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Summary 
NumerEx and the University of California at Los Angeles are pleased to propose 

advanced theoretical and computational research in the application of the renormalization group 
(RG) to speed the development of advanced methods to simulate dense plasmas exhibiting 
critical kinetic phenomena.  These dense plasmas combine a wealth of length and time scales by 
virtue of their high plasma frequencies and short Debye lengths, while still requiring long 
length/time scale simulation techniques due to the large size of plasma, and the evolution of the 
critical system physics.  Building on our Phase I STTR successes, we will show how the 
renormalization group provides rigorous separation of physical phenomena based on their 
length/time scales.  Starting with an analytic approach to a fundamental plasma process, namely 
that of electrostatic shielding, we will demonstrate how short length scale behavior can be 
incorporated in coarse representations.  This naturally leads to a numerical approach that can be 
used in conjunction with kinetic methods to systematically handle dense plasmas in a kinetic 
framework, where numerical issues like grid heating typically harm fidelity.  Additionally, we 
propose extending the temporal renormalization group methods to investigate the role of the 
collision operator in dense plasma situations.  This complements our spatial RG approach by 
suggesting the means to track the fidelity of a numerical method dynamically, where the 
temporal RG allows re-projection of the physics onto a manifold with sufficient accuracy to 
model critical kinetic behavior.  These two approaches will be combined to provide for a multi-
dimensional plasma physics code based on RG methods.  Perhaps even more important, the team 
has shown, through its Phase I effort, that in addition to numerical algorithms, RG provides a 
systematic means to develop multi-scale test problems for verification and validation of these 
advanced algorithms and provide sensible re-scaling techniques to enhance the usefulness and 
fidelity of existing legacy techniques. 
 
Identification and Significance of Problem or Opportunity 
 Technology is a critical component to the Department of Defense’s efforts to safeguard 
national security.  Advanced computation and virtual prototyping can enable and support the 
capability to rapidly develop novel technology to support the warfighter.  Examples abound in 
the DoD, but include such diverse areas as computational fluid dynamics for aircraft design, 
multi-scale simulations of nanotubes and quantum structures, and coupled environmental 
weather prediction [CHIPS – The Department of the Navy Information Technology Magazine, 
Spring 2003].  Despite these advanced computational capabilities, however, more challenges 
exist.  Recently, the former director of operational testing and evaluation Phillip E. Coyle 
[National Defense, p.20, May 2006] and the former director of defense research and engineering 
John Young [Defense News, p.8 29 Jan 2007] have both stated that the Department of Defense 
needs to do a better job of rapidly prototyping new technology and applying modeling and 
simulation to speed the development and deployment of high technology to the field while 
keeping development costs sufficiently low that they can be supported by the country. 
 
 This challenge is not unique to the Department of Defense.  Virtually all science and 
technology efforts, in the government as well as in private industry, are realizing the role of 
computational science in solving challenging technical problems.  While virtual prototyping has 
advanced via the improvement in computer hardware, as summarized by the ubiquitous Moore’s 
Law, and the advent of parallel algorithms to take advantage of high performance computing 
assets, there is always a pressing need for state-of-the-art algorithm development.  Perhaps 
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nowhere is this truer than in the domain of multiple scale lengths scientific computation.  
Consider, for example, directed energy technology:  The Air Force Office of Scientific Research 
and the DoD High Performance Computing Modernization Office has had on-going efforts in 
both hardware and software producing a state-of-the-art capability for the modeling and 
simulation of directed energy technology embodied in the massively parallel particle-in-cell 
plasma physics software ICEPIC.  Particle-in-Cell combines classical time-domain 
electromagnetics with relativistic Newton-Lorentz force laws to provide a kinetic description of 
plasma, self-consistently including the nonlinear self-forces.  Developed by the Air Force 
Research Laboratory, ICEPIC has performed a wide variety of important simulations, and by 
exploiting its parallel nature, researchers have been able to perform fully three-dimensional 
simulations with realistic timescales that approach those exhibited by laboratory devices.  This 
has led to virtual testing and evaluation of various high power microwave concepts and devices 
before cutting the metal necessary for laboratory experimentation as well assistance in 
interpretation and understanding of laboratory phenomena.  The ICEPIC effort in the directed 
energy arena is a case study on how experiment and simulation can work in concert to rapidly 
advanced high technology. 
 

Despite these advances, however, the nature of computational physics is to demand ever-
higher fidelity.  Continuing with the directed energy example, there are critical quantum 
mechanical phenomena in the emission of electrons into the device.  Since these electrons are the 
source of kinetic energy that is converted to high power microwaves, it is clear that this physics 
must be treated correctly.  At the other extreme, the kinetic nature of the plasma electrons co-
exists with dense plasma that forms on the boundaries of the source.  This plasma is sufficiently 
dense that it exhibits fluid-like phenomena, despite the critical co-existence with the kinetic 
electrons that produce the coherent electromagnetic radiation.  Attempting to break this problem 
into two pieces, dense plasma algorithms that handle fluid behavior with kinetic methods to 
study the details of phase space are fraught with difficulty.  First, there is no natural way to 
separate these populations as they intermingle in space and time.  Second, the questions of 
fidelity and consistency between algorithms require strict test problems for verification and 
validation.  Even brute force approaches, such as using high performance computing assets to 
simulate the fluid phenomena with kinetic methods leads to numerical artifacts, such as grid 
heating, due to the mismatch between physics and algorithm.  These challenges drive the 
scientist to ever more complex discretizations that eventually overwhelm even massively parallel 
supercomputers. 

 
Luckily, however, there are a variety of advances leading to true multiple scale methods.  

One of the most promising is the renormalization group (RG).  RG methods constitute a broad 
class of techniques that explicitly find the important scales that exist in a problem.  With this 
identification of scale, high fidelity analytic test problems, novel numerical methods, and fresh 
sets of equations suddenly become feasible.  As we will show in this proposal, UCLA and 
NumerEx, with the strong assistance of our subcontractors, have assembled a team of highly 
trained experts in plasma physics, applied mathematics, numerical methods, and software 
engineering to exploit the renormalization group for the simulation of kinetic dense plasmas, 
where we must explicitly treat both discrete and continuum physics in a self-consistent manner.  
RG provides the means to develop both high fidelity and fast methods for simulations of these 
challenging problems.  But most importantly to our minds, the RG technique allows for explicit 
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inclusion of kinetic effects in fluid algorithms, correction for dense plasma shielding in legacy 
kinetic methods, and the clear plus rigorous means to understand the impact of the 
approximations introduced by numerical and analytic techniques. 

 
The NumerEx/UCLA team builds on a successful Phase I STTR effort.  Herein, we show 

the advances that RG provides for the solution of discrete effects in continuum descriptions, 
verification and validation of these solutions, potential savings in simulation costs associated 
with understand these solutions, and algorithmic enhancements to legacy PIC models to better 
handle dense plasma effects.  Further, we will show the potential of the TRG framework as a 
numerical tool for rigorously determining when a plasma can be treated as a fluid and when it 
must be treated as something more complex.  This will eventually lead to hybrid codes where the 
minimal description of the distribution function is employed, i.e., if the distribution is primarily 
Maxwellian, it would be treated as a fluid model.  These examples will show our conviction that 
RG-based plasma simulation tools offer new analytic methods, new computational methods, and 
new tools for verification and validation in the study of plasmas exhibiting multiple scales. 
 
Phase II Technical Objectives 
 We have four broad goals for this Phase II STTR, all of which are tied to improving the 
simulation of dense plasmas that still require some description of the plasmas’ phase space for 
accurate reproduction of natural phenomena.  These four goals offer an interlocking plan of 
attack to reach a full featured, multi-dimensional plasma code that can model dense kinetic 
plasmas with either higher accuracy or faster computation times than legacy particle-in-cell 
methods while maintaining aggressive verification and validation of the multiple scale physics.  
The team feels that this last point is a critical advance that RG provides over alternative options 
to capture this wide range of physics.  Our Phase II goals are: 
  

• Develop better test problems – Building on our Phase I work on the Debye problem, 
incorporate testing for multi-scale effects into our algorithms  

• Develop methods for better coupling between continuum and kinetic descriptions, 
including the effects of fluctuations – Use RG to provide kinetic information to fluid 
descriptions and vice-versa 

• Develop better algorithms – Using a RG approach, we look to provide the capability 
to simulate dense plasmas by incorporating physical knowledge of the Debye length 
into numerical particle weighting schemes 

• Develop novel equations – Use RG to link Boltzmann style approach to continuum 
via better collision operators 

 
These goals build on our Phase I efforts.  The first two goals show that our approach to 

RG is designed to be flexible and exploit problem specific information, so that we know when to 
use a specific technique, and when we should rely on fully kinetic models.  With this choice 
between levels of fidelity, verification and validation is perhaps the important question for these 
multi-scale models.  With these problem-specific examples, we generalize to numerical 
algorithms with flexibility to handle a more wide-ranging plasma via control of (a) the particle 
weighting or “shape” in a kinetic context, resulting in macro-particles having higher information 
content, and (b) the collision operator to directly provide coupling between discrete and 
continuum scales via on-going assessment of the quality of the solution for a given RG scale. 
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Phase II Work Plan 

To achieve these technical goals, we propose a set of technical tasks.  The level of effort 
for this STTR program is $750,000.00 dollars over a two-year period of performance.  The 
details of this effort are presented in our budget.  To place the work plan in context, we start with 
some background on the renormalization group and our results from Phase I.  The work plan 
follows directly after this description. 

 
Renormalization Group for Plasma Dynamics 

Multiple length and time scales as well as multiple physics are present in many plasma 
problems, and they present a formidable challenge to simulation of plasma dynamics. Examples 
include kinetic scales associated with particle velocities and collisions, continuum scales from 
fluid dynamic phenomena and fluid-particle interaction scales as in Landau damping. Each of 
these different phenomena can produce small scale fluctuations that are difficult to effectively 
simulate in a full scale computation, typically because of the conflicting requirements of fine 
resolution of the scales while simultaneous studying a sufficiently large problem to capture the 
long wavelength phenomena. A primary goal of this proposal is the development of 
Renormalization Group (RG) methods and a connection between RG and computations, as a 
method for robust treatment of fluctuations in plasmas. 
 

RG is a method for describing the coarse-grained effect of small scale fluctuations. It 
goes beyond traditional perturbation expansion methods in that it allows for a continuum of 
length scales with no clear separation between macroscopic and microscopic scales. For plasma 
dynamics, RG has been used by Chang [T. Chang, S.W.Y. Tan and C.C. Wu “Complexity 
induced anisotropic bimodal intermittent turbulence in space plasmas” Phys. Plasmas. 11 (2004) 
1287-1299.] to describe phenomena such as the scaling of the power spectrum in turbulent space 
plasmas, and by Nevins [W.M. Nevins et. al., “Discrete particle noise in PIC simulations of 
plasma micro-turbulence” Phys. Plasmas. 12(2005) 122305] to study the impact of turbulence in 
large-scale fusion plasmas. 
 

As described in the Technical Objectives section, we are developing RG for plasmas 
dynamics through new application of RG to problems of scientific and technological importance, 
use of RG to derive new plasma kinetic models and development of computational strategies that 
incorporate RG.  As an example consider the quasi-neutral shield distance, in plasmas, namely 
the Debye length.  Under ongoing support from Phase 1, we have successfully applied RG to the 
Debye problem and connected that approach to a particle-in-cell computational method, found a 
solution method for small-scale fluctuations in the cathode flicker problem, and developed a 
strategy for using RG to derive better continuum equations that incorporate kinetic effects. 
 
RG for the Debye Problem 

Debye shielding is a basic phenomena of great importance for electromagnetic systems, 
including plasmas. Whereas the original derivation of Debye was based on a continuum 
description, RG has been used for determination of the Debye length from more basic physics, 
including quantum field and statistical mechanics effects. In the spirit of the original derivation 
by Debye, we have used a classical continuum description and applied RG to describe the 
influence of continuum fluctuations on the Debye length. In our analysis, the source of 
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fluctuations has been the background ion density or the electron temperature. To the best of our 
knowledge, this is the first analysis of these effects. We also plan to generalize this to include 
kinetic fluctuations.  When considered for a computational perspective, this problem is especially 
challenging as we include short wavelengths in our analysis that require fine resolution while 
considering a problem where the shielding exists on a macroscopic level. 
 

We have developed two approaches to RG for the Debye problem to show the flexibility 
of the methods. The first approach is an interpretation of the classic method of Ma and Mazenko 
in terms of the Chapman-Enskog expansion. The results that are described in the following are 
written with more detail in our technical report [RE. Caflisch, A. Christlieb, J. Luginsland and D. 
Vvedensky. “Renormalization Group for the Debye Problem” UCLA CAM Report.].   

 
The Debye problem describes the electrostatic potential ϕ  due to a fixed test particle at 

0x =  surrounded by a uniform background of ions and electrons. The ions are assumed to have 
unit charge q . Because of their relatively large mass, they are also assumed to have a fixed 
density in . The electrons have charge q−  and density that varies as eq kT

en e ϕ / . The potential 
satisfies the equation  
 2

0( )( ( ) )B eq k T
e iq x n e nϕϕ ε δ /∇ = / + −  (1) 

in which 0ε  is the permittivity of free space.  
 

We wish to derive the Debye length λ  and its dependence on fluctuations ξ  in 1
eT −  and 

ζ  in in (we have also considered fluctuations in the electron temperature, but we omit it here for 
brevity). Assume that  
 in = en ζ+  

in which en  is constant. The noise satisfies  
 0ζ =  (2) 

 
( ) ( ) ( )

( )
kk

n

k k k

k k
ζζ

ζζ ζζ

ζ ζ σ δ

σ σ
′

−

′ =

=
 (3) 

We keep only constant, linear and quadratic terms in ϕ . This yields  
 2 2 2ϕ λ ϕ αδ βζ γϕ−∇ = + + +  (4) 

0in which ( )qα ε= /  

 2 2 2 1
0( )eD Bn q k Tελ λ ε− − −= =  

 0( )qβ ε= − /  (5) 

 3 2
0

1 ( )( )
2 ee Bq n k Tγ ε −= /  

in which λD is the usual Debye length of classical plasma physics. Denote  
 2 2L λ −= ∇ −  

 1
0G L−=  (6) 

 0 0 ( )Gϕ αδ βζ= + .  

The equation for ϕ  is  
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 2
0 0 ( )Gϕ ϕ γϕ= +  (7) 

In the absence fluctuations and nonlinearities (i.e., 0β γ κ= = = ), we recover the traditional 
solution of 1 rr e λϕ − − /= . The goal is to use renormalization group to find the effects of 
fluctuations on the Debye length λ .  
 
 Our renormalization group analysis follows the method of Ma & Mazenko [S.K. Ma and 
G.F Mazenko “Critical dynamics of ferromagnets in 6-ε dimensions: General discussion and 
detailed calculation” Phys. Rev. B 11 (1975) 4077-4100.]. It works in Fourier wavenumber 
variable k and consists of several steps. First we divide the potential φ into high and low 
wavenumbers 
    ϕ > = φ for wavenumbers k with Λ/b<|k|<Λ 
    ϕ< = φ for wavenumbers k with |k|<Λ/b. 
corresponding to a cutoff Λ. The equations for ϕ >  and ϕ<  are  
 2 2

0 0 ( 2 )Gϕ ϕ γ ϕ ϕ ϕ ϕ> > > > < > <= + + +  (8) 

 2 2 2
0 0 ( 2 )Gϕ ϕ γ ϕ ϕ ϕ ϕ< < < > > <= + + + .  (9) 

We solve for the high wavenumber component ϕ > as a function of the low wavenumber 
component ϕ< , using an expansion for ϕ > in powers of the parameters α, β, and γ without 
expansion of ϕ< . Then we expand the equation for ϕ< , which results in a modification of the 
coefficients λ, α, β, and γ in the equation. The modifications are Fourier integrals that are easily 
evaluated. 
 
 This is analogous to the Chapman-Enskog expansion [S. Chapman and T.G. Cowling. 
The Mathematical Theory of Nonuniform Gases. Cambridge. 1952.] for the nonlinear Boltzmann 
equation of rarefied gas dynamics, in which the non-hydrodynamic modes are solved by an 
expansion method, then the hydrodynamic modes are found by an expansion of the equations for 
them. This yields the Euler equations at leading order and Navier-Stokes at the next order. 
 
 The second step is to rescale the low wavenumber componentϕ< to a full function φ, 
based on the assumption of self-similarity. The resulting rescaled coefficients λ’, α’, β’, and γ’ 
are the image of the renormalization group action on the original coefficients λ, α, β, and γ. This 
group action is the discretization of a “flow” with respect to a variable ℓ that can be thought of as 
a length scale. The resulting flow has the form 

     ( ) ( ), , , , , ,d F
d

λ α β γ λ α β γ= . 

Fixed points at which F=0 are of primary interest. If the exponent n for decay of the power 
spectrum of the noise ζ is less than ½  we find a fixed point (λ0, α0, β0, γ0) with   

     
1

0

0

( )
0
c nλ

α

−= Λ
=

. 

Moreover the renormalized charge α approaches 0 at an exponential rate  
     ( )a neα α −≅ . 
Since λ0 > λD, we find that the Debye length increases through the RG flow with fluctuations. 
The decrease in the renormalized charge is a second mechanism for impact of spatial noise on 
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the plasma screening with the interpretation that the charge must be reduced to hold at a constant 
screening distance. 
 

In addition to fixed points, the values away from fixed points may be applicable to 
systems with a specific length scale, as would be found in a numerical simulation. As part of 
Phase II, we will connect the length scale of a simulation problem to the RG results at that length 
scale, as determined through the solution of the RG flow equation. Further details for the 
solution described above can be found in [Caflisch et. al.  “…Debye Problem.” ibid.]. 
 
Computational Verification of the RG approach 
 In the interests of verification and validation, we developed a three-dimensional first-
principles particle-in-cell model of the Debye shielding of a test particle with spatial fluctuations 
in the ion background.  This is a challenging computational problem as it combines short 
wavelength noise in a large problem.  For the simulations, we chose to initialize a baseline 
plasma with a temperature of 0.2 eV and 2 x 106 cm-3 density, resulting in 0.235cm Debye 
length.  Our simulations were of a 2 cm cube with periodic boundary conditions to provide 
enough space for significant shielding to be exhibited.  To avoid numerical grid heating 
associated with aliasing [A. Christlieb, and K. Cartwright, “Boundary Integral Corrected 
Particle-in-Cell, APS-DPP meeting 2007], our simulation had one millions cells and 8 million 
macroparticles.  The Debye length was measured using curve fitting of the analytic Debye 
formulation and a novel use of a complex Fast Fourier Transform (FFT) to capture the damping 
due to shielding.  Both methods compared well with the expected analytic Debye length in the 
absence of spatial ion noise, with the complex FFT offering more robustness in the face of the 
numerical particle noise.  To our knowledge, this use of a complex FFT for measuring Debye 
length was a first in the literature.   
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Figure 1.  Dependence of Debye length on spatial ion noise. 

  
 Next, we systematically varied amplitude of the ionic spatial fluctuations and the nature 
of the fluctuation’s power spectrum.  As shown in Figure 1, as the fluctuation amplitude 
increased, the shielding distance also increased in agreement with the RG theory presented 
above.  Furthermore, RG correctly predicted the details of the noise spectrum under which the 
fixed point would disappear.  When the spectrum fall-off in wavenumber k was modified to an 
exponent greater than ½, we observed a transition from quiescent plasma to time dependent 
structures as the plasma struggled to shield both the test particle and the spatial ion density non-
uniformity.  In both the high amplitude and critical spectrum cases, the plasma could be kept in a 
quiescent state by reducing the charge on the test particle, in agreement with the rescaling of test 
particle charge suggested by the RG solution.  Thus, by re-scaling the test particle charge in a 
manner consistent with the RG solution, it is possible to construct a less computationally 
expensive simulation.   

 
Functional Integral Formulation of Debye Screening 

During the course of the numerical validation effort, it became clear that transition to 
numerical methods based on RG techniques required the inclusion of boundary conditions and 
grid effects.  A functional integral approach shows how to include both finite grid size and the 
impact of periodic boundary conditions through the introduction of “cutoff” depending on the 
scales in the problem.  This offers a toolkit to study the Debye problem as well as computational 
implementations thereof.  Here, we present a flavor of these methods for comparison to the 
previous formulation of the Debye shielding.  Both methods provide identical analytic solutions 
to the Debye problem. 
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Lattice Formulation  

We begin by considering a d -dimensional Cartesian lattice whose lattice spacing is a  
and with a total volume of V . Charges e±  can occupy the sites ki  of this lattice and there is a 
Coulomb interaction between these charges. For 3d = , the lattice Coulomb potential between 
sites i  and j  is  

 
1

4ijU
a i jπ

= .
| − |

 (10) 

There are two main reasons for putting the system on a lattice. First, the lattice avoids the 
singularity of the Coulomb potential at the origin, which would otherwise necessitate introducing 
a short-range cut-off. This issue will arise when we take the continuum limit, but for the moment 
there are no short-range singularities. The other advantage of a lattice formulation is that we can 
develop a field-theoretic formulation for the partition function in close analogy with that for the 
Ising model, which facilitates the identification of mean-field limits and perturbations thereof.  
The canonical partition function NZ  for N  charges kq e= ±  at positions ki , for 1k … N= , , , is  

 
1{ }

{ }

1 exp ( )
2 j k

j k Nik
q ek

N j j k kZ q U i i q
N

β
,

≤ , ≤
=±

′ 
 
 
 
  

= − , ,
!

∑∑  (11) 

where the factor N!  is to ensure correct Boltzmann counting, 1 Bk Tβ = / , Bk  is Boltzmann’s 
constant, T  is the absolute temperature, the prime on the summation indicates that the terms 
j k=  are excluded, and the factor of 1

2  is to avoid double counting. The associated grand 
canonical partition function Ξ  is  

 
0

N Nd
N

N
z Zµ

∞

=

Ξ = ,∑  (12) 

where z eβµ=  is fugacity and µ  is the chemical potential. 
 
The Functional Integral  

The evaluation of Ξ  proceeds by using the Hubbard–Stratonovich transformation. After 
several standard manipulations that parallel those of the Ising model, we obtain the functional 
integral  

 21exp{ [ 4 cos( )] } [ ]
2

z dx Dφ φ αφ φΞ = + ,∇∫ ∫  (13) 

with Be k Tα = / .  
 

There are several advantages to the functional integral representation of a statistical 
mechanical problem over other formulations:  

 
1. A large class of problems can be represented as functional integrals, ranging from 

equilibrium statistical mechanics, as the Debye problem, to non-equilibrium statistical 
dynamics. The Ising model serves as the canonical example for this approach, and the 
expression obtained in Eq. (13) has several formal similarities with the functional 
integral for the Ising model.  

2. Mean-field limits are straightforward to identify, for example, as Gaussian field 
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theories, corrections to which can be evaluated with various expansions. For the case 
at hand, the mean-field limit corresponds to the Debye–Hückel theory. This will 
shown explicitly in the next section.  

3. Renormalization-group calculations can be carried out using either the Wilson or 
field-theoretic formalism. Time-dependence, vector fields, and other degrees of 
freedom enter such calculations simply as summations/integrals in the evaluation of 
individual terms. The structure of the RG expansion is determined by the polynomial 
terms in the functional integral.  

 
Mean-Field Theory  

The simplest evaluation of the functional integral (13) is to expand the cosine function 
and retain terms only to quadratic order:  

 
2( )cos( ) 1

2
αφαφ = − + ,  (14) 

in which case we obtain a Gaussian field theory,  

 2 2 221exp[ ( ) ] [ ]
2

zVe dx Dφ φ ξ φ φ−Ξ = − ,∇∫ ∫  (15) 

where V  is the volume of the system and 2 22zξ α− = . We will neglect the constant prefactor, 
since we are interested only in averages. Consider now the evaluation of the two-point 
correlation function ( ) ( )q qφ φ ′  which, in the limit V → ∞ , is calculated as  

 

2 2 21
(2 )0

2 2

( ) ( ) ( ) ( ) ( ) exp[ ( ) ( ) ]

( )

d
dkq D k q k kq q

q q
q

π
φ φ φ φ φ ξ φ

δ
ξ

Λ′ ′ −
Ξ

′

−

= − + | |

+
=

+

∫ ∫
  (16) 

Performing the Fourier transform yields 

 
/

3 2 2( ) (0) .
(2 ) 4

iq r rdq e er
q r

ξ

ϕ ϕ
π ξ π

− ⋅ −

−= =
+∫   (17) 

The quantity  

 1 2
2

0

( )Bk T
n e

ξ /= ,  (18) 

is the Debye length.  
 
Summary of the RG Approach to the Debye Problem 

Our RG calculation accurately predicted the details of the simulations.  Indeed, the 
accurate resolution of the ion noise was crucial to getting the correct physics.  Considered from 
another perspective, this illustrates all aspects of our proposed use of RG – (1) develop new test 
problems to study multi-scale physics, (2) rescale existing calculation in light of RG theory to 
operate at reduced resolution, and (3) suggest that controlled rescaling of the test charge offers a 
means to include the physics of one scale in a coarser description. 

 
Next we change gears and describe our other main result from Phase I, which again 

studies the coupling of fine scales into long wavelength phenomena in the context of space-
charge limited flow – another traditional plasma physics phenomenon.   
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Cathode Flicker Problem   

Through a clever solution of the stationary continuum equations for electron flux in a 
confined channel, Child [C.D. Child, “Discharge from Hot CAO" Phys. Rev. Series I, 32 (1911) 
492-511] and Langmuir [I. Langmuir, “The effect of space charge and residual gases on 
thermionic currents in high vacuum" Phys. Rev., 2 (1913) 450 - 486] found an expression for the 
maximal current between a cathode and anode for electrons having zero velocity as they leave 
the cathode. Jaffe [G. Jaffé, “On the currents carried by electrons of uniform initial velocity" 
Phys. Rev., 65 (1944) 91-98] generalized their solution to allow for a nonzero electron velocity. 
Cathode flicker, i.e., temporal fluctuations in the electrons as they leave the cathode, has proved 
to be a difficult and important problem [D. Shiffler et. al., “Emission uniformity and shot-to-shot 
variation in cold field emission cathodes.”  IEEE Trans. Plas. Sci., 32(2004) 1262-1266] that has 
defied definitive analytic treatment. We model the cathode flicker as temporal fluctuations in the 
electron velocity at the cathode, with the electron density held fixed at the cathode and the 
electrostatic potential held fixed at both cathode and anode. The results that are described in the 
following are written with more detail in our technical report [RE. Caflisch, J. Devita, X. Yu, A. 
Christlieb and J. Luginsland. “WKB Solution for the Cathode Flicker Problem” UCLA CAM 
Report]. 
 

The one-dimensional continuum equations for the flux of electrons from a cathode at 0x  
to an anode at 1x  are  
 ( ) 0t xvρ ρ+ =  

 t x x
qv vv
m

ϕ+ = −  (19) 

 1
0xxϕ ε ρ−= −  

 
in which ρ  is the electron density, v  is the electron velocity and ϕ  is the electrostatic potential. 
Also q  and m  are the electron charge and mass and 0ε  is the free space electrical permittivity. 
The boundary conditions at the ends of the channel are  

 
0

0 0

0

(2)
(3) onv v x x

ϕ ϕ

ρ ρ









=
= =

=
 (20) 

 1 1onx xϕ ϕ= =  (21) 

 
We denote the Child-Langmuir-Jaffé solution as ( ) ( )( )v v xρ ϕ ρ ϕ, , = , , , and look for 

solutions of the form ( ) ( ) ( )v v vρ ϕ ρ ϕ ρ ϕ′ ′ ′, , = , , + , ,  with ρ′ , v′  and ϕ′  solving the linearized 
equations  
 ( ) 0xt v vρ ρρ ′ ′′ + + =  

 t x x x
qv vv v v m

ϕ′ ′+ + = −′ ′  (22) 

 1
0xx ε ρϕ − ′′ = −  
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We look for solutions in the WKB form ( , , ) ( , , ) iv R U e θ ερ ϕ /′ ′ ′ = Φ  in which R,U, θΦ,  are 
functions of ( )x t,  and 1ε << . We find two WKB solutions, the first is a convective solution in 
which θ= θc is carried with the fluid velocity (i.e.,  0t xuθ θ+ = ) and 2

1 2( , , ) ( , , )c c cR U R Uε εΦ = Φ . 
In this solution, the values of Rc, Uc and θc (i.e., fluctuating values of ρ and v) can be specified 
on the cathode x=x0.  
 

The second WKB solution type is an edge solution in which 0xθ = . There are two such 
solutions associated with the left and right boundaries, denoted by 

2
2 1( , , , ) ( )R U R Uθ θ ε εΦ = , , ,Φ and 2

2 1( , , , ) ( )r r r rR U R Uθ θ ε εΦ = , , ,Φ .  In these solutions, the 
values of Rℓ, Uℓ and θℓ can be specified on the left boundary and the values of Rr, Ur and θr can 
be specified on the right boundary. 
 

Denote the corresponding fluctuating WKB solutions as 
( , , ) ( , , )

cc c c c c c iv R U e θ ερ ϕ /= Φ with similar definitions for the right and left solutions with 
superscript ℓ and r. Then a fluctuating solution that has specified fluctuations in v  on the left 
boundary with no fluctuations in ρ  on the left boundary or in ϕ  on either boundary, can be 
written in the form 
   ( , , ) ( , , ) ( , , ) ( , , )c c c r r rv v v vρ ϕ ρ ϕ ρ ϕ ρ ϕ′ ′ ′ = + + . 

More generally the method could be adapted to produce a solution with specified 
fluctuations in all of these boundary values. Further details for the solution described above can 
be found in [Caflisch et. al.  “WKB Solution…”, ibid.]. 
 

Next we plan to perform numerical computation for slowly varying coefficients in the 
WKB solutions. We will also extend the WKB solution to higher order in ε , at which resonance 
and secular terms will enter and may affect the maximal current that can flow through the 
channel.  We believe that solution presented above is an essential ingredient in an RG analysis of 
the cathode flicker problem. It will provide a solution for the rapidly fluctuating modes in terms 
of the slowly fluctuating modes, which is the first step in an RG analysis. Furthermore, cathode 
flicker is the basis of our verification/validation efforts in the extensions to temporal RG, which 
play a critical role in the development of numerical methods for more general plasma problems.  
This will be discussed further in the tasks below.  
 
Proposed Work for Phase II 

The research completed so far in Phase I has demonstrated the viability and potential of 
RG methods in plasma physics. We have used RG to investigate physical phenomena and we 
have developed strategies for applying RG in the derivation of new multi-scale models and as a 
guide to simulation for complex phenomena. In Phase II, we propose to continue and extend 
these investigations and further develop RG for numerical modeling and simulation. 
 
Task 1 - Applications of RG: The Debye and Cathode Flicker Problems  

For the cathode flicker problem, we propose to use the WKB solution as a method for 
finding the rapid fluctuations in terms of the slow fluctuations.  The WKB solution will play the 
role of the Green’s function in the description of RG for the Debye problem. This is an essential 
first step in the RG method. We also plan to investigate the possibilities of resonance and 
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secularity, as described above, in the solution. The result may have important effects on the 
maximal current. We also plan to extend the WKB solution to multi spatial dimensions, so that 
the texture of the cathode surface can be included in the model. 
 

For both the Debye and cathode flicker problems, we plan to incorporate fluctuations due 
to kinetic effects into the RG analysis. This application requires a choice of the relevant RG map. 
One choice would be to use a Fourier basis in physical space and Hermite function basis in 
velocity. Another possibility would be to use waves in phase space as the primary solution 
modes, which would correspond to Fourier variables for both physical and velocity space. 

 
 This effort helps achieves the first technical goal of this effort by developing well-

characterized solutions to problems with important physics at multiple scales.  It also furthers the 
second technical goal by providing detailed information about how various scales communicate 
in these plasma problems. 
 
Task 2 – Computational validation of RG-inspired methods for Debye and Flicker 
 Using an approach similar to that demonstrated in Phase I, we will use kinetic particle-in-
cell methods, operating at high resolution, to develop a traditional kinetic approach to these 
problems.  This will provide insights into the application of RG in plasmas, develop general 
coupling concepts between scales, and provide test cases to show the evolution of the critical 
scale due to the plasma dynamics.  Tasks 1 and 2 provide the foundation of test problems for a 
general plasma code, as well as insight into the coupling between multiple scales.  Furthermore, 
these efforts provide the basis for understanding how rescaling can be used to enhance legacy 
algorithms.  These tasks support the first two technical goals.   
 
Task 3 – Development of temporal RG for plasma physics 
 This task focuses on the development of new numerical methods for time-dependent 
plasma problems.  Specifically, this effort focuses on the application of the temporal 
renormalization group (TRG) to problems exhibiting both continuum and discrete physics.  This 
task directly supports the technical goals of developing better algorithms and better coupling 
equations.  We first provide a description TRG, and then discuss how this task will develop 
numerical methods for plasma problems. 
 
Temporal RG Reductions of Coherent Structure Plasma Flows 

Temporal Renormalization Group (TRG) methods have recently made substantial 
progress in the rigorous reduction of systems of parabolic and hyperbolic PDEs to low 
dimensional flows associated to interacting coherent structures. We extend these methods to 
obtain a systematic reduction of collisional gas dynamics and ionized flows to multi-bumped 
Maxwellian and other quasi-equilibria solutions, substantially extending the scope and 
improving the accuracy of existing δf methods by employing the correct spectral decomposition 
of the flow into an adiabatic Maxwellian and kinetic portions whose evolution uncouples at 
leading order.  This decomposition is couched in a rigorous TRG framework which provides a 
systematic self-check for the validity of the decomposition, indicating when the underlying 
quasi-equilibrium ansatz is no longer self-consistent and also when it loses stability to temporal 
resonance which is distinct from simple linear stability.  The decomposition of the flow into 
thermalized and kinetic particles is amenable to a wide variety of versatile hybrid methods, 
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which exploit efficient Monte-Carlo and Wild summation approaches.   We first give a broad 
overview of the Temporal RG methods, and then present specific applications to the rarified gas 
dynamics and collisional ions flows. 
 
Description of the Temporal RG method 
Self-similarity verses Discrete spectrum 

In the context of partial differential equations, renormalization group methods have 
successfully been applied to understand the long-time asymptotics of self-similar behavior. This 
is typically achieved by interweaving temporal evolution and rescaling the spatial domain. The 
easiest example is the self-similar nature of long term decay in the heat equation,  

ut = uxx,
u(x,1) = u1(x),

 

on the line. This is self-similar under the natural parabolic scaling, indeed fixing L >1, evolving 
for time t = L2 and then rescaling both u  and x by L yields a renormalization map  

u2 = RLu1 ≡ Lu(x /L,L2). 
Since the rescaled function also satisfies the heat equation in y=x/L and  τ = t L2 , we can 
naturally iterate the procedure obtaining  

uk +1 = R
L2k uk  

where through the Fourier Transform we easily see  

( ) ( )2 2(1 )( ) .k L
L

kR f k e f
L

− −  ℑ = ℑ  
 

 

The semigroup of the parabolic heat equation is naturally contractive, and the rescaling modifies 
this into a filter which extracts the Gaussian fixed point u* with Fourier transform 

ℑ(u*) = A0e
−k 2

. 
Undoing the rescaling shows that the long-time asymptotics of the heat equation are 

governed by the similarity structure of its Green's function, if the initial data converges 
sufficiently rapidly at spatial infinity.  However, the similarity structure is somewhat special, and 
the framework can be made more general, and the underlying mechanisms more transparent, if 
one changes to similarity variables 

τ = ln(t),

ς = x
t

 

so that the heat equation becomes 

uτ =
1
2

ςuς + uςς

u(ς,0) = u1(ς)
. 

In the original variables the linear spectrum was a continuous line that touched the origin, 
working in an algebraically weighted norm in the similarity variables the spatial weight pushes 
the continuous spectrum into the left-half plane, leaving behind point spectrum located at the 
negative half integers 

  
−

1
2

,−1,− 3
2

,
 
 
 

 
 
 
. 

The role of the rescaling is to discretize the spectra of the linear semigroup, with the 
salient asymptotics reducing to a spectral projection onto the eigenmodes of least decay. The 
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TRG approach subsumes the self-similar structure into a broader framework of identifying 
coherent structures whose linearization has eigenmodes compatible with its own tangent plane. 
 
General outline of the TRG method 

Given a manifold of quasi-steady equilibria, described parametrically as the graph above 
a reduced dimensional space, the full PDE is reduced to an adiabatic flow on the tangent plane of 
the manifold.  Consider a manifold  

  M = Φ(x; p ) | p ∈ K{ } 
where K is a space of parameters and x represents the independent variables, and a governing 
equation written abstractly as 

Ut = F(U). 
In a neighborhood of the manifold M we decompose solutions U as 

  U(x, t) = Φ(x, p (t)) + W (x, t). 
where the remainder W is small in an appropriate sense. The residual, 

  R( p ) = F(Φ(p )), 
engenders a drift along the tangent plane of the manifold. One key to the reduction is an analytic 
foliation of the phase space in a neighborhood of the manifold. The reduction is based upon the 
structure of the linearization of F about M.  Substituting the decomposition into the flow we have 
the expression 

  Wt + ∇  
p Φ⋅ p t = F(Φ) + L  

p W + N(W ), 
where   L  

p  is the linearization of F about   Φ = Φ( p ) and N represents terms that are quadratic or 
higher in W. A key assumption is that the eigenspace   Y  

p  associated to the eigenvalues of   L  
p  

which are small or of positive real part, is approximately in agreement with the tangent plane of 
the manifold, spanned by the elements of 

 ∇ pΦ. 
Under this assumption, we define the   L  

p  spectral projection  π p onto   Y  
p , and have a foliation of 

the state space in a neighborhood of the manifold, that is each U0 may be uniquely decomposed 
into a base point  p0 and a spectrally orthogonal remainder W0 satisfying 
 
    ( )( )

0 00 0 0 0p pW U pπ π= − Φ =  
 
 



NumerEx, AF07-T022 Proposal No. F2-4459 

 18

 
Figure 2.  The adiabatic manifold M and the associated flow. Initial data that is sufficiently close to the 

manifold can be uniquely decomposed into a bare manifold coordinate and a remainder W that lies in the 
decaying space associated to the local linearization. After the manifold parameters have evolved away from 

the bare coordinate, the solution is renormalized, generating a new bare coordinate and associated 
decomposition. 

 
Thus, given an initial data U0 we define the bare quantity,  p0 , the manifold coordinate, 

and the associated spectral subspace  Xp0
 which is the compliment to  Yp0

. This bare coordinate 
system is frozen in time and the renormalized quantities  p(t)  and W(t) are updated so as the keep 
the remainder  W ∈Xp0

from diverging.  We also freeze the linearized operator  Lp  at  Lp0
and 

renormalize it to  Lp0
in such a way that  

 Sp0
(t)(I − π p0

(Lp0
− Lp0

))  
is small, where  Sp0

(t) is the linear semi-group associated to  Lp0
.   This is a central step in the 

renormalization, exploiting the contractivity of the semigroup on certain subspaces to simplify 
the linearization and reduce the complexity of the projected dynamics. The evolution becomes 

0 0
( ) ( ) ( )t p t p p pW p F L W L L W N W + ∇ Φ • = Φ + + − +   

and since  

 π p0
Lp0

W = 0,  
projecting the evolution onto  Xp0

and  Yp0
yields an adiabatic flow on the manifold which 

uncouples from W at leading order, 

 pt = π p0
∇ pΦ 

−1
π p0

F(Φ) + π p0
(Lp − Lp0

)W + N(W )  , 
and the evolution of the remainder 

0 0 0
( ) ( ) ( ) ( )t p p p t p pW L W I F p L L W N Wπ  = + − Φ − ∇ Φ • + − +  . 

The secular terms,  (Lp − Lp0
)  grow slowly, and after a time ∆t , dependent upon the evolution, it 

must be renormalized away through a reprojection.  At leading order, however, the terms 

 (Lp − Lp0
)W + N(W )  

can be neglected on the right-hand side of the adiabatic evolution, which reduces to the closed 
form 
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  pt = F(p) ≡ π p0
∇ pΦ 

−1
π p0

F(Φ).  
The evolution of the remainder can also be simplified by dropping the secular and nonlinear 
terms, 

0 0
( ) ( )t p p p tW L W I F pπ  = + − Φ − ∇ Φ •  . 

The evolution of this equation only requires the evaluation of the full nonlinearity F on the 
manifold M which is typically significantly simpler than on the full system. 
 

On the space  Xp0
, where the remainder equation lives, the linearization is asymptotically 

contractive, with a limiting exponential rate υ > 0 .  However there can be transient growth 
associated with the linear evolution, 

0

0

( )
0 0 ,t t

pS W Me Wυ− −≤  
where M>1. A key step to prevent dynamic resonance of the temporal evolution of the adiabatic 
equation with the remainder equation is that  

1.tMe υ− ∆ <  
If the adiabatic evolution is too fast, the secular transients in the remainder evolution may not die 
down before the renormalization point, which updates the linearized operator. In this case the 
putative exponential decay of the linear equation may not be achieved due to the temporal 
resonance. The temporal RG formulation identifies two testable criteria that insure the validity of 
the reduction to the adiabatic flow: the compatibility condition between the small eigenvalue 
eigenspace and the tangent plane of the manifold, and the dynamic resonance condition. 
 

The temporal renormalization is enacted after the time ∆t , which depends upon the rate 
of the evolution of the adiabatic equation, and the strength of the secular terms.  The solution at 
time t1 = t0 + ∆t is reprojected, determining the renormalized bare quantity  p1  and associated 
remainder W1  which satisfy the nonlinear projection equation 

 W1 ≡ Φ(p(t1) + W (t1)) − Φ(p1) ∈Xp1
.  

This gives a new decomposition, based upon  π p1
, the associated spectral spaces  Xp1

 and  Yp1
and 

the reduced linearization  Lp1
.  The procedure is then iterated. 

 
Applications to Reaction Diffusion and Mixed Hyperbolic-Parabolic systems 

The temporal RG procedure has been applied rigorously to systems of singularly 
perturbed reaction diffusion equations in the semi-strong regime, in which spatially localized 
pulses in a weakly diffusive component interact strongly through the nonlocalized, strongly 
diffusive components [Doelman, T. Kaper, K. Promislow, Nonlinear asymptotic stability of the 
semi-strong pulse dynamics in a regularized Gierer-Meinhardt model, SIAM Math. Analysis  38 
(6) 1760-1787 (2007)], [P.A.C. Chang and K. Promislow, Nonlinear stability of oscillatory 
pulses in the parametric nonlinear Schrodinger equation, Nonlinearity  20 743-763 (2007)], [R. 
Moore and K. Promislow, Renormalization group reduction of pulse dynamics in thermally 
loaded optical parametric oscillators, Physica D  206 62-81 (2005),  R. Moore and K. Promislow, 
The semi-strong limit of multipulse interaction in a thermally driven optical system, J. Diff. Eqs. 
accepted (2008)].  The resultant adiabatic flow is a family of N ordinary differential equations for 
the positions of the localized pulses, which change shape and speed at leading order as they 
evolve. Moreover the stability of the pulse configurations change as the pulses interact, leading 
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to eigenvalues crossing into the right-half plane, violating the compatibility condition and 
signaling the need to augment the adiabatic manifold. These results have been extended to the 
case in which the essential spectrum approaches the origin, the nose of this essential spectrum is 
included in the space  Yp , along with an associated extension of the adiabatic manifold, to include 
a dissipative tail added to the non-localized pulses. In this case the independent variables in the 
adiabatic flow become the localized pulse positions and a truncated description of the dissipative 
tail, [Doelman et al, ibid.]. 
 
Applications of TRG to Collisional Flows 

A principal goal is the application of the temporal RG to the development of a multiscale 
simulation method for collisional flows of Maxwellian particles and coulomb collisions of 
ionized gases, combining particle and continuum approaches, adapting and extending the method 
developed earlier for the Flicker problem [RE. Caflisch, J. Devita, X. Yu, A. Christlieb and J. 
Luginsland. “WKB Solution for the Cathode Flicker Problem” UCLA CAM Report.].  In 
particular, we will develop criterion for the validity of reduced fluid models, giving rigorous 
quantization of thermalization/dethermalization rates, and extend equilibrium models to multi-
Maxwellian regimes for Coulomb collisions for which thermalization rates are not uniform.  
 
Quasi-Equilibrium reductions of Maxwellian collisions 

For rarified gas dynamics and other collisional models which are governed by a 
Maxwellian or hard-sphere collision kernel the rates of thermalization are relatively uniform in 
the velocity [E. Carlen and X. Lu, Fast and Slow Convergence to Equilibrium for Maxwellian 
Molecules via Wild Sums, Journal of Statistical Physics, 112, Nos. 1/2, July 2003]. Moreover, 
since the collision kernel is independent of the relative velocity of the particles, depending only 
upon the angle of collision, one may exploit a Wild summation approach, which decomposes the 
semi-group associated to a Maxwellian collision operator based upon a binning of particles with 
common numbers of prior interactions [E. Carlen, M. Carvalho, and E. Gabetta, Central Limit 
Theorem for Maxwellian Molecules and Truncation of the Wild Expansion, Comm. Pure and 
Applied Math., 53, 370-397 (2000)]. For a simple, purely collisional flow 

Ut = M (U )  
where M is a Maxwellian collision operator, the maxwellian velocity distributions 

 ΦM (v;u,T ,n) = n(2πT )
−

3
2 e− |v −u |2 /2kT ,  

are well know equilibrium distributions parameterized by average velocity, temperature, and 
density. The linearization of the collision operator about a Maxwellian velocity distribution has a 
five dimensional kernel comprised exactly of elements of the tangent plane 

∂ΦM

∂pi

 

where  
 p(x, t) = (p1(x,t), , p5 (x,t)) = (u(x, t),T (x, t),n(x, t)).  

The inclusion of convection, or an external force, drives the collisional system away from the 
Maxwellian distribution. There are two questions of interest; the first is to quantify the scalings 
in which the adiabatic flow generated by projecting the perturbation onto the kernel of the 
Maxwellian remains a valid reduction. This requires a quantization of thermalization/ 
dethermalization rates. The second is to identify new equilibria, or quasi-steady equilibria, which 
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may be generated in cases of prescribed external forces.  We fix our attention on the Boltzmann 
equation 

1 ( )tU v U M U
ε

+ •∇ =  

in a heavily collisional case  1.ε <<   The linearization,  Lp  of the collision operator about 
( , )M pΦ •  has a 5 dimensional kernel. Working with a more than quadratically weighted velocity 

norm 

 
U δ = 1+ | v |2+δ( )U(v)dv

3
∫ ,  

then the remainder of the spectrum is uniformly bounded in the left-half complex plane for an 
integrable Maxwellian collision kernel, [Carlen, 2003 ibid.]. Given a velocity distribution U 
which is sufficiently close to a Maxwellian, it can be uniquely decomposed into a Maxwellian 
and a non-thermalized component 

 U = ΦM (x,v; p) + W . 
Under the adiabatic reduction the Maxwellian parameters evolve at leading order according to 

0 0

1
,t p p p x Mp vπ π

−
 = ∇ Φ •∇ Φ   

which corresponds to the Navier-Stokes and energy equation.  The non-thermalized particles, W 
evolve according to the exact equation 

0 0 0

1 1( ) ( ) ( )t p p x M p t p p xW L W I v p L L W v W N Wπ
ε ε

 = + − − •∇ Φ − ∇ Φ • + − − •∇ +  
 

with the linearized term generating a strongly contractive semigroup which can be efficiently 
approximated by a few terms of a Wild expansion.  The fundamental issue is to identify regimes 
in which the kinetic particles, W, may be neglected.  At leading order the dethermalization rate is 
given by the influence of the convective and the adiabatic evolution of the Maxwellian 
parameters, 

0
( )p x M p tI v pπ  − •∇ Φ + ∇ Φ •   

which appear on the right-hand side of the W evolution.  When this term is small in the 
δ

•  
norm, the uniform decay of the linear semigroup suggests controllability of the kinetic term, 
however one must also check the nonlinear-resonance condition which verifies if the time 
dependence of the linear operator impacts the observed decay rates. This is a significant 
extension of the nonlinearity into the linear semigroup theory and requires either we obtain decay 
rates which are uniform in the linear phase space, or obtain information about where in the linear 
phase space the kinetic terms reside. Without resolving the kinetic terms, under assumptions of 
ergodicity, the effective linear decay rates can be computed by Monte Carlo sampling. Without 
ergodicity, one must investigate the Fokker-Planck equations for the probability distribution of 
the kinetic terms to estimate the effective decay rate; we have begun this process for simple 
linear models, and plain to extend to the full system.    
 

The extension to the full system will provide a rigorous analytic framework for splitting 
the distribution into Maxwellian and kinetic parts.  This splitting will enable the development of 
a numerical framework that will greatly reduce the overhead associated with the collision 
integral, since the Maxwellian lies in the null space of the collision operator.  As long as the 
smallness and resonance conditions are not violated, the system may be numerically evolved 
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solving  pt  and Wt equations to leading order.  It is anticipated that a Wild expansion may be 
employed to efficiently handle the evolution of W, as long as the tail of the kinetic part is not to 
‘fat’ [Carlen, 2003 ibid.].  The two analytic conditions, smallness and renounce, are essential to 
this rigorous approach.  As discussed in the general TRG section, the temporal renounce 
condition is important because it identifies the time, t1 = t0 + ∆t , that renormalization about new 
bare coordinates,  p1 , needs to take place.  If the smallness condition is violated, the condition 
tells us that the system is far from Maxwellian that was initially linearized about and the chosen 
ansatz is no longer valid.  At this point, the smallness condition is informing the algorithm that 
the whole system needs to be treated kinetically. 
 
Coulomb collisions: Bump on Tail instability 

For charged particles, which interact through a long-range potential, the collision kernel 
is substantially different. The relative velocity of interacting particles defines the time scale of 
the interaction, and thus a large relative velocity implies a weak collision. A Coulomb collision 
kernel scales like the inverse cube of the relative velocity. For the simple, purely collisional flow 

Ut = C(U )  
where C is the Coulomb collision operator, which also possesses equilibrium Maxwellian 
velocity distributions, however since the collision kernel depends strongly upon relative 
velocities, there is no natural Wild summation for the linear propagator. Consider a velocity 
distribution characterized by two Maxwellians, 

 Φ = ΦM ,1(v) + ΦM ,2 (v),  
with parameters  ui , Ti , and n i for i ∈{1,2} . If the Maxwellians are well separated 

( )1 2
2

1 2

1
k T T
u u

ε
+

≡ <<
−

, 

then the collision rate within a Maxwellian, which scale like Ti

−
3
2  can dominate those between 

the two Maxwellians, which scale with  u1 − u2
−3 .  
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Figure 3.  Velocity profile of a double Maxwellian with average velocities  u1 = 0  and  u2 = 20 . The collisional 
interactions will be relatively weak and the distribution will evolve as two Maxwellians until the tails overlap 

substantially. 
  

Because of the weak collisional interaction between the well-separated Maxwellians, to 
leading order they act as independent velocity distributions and the associated linearization of the 
collision operator about Φ  has ten small eigenvalues, whose eigenfunctions are well 
approximated by, but not identical to, the 10 dimensional tangent space spanned by  ∇ pΦ . The 
two-humped Maxwellian is not invariant under the collisional flow and the inter-Maxwellian 
collisions will generate non-Maxwellian, or kinetic particles. The relaxation rate of the kinetic 
particles onto a Maxwellian distribution can be arbitrarily slow if the tail of the velocity 
distribution is fat, due to the inverse cubic dependence of the collision kernel on relative 
velocity. The linearization  Lp  of the Coulomb collision operator about the double-Maxwellian 
will have 10 Maxwellian eigenvalues within O(ε)  of the origin, continuous spectrum which 
approaches the origin corresponding to the fast tail of the particle distribution, 1 2v u u>> + , 
and spectrum which is uniformly in the left-half complex plain, corresponding to kinetic particles 
whose velocity is comparable to that of the Maxwellian distribution.  With this decomposition 
we associate spectral projections π M , πW , and π K , associated to Maxwellian, non-thermalized, 
and extremely kinetic particles. Given a velocity distribution U which is sufficiently close to a 
well-separated double Maxwellian, it can be uniquely decomposed into a double-Maxwellian, 
non-thermalized, and kinetic parts 

 U(v) = ΦM (p) + W + K , 
where  p  represents the 10 Maxwellian parameters, K lies in the range of  π K , p  and W lies in the 
range of  πW , p . The exact evolution under the collision operator becomes 

 pt = π p0
∇ pΦM 

−1
π p0

C(Φ) + π p0
(Lp − Lp0

)(K + W ) + N(K ,W ) ,  
where the last term on the right hand side indicates the impact of collisions among the kinetic 
and non-thermalized particles on the Maxwellian. The dominant impact on the adiabatic 
evolution of the Maxwellian parameters comes from the inter-Maxwellian terms, which reduce 
to  
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C(ΦM ) = C(ΦM ,1,ΦM ,2 ) + C(ΦM ,2 ,ΦM ,1),  
since the self-interactions are zero. These terms can be computed efficiently, particularly when 
the second Maxwellian has a low density. The Wild summable and Kinetic terms evolve 
according to 

0 0,( ) ( ) ( ) ( , ) ,t p W p M p t p pW L W C p L L W N W Kπ  = + Φ − ∇ Φ • + − +   

0 0,( ) ( ) ( ) ( , ) ,t p K p M p t p pK L K C p L L K N W Kπ  = + Φ − ∇ Φ • + − +   
with the distinction that  Lp0

 generates a rapidly convergent semi-group on W, but not on K. The 
dethermalization of particles is represented by the terms 

 πW , pC(ΦM )   and   π K , pC(ΦM )  
which appear on the right-hand side of the W and K evolutions. The thermalization of particles is 
accounted for naturally by the term 

 π p0
N(W + K )  

as well as at the renormalization steps when the bare quantities which determine the coordinate 
system are updated. If the Maxwellians are sufficiently well separated, the non-thermalized 
particles W can be ignored. However as the Maxwellians evolve and become less well separated, 
the non-thermalized particles will become important, and their propagation, which is dominated 
by the linear operator  Lp , will be determined by Monte-Carlo methods. Eventually the two 
Maxwellians will no-longer be well separated, and the 10x10 matrix on the right-hand side of the 
adiabatic evolution will become singular, this is associated with the delocalization of the 10 
Maxwellian eigenvalues from the origin, giving a criterion for detecting the failure of the ansatz. 
At this point one must renormalize the bare quantities down to a single Maxwellian. While 
thermalization/dethermalization is accounted for naturally during the evolution of the 
observables,  p(t) , this is also manifested through the re-projecting which occurs at the 
renormalization steps.  In particular at the failure point of the double Maxwellian ansatz, the 
particles in the second Maxwellian will subsequently be treated completely kinetically until their 
thermalization with the bulk distribution.  
 

We anticipate that the exact algorithm will have the following form: 
• Given a double Maxwellian, compute the eigendistributions of the associated 

linearization, which can be preconditioned using the partial derivatives of the ansatz 
with respect to the parameters. 

• Given an bump on tail distribution, solve the spectrally orthogonal decomposition, 
essentially the inversion of an explicit 10x10 matrix. 

• Estimate the inter-Maxwellian terms, C(ΦM ) , to bound the renormalization time ∆t  
by controlling the secularity. 

• Ignore the secular and nonlinear terms in the adiabatic evolution and estimate the 
leading terms in the W and  K evolution to determine their growth, and self-check on 
the nonlinear term ignored during the adiabatic evolution. 

• Renormalize and iterate the procedure until either the double-Maxwellian ansatz fails, 
or the kinetic terms become significant, in which case they can be handled explicitly 
by Monte-Carlo methods. 

• In the case that kinetic terms dominate and the nonlinearity N cannot be ignored in 
the adiabatic equation, then a fully kinetic approach is needed. 
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Extension to Boltzmann-Poisson Systems 

As in the Maxwellian collision kernel, the inclusion of convection and long-range 
coulomb forces will drive the Coulomb system away from the Maxwellian distribution. The 
principal question of interest is to quantify the scalings in which the adiabatic flow generated by 
a single Maxwellian remains a valid reduction. Writing the Vlasov-Poisson system in a heavily 
collisional scaling 

1 ( )t x vU v U a U C U
ε

+ •∇ + •∇ =  

where the acceleration a is determined from the electric field and 1ε << , one can again 
decompose as 

U = ΦM + W + K , 
where ΦM  is a single Maxwellian parameterized by position dependent Maxwellian parameters 

 p(x) . The goal is to understand the regimes for which the long-range Coulomb interaction can 
be held in check by the contractivity of the collision operator. Given the relatively weak impact 
of the collision operator on the kinetic particles, K, they will need to be handled explicitly 
through Monte-Carlo methods. 
 
Task 4 – Implementation of RG-inspired advanced particle shape functions for PIC 

This task builds on the developments of tasks 1 and 2 to implement dynamic RG-inspired 
charge/current weighting in particle codes.  We will examine this both in the particle-in-cell 
context and the gridless treecode milieu.  A variety of practical issues must be confronted to be 
an effective method.  These include, but are not limited to charge/current conservation, 
symmetry between weighting from the grid to the particle and vice-versa, and development of 
boundary conditions that handle the extended stencil of these particles without loss of accuracy.  
These issues will be assessed in multiple dimensions by implementation in software, verification 
against test problems previously developed in this effort, and finally testing in comparison to 
standard weighting in PIC and gridless methods. 

 
In developing this task, we should stress that we are focused on just the algorithms 

associated with the particle weighting.  These modifications apply equally well, therefore, to 
both electrostatic and electromagnetic field solutions.  Care will be taken to keep the 
fundamental numerical interaction in the field solutions essentially un-changed, thus allowing 
these methods to be rapidly applied to the range of kinetic problems of interest to the Air Force. 
 
 This task will serve to develop a general means to include dense plasmas in kinetic 
methods by using a RG description of particle weighting, or shape function to deal with the 
multiple scale issues associated with grid heating.  This builds directly on the Debye shielding 
work presented earlier.  The impact of grid heating is strongly tied to the fact that the presence of 
the grid introduces aliasing between wavenumbers in momentum space.  The mathematics of this 
is quite similar to our RG treatment of the Debye length, except that in this case we simply use 
the functional form of the Debye shielding to rescale the charge on a macro-particle to reflect the 
shielding associated with the large number of physical particles in phase space that the macro-
particle is representing.  In this context, the particle charge simply becomes 
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{ }exp
D

re e λ
−→ •

    
where λd has the traditional meaning.  Expanding this scaling leads to an infinite series 

NGP Scaling

{ }
2

1exp 1 ...
2D D D

r rre e eλ λ λ

   −→ • = − + +  
   

PIC Scaling
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2
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   −→ • = − + +  
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2

1exp 1 ...
2D D D

r rre e eλ λ λ

   −→ • = − + +  
   

PIC Scaling  
where the renormalized macro-particle charge is now an explicit function both of space and of 
the Debye length.  Inspection allows identification of traditional particle-in-cell weighting of the 
particle to the grid, where the first term is simply nearest grid point weighting [Birdsall and 
Langdon, Plasma Physics via Computer Simulation.  CRC Press, New York, 2004], while 
retaining two terms in the expansion yields particle-in-cell weighting.  Thus, RG offers an 
interpretation of grid heating where the quality of the expansion in terms of r/λd gives an 
immediate assessment of the fidelity of the shielding physics.  Furthermore, this identification 
gives a functional form for extension to higher order particle methods simply by keeping more 
terms.  Based on Phase I work, this RG-inspired particle weighting is shown to be competitive 
with 5th order standard PIC weighting.  Finally, this offers a dynamic means to control the 
particle’s characteristics as the plasma transitions from kinetic to continuum regimes as a 
function of density and temperature.  Thus, it can be thought of as a “complex” particle in the 
sense of [D. Hewett.  “Fragmentation, merging, and internal dynamics for PIC simulation with 
finite size particles” J. Comp. Phys. 189(2003) 390-426], where the additional physical 
information present in the particle enhances the fidelity of the numerical method.  The Debye 
problem developed earlier provides a rigorous basis for the evolution of these complex particles 
in the dense plasma context, providing accuracy even when the discretization, either in terms of 
grids or particles, is insufficient to explicitly resolve all short length scale details of a given 
plasma. 
 
Task 5 – Testing and evaluation of advanced multi-scale algorithms 
 The methods developed in tasks 3 and 4 will be evaluated for accuracy, speed, and 
effectiveness against more general test problems.  These include, but are not limited to 

• Debye and flicker 
• Langmuir probe simulations 
• bump-on-tail particle distributions 
• Dense kinetic plasma effects in space-propulsion devices, and 
• Dense anode plasma in HPM sources 

 
RG plays a dual role in this task by virtue of providing enhanced analytic tools to find 

solutions to multi-scale test problems for verification and validation, in addition to its crucial role 
in the development of new numerical algorithms.  The connections between the RG theory and 
the development of better particle methods for dense plasmas will be the central focal point of 
the work. This work will provide a systematic validation of both new theory and new algorithms.  
The approach is designed to provide new test problems as well as the necessary self-checks on 
the methodology.  Three examples of our approach are summarized below: 
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Debye Shielding and the Impact of Statistical Fluctuations   
 We start with the following work plan in this task: 

• Applying RG theory to reproduce known results (e.g. Debye Shielding), 
• Use the RG theory to account for numerical defects (e.g. statistical fluctuations on the 

mesh as well as to take into account effect of finite mesh in a periodic domain) 
• Having accounted for numerical defects, use RG to compute effective shielding 

distance with a given noise level in PIC. 
• Verify the shielding RG results via numerical simulation. 

Thus giving us a new test problem specifically designed to validate existing PIC codes.  In 
addition, the validation via simulation provides a self-check that the theoretical results are 
correct.  The application of Temporal RG to the cathode flicker problem will also lead to new 
test problems that traditional PIC codes can be validated against. 
 

Further, the RG approach can be used to develop tools that can enhance existing legacy 
codes for dense plasma problems.  An example of this is the planned use of RG to explain 
numerical heating and develop alternative weightings that avoid numerical heating, in short 
weightings that are ideal for dense plasma simulations with particle methods;   

• Use path integral form of RG theory to investigate and rigorously explain 
phenomenon such as numerical heating in under resolved dense plasma particle 
codes.  

• Based on the RG, develop new particle shape functions and new weighting consistent 
schemas for PIC. (PIC RG) 

• Put new weighing into RG theory and show reduced heating in dense plasmas. 
• Validate reduced heating via simulation. 

This tight coupling between particle code theory and the particle methods of plasma simulations 
is what makes this approach novel and potentially very powerful. 
 
Bump on Tail Instability and Temporal RG Decomposition 

The RG approach will also lead to new algorithms and tight coupling with new validation 
is critical.  An example of a new algorithm coming out of this work is the development of the 
Temporal RG for the Bump on Tail work: 

• Apply TRG metrology, as described in the TRG section, to construct a rigorous 
numerical approach to the orthogonal splitting of the distribution and evolve the split 
system.  

• Validate the TRG approach by comparing with traditional MCC methods for the 
Bump on Tail problem. 

 
The TRG approach will be first applied to the cathode flicker problems and comparing 

with simulations will validate the theoretical results.  This will provide the team with confidence 
in the theoretical framework out lined in the TRG section and will also provide a new test 
problem.  Then the approach will be applied to the Maxwellian molecule collision operator and 
the methodology will be turned into a numerical method, which will be compared with DSMC 
results of gas dynamics problems.  Finally, the approach will be applied to the Bump on Tail and 
external field problem. 
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This task supports all the technical goals of this project, and provides a capstone effort for the 
development of new plasma simulations techniques. 
 
Task 6 – Documentation 
 The results of this Phase II STTR effort will be documented in a final report. 
 
Project Management 

Consistent with the level of effort specified in the budget, we offer the following work 
load breakdown:  Tasks 1-2 shall be completed in the six months of the Phase II effort, with the 
effort spread roughly equally between the UCLA and NumerEx.  We then, in tasks 3 and 4, 
transition from the application of RG methods to specific, but representative plasma physics 
problems to development of general protocols for understanding the multi-scale nature of the 
problem, development of criteria for choosing between various methods depending on these 
scale lengths, and finally, develop of algorithms that offer dynamic range in dealing with kinetic 
and fluid effects in a single code.  In the spirit of risk reduction, we will study both the use of RG 
to dynamically control the plasma shielding length, and the implementation of new collision 
operators to include BGK-like kinetic effects in a continuum formulation.  These tasks will 
consume roughly one year of effort, with task 3 work being carried by UCLA with strong 
assistance from Michigan State and task 4 effort being dominated by NumerEx.  Tasks 5 and 6 
will consume the rest of the effort, with roughly equal contribution from the team, consistent 
with budgetary level of effort. 
 
 The great strength of this team is the diverse set of skills and viewpoints we bring to this 
problem.  The great challenge is that we are geographically distributed around the world.  In light 
of this, we plan on continuing our practice from Phase I of holding bi-weekly tele-conferences.  
These telecons proved critical to achieve our current successes, and we look forward to the 
continued intellectual stimulation and interchange they provide.  Additionally, these bi-weekly 
meetings will be supplemented with travel as warranted to central locations where the team can 
meet in person. 
 
Related Work 

NumerEx has been involved with a wide variety of pulsed power and RF source physics 
problems since it was founded in the late 1980s.  NumerEx has been involved with the 
continuing development of ICEPIC, a three-dimensional particle-in-cell (PIC) code since 1997, 
and has made continuous use of ICEPIC for modeling various narrowband RF devices of interest 
to the Air Force Research Laboratory since that time.  The most relevant work has been recent 
modeling efforts to understand the Michigan experimental demonstration of magnetic priming.  

 
Figure 4 shows the NumerEx simulation of the U of Michigan low-noise microwave oven 

magnetron [Luginsland et. al., Appl. Phys. Lett. 84, 5425, 2004].  These calculations used 
ICEPIC, and were performed on 4 nodes of a LINUX cluster.  Each calculation took up to two 
days to complete, but included a detailed description of the fields resulting from the permanent 
magnets, high resolution of the strapping structure present in these devices, and careful modeling 
of the power output structure.  Benchmarking these ICEPIC calculations against experiments 
performed at the University of Michigan showed excellent agreement in the output power as well 
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as the reduction in starting current for pure mode operation.   The accompanying figure 5 shows 
the geometric detail included in the calculation.   

 
Figure 4.  ICEPIC simulations for a variety of magnetic priming conditions.  Compared to the 

uniform case, the magnetic priming results in lower noise, decreased time to full power operation, and 
enhanced mode control. 

 

 
 

Figure  5.  Conventional S-band magnetron demonstrating magnetic priming computationally. 
 

NumerEx staff has extensive experience in the PIC simulation, analysis and design of 
space-charge limited diodes, a critical component in any vacuum electronics source.  The 
customer was the Air Force Research Laboratory (POC Dr. Donald Shiffler, 505-853-3906 and 
Dr. Keith Cartwright, 505-846-9101).  This work focused on multi-dimensional space-charge 
limited flow, plasma-filled diodes for impedance reduction, dense anode plasma formation, and 
bipolar flow from a variety of material.  For example, recent work focused on plasma formation 
in the magnetically insulated line oscillator.  Plasma production on the anode was sufficient to 
eliminate magnetic insulation, leading to poor microwave production.  These simulations 
clarified the pulse-shortening mechanism for the first time.  Finally, NumerEx has extensive 
experience with the development of novel emission algorithms to handle space charge limited 
flows in a variety of situations.  

 
Under the ICEPIC development effort, NumerEx personnel have created and 

implemented a new space-charge-limited emission algorithm as noted above and made 
significant contributions to the range of capabilities of ICEPIC (applied magnetic field model, 
planewave generator, dielectric materials, permeable materials, lossy conductors, two-dimension 
version, initial cylindrical coordinates version, various antenna models and transmission-line-
mode launchers).  NumerEx personnel have also made extensive comparisons between ICEPIC 
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calculations and various experimental efforts.  These efforts were all funded by AFRL (point of 
contact:  Dr. Keith Cartwright, AFRL/DEHE, (505)846-9101). 
 

Recently, NumerEx is involved in the simulation, analysis, and design of gas-puff 
radiation sources (Figure 6).  In this case, gas sprayed from a nozzle is ionized and pinched by 
the application of electrical energy.  The customer is DTRA and the Naval Research Laboratory 
(POC Dr. Jack Davis 202-767-3278).  The MACH software is being used to investigate the details 
of nozzle design and the relationship between nozzle design and radiative performance. 
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Figure 6.  Gas-puff Z-pinch. 

 
Finally, we have recently begun investigating various aspect of plasma combustion for 

Eglin AFB under a Phase II SBIR, including the various roles played in detonation by 
electrically exploding wires, including hypervelocity impact, ohmic heating, and deflagration-to-
detonation transition [POC: Lt. Mark Wuertz 850-882-7990].  Critical to this effort was the 
development of a two-stage induction/reaction model to serve as a bridge between fast chemical 
kinetics reaction rates and rather slower hydrodynamic shocks.  This work has been extended to 
study the impact of transient plasma ignition on hydrocarbon chemistry for pulse detonation and 
internal combustion engines [POC: Dr. G. Roy, 703-696-5588]. 

 
Caflisch and his collaborators at UCLA have worked on multiscale mathematics and 

numerical methods in several application areas. In collaboration with Lorenzo Pareschi, Caflisch 
has developed a hybrid method for rarefied gas dynamics that represents the velocity distribution 
function as a combination of a continuum Maxwellian equilibrium and a collection of particles. 
This method combines a fluid solver for the Maxwellian component with a DSMC method for 
the particles and the interaction between the particles and the Maxwellian. Figures 7 shows 
results of this method applied to a shock wave at Mach 1.4 and for flow past a leading edge, 
respectively. 
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Figure 7. Comparison of hybrid method and DSMC results for density in a shock wave at Mach 1.4 (left) and 
temperature in flow past a leading edge (right). 

 
 In recent work with Richard Wang at UCLA and Andris Dimits and Bruce Cohen at 
LLNL, Caflisch has started to extend this hybrid method to Coulomb collisions in a plasma. 
Figure 8 shows a comparison of the hybrid method and a direct Monte Carlo method for 
relaxation of an initially anisotropic distribution of electrons in a plasma. 

 
Figure 8. Comparison of analytic solution (dashed line) and results from hybrid method (solid line) for decay 

of anisotropy in electron distribution function. 
 
 Caflisch and Dimitri Vvedensky have developed a number of multiscale numerical 
methods for simulation of epitaxial growth. In collaboration with researchers at HRL Labs and 
UCLA, they developed an island dynamics model and a level set simulation method that applies 
coarse graining to the lateral features of an epitaxial surface, but retains atomistic scale detail in 
the height of the crystal layers. Figure 9 shows a typical result from this method. The different 
colors are the epitaxial surface at different numbers of crystal layers; i.e., across each interface 
the surface height changes by a single crystal layer. 
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Figure 9. Surface height of epitaxial thin film simulated using the island dynamics/level set method. 

 
Relationship to Future Research or Research and Development 

RG-based computational methods for plasma physics fits naturally into our team’s 
research and development plans.  For our renormalization experts, this works extends their 
talents into the plasma regime, providing new vistas in range of problems to solve.  Similarly, for 
the plasma physics specialists, the RG-methods offer an opportunity to develop new equations, 
new algorithms, and new test problems for verification and validation of multiple scale plasmas, 
especially those associated with kinetic plasmas, with density bordering on the typical fluid 
limits.  From plasma thrusters to directed energy sources to space-weather, this quasi-kinetic 
dense plasma phenomena is in the direct design path for advanced technology of interest to the 
Department of Defense.  As such, this effort natural fits the progression of topics necessary to 
perform our research.  The strong advantage of pursuing these topics under the Phase II STTR 
auspices, however, is the assembling of this team of high diversity in scientific understanding.  
The current Phase I effort has demonstrated that our team is well positioned to rapidly advance 
the state-of-the-art in multi-scale plasma computation. 

 
Future research and development efforts look to build on our newly found capability to 

handle multiple scale physics from both analytic and computational perspectives, with a strong 
emphasis on dynamically assessing the quality of approximations, numerical methods, and 
fidelity of algorithms.  From here, the team has discussed looking at the transition from quantum 
mechanical field emission to fully space-charge limited flows consistent with our flicker 
formulation for application in tera-hertz sources of coherent radiation, studying the transition 
from kinetic through two-fluid to single fluid (MHD) physics in plasma opening switches, 
magnetic reconnection in space-plasma systems, and finally advanced diagnostics based on 
improved understanding of Langmuir probes and sheaths consistent with our Debye shield work 
in Phase I.  All of these advances are enabled by our growing capability in RG-based techniques.  
In short, this Phase II effort is providing a critical building block for the advances in multiple 
scale techniques needed by the computational plasma physic community at large. 
 
Commercialization Strategy 

NumerEx has two arenas of potential commercialization.  The first is in the military 
context.  The Air Force and the Department of Defense in general is committed to both 
transformation in weapon systems and the rapid prototyping of advanced technology.  The 
Department of Defense is targeting $10 to $30 billion per year into modernization efforts, out of 
a nearly $500 billion budget.  Clearly, this market dwarfs the commercial market for application 

https://www.dmso.mil/public/
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of advanced scientific modeling of plasmas and electromagnetics in the near term.  As such, 
NumerEx is committed to developing advanced simulations tools for the government and its 
contractors.  NumerEx also plans to exploit existing relationships with high technology system 
integrators, such as Science Applications International Corporation and ATK-Mission Research, 
in conjunction with consultation with our government partners, to push this simulation 
technology from research and development to deployment in researcher’s hand for computer-
aided engineering.  Furthermore, industrial companies often develop parametric tools to aid the 
design of technology.  The application of RG for model reduction offers tremendous potential to 
tie first-principles, physics-based software to these more approximate formulations.  Given the 
increasing focus within the Air Force on Simulation-based Acquisition, NumerEx can exploit 
this effort not only in the design of advanced capability technological devices, but also provide 
expertise to the test/evaluation community and the war gaming community for exploitation of 
plasma technology through deployment to the warfighter.  NumerEx is committed to developing 
state-of-the-art techniques on the wider question of acquisition streamlining and cost control of 
new technology systems [see https://www.dmso.mil/public/ and 
http://www.msiac.dmso.mil/sba/].   

 
Specifically, NumerEx will approach our government partners to investigate the potential 

for matching funds for phase III applications of plasma modeling technology based on the 
Renormalization Group techniques proposed herein.  Given the important role that optimization 
is currently playing in high technology development, especially in the area of reduced order 
modeling for parametric searching, the time may be ripe for controlled application of 
higher/lower fidelity models, especially in the context where multiple scales present a particular 
challenge to parametric and reduced order models obtained from proper orthogonal 
decomposition.  Furthermore, there are a variety of opportunities to work with members of the 
fusion and space-weather communities where our RG approach to assessing correctness may be 
synergistically applied to other computational techniques.  Our team looks forward to 
investigating these prospects where phase III matching funds can bring value to both the Air 
Force and other branches of government 
 
 A longer-term exploitation of this STTR Phase II research in the commercial sector 
involves enhanced efficiency internal combustion, pulse detonation engines, transient plasma 
ignition, and ramjet hypersonic engines through our existing relationship with General Electric 
and Nissan.  One potential method to enhance diesel engines is “vortex” or turbulent mixing of 
the fuel and oxidizer to ensure full consumption (burning) of the fuel as well as pulsed power 
based plasma ignition technology.  All of these features introduce multiple time-scales to the 
problem at hand.  With the deployment of such technology, the diesel engine becomes both more 
efficient and cleaner in terms of byproducts.  Diesel engines are a major technology available to 
increase the fuel efficiency of transportation vehicles, one of the major sources of greenhouse 
gases and pollution.  Detailed understanding of the roles of hydrodynamics, source geometry, 
chemistry, and the resulting ignition energy is important to this new community.  Additionally, 
novel ignition methods, such as transient plasma ignition have been shown to reduce NOx and 
soot emissions in internal combustion gasoline engines.  The physics associated with this 
transient plasma covers the range of kinetic plasmas associated with plasma streamers through 
reactive fluid limits due to the modified chemistry associated with the application of pulsed 
power.  Better understanding of these issues offers potential for the both more efficient engines 

https://www.dmso.mil/public/
http://www.msiac.dmso.mil/sba/
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as well as more flexibility in the precise fuel condition leading to combustion.  As noted in 
President Bush’s State of the Union speech on January 28, 2003, the federal government has 
earmarked 1.2 billion dollars for the development of clean burning hydrogen fuel cells.  
However, the expected deployment of such technology is still 15 years away.  Recent studies 
have suggested that stopgap technology, such as improved internal combustion engines based on 
plasma combustion techniques, may have significant merit in this arena.  NumerEx will approach 
General Electric and Nissan to investigate appropriate alliances that will lead to Phase III 
matching funds. 
 
 Without adding in the potential gains associated with Phase III cost sharing, RG-based 
plasma simulation technology offers true value to a number of stakeholders.  Given these 
avenues for growth, NumerEx expects potential gains in revenue from the licensing of modeling 
software, and increased engineering services revenue.  These potential gains are summarized in 
Table 1, and will be reported in our Company Commercialization Report Update.   These gains 
suggest that NumerEx will grow by roughly 15% in sustained business due to the Phase II award. 
 

Table 1.  Expected revenue stream to NumerEx from RG-based simulation technology due 
to engineering services and licensing/royalties of modeling tools. 

 
 Software 

License/Royalty 
Engineering 

Services 
Total Revenue 

PII Start + 1 year 
 

$40,000.00 $50,000.00 $60,000.00 

PII Start + 2 
years 

$50,000.00 $75,000.00 $120,000.00 

Post Phase II $50,000.00/year $125,000.00/year $175,000.00/year 
 
Key Personnel 
John W. Luginsland (Co-Principal Investigator) 
 
Dr. Luginsland is a staff member at NumerEx where he performs advanced research in the 
application of computational kinetic and magneto-hydrodynamic plasma physics to the 
development of electromagnetic systems.  He is currently the lead investigator of a Phase II 
SBIR effort to enhance and focus the pressure associated with plasma ignition of fuel-air 
mixtures.  Additionally, he is principle investigator on efforts to enhance the state-of-the-art in 
meso-band RF sources, based on non-linear transmission line technology with the Air Force 
Research Laboratory, multi-scale physics (kinetic to fluid limits) issues associated with pulse 
detonation engine using transient plasma ignition for the Office of Naval Research, and efforts to 
apply renormalization group mathematics to computational plasma physics problems for the Air 
Force Office of Scientific Research.  He has extensive experience with parallel particle-in-cell 
simulation, including the analysis of both conventional vacuum electronics and high power 
microwave systems, such as magnetrons.  A particular focus is vacuum and plasma diode 
physics, dealing with such issues as quantum mechanical cold cathode field emission, multi-
dimensional space charge limited flow, plasma filled diodes, bipolar flow, and anode plasma 
formation.   
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He has over 15 years experience in research and development of electromagnetic high 
technology products, and a history of close interactions with experimental teams.  He has worked 
with both the DOE and DOD, primarily in the areas of computational science and engineering.  
Dr. Luginsland’s experience includes development of high current particle accelerators for 
medical and industrial applications, and high power microwave systems for military and 
industrial uses.  Prior to joining NumerEx, he worked for Science Applications International 
Corporation, developing first principles simulation codes and parametric tools for the modeling 
and design of advanced armor and survivability systems.  In addition to his research duties, he 
was a program manager at SAIC for an effort to integrate advanced armor systems into next 
generation military platforms and was acting test planner for a live-fire experimental facility 
dedicated to advanced armor concepts based at the Aberdeen Proving Grounds.  Previously, Dr. 
Luginsland worked at the Air Force Research Laboratory for 5 years where he was responsible 
for both HPM source and computational modeling software development, leading to the 
weaponization of directed energy systems for non-lethal electronic attack.  He was the lead for 
computational physics in the Narrowband High Power Microwave Technology Area, charged 
with facilitating applied research for modeling in support of experimental HPM source 
development.  During this tenure, he was a member of a three-person team winning the 
Department of the Air Force’s Science and Engineering Award for Exploratory and Advanced 
Technology Development.  In 2006, Dr. Luginsland was honored with the IEEE Nuclear and 
Plasma Science Society’s Early Achievement Award.  He continues to serve as a technical 
resource to the Air Force in supporting the development of compact HPM and vacuum 
electronics sources as well as various types of computational analysis, including high 
performance computing algorithms.  His wider interests include the design, integration, and 
assessment of military utility for directed energy devices, high power microwave systems, 
millimeter-wave and THz vacuum electronics systems, battle-damage assessment technology, 
and advanced fuel/air munitions.  Dr. Luginsland has supported various US government agencies 
in the assessment of foreign technology.   
 
B.S.E, Nuclear Engineering, University of Michigan, 1992 
M.S.E, Nuclear Engineering, University of Michigan, 1994 
Ph.D., Nuclear Engineering, University of Michigan, 1996 
 
Dr. Luginsland’s publication list follows: 
 
REFEREED PUBLICATIONS 
• Pengvanich, Chernin, Lau, Luginsland, and Gilgenbach. “Effect of Random Circuit Fabrication Errors on Small-
Signal Gain and Phase In Traveling-Wave Tubes.”  IEEE Trans. Electron Devices, 55, 916, 2008. 
• Lau, Luginsland, Cartwright, and Haworth. “Role of Ions in Crossed-field Diodes.”  Phys. Rev. Lett., 98, 015002, 
2007. 
• Kowalczyk et. al. “AC space charge effects on beam loading of a cavity.”  IEEE Trans. Elect. Dev., 52, 2087, 
2005. 
• Jones et. al. “Simulations of magnetic priming in a relativistic magnetron.”  IEEE Trans. Elect. Dev., 52, 858, 
2005. 
• Neculaes et. al. “Rapid kinematic bunching and parametric instability in a crossed-field gap with periodic magnetic 
field.” 33, 654, 2005. 
• Neculaes et. al.  “Magnetic priming effects on noise, startup, and mode competition in magnetrons”.  IEEE Trans. 
Plasma Sci., 33, 94, 2005. 
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• Umstattd, Carr, Frenzen, Luginsland, and Lau.  “A simple physical derivation of Child-Langmuir space-charge-
limited emission using vacuum capacitance.”  Am. J. of Physics, 73, 160, 2005. 
• Greenwood, Cartwright, Luginsland, and Baca.  “On the elimination of numerical Cerenkov radiation in PIC 
simulations.”  J. Comp. Phys., 201, 665, 2004. 
• Luginsland et. al.  “Three-dimensional particle-in-cell simulations of rapid start-up in strapped oven magnetrons 
due to variation in the insulating magnetic field.”  Appl. Phys. Lett., 84, 5425, 2004 
• Lopez et. al.  “Relativistic magnetron driven by a microsecond E-beam accelerator with a ceramic insulator.”  
IEEE Trans. Plasma Sci., 32, 1171, 2004. 
• Shiffler et. al.  “Emission uniformity and shot-to-shot variation in cold field emission cathodes.”  IEEE Trans. 
Plasma Sci., 32, 1262, 2004. 
• Lopez et. al.  “Limiting current in a relativistic diode under the condition of magnetic insulation.”  Phys. Plasmas, 
10, 4489, 2003. 
• Lopez et. al.  “Cathode effects on a relativistic magnetron driven by a microsecond e-beam accelerator.”  IEEE 
Trans. Plasma Sci., 30, 947, 2002. 
• Wilsen et. al.  “A simulation study of beam loading on a cavity.”  IEEE Trans. Plasma Sci., 30, 1160, 2002. 
• Shiffler et. al.  “Effect of anode materials on the performance of explosive field emission diodes.”  IEEE Trans. 
Plasma Sci., 30, 1232, 2002. 
• Luginsland, Lau, Umstattd, and Watrous.  “Beyond the Child-Langmuir law:  A review of recent results on 
multidimensional space-charge-limited flow.”  Phys. Plasmas, 9, 2371, 2002. 
• Peterkin and Luginsland.  “A virtual prototyping environment for directed-energy concepts.”  Computing in 
Science and Engineering, 4, #2, 42, March/April 2002. 
• Umstattd, and Luginsland.  “Two-dimensional space-charge-limited emission:  Beam-edge characteristics and 
applications.”  Phys. Rev. Lett., 8714, 5002, 2001 (Article number 145002). 
• Watrous, Luginsland, and Frese.  “Current and current density of a finite-width, space-charge-limited electron 
beam in two-dimensional, parallel-plate geometry.”  Phys. Plasmas, 8, 4202, 2001. 
• Shiffler et. al.  “Emission uniformity and emission area of explosive field emission cathodes.”  Appl. Phys. Lett., 
79, 2871, 2001. 
• Haworth, Luginsland, and Lemke.  “Improved cathode design for long-pulse MILO operation.”  IEEE Trans. 
Plasma Sci., 29, 388, 2001. 
• Luginsland et. al.  “Computational Techniques.” – in Schamiloglu, and Barker, Eds.  High-Power Microwave 
Sources and Technologies.  Wiley/IEEE Press, 2001. 
• Hendricks et. al.  “Gigawatt Class Sources.” – in Schamiloglu, and Barker, Eds.  High-Power Microwave Sources 
and Technologies.  Wiley/IEEE Press, 2001. 
• Watrous, Luginsland, and Sasser.  “An Improved Space-charge-limited Emission Algorithm for use in Particle- 
 in-cell Codes.”  Phys. Plasmas, 8, 289, 2001. 
• Blahovec et. al.  “3-D ICEPIC Simulations of the Relativistic Klystron Oscillator.”  IEEE Trans. Plasma Sci., 28, 
821, 2000. 
• Haworth, Luginsland, and Lemke.  “Evidence of a New Pulse-shortening Mechanism in a load-limited MILO.”  
IEEE Trans. Plasma Sci., 28, 511, 2000. 
• Haworth et. al.  “Comprehensive Diagnostic Suite for a Magnetically Insulated Transmission Line Oscillator.”  
Rev. Sci. Inst., 71, 1539, 2000. 
• Luginsland, McGee, and Lau.  “Virtual Cathode Formation Due to Electromagnetic Transients.”  IEEE Trans. 
Plasma Sci., 26, 901, 1998. 
• Spencer, Hendricks, Luginsland, and Stump.  “Dynamics of the Space-Charge Limiting Current in Gyro-type 
Devices.” IEEE Trans. Plasma Sci., 26, 854, 1998. 
• Luginsland, Arman, and Lau.  “High-Power Transit-Time Oscillator:  Onset of Oscillation and Saturation.”  Phys.  
Plasma, 4, 4404, 1997. 
• Luginsland, Lau, and Gilgenbach.  “2-Dimensional Child-Langmuir Law.”  Phys. Rev. Lett.,  77, 4668, 1996.  
• Luginsland, Valfells, and Lau.  “Effects of a Series Resistor on Electron-Emission from a Field Emitter.”  Applied 
Phys. Lett.,  69, 2770, 1996 
• Luginsland, Lau, Hendricks, and Coleman.  “A Model of an Injection-Locked Relativistic Klystron Oscillator.”  
IEEE Trans. Plasma Sci., 24, 935, 1996. 
• Walter et. al.  “Effects of Tapering on Gyrotron Backward-wave Oscillators.”  IEEE Trans. Plasma Sci., 24, 636, 
1996. 
• Lau, and Luginsland.  “Beam Breakup Instability in an Annular Beam.”  J. Appl. Phys., 74, 5877, 1993. 
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Russel Caflisch (Co-Principal Investigator) 
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Facilities/Equipment 

All of NumerEx’s work will be performed at our offices at 2309 Renard Place SE, Suite 
220, Albuquerque, NM 87106 and 401 E. State St., Suite 304, Ithaca, NY 14850.  The Phase I 
work is mainly computational in nature.  NumerEx possesses a number of LINUX-based 
Beowulf-class clusters for running the high performance computing plasma software, such as 
ICEPIC and MACH software.  The NumerEx facilities meet federal, state (NM and NY), and local 
laws for airborne emission, waterborne effluents, external radiation levels, outdoor noise, solid 
and bulk waste disposal, and handling and storage of toxic and hazardous materials. 
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Subcontractors/Consultants 
NumerEx and UCLA will work with Prof. Dimitri Vvedensky, Prof Keith Promislow, 

and Assistant Professor Andrew Christlieb, noted experts in renormalization group methods and 
plasma physics.  Their resumes follow:  
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Prior, Current, Pending Support of Similar Proposals or Awards 
 In addition to the Phase I STTR from AFOSR that the current Phase II effort is based 
upon, NumerEx currently is under contract to the Air Force Research Laboratory through the 
DETAR contract to provide support for the development of both ICEPIC and MACH as well as 
application of these software packages to support development of directed energy technology.  
As part of this work, NumerEx develops heuristic models of high power microwave devices and 
studies the multiple scale physics associated with the transition from quantum mechanical field 
emission to classical space-charge limited flows, but not in the formal framework of 
renormalization groups.  Thus, this work does not touch on this proposed effort.  Additionally, 
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NumerEx is investigating both fluid and kinetic physics associated with transient plasma ignition 
for the Office of Naval Research, but fluid/kinetic coupling is not performed. 
 

UCLA’s current contracts for Prof. Caflisch are listed below.  Note that only two 
combine plasma physics with multiple scale computation.  The first contract, with the 
Department of Energy, while dealing with multi-scale plasma issues, does not deal just with 
renormalization group methods.  The second contract with multi-scale plasma physics is the 
Phase I STTR from AFOSR that the current Phase II effort is based upon.  As such, these do not 
conflict with the current effort to develop the renormalization group method in the plasma 
physics context.  This proposal is the only support pending at this time. 

 
CURRENT SUPPORT FOR RUSSEL E. CAFLISCH 
 

 
MARCO (Wang, K.) 9/1/03 – 8/31/09                1 month summer         
Microelectronics Advanced Research Corp.   $409,762 
“Functional Engineered Nano Architectonics” 
 
NSF DMS-0402276  (Caflisch, R.)         7/1/04-6/30/08                as needed 

      NSF             $338,080 
      “Kinetic Pathways to Formation and Self-Organization of Quantum Dots” 
      

NSF DMS-0354488  (Caflisch, R.)         7/1/04-6/30/08               
NSF             $337,700 
“FRG: Singularity Formation for the Three-Dimensional Euler Equations and Related 
Problems” 
 
DOE  DE-FG02-05ER25710 (Caflisch, R.)      9/1/05-8/31/08               1 month summer           
DOE             $630,901 
“Multiscale Mathematics for Plasma Kinetics Spanning Multiple Collisionality Regimes” 
 
 
NSF DMS-0707557    (Caflisch, R. )         7/01/07-06/30/10               1 month summer 
NSF             $236,020  
“Collaborative /research: Numerics and Analysis of Singularities for the Euler Equations” 

 
      NUMEREX Award   (Caflisch, R.) 9/15/07-06/14/08                         
      DOD     $50,006 
      “Development of a Renormalization Group Approach to Multi-Scale Plasma Physics  
        Computation”  
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NumerEx     Date: 3/20/08   
2309 Renard Place SE, Suite 220  Quote for: AFOSR    
Albuquerque, New Mexico 87106-4259 Solicitation No.: FA9550-07-C-0131  
    Phase II -- F2-4459  
NumerEx Contact:    Title: Development of a Renormalization 
    Group Approach to Multi-Scale 
Michael H. Frese, 505-842-0074/FAX 505-842-5699 Plasma Physics Computation 
         

Cost Estimate--Loaded Rates  
         
 FY09 FY 10   
Category 10/1/08 - 9/30/09  10/1/09 - 9/30/10  Total 
   Loaded    Loaded   Hours Amount
 Hours Rate* Amount Hours Rate* Amount   
            
NumerEx-Site            
  Sr Scntst/Engr 65 177.86 11,561 76 186.35 14,163 141 25,724
  Sr Scntst/Engr 57 148.77 8,480 64 155.86 9,975 121 8,480
  Scntst/Engr 413 154.33 63,739 451 161.69 72,923 864 136,662
  Clerical/Admn 61 68.02 4,149 59 71.25 4,204 120 8,353
      Total Labor 596  87,929 650  101,265 1246 189,194
Research Institution**    150,001   149,999  300,000
Subcontractor***    75,015   75,015  150,030
Consultant    20,000   20,000  40,000
Other Direct Costs    848    1,747   2,595
Total Hours/Costs 596  333,793 650  348,025 1246 681,818
Fee   10.0% 33,379  10.0% 34,803  68,182
Subtotal    367,172   382,828  750,000
NMGRT    0   0  0
Total Price    367,172   382,828  750,000
         
*Loaded rates are approximate, calculated from hours and amounts.   
**See UCLA quote.   Other Direct Costs:    
***See MSU quote.   Ithaca, NY to Los Angeles, CA--three trips  
   One person; 2.5 days/2 nights (one night traveling) 
   (118/64)      
   Air 445 Car 110   
   M&IE 160 Parking 15   
   Hotel 118  848   
    Includes 3% inflator per year  
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   ORGANIZATION:  The Regents of the University of California 
PI: Caflisch Proposal to NUMEREX for STTR   

 CALC 1 CALC 2 CALC 2008-09 2009-10 TOTAL 
A.  Senior Personnel SAL YR 1 SAL YR 2  
1   Russel Caflisch $191,600 $201,180 1 mo. $21,289 $22,353 $43,642 
2 $0 $0 $0 $0 
Total Senior Personnel $21,289 $22,353 $43,642 
  
B. Other Personnel  
1. Postdoc (includes .5%) $56,785 $57,921 0 $0 $0 $0 
2. Graduate Student $20,740 $21,155 1 $20,740 $21,155 $41,895 
  

Total Salaries $42,029 $43,508 $85,537 
  
C.  Fringe Benefits  
 Faculty- Summer 12.7% 12.7% $2,704 $2,839 $5,543 
 Postdoc 17.0% 17.0% $0 $0 $0 
 Student 2.1% 2.1% $436 $444 $880 
 Non Resident Tuition NRT) $14,694 $15,429 1 $11,021 $11,572 $22,592 
 Fee Remission $8,656 $9,089 1 $8,656 $9,089 $17,745 
Fringe Benefits $22,816 $23,944 $46,760 
Total Salaries, Benefits $64,845 $67,452 $132,297 
  
D. Equipment $0 $0 $0 
 Items under $5K subject to overhead.  
E. Travel $4,000 $3,000 $7,000 
  
F.  Participant Costs  
 Stipend $0 $0 $0 
 Subsistence  $0 
Total Participant Costs $0 $0 $0 
  
   YEAR 1 YEAR 2 TOTAL
G.  Other Direct Costs  
1. Materials & Supplies $2,000 $850 $2,850 
2. Publication Costs $260 $147 $407 
3. Equipment items less than $5K $0 $0 $0 
4. Subcontract - Imperial College & Vvedensky $40,900 $40,900 $81,800 
Total Other Costs $43,160 $41,897 $85,057 
  
H.  Total Direct Costs $112,005 $112,349 $224,354 
  
I.  Indirect Costs 54.00%   $27,771 $27,426 $55,197 
     Subcontract in London 25.00% $10,225 $10,225 
  
J.  Total Costs $150,001 $149,999 $300,000 
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Michigan State University (MSU)     
1st yr    2nd year   
        
Cohen 1/4 salary AY 11,250   Cohen 1/4 salary AY 11,250 
 fringes 2,813   fringes 2,813 
  14,063    14,063 
       
Promislow .5 su 5,889   Promislow .5 su 5,889 
 fringes 451   fringes 451 
  6,339    6,339 
       
          
       
Promislow 1 crse buyout 17,000  Promislow 1 crse buyout 17,000 
  fringes 5,950    fringes 5,950 
  22,950    22,950 
       
Supplies and short term visitors 3,500  Supplies and short term visitors 3,500 
       
Travel  2,500  Travel  2,500 
       
Total Direct  49,352  Total Direct  49,352 
       
Overhead  25,663  Overhead  25,663 
       
Total  75,015  Total  75,015 
 
 



Small Business Technology Transfer (STTR) Program
Cost Proposal 

Firm: NumerEx

Address:
2309 Renard Place SE 
Suite 220 

Albuquerque, NM 87106-4259

Location Where Work 
Will Be Performed:

NumerEx's Ithaca Office, UCLA, and MSU

Proposal #: F2-4459   Title of Proposed Effort: Development of a Renormalization Group Approach to 
Multi-Scale Plasma Physics Computation

Firm's Taxpayer ID: 76-0811150  CAGE Code:  0XLG7 DUNS:  612410605

Topic Number:    AF07-T022

TOTAL DOLLAR AMOUNT FOR THIS PROPOSAL:  $750,000.00 

DIRECT LABOR: Phase II: Option:

Category and/or Individual: Rate/Hour   Est.Hours    Cost      Rate/Hour   Est.Hours    Cost

Sr Scientist1 76.61   65    4,979.65      80.26   76    6,099.76

Sr Scientist2 64.08   57    3,652.56      67.14   64    4,296.96

Scientist 66.48   413    27,456.24      69.65   451    31,412.15

Administrative 29.30   61    1,787.30      30.70   59    1,811.30

Subtotal Direct Labor (DL): 37,875.75 43,620.17

Fringe Benefits, if not included in Overhead,
(rate 0.0000 %) x DL =

0.00 0.00

Labor Overhead (rate 132.1500 %) x (DL + Fringe) = 50,052.80 57,644.05

Total Direct Labor (TDL): 87,928.55 101,264.22

DIRECT MATERIAL COSTS: Phase II: Option:

Subtotal Direct Materials Costs (DM): 0.00 0.00

Material Overhead (rate 0.0000 %) x DM: 0.00 0.00

Total Direct Materials Costs (TDM): 0.00 0.00

OTHER DIRECT COSTS: Phase II: Option:

Research Institution (UCLA) 150,001.00 149,999.00

Subcontractor (MSU) 75,015.00 75,015.00

Consultant (Christlieb) 20,000.00 20,000.00

Travel 848.15 1,747.26

Subtotal Other Direct Costs (ODC): 245,864.15 246,761.26

Direct Cost Overhead (rate 0.0000 %) x ODC 0.00 0.00

Total Other Direct Costs (TODC): 245,864.15 246,761.26

G&A (rate 0.0000 %) x (base: TDL) 0.00 0.00

Total Cost: 333,792.70 348,025.48

Fee or Profit (rate 10.0000 %) 33,379.27 34,802.55

TOTAL ESTIMATED COST: 367,171.97 382,828.03

Explanatory material relating to the cost proposal: 
Travel: Ithaca, NY to Los Angeles, CA--three trips. Air-$445, M&IE-$160, Hotel-$118, Car-$110, Parking-$15. 
Second year includes a 3% inflator. UCLA budget includes time for Dr. Caflisch, one postdoc and one graduate 
student. MSU includes tiem for Cohen and Promislow. The Consultant's rate is $115/hour plus travel expenses. 

>>Has any executive agency of the United States Government performed any review of your accounts or records in connection 
with any other government prime contract or subcontract within the past twelve months? Yes 

    If Yes, please provide the following:  
  Reviewing Office: DCAA 

  Individual: Phone: 505-248-5000 

  Address: 505 Marquette Avenue NW 

  Suite 1100 



 
Albuquerque, NM 87102 

>>Will you require the use of any government property in the performance of this proposal?   No 

>>Specify the type of payment desired:    Partial payments 



Commercialization Achievement Index: N/A 

This Index is a measure of how commercialization resulting from the proposer's prior phase II SBIR/STTR awards 
(from 2005 and before) compares with the commercialization resulting from groups of DoD SBIR/STTR projects 
selected at random from comparable time periods. (Commercialization includes both military and private sector 
markets.) The index score is a percentile ranking which ranges from 100 (highest) to 0 (lowest). Its statistical 
meaning is described in detail at 
http://www.DoDSBIR.net/Submission/CompanyCommercialization/Instructions/DefCAI.asp. 

An Index score is only calculated for proposers that have received at least 4 phase II awards in years up to and 
including 2005. 

(END OF SUMMARY) 
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Firm Name: NumerEx Point of Contact: Michael H. Frese
Mail Address: 2309 Renard Place SE Phone Number: (505) 842-0074 

Suite 220 Fax Number: (505) 842-5699
Albuquerque, NM 87106-4259 E-Mail: Michael.Frese@numerex.com

Phone: (505) 842-0074

Company Commercialization Report
Full Report and Company Certification 

Commercialization Achievement Index: N/A      

Phase I Awards: 10   Number of Employees in 1995: 4 

Phase II Awards: 3   Current Number of Employees: 14 

Number of Patents resulting from SBIR/STTR: 0     

      FIRM's total revenue: $1,000,000-$4,999,999   Year Founded: 1988 

      SBIR/STTR Funding as % of revenue: 11%   IPO resulting from SBIR/STTR: No

Agency:  NASA Year of Award:  1995 Topic #:    09.06 Contract #:  NAS7-1380 
Project Title:  Innovative Design for Stationary Plasma Thrusters 
Sales to:  (a)DoD/Primes:  $0  (b)Other Federal Agencies:   $0  (c)Export:   $0 

 (d)Private Sector:  $0  (e)Others:  $0  (f)3rd Party:  $0 
Additional Investment from:   (a)DoD:  $0  (b)Other Federal Agencies:   $0  (c)Private Sector:  $0 

 (d)Others:  $0      
Used in Federal system or acquisition program?: No
Is the technology developed under this project related to manufacturing?  No 
Has the technololgy developed under this project achieved a cost saving or cost avoidance for the government or end user?   NO 

Agency:  AF Year of Award:  1997 Topic #:    DNA 93-015 Contract #:  F40600-97-C-0018 
Project Title:  An Improved Plasma Opending Swtich for DECADE 
Sales to:  (a)DoD/Primes:  $0  (b)Other Federal Agencies:   $0  (c)Export:   $0 

 (d)Private Sector:  $0  (e)Others:  $0  (f)3rd Party:  $0 
Additional Investment from:   (a)DoD:  $0  (b)Other Federal Agencies:   $0  (c)Private Sector:  $0 
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 (d)Others:  $0      
Used in Federal system or acquisition program?: No
Is the technology developed under this project related to manufacturing?  No 
Has the technololgy developed under this project achieved a cost saving or cost avoidance for the government or end user?   NO 

Agency:  AF Year of Award:  2006 Topic #:    AF05-163 Contract #:  FA8651-06-C-0140 
Project Title:  Towards Weaponizing Next-Generation Volumetric Explosives--Computational Research and Development of Robust, 

Flexible, and Compact Munitions Based on Advanced Fuel-Air and Energetic Material Mixtures 
Sales to:  (a)DoD/Primes:  $0  (b)Other Federal Agencies:   $0  (c)Export:   $0 

 (d)Private Sector:  $0  (e)Others:  $0  (f)3rd Party:  $0 
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VERIFICATION AND VALIDATION OF 

RENORMALIZATION GROUP INSPIRE PARTICLE 
WEIGHTS FOR PIC CODES* 

 
J.W. Luginsland 
NumerEx, LLC 

Ithaca, NY 14850, USA 
 

A. Christlieb 
Michigan State University, East Lansing, MI, USA 

 
R. Caflisch 

UCLA, Los Angeles, CA, USA 
 
Simulations of dense kinetic plasmas are an area of active 
research. A variety of devices from high power microwave 
devices to Hall thrusters involve situations with dense 
fluidlike plasmas coexisting with important kinetic non- 
Maxwellian particle distributions. These plasmas exhibit a 
range of length and time scales, making accurate simulation a 
challenging and computationally intensive task. Currently, we 
are applying renormalization group methods to provide a 
systematic means to investigate multi-scale plasma behavior 
from the kinetic to the MHD regime. One development has 
been the discovery of a relationship between traditional 
particle-in-cell weights and the renormalized charge 
associated with Debye shielding. The development of 
algorithms to handle these multi-scale circumstances is 
facilitated by high-fidelity test problems suitable for 
verification and validation studies. Specifically, we report on 
the development of ordinary differential equations appropriate 
for studying kinetic plasmas with short Debye lengths relative 
to the system size. Via analytic and numerical solutions, we 
study the impact of collective shielding on Langmuir waves. 
Both our analytic and PIC simulations indicate the existence 
of harmonic mixing driven by nonlinear excitation of 
Langmuir waves in highly shielded (dense) plasmas. 
 
 
 
 
 
 
________________________________ 
* Work supported by Air Force Office of Scientific Research 

978-1-4244-2636-2/09/$25.00 ©2009 IEEE



ELECTRON HOP FUNNEL MEASUREMENT AND 
SIMULATION FOR VARIOUS GEOMETRIES AND 

MATERIALS* 
 

C. Lester, J. Browning 
Boise State University, Boise, ID 83725, USA 

J. Luginsland 
NumerEx, Ithaca, NY 14850, USA 

 
Vacuum electron hop funnel devices can be used to collect 
and spatially average electron emission current1 from field 
emission arrays (FEAs). At the proper operating voltage the 
funnels provide unity gain of the injected emission current. 
The resulting beams can be more uniform than from typical 
FEAs, and the funnel technique might be used to generate 
very uniform electron sheet beams. In the work described 
here, hop funnels have been fabricated from Low 
Temperature Co-fired Ceramic (LTCC). Other materials will 
also be tested including SiO2 and Macor in order to measure 
and simulate the effect that different secondary emission 
yield curves has on the insulating surface charge distribution 
and I-V characteristics.  For each insulating material, hop 
funnel structures with varying wall slopes will be constructed 
to measure the relationship of the slope of the hop funnel 
wall with the “knee” of the I-V curve. In addition, the 
electron energy distribution of the hop funnel electron beam, 
as well as the beam spread, will be measured for each 
material and wall slope to create a matrix of data which will 
be used to determine an optimal hop funnel structure for a 
minimal average transverse electron energy component of the 
exit beam. The data will be compared against the predictions 
of the particle trajectory computer simulation Lorentz2 and 
will be used to refine the statistical parameters in the 
numerical simulation. Based on the results, a novel slit design 
will be constructed of LTCC to be used with the FEAs to 
generate an electron sheet beam.  
 
1. B H W Hendriks, G G P van Gorkom, N Lambert, and  S T
 de Zwart, J. Phys. D: Appl. Phys. 30 pp. 1252–1264 (1997). 
2. www.integratedsoft.com 
 
________________________________ 
* This research is supported by the Air Force Office of 
Scientific Research (AFOSR) under the DEPSCOR Grant # 
FA9550-08-1-0396 and by the Electrical and Computer 
Engineering Department at Boise State University.  FEAs are 
supplied by Stellar Micro Devices of Austin, TX.  
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ROLE OF IONS IN A CROSSED-FIELD DIODE II:  
MONTE CARLO COLLISIONS  

 
B.S. Stutzman 

US Coast Guard Academy, Dept. of Science 
New London, CT 06385, USA 

 
J.W. Luginsland 

NumerEx, Ithaca, NY 14850, USA 
 

The effect of ions in a magnetically insulated crossed-field 
gap is studied using a particle-in-cell simulation with Monte 
Carlo collisions (MCC).  (Code available through the PTSG 
at UC Berkeley.) These results are compared with the 
predictions from single particle orbit, shear flow models and 
previous particle-in-cell simulations in which the ions were 
modeled as a sheet of charge fixed at different positions 
within the gap1.  The results of this experiment indicate that 
the diode loses insulation much more rapidly than shown in 
the immobile ion sheet model.  The reasons for this increased 
rate of electron migration toward the anode are that the ions 
in this simulation are mobile and that the effects of MCC are 
being taken into account.  Thus, ambipolar transport plays a 
role in the migration as does the fact that ions are being 
created throughout the gap by collisions.  The implications of 
these findings, as suggested in previous work, are that of 
pulse shortening in relativistic magnetrons and bipolar flows 
in pulsed power systems.   
 
1. Y.Y. Lau, J.W. Luginsland, K.L. Cartwright, and M.D. 
Haworth, “Role of ions in a crossed-field diode”, Phys. Rev. 
Lett. 98 (2007). 
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A Renormalization Group Approach to Particle-in-Cell 
Weighting for Dense Plasmas 

J. W. Luginsland 
NumerEx, 401 E. State St. 

Ithaca, NY 14850 USA 

Russel Caflisch 
UCLA., Los Angeles, CA USA 

Andrew Christlieb 
MSU, East Lansing, MI USA 

Dimitri Vvendensky 
Imperial College, London, UK 

The Particle-in-Cell (PIC) method offer a robust means to 
tackle a wide diversity of kinetic plasma physics problems in 

a variety of application areas. One challenging class of 

problems for PIC, however, deals with the simulation of 
dense plasmas. The dense plasma introduces both short time 
scale (via the plasma frequency) and short wavelength (via 
the Debye length) features that must be resolved for stability 

and accuracy. At sufficient density, it becomes natural to 
simulate these dense plasmas with either implicit kinetic 

methods or fluid methods (either two-fluid, or magneto

hydrodynamic). In many cases, however, the dense plasma is 
restricted to a relatively small volume of the calculation, 
while the rest the problem remains essentially kinetic. For 
example, high power microwave devices can develop dense 
plasma phenomena just near the region of the anode. The 
rest of the problem, however, requires fully explicit, kinetic 
methods to study the beam/wave interaction in tenuous 

electron plasma. We report on the development of a 

heuristic! renormalization method that rescales the bare 
electron charge assuming the existence of a screening cloud 
of dense plasma in a manner identical to the formation of the 
Debye sheath. We use this renormalization to provide an 

interpretation of the standard PIC weighting of particle 

information to the grid. This provides a natural scheme to 
interpret grid heating, and offers a means to systematically 
increase the accuracy of the particle weighting based on local 

information, such as plasma density and co-located grid 
resolution, to achieve desired fidelity. The new technique 
offers the potential of progressively higher order particle 
methods at reasonable computational costs. 

1. W.D. McComb, Renormalization methods, Oxford 

University Press, Oxford, 2004. 

* Work supported by AFOSR 
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