dimensions [14, 48] or when a special skew-symmetry
condition is satisfied [49, 23]. The focus of the present paper is on char-
acterization of the stationary distribution for a general class of reflected
diffusions and the identification of general classes of reflected diffusions with
state-dependent drift whose stationary densities are of Gibbs form or, equiv-
alently, strictly positive.

Given continuous drift and dispersion coefficients b : G + R’ and o :
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G +— RN let a : G — R7*7 be the associated diffusion coefficient given
by a(-) = o(-)a(-), where o (z) denotes the transpose of the matrix o(z),
and let £ be the associated second-order differential operator given by

J

J 2
1) L@ = Y hgh @) +5 D ay@ g, 1 <CE)

i=1 ij=1

where CZ(G) is the space of twice continuously differentiable functions on G
that, along with their first and second partial derivatives, are bounded. The
first main result of this paper, Theorem 1, shows that under some analytical
conditions (see Assumption 1), a probability measure 7 on G is a stationary
distribution for a reflected diffusion defined by a well-posed submartingale
problem if and only if 7 satisfies 7(0G) = 0 and

2) /G Lf(z)dr(z) <0

for all f belonging to H, a certain class of test functions defined in (3).
A subtlety in this result lies in the correct choice of test functions in (2).
See Remarks 2.4 and 5.2 for further discussion of this issue. The second
result, Theorem 2, shows that the conditions of Theorem 1 are satisfied by a
large class of reflected diffusions in piecewise smooth domains described in
Definition 3.3 that satisfy a mild condition (Assumption 2). In particular,
this condition is satisfied whenever the so-called generalized completely-S
condition holds, which corresponds to the case when the set ¢ defined in (6)
coincides with the boundary 0G. llustrative examples of reflected diffusions
that arise in applications and satisfy the assumptions of Theorems 2 and 1
are presented in Section 4.

The third result (Theorem 3) shows that any nonnegative C? solution to
a certain adjoint partial differential equation (PDE) with oblique derivative
boundary conditions, is an invariant density for the corresponding reflected
diffusion. In Corollary 1, this PDE is used to identify a broad class of RBMs
with state-dependent drift that have an invariant density of Gibbs form,
that is, p(z) = e® for some C? function or “potential” H. In particular,
for bounded smooth domains and a class of polyhedral domains that satisfy
a skew-symmetry condition, it is shown in Corollary 2 that given a non-
degenerate covariance matrix A, if a certain skew-transform of the drift is
conservative (i.e., of gradient form) and C!, then the reflected diffusion has
an invariant density p of Gibbs form, that is, p(z) = e”(*) for a suitable
“potential” function H. In addition, it is also shown that, under the same
skew-symmetry condition, any RBM with such a drift b and covariance ma-
trix A is dual (with respect to the invariant density p(z)dz) to an RBM with
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covariance A, drift —b+ AH and certain adjoint directions of reflection. This
generalizes both the well known property that an (unconstrained) diffusion
with constant covariance and drift of gradient form has an invariant den-
sity of Gibbs form, as well as results in [23] for reflected Brownian motions
with constant drift. We emphasize that in the case of reflected diffusions,
the gradient condition is on the so-called skew-transform (see Definition 3.5)
of the drift, and not on the drift itself. Furthermore, several examples are
provided when the potential H of the stationary density takes an explicit
form, including the case of reflected Ornstein-Uhlenbeck processes, which
are of interest in applications [38].

Finally, under a non-degeneracy condition on the diffusion coefficient, the
last result of this paper (Proposition 6.1) establishes a certain boundary
property which shows that the reflected diffusion spends almost surely zero
Lebesgue time on the boundary. This boundary property, which is of inde-
pendent interest, implies that 7(0G) = 0 is a necessary condition for 7 to
be a stationary distribution. It is also used in [28] to establish the equiva-
lence between well-posedness of submartingale problems and well-posedness
of weak solutions to corresponding SDERs.

1.2. Relation to Prior Work. A criterion for invariant measures analo-
gous to (2) was first obtained by Echeverria for (unconstrained) diffusions
on a locally compact separable metric space F [19]. It follows from Echever-
ria’s work that, given drift and dispersion coefficients b(-) and o(-) that are
associated with a well-posed martingale problem, a probability measure w
is a stationary distribution for the corresponding diffusion if and only if (2)
holds with inequality replaced by equality and for test functions f € C2(E),
the space of twice continuously differentiable functions with compact sup-
port on E. Extensions of Echeverria’s criterion were obtained by Bhatt and
Karandikar [5], who relaxed the local compactness condition on E, and by
Stockbridge [41] and Bhatt and Borkar [4], who extended it to controlled
processes. An extension of Echeverria’s criterion to reflected diffusions in
smooth domains defined by well-posed submartingale problems was first
obtained by Weiss in his PhD thesis [47]. However, the results of [47] do
not apply to reflected diffusions in non-smooth domains in R’. Kurtz and
Stockbridge [29, 30] further extended Weiss’ result to obtain abstract suffi-
cient conditions for existence of stationary solutions to more general Markov
processes defined in terms of controlled and singular martingale problems.
However, the framework of controlled martingale problems in [29, 30] can-
not be used to uniquely characterize non-semimartingale reflected diffusions,
and hence, is not suitable for the analysis of more general processes of in-
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terest under study here, which can be characterized via the submartingale
problem. Nevertheless, we use a result from [30] in our proof of Theorem
1, and also clarify the connection between the stationary solutions in [30]
and stationary solutions to well-posed submartingale problems, which have
been used more widely in the literature to characterize reflected diffusions
in curved domains.

For a class of semimartingale RBMs in the non-negative orthant associ-
ated with so-called M-reflection matrices, a certain basic adjoint relation
(BAR), which is related to the adjoint PDE established in Theorem 3, was
established in the seminal work of Harrison and Williams in [24] (see also
[10] for an extension). However, there are many RBMs of interest that fall
outside the domain of the results of [24, 10] such as, for example, RBMs
in polygons in R?, considered in the work of Harrison, Landau and Shepp
[22], which could fail to be semimartingales for some parameter values. In
particular, Theorem 3 of the present paper rigorously establishes that the
solution to the PDE in two-dimensional polygonal domains obtained in [22]
is indeed the stationary density of the associated RBM (see Example 4.3).
Indeed, the result of Weiss [47], which was cited in [22] to relate their ana-
lytical result to the stationary distribution of the RBM, does not cover the
case of non-smooth polygonal domains studied in [22]. As mentioned above,
the identification of a large class of reflected diffusions with stationary den-
sity of Gibbs form generalizes some of the results obtained for RBMs with
constant drift by Harrison and Williams in [23, 49].

Finally, the boundary property established in Proposition 6.1) can be
viewed as a generalization of results in [24, 11] (see also [49]) for semi-
martingale reflecting Brownian motions in the orthant or in more general
convex polyhedral domains, to more general reflected diffusions in possibly
curved domains.

1.3. Outline of the Paper. Section 2 contains a precise definition of the
submartingale problem and of a class of reflected diffusions in piecewise
domains. In Section 3.1 the first main results of the paper, Theorems 1 and
2, are stated. The proofs of Theorem 1 and Theorem 2 are given in Section
5 and Section 7, respectively, and Section 4 contains illustrative examples of
reflected diffusions for which the assumptions of the two theorems are valid.
In Section 3.2, several consequences of Theorems 1 and 2 are established,
including the adjoint PDE (Theorem 3), identification of strictly positive
solutions under suitable assumptions (Corollaries 1 and 2) and illustrative
examples. Finally, the boundary property is stated and proved in Section 6.
The proofs of some technical lemmas are relegated to the Appendix. In the
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next section, we summarize some common notation used in the paper.

1.4. Notation and Terminology. The following notation is used through-
out the paper. Z is the set of integers, N is the set of positive integers, R is
the set of real numbers, Z is the set of non-negative integers and R, the
set of non-negative real numbers. For each J € N, R” is the J-dimensional
Euclidean space and | - | and (-, ), respectively, denote the Euclidean norm
and the inner product on R”. Vectors will be represented as column vectors,
and for each vector v € R’ and matrix ¢ € R? x RV, v and ¢” denote
the transpose of v and o, respectively. Given a square matrix A € R/*/,
diag(A) represents the column vector containing the diagonal elements of A
and tr(A) denotes the trace of A, equal to 2;121 Aj;i. For each set A ¢ R,
A°, 0A, A and A° denote the interior, boundary, closure and complement
of A, respectively. For each z € R/ and A C R, dist(x, A) is the dis-
tance from z to A (that is, dist(z, A) = inf{y € A : |y — z|}). For each
AcCR)and r >0, B.(A) = {y € R : dist(y,A) < r}, and given € > 0
let A° = {y € R/ : dist(y, A) < &} denote the (open) e-fattening of A. If
A = {z}, we simply denote B,.(A) by B,(z). We will use S1(0) to denote
the unit sphere in R7. We also let I4 denote the indicator function of the
set A (that is, [4(z) = 1if x € A and I4(x) = 0 otherwise).

Given a domain E in R", for some n € N, let C(E) = C%(E) be the
space of continuous real-valued functions on F and, for any m € Z4 U
{o0}, let C™(E) be the subspace of functions in C(FE) that are m times
continuously differentiable on E with continuous partial derivatives of order
up to and including m. When E is the closure of a domain, C"™(F) is to be
interpreted as the collection of functions in N.~oC™(E*), where E€ is an open
e-neighborhood of E, restricted to E. Also, let C]*(E) be the subspace of
C™(FE) consisting of bounded functions whose partial derivatives of order up
to and including m are also bounded, let C["(E) be the subspace of C"(E)
consisting of functions that vanish outside compact sets. In addition, let
CI"(E) @R be the direct sum of C*(E) and the space of constant functions,
that is, the space of functions that are sums of functions in C"(E) and
constants in R. For definitions of the space of functions or vector fields on
FE that are of class C™ for some non-integral m, we refer the reader to
a standard book on partial differential equations [21]. If m = 0, we denote
em™(E), C'(E), C(E), C(E) &R simply by C(E), Cy(E), Co(E), Co(E) OR,
respectively. The support of a function f is denoted by supp(f), its gradient
of f is denoted by V f and the Laplacian of f is denoted by Af. We say a
set-valued function f(-) defined on a subset E of R” is continuous at = € E
if for every € > 0, there exists a neighbourhood O, C E of x such that
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f(y) € B-(f(x)) for each y € O, and we say f(-) is continuous on F if it is
continuous at each x € E.

The space of continuous functions on [0,00) that take values in R” is
denoted by C [0, 00), the Borel o-algebra of C [0,00) is denoted by M, and
the natural filtration on C [0, 00) is denoted by {M,;}. The Borel o-algebra
of G is denoted by B(G).

2. A Class of Reflected Diffusions. In this section we introduce the
class of reflected diffusions that we consider. Let G be a nonempty connected
domain in R7, and let d(-) be a set-valued mapping defined on G, such that
each d(z), » € G, is a non-empty closed convex cone in R’ with vertex at
the origin 0, d(xz) = {0} for each z in G°, and the graph of d(-) is closed,
that is, the set {(x,v) : 2 € G,v € d(z)} is a closed subset of R?’. Let V be
a subset of dG. As shown in Section 4, VV will typically be a (possibly empty)
subset of the non-smooth parts of the boundary of the domain G where d(-)
is not sufficiently well behaved. For each function f defined on R”, we say f
is constant in a neighborhood of V if for each x € V, f is constant in some
open neighborhood of x. Given measurable drift and dispersion coefficients
b:R/ - R and o : R’ — R/ xRY, and a = 607 : R’ — R’ xR/, let £ be
the associated differential operator defined in (1). One way of characterizing
a reflected diffusion is through the so-called submartingale problem. The
submartingale problem is a generalization of the martingale problem that
was first introduced in [44] to characterize the law of reflected diffusions in
smooth domains. Extensions of the submartingale problem to characterize
RBMs in two-dimensional piecewise smooth domains were considered in var-
ious works [12, 13, 46] and multi-dimensional RBMs that satisfy a special
skew-symmetry condition was considered in [49]. Definition 2.1 generalizes
these formulations further to accommodate a more general class of multi-
dimensional reflected diffusions. As mentioned earlier, a suitable formulation
of the submartingale problem for multi-dimensional reflected diffusions that
need not be semimartingales has long been a challenging problem [50]. Re-
mark 2.4 provides further discussion of this formulation, and in particular,
of the role of the set V. In what follows, recall that C?(G) @R is the space of
functions that are sums of functions in C?(G) and constants in R, and that
Vf denotes the gradient of a function f on a domain in R”. Given a subset
Y C 0G, let H = Hy be the set of functions

{ f€C?)G)@®R: fis constant in a neighborhood of V, }

(3) #H= (d,Vf(y)) >0fordedy) and y € 0G

When V is the empty set, the condition that f be constant in a neighborhood
of V is understood to be void. When V is a disjoint union of connected
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subsets, the condition that f be constant in a neighborhood of V means
that f is constant in a neighborhood of each connected subset.

DEFINITION 2.1.  (Submartingale Problem) A family {Q,,z € G} of
probability measures on (C[0,00), M) is a solution to the submartingale
problem associated with (G,d(-)), V, drift b(-) and dispersion o(-) if for each

A € M, the mapping z — Q.(A) is B(G)-measurable and for each z € G,
Q. satisfies the following three properties:

1. Q. (w(0) =2) =1;
2. For every t € [0,00) and f € Hy NC2(R7), the process

(4) Fw(t) - /0 Cf(w(w)du, >0,

is a Q,-submartingale on (C [0, 00) , M, {M;});
3. For every z € G,

EQ- [/Ooo ]Iy(w(s))ds} = 0.

In this case, Q, is said to be a solution to the submartingale problem starting
from z. Moreover, given a probability distribution m on G, the probability
measure Q, defined by

(5) Qr(A) = AQZ(A) m(dz), for every A € M,

18 said to be a solution to the submartingale problem with initial distribution
.

The first condition in Definition 2.1 simply states that the family of mea-
sures is parameterized by the initial condition. The second condition in Def-
inition 2.1 captures the notion of diffusive behavior in the interior, and
reflection along the appropriate directions on the boundary. Since the “test
functions” in property 2 are constant in a neighbourhood of V, this con-
dition does not provide information on the behavior of the diffusion in a
neighborhood of V. The third condition is imposed to ensure instantaneous
reflection (precluding the possibility of absorption or partial reflection) on
the boundary. A canonical choice for the set V is given below in (7).

DEFINITION 2.2.  The submartingale problem associated with (G,d(-)),
V, drift b(-) and dispersion o(-) is said to be well posed if there exists exactly
one solution to the submartingale problem.
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We will only consider submartingale problems that are well posed. In
addition, we will also assume throughout, without explicit mention, that
the drift and diffusion coefficients are continuous. Under this assumption,
for every f € C2(R”), the mapping x ~ Lf(z) is continuous, and so the
integral in (4) is clearly well defined.

We next consider reflected diffusions associated to the submartingale
problem.

DEFINITION 2.3. A stochastic process Z defined on a probability space
(Q, F,P) is said to be a reflected diffusion associated with (G,d(-)), V, drift
b(-) and dispersion o(-) if its family of distribution laws {Q., z € G} is the
unique solution to the submartingale problem, where for z € G, Q. is the
conditional distribution of Z under P, conditioned on Z(0) = z.

REMARK 2.4. When the domain G is smooth, the class of test func-
tions used in the definition of the submartingale problem are the functions
in H with V = (), so that property 3 of Definition 2.1 is essentially absent
[43]. The analysis of reflected diffusions in non-smooth domains via the sub-
martingale problem has to a large extent concentrated on the case when
the set of non-smooth points is a singleton or a collection of isolated points
[12, 13, 23, 31, 46] (an exception is [49], where the RBM can be shown not
to hit the non-smooth parts of the domain). In each of these cases, the sub-
martingale problem has been defined with V equal to the non-smooth part
of the boundary 0G.

One natural extension of the submartingale problem to higher dimensions
would be to continue to set ¥V in Definition 2.1 to be the subset of non-smooth
points of the boundary 0G. However, the corresponding set of test functions
‘H = Hy would then fail to satisfy separability properties (see Assumption
1) that are typically required for natural approaches to the characterization
of stationary distributions to succeed.

We take a slightly different approach. In the analysis of reflected diffusions
in non-smooth domains, a special role is played by the following set on the
boundary:

(6) U={xre€dG:3nen(x)such that (n,d) >0, Vdedx))\{0}}

Here, n(z) is the set of interior normal vectors to the domain G at = €
0G. Indeed, the condition G = U can be viewed as a generalization of
what is known in the literature as the completely-S condition [39, 45, 35].
The boundary property in Proposition 6.1 shows that (for a large class of
domains), any solution to the submartingale problem with V O 0G \ U
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spends zero Lebesgue time on the boundary of JG. This suggests that a
canonical choice of V in Definition 2.1 is to set

(7) Y =9G\U.

Further justification for this choice arises from the fact that then the re-
sulting submartingale problem is well-posed for a large class of multidimen-
sional semimartingale and non-semimartingale RBMs in both polyhedral
and curved domains that arise in a variety of applications. Indeed, this well-
posedness follows from a general result proved in [28], which shows that
under fairly general conditions, the submartingale problem with V = 0G \U
is well-posed if and only if there exists a weak solution to the corresponding
SDER that is unique in law, together with results that establish the latter
property in quite some generality [45, 26, 36, 37, 25] (also see Examples 4.4
and 4.5).

3. Statement of Results. The primary goal of this work is to provide
a useful characterization of the stationary distributions of a broad class of
reflected diffusions that includes several families of reflected diffusions that
arise in applications. In Section 3.1 we state our assumptions and the main
results, and in Section 3.2 we derive some important consequence of the
main result.

3.1. Main Results. We start with a basic definition.

DEFINITION 3.1. A probability measure ™ on G is a stationary distri-
bution for the unique solution {Q.,z € G} to a well posed submartingale
problem if m satisfies the property that the law of w(t) under Qn is © for
each t > 0. In this case, w is also said to be a stationary distribution of any
reflected diffusion associated with the well posed submartingale problem.

The main result of this paper is a necessary and sufficient condition for
a probability measure m to be a stationary distribution for the well posed
submartingale problem. Recall the definition of H in (3). It is easy to see that
if the unique solution {Q.,z € G} to a well posed submartingale problem
associated with (G,d(-)) and V admits a stationary distribution =, then 7
must satisfy the inequality (2) for all f € H, where L is the operator defined
in (1). Indeed, it follows from the second property in Definition 2.1 that for
each f € H,

B9 | f((0) - [ £fwlu) du] 2 B [O)].
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Since EQ [f(w(t))] = E@= [f(w(0))] due to the stationarity of 7, this estab-
lishes the inequality in (2) for all functions f € H. We will show that, under
the assumption stated below, the later condition is also sufficient for any
probability measure 7 with 7(0G) = 0 to be a stationary distribution of

{Q.,z € G}.

ASSUMPTION 1. The set ‘H has the following two properties:

1. H separates points in the sense that for any two different points x,y €
G, there exists a function f € H such that f(x) # f(y);

2. For every r,s > 0, there exists a function f.s € HNC2(G) such that
for every x € 0G with |z| < r and dist(z,V) > s and d € d(x) N S1(0),
(d,V frs(x)) > 1.

REMARK 3.2. If d(-) N S1(0) is continuous as a set-valued function on
O0G\V (see Section 1.4 for the definition), then property 2 of Assumption 1 is
equivalent to the seemingly weaker condition that for each z € G\ V, there
exists a function f € H such that (d, V f(z)) > 0 for each d € d(z) N S1(0).
By replacing f by f — limj; f(7), we can assume that for any » € 0G
the function f lies in H N C2(G). Moreover, by the continuity of Vf and
the continuity of d(-) N S1(0), for any = € OG \ V, there exists an open
neighbourhood O, of z such that (d,Vf(y)) > 0 for d € d(y) N S1(0) and
y € O, NIG. Then, since H N C3(G) is closed under addition, given any
compact set K C dG \ V, a standard finite subcovering argument can be
used to construct f € HNCZ(G) such that inf eqiy)ns, (0)yek (ds VF(y)) > 0.
Since f € H implies af € H for any a > 0, one can ensure that the last
infimum is greater than 1 (or any given specified value C' < 00). In particular,
the above argument can be applied to the compact set K = {x € 9G : |z| <
r,dist(z, V) > s} for any r,s > 0.

We now state the first main result of this paper. Its proof is given in
Section 5. Recall that we assume throughout that the drift and diffusion
coeflicients are continuous.

THEOREM 1. Suppose we are given (G,d(-)), b(+), () and a finite set V
such that the associated submartingale problem is well posed and Assumption
1 holds. Let w be a probability measure on (G, B(G)) with 7(0G) = 0. Then
7 satisfies the inequality (2) for all f € H if and only if © is a stationary
distribution for the unique solution to the associated submartingale problem.

We now introduce a broad class of data (G,d(-)) and V for which the
stationary distribution characterization obtained in Theorem 1 applies.
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DEFINITION 3.3. For 0 < k and ¢ < k, the pair (G,d()) is said to be
piecewise C* with C* reflection if G and d(-) satisfy the following properties:

1. The domain G is a nonempty domain with representation G = (1,7 Gi,
where T is a finite index set and for each i € T, G; is a nonempty do-
main with C* boundary, that is, there exists a C* function ¢ on R’

such that V¢'i(x) # 0 for all x € 0G,
Gi={r:¢"(x) >0} and 0G;={x:¢'(x)=0}.

Let n'(z) = V¢i'(x)/||¢(x)|| denote the unit inward normal vector to
0G; at © € 0G; and define

(8) I(@)={iel: =G,

and note that for each x € 0G, the set of inward normals to G at the
point x is given by

(9) n(x) = Z sin'(x),s; > 0,i € I(x)
1€Z(x)

2. The direction vector field d(-) is given by

(10) dz) =4 Y s'(x), s >0,i€I(x)p, x€dq,
1€Z(x)

where for each i € T, v'(+) is a vector field defined on OG; such that
(11) (n'(z),~'(z)) =1, for each x € 0G},
and v () /||V*()|| is of class C.

Note that in property 2 above, the condition (n’(x),~*(z)) = 1 for each
x € OG, is equivalent to the seemingly weaker condition that (ni(x),~*(z)) >
0, because the vector field v¢(z) can always be renormalized without chang-
ing the definition of d(-).

ASSUMPTION 2.V is a finite set such thatV 2 0G\U, and if V contains
at least two elements, then for each x € V, there exist a unit vector v, and a
constant p, > 0 such that (v, ¥'(y)) > 0 for each i € Z(y) and y € By, (x).
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REMARK 3.4. Note that the finiteness assumption is reasonable given
the canonical choice of V in (7). Also, note that Assumption 2 is trivially
satisfied when G = U, and V = (). In the context of certain polyhedral
domains with piecewise constant reflection fields, the condition V = () has
been shown to be necessary and sufficient for the associated reflected diffu-
sion to be a semimartingale [35, 39, 45]. However, in this work we also allow
for cases when 0G # U, thus providing a characterization of the stationary
distribution for reflected diffusions that are not necessarily semimartingales
[13, 6, 26, 35].

We now state the second main result of this paper, whose proof is given
in Section 7. Recall that the diffusion coefficient a(-) is said to be uniformly
elliptic if there exists a > 0 such that

(12) ula(z)u > oful? for allu e RY,z € G.

We will assume this condition for simplicity when stating the second part
of the result, although only partial uniform ellipticity in a certain direction
at each = € 0G \ V is actually required, as shown in (66).

THEOREM 2. Suppose that (G,d(+)) is piecewise C' with continuous re-
flection. If V satisfies Assumption 2, then Assumption 1 holds. Moreover,
if (G,d(-)) is piecewise C* with continuous reflection, the diffusion coeffi-
cient a(-) is uniformly elliptic, and the submartingale problem associated
with (G,d(-)), b(:), o(-) and V is well posed, then a probability measure
on G is a stationary distribution for the associated reflected diffusion if and
only if 1(0G) = 0 and the inequality condition (2) is satisfied.

As an immediate consequence we see that Theorem 1 can be used to char-
acterize the stationary distributions of reflected diffusions that satisfy the
conditions of Theorem 2 and are associated with well-posed submartingale
problems. As shown in Section 4, this includes many classes of reflected
diffusions that arise in applications.

3.2. Some Consequences of the Main Results. We now describe some
ramifications of the main results. First, let £* be the adjoint operator to L:
for p € C?(G),

1 82 J 9
=3 2 g, @00 = 3 5 (ol
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We start by showing that nonnegative and integrable solutions of a certain
adjoint partial differential equation (with boundary conditions), are indeed
stationary distributions for the submartingale problem. In what follows, let
S denote the smooth parts of the boundary 0G.

THEOREM 3. Suppose that the pair (G,d(-)) is piecewise C' with C! re-
flection, (11) is satisfied, V C OG satisfies Assumption 2 b;(-) € CH@),
aij(-) € C¥X(G) fori,j =1,...,J, and the submartingale problem associated
with (G,d(+)) and V is well posed. Furthermore, suppose there exists a non-
negative function p € C*(G \ V) with [z p(z)dz < oo that solves the adjoint
PDE defined by the following three relations:

1. L*p(z) =0 for z € G;
2. for each i € T and x € 0G; NS,

(13) —2p(z) (n'(2), b(x)) + (n'(2))" a(x) Vp(z)
—V-( (2)d'(2)) +p(2)Ki(z) = 0,
where fori € T,

(14) ¢'(x) = (n'(2))" ala)n (2)7' (x) — a(z)n’ (z),
and

. aak]

Ki(z) = (n( (2)) = an (@)
3. for each i,j €I,i# j, and x e@Giﬁanﬂ(?G\V,
(15) p(a) ({(d' (), () + (¢ (x),n’(x))) = 0.
Then the probability measure on G defined by
. Jap(x)de _

(16) m(A) = W, A€ B(G),

s a stationary distribution for the well-posed submartingale problem.

Note that when a(-) is constant and equal to I, the J x J identity matrix,
q' in (14) represents the component of the reflection vector field 4¢ that is
tangential to 0G.

PROOF OF THEOREM 3. By Theorems 1 and 2, it suffices to show that
the probability measure 7 defined in terms of p via (16) satisfies the inequal-
ity (2) for all functions f € H NC2(G). For any such function f, straightfor-
ward calculations show that for each z € G,

a7) P)LS () ~ f@)Lp() = 5V r(e).
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where 7(-) = r/(-) is the vector field whose ith component is given by
4 9 9 das;
CIEDY (p@)o @2 = oy B2 — sapln) 2

+2b; () f (2)p(a).

Since, by assumption, L*p(x) = 0 for z € G, and f has compact support
and vanishes in a neighborhood of V, the Divergence Theorem implies that

a9 [ pcs@is = 5 [ V@
1
- 3 /8G<n<m>,r<x>>u<dx>
- Y /maG )or(@)) dyus(a),

€L

where n(-) is the outward pointing unit normal field on 0G, p(dz) is the
surface measure on 0G, and p;(dz) is the surface measure on 0G N 9G; for
each i € Z. Now, for each ¢ € Z and x € G N 0G;, we have

(n'(z),r(z)) = pla)(n'(x) alx)Vf(z )—f(iv)(ni(x))T (z )Vp( )
—f(@)p(2)Ki(w) + 2f (x)p(x) (n' (), b(x))

Since f € H, gVf, fVg and fg vanish in a neighborhood of V. Thus,
combining the above display, (18) and relation (13) of the adjoint PDE, we
obtain

1 i (2
/G Cf@)p()de = —72 /8 . mp(x)(n (@) a(2)V f (2)dpui ()
1 Z / V- (pl(a)q’ () dps ().

2= Jac; maG
For each i € T and z € 9G; N OG, substituting for ¢* from (14), we have
V- (f@p(x)d' () = f()V-(p(x)g'(z) + <7‘i(fﬁ), V[ (@))p(x) (n(x))" a(z)n’ (x)
—p(a)(Vf(x)) a(z)n’ (z).
In turn, the last two equalities imply that [ £f(z)p(x)dz is equal to

[T e w)due)

€L

Y nixTal'ni.%' i\ ).
03 [ T ) el a0

1€T
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The second term above is non-positive since f € H, p > 0 and a is positive
semidefinite. So, we shall focus on the first term. For each z € 9G; N 9G,
(n'(z),q¢"(z)) = 0 because of the assumed normalization (n(z),~v'(z)) = 1.
Therefore, the vector ¢*(z) is parallel to dG; at x, and the divergence in the
first term of the last display is equal to the divergence taken in the (J —
1)-dimensional manifold dG; N OG. Another application of the Divergence
Theorem then yields

> Lo ¥ @R ()

= X [ r@pe)d @) @) @) ),

€T ij T\

where F;; = 0G; N 0G; N OG, n¥(x) denotes the unit vector that is normal
to both Fj; and n’(z) at = and points into G; NS from F;;, and p;;(dx)
is the surface measure on the (J — 2)-dimensional manifold Fj;. To prove
the theorem, it suffices to show that the last equality in the above display
is zero. To do this, it suffices to show that for each ¢,j € Z with ¢ # j and
x € Fij \ V,

(19) p(x) ((n¥ (@), ¢ (x)) + (W' (2), ¢ (x))) = 0.

Since n%(x) is normal to 8G; NG, at x € OG; N G, it must lie in the
two-dimensional space spanned by n‘(x) and n’(z). In addition, n%(z) is a
unit vector normal to n’(x) and points into G; from dG; N OG;. Therefore,
we have

n'(2) = (! (@) — (n'(2), 7! (2))n’(2)) /(1 — (n'(x), 0 (2))*)"/2,

with the analogous expression for n/i(x). Since (n*(x),q*(x)) = 0 for all
k € Z, this shows that (19) is equivalent to the third relation (15) of the
adjoint PDE. This yields the desired result. O

Solutions to the adjoint PDE have been identified for several classes of
two-dimensional RBMs with constant drift (see [34], [22], [48], [40], [14]
and also Examples 4.2 and 4.3), and for a class of multi-dimensional RBMs
with constant drift satisfying a so-called skew-symmetry condition on the
domain and covariance in [23]. Here, we consider the case of RBMs with
state-dependent drifts, and investigate the analytical question of when the
corresponding adjoint PDE has a strictly positive solution p, thus providing
a generalization of some of the results in [23].
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COROLLARY 1. Given a pair (G,d()) that is piecewise C* with C re-
flection, a constant covariance matriz a(-) = A € R’ and a drift vector
field b(-) : G + R7, there exists a strictly positive solution p(-) € C*(GQ) to
the corresponding adjoint PDE if and only if both the relation

(20) (n'(z), ¢ (2)) + (0’ (z),¢'(z)) =0, x€dG;NIG;NIG\V,

holds for every i,j € I,i # j, and there exists a C* function H : G + R
that satisfies the following two properties:

1. for each x € G,

(21) %V - (AVH (z)) + % (VH(z),AVH(x)) — V - b(x)
—(VH(z),b(z)) = 0;

2. for eachi € L and x € 0G; NS,
(22)  —2(n’(x),b(x)) + (An'(z) — ¢'(x), VH(z)) = V - (¢'(x)) = 0.
In this case, p(x) = eH@) 2 e G, is a positive solution of the adjoint PDE.

PRrROOF. First, note that for smooth domains, |Z| = 1 and so (20) is triv-
ially satisfied whereas for non-smooth domains, relation (15) shows that (20)
is necessary for the existence of a strictly positive solution p of the adjoint
PDE. Elementary calculations show that a strictly positive C? function p
satisfies L*p(x) = 0 for x € G if and only if the C? function H = Inp sat-
isfies equation (21). Next, since A is constant implies K;(-) = 0,7 € Z, p
satisfies relation (13) of the adjoint PDE if and only if H = Inp satisfies

(23) —2(n'(x),b(x)) + (n'(x), AVH (2)) — {¢' (), VH (2)) = V- (¢'(z)) = 0.
But, since A is symmetric, this is equivalent to equation (22). ]

We now specialize to two classes of domains that were considered in
[23]. For simplicity, throughout, we assume that we are given a constant
non-degenerate covariance matrix (i.e., positive definite, symmetric matrix)
a(-) = o(-)oT(-), which we denote by A. The first class consists of (possi-
bly unbounded) polyhedral domains (G,d(-)), where, for i € Z, n‘(:) and
74(-), are both constant vector fields, which we denote simply by n’ and
7%, respectively. Let ¢* be defined as in (14), and let N and @ denote the
|Z| x J matrices whose ith rows are (n?)” and (¢%)7, respectively. We assume
that, for some ¢ € R, G = {x € R’ : Nz > ¢} is the minimal half-space
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representation of the (closure of the) polyhedral domain, and that G has
non-empty interior. Finally, we also assume |Z| > J and that N contains
an invertible submatrix N, and let Q denote the corresponding submatrix
obtained of (). We further assume that the following global skew-symmetry
condition holds:

(24) QT = —N"1QNT.

Since N and @ are corresponding submatrices of N and Q, (24) immediately
implies that N ~1Q7 is skew-symmetric and then by (4.7) of [23], NQ7 is also
skew-symmetric. Furthermore, (24) also shows that N~'Q” is independent
of the choice of the invertible submatrix N.

The second class we will consider consists of smooth, bounded domains
(G,d(-)) that are C?*¢ with C!1T¢ reflection. In this case, |Z| = 1 in Definition
3.3, we let ¢(z) = ¢*(z) be defined as in (14), and we omit the superscript 1
from the vector fields n(-), v(-) and ¢(-). Choose a set of J points Z1, ..., T,
on OG such that the normal vectors n(z1),...,n(Zs), are linearly indepen-
dent (such a set exists because G is bounded), and let N (respectively Q)
denote the J x J matrix whose ith row is the vector (n(z;))? [respectively
(q(%;))T]. We now consider the sub-class of domains for which N~1Q7 is
skew-symmetric. Since g is C1*¢, it follows from Lemma 3.2 of [23] that this
is equivalent to the condition that (24) is satisfied for any pair of correspond-
ing L x J matrices N and @) formed in an analogous fashion from any set of
L other points x1, ...,z € G, which in turn is equivalent to the condition
that (n(x),q(%)) + (n(z),q(z)) = 0 for any x,Z € G. In order to present
both classes of domains in a common framework, we phrase the global skew-
symmetry condition as in (24) in terms of the pair (N, @), noting that once
again N~1QT does not depend on the particular choice of points Z1,...,Z
(as long as the normals are linearly independent). We refer the reader to
[23] for further discussion of these classes of domains. We will use b(-) and
the data (N, Q), (IV,Q), A, instead of (G, d(-)), A to represent members of
either of the two classes above, and always assume that the data satisfy all
the stated conditions. We introduce the notion of a skew-transform, which
plays an important role in the analysis.

DEFINITION 3.5 (Skew-transform). Given data (N,Q), (N,Q), A, the
skew-transform (with respect to (N, Q), A) of a vector field v(-) on G, is the
vector field u(-) defined by

(25) u(z) = [A - N71Q w(z), zed.
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Note that the matrix A — N~'Q is invertible and positive definite be-
cause A is positive definite and N~1Q is skew-symmetric. Hence, the skew-
transform of the vector field u(-) is well defined. Let D be the “reflection”
matrix whose ith row is given by 7%, and let D be the corresponding sub-
matrix of D corresponding to N (and Q). From (14) it follows that

(26) QT = diag(NANT)DT — ANT.

REMARK 3.6. We claim that the matrix N D7 is positive definite; then
D is invertible since N is invertible. Observe that (26) implies that

NDT = diag(NANT)7{[NQT + NANT].
Since A is positive definite and NQT is skew-symmetric, the claim follows.

If u(-) is the skew-transform of v(-), using the skew-symmetry of N~1Q
and invertibility of D, we have

27)  u()=[A+QT(NT)T () = NT(DT) diag(NANT) " 1u(.).
When A = I, this reduces to the simple form
(28) u(-) = NT(DT) ().

Thus, in this case, the skew-transform maps directions of reflection into
normal directions.

In what follows, recall that a vector field u(-) on G is said to be conserva-
tive if there exists a C' function H on G such that u(-) = VH. In this case,
H is said to be the potential of u(-).

COROLLARY 2. Given data (N,Q), (N, Q) and A, the following proper-
ties hold:

1. If b(+) is a CY(G) wector field whose skew-transform is conservative
with potential H/2, the function p = e € C*(G) is a strictly positive
solution to the corresponding adjoint PDE;

2. Given b(-), H and p as in 1. above, define the following dual quantities:

(29) bi(z) = —b(x) + AVH(z), z€G,

Q* = _Q7 and Q. = _N_lQ*NTa
and define v in terms of ¢ = QL e; and n' via (14). Then p is also
a solution to the adjoint PDE associated with (N, Q.), (N, Qx), A and
bi(+).
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PROOF. Given the data, the global skew-symmetric condition (24) implies
that (i) the pointwise skew symmetric condition (20) holds, (ii) V-¢* = 0
(this is trivially true for the polyhedral case and follows from Lemma 3.1
of [23] in the smooth case), and (iii) H and b(-) satisfy equation (22) if
—2Nb(x) + [NA — Q]VH(z) = 0 for x € dG. (Note that, while this last
matrix equation implies that the equation (23) is satisfied, it is not equivalent
to that equation because b and VH are not constant). When H/2 is the
potential of the skew-transform of b(-), using the identities V - (CVF) = 0
and (VF,CVF) = 0 for any C? function F' and skew-symmetric matrix C,
it is easily verified that (22) and (21) are satisfied.

On the other hand, note that for z € G,

1 = 1 L
—5lA- N7'Q|VH(z) + AVH(z) = lA- N7'Q.JVH(z).
Since Q. = —@Q, it follows that N~1Q, is also skew-symmetric. Thus, H/2
is also the potential of the skew-transform of b, [with respect to (N, Q.),
A], and the argument used in 1) shows that b, and H also satisfy the cor-
responding equations (22) and (21). The result then follows from Corollary
1. O

be(z) =

REMARK 3.7.  We now discuss well-posedness of the submartingale prob-
lem (equivalently, existence of a well defined RBM) associated with the
specified data. In smooth bounded domains, the normalization (11) implies
infyepa(n(z),v(z)) > 0, and thus well-posedness follows from the discussion
in Example 4.1. For polyhedral domains we claim that the submartingale
problem is well posed under the skew-symmetry condition (24), Indeed, by
Lemma 3.1.3 of [9], the positive definiteness of N D? established in Remark
3.6 implies that there exists v > 0 such that NDTv > 0. This shows that
the so-called completely-S condition is satisfied, and it follows from [45] and
[11] that there exists a weak solution that is unique in law for a large class of
polyhedral domains including, in particular, simple polyhedra. When com-
bined with the results of [28], it follows that the submartingale problem
is well posed. For a domain in this class, by Theorem 3 the solution p to
the adjoint PDE identified in Corollary 2 is in fact an invariant density for
the associated reflected diffusion and, when C' = [ p(x)dz is finite (which
is always true when G is smooth and bounded), C~!p(x)dx is in fact the
stationary distribution. Given data associated with smooth and bounded
domains that satisfy the conditions of Corollary 2, let X be the associated
reflected diffusion, and let X, be the reflected diffusion associated with the
dual data. Since Corollary 2 shows that the (common) stationary distribu-
tion C~!p(x)dx, is strictly positive, it follows from [32, 33] that X and X,
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are dual to each other with respect to the stationary distribution. When
the data is associated with a simple polyhedron and C' < oo, the duality
property in the case of constant drifts was established in Corollary 1.1 of
[49]. Similar arguments can be used to extend to the case of state-dependent
drift, but we do not provide the details here.

We conclude this section with illustrative examples of domains and drifts
when H (and therefore p) takes an explicitly computable form. Here, we will
repeatedly use the well known property that (since G is a simply connected
domain) a necessary and sufficient condition for a C! vector field to be con-
servative is that its Jacobian is symmetric. We will assume throughout that
the data satisfies the global skew-symmetry condition (24), unless explicitly
stated otherwise.

EXAMPLE 3.8. When Q = 0 (i.e., normal reflection when A = I), it
follows from Corollary 2 that if the vector field A~1b(-) is conservative with
potential H € C?(G), then p = e/ satisfies the adjoint PDE.

ExaMPLE 3.9. The simplest generalization of the constant drift vector
fields considered in [23] is the case when the drift points along a constant
direction, but has varying magnitude. In other words, b(z) = F(z)v for
some v € R7*7 and C! function F : G + R. Let u be the skew-transform of
v. By Corollary 2, for the adjoint PDE to have a strictly positive solution
p, it suffices for F(-)u to be conservative, which holds if and only if the
Jacobian of F'(-)u is symmetric. The latter implies that VF' is parallel to
u, and so there exists a C! function r : R ~ R such that F(z) = r({(z,u));
for example, one can fix zp € G and use a path integration argument to
define r(t) = F(xo) + ||u||(t — (zo,u)) fol [|VE (o + At — (xo, u))u)|| dA. If
we define R(t) = fg r(s)ds, then clearly H(z) = R({z,u)) is a potential for
F(z)u. Note that the case R(x) = z corresponds to the case of constant
drift. When combined with Corollary 2, this recovers the statements “(ii)
implies (i)” in Theorems 2.1 and 6.1 of [23].

ExaMpPLE 3.10. We now study the case of a linear drift vector field,

which includes reflected Ornstein-Uhlenbeck. We establish two claims.
Claim 1: If b(z) = Cx for some C € R”*/ such that C, = [A — N~1Q]~!C
is symmetric, then p = e®" O+ golves the corresponding adjoint PDE.
Proof of Claim 1: Suppose b(z) = Cz, for C € R’*7 as in the claim. Then
the skew-transform of b(-) is the vector field u(x) = C,x, whose Jacobian
is C4, and hence symmetric. Thus, u(-) is conservative with potential H/2,

where H(z) = 27 C,2. The claim follows from Corollary 2. In particular,
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when A = N = I, it follows from (28) that any drift of the form b(x) =
DT Bz for some symmetric matrix B € R’7*/ has an invariant density of
Gibbs form.

We now prove a converse to claim 1. For simplicity, we consider the non-
negative orthant (it also holds for any simple polyhedral domain by a change
of coordinates). In this setting N = N = I and Q = @, but we continue to
use the bar notations for convenience. Here we do not assume a priori that
the data satisfies the skew-symmetry condition.

Claim 2: Given Q € R’*7 that has zero on the diagonal, and a nonde-
generate covariance matrix A € R7*Y suppose there exists an invertible
symmetric matrix C, such that the C? function p(z) = e O+ golves the
adjoint PDE associated with (I,Q), A, and b(z) = [A — Q]C.z. Then Q
must be skew-symmetric.

Proof of Claim 2: Indeed, suppose that such an invertible symmetric ma-
trix C, exists. Then, by Corollary 1, equation (21) should be satisfied by
H(z) = 27Cyx and b(z) = [A — Q]C,z. In other words, it follows that for
each = € G,

V- (AC.x) + (Cyx, ACz) — V - ([A — Q]Cyx) — (Cy, [A — Q]Cix) = 0,
which, since V - (QC.x) = tr(QC,), is equivalent to
tr(QC,) + (Cux, QC,x) = 0.

Now, fix 4y € G. Then for any = € R’, for all ¢ small enough, we have
y+ ex € G. Substituting y and y + ex into the above display and taking the
difference, we have

(30) e(Chy, QCz) 4 €(Cyz, QCoy) + €2(Cyz, QC,x) = 0.
Dividing the above display by € and taking the limit as ¢ — 0, we have
(C.y, Q) + (Cyx, QCLy) = 0.
Substituting this back into (30), we have shown that for every x € R”,
(Cyx, QC,x) = 0.
Since C, is invertible, this shows that Q is skew symmetric.

EXAMPLE 3.11.  We note that solutions to the equations (21) and (22)
are preserved under linear combinations. More precisely, suppose for m € N,
each pair (b;, H;), i = 1,...,m, satisfies the pair of equations (21) and (22).
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Then, for any \; € R, ¢ = 1,2,--- ,m, the pair (3 /", \ib;, > "y H;) also
satisfy the same pair of equations. Thus, taken together, the above examples
identify a general class of drift vector fields whose adjoint has a solution of
Gibbs form with potential being a quadratic form. For example, if (N, Q), A
satisfies the global skew-symmetric condition (24) and the Jacobian of the
skew-transform of the drift b(-) is a constant symmetric matrix, that is,
[A — N71Q]7'b(z) = Cix + s for some symmetric matrix C, and some
constant vector .. Then b(z) = Cx + u, where C = [A — N~1Q]C, and
p = [A — N1Q]u.. By combining Examples 3.9 and 3.10, the adjoint PDE
with drift b(x) = Cx 4 p has a strictly positive solution p(x) = e®) where
H(z) = 27Cz + (pis, ).

4. Examples. In this section, we provide several examples of reflected
diffusions in piecewise C' domains with continuous reflection for which the
submartingale problem is well posed and Assumption 2 is satisfied, so that
Theorems 1 and 2 provide a characterization of their stationary distribu-
tions. The examples serve to illustrate the range of applicability of the results
of the paper. The first and fourth examples consider families of semimartin-
gale reflected diffusions, whereas the remaining examples describe reflected
diffusions that could fail to be semimartingales. The last example involves a
cusp-like domain that was specifically identified in [47] as a two-dimensional
example not covered by the methods therein. To the best of our knowl-
edge, prior to this work, there existed no characterization of the stationary
distribution of the processes described in Examples 4.3, 4.5, 4.6 and 4.7.

EXAMPLE 4.1 (Reflected diffusions in smooth domains). We start with
the simple case of reflected diffusions in smooth domains addressed in [47].
Let G be a bounded open set in R” such that G = {z € R’ : ¢(x) > 0},
where ¢ € CZ(R”) and |V¢| > 1 on dG. Then V¢(z) is an inward normal
vector at € 0G. Let v(-) be a bounded Lipschitz continuous vector field
that satisfies (Vo(x),v(x)) > 0 on 0G. By [43] (see Theorems 3.1 and 5.4
therein) the associated submartingale problem with £ as in (1) and V = ()
is well posed. Now, (G, d(-)) is a C! domain with continuous reflection and,
since U = 0G, Assumption 2 is trivially satisfied with V = ().

ExXAMPLE 4.2 (RBM in a 2-dimensional wedge). Consider a wedge G C
R? given in polar coordinates by

G={(r0): 0<0<¢ r>0},

where ¢ € (0,7) is the angle of the wedge. Then G admits the representation
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G = G1 N Gy, where G and G4 are the two half planes
G, = {(r,0): 0<0<m r>0}
Gy = {(r0): (—7<0<( >0},

whose unit inward normals we denote by n' and n?, respectively. Let the
directions of reflection on 9G; and 0G5 be specified as constant vectors
4! and 42, normalized such that for j = 1,2, (7/,n?) = 1. For j = 1,2,
define the angle of reflection 6; to be the angle between n/ and 47, such
that 6; is positive if and only if 4/ points towards the origin. Note that
—m/2 < 6 < 7/2. Define o = (01 + 63)/¢. It was proved in Theorem 3.10
of [46] that the submartingale problem with £ = A and ¥V = {0} is well
posed if and only if & < 2. Since G \ U C V and V contains only one
element, Assumption 2 holds. Note that when « € [1,2), the RBM is not a
semimartingale.

ExaMPLE 4.3 (RBM in a 2-dimensional polygon). Consider a two di-
mensional polygon G C R? with vertices aj,...,ax (in counterclockwise
order). For k = 1,..., K — 1, define side k as the open line segment be-
tween ap and ag4q. Similarly, side K is the line segment between ax and
a1, excluding the endpoints. Let &, denote the interior angle made by the
two sides meeting at vertex aj. Also given are angles 601, ..., 0k satisfying
|0k| < /2 which will determine the directions of reflection on each side. For
each k = 1,...,K, 0 is the angle between the inward normal n* and the
constant direction of reflection v* associated with side k and 6}, is positive if
and only if v* points towards the vertex aj 1. It was established in Theorem
3.7 of [22] that when €)1 < 6+ 2 for all k =1,..., K, the submartingale
problem with £ = %A and V = {aj,...,a;} is well posed. Note that at
each vertex ay, there exists a unit vector vy, such that <vak,’yk*1> > 0 and
(Vay,,¥*) > 0. In addition, G \U C V. Thus, Assumption 2 holds. Note that
if there exists k such that (0x—1 — 0r)/&k € [1,2), then the associated RBM
is not a semimartingale. A subclass of these RBMs, which arise as diffusion
approximations of closed networks, were also investigated in [40].

EXAMPLE 4.4 (SRBM in polyhedral domains). We now describe a class
of semimartingale RBMs (SRBMs for short) that arise as diffusion ap-
proximations of queueing networks [50]. In this case, G = Ri is the non-
negative orthant in R”, which admits the representation G = ﬂ;le G;, where
G; = {xz € R’ : x; > 0}, and the direction vector field ¢ on G; is a con-
stant vector field, pointing in a direction d* € R/. Moreover, the matrix D
with column d’ is assumed to satisfy the completely-S condition, which im-
plies that & = 0G. It was shown in [45] that the reflected Brownian motion
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associated with G and d(-) admits a weak solution that is unique in law.
Therefore, by Theorem 2 of [28] it follows that the submartingale problem
with £ = %A and V = () is well posed. By Remark 3.4, Assumption 2 is
trivially satisfied with V = 0.

ExXAMPLE 4.5 (Nonsemimartingale reflected diffusions in polyhedral do-
mains). Here, we first consider a class of RBMs that were shown in [16, 17,
18, 36, 37| to arise as reflected diffusion approximations of multiclass queue-
ing networks using the so-called generalized processor scheduling policy that
is used in high-speed networks for efficient sharing of resources amongst traf-
fic of different classes. The state space G associated with the GPS ESP has
the representation

J+1 A
G = m{x eR’: (z,n") > 0},

=1

where n' = ¢; for i = 1,...,J (here {e;,i = 1,...,J} is the standard
orthonormal basis in R”) and ny,; = Zle e;/VJ. The reflection vector
field is piecewise constant on each face, governed by the vectors {y?, i =
1,...,J + 1} that are defined as follows: v/*1 = 327 ¢;/v/J and {y,i =
1,...,J} are defined in terms of a “weight” vector & € Ri that satisfies
a; > 0 foreachi=1,...,J and Z;]:ldi =l:fori,j=1,...,J,

i = for g4,
=y I-a
1 for j=r1.

The fact that the associated stochastic differential equation with reflection
has a pathwise unique solution follows from Corollary 4.4 of [35]. Hence,
well-posedness of the submartingale problem with £ as in (1) and V = {0}
follows from Theorem 2 of [28]. Moreover, Lemma 3.4 of [35] shows that
OG\U =V = {0} and V only contains one element. Hence, Assumption 2
holds. It was shown in [26] that this process is not a semimartingale. The
two-dimensional case corresponds to the case « = 1 and ¢ = 7/2 in Example
4.2.

EXAMPLE 4.6 (Nonsemimartingale RBMs in curved domains). We now
consider a class of reflected diffusions in curved domains introduced by Bur-
dzy and Toby in [7]. Suppose that L and R are twice continuously differ-
entiable real functions defined on R and such that L(0) = R(0) = 0 and
L(y) < R(y) for all y > 0. The domain has the form G = G; N G2 N G3,
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where

Gr={(z,y) 2> L(y)}, Ga={(z,y): z <Ry},

Gs ={(z,y): y> 0,z € R}.

For j = 1,2,3 and 2z € 9G}, let n/(z) denote the unit inward normal vector
to 0G; at z. Let v'(-) = (1,0), ¥*(-) = (—1,0)" and 73(:) = (0,1)". In [7]
the RBM in such a domain was characterized as the pathwise unique strong
solution to the associated stochastic differential equations with reflection.
Using techniques similar to Theorem 2 of [28], it can be shown that the
associated submartingale problem with £ = %A and V = {0} is well posed,
and Proposition 4.13 of [6] shows that the process is not a semimartingale.
Since Y = 0G \ V, and V is a singleton, Assumption 2 is trivially satisfied.

EXAMPLE 4.7 (RBMs in Cusp-like domains). Consider a two-dimensional
domain G with representation

G={(z,y): z>0, —2f <y <P}, B> 1.
The domain G has a cusp at the origin and G = G N G2, where

Gr = {(z,9): y<x6wheanOandy<Owhen:v<0},
Gy = {(z,y): y> —x" when z > 0 and y > 0 when z < 0}.

For each j = 1,2, and z € 9G}, let n’(z) be the inward unit normal vector
to OG; and let 77 (2) make a constant angle 0; € (— /2, 7/2) with n/(z). We
take §; > 0 if and only if the first component of 77(z) is negative, that is,
77 (2) points towards the origin for z in a small neighborhood of the origin.
Since 0; # +m/2, we can without loss of generality assume the normaliza-
tion (v/(z),n’(2)) = 1 holds. It was proved in [12] that the submartingale
problem with V = {0} is well posed when 6; + 6, < 0. It is easy to check
that OG \ U C V and V contains only one element, and thus Assumption 2
holds.

5. Sufficiency of the Inequality Condition. Throughout this sec-
tion, assume (G,d(+)), b(-), o(-) and a finite set ¥V C 9G are associated
with a well-posed submartingale problem. Let 7 be a probability measure
on (G,B(G)) such that m(0G) = 0. In this section we show that if 7 also
satisfies (2) for every f € H, then 7 is a stationary distribution for the
well-posed submartingale problem. The proof consists of three main steps.
First, in Section 5.1 (see Proposition 5.1) we show that the inequality (2)
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is equivalent to a certain generalized basic adjoint relation (BAR). Next, in
Section 5.2, we use the generalized BAR to deduce the existence of a station-
ary process X that has marginals equal to m and satisfies some additional
properties. We complete the proof in Section 5.3 by showing that the law
of X is equal to Q, the solution to the well-posed submartingale problem
with initial distribution .

5.1. A Generalized Basic Adjoint Relation. In what follows, let
(31) Ky = {(z,u) €eR¥ : 2 € dG\V, u € d(x), |u] =1}

PROPOSITION 5.1.  Let (G, d(+)),b(-),o(-) and a finite set V be associated
with a well-posed submartingale problem and suppose that the associated set
H defined in (3) satisfies Assumption 1. Given any probability measure ™ on
G that satisfies 1(0G) = 0, 7 satisfies the inequality (2) if and only if there
exists a o-finite (nonnegative) Borel measure j1 on Ky such that

(32) /G[,f(éﬂ)ﬂ'(dﬂf) +/IC (u, Vf(z))u(dx,du) =0 for each f € H.

ProoF. The fact that (32) implies (2) is immediate because p is a non-
negative measure, and f € H implies (u, V f(z)) > 0 for (z,u) € Ky.

We now prove the converse. Suppose 7 satisfies (2) and let K = Ky U Ko,
where KC; is defined in (31) and

Ko = {(z,u) eR?* : € @G, |ul=1}.

For each f € H, let hy : K — R be the function given by hs(z,u) =
(u, Vf(z)) for each (z,u) € K. Clearly, hy € CL(K) for each f € H. Let To
be the linear subspace of C.(K) given by

%i{gGCi(K):g:Zaihﬁ, neN,f; e H, aiGR,izl,...,n},
i=1

and for each g € Ty that has a representation of the form g = Y " | a;hy,,
define

(33) A(g) = /GL (Z aifi) (z)m(dz).
=1

We now show that the value of A(g) does not depend on the chosen rep-
resentation for g. Suppose we are given two representations of g € Ty with
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9= i aihy =371, bjhfj. Then, by the definition of hy,

<u,V (Z%’fi) (x)> = <u,V ijfj (x)>, z€QG, |ul=1.
i=1 j=1

This implies that V(321 aif;)(z) = V(3 I, b;f;)(x) for any 2 € G, and
hence £(3 77 aifi)(z) = LT, b; f;)(z) for any = € G. Since 7(dG) = 0,
the right-hand sides of (33) for the two representations coincide. Thus, A is
well defined.

We show below that A is in fact a positive linear functional on 7Ty with
respect to a suitable partial order. Linearity of A trivially follows from the
definition. Let

P={geC(K): 0<g(z,u) < hs(z,u),(xz,u) € K for some f € H}.

Since the mapping from f to hy is linear by the definition of Ay, it is easy
to verify that (1) g,g € P implies g+ g € P; and (2) g € P and a > 0
implies ag € P. Thus, P is a positive cone in C.(K). On C.(K), we consider
the partial order < defined by h < g if g — h € P. To show that A is
positive on Ty, let g € To NP. Since g € Ty, it admits a representation of
the form g = Y"1 | a;hy, for some a; € R, f; € H. Since each f; € H, clearly
S aifi € C3(G)®R. Moreover, g € P implies g > 0, which in turn implies
(u, >0 1 a;V fi(x)) > 0 for each z € 0G \ V and u € d(z) with |u| = 1. As
a consequence, » ., a;f; € H. By (2) and (33), this implies that A(g) > 0
which shows that A is positive.

We now verify an additional condition that will allow us to apply a version
of the Hahn-Banach theorem.
Claim 1. For each h € C.(K), there exists g € Ty such that g — h € P.
Proof of Claim 1. Fix h € C.(K). Then there exists a compact set K C Ky
and a constant 0 < C' < oo such that |h(z,u)| < Clg(x,u) for each (z,u) €
K1. We can assume without loss of generality that there exist r, s > 0 such
that

(34) {reR’:(z,u) e K} C{x € dqG:|z| <rdzV)> s}

Let f = Cf.s, where f.s € H N C2(G) is the function from property 2 of
Assumption 1. Then clearly |h(z,u)| < Clk(z,u) < hy(z,u) = (u, Vf(2))
for each (x,u) € Ki. Choose g = hy. Then g € Ty, 0 < g — h < 2hy = hoy
on Kq, and 2f € H. Thus, g — h € P. This establishes the claim.

By the claim and an application of the positive cone version of the Hahn-
Banach theorem (cf. Theorem 2.1 of [3]), A can be extended to a positive
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linear functional on C.(K), which we denote again by A. An application
of the Riesz representation theorem then shows that there exists a unique
regular Borel measure p on K such that

(35) A(g) = /}Cg(m, w)p(dz, du) for each g € C.(K).

Now, for each g € C.(K2), both g and —g are identically zero on K; and
hence lie in P. Therefore, A(g) = 0 for every g € C.(K2), which in turn
implies p(KC2) = 0. Now, for f € H, substituting ¢ = hy € 7o into both
the definition (33) and the representation (35) of A, and using the fact that
p(Ke) = 0, we obtain (32).

To see that p is a sigma-finite measure, fix any constant, say C' = 1, and
a compact subset K C ;. Let r,s > 0 be such that (34) holds, and let
f = frs € H be the function from Assumption 1(2). Then hy € Ty, and
substituting f in (32), we obtain

w(K) < /IC hy(z,u)p(de, du) = —/@Ef(:v)du < 00,

where finiteness of the last integral holds because Lf is continuous and has
compact support in G. O

REMARK 5.2. When V # () the condition in (32), which we will refer
to as the generalized BAR, is somewhat more subtle than the usual BAR
that has been established for semimartingale RBMs in the orthant [23]. In
the latter setting, the measure p in the BAR is a finite measure that is

absolutely continuous with respect to the local time measure dL associated
with the RBM Z on the boundary dG, and takes the form

) =Ex [ [ Mendr] A e B

However, when V # (), the local time is typically not of bounded variation
[26, 35], and so the local time does not define a finite measure on the bound-
ary. However, since increments of the local time when the process is away
from the set V can be shown to be of bounded variation [35], one can still
associate a o-finite measure p which is, roughly speaking, associated with
the local time of excursions of the reflected diffusion away from the set V.
Since functions in H are constant in a neighborhood of V, the condition
(32) is satisfied. This emphasizes the subtlety in the correct choice of test
functions for characterization of the stationary distribution.
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5.2. Existence of a Stationary Process. We now establish a corollary of
the generalized BAR, the proof of which relies on the following approxima-
tion lemma. For f € H, the limit lim|y_,, f(z) clearly exists, and in what
follows, we denote it by f(c0).

LEMMA 5.3.  The set H has a countable subset Hy with the property that
for each f € H and each N € N such that Bx(0) contains both an open
neighborhood of V and an open neighborhood of supp(f — f(o0)), there exists
a sequence {gi : k € N} C Ho such that
(36)

P Pal)

- = 0.

. J B of(@)  Ogk(x)

k=00 peGnBy(0) HI=1 Oz ox;

Moreover, the above property also holds with the set D ={f € H: f >0}
in place of H and a countable subset Dy in place of Hyg.

The proof of Lemma 5.3 relies on the denseness of polynomials in C?(R”)
and standard mollification arguments, and hence is deferred to Appendix A.

COROLLARY 3.  Let the conditions of Proposition 5.1 be satisfied. Then
there exists a stationary process X whose law Qr on (C[0,00), M), satisfies
the following properties:

1. The law of w(0) under Qy is =;
2. For every f € H, the process

t
fle®) = [ £ftw)du. 10,
is a Qn-submartingale on (C[0,00) , M, {M;});

EQ- [/Oooﬂv(w(s))ds] ~ 0.

PROOF. Let u be the non-negative o-finite measure specified in Proposi-
tion 5.1, and extend u from K to a o-finite measure on G x S1(0) by defining
w(G x S1(0)\ K) = 0. In the rest of the proof, we use u to denote this ex-
tension. Since p is o-finite, it follows that there exists a continuous function
¢ defined on G x S1(0) that satisfies ¢(z,u) € (0,1) for each x € G'\ V and
u € 51(0) and féxsl(o) d(z,u)p(dr, du) < oo.

We will establish the corollary by verifying the assumptions of Theorem
1.7 of [30]. We first show that the five clauses of Condition 1.2 of [30] are
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satisfied with D = {f € H : f > 0}, E = G, U = S1(0), and operators A
and B from D C Cp(G) to C(G x S1(0)), that are defined as follows:

b
¢z, u)

Clearly, 1 € D and Al = B1 = 0. Thus, (i) of Condition 1.2 of [30] holds.
Let ¥4 = ¥p = 1. Note that for each function f € D, Vf is zero outside a
compact set Ky C G\V and f, Vf and (due to the continuity of the drift
and dispersion coefficients) Lf, are all uniformly bounded on G, say by a
constant ay < oco. Hence, |Af(z,u)| < af = appa(x,u) and |Bf(z,u)| <

by = brp(z,u) for every (x,u) € G x S1(0), where

Af(z,u) = Lf(z) and Bf(z,u) = (u, Vf(z)).

bf = sup M < af
z€G,ueS1(0) |p(z,u)| — infacGKf,uesl(O) |p(z, u)| ’

which is finite because 0 < ¢ < 1 by construction, and the infimization
can be replaced by a minimization since ¢ is continuous and Ky x S1(0)
is compact. It follows from the second part of Lemma 5.3 that the set
{(f,Af,Bf): f € D} is separable in the sense that there exists a countable
subset Dy C D such that the set {(f, Af,Bf) : f € D} is contained in
the bounded, pointwise closure of the linear span of {(f, Af,Bf): f € Do}.
This verifies (iii) of Condition 1.2 of [30]. From the definitions of A and B,
it clear that (iv) of Condition 1.2 of [30] is also satisfied (see, for instance,
Example 1.4 of [30]). Lastly, it is clear that D is closed under multiplication.
Also, by 1 of Assumption 1, H separates points, and since for any f € H
and ¢ > 0, f —min_crs f(2)+c € D, D also separates points. Thus, the last
property of Condition 1.2 of [30] follows.

We next define two measures on G x S1(0). Let 19 be the unique rota-
tionally invariant probability measure on S;(0) and let 19 be the probability
measure on G x S1(0) given by

wo(dx, du) = no(du)m(dx).

Then for each f € D, we have

/stl(o) Af (@, uppo(dz, du) :/ Lf(x)po(dr, du) = /Gcf(x)ﬂ(dx)‘

GxS1(0)
Also, let 1 be the finite measure on G' x S1(0) given by

w1 (dx, du) = ¢(z, u)pu(dz, du).
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It is clear that
/ Ya(x, u)po(de, du) +/ Yp(x,u)p (de, du) < oo
GXSl( ) GXSl( )
and by (32), for each f € D C H,

/ Af(z,u)po(de, du) —I—/_ Bf(x,u)pi(dz,du)
G'xS1(0) G'xS1(0)

/ Lf(a / (u, V f(2))lde, du) = 0
GxS51(0)

Let U = G x S1(0). Obviously, pu;(U) = ui(G x S1(0)) for i = 0,1. We
have verified all the assumptions of Theorem 1.7 of [30], and so it fol-
lows from that theorem that there ex1sts a stationary process X such that

X (0) has distribution 7 and {f(X fo fBl(o) Af(X(s),u)no(du)ds,t >
0} ={f(X fo Lf(X(s))ds,t > 0} is a submartingale for each f € D.
Since f mleGRJ f(z) 6 D for each f € H, it follows that {f(X(t)) —
fo Lf(X(s))ds,t > 0} is a submartingale for each f € H. To conclude the

proof, we note that by the stationarity of X, the assumption 7(9G) = 0 and
the fact that X (0) has distribution ,

E [/Ooo ]IV(X(s))ds] - /OOOE[]IV(X(s))] ds = /OOOW(V)ds:O.

The above discussion shows that Q,, the law of X, satisfies the three prop-
erties stated in the corollary. O

5.3. Proof of Theorem 1. The necessity of the condition (2) follows from
the discussion prior to the statement of Theorem 1. So, it only remains
to prove sufficiency. If (2) and the assumptions of the theorem hold, then
by Corollary 3 there exists a stationary process X whose law, Q, satisfies
the three properties stated therein. To complete the proof of Theorem 1 it
only remains to show that Qy is equal to Q,, the solution to the well-posed
submartingale theorem.

For each w € C[0,00), let @w be a regular conditional probability distri-
bution of Q, given M. Then, for each w € C [0, 0),

(37) Qu(w'(0) = w(0)) = 1.

Moreover, disintegrating Q, and using property 1 of Q», we obtain

(38) Q)= /C B0 = /C B0
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where P7 is the probability measure on (C [0,00), M) obtained as the re-
striction of Q, to My defined as follows: for Ay € B (]RJ ),

(39) P™(A) = (AN G), if A={weC[0,00):w(0) e Ap}.

It then follows from property 3 of Q, that

(40) 0=E®% { /0 b ]Iy(w(s))ds} = /C - EQ [ /O h ]Iv(w’(s))ds} P (dw).

For each NV € N, consider the stopping time
(41) YN(w) =inf{t > 0: w(t) ¢ By(0)}, w e Cl0,00),

where we adopt the convention that the infimum over an empty set is in-
finity. Let Ho be the countable subset of H described in Lemma 5.3. By
property 2 of Q, and the optional stopping theorem, {f(w(t A x(w))) —
N ~
OtAX () Lf(w(u))du, t > 0} is a Qr-submartingale for each f € H,.
By (38) and the fact that Ho is countable, there exists FY € M, with
P™(F}) = 0 such that for every w ¢ FY and each f € Ho, {f(w'(t A
YN(Wh)) — t/\x @) Lf(w'(u))du, t > 0} is a Q-submartingale. Since
functions in ’H are bounded and, by Lemma 5.3, can be approximated
by functions in Hg, it follows that for every w ¢ FY and each f € H,

{f' A XN (W) - MX Ef( "(u)) du, t >0} is a Q,-submartingale.

Let Fy = UyFYY U {w - XN(w) 4 oo}. Then P™(Fy) = 0 and for each
w ¢ FO and f € H, by passmg to the limit as N — oo, we conclude that
{f(w fo Lf(w'(u))du, t>0}is a Q.-submartingale. In addition, by

(40), Wlthout loss of generality by enlarging Fy to another P™-null set, we
may assume that for each w ¢ Fy,

EQ [/Oooﬂy(w’(s))ds] = 0.

Thus, for each w ¢ Fy, we see that Q. satisfies all three properties of Defini-
tion 2.1 with z = w(0). By the well-posedness of the submartingale problem,
this implies that

@w = Qw(())
and then by (38) and (39),

%0 = [ B OFT () = [ @:0m(d) = @r0),

This shows that Q; = Q, and completes the proof of Theorem 1.
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6. A Boundary Property. The main result of this section shows that
for a large class of domains and reflection fields (G, d(-)) and subsets V C 0G
associated with a well-posed submartingale problem, the solution to the sub-
martingale problem spends zero Lebesgue time on the boundary of the do-
main. In this section for simplicity we assume that the uniform ellipticity
condition (12) holds. The boundary property is first stated precisely in Sec-
tion 6.1 (see Proposition 6.1), and its proof, which is given in Section 6.3, is
preceded by some supporting results that are established in Section 6.2.

6.1. Statement of the Boundary Property. We state the boundary prop-
erty and show that it is equivalent to the property stated in (47) below.

PROPOSITION 6.1.  Suppose that (G,d(-)) is a piecewise C* domain with
continuous reflection, V C 0G satisfies 0G \ U C V and the submartingale
problem associated with (G,d(-)), V, b(-) and o(-) is well posed. If {Qg,x €
G} is the solution to the associated submartingale problem, then for each
r €@,

(42) EQ [ /0 h Hag(w(s))ds] = 0.

Due to property 3 of the submartingale problem and the assumption that
0G \U C V, to show (42) it suffices to show that for each z € G,

(43) EQ: [ /0 " l(w(s)) ds] 0.

Without loss of generality, we may assume in this section that G \ V = U.
Recall the definition of Z given in (8) and for each § > 0, let
(44)
Z(y) C Z(z) for all y € Bs(z) N 0G and 3 n € n(zx)
Us =z eld: suchthat n= Ziez(x) 9;n'(x), where 6; > 0,i € I(x),
Yicz(z) b =1, and (n,d) > 6|d| for all d € d(x)

I

and for each 7 CZ, J # 0, let
(45) Uy ={x es: I(x) = J}.

It is immediate from the definition that any two elements in {L{g ,J C
Z,J # 0} are disjoint, and

(46) us= |J uf, u={Jus.
JCL,T#0 §>0
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In light of (46), to prove (43) and hence Proposition 6.1, it is clearly sufficient
to show that for every z € G, >0and J C I, J %@ such that Z/{5 + 0,

(47) EQ= [ /0 h Hugy(w(s))ds] =0.

Indeed, taking first the sum in (47) over J C Z, J # (), next the limit as
0 — 01in (47) and then applying Fatou’s lemma, we obtain (43).

6.2. Supporting Results. We now state some preliminary results that will
be used in the proof of Proposition 6.1. Throughout, we assume (G, d(-)) is a
piecewise C? domain with continuous reflection. We start with an elementary
observation, whose proof we include for completeness.

LEMMA 6.2. For each 6 >0 and J CZ, J # 0, Z/{g 1s closed.

PROOF. Fix § > 0 and J C Z, J # 0, such that Z/IJ # (0, and let a
point z € R’ and the sequence {x}}reny C Z/{(S be such that = — z as
k — oo. Clearly, x € 0G because {zy}reny C OG and OG is closed. Let
Nj < oo be such that for all k£ > Ny, x € Bs(zr) N IG. Then for k > Ny, it
follows from (44) and (45) that Z(x) C Z(xg) = J. When combined with the
upper-semicontinuity of the set-function Z(-), this implies that Z(z) = J.
Moreover, given any y € Bs(z) N 0G, since Bs(x) is open and zp — x as
k — oo, there exists Ny > Nj such that y € Bs(z;)NOG for all k > Nj. Since
), € Uy, this implies that Z(y) C Z(zy) = J = Z(z). Finally, 2, € Uy also
implies that there exists ny € n(zy) such that (ng, d) > d|d| for all d € d(zy,).
Since n'(-) and +'(-), i € J, are continuous, and =y — x as k — oo, and
I(z) = I(xg) = J, it follows from the definitions of n(z) in (9) and d(x)
in (10) and the continuity of the vector fields 4%,i € Z(x), that there exists
n € n(x) such that (n,d) > §|d| for every d € d(x). Thus, we have shown
that = € L{g, and hence, that L{g is closed. O

In the next lemma, we construct a family of test functions that lie in the
set ‘H. The proof of the lemma is purely analytic and hence, is relegated to
Appendix B. Some properties of the test functions are stated in terms of
another class of functions, which we now define. Recall that ¢*, i € Z, are
the functions that characterize the domains G;, as defined in Definition 3.3.
For z € U, let §;(z) > 0, i € Z(x), be constants such that for each j € Z(z),

(15) < > o |§§(g|,vﬂ'<m>> >0,

i€l(x
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Such constants exist by the definition (6) of U. Then, for = € U, define

(49) W)= ) =0 (y), ye R
iz Vo' (@)

LEMMA 6.3. There exists a function k : (0,1) — (0,1/2) with k(e) <
€/2 for every € € (0,1) such that for each x € U, there exist constants
0 <7l <ry <dist(z,V), 0 <c; < oo, B >0, and a family of functions
{gex € H: €€ (0,1)} that has the following properties:

1. supplge ] NG C GN B, (z);
2. —82 — €3/2 < Ge,x < 0;

3. |Vaea| < cog;

4. for every y € GN By (),

J 62 - e ) N
S ) e ) 2 f 20 0SS
7‘7.7:1

Oxi0; —CoE ife/2 < g*(y) < e — K(e),
and
J
e o .
Y i) gy W) SevE ') 2 A,
i,j=1 ¢

For each 6 > 0 and = € Uj, let ), be the constant from Lemma 6.3. The
neighbourhoods {B,, (z) : = € Us} form an open cover of the closed set
Us. The next lemma shows that we can choose a countable open sub-cover
that has certain properties. For each nonempty subset J of Z, recall the
definition of U given in (45).

LEMMA 6.4. For eachd >0 and J CZ, J # 0, there exists a countable
set of points 857 - L{g such that

U’ € Uyes7 Br (@),

and there exists a measurable mapping /{6‘7 from Z/lg onto 857 such that x €
By (k{ () and Z(z) = Z(ky (x)) for each x € Uy .
ry (@)

5 (=

PRrROOF. Fixd > 0,z € U. Let v, > 0 be the constant from Lemma 6.3 and
pick 7 C Z,Z # () such that Z/lg # (). Then Z/lg is a closed set by Lemma 6.2,
and so Uy’ NB,,(0) is compact for each n € N. Since {B (z), z € U NB,(0)}

is a covering of the compact set L{g N B, (0), there exists a finite subset 8;17 5
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of Z/lg N By(0) such that {B,/ (x), = € 5;175} covers Ug N B,(0). It is clear
that the countable set 857 = UnENSg s satisfies the stated property. We can

further choose the set 857 to be minimal in the sense that for each strict
subset C' of 857, Uzec By () does not cover L{g. Denote 857 = {zx, k € N}.
Let Dy = By (1) \ (UjZg By, (2:)) NU; for each k € N. Then {Dy, k € N}
is a partition of U 57 , and so for each x € Z/{g there is a unique index k(x) such
that x € Djy). Define w(x) = T(z)- Then k7 is a measurable mapping

from Z/lg onto 857 that satisfies the stated property. O

6.3. Proof of Proposition 6.1. We first introduce a sequence of stopping
times. Fix § > 0 and J C Z,J # 0, such that Uy # 0. Let Sf, {B, (2) :
T € 857 } and the measurable mapping /{5‘7 be as in Lemma 6.4. Now, set
oo = 0 and for n € N, recursively define

(50) T, = inf{t > o, 1 w(t) €Uy},

(51) o, = inf {t > 71ntw(t) & By (ﬁg(w(m)))} .

wd (w(mn))

Since Ug is a closed set by Lemma 6.2 and B, 7t (méj(w(Tn))) is an F, -
measurable open ball, {7,,, n € N} and {0, n € NU{0}} are two nested
sequences of stopping times.

Now, fix z € G and let Q, be the solution to the well-posed submartingale
problem associated with (G,d(-)),V, b(:) and o(-). From the discussion in
Section 6.1, it suffices to establish (47), for which we will use a proof by
induction. Note that for n = 1, 0,,_1 = 0 and so we trivially have

(52) Q- [ /0 o L (w(s))ds} ~ 0.

Now, suppose that (52) holds for some n € N. We will show that then
(52) also holds with n replaced by n + 1. Since under Q, w(t) ¢ Z/{g for
t € [on—1,Tn), it is clear that

/:1 by (W(S))ds] —0.

Next, for each y € U, let the constant ¢, € (0,00) and the family of test
functions ¢. 4, € € (0,1), be as specified in Lemma 6.3. Since ¢., € H, ¢-
is constant in a neighborhood of V and (d, V¢. ,(z)) > 0 for all d € d(z) and

(53) E®
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z € 0G, by property 3 of Definition 2.1 and the optional stopping theorem,
for each y € Y and € € (0, 1),

Gey(@(t A 0n)) - /0 " Loy (w(u)) du

is a Q;-submartingale. In fact, the above submartingale is integrable because
¢ey € H implies ¢., is uniformly bounded. Now, let {ex, k € N} be a
sequence of real numbers in (0, 1) such that e — 0 as k — oco. The same
argument that is used in the proof of Theorem 1.2.10 of [44] can be applied
to show that for the regular conditional probability distribution {Qy,w €
C[0,00)} of Q, given M, , there exists a Qz-null set I’ € M, such that for
eachwgéF,yeSg and e, k € N,

(54)

{Qek,y(u/(t N (@) = ey (W (8 A Ta(w))) = /

tATH (W)

tAon(w')

Lqe, (W' (w)) du, t > 0}

is a Q,-submartingale and
(55)
Qu (W' € C[0,00) : Tp(w') = Tn(w) and W' (t) = w(t), 0 <t < 7 (w)) = 1.

Due to (52) and (53), it follows that
(56)

EQ: [/00” ]Iug(w(s))ds} — g%

/Jn(w,) I,7 (W' (s)) ds” :
Tn(w) s

Consider w ¢ F such that 7,(w) < 0o. Note that w(7,(w)) € Z/{g. Let z € 857
be such that # = xy (w(7,(w))) and recall that Z(w(r,(w))) = Z(z) = J. Fix
t > 7,(w) and note from (55) that for Q,, almost surely every o', t > 7, (') =
Tn(w). Since, under Q,, w'(s) € G'N B,/ () for every s € [, (w), on(w')), it
follows from the submartingale property of (54) and property (2) of ¢, z in
Lemma 6.3 that

Lr, (w)<oc} B2

tAon(w')
EQ / Lqe, z(w'(uw)) du

n(w)
<E® [ 5@ (t A on (W) = Gey 2 (0 (Tn(w)))]

3/2
< 2€i+2€k/ .
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On the other hand, note that

tAoy (w')
EQ / Lqe, (W' (u)) du

n(w)

thon (W) J ) (o
@ 3 by (o (u)) e ()
+E /T ‘ bi(w'(u)) oz, du

Combining the last two displays with property (3) of ¢, z in Lemma 6.3,
we have

< 4e? + 45?2 +2czt sup  |b(2)l|ek.

ZEGHBT/_
z

Together with property (4) of ¢, z in Lemma 6.3, this implies that

tAon(w')
(2a8z — czep)ER / To<g® (W' (u))<er/2} du]

n(w)

< czt\/Ef + catey + der + 452/2 +2czt  sup  |b(z)lek.

ZEGQBTL
Letting first kK — oo and then t — oo, we obtain
Q on (W)
Erew / H{gi(wl(u))zo} du| = 0.
7n (W)
From the definition of o, and ¢ given in (51) and (49), respectively, it

follows that
tAoy (w') ,
/ ( ) Hﬂjejan (w (u))du

EQw

— ]EQL\)
n(w)

tAon(w')
/T o eem=opdul

tAon(w') )
/ HﬂjeI(i)an (w (’LL)) du

— ]EQL\)
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Thus, it follows that

on (W)
EQ [ / Iy (w’(u))du] < B

on(w')
. / In,., 0, (' (u) du| = 0.

n(w)

When combined with (56), this shows that (52) holds with n replaced by
n + 1. Since o, (w) — 00 as n — oo for Q, almost every w, the proposition
follows by induction.

7. Proof of Theorem 2. The proof of Theorem 2 relies on the con-
struction of certain local test functions, whose existence we first establish.

PROPOSITION 7.1. For each x € G, there exist a constant r, > 0, in-
creasing continuous functions ay : (0,7;) — (0,00) and kg : (0,74) — (0, 00)
such that K, < ag, lim,_0az(r) = 0, and a collection of nonnegative func-
tions {gzr € C2(G),r € (0,72)} that satisfy the following properties:

1. supp[gz+] NG C Ba, ()N G;
2. —Gaxr € H;
3. 0< gzr(y) <1 foryeR’ and g, (y) =1 for each y € B, (z)NG.

Moreover, if x € 0G \ V, we can choose ay(r) =1 for r € (0,7;).

PROOF. We split the proof into two cases, depending on whether x lies
in the interior or the boundary of G.
Case 1: x € G. Let & be a bounded C* function on R such that {(z) = 1
when z < 1/2, £(z) = 0 when z > 1, and ¢ is strictly decreasing in the
interval (1/2,1). Note that then ||€'||cc < 00 and [|{’||cc < o0. For each
r € G and 0 < r < (dist(x, 0G))?, define g, (y) = &(Jy — x|?/r) for y € RY.
We now verify that g, , satisfies properties (1)—(3) of the proposition, with
rp = dist(x,0G))?, ax(r) = /7 and k,(r) = \/r/2. The first property holds
because |z —y|?/r > 1 when y ¢ B /7(z) and {(2) = 0 when z > 1. The third
property is satisfied because 0 < {(z) < 1for z € Rand y € B, /7/5(z) implies
(y—z)?/r <1/4, and £(2) = 1 for 2 < 1/4. It is clear that g, , € C2(G) and
supp|gz,-] N G. Hence, —g,, € H. This completes the proof of Case 1.
Case 2: x € 0G. Fixzx € 0G. If x € V, recall v, and p, > 0 from Assumption

2. If x ¢ V, recall (48) and let vy = ;07 Hi(m)%. Without loss of
generality, we may assume that 3,7,y 0i(z) € (0, 1]. Thus, we have |vg| < 1
in both cases. In addition, since V is a finite set, if x € V, we may assume,
without loss of generality, that VN B,, (z) = {z}. In this case, we will show

that Proposition 7.1 is satisfied for some 7, < 7y, o (r) = r and k. (1) = r/8,
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where
L dist (2, VU Ujgr) (OGN Gy)  ifx ¢V,
e = Pz itz eV.

It follows from Assumption 2, (48) and the continuity of 47(-), j € Z, that
there exists 7, < 7y A & such that (vg,d) > 0 for each d € d(y) N S1(0) and
y € B, (z). For each r € (0,7;), consider the following function f, defined
on R” by:

—(vg,y —x) +7r/8 ifr/4<|y—x| <7r/s,
frly) =4 1 if [y — 2| <r/4,
0 if ly — x| > Tr/8.

Since |vg| <1 and r < ry < 8/14, when r/4 < |y — z| < 7r/8, we have
—(Vpyy —x)y+Tr/8<|y—z|+Tr/8 < Tr/8+Tr/8 =14r/8 < 1

and
—(Vg,y —x) +Tr/8 > —|y — x| + Tr/8 > 0.

Clearly, 0 < f, < 1. Let {¢m € C°(R7),m € N} be a sequence of non-
negative functions, where each ¢,, satisfies fR 7 ®¢m(z) dx = 1 and has com-
pact support in B, (0) and {¢;,, m € N} is a sequence such that ¢,, — 0 as
m — oo. For each r € (0,r,), choose m, € N such that ¢, < r/8. Define

Gz,r = fr * (lsmm

where * denotes the convolution operation. Then it is clear that g,, €
CSO(]RJ)7 0<gzr <1, gx,r(y) =1 for each y € BT/S(x)v and Supp[gx,r] -
B,.(x). This shows that properties (1) and (3) hold. To show that —g, , € H,
note that f, is locally integrable and so has a distributional derivative V f;,

which is given explicitly by

ifr/d<|y—ax| <7r/8,
otherwise.

Viily) = { 0

Thus, Vgzr = Vf, * ¢, and Vg, ,(y) = v, for each y such that 3r/8 <
ly — x| < 3r/4. It is clear that (d, V f,(y)) < 0 for each y € OG and d € d(y).
This implies that —g, , € H. O

REMARK 7.2. From the proof note that for z € G, the function g, ,
constructed above is translation invariant in GG in the sense that for z € G—=,
gx,r(y) = g:l?-‘rZJ‘(y + Z) for each yE Bﬁ(x) and r < min(rx’ Tx-&-z)'
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We now turn to the proof of Theorem 2.

PROOF OF THEOREM 2. Suppose that (G, d(-)) is piecewise C! with con-
tinuous reflection and Assumption 2 holds. We first show that H satisfies
property 1 of Assumption 1. Let x,y € G with 2 # . Let 7, and () be as
in Proposition 7.1, choose r < r, sufficiently small such that a,(r) < |z —y|
and let g, , be the function in Proposition 7.1. Then, g, , takes the value 0
at y by property (1) and it takes the value 1 at x by property (3). Thus, the
function —g,, € H separates x and y.

We now establish property 2 of Assumption 1. Since d(-)N.S1(0) in (10) is
continuous for piecewise C! domains with continuous reflection, by Remark
3.2 it suffices to show that for every x € OG \ V there exists f € H such
that (d, Vf(z)) > 0 for every d € d(x) N S1(0). By (6), there exists n € n(z)
such that (d,n) > 0 for every d € d(x) \ {0}. Choose g, as in Proposition
7.1 for some r € (0,7;) and define

f(y) = gm,r(y)(cl + <nay>)a ye 67

where C is selected so that C; + (n,y) < 0 on supplge,r]. Then for each
y € 0G and d € d(y),

<d7 vf(?/» = (Cl + <nv y>)<d7 v.gm,r(y» + gz,r(y) <d7 TL) > 0.

Thus, f € H. Moreover, by property (3) of g,, in Proposition 7.1, we have
that g, »(z) =1 and Vg, ,(z) = 0. This implies that

inf d,V = inf d,n) > 0.
scas ' VTN = jea s, '™
This establishes property 2 of Assumption 1. The second part of the theorem
follows directly from the boundary property stated in Proposition 6.1 and
the stationarity of . O

Acknowledgments. The authors are grateful for comments by an anony-
mous reviewer that led to an alternative, more compact proof of Theorem
1 than the Markov chain construction that was used in an earlier version of
the paper [27].

APPENDIX A: AN APPROXIMATION LEMMA

In this section, we prove the approximation result stated in Lemma 5.3.
Let Q be the set of rational numbers in R and for s € R, let Q4 be the subset
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of rational numbers less than s. Since V = {vy,--- , vk} is at most finite, let
Qy={rec@’: v c B.(0)}. For each s € Q, let B(V, s) denote the set

BWV,s) = {z e R’ : dist(z,V) < s}.

Then there exists sop > 0 such that for every r € Qs,, B(V,s) is a disjoint
union of {Bs(v;) : | = 1,---,K}. For each r € Qy and rational number
s < sg, it follows from property 2 of Assumption 1 that there exists a
function h, s € H N C2(G) such that
(57)

(d,Vhys(z)) >1for all d € d(x) NS1(0) and x € [0G N B,(0)] \ B(V, s).

Recall that {¢,, € C°(R”),m € N} is a sequence of non-negative functions,
where each ¢y, satisfies [p; ¢m(2) dz = 1 and has compact support in B, (0)
and {cm,, m € N} is a sequence such that ¢,, — 0 as m — co. Also, let L be
the countable set of all polynomials with rational coefficients. Now, given
any m € Nand w = (r,s,{ag,{ = 1,...,K}) € Qp x Qg x QK we define
the mappings S, : L — R’ and Swm : L+ C®(R’) as follows: given any
polynomial ¢ € L,

B
(Swq)(x) =< 0 if z € (G N B,(0))°

g(z) ifz € (GNB(0)\BV,s),
aj if x € Bs(vl),? =1

)

and
(Sw,mq) = Sw * d)m

Then clearly, (S,q) is a function on R’ and (Symq) € C*®(R’). Fixing
w = (r,s,{ag, 0 =1,...,K}) as above, without loss of generality, by taking
m large enough so that ¢, < min{dist(Bs(v¢), Bs(vj)),j, £ € {1,...,K},j #
¢}/2 we can guarantee that for each ¢ = 1,..., K, Sy, mq(z) = a; in an open

neighborhood of vy and (VSy,mq)(z) = 0 for every z ¢ G N By, (0). Now
define Hg by

Ho = Sw,mq + [Supm€8GﬂB7-+cm (0) SUPded(2)NS1(0) <d7 VSw,mQ>_:| hT,S +b:
geL,w=(rs{a}) € Qy x Qsy x QX meN,beQ

It is easy to see that Hg is a countable subset of H.

We now show that Hg has the required property. Fix an f € H. Without
loss of generality, we may assume that f € C3(G). Fix By(0) containing
an open neighborhood of V and an open neighborhood of supp(f). For any
function h € C%(R”), we define the norm

1hlle2Grpyy =  sup  max{|DPf(x)|: 8] < 2},
:L‘eGﬂBN(O)
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where DP f(z) is the partial derivative corresponding to the multi-index 3.
Given € > 0, by Theorem 1 of [2], there exists a sequence of polynomials
{¢® : keN}inL and kg > 0 such that for any k > ko,

13
(58) 1f = @™z @nBr) < 1

For each ¢ = 1,..., K, choose ay € Q such that |f(vy) — ag| < €/4, choose
s € Qg, 7 € Q, r < N such that B,(0) contains both an open neighborhood
of V and an open neighborhood of supp(f), and set w = (r,s,{as}). For
k € N, define G4 = Sug® and G = Suw.mq™®. Then for each x € RY, for
w = (r,s,{ar}),

®(@) — f@) itz e (GNB0)\ BYV,s),
(@) = f) =4 0 if 2 € (G B,(0))"
a; — f(x) if x € Bs(v),l=1,---K

Thus, for each k& > ko,

sup |G (z) — f(z)| < ¢/
zeRJ

It follows that for each x € G N By(0) and k > ko,

1350 (2) = (@) < 1@ (x) = ) * dm (@) + |f * dm(x) = f(@)] + |f(2) = ¢V ()]

<e/24+|(f * dm)(x) — f(z)].

Since the convolution operation commutes with differentiation, analogous

arguments can be used to show that the above holds with (jgfzn, gk, qﬁf)

and f replaced by Dﬁqﬁu’fln, DBk, Dﬁq&k) and DPf, respectively, for any
multi-index § = (51,...,07). So, in particular,

- €
1350 = aPlle2@npyo)) < sup 1f(2) = f* 6(@)lle2@nmy oy + 5
z€C?(GNBy(0))
On the other hand, since f is bounded and uniformly continuous, f*¢,, — f

uniformly as m — oco. Thus, for each k& > kg, we can choose my, large enough
such that r + ¢, < N and

165, — @ ez @npy o)) <

VAR

Combining this with (58), we have that for each k > ko,

(59) 1G5, = Flle2ansao) < &
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In addition, from (59) for each x € G N By(0) and d € d(x) N S1(0),
(d,Vf(x)) >0, we have <d, Vc_'[}(f%k($)> <'e. For each k > ko, let

(60) g = (jgfznk + sup sup <d, vqgf}nk (y)> hys.
Yy€IGNBr e, (0) ded(y),|d|=1

Then gi € Hy for each k > ko and {gx : k > ko} satisfies (36).

For the second part of the lemma, let Dy = {f +sup,ers f~(y) : f € Ho}
Then Dy is a countable subset of D. For each f € D, by the first part of the
lemma, there exists a sequence {gr : k € N} C Ho such that (36) holds,
where g, is given by (60). For each k € N, let p, = gx+sup,egs g;, (y). Then,
the sequence {py : k € N} C Dy. Since f > 0, SUPycGnBy (0) g, (y) = 0 as
k — oo. For each x ¢ G N By (0) and w = (r, s, {as}), we have (fﬁf),mk (x)=0
and hence

gy, (z) = sup sup <d, Vc}imk (y)> hys(x)™.
YEDGNBr i,y (0) ded(y),|d|=1

So it follows that

lim  sup g, (x)

k=00 4 ¢GNBy (0)
= lim sup sup <d, chff%mk (y)>_ sup  hps(x)”
k=00 y€dGNB, 4 ey, (0) ded(y),|d|=1 2¢GNBy (0)
=0.

Thus, {pr : k > ko} satisfies (36) with D in place of H and Dy in place of
Hg. This completes the proof of the second part of the lemma.

APPENDIX B: CONSTRUCTION OF TEST FUNCTIONS

In this section, we prove the existence of test functions with properties as
stated in Lemma 6.3. Fix z € Y C9G \ V and ¢ € (0, 1). The test function
e« Will be defined in terms of the function d. on (—o0, 00) given by

s2 if 0 <s<e,
do(s) = 2 +e32 - \Jfe(e++e—5)? ife<s<e+ /e,
g2 + £3/2 if e + e < s,

and
d-(s) = d:(—s) if s <0.
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We first summarize the properties of d. that we will require. It is easy to
verify that

0 <d.(s) <2432 for s € (—00,00),
(61) 0 <d.(s) <2, for s € [0, 00),
d.(s) =0, for s > e+ (/€.

Also, note that d. € C*(R) and d_. is piecewise differentiable with the second
derivative

2 if0<s<e,
dl(s)=1¢ -2y ife<s<e++/5
0 if e + /e < s.

We now use a standard mollification argument to construct a C2(R) func-
tion with similar properties. Let {¢, € C°(R),n € N} be a sequence of
non-negative functions with fR ¢n(x)dr = 1 and compact supports that
shrink to {0}. Define

d? = ¢p * de,

where * denotes the convolution operation. Then d? — &2 — £3/2 € C°(R)
and for n sufficiently large, there exist k,(¢) > 0 with lim, o kp(e) = 0
such that

0<d(s) <e*4e%? ifse (—o00,00),

dr(s) =2 +¢&3/? if s > 2(e ++/¢),

0 < (d?)(s) <2e if s € (—00,00),
(62) (d)'(s) = 2 if0<s<e/2,

(d)"(s) >0 if 0 < s<e—kple),

(@) <2F s> e (e,

(d*)"(s)=0 if s > 2(e ++/e).

Now, for the chosen x € 9G \ V, let r; and 7}, = kz(ry) be the two
constants in Proposition 7.1, let g, ,, be the associated function and recall
from Proposition 7.1 that we can assume the function o satisfies ag(r) = r.
Also, let g® be the function defined in (49), with the associated 6;(z),i €
Z(z). Choose n sufficiently large so that (62) holds and for each y € R, let

Pea(y) = d2(g"(y)) and oo (y) = (e (y) — € = ) g, (y)-
It follows from the properties of g, ,, and (62) that ¢., € C2(@), Gn
Supp[(k,z] C GNB, (1')7 —e? —&3/2 < @ee <0, and

(63) QE,x(y) = ps,a:(y) - 52 - 53/27 Yy € G N Br’ ($)

T
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An elementary calculation shows that for y € R”,

(64) VQE,m(y) = Vps,x(y)g:v,rz (y) + (ps,z(y) —e? - 53/2)v9x,m (),
where

/ 91(1‘) ;
(63) Vpea(y) = (@) (6° W) Y 1o Vo).
feetd Y ;() Voita)]

Since (d*) > 0 by (62), 6;(z) > 0 and V¢’ is proportional to n', it follows
that (d, Vpe(y)) > 0 for each d € d(y) and y € Y. When combined with
the facts that the function g,,, is nonnegative, the function p., — e —
£3/2 is nonpositive and —g, ., lies in #, this implies that (d, Vg »(y)) >
0 for each d € d(y) and y € U. Thus, ¢., € H.

Next, note that V¢’ is bounded on the support of oy 0 < G, <1
by property (3) of Proposition 7.1 and d.(s) € [0,2¢] by (61), it follows
that there exists & < oo such that |Vpe . (y)gur, (y)| < ée for all y € RY.
On the other hand, since g, ,, € C2(GQ), Vs, is bounded (say by M,),
and it follows that |[p:2Vgzr,|loo < Mye? < Mye if € < 1. This implies
that ||Vgez|loo < aze for some a, < oo. Moreover, due to (63), for every
Yy € GnN Brg (l’),

J J

BQQS,I o B 82105,1
= (d)"(¢"W)(Vg"(v),aly)Vg“(y))
J 2 T
HEY @ W) Y ayl) o (y),
ij=1 v

By the fourth property in (62), the second property in (61), the uniform
ellipticity of @ and the bound on the second derivatives of g* on B, (), by
redefining ¢, to be larger if necessary, we deduce that if 0 < ¢%(y) < e/2,y €
G N By (z), then

J

2
00) Y a5

i 4 0%g" (y)
20|Vg*(y)| — 2¢ Z ai;(y) 9O
i.j=1 B

Y

ij=1
Z 204533 — CzE,

where « is the positive constant in (12) and 3, = inf canp , (&) V" (y)] > 0.
Moreover, by the third and sixth properties in (62), it is clear that, by
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choosing ¢, yet larger if necessary, for each y € G N By (x) with ¢g"(y) >
€ — kn(e),

J

82%@(1/)
Z aij(y) 0101 -
ij=1 R

< 2VE[(Vg" (1), a(y)Vg" (W) + 22 | D aij(y) Oz;01;

1,j=1
< C:c\/g'

The fifth property in (62) shows that when y € G N By () and /2 <
9% (y) < & — kn(e), then

J J
ez (y g (y
> aiﬂy)am-’aij) > 2|} “iﬂy)ama;j) 2 s
ij=1 A 7

ij=1
This completes the proof of the lemma.
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