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ABSTRACT

Final Report: Precision Quantum Control and Error-Suppressing Quantum Firmware for Robust Quantum 
Computing

Report Title

Abstract:
This project aimed to address the most significant challenge facing the development of large-scale quantum computers: suppressing 
hardware error.  Through this work we focused on the realization of a robust, high-fidelity Quantum Control Toolkit that is fully 
transportable between different quantum computing technology platforms. The techniques encapsulated herein were designed to provide 
qubit robustness to decoherence during memory (dynamical decoupling – DD), and increase the fidelity of qubit operations undertaken in 
the presence of random environmental noise and control imperfections (dynamically corrected gates – DCGs, and composite pulses – CPs).

This project has seen the demonstration of significant hardware-based improvements in quantum control fidelity along with the full 
experimental validation of an engineering-inspired filter-transfer function framework for quantum control.
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Michael Biercuk Scientific Progress 2014 

Scientific Progress and Accomplishments 

The overarching goals of this research project have been to improve the fidelity of quantum control 

in disparate hardware systems and to produce a deployable technology-independent quantum 

control toolkit.  The work has been structured around a combination of efforts in hardware system 

design and improvement as well as “software” or protocols permitting improved quantum control 

fidelity.  Taken together, and leveraging tradeoffs between the two areas where practical, these 

approaches have led to dramatic improvements in both achieved quantum control metrics and our 

understanding of how to effectively and efficiently implement error-resilient control. 

Experimental Quantum Control Capabilities: 

This project has yielded significant advances in the control of quantum coherent systems using both 

“AC” and “DC” control modalities.  In particular, we highlight the following achievements as 

measured against our original proposal’s plan for 10-100X improvement in key coherence and 

fidelity metrics: 

Trapped ions – T2 improved ~30x to > 3s via phase stabilization of 12.6 GHz reference used in our 

control system.  Operational fidelity improved >10x to >99.99% via phase and amplitude stabilization 

of microwave synthesis and delivery system.   

Key improvements have related to the implementation of a traceable timing synthesis chain linked 

to a Cs reference contributing to Universal Coordinated Time, an ultra-low-phase noise cleanup 

crystal oscillator, and low-phase-noise microwave components.  We note that previous work on 

microwave components and systems in related programs have focused on noise metrics exclusively 

in the amplitude quadrature.  These improvements have been vital as the phase stability of our 

selected trapped-ion platform means that the achievable coherence time is actually limited by the 

quality of our master-oscillator, rather than the quantum system itself.  This is a key observation of 

value to the entire community: As measured coherence times increase in quantum systems the 

importance of deploying ultra-high-performance frequency references for quantum control 

hardware will increase in importance. 

Singlet-Triplet qubits – T2* improved ~30x to >3us via stabilization of nuclear field gradients and 

implementation of real-time feedback corrections for drifting nuclear field gradient.  Operational 

fidelity increased to >98% via pulse precompensation and nuclear field stabilization/estimation. 

Key improvements have linked to improved estimation and compensation for drifting nuclear 

magnetic field gradients.  Averaged over a temporal ensemble of measurements drifts in the nuclear 

field gradient between the two quantum dots comprising the physical qubit produce reduced 

visibility of Ramsey fringes (each experiment in the ensemble has a slightly different Ramsey period).  

The most recent development in this project has been the implementation of a Bayesian parameter 

estimation protocol which performs multiple measurements to estimate the nuclear field gradient 

and perform real-time corrections to the control system in response to this measurement.  

Effectively, this amounts to a form of automated real-time control system calibration, which has led 

to dramatic improvements in the measured coherence time for this system.  The combination of 
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hardware and control software (in the form of Bayesian parameter estimation) are a powerful 

demonstration of fundamental structure of this research project. 

Noise Engineering: 

In addition to these direct improvements in our control systems we have also developed a new set 

of hardware-based tools for quantitative studies of quantum control in the form of noise 

engineering. We developed and demonstrated a technique to engineer universal unitary baths in 

quantum systems. Using the correspondence between unitary decoherence due to ambient 

environmental noise and errors in a control system for quantum bits, we showed how a wide variety 

of relevant classical error models may be realized through in-phase or in-quadrature modulation on 

a vector signal generator producing a resonant carrier signal. We demonstrated our approach 

through high-bandwidth modulation of the 12.6-GHz carrier appropriate for trapped Yb171+ ions. 

Experiments demonstrated the reduction of coherent lifetime in the system in the presence of both 

engineered dephasing noise during free evolution and engineered amplitude noise during driven 

operations. In both cases, the observed reduction of coherent lifetimes matched well with 

quantitative models described herein. These techniques form the basis of a toolkit for quantitative 

tests of quantum control protocols, helping experimentalists characterize the performance of their 

quantum coherent systems. 

Generalized filter transfer functions for time-dependent noise: 

Despite the ubiquity of decoherence in quantum information settings, it is a challenging problem to 

predict the average evolution of a qubit state undergoing a specific, but arbitrary operation in the 

presence of realistic time-dependent noise -- how much randomization does one expect and how 

well can one perform the target operation?   Making such predictions accurately is precisely the 

capability that experimentalists require in realistic laboratory settings.  Moreover, this capability is 

fundamental to the development of novel control techniques designed to modify or suppress 

decoherence as researchers attempt to build quantum-enabled technologies for applications such as 

quantum information and quantum sensing. 

A key theoretical construct developed during this effort is the filter-transfer-function formalism, 

allowing the spectral properties of arbitrary quantum control operations to be calculated 

analytically.  In this framework, the challenge of understanding the noise susceptibility of any control 

operation is simplified to calculating a spectral overlap integral between the analytic filter function 

and the noise power spectrum.  This framework has yielded many novel theoretical insights 

published during the course of this program (e.g. Designing a practical high-fidelity long-time 

quantum memory, Nature Communications 2013), including extension to a multiqubit framework 

accounting for spatial correlations in the noise.  Understanding the impact of correlations in this way 

is of fundamental importance to addressing questions of fault tolerance. 

The FF description of ensemble-average quantum dynamics tremendously simplifies the task of 

analyzing the expected performance of a control protocol in a noisy environment as it permits 

consideration of control as noise spectral filtering.  The FFs themselves may be described using 

familiar concepts such as frequency passbands, stopbands, and filter order, enabling a simple 

graphical representation of otherwise complex concepts in the dynamics of controlled quantum 

systems.   Noise filtering, in practice, is achieved through construction of a control protocol which 
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modifies the controllability of the quantum system by the noisy environment over a defined 

frequency band.  Adjusting the FF and changing its overlap with the noise spectrum thus allows a 

user to change the average dynamics of the system in a predictable way. 

The intuitive nature of this framework is belied by the challenge of calculating FFs for arbitrary 

control protocols, generally involving time-domain modulation of control parameters such as the 

frequency and amplitude of a driving field.  The nature of quantum dynamics means that the 

implemented control framework is generally nonlinear; for instance, one finds complex dynamics in 

circumstances where the noise and control operations do not commute such as a driven operation  

in the presence of dephasing noise.  Our recent theoretical effort has allowed calculation of FFs for 

arbitrary single-qubit control and arbitrary universal classical noise, expanding significantly beyond 

previous demonstrations restricted to the identity operator in pure-dephasing environments.    It is 

this more general case where the impact of noise filtering and the FFs may have the most significant 

impact on the quantum engineering community, and where experimental tests are vital. 

Using capabilities in high-fidelity quantum control with trapped ions and noise engineering we have 

performed a wide-ranging set of experiments demonstrating the power and utility of the filter 

function formalism.  We have used a “quantum spectrum analysis” technique to map out the filter 

functions for complex composite pulsing sequences and demonstrated excellent agreement with 

analytic calculations using no free parameters.  Tests included primitive single-qubit rotations as well 

as advanced control protocols derived from both the NMR and quantum information communities. 

Our results have provided a vital experimental validation of generalized filter-transfer functions.  

Experiments demonstrated the utility of these constructs for directly predicting the evolution of a 

quantum state in a realistic noisy environment as well as for developing novel robust control 

protocols.   

A new understanding of composite pulses for quantum control 

Composite pulse (CP) sequences have long been employed in nuclear magnetic resonance (NMR) to 

mitigate the effects of systematic errors in the control.  Initially developed to tackle static but 

otherwise unknown errors in the amplitude or frequency of the driving field, CPs are expressed as a 

composition of fundamental “primitive” rotations. CPs have recently been extended to handle 

multiple error sources using symmetry and concatenation and to provide efficient high-order error 

suppression by optimized design.  

Despite these advances, an outstanding challenge to the systematic incorporation of CPs into 

practical quantum information systems has been a limited understanding of CP performance in the 

presence of realistic time-dependent noise. This is in contrast to e.g. optimal control approaches for 

gate synthesis, where the presence of time-dependent noise is typically assumed in the control 

design.  

Treating the influence of time-dependent noise processes on quantum control operations beyond 

the limited examples appearing thus far in the literature has been facilitated by recent advances in 

dynamical error suppression based on open-loop Hamiltonian engineering. These approaches 

provide a general framework for 
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understanding and mitigating non-Markovian time-dependent noise in a finite-dimensional open 

quantum system due to either uncontrolled couplings to the environment or a variety of control 

errors, and have been central to the approaches studied in this research effort.  

We have understood that approaches including both dynamical decoupling and dynamically 

corrected gates (DCGs) are able to perturbatively reduce the effects of classical as well as quantum 

noise sources, provided that the correlation time scale of the noise is sufficiently long compared to 

the control time scale at which the noise is “coherently averaged out.” These characteristics may be 

captured quantitatively in filter transfer functions (FFs) for arbitrary single-qubit control using 

methods of spectral overlap in the frequency domain as developed as the centerpiece of this 

research program.  

Via application of the FF formalism to study of CP performance, we demonstrated that CPs are able 

to effectively suppress control errors caused by time-dependent processes possessing realistic noise 

power spectra.  Remarkably, robust performance of CP sequences is found up to fluctuations as fast 

as ∼10% of the Rabi frequency, providing an explicit quantitative characterization of the sensitivity 

of these approaches to time-dependent control noise. Calculations showed that even under such 

noise environments, which are beyond the static ones originally assumed for CPs, predicted fidelities 

are at least comparable to those for DCGs in scenarios where protocols of both kind are applicable. 

Altogether, our results show that, in combination, CP and DCG protocols provide experimentalists 

with a viable toolkit capable of meeting a variety of constraints, including the presence of colored 

time-dependent control noise. 

Beyond examining the analytic properties of the filter functions calculated for CPs, we have 

deployed our experimental capabilities to reveal dramatic new insights into their performance.  We 

experimentally demonstrated a form of quantum system identification, effectively reconstructing 

the amplitude-noise filter functions, for two well known compensating pulse sequences known by 

the shorthand designations SK1 and BB1.  Calculations of fidelity using the engineering noise and 

analytically calculated FF match data well over the entire band in the weak noise limit with no free 

parameters. 

Our choice of characterizing these compensating pulse sequences highlighted an important issue in 

the prediction of ensemble-average dynamics of controlled quantum systems.  Ultimately, the 

underlying physical principles giving rise to the analytic form of the FFs are based on the well tested 

average Hamiltonian theory exploited in crafting these pulses.  Despite this shared theoretical 

foundation, the calculation of spectral filtering properties is quite distinct from calculation of quasi-

static error terms in a Magnus expansion, with important consequences for average quantum 

dynamics in realistic time-varying noise environments.  

Accordingly, our tests of the FF formalism revealed that compensating pulses designed to suppress 

errors to high order in a Magnus-expansion framework needed not be efficient noise spectral filters.  

Despite significant differences in their construction -- the BB1 protocol is designed to provide higher-

order cancellation of Magnus terms than SK1 -- both of the selected composite pulses provide 

similar filtering of time-dependent noise, given by the filter order (slope of the FF near zero 

frequency).  In the weak-noise limit frequency-domain characteristics are captured accurately 

through the FF across frequencies ranging from quasi-static to rapidly fluctuating on the timescale of 

the pulse.  Performance deviations between the pulses arose and the FF approximation broke down 
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as the noise strength is increased and higher order terms in the Magnus series became important, 

but only at low frequencies.  At frequencies fast relative to the control the FF again accurately 

predicted the relevant quantum dynamics even in the strong-noise limit.   

These measurements were the first direct manifestation of the difference between studying 

quantum dynamics in terms of frequency-domain noise filtering and calculation of error 

contributions in a Magnus expansion as is appropriate in the quasi-static limit.  Accordingly we 

believe they have significant bearing on researchers interested in constructing error-suppressing 

protocols for quantum information systems subject to realistic time-dependent noise. 

Synthesis of noise filters for quantum control 

A range of techniques relying on both open- and closed-loop control have been devised to address 

the challenge of decoherence suppression at various levels in a layered architecture for quantum 

computing.  In particular, open-loop dynamical error suppression strategies have emerged as 

resource efficient approaches for physical-layer decoherence control.   

For such schemes to be of realistic utility in scalable quantum information settings, however, a 

straightforward framework for selecting an error-suppressing protocol is required.   The key classes 

of bounded-strength SU(2) operations performing nontrivial single-qubit logic operations -- error-

compensating composite pulse sequences in NMR and DCGs in quantum information -- have been 

crafted in an ad hoc manner, meeting contemporary needs of their respective disciplines of origin 

and functioning under different error models.  Moreover these schemes largely ignore realistic 

constraints imposed by the hardware that will be required for gate implementation such as finite 

timing precision and limited classical communication bandwidth between the physical (quantum) 

layer and any external classical controller.  

A unified and experimentally relevant framework for the realization of error-suppressing gates was 

therefore needed to secure the role of dynamical error suppression in systematic designs of 

quantum technologies including fault-tolerant quantum computers.  Our motivation focused on 

leveraging insights from functional analysis in order to realize high-fidelity quantum control 

operations, and identified the Walsh functions - square-wave analogues of the sines and cosines - as 

natural building blocks for such protocols. The Walsh functions are defined in a uniform piecewise-

constant fashion, building intrinsic compatibility with discrete clockingand classical digital logic, and 

have previously been identified as providing a unified mathematical framework in the context of 

quantum control sequencing.  We examined a Walsh-modulated driven qubit system weakly 

interacting with both dephasing and coherent amplitude-damping noise processes.   

Control protocols could be constructed and completely characterized by their Walsh spectra, 

facilitating intuitive analytic design rules based on symmetry and spectral properties of the Walsh 

basis and the ability to perform Fourier-like synthesis using techniques well established in digital 

signal processing.  Modulation protocols were tailored to a particular operation on SU(2), and 

realized through study of effective filtering of time-dependent noise, as captured through the 

experimentally validated, generalized-filter-transfer-function formalism. We defined (and minimize) 

a cost-function effectively measuring the extent to which noise (over a user-defined spectral band) is 

filtered by the applied modulation.  We derived novel families of Walsh-modulated noise filters 

designed to suppress dephasing and coherent amplitude damping noise.  
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Experimental measurements confirmed our filter-synthesis framework, revealing that Walsh spectra 

predicted to yield high-order filters indeed provided robust noise suppression, and that they 

outperformed the best available primitive gates in the small error limit (demonstrated via 

randomized benchmarking).  This suite of experiments is the capstone to our program, revealing the 

power and utility of our theoretical FF framework and setting the stage for a variety of novel control 

techniques to be developed in the future.  Results are currently in press, and contribute to further 

manuscripts in preparation. 

Extension of DD and quantum memory beyond single qubits 

A major advance enabled by this grant during Year 2 has been the identification of single-qubit 

control protocols, based on periodic repetition of suitable high-order DD sequences, that can 

guarantee high fidelity at long storage times in the presence of Gaussian dephasing noise – while 

also meeting the practical constraint of low access latency. While this approach may be extended 

straightforwardly to designing a multi-qubit memory in the presence of independent Gaussian phase 

noise, it is not a priori clear whether more general dephasing models may be viable and, in 

particular, be amenable to support a “fidelity plateau” at long times – including non-Gaussian 

dephasing on a single qubit, and multi-qubit dephasing with spatial correlations. Likewise, although 

general-purpose multi-qubit DD sequences exist for decoherence suppression in the short-time 

regime (notably, multi-qubit Concatenated DD, CDD, or so-called Nested Uhrig DD, NUDD), it is not a 

priori clear whether more resource-efficient pulse sequences may be built by specifically taking into 

account the purely-dephasing nature of the error model. 

Working together with postdoctoral fellow Gerardo Paz-Silva, as well as (former) postdoc Seung-

Woo Lee and visiting student Todd Green (from Biercuk’s group), Viola has tackled the above issues 

for arbitrary classical and quantum multi-qubit dephasing settings, by considering access to both 

“non-selective” (global) and “selective” control capabilities. Throughout the analysis, a key technical 

tool was provided by a suitable generalization of the FF approach to multi-qubit systems, capturing 

in general both the decay and the non-trivial phase evolution that the coupling to a correlated 

dephasing environment may induce. Remarkably, provided that qubit-selective control pulses are 

available, it turned out that demanding suitable displacement symmetry conditions on the sequence 

propagator, one may simultaneously: (i) achieve an exponential reduction in the required number of 

pulses for high-order DD, as compared to standard NUDD schemes; (ii) ensure that, if appropriate 

time-scale and spectral conditions are met, a plateau behavior may still be engineered for each 

coherence order (hence for fidelity). Further to that, these enhanced DD sequences exhibit the 

additional advantage of intrinsic model robustness, in the sense that their performance is insensitive 

to the specific (possibly unknown) details of the environmental coupling – in particular, fully 

collective vs. independent dephasing. These findings are reported in an extended manuscript which 

is presently in the final stages of writing: “Dynamical decoupling sequences for multi-qubit 

dephasing suppression and long-time quantum memory,” by G. Paz-Silva, S.-W. Lee, T. J. Green, and 

L. Viola, in preparation for New Journal of Physics (expected submission: October 2014) 

On the singlet-triplet qubits we have experemintally implemented a two qubit DD sequence and 

used it to generate controlled entanglement of two ST qubits (Science 2012). 
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Noise Suppresion via Hamiltonian Estimation 

Unwanted interaction between a quantum system and its fluctuating environment leads to 

decoherence and is the primary obstacle to establishing a scalable quantum information processing 

architecture. Strategies such as environmental and materials engineering, quantum error correction 

and DD can mitigate decoherence, but generally increase experimental complexity. During the last 

year of the project we improved coherence in a ST qubit using real-time Hamiltonian parameter 

estimation. Using a rapidly converging Bayesian approach, we precisely measure the splitting in a 

singlet-triplet spin qubit faster than the surrounding nuclear bath fluctuates. We continuously adjust 

qubit control parameters based on this information, thereby improving the inhomogenously 

broadened coherence time (T2* ) from tens of nanoseconds to above 2 μs and demonstrating the 

effectiveness of Hamiltonian estimation in reducing the effects of correlated noise in quantum 

systems. Because the technique demonstrated here is compatible with arbitrary qubit operations, it 

is 

a natural complement to quantum error correction and can be used to improve the performance of 

a wide variety of qubits in both metrological and quantum-information-processing applications. 
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