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LONG-TERM GOALS 

Ocean waves are an important aspect of upper ocean dynamics, in particular on the shallow continental 
shelves and in coastal areas. The long-term objective of this work is to advance modeling capability in 
such coastal areas by improving model representations of effects associated with nonlinearity, 
inhomogeneity, and dissipation. 

OBJECTIVES 

The specific objectives of the present work are 1) to develop and implement an efficient and scalable 
approximation for the nonlinear quadruplet source term, 2) to develop and implement a generalized 
nonlinear source term that is accurate in water of arbitrary depth, 3) to develop and implement an 
improved nonlinear closure for triad nonlinear interactions in shallow water, and 4) improve 
representations of dissipation by wave breaking and wave-bottom interactions in shoaling waves. 
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APPROACH 

Modern, third-generation (3G) wave models are based on an action balance (or radiative transfer) 
equation, which describes the transport of wave energy (or action) through a slowly varying medium and 
time. In Lagrangian form (for convenience) this balance equation can be written as 

dN k( )
dt

= Sin k( ) + Sds k( ) + Ssc k( ) + Snl k( )   (1) 

where N k( )  is the wave action at wavenumber vector k and t is time. The forcing terms on the right-

hand side are referred to as source terms and account for the input of energy by the wind (Sin), spectral 
redistribution of energy through scattering by seafloor topography (Ssc) or through nonlinear wave-wave 
interactions (Snl) , and dissipation of wave energy (Sds) through e.g. breaking or bottom friction. 

In this study we will develop and improve the source terms for nonlinear interactions Snl and energy 
dissipation Sds, to account for effects of finite depth and shallow water, and to ensure a consistent and 
smooth model representation of wave evolution from deep to shallow water.  

Nonlinearity 

We will develop an efficient method for the evaluation of the nonlinear source term, allowing for greater 
efficiency and accuracy in operational use. To allow modeling of wave propagation from deep to shallow 
water, we will modify the nonlinear source term to account for changes in relative water depth [Janssen et 
al. 2006], and develop an improved closure approximation for nearshore wave propagation [Janssen, 
2006]. 

Dissipation 

We will develop and test improvements to wave dissipation parameterizations through detailed 
comparisons of model results to laboratory and field observations in a wide range of conditions. 

Field data 

We will analyze, prepare, and disseminate selected field experimental data sets, collected by the PI’s, to 
the project teams for the purpose of validation and calibration of new model developments. 



 

WORK COMPLETED 

Development of a Lumped Quadruplet Approximation (LQA) 

A scalable parameterization of non-linear four-wave interactions is being developed to bridge the gap 
between time consuming exact methods and the fast but inaccurate Discrete Interaction Approximation 
(DIA). The focus in this work is on developing a consistent approximation of the complete interaction 
manifold based on the WRT method. We follow two main lines of development for achieving this. 

First we improve numerical efficiency and limit the integration space by applying higher-order integration 
methods, filtering methods, simplified interpolation procedures, and re-sampling of points on the locus  

Second is the Lumped Quadruplet Approximation (LQA), in which discrete contributions on the locus are 
treated as individual wave number configurations, which can be handled by the Generalized Multiple DIA 
Approaches (see e.g. Van Vledder, 2001; Tolman, 2012). Using this technique, various optimized sets of 
wave number configurations can be derived. 

We are working toward three main approaches to evaluate the exact four-wave interactions: 1) the WRT 
method as implemented by Resio and Perrie, and Van Vledder, 2) Masuda’s method implemented in the 
RIAM method by Komatsu, and 3) the method of Lavrenov implemented as the GQM by Benoit and 
Gagnaire-Renou (see e.g. Van Vledder, 2012). Although each of these methods aims to solve the same 
integral, it is not clear if they actually produce the same answers. This study is done in collaboration with 
Drs Hashimoto (RIAM) and Benoit (GQM).  

Analysis and dissemination field observations. 

We have disseminated several datasets to the NOPP teams. In particular, we have made available the 
ONR NCEX (Nearshore Canyon Experiment) field observations, which are particularly well suited to 
validate model representation of refraction and wave focusing over extreme topography (see Figure 1).  
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Figure 1 Left panel: Plan view of instruments (circles) deployed during September 2003 near La Jolla, California, as part of the Nearshore 
Canyon Experiment (NCEX). The array includes directional wave buoys (blue), bottom pressure recorders (white), pressure and current 

meters (black) and current profilers (red). Right panel: Array plan Martha’s Vineyard Experiment.  Detailed measurements of surface wave 

evolution across the inner shelf were collected during September and October of 2007. The array spans about 5 km from 24- to 8-m depth. 



 

The dataset collected during the 2007 Martha’s Vineyard Experiment, funded by the ONR Ripples DRI, 
is made available through our data site to the NOPP team. This experiment focused on the development 
and evolution of seafloor ripples excited by the orbital motion of ocean surface waves. The array of 
instruments during this experiment covers the inner continental shelf, with depths ranging from 8- to 24-
m depth (see Figure 1), and includes areas of inhomogeneous sediment patches. This data set will provide 
a useful validation for bottom friction effects in heterogeneous sediment environments. 

The Louisiana Waves-over-Mud MURI experimental data have been extensively analyzed (see Engelstad 
et al, 2012) and made available to the NOPP team. This dataset (Figure 2) provides a comprehensive set 
of observations of wave propagation across a muddy shelf that we used to validate wave-bottom 
interaction parameterizations over a mud-covered sea floor (Engelstad et al. 2012). This is an excellent 
data set to validate wave-bottom interaction parameterizations over a mud-covered inner shelf. 

 

 

Figure 2 Overview of experimental area (left panel) and sensor locations (right panel, in blue) for the 2008 Louisiana Waves-over-Mud MURI 

experiment. 

Testing of a one-point closure shallow-water model  

We have completed testing of a one-point closure approximation in a shallow-water wave model against 
laboratory observations and Monte-Carlo simulations. The purpose of these tests is to explore the validity 
of this efficient alternative for shallow-water wave modeling.  

Testing of a benchmark non-hydrostatic wave model 

To develop a benchmark model for further validation of the shallow-water closure we have implemented 
and tested a non-hydrostatic model (SWASH) to capture nonlinear wave propagation in a dissipative surf 
zone. Non-hydrostatic models provide an efficient means to model nonlinear wave propagation. Our 
testes were aimed to study the representation of nonlinear dynamics in breaking waves (see Figure 3).  
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Figure 3 Comparison between the observed (symbols) and computed (lines) energy flux contained in a frequency band around the peak 
(panels a--c), the first harmonic (panels d--f) and the second harmonic (panels g--i). Each column represents a different case (indicated on 

top). In the upper panels (a--c) the normalized total flux is included (red lines/symbols) for reference. 

Transport equations for wave correlators 

We have developed a quasi-coherent (QC) theory for the transport of cross-correlations in random wave 
fields. These correlations are essential to model inhomogeneous and non-Gaussian effects in natural wave 
fields. We have studied the effects of two-wave correlators in focusing wave fields and in regions of 
diffraction. This work forms the basis for a new, isotropic description for the evolution of linear and 
nonlinear wave statistics that includes inhomogeneous wave fields, but is compatible with the action 
balance generally used in operational wave models.   

Testing of radiative transfer equation in wave focal zone 

Our findings in developing the QC theory suggest that the radiative transfer equation, which is standard in 
operational wave models, does not perform well in describing focusing of coherent waves. To test this 
performance we have implemented a SWAN model for the Columbia River mouth (see Figure 4), and 
compared model hindcasts with recent observations (see Figure 4). The comparisons indicate that the 
spatial variability of wave energy in the model is spread out over too large a region, and that the peak 
amplification is underestimated. This appears to confirm that the use of a geometric optics approximation 
is problematic in such high-energy focal regions (see Smit & Janssen, 2013a). Other factors that could 
play a role include errors in model representation of wave dissipation, and wave-current interaction. 
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Figure 5: Comparison between the observed (symbols) and computed (lines) energy flux �F
n

(defined in (11)) contained in

a frequency band around the peak (panels a–c), the first harmonic (panels d–f) and the second harmonic (panels g–i). Each

column represents a di↵erent case (indicated on top). In the upper panels (a–c) the normalized total flux (= F
tot

(x)/F
tot

(x
1

))

is included (red lines/symbols) for reference.

4.2. Energy Fluxes

The e↵ects of nonlinearity and dissipation on the various spectral regions can be further illustrated by

considering the spatial evolution of the linear energy flux, F (f, x) = c
g

E(f, x) at distinct frequencies. Since

for linear and conservative wave propagation the wave energy flux is constant, changes in this flux indicate

where nonlinear e↵ects and dissipation are present. To reduce the sensitivity of the results to the details of

the spectral analysis (e.g. such as the frequency resolution), we consider the normalized flux integrated over

a finite frequency band �f
n

,

�F
n

(x) =

R
�fn

F (f, x) df

F
tot

(x
1

)
, (11)

where we normalized with the total energy flux F
tot

(x) =
R
F (f, x) df at the up–wave boundary (located at

x
1

). The frequency band �f
n

is defined as a narrow frequency band around the nth harmonic frequency,

i.e. �f
n

is defined as the interval 0.95(n + 1)f (1)

p

< f < 1.05(n + 1)f (1)

p

. In the following we consider the

integrated energy flux for the primary peaks (�F
0

), and their respective first (�F
1

) and second harmonics

(�F
2

).
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Figure 4 Comparison between modeled wave heights (SWAN) and drifter observations in the Mouth of the Columbia River for June 8 2013. 
The observed and modeled wave focusing near the Columbia river bar show considerable differences. The SWAN model uses observations 

from CDIP buoy # 46248 as boundary condition; three-dimensional current data and bathymetry is provided by the Center for Coastal 

Margin Observation and Prediction (CMOP). 
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RESULTS 

Non-hydrostatic modeling of nonlinear waves through a dissipative surfzone 

To develop a benchmark to test stochastic closure models, we have tested the performance of a non-
hydrostatic model for simulation of nonlinear wave propagation through a dissipative surfzone (see Smit 
et al. 2013b). Despite the simplifications inherent to this class of deterministic models (e.g. single-valued 
surface), the representation of both nonlinear and dissipative characteristics of the wave propagation is 
excellent (see Figures 5 and 6).  

 

Figure 5 The non-linear source 
term Snl computed from the 

bispectrum obtained from the 

observations (markers) and 

computations (solid black line), 
and the linear flux gradient 

(dashed red line) estimated 

from model results. The lower 

horizontal axis indicates the 
frequency, whereas the upper 

axis in each panel indicates the 

normalized (by the peak 

frequency) frequency. 

Since non-hydrostatic models are relatively efficient, they can be used to simulate wave statistics through 
Monte Carlo simulations. The evolution of the surface elevation probability density was shown to be in 
excellent agreement with what was observed.  

 

Figure 6 Shown is comparison for the 

observed (circles), modeled (solid black 
line), Gaussian (dashed red line), and two-

term Gram-Charlier expansion (grey line) 

probability density function (pdf) for the 

normalized free surface elevation at 
various locations in the surfzone. The 

deviations from Gaussianity seen in the 

observations are accurately reproduced in 

the model, and in goo agreement with the  

Gram-Charlier expansion. 

Overall, the non-hydrostatic model accurately captures the spectra, nonlinear transfers, bulk statistics, and 
complete nonlinear statistics for waves in a flume propagating onto a planar beach. The comparisons 
included a wide range of initial wave conditions with wave breaking mostly in the spilling breaker 
regime. 
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Figure 8: The non-linear source term S
nl

computed at two di↵erent gauges (ordered from top to bottom) for case 3b (left

panels), case 10a (middle panels), and case 10c (right panels). The source term is computed from the bispectrum obtained

from the observations (markers) and computations (solid black line). In addition the linear flux gradient F
x

(dashed red line)

estimated from model results is included. The lower horizontal axis indicates the absolute frequency, whereas the upper axis

in each panel indicates the relative frequency f/f
(1)

p

.

Results for three representative cases, including a wide (10a), narrowband (10c), and double-peaked (3b)

incident spectrum, are shown in Fig. 8. The transfer rates computed from the model simulation results are

in good agreement with the values computed from the observations, with overall better correspondence in

the energetic part of the spectrum (f < 2f
p

), and slightly worse correspondence in the tail. The non-linear

interactions transfer energy from the primary peak(s) of the spectrum to the higher (and lower) frequencies.

For instance, in case 10c at gauge 5 (Fig. 8c), energy is transferred from the spectrum peak (f = 0.8Hz),

to its first (f = 1.6Hz), second (f = 2.4Hz) and (presumably) higher harmonics. In the case of more

broad-banded irregular waves, the great number of interactions that take place result in a more uniform

shape of S
nl

at the frequencies above the peak (e.g. Fig. 8a/c). In the inner surfzone (gauge 10), energy is

mostly transferred from 0.5f
p

 f  2f
p

, toward higher frequencies (f > 2f
p

), regardless of the width of

the incident spectrum (viz. case 10a with case 10c in Fig. 8e/f, respectively).

In the absence of dissipation S
nl

approximately balances with F
x

, and large di↵erences between S
nl

and

F
x

are therefore indicative of dissipation. The gauge spacing (varying from 0.5 to 1.6m) is too large to obtain
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Figure 9: Probability density functions (pdf) for the normalized free surface ⇣0 = ⇣/
p
m

0

estimated from the observations

(circles) and from the Monte Carlo simulations (solid black line), compared with a Gaussian distribution (dashed red line) and

a two-term Gram-Charlier (eq. (14)) series (grey line) using the skewness values obtained from the Monte Carlo simulations.

For P = 1 this is the normalized Gaussian distribution, whereas for the non-linear pdf the polynomial

P (⇣ 0, Sk) depends only on variance and skewness (for details of P , see Longuet-Higgins, 1963).

At the edge of the surfzone (left panel of Fig. 9) the pdf is strongly skewed, which increases at the locations

further inside the surfzone (centre and right panel of Fig. 9). The deviation from the Gaussian distribution

shows that the waves are nonlinear, with relatively sharp and tall peaks, and shallow and elongated troughs,

which shows that a nonlinear wave model is required to reliably estimate surfzone statistics. Although

a direct comparison with the observed pdf for |⇣ 0| > 3 is di�cult due to the relatively short time series

(and thus relatively low data density to populate the tails of the distribution), the agreement between the

observations, Monte Carlo simulations, and the theoretical distribution is very good. Comparisons for other

cases showed similar agreement (not shown). This shows that nonlinear e↵ects are important for surfzone

statistics, but that knowledge of the lowest two moments, variance and skewness, su�ces to capture the

principal characteristic of the pdf. As shown in the model results, SWASH can accurately model and predict

these moments.

5.2. Spectral distribution of dissipation

Energy dissipation due to wave breaking is arguably the most important, and yet the least understood

process in the surfzone (e.g. Peregrine, 1983). In general, bulk dissipation rates are reasonably well estimated

by semi-empirical formulations based on a bore analogy (e.g. see Salmon and Holthuijsen, 2013, for an

extensive overview ), however, spectral models require a spectral distribution of the dissipation, which

is not available from theory or observations. As a consequence, spectral breaker dissipation functions
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Transport equations for inhomogeneous wave fields 

Comparison of simulations with the quasi-homogeneous wave theory developed by Smit & Janssen 
(2013a) highlights the shortcomings of the radiative transfer equation (RTE) and the improvements 
implied by the newly developed quasi-coherent (QC) model to capture wave focusing in a stochastic 
modeling framework (see Figure 7). The QC model captures wave interference patterns in a wave focal 
zone, which is expected to be important in coastal inlets, near headlands, and other coastal areas where 
refractive focusing occurs. This model is a first, and essential, step in developing fully two-dimensional 
bispectral evolution equations, which is presently ongoing. 

 

Figure 7 Plan view of modeled 
(normalized) wave heights for the 

experimental set-up as considered 

by Vincent & Briggs (1989) for 

case M2 (top panels), case N4 
(lower panels) and the additional 

case N4’ (middle panels) as 

considered in Smit & Janssen 

(2013a). Comparison between the 
QC model (left panels) and the 

RTE (right panels), shows that 

the QC approximation, in 

contrast to the RTE, resolves the 
fine-scale interference pattern in 

the focal zone of a topographical 

lens. 

For narrow-band waves (swell) the quasi-coherent model and the standard radiative transfer equation (as 
used in most operational wave models) are at considerable variance (see Figure 8). This goes to illustrate 
the breakdown of geometric optics and the fact that in the vicinity of a caustic in a coherent wave field, 
the more general quasi-coherent (physical optics approximation) provides a much better approximation of 
the evolution of wave statistics. 

 

 

Fig. 6. Plan view of modeled (normalized) wave heights for the experimental set-up as
considered by Vincent and Briggs (1989) for case M2 (top panels), case N4 (lower panels)
and the additional case N40 considered in the present work (middle panels). Comparison
between the QC1 approximation (left panels) and the RTE (right panels) shows that the
QC1 approximation, in contrast to the RTE, resolves the fine-scale interference pattern in
the focal zone of a topographical lens.
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Figure 8 Shown are normalized 
wave heights along transects 

considered by Vincent and Briggs 

(1989) for case M2 (top panels), 

case N4 (lower panels) and the 
additional case N4’ Middle panels) 

as considered in Smit & Janssen 

(2013a). Comparison is between 

the QC approximation (solid black 
line), observations (circle markers, 

when available), the deterministic 

model SWASH (crosses), and the 

RTE (dashed red line). 

Statistics in a coastal wave focal zone 

Recent observations of wave focusing over the Columbia river bar show that the observed spatial 
distribution of wave energy in the focal region is at considerable variance with SWAN hindcasts.  

These results are preliminary, but they 
confirm the shortcomings of a geometric 
optics approximation for the prediction of 
wave statistics in a coherent wave focal 
zone, which appears consistent with the 
theoretical work developed in Smit & 
Janssen (2013a). Other factors (e.g. 
parameterization of wave dissipation) can 
be important also. We are currently 
working on better understanding these 
large differences between modeled and 
observed wave energy levels. 
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additional case N40 considered in the present work (middle panels). Comparison is between
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Figure 9 Comparison of 
observed (red markers) and 

modeled (black solid line) 
wave heights along drifter 

track. The model 

simulations were initialized 

with offshore buoy data. 
The bathymetry and current 

data were kindly provided 

by the Center for Coastal 

Margin Observation and 

Prediction (CMOP). 



 

IMPACT/IMPLICATIONS  

The model improvements developed and tested in this study will contribute to improvements in modeling 
capability of nearshore wave propagation in research and operational models. Efficient and accurate 
approximations for four-wave interactions will improve prediction of spectral shapes in operational 
models. The development of general evolution equations for wave correlators form a basis for the 
development of a new class of stochastic models that include inhomogeneous and non-Gaussian statistics. 
In turn, improved modeling capability of wave dissipation, spectral evolution, and higher-order statistics 
such as skewness and asymmetry, will contribute to improvements in research and modeling of coastal 
circulation and transport processes.  

RELATED PROJECTS 

The development of transport equations for cross-correlations in random waves also contributes to the 
study of coastal wave-current interaction as part of the ONR Inlets and River Mouths DRI. 
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