
Spall-Fracture Physics and Spallation-Resistance-Based
Material Selection

M. Grujicic, B. Pandurangan, B.A. Cheeseman, and C.-F. Yen

(Submitted July 29, 2011)

Spallation is a fracture mode commonly observed in ballistically/blast-wave-loaded structures. The inter-
action between decompression waves generated within the target structure produces tensile stresses which,
if of a sufficient magnitude, may cause material damage and ultimate fracture (spallation). In this study, the
phenomenon of spall-fracture is analyzed within a one-dimensional Lagrangian framework. Two distinct
analyses are carried out. Within the first analysis, decompression waves are treated as decompression
shocks, which simplified the analysis and enabled the formation of spallation-strength-based material index.
In the second analysis, decompression waves are treated as smooth (centered simple) waves. This increased
the fidelity of the computational analysis, but the material-selection procedure could be done only
numerically and an explicit formulation of the spallation-strength-based material-selection index could not
be carried out. Overall, the two analyses yielded similar results for the spallation-strength-based material-
selection criterion suggesting that the simpler (decompression shock based) one is still adequate for use in
the material-selection process.

Keywords material-selection methodology, spall-fracture, spalla-
tion resistance

1. Introduction

This article deals with spall-fracture or spallation, an
important scientific and technological phenomenon. Spallation
is a fracture mode generally observed in ballistically (i.e.,
projectile impacted) and/or blast-loaded target structures in
which loading is applied dynamically through the generation,
propagation, and interaction of various compression/recom-
pression shocks and decompression waves. As will be shown
below, the interactions of these shocks and waves produce
material states within the target which are associated with
tensile stresses. When these stresses are of a sufficient
magnitude and persist over a sufficiently long time period,
formation of a diffuse distribution of microcracks or voids in
the interior of the target may take place. Complete fracture then
may result from coalescence of individual microcracks and
voids. This produces a sheet-like fragment at the back of the
target which is propelled in the projectile/blast-wave initial
propagation direction. This description of the spall-fracture
process indicates that when designing ballistic/blast protective
structures, it is not sufficient to only ensure that these structures
are not defeated/penetrated but also that no-spallation takes
place. In Fig. 1, an example of spallation-induced damage
investigated in our recent work (Ref 1) is displayed.

The dominant form of the spallation-induced damage
depends on the intrinsic ductility of the target material. For
example, in brittle materials spallation typically produces
microcracks with crack faces parallel with the target back face.
In sharp contrast, typical spallation-induced damage in ductile
materials is in the form of rounded voids. The aforementioned
distinct nature of the spallation-induced damage in these two
classes of materials is generally present only at lower damage
levels. At larger damage levels, this distinction is often less
apparent as in brittle materials the cracks tend to acquire larger
openings, while in ductile materials voids become elongated
and their coalescence leads to the formation of crack-like flaws.
In addition, in materials of intermediate ductility the damage
morphology may contain both crack- and void-like features
(Ref 2).

Traditionally, the onset of spallation is analyzed within the
context of the so-called spall criterion, a mathematical condi-
tion involving stress, strain, temperature, and other continuum
field variables which must be satisfied for spallation to occur. In
this case, spall-fracture is considered to be a discrete/binary
event; either it has taken place or not (Ref 2). Frequently, the
spall criterion is supplemented with the concept of an
incubation period, i.e., a minimum time period over which
the spall criterion must be satisfied for the spall-fracture to
occur.

In recent years, spallation-induced damage and ultimate
spallation fracture are considered as evolving processes. This
was done to comply with experimental observations that clearly
showed that damage develops gradually by a process of
nucleation, growth, and coalescence of micro-flaws (micro-
cracks and/or microvoids) (Ref 3). Recently, continuum
theories have been proposed to explain the process of
spallation-induced damage evolution observed in ballistically/
blast-wave-loaded target structures (Ref 4). Such theories take
into account the effects of the evolving damage on the residual
stiffness/strength of the target material and, thus, on the spatial
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distribution and temporal evolution of stress (and other
continuum field variables) which governs the spall-fracture
process. In these theories, the spall criterion has been replaced
with the criterion for the onset of spallation-induced damage,
with one or more damage-evolution and material-property
degradation equations and with a condition at which complete
spall-fracture occurs (Ref 5–8).

Post-mortem microscopic observations of ballistically/blast-
loaded structures often reveal the site of damage initiation and
details of the subsequent damage-evolution process(s). Detailed
analysis of this experimental information could be highly
beneficial in elucidating the intrinsic spall-fracture resistance of
the material at hand. This knowledge, in turn, can guide the
selection of the materials for use in protective structures.

While practical solutions of the real-world spall-fracture
problems entail the use of more elaborate computer-aided
engineering and transient non-linear dynamics computational
analyses, a good insight into the spallation-fracture phenome-
non can be gained by analyzing this phenomenon under
simplified one-dimensional conditions. These conditions are
encountered in the so-called flyer-plate experiments (reviewed
in section 2). As will be shown in the subsequent sections,
planar compression/recompression shocks and decompression
shocks/waves are generated, propagated, and interacted within
the target structure in the case of flyer-plate impact experi-
ments. It will also be shown that as a result of the interaction of
two sufficiently strong planar decompression waves (sometimes
approximated as decompression shocks), regions within the
target become subjected to high enough tensile stresses so that
spallation-induced damage and fracture may occur. Depending
on the strength of the decompression waves, spallation-induced
damage of various degrees (from few isolated cracks to
complete fracture and separation/detachment of a layer of
material) can take place within the target material.

It should be noted that a clear distinction is made in this article
between (planar) shock waves (or shocks) and (planar) smooth
waves. Shocks are waves with a vertical wave front which
produces an abrupt/discontinuous change in the material state
variables upon passage through a material point. The discontin-
uous change (also known as a ‘‘jump’’) in the material states
produced by a shock is governed by a set of so-called shock-jump
equations. The locus of all-possible (shock-strength dependent)
as-shocked material states from a given material initial state is
represented by a hyper-curve known as aHugoniot curvewithin a
stress/mass-density/energy-density/particle-velocity/… multi-

dimensional space. Smooth waves, on the other hand, possess
an extended wave front and, hence, cause a gradual change in the
material state variables as they pass through a material point. It is
well established that smooth-wave induced changes in the
material states are often of an isentropic (constant-entropy)
nature. In the weak-shock regime, it is generally justified to
approximate smooth-wave isentropes with the corresponding
shock-Hugoniots. This approximation will be used in this study.

The main objective of this study is to carry out a one-
dimensional analysis of the spall-fracture process in the weak-
shock regime in which the loading rate is sufficiently high to
produce spallation-induced damage but does not induce
plasticity. In other words, it is assumed that under high
loading-rate conditions analyzed, the material yield strength is
increased above the material fracture strength. Spallation within
elastic-plastic materials will be analyzed in a future commu-
nication. In addition to analyzing the spallation process, an
attempt will be made to establish the basic material-selection
criteria for use in protective structural applications in which a
low probability for spallation may be an important functional
requirement.

The organization of this article is as follows: In section 2, a
brief description is provided of the flyer-plate experiments
which are used to produce, detect, and quantify the extent of
spallation-induced damage. In section 3, the spall-fracture
phenomenon is analyzed as a result of the intersection of two
decompression shocks. In other words, smooth decompression
waves are approximated as two discontinuous shocks, in this
case. In section 4, interaction of two smooth decompression
waves and the associated spallation process are analyzed. A
comparison of the results obtained in section 3 and 4 and
preliminary development of the spallation-resistance-based
material-selection criteria are presented in section 5. A sum-
mary of the main findings and conclusions is provided in
section 6.

2. Experimental Analysis of the Spall-Fracture
Process

In this section, a brief description is provided of the typical
experimental set-up/procedure used to produce and detect spall-
fracture in materials under investigation. A schematic of this
set-up is depicted in Fig. 2. In the experimental arrangement
shown in this figure, a plate-shaped projectile impacts a plate-
shaped target in such a way that the projectile/target contact is
initially established at the same time over the entire projectile/
target contact surface. This experimental set-up is often referred
to as a ‘‘flyer-plate’’ experiment. Typically the projectile
thickness Lp is smaller than the target thickness LT so that
spallation occurs within the target. Also, it is generally
convenient to have the projectile and the target made of the
same material (the so-called symmetric flyer-plate experiment),
since the particle-velocity jump associated with the incident
shocks generated at the projectile/target contact surface is equal
to one half of the projectile initial velocity. In other words, this
particle-velocity jump does not need to be measured separately,
making the experimental procedure simpler. As will be shown
below, reflection of the two incident shock waves from the
projectile and target back surface produces decompression/
release waves and it is the intersection of these release waves
which is ultimately responsible for spall-fracture.

Fig. 1 Experimentally determined material damage distribution
resulting from the impact of a 0.50 caliber right circular cylinder
(RCC) solid-steel fragment simulating projectile (FSP) with a
25.4 mm thick (53 vol.%) E-glass continuous-fiber reinforced poly-
vinyl-ester-epoxy matrix composite armor. Initial projectile velocity:
605 m/s (Ref 1)
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As mentioned earlier, numerous experimental investigations
have clearly demonstrated that spallation-induced damage
develops gradually by nucleation, growth, and coalescence of
micro-flaws. It should be noted that, flyer-plate experimental
conditions can be selected in such a way that spallation-induced
damage-evolution process can be arrested at any stage of its
evolution. This can greatly facilitate the investigation and the
quantification of this material-degradation process.

3. Spall-Fracture Due to Interaction
of Two Decompression Shocks

While practical solutions of the real-world spall-fracture
problems entail the use of more elaborate computer-aided
engineering and transient non-linear dynamics computational
analyses, a good insight into the spallation-fracture phenome-
non can be gained by analyzing this phenomenon under
simplified one-dimensional conditions (corresponding to the
conditions encountered in the aforementioned flyer-plate
experiments).

3.1 Simplifying Assumptions

The phenomenon of spall-fracture within a one-dimensional
framework is analyzed in this section using a highly simplified
(yet fairly realistic) approach. The material analyzed in this
section and in the remaining sections is assumed to be a
‘‘normal material,’’ i.e., a material which supports the forma-
tion of a shock during compressive loading. Within this
approach, the following simplifying assumptions are made:

(a) The material mechanical response is assumed to be gov-
erned by a single (normal) Hugoniot relation. This rela-
tion defines the possible as-shocked material states
during compressive loading;

(b) As far as the decompression is concerned, it is assumed
to take place by the propagation of ‘‘decompression
shocks’’. Thus, the Hugoniot relation defines also the

possible (discrete) unloaded states resulting from the
propagation of the decompression shocks. In the subse-
quent sections, however, decompression will be assumed
to result from the propagation of smooth (centered sim-
ple) decompression waves. In this case, the same
Hugoniot relation will be used as an approximation for
the associated ‘‘decompression isentrope’’ and employed
to derive a continuous set of states present within the
decompression waves; and

(c) The projectile and the target are assumed to be made of
the same material so that the strength of the two incident
shocks (as measured by the jumps in the associated par-
ticle velocities) can be directly determined from the
knowledge of the projectile initial velocity.

3.2 Material State Evolution Preceding and Following
Spall-Fracture

A sequence of events and the resulting material states
following the projectile/target initial collision are depicted in
Fig. 3(a) to (d). The initial state of the materials residing within
the projectile and the target are denoted as 0 and 0¢, respectively.

As shown in Fig. 3(a), upon the collision, two diverging
shocks are formed each producing a particle-velocity jump
equal to _xP

2 ; where _xPis the projectile initial velocity. Conse-
quently, the projectile material swept by the left-propagating
shock is decelerated to _x ¼ _xP

2 ; while the target material swept
by the right-propagating shock is accelerated to _x ¼ _xP

2 : The
resulting as-shocked material state within the projectile and the
target is denoted as 1.

Figure 3(b) shows that upon reflection of the two incident
shocks from their respective back face free surfaces, two
converging decompression shocks are formed (one at the
projectile back face and the other at the target back face). The
material states produced by the two decompression shocks are
denoted as 2 ( _x ¼ 0; �t11 ¼ 0) and 3 ( _x ¼ _xP; �t11 ¼ 0) for
the right and left-propagating decompression shocks, respec-
tively. It should be noted that the right-propagating decom-
pression shock passes through the projectile/target contact
surface without interaction since the two are composed of the
same material and state 2 behind right-propagating shock is
associated with a non-tensile axial stress.

After the intersection of the two converging decompression
shocks, Fig. 3(c), a new state of the material (denoted as state
4) within the target is produced. As will be shown below, the
material in state 4 is subjected to tension and if the tensile stress
is sufficiently high, spallation fracture will occur. However,
while drawing Fig. 3(c), it is assumed that spallation fracture is
preceded by and incubation period so that fracture does not
occur at the very instant of intersection of the two converging
decompression shocks.

Following a brief incubation period, spallation is assumed to
take place at the original intersection plane (often referred to as
the ‘‘candidate spall plane’’) of the two converging decom-
pression shocks. In the case of a symmetric flyer-plate impact,
analyzed here, the candidate spall plane is located at a distance
equal to the projectile thickness from the target back face.
Spall-fracture produces two stress-free/unrestrained surfaces
and subsequently two diverging ‘‘recompression’’ shocks as
seen in Fig. 3(d). The associated zero-stress material states are
denoted as 6, behind the left, and 7, behind the right-
propagating recompression shock.

Fig. 2 A schematic of the flyer-plate experimental set-up used in
the investigation of spall-fracture phenomenon. It should be noted
that for clarity, the projectile and the target thicknesses have been
exaggerated relative to their lateral dimensions

Journal of Materials Engineering and Performance Volume 21(9) September 2012—1815



It should be noted that material state 5 has not been
mentioned in the foregoing analysis. The reason for this is that
this material state is of interest only in the case when spall-
fracture does not occur. There are two general scenarios
associated with the absence of spall-fracture: (a) The level of
tension associated with the material state 4 is not high enough
relative to the materials� fracture strength; and (b) the tensile-
stress level in question is sufficiently high but the spallation
incubation time is too long so that the tensile stress at the
candidate spall plane is relieved before spall-fracture can take
place. This tension-relief (also referred to as the recompression)
process is associated with the reflection of the right-propagating
decompression shock from the target back face. This reflection
produces a recompression shock which decreases the target
back face particle-velocity to zero while leaving the axial stress
at the zero value. The zero particle-velocity and zero axial
stress material state associated with the passage of the (left-
propagating) recompression shock are referred to as state 5.

3.3 Detection of Spall-Fracture

Under extreme conditions, spall-fracture results in the
formation of a thin sheet-like fragment from the target back

face. Under less severe conditions, spallation produces planes
of discrete or connected flaws/defects which could be identified
and characterized using conventional destructive and non-
destructive metallurgical material-characterization techniques.
In this section, it is demonstrated how monitoring of the target
back face particle-velocity history can be used to detect the
onset of spall-fracture in the target subjected to a symmetric
flyer-plate impact.

The no-spallation case is analyzed in Fig. 4(a) to (d). In
Fig. 4(a), a conventional post-impact time, t vs. the Lagrangian
(uniaxial) spatial coordinate, X, plot is depicted. It should be
noted that material state 5 as well as several additional material
states are denoted in this figure. Of particular interest is material
state 8. This state is produced in the target back face region by
the reflection of the recompression shock (generated at the
projectile/target interface). This reflection, at the target back
face, increases the particle-velocity from its zero value
associated with material state 5 to a _xP value while leaving
the stress at its zero value. Using a simple geometrical analysis
and assuming a constant Lagrangian shock speed, Us, the time
period over which the target back face resides in material state 5
can be computed as: t5 = 2(Lp�LT)/Us.

Fig. 3 Compression-shock reflections from the unrestrained surfaces and the decompression-shock interactions in the interior of the target in
the case of a symmetric flyer-plate impact (associated with a thinner projectile): (a) propagation of two diverging incident shocks; (b) incident
shock reflection from the unrestrained surfaces and the propagation of the resulting decompression shocks within the target; (c) after intersection
of the two decompression shocks, the target material bounded by these shocks is in the state of tension; (d) assuming that the tensile-stress level
is high enough, spallation takes place (after a short incubation period)
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In Fig. 4(b), a set of �t11 vs. _x Hugoniot curves and the
associated material states are presented. These curves are
obtained by carrying out a simple shock-jump equation-based
analysis of the symmetric flyer-plate impact problem. The
results displayed in Fig. 4(b) clearly show that the material
state 4 is associated with tensile stresses.

The corresponding history of the target back face particle-
velocity along with the associated material states is depicted in
Fig. 4(c). For future comparison with the spallation case, one
should take note of the total time the target back face material
resides in state 5. Furthermore (axial) stress history at the
candidate spall plane is shown in Fig. 4(d). It is seen that, as
mentioned earlier, the tensile state of the material associated
with the material state 4 is relaxed to the zero-stress level as the
material changes to state 5.

The spallation case is analyzed in Fig. 5(a) to (d). The t vs.
X plot corresponding to this case is shown in Fig. 5(a). It is
assumed that there is a finite incubation period for the onset of
spallation. The target material at the candidate spall plane
resides in the material state 4 during the incubation period.
Spall-fracture at the candidate spall plane produces two
diverging recompression shocks. The right-propagating recom-
pression shock ultimately reflects from the target back face
producing ( _x ¼ _xP and �t11 = 0) material state 9. In the no-
spallation case above, it was shown that the maximum time
period over which the target back face is in the material state 5
is t5 = 2(Lp� LT)/Us.

In Fig. 5(b), the associated �t11 vs. _x Hugoniot curves and
the corresponding material states are depicted. These curves
were obtained using a procedure analogous to the one
employed in the no-spallation case.

In Fig. 5(c), the target back face particle-velocity history is
shown in the case when spallation takes place after a brief
incubation period. A comparison of the results displayed in
Fig. 4(c) and 5(c) reveals that spallation lowers the time period
over which the target back face is associatedwithmaterial state 5.
Thus, monitoring the target back face particle-velocity and
determining the time period over which the target back face is in
the zero particle-velocity material state 5 enables detection of the
onset as well as the minimum projectile velocity at which spall-
fracture occurs. By carrying out a simple analysis of the flyer-
plate problem which involves a combined use of the shock-jump
equations and a material-Hugoniot relation, enables determina-
tion of the associated tensile-stress level at which the spall-
fracture occurs. This could be understood by analyzing Fig. 5(b).
The tensile-stress level associated with material state 4 under the
minimum projectile initial velocity at which spallation occurs
defines thematerial spall-strength.When the spallation process is
detected then the total time the target back facematerial resides in
the material state 5 is equal to the incubation period. It should be
noted, however, that the material fracture strength is considered
to be a deterministic quantity in this case and that spallation will
occur at the spall candidate plane since this plane will first reach
the condition for the onset of spallation.

Fig. 4 Key plots describing the outcome of a symmetric flyer-plate experiment in the absence of spall-fracture: (a) t vs. X plot; (b) various �t11
vs. _x Hugoniots and the associated states; (c) particle-velocity temporal evolution at the target back face; and (d) negative axial stress temporal
evolution at the candidate spall plane
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The stress history at the candidate spall plane is depicted in
Fig. 5(d). It is seen that tensile stress ceases at the candidate
spall plane at the moment of spallation when the material
acquires the (zero-stress) state 9.

It should also be noted that all the quantitative analyses
carried out in this study were done under the assumption that
the material-Hugoniot relation can be defined by a linear
relationship between the Lagrangian shock speed and the
particle-velocity as Us ¼ C0 þ s _x; where C0 and s are material-
specific constants. Under these circumstances a material is fully
defined by its parameters C0, s, qR (reference mass-density) and
t11,Spall (a tensile/spall-fracture strength).

4. Spallation Due to Colliding Simple
Decompression Waves

In the previous section, for simplicity, decompression
smooth waves were approximated by the corresponding
decompression shocks. In this section, the decompression
waves are more properly treated as centered simple continuous/
smooth waves. The term ‘‘centered’’ is used to denote the fact
that all the characteristics of the wave emanate from the same
(t vs. X) point, the point associated with the arrival of the
corresponding incident shock to the projectile/target back face.
The term ‘‘simple,’’ on the other hand, is used to denote the fact

that the leading wavelet/characteristic of the decompression
wave advances into a spatially uniform as-shocked material
state. It should be recalled that the passage of a centered simple
wave through a material point causes the associated material
state to change along an isentrope. As mentioned earlier, a
weak-shock approximation is used in this study which allows
the material isentropes to be replaced with the corresponding
material-Hugoniot relations, and vice versa.

4.1 No-Spallation Case

An example of the t vs. X plot obtained in this portion of the
study is displayed in Fig. 6. This figure is obtained for the case
of a 5 mm thick uranium projectile impacting a 10 mm thick
uranium target at an initial velocity of 500 m/s. The four
uranium material parameters are defined as: C0 = 2487 m/s,
s = 2.2, qR = 18950 kg/m3, and t11,Spall = 2.4 GPa.

Examination of Fig. 6 shows that upon the reflection of the
incident shocks from their respective material unrestrained
surfaces, two approaching centered simple decompression
waves are formed. The wave front of these waves continuously
expands as they propagate through the material. The two waves
ultimately intersect forming an interaction region (outlined by
four vertices denoted as A, B, C, and D). Within the interaction
region, the initially straight decompression-wave characteristics
bend upward (as a result of the interaction between the two
‘‘finite-amplitude’’ non-linear waves). Once the two waves

Fig. 5 Key plots describing the outcome of a symmetric flyer-plate experiment in the presence of spall-fracture: (a) t vs. X plot; (b) various
�t11 vs. _x Hugoniots and the associated states; (c) particle-velocity temporal evolution at the target back face; and (d) negative axial stress tem-
poral evolution at the candidate spall plane
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have passed through the interaction region, their characteristics
become straight again (and continue to diverge).

As in the case of intersection of two decompression shocks,
the interaction of two centered simple decompression waves
also creates a material region subjected to tensile stresses.
However, stress distribution within this region is highly non-
uniform both spatially and temporally. Figure 7 shows stress
histories at the spatial location associated with vertices A, C,
and D. Examination of the three curves displayed in Fig. 7
shows a number of discontinuities. These discontinuities are
associated with abrupt changes in the material state resulting

from the passage of the constant X material points through
different non-interacting and interacting regions of the two
decompression waves. The results displayed in Fig. 7 show that
the maximum tensile-stress level attained ca. 9.1 GPa greatly
exceeds the tensile strength of uranium (�t11,Spall = 2.4 GPa).
This condition would certainly lead to spall-fracture which
would modify both the t vs. X (Fig. 6) and the �t11 vs. t
(Fig. 7) plots. These changes are analyzed in the next section.

4.2 Spallation Case

4.2.1 Simplifying Assumptions. To simplify the analysis,
the spall-fracture process resulting from the interaction of two
decompression waves is carried out in the limit of zero
incubation period. Thus, spallation will occur at the material
point at which the tensile stress first becomes equal to the
material spall-strength. Examination of the no-spallation results
presented in Fig. 6 and 7 revealed that tensile stresses of the
largest magnitude are associated with the CD boundary of the
decompression-wave interaction region. It should be noted that
this boundary coincides with the trailing wavelet/characteristic
of the left-propagating centered simple decompression wave.

4.2.2 Spallation. Detailed examination of the stress dis-
tribution along the CD boundary shows that the tensile stress
becomes equal in magnitude with the material fracture/spall-
strength at the spatial location X = 5.91 mm (X = 0 is placed at
the projectile/target interface) and at a post-impact time
t = 4.95 ls. Accordingly, spall-fracture occurs at this spatial
location and at this post-impact time. Due to the formation of
two unrestrained surfaces, two diverging recompression shocks
are formed. The material swept by each of these shocks is set
into zero-stress state. The Hugoniots associated with the two
recompression shocks are centered at or originate from the (pre-
spallation) ‘‘isentropic’’ material state associated with the
material location at which spall-fracture occurred.

The t vs. X plot for the spallation case is given in Fig. 8. To
understand changes in this plot brought about by the spall-
fracture process, a comparison should be made between Fig. 6
and 8.

4.2.3 Trajectory of the Right-Propagating Recompres-
sion Shock. The next task is to determine the trajectory of the
right-propagating recompression shock. The interest is focused
on this shock since its arrival to the target back face will
drastically alter the back face particle-velocity history. As in
section 3, it will be shown that monitoring the history of target
back face particle-velocity can be used to both detect the onset
of spallation and to quantify the spall-fracture material
parameters.

The trajectory (ts vs. Xs) of the recompression shock in
question is described parametrically as:

X ¼ XsðDÞ and t ¼ tsðDÞ ðEq 1Þ

where D = 1�qR/q is the Lagrangian compression and q the
current mass-density. The linear characteristics of the right-
propagating centered simple decompression wave after pas-
sage through the interaction region are defined as:

X � XCDðDÞ ¼ CLðDÞ½t � tCDðDÞ� ðEq 2Þ

where CL(D) is the compression-dependent Lagrangian wave
speed, while XCD(D) and tCD(D) define the point of emer-
gence of a given D characteristic from the interaction region.
It should be noted that XCD(D) and tCD(D) which define

Fig. 7 Temporal evolution of the negative axial stresses at the
Lagrangian location of the vertices A, C, and D shown in Fig. 6

Fig. 6 t vs. X plot for the case of a uranium symmetric flyer-plate
impact in the absence of spallation. The projectile thickness is
5 mm, its initial velocity: 500 m/s, while the target thickness is
10 mm. The intersection of the two centered simple decompression
waves produces an interaction region (denoted by vertices A, B, C,
and D). The ABC portion of this region is subjected to compression
while the BCD portion is subjected to tension
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parametrically the CD boundary of the interaction region are
known functions which were obtained in the numerical proce-
dure carried out in the no-spallation case.

Along the trajectory of the right-propagating recompression
shock, the following functional relationships hold:

dXs ¼ UsðDÞ dts ðEq 3Þ

and

dXsðDÞ
dD

¼ UsðDÞ
dtsðDÞ
dD

ðEq 4Þ

It should be noted that the shock speed is taken to be
compression dependent since the right-propagating shock will
intersect (and acquire the D value of) the characteristics of the
right-propagating centered simple decompression wave.

The mass and linear-momentum-based Lagrangian shock-
jump equations can be defined as:

Us Dk k ¼ _xk k ðEq 5Þ

qRUs _xk k ¼ �t11k k ðEq 6Þ

where . . .k k denotes a shock-induced jump in a given mate-
rial state variable. Combining Eq 5 and 6 yields:

U2
s ¼

�t11k k
qR Dk k ðEq 7Þ

Since the material state behind the right-propagating
recompression shock is associated with �t11 = 0, D = D(2)

and the associated Hugoniot is approximated with the corre-
sponding �t11(g) isentrope, Eq 7 becomes:

U2
s ¼

�tðgÞ11 ðDÞ
qRðDð2Þ � DÞ

ðEq 8Þ

Under the condition that the ‘‘Gruneisen Gamma’’ param-
eter cðvÞ ¼ cR

vR
v; where v is the specific volume, the �t11(g)

isentrope can be defined as:

�tðgÞ11 ðDÞ ¼ vcðDÞ tþ11 þ
ZD

Dþ

jcðD0Þ
vcðD0Þ

dD0

8><
>:

9>=
>; ðEq 9Þ

where

vcðDÞ ¼ exp cRðD� DþÞ
� �

ðEq 10Þ

jcðDÞ ¼ 1� cR
2

D
� � dtðHÞ11 ðDÞ

dD
� cR

2
t
ðHÞ

11 ðDÞ ðEq 11Þ

�tðHÞ11 ðDÞ ¼
qRC

2
BD

ð1� SDÞ2
ðEq 12Þ

and

CLðDÞ ¼
1

qR

pðgÞðDÞ þ jcðDÞ
h i� �1=2

ðEq 13Þ

Furthermore, the following equations can be readily derived:

dCLðDÞ
dD

¼ 1

2qRCLðDÞ
c2Rp

ðgÞðDÞ þ cRjcðDÞ þ
djcðDÞ
dD

� �

ðEq 14Þ

djcðDÞ
dD

¼ qRC
2
B

ð1� SDÞ4
3S þ ðS � cRÞð1þ 2SDÞ½ � ðEq 15Þ

According to Eq 2, the intersection of the right-propagating
recompression shock with the characteristics of the right-
propagating decompression waves is defined as:

XsðDÞ � XCDðDÞ ¼ CLðDÞ tsðDÞ � tCDðDÞ½ � ðEq 16Þ

Differentiation of Eq 16 with respect to D yields:

dXsðDÞ
dD

� dXCDðDÞ
dD

¼ tsðDÞ � tCDðDÞ½ � dCLðDÞ
dD

þ CLðDÞ
dtsðDÞ
dD

� dtCDðDÞ
dD

� 	
(Eq 17)

Substitution of Eq 4 into 17 gives:

dtsðDÞ
dD

þ /ðDÞtsðDÞ ¼ WðDÞ ðEq 18Þ

where

/ðDÞ ¼ 1

CLðDÞ � UsðDÞ
dCLðDÞ
dD

ðEq 19Þ

WðDÞ ¼
dXCDðDÞ

dD � CLðDÞ dtCDðDÞdD � tCDðDÞ dCLðDÞ
dD

UsðDÞ � CLðDÞ
ðEq 20Þ

where Eq 4 was used to eliminate dXsðDÞ
dD

:
Equation 18 is a standard linear first-order ordinary differ-

ential equation which can be reduced to a quadrature (an
integral disguised as an ordinary differential equation). Hence,
Eq 18 can be readily integrated to get tsðDÞ: Then XsðDÞ can be
obtained from Eq 16 to complete the definition of the trajectory
of the right-propagating recompression shock.

Fig. 8 t vs. X plot for the case of a uranium symmetric flyer-plate
impact in the presence of spallation. The projectile thickness is
5 mm, its initial velocity: 500 m/s, while the target thickness is
10 mm. The intersection of the two centered simple decompression
waves produces an interaction region (denoted by vertices A, B, C,
and D). Spallation and the formation of two diverging recompression
shocks takes place at X = 5.91 mm and t = 4.95 ls
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4.2.4 Particle-Velocity History of the Target Back
Face. Particle-velocity history at the target back face in the
presence of spallation is shown in Fig. 9 (using a solid curve).
For comparison, the particle-velocity history at the target back
face in the absence of spallation is also shown in the same
figure (as a dashed curve). A comparison of the two curves
shows that arrival of the right-propagating recompression shock
to the target back face gives rise to an abrupt change in the
particle-velocity at the target back face to a value nearly equal
to the projectile initial velocity. This phenomenon is commonly
referred to as the ‘‘pull-back signal.’’ As in the decompression-
shock case, determination of the post-impact time at which the
pullback signal is detected can be used to quantify the
materials� spall-strength. This is demonstrated in Fig. 10 in
which the relationship between the material spall-strength and
the post-impact time at which the pull-back signal arrives at the
target back face is plotted for the case of uranium symmetric
flyer-plate impact (the projectile thickness is 5 mm, its initial
velocity 500 m/s, while the target thickness is 10 mm). This
plot which was generated using the numerical procedure
described earlier in this section enables one to determine the
material spall-strength using the measured values of the pull-
back signal arrival time to the target back face.

5. Spallation-Strength-Based Material Selection

In this section, an attempt is made to establish a criterion for
the selection of materials for the use in the protective structures
in which the absence of spall-fracture is an important functional
requirement. A separate consideration will be given to the cases
where spallation is the result of intersection of two decom-
pression shocks and the interaction of two decompression
smooth waves.

5.1 Decompression Shock-Based Analysis

Examination of Fig. 5(b) shows that in the symmetric flyer-
plate case, the material state 4 experiencing the maximum
tension, is associated with a particle-velocity equal to one half
of the projectile initial velocity. Based on this finding, the
material-selection criterion derived here is defined by imposing
the requirement that the material should be able to sustain the
highest possible projectile initial velocity without spalling (Ref
9). Material selection is then carried out using the following
procedure:

(a) First, it is recognized that the �t11 vs. _x Hugoniot rela-
tion derived within the Lagrangian framework is:

�t11 ¼ qRUs _x ¼ qR C0 þ S _xð Þ _x ðEq 21Þ

If the �t11 vs. _x Hugoniot is drawn to pass through
�t11 = 0, _x ¼ 0 point, material state 4 in this case, cor-
responds to _x ¼ � _xP=2: If at the onset of spall-fracture,
the projectile critical velocity denoted as _xProjCrit; then
the corresponding material state 4 is associated with
t11 = t11,Spall and _x ¼ _xProjCrit

2 ;
(b) After substitution of these material state conditions into

Eq 21 one obtains:

qR C0 � S
_xProjCrit

2


 �
� _xProjCrit

2


 �
¼ �t11;Spall ðEq 22Þ

or

qRS _x2ProjCrit
4

� qRC0 _xProjCrit
2

þ t11;Spall ¼ 0 ðEq 23Þ

The solution of Eq 23 yields

_xProjCrit ¼
C0

S
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C0

S


 �2

� 4t11;Spall
qRS

s
ðEq 24Þ

Fig. 9 Temporal evolution of the particle-velocity at the target back
face in the absence (dashed line) and in the presence (solid line) of
spall-fracture for the case of uranium symmetric flyer-plate impact.
The projectile thickness is 5 mm, its initial velocity 500 m/s, while
the target thickness is 10 mm

Fig. 10 Relationship between the material spall-strength and the
post-impact time at which the pull-back signal arrives at the target
back face for the case of uranium symmetric flyer-plate impact. The
projectile thickness is 5 mm, its initial velocity 500 m/s, while the
target thickness is 10 mm
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The four material parameters C0, S, qR; and t11;Spall can
be grouped into two spallation-strength-based material-
selection parameters:

M1 ¼
C0

S
; M2 ¼

t11;Spall
qRS

ðEq 25Þ

Figure 11 shows a series of _xProjCrit vs. M1 curves each
associated with a different constant level of the material
parameter M2. The way this plot is used in the material-
selection process is as follows:

(a) material parameters M1 and M2 are computed first;
(b) if the iso-M2 curve in question is not available in

Fig. 11, it should be approximated using the available
iso-M2 curves and a simple interpolation scheme; and

(c) the (M1, M2) point should be placed onto the newly con-
structed iso-M2 curve and the associated _xProjCrit read from
the Fig. 11 ordinate. Alternatively, Eq 24 can be evalu-
ated for the material under consideration. Clearly, the
higher the value of _xProjCrit the more suitable is the mate-
rial for use in the (symmetric flyer-plate) applications in
which low probability of spall-fracture is required.

When the aforementioned procedure(s) is applied to four
standard metallic materials the following ranking and the
projectile maximum initial velocities are obtained: 1 = Alumi-
num-2024, 137 m/s; 2 = Steel-1006, 118 m/s; 3-commercially
pure Uranium, 107 m/s; and 4-commercially pure Copper,
80 m/s.

5.2 Centered Simple Decompression-Wave-Based Analysis

In this case, material selection is carried out using the same
functional requirement, i.e., the material must be able to survive
a maximum projectile velocity before spall-fracture can take
place. However, due to the complexity of the analysis, there is
no easy way for defining the appropriate material-selection
parameters or to cast this requirement in a single functional
form (like Eq 24). Nevertheless, the maximum projectile
velocity before spallation can be still calculated using the

numerical procedure presented in section 4. As explained
earlier, stress becomes increasingly tensile along the CD
boundary of the interaction region, Fig. 6, so that the maximum
tensile stress (in the absence of spallation) is associated with
vertex D. Based on this observation, the functional requirement
in question is restated as a requirement that the target must be
able to endure an impact with a maximum projectile velocity
without having the stress level at vertex D reach the spall-
strength. One can then run a series of numerical calculations at
different projectile initial velocities to define the projectile
critical velocity more accurately.

When this procedure is applied to the four candidate materials
the same ranking as that in the decompression-shock case was
obtained. That is: 1 = Aluminum-2024; 2 = Steel-1006; 3-
commercially pure Uranium; and 4-commercially pure Copper.

The above finding suggests that the simpler decompression-
shock-based material-selection procedure is adequate (at least
in the weak-shock regime, assumed here). It should be noted
that due to the weak-shock approximation used, tensile-stress
levels associated with the same projectile initial velocity are
quite similar (within a fraction of a percent) in the decompres-
sion-shock and the decompression-wave cases.

6. Summary and Conclusions

Based on the material presented in this study, the following
main summary remarks and conclusions can be drawn:

1. The phenomenon of spall-fracture in target structures
impacted with a high-velocity projectile is analyzed within
the context of shock and finite-amplitude wave physics;

2. Spallation is shown to result from the interaction of
decompression waves.

When these waves are treated as decompression shocks, it is
shown that spall-strength-based material selection can be
carried out using a relatively simple procedure involving two
material-selection parameters.

3. On the other hand, when these waves are treated as cen-
tered simple finite-amplitude waves, the material selection
could be still carried out but requires the use of a more
elaborate numerical procedure. Material-selection parame-
ters could not be readily derived in this case.

4. Both approaches, however, yield consistent results rela-
tive to the material ranking suggesting that the simpler
decompression-shock-based analysis of spall-fracture is
appropriate for use in spall-strength-based material-selec-
tion process.
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