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a  b  s  t  r  a  c  t

The  so-called  “dynamic  mixture”  model  is  applied  to a prototypical  metal  matrix  composite  (MMC)  system
(consisting  of  an  aluminum  matrix  and  SiC  particulates)  in  order  to investigate  the  propagation  of  planar
(i.e. one  directional),  longitudinal  (i.e.  uniaxial  strain),  steady  (i.e.  time-invariant)  structured  shock  waves.
Waves of this  type  are  typically  generated  during  blast-wave  loading  or ballistic  impact  and  play  a  major
role in  the  way  blast/ballistic  impact  loads  are  introduced  into  a structure.  Hence,  the  knowledge  of
their  propagation  behavior  is critical  for designing  structures  with  superior  blast  and  impact  protection
capacities.

To validate  the  computational  procedure  used,  the structured  shock-wave  analysis  is first  applied  to  a
homogeneous  (i.e.  single  component)  metallic  system  (commercially  pure  niobium).  Next,  the  analysis  is
applied  to the  aforementioned  MMC  (in the  limit  of  intermediate  to strong  shocks)  when  the  contribution
of  the  stress  deviator  to the total  stress  state  can  be neglected.  Finally,  the  computational  results  are
compared  with  their  experimental  counterparts  available  in  the  open  literature  in order  to validate  the
dynamic-mixture  method  used.

© 2011 Elsevier B.V. All rights reserved.

1. Introduction

Metal–matrix composites (MMCs) are among the most
advanced commercially available materials nowadays. These mate-
rials are seeing increased use in the following applications:
automotive-engineering (e.g. crash-worthy structures), aerospace
industry (e.g. space debris impact shields), and defense industry
(e.g. light-weight, high-performance blast and ballistic protection
systems) [1].  The main reason for the aforementioned increased
application of this class of composite materials is their ability to
simultaneously satisfy a variety of manufacturing/processing con-
straints and functional/performance requirements (via material
property tailoring). Specifically, as implied by the aforementioned
applications, this class of composites tends to provide good per-
formance under high loading-rate conditions. Clearly, a further
increase in the high loading-rate application of these materials
necessitates enhanced knowledge of both the phenomena associ-
ated with shock-wave generation and propagation (addressed in
the present work), as well as the micro-structure evolution and
material deformation/degradation processes accompanying shock
propagation (to be addressed in our future work).

∗ Corresponding author at: 241 Engineering Innovation Building, Clemson, SC
29634-0921, United States. Tel.: +1 864 656 5639; fax: +1 864 656 4435.

E-mail address: gmica@clemson.edu (M.  Grujicic).

When analyzing shock-wave generation and propagation
within MMCs  and the associated microstructure-evolution and
material deformation/degradation processes, one must address a
number of issues specific to this class of materials, among which
the following play a prominent role:

(a) MMCs  are heterogeneous (i.e. at least two  phase) materials in
which the constituent phases (a metallic matrix and, typically,
ceramic reinforcements and potentially voids) generally pos-
sess very different microstructural, physical, mechanical, and
morphological properties and volume fractions;

(b) MMCs  may  be elastically and/or inelastically anisotropic; and
(c) The effective properties of the MMCs  are not often defined solely

by a rule-of-mixture applied to the constituent material prop-
erties, but may  also be greatly affected by the properties of the
matrix/reinforcement interphase boundaries.

These three issues can give rise to a broad range of relations
between propagating shock waves, initial material microstruc-
ture and the material structure resulting from the passage of
shock waves. The increasing utilization of the MMCs in future,
more-demanding engineering designs necessitates an improved
knowledge of the basic phenomena associated with shock wave
generation and propagation within the MMCs and the associated
material microstructure/property changes. The focus of the present

0921-5093/$ – see front matter ©  2011 Elsevier B.V. All rights reserved.
doi:10.1016/j.msea.2011.08.008
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work is on the phenomena related to the propagation of shock
waves within the heterogeneous isotropic solids (like some classes
of MMCs  such as those based on particulate reinforcements).

The development of complex composite-material structures
such as the ones mentioned above typically includes extensive
experimental test programs. Such experimental test programs
are critical for ensuring the utility and effectiveness of the
composite-material structures. However, the use of experimen-
tal test programs is generally expensive, time-consuming and
often involves destructive testing. While the role of experimental
test programs remains critical, they are increasingly being com-
plemented by the corresponding computation-based engineering
analyses and simulations. The knowledge of composite-material
response under various in-service loading conditions, as described
by the corresponding material model(s), is one of the key compo-
nents in such analyses greatly affecting their utility and fidelity.
The main objective of the present paper is to help advance the
use of these computational engineering analyses and simulations
in the areas of design and application of the MMC  structures by fur-
ther developing the analysis and the knowledge of the phenomena
associated with shock propagation in the MMCs.

An overview of the public-domain literature carried out as part
of the present work revealed a number of material models for
the MMCs. There are different ways in which these models can
be classified. For example, MMC-material models can be classi-
fied according to the microstructure length scale which is being
emphasized in the model. In accordance with this classification
continuum [e.g. 2],  grain-size [e.g. 3] and atomic-scale [e.g. 4] MMC-
material models can be identified. Alternatively, MMC  material
models can be classified according to the morphology (and size) of
the reinforcements as whiskers-reinforced MMCs  [5],  particulate-
reinforced MMCs  [6],  dispersion-reinforced MMCs  [7],  etc.

The MMC-material model classification adopted in the present
work is based on the applicability of the models with respect to the
different loading-rate/deformation-rate ranges. In other words, the
models identified in the open literature are divided into: (a) those
suitable for quasi-static and/or sub-sonic dynamic deformation rate
conditions [8];  and (b) those suitable for super-sonic (i.e. shock-
wave) loading conditions [9].  While there are material models in
the literature which retain the discrete nature of the two  MMC-
material components (i.e. of the metallic matrix and the discrete
reinforcements), the ones considered in the present work treat the
MMC  as a homogenized/smeared out mixture of the two compo-
nents. The main reason for this is that the interest of the present
work was into MMC-material models which are suitable for large-
scale computational investigations. In these investigations, due to
a prohibitively high computational cost, one cannot afford to treat
the MMC  material as a heterogeneous two-component medium,
but is forced to consider the same as a homogenized/smeared-out
“single-component” material.

Various MMC-material models from the two aforementioned
classes differ generally in the way the two components are
mixed/homogenized. That is different assumptions are involved
regarding partitioning of stresses and strains between the rein-
forcements and the matrix. In the majority of the material models,
reviewed as part of the present work, the volume fraction of the
MMC-material components is assumed to remain unchanged dur-
ing loading/deformation. While this assumption can be generally
justified in the case of quasi-static and sub-sonic dynamic loading
conditions (which are associated with relatively small volumet-
ric strains), its validity becomes questionable, as will be shown
later, in the case of shock-wave loading (a type of loading which
is dominated by the spherical/hydrodynamic component of the
stress tensor and may  result in large volumetric strains). In other
words, as will be shown in next section, the volume fractions of
the MMC  components tend to behave as dynamic variables whose

values depend on the current state of loading of the MMC  at a given
material point.

In the present work, an attempt is made to further advance and
provide more physical insight into the so-called “dynamic-mixture”
material model originally proposed by Drumheller [10] and Ander-
son et al. [11]. The model was  aimed at capturing the effective
response of MMCs  when subjected to shock-wave loading. The
model is of a homogenization-type, i.e. each material point is
assumed to contain both of the MMC  components. Also, while
the mass fractions of the components remain constant at each
material point, the corresponding volume fractions, as mentioned
above, may  evolve with dynamic loading. Consequently, one
cannot derive a priori an effective material model by fixing volume
fractions of the two  constituents and combining their respective
material models in accordance with some rule-of-mixture. Instead,
the effective (loading-path dependent) volume fractions of the
constituents at each material point have to be computed while
solving the governing (mass, linear momentum and energy)
conservation/balance equations.

When dealing with the mechanical-response of materials sub-
jected to shock loading, among several others, the following two
phenomena should be considered:

(a) shock waves are dominated by their longitudinal component,
the component within which the material-particle propagation
direction (as defined by the polarization vector) is collinear with
the wave propagation direction (as defined by the wave vector).
In other words, under shock-loading conditions, the stress state
of the material is of (or nearly of) a uniaxial-strain (i.e. tri-axial
stress) character. Furthermore, in the presence of shear-based
inelastic/plastic deformation processes, and under sufficiently
strong shock loading conditions, the stress state of the material
is dominated by its hydrodynamic part, i.e. pressure. Conse-
quently, it is often advantageous to treat the materials under
investigation subjected to shock loading as being fluid-like
(since stress state in fluids is pressure dominated); and

(b) under super-sonic strain rates associated with shock loading
and due to the compliant/deformable nature of the metallic
matrix, shock loading can be in general, associated with major
internal thermal-energy/temperature increases. While long-
range thermal-conduction effects are normally neglected (due
to short-duration of the shock loading), one still has to address
the problem of internal thermal-energy exchange/transfer
between the MMC  components residing at the same mate-
rial point. This problem is typically handled by investigating
MMC  response under the adiabatic (no internal thermal-energy
exchange, considered in the present work) and the isothermal
(complete temperature equilibration) limits. It should be rec-
ognized, however, that under normal shock-loading conditions,
each material-point may  experience different extents of the
internal thermal-energy exchange between its components.

In the present work, a critical examination of the “dynamic-
mixture” material model [10,11] is first carried out. Next, the
model is applied to aluminum-matrix MMCs  reinforced with sil-
icon carbide particulates. However, before applying the numerical
procedure to the MMC  material, the procedure was tested using a
homogeneous isotropic material (commercially pure niobium).

The organization of the paper is as follows: the case of shock
wave propagation within homogeneous isotropic solids including
the definition of the governing equations and the material model
as well as the presentation of the results of a structured shock-
wave analysis is provided in Section 2. A critical review of the
dynamic-mixture model and the application of this model to the
aluminum matrix + silicon carbide reinforced MMC  is provided in
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Section 3. The key conclusions resulting from the present study are
summarized in Section 4.

2. Structured shocks in isotropic homogeneous solids

2.1. Analysis

Before analyzing the mechanical response of composite mate-
rials to super-sonic dynamic (i.e. shockwave-based) loading, one
should briefly overview the corresponding problem in the single-
component material case. First, it should be recognized that in
single-component materials, shock waves propagate not as discon-
tinuities in the material state variables (e.g. stress, strain, density,
temperature, etc.), but rather as (smooth) structured waves (i.e.
the material state variables vary smoothly across the shock-wave
front, although the wave-front thickness may  be quite small). The
thickness of the shock-wave front is controlled by the competition
between two aspects of the material mechanical response: (a) non-
linear material constitutive response which gives rise to an increase
in the material stiffness with an increase in the deformation. This
phenomenon leads to steepening of the wave front (i.e. to a reduced
shock wave front thickness) as the trailing high-stress/pressure
portions of the wave tend to propagate at a higher speed than their
leading low-stress/pressure counterparts; and (b) rate-dependent
material constitutive response which gives rise to an increase in the
energy dissipation with an increase in the loading rate. This, in turn,
causes a deceleration in the fast-propagating high-stress/pressure
portions of the wave and produces a wave-dispersion effect. The
final profile acquired by the shock wave is the result of the balance
between the nonlinear-constitutive response induced steepening
effects and the rate-dependency induced dispersion effects.

Shock-wave propagation-induced deformation processes are
controlled by the mass, momentum and energy conservation laws
which can be defined within a three-dimensional Eulerian (spatial)
framework as:

Conservation of mass: (provides a relationship between the
motion of the material particles and the mass density)

�̇ + �
∂ẋ˛

∂x˛
= 0 (1)

Conservation of momentum: (provides a relationship between
the motion of the material particles and the equilibrium and the
dissipative stresses/pressures)

�ẍ˛ = − ∂

∂x˛
(P + Q ) + �f˛ + ∂S˛ˇ

∂xˇ
(2)

Conservation of energy:  (provides a relationship between the
mechanical work done and the stored strain and thermal energies)

�Ė = (P + Q )
�̇

�
+ S˛ˇε̇˛ˇ + �r (3)

where � is the material mass-density, f is the mass-based body-
force, x˛ the ˛-th spatial coordinate, ẋ˛ ˛-th component of the
particle velocity (defined as a time derivative of the particle spa-
tial coordinates), S˛ˇ are the components of the stress deviator, ε̇˛ˇ

are the corresponding strain-rate components and r is the external
heat supply. The summation convention is implied by the repeated
subscripts ˛,  ̌ = 1, 2, 3. The raised dot denotes a material deriva-
tive (= ∂/∂t + ∂/∂x˛ẋ˛). P is the (equilibrium/physical) pressure, Q
is the dissipative-pressure, and E is the mass-based internal-energy
density.

In a three-dimensional case as defined above, Eqs. (1)–(3) con-
stitute a set of five equations with twelve unknowns: �, v˛ (  ̨ =
1, 2, 3),  E, P, Q and S˛ˇ(˛,  ̌ = 1, 2, 3),  S˛ˇ = Sˇ˛, S˛˛ = 0. It
should be noted that ε̇˛ˇ(˛,  ̌ = 1, 2, 3) is not considered as a

separate dependent variable since ε̇˛ˇ = ∂v˛/∂xˇ. The indepen-
dent variables in the problem at hand are the spatial coordinates
x˛(  ̨ = 1, 2, 3) and time, t.

To remove the under-determinacy of the above system of equa-
tions seven additional relations need to be defined. These include:

(a) One equation of state (EOS), P = func(�, E);
(b) Five strength-model equations, S˛ˇ = func(ε�ı), where

˛, ˇ, �, ı = 1, 2, 3; and
(c) One constitutive relation for the dissipative-pressure/artificial-

viscosity Q = func(�, �̇, E);

It should be noted that, while the EOS and the strength-model
are expected to account for the essential physics of high-strain-
rate deformation of the material in question, the (artificial-viscosity
based) Q term is often non-physical and is mainly used to help deal
with the numerical/computational difficulties (i.e. to overcome
the problems associated with numerical oscillations at the shock-
wave front). The use of this term within a finite difference/element
computational framework has been shown to help smear out the
shock-wave front over several computational cells/elements. Con-
sequently, the Q = func(�, �̇, E) relation is constructed in such a
way that Q takes on significant (non-zero) values only in the shock-
wave front region and Q → 0 as �̇ → 0 (in the regions away from the
shock-wave front). It should be also noted that in the cases of rate-
dependent materials, the use of the artificial-viscosity based Q term
is often not necessary since the material, by itself, dissipates energy
and assists in the formation of oscillation-free structured shocks.

The set of equations given above (plus the missing mate-
rial specific equations) defines a general three-dimensional wave
propagation problem. However, in this section, only the prob-
lem of propagation of steady (i.e. time invariant), plane (i.e.
one-dimensional), longitudinal (i.e. uniaxial motion) shock-waves
within isotropic homogeneous materials is considered. In this
case, a single stationary shock-wave approach (i.e. attaching the
reference frame to the moving shock-wave front) will be used.
Consequently, it will be more convenient to deal with the one-
dimensional mass, momentum and energy conservation equations
within a (material) Lagrangian framework. In addition, the stress-
deviator dependent term will be combined with pressure to obtain
the axial stress, t11, and the Q-dependent terms will be omitted
(since the material constitutive equation will include a viscous
term, also, the body force term in Eq. (2) and the external heat
supply term in Eq. (3) will not be considered).

2.2. Numerical example

As established by Davison [12], the speed of propagation of a
structured shock, C, is the same as the Lagrangian shock speed,
Us, for a discontinuous shock of the same amplitude (i.e. for the
same change in the material states from those in front of the shock,
referred to as “minus” state variables, to those behind the shock,
referred to as the “plus” state variables). In addition, the shock jump
conditions for the state variables must be satisfied between all pairs
of points in a structured shock.

By combining the Lagrangian forms of the mass and momentum
jump conditions:

�R Us〈−v〉 = 〈ẋ〉 (4)

�R Us〈ẋ〉 = 〈−t11〉 (5)

where 〈 〉 denote jumps in the quantities across the shock, the fol-
lowing relation is derived between the jumps in the stress and
specific volume for a structured shock:

−t11(Z) + �R U2
S

[ v(Z)
vR

− 1
]

= 0 (6)
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where the spatial coordinate Z, is defined as Z = X − Us·t and, for
simplicity, the attention is restricted to the following minus states
case: t−

11 = 0 and v− = vR.
The materials analyzed in this section are assumed to be non-

linear elastic (specifically described through the use of third order
elastic constants) and linearly viscous. The stress relation for this
material can be written as:

t11 = tE
11 + tV

11 (7)

where

tE
11 = 1

2
v
vR

[( v
vR

)2
− 1

] {
� + 2� + 1

4
(�1 + 6�2 + 8�3)[

( v
vR

)2
− 1]

}

(8)

represents the elastic response with � and � being the linear
(second order) Lamé elastic constants and v1, v2 and v3 are the
non-linear (third-order) elastic constants [12]. It should be noted
that ((1/2)(v/vR))[(v/vR)2 − 1] represents the 11-component of the
large-deformation strain which is defined as a product of the 11-
component of the deformation gradient and the 11-component of
the Green Lagrangian strain.

The linear viscous contribution to the stress is given by

tV
11 = ωd11 = ω

v̇
v

(9)

where ω > 0 is a viscosity coefficient.
In a structured steady shock, the following relation holds:

v̇ = dv
dZ

dZ

dt
= dv

dZ
(−US) (10)

Then, substitution of Eq. (10) into Eq. (9) yields:

tV
11 = −ωUS

v
dv
dZ

(11)

Substitution of Eqs. (11) and (8) into Eq. (7) and that result into
Eq. (6) yields:

d(v/vR)
dZ

= v/vR

ωUS

[
tE
11 − �RU2

S

( v
vR

− 1
)]

(12)

Integration of Eq. (12), gives the structured shock waveform for
the specific volume, v(Z).

The corresponding stress waveform (t11(Z)) can then be
obtained from Eq. (6).  The Lagrangian shock speed, Us, appearing in
this equation is obtained as follows: the shock strength/amplitude
is first defined by specifying the magnitude of v+. Then Eq. (8) is used
to compute tE

11 while tV
11 is set to zero since v̇ is essentially zero at

distances far-away from the shock front. Then, by combining Eqs.
(6)–(8), one can determine Us.

The corresponding particle velocity waveform (ẋ (Z)) can next
be obtained from Eq. (1).  Finally, the internal energy structured-
shock waveform can be obtained from the Lagrangian form of the
energy balance equation defined as:

E(Z) = 1
2

ẋ(Z)2 (13)

The specific example analyzed in the present section involves
commercially pure niobium. The general and mechanical prop-
erties of this material are defined as: reference density,
�R = 8700 kg/m3; Young’s modulus, E* = 110 GPa; Poisson’s Ratio,
� = 0.4; Lame’ constants: � = (E∗�)/(1 + �)(1 − 2�) = 157 GPa and
� = E∗/2(1 + �) = 39 GPa [12]; the third order elastic constants,
v1 = −301 GPa; v2 = −131 GPa and v3 = −104 GPa [13]; the yield
stress 
y = 350 MPa  (as cold-worked condition) and viscosity
ω = 1.0 Pa s [14]. The Hugoniot Elastic Limit (HEL) i.e. the axial stress
at the onset of plastic yielding tHEL

11 = ((� + 2�)/2�)
y = 1.09 GPa.
Examples of the results obtained in this portion of the work are

given in Figs. 1–3.

Fig. 1. Negative axial stress vs. negative axial strain for commercially pure niobium
at  strain rates of (a) 105 s−1; (b) 106 s−1; and (c) 107 s−1.
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Fig. 2. Spatial structured-shock waveforms for (a) specific-volume normalized by reference specific volume; (b) particle velocity; (c) negative axial stress; and (d) mass-based
internal  energy density for commercially pure niobium shock loaded to near its Hugoniot Elastic Limit (HEL).

In Fig. 1(a)–(c), the effect of constant strain-rate on the −t11 vs.
−E11 curve is depicted. It is clear that as the rate of loading increases,
the extent of energy dissipation (as quantified by the area sur-
rounded by the loading and the unloading parts of the −t11 vs. −E11
curve) increases. It should be also noted that the shock strength was
kept relatively small in order to avoid the onset of plastic deforma-
tion. Plastic deformation gives rise to a second (trailing) shock wave
and the associated two-shock analysis is beyond the scope of the
present work.

Fig. 2(a)–(d) show respectively the specific volume, (negative)
axial stress, particle velocity and internal energy density structured
shock wave fronts, respectively. It should be noted that: (a) no arti-
ficial viscosity was used in these calculations since the material,
through its own rate-dependent viscous behavior gives rise to the
formation of a structured shock; and (b) the presence of a viscous
term affects the shape of the shock front converting it from a discon-
tinuity to a smooth transition, but does not affect the magnitude of
the plus-state variables. It should be further noted that the results
displayed in Fig. 2(a)–(d) pertain to the spatial shock-wave profiles
(the ones which would be recorded by a camera attached to the

propagating shock). To obtain the corresponding temporal shock
wave-forms (the one which would be recorded by a sensor located
at a fixed material point), the horizontal axis in Fig. 2(a)–(d) should
be divided by −Us.

Fig. 3(a)–(b) show respectively the variations of the (negative)
axial stress and the particle velocity with the material specific vol-
ume. It is seen that the variations are of a linear-type confirming
that the material evolution accompanying the passage of a struc-
tured shock takes place along the respective “Rayleigh” line. This
type of material evolution is the reason that, as mentioned earlier,
the shock-jump relations must hold between any two points of the
shock wave-form.

It should be noted that, within the present formulation commer-
cially pure niobium is treated as a homogeneous isotropic material.
This is an approximation since this material is of a polycrystalline
nature, i.e. it is composed of a large number of grains/crystallites
(and also contains a variety of surface, line and point defects).
Hence, the present formulation is more appropriate in the
weak-shock limit in which the shock wave front thickness is
relatively large in comparison to the average grain size of the
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Fig. 3. Inter-relationships between (a) axial stress and specific volume; and (b)
particle velocity and specific volume across the structured-shock wave front in
commercially pure niobium impulsively loaded to near its HEL state.

material. This is the limit examined in the present section. As cor-
rectly pointed out by one of the reviewers of the present work,
within a more rigorous framework, commercially pure niobium
would have to be treated as a heterogeneous material so that the
interaction of the shock-wave with individual grains and grain
boundaries is accounted for. This type of shock-physics framework
has been developed over the last several years e.g. [18,19].  Within
these newer formulations, the effect of material microstructure
is brought in using the theory of crystal plasticity which recog-
nizes unique orientation of the local crystallite. Application of these
new formulations to planar shocks revealed that the as-shocked
material-state fields are greatly affected by the thickness of the
shock-wave front, i.e. by the shock strength. That is, in the strong-
shock regime, as-shocked material state is highly heterogeneous
at a super grain-size length scale and fairly homogeneous within
individual grains. In sharp contrast, in the weak-shock regime, the
as-shocked material state tends to be more uniform and approaches
the one obtained in the present work.

3. Structured shocks in isotropic heterogeneous solids

3.1. Analysis

In this section, a brief critical overview is provided of the
dynamic-mixture composite-material model originally developed
by Drumheller [10] and Anderson et al. [11]. As mentioned ear-
lier, this is an example of a homogenization composite-material
model, within which each material point is assumed to contain
all the constituent phases (components) of the material. However,
component mixing is carried out dynamically (i.e. the component
volume fractions are not considered as constant but rather treated
as dynamic, solution-dependent variables). It should be also noted
that the analysis presented below is limited to shocks of at least
intermediate strength so that the contribution of the stress deviator
to the total stress can be neglected and, hence, the stress-state can
be assumed to be of a spherical (hydrodynamic) character. Further-
more, the analysis is restricted to two  component heterogeneous
solids (although it can be readily extended to multi-component
systems).

To explain the foundation of the dynamic mixture theory
[10], separate consideration will be given to the three conserva-
tion/balance equations, Eqs. (1)–(3).

Mass conservation equation: The first key assumption in the
dynamic-mixture model is based on the recognition that within
the extremely short time associated with shock-wave loading, rel-
ative motions between the components within a single material
point can be neglected (i.e. particle velocities for the components
associated with the same material point are assumed to be equal).
Consequently, Eq. (1) can be applied to the homogenized/smeared-
out material. However, as will be explained below one must at
this point recognize the two-component character of the composite
material and introduce additional state variables such as

(a) intrinsic mass density of each component, �̄ε, ε = 1, 2;
(b) volume fraction of each component, �ε, ε = 1, 2;
(c) partial density of each component, �ε, ε = 1, 2; and
(d) (constant) mass fraction of each component, Mε, ε = 1, 2.

These state variables are not all independent but rather are
related through the following set of equations:∑

ε

�ε = 1 (14)

�ε = �ε�̄ε (15)

� =
∑

ε

�ε (16)

Mε = �ε

�
(17)

Combining Eqs. (15) and (17) yields:

�̄1 = M1�

�1
(18)

�̄2 = M2�

�2
(19)

Momentum conservation equation: The second key assumption
in the dynamic-mixture model is the equality of total pressure
(P + Q) between the two constituents within each material-
point/computational-cell. This equality can be stated as:

P1 + Q1 = P2 + Q2 = P + Q (20)

where the quantities with subscripts pertain to the individual
components while the quantities without subscripts pertain to
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the homogenized/smeared-out material. One can next show that
the pressure-equality assumption defined by Eq. (20) makes the
component volume fractions �ε non-constant. To prove this, the
following simple thought experiment can be carried out. Consider
a single cube-shaped computational-cell which contains the two
components at equal (0.5) volume fractions. Next, assume that
each of the two components resides in single computational sub
cells with the inter-component boundary being parallel with one
of the faces of the cube. The cell is next subjected to uniaxial-strain
loading in a direction parallel with the inter-component bound-
ary. To satisfy the equal-pressure condition, the stiffer component
must undergo a smaller volume change than the more compliant
one. However, since both components are subjected to the same
uniaxial-strain, this could be accomplished only if the components
experience also a normal strain in a direction normal to the inter-
component boundary. The latter strain would then give rise to a
change in the volume fractions of the components. It should be
noted that while the volume fractions of the two components may
change under dynamic loading, the corresponding mass-fractions
remain unchanged.

Due to the pressure equality defined by Eq. (20), one can use the
original form of the momentum conservation equation, Eq. (2), for
the homogenized/smeared-out material in which the sum of the
equilibrium pressure P and the dissipative pressure Q is replaced
with the corresponding sum for one of the components. The latter
sum (as well as its counterpart for the other component) is defined
by the use of an equation of state (EOS):

Pε = P̂ε( �̄ε, Eε) (21)

and the (possibly artificial) energy-dissipation relation:

Qε = Q̂ε( �̄ε, ˙̄�ε, Eε) (22)

It should be noted that if the sum Pε + Qε is used in the momen-
tum conservation equation then the dependent variables E for the
homogenized material is replaced with a pair of variables �ε, Eε.

Energy conservation equation: The third key assumption in the
dynamic-mixture model is related to a total absence of the thermal-
energy exchange between the two components located at the same
material point. This adiabatic approximation is justified consider-
ing the microsecond nature of the shock-wave time scale. Due to the
total absence of energy exchange between the components resid-
ing in the same computational cell (as well as between different
cells), one has to define two energy conservation equations, one
for each of the components as

�̄1Ė1 = (P1 + Q1)
˙̄�1
�̄1

(23)

�̄2Ė2 = (P2 + Q2)
˙̄�2
�̄2

(24)

Then the mass-based homogenized-material energy density is
defined as:

E =
∑

ε

MεEε (25)

The System of Governing Equations:
The dynamic-mixture theory is next analyzed within a one-

dimensional steady-wave propagation framework within which
only motion along the x1 direction is considered and all the state
variables are taken to be functions of a single variable, Z = x1 − ut,
where u is the (Eulerian) speed of propagation of the steady wave.
Since the x and t partial derivatives can be expressed in terms of
a single total Z derivative, Eqs. (1)–(3) can be integrated in the

limits of ‘minus’  and ‘plus’ states (where the Q term or terms can
be neglected) to yield:

ẋ

u
= 1 − �0

�
(26)

P + Q = �0uẋ (27)

E = 1
2

ẋ2 (28)

Note that the Q-term is kept in Eq. (27) in order to imply that
these equations hold anywhere along the shock waveform (includ-
ing the regions where Q cannot be neglected).

Based on the analysis presented in this section thus far, one
can establish that the dynamic-mixture model within the one-
dimensional steady framework is defined by the following set of
nine equations:

(a) one mass conservation equation, Eq. (26);
(b) one momentum conservation equation, Eq. (27);
(c) one energy conservation equations, Eq. (28);
(d) two pressure equality relations, Eq. (20);
(e) two EOS relations, Eq. (21); and
(f) two dissipation energy relations, Eq. (22).

The corresponding nine dependent state variables include: �1,
�, ẋ, E1, E2, P1, P2, Q1 and Q2 where it is assumed that the shock
strength is defined by the prescribed shock speed, u. Thus, the sys-
tem of governing equations is determinate and can be solved (using
a numerical scheme).

In Refs. [10,11],  the dynamic mixture model was implemented
into different wave-propagation computer programs and no detail
regarding the solution of the governing equations was  provided. In
this work, the governing equations of the dynamic mixture model
are critically evaluated (this was  done in the preceding sections)
and a detailed explanation of the numerical procedure is provided.
First, functional forms of the EOSs and dissipative pressures rel-
evant to the present work are reviewed in Appendices A and B,
respectively. This is followed by Appendix C which outlines the
procedure used to obtain the temperature Hugoniot. Finally, the
numerical procedure developed to solve the governing dynamic-
mixture model equations is presented in Appendix D.

3.2. Numerical example

The dynamic-mixture model overviewed in the previous sec-
tion is applied in this section to a prototypical MMC  (an aluminum
matrix composite reinforced with micron-size SiC particulates).
The MMC  in question is typically fabricated using a pressure-less
infiltration process [15] and, hence, is not expected to contain sig-
nificant extents of elastic or plastic anisotropies. Consequently, the
material will be treated as being isotropic and, due to a small-size
of the particulates, the homogenization assumption utilized within
the dynamic-mixture method appears justified. Also, the analysis
is carried out in an intermediate- to high strength shock regime
so that the material response can be taken to be dominated by its
hydro-dynamic (e.g. pressure, density, etc.) quantities. Due to the
use of the hydrodynamic approximation, the mechanical responses
of the materials in question (i.e. the components of the MMC)  are
fully defined by the appropriate equation of state (EOS), a rela-
tionship between pressure, mass-density and mass-based internal
energy density. More details of the EOS relations used can be found
in Appendix A while the relevant material parameters are summa-
rized in Table 1.

In addition to the EOS relations, the corresponding relations
for the dissipative-pressure, Q, have to be defined. More details
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Table 1
A summary of the material parameters for aluminum, SiC reinforcements and Al + SiC
MMC. See Appendix A for details.

Parameter Units Aluminum SiC MMC

�R kg/m3 2785 3215 2805
� R – 2.0 1.56 1.89
C0 m/s  5328 N/A N/A
S  – 1.338 N/A N/A
A1 GPa N/A 220 88
A2 GPa N/A 361 171
A3 GPa N/A 0 120

of the functional forms used in the present work can be found in
Appendix B.

The application of the numerical procedure mentioned in the
previous section resulted in the structured-shock wave forms
similar to those obtained for the homogeneous-material case,
Fig. 2(a)–(d). These results are not included for brevity. Instead,
the attention is focused on the Hugoniot relations, i.e. the rela-
tions which show the dependence of the plus-state quantities and
the shock speed on the shock strength. An example of the results
obtained in this portion of the work is displayed in Figs. 4–6.

In Fig. 4, a relationship is displayed between the (plus-state)
pressure and the (plus-state) specific volume normalized by the
reference specific volume. Low-pressure portion of this curve is
shown using a dashed line in order to indicate that in this regime
the hydrodynamic assumption is not valid (i.e. material strength
effects cannot be neglected) and, hence, the predicted Hugoniot
relations may  not be valid. To establish the validity of the dynamic-
mixture model used, pressure vs. normalized specific volume
results obtained using an experimentally based EOS [16] are also
displayed in Fig 4. The flyer-plate experimental results used in the
construction of the puff-type experimentally-based EOS (Appendix
A and Table 1) [16] are of a proprietary nature and could not be
reported in the present manuscript. Examination of Fig. 4 reveals
that the agreement between the computational results obtained in
the present work and the “experimental” results is reasonable. It
should be recalled that within the present dynamic-mixture for-
mulation, pressure equality is postulated between the two phases

Fig. 4. Pressure vs. specific volume normalized by reference specific volume
Hugoniot curve for the Al + SiC particulate (20 vol.%) metal–matrix composite. An
experimentally derived corresponding curve for the same material is also depicted
for comparison.

Fig. 5. Mass-based internal energy density vs. specific volume normalized by
reference specific volume Hugoniot curve for the Al + SiC particulate (20 vol.%)
metal–matrix composite. An experimentally derived corresponding curve for the
same material is also depicted for comparison.

associated with the same material point. As correctly pointed out by
one of the reviewers of the present manuscript, the pressure equal-
ity assumption leads to a lower bound of the composite material
effective stress/pressure response. Thus, under other assumptions
regarding the partitioning of pressure and deformation between
the constituent phases one may  expect somewhat lower degree of
experiment/computation agreement than the one seen in Fig. 4.

The corresponding mass-based internal energy-density vs. spe-
cific volume normalized by the reference specific volume plot is
displayed in Fig. 5. Again its counterpart based on the experimen-
tally based Puff EOS is displayed for comparison. The agreement
between the two sets of data is quite good.

The relationship between the shock-speed and particle veloc-
ity predicted by the current dynamic-mixture based calculations

Fig. 6. Particle-velocity dependence of the shock speed for the Al + SiC particulate
(20  vol.%) metal–matrix composite. An experimentally derived corresponding curve
for the same material is also depicted for comparison.
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Fig. 7. MMC-component (i.e. Al-matrix and SiC particulate reinforcement) temper-
ature vs. MMC  specific volume normalized by reference specific volume Hugoniot
curves for the Al + SiC particulate (20 vol.%) metal–matrix composite. Only the con-
tributions of the irreversible character of shock loading are taken into account in
the  temperature calculations.

and the experimentally based EOS [16] are shown in Fig. 6. As
mentioned earlier, the flyer-plate experimental results used in the
construction of the experimentally based EOS [16] are of a propri-
etary nature and could not be reported in the present manuscript.
Again, the agreement between the two sets of results is quite good
and, in addition, suggests that the shock-speed vs. particle veloc-
ity relation is nearly a linear function, U = C0 + sẋ with C0 and s
determined using a curve fitting procedure as: C0 = 5600 m/s and
s = 0.78.

The results displayed in Figs. 4–6 show that the three dynamic-
mixture model based Hugoniot relations are in good agreement
with their experimental counterparts. Since these cross-plot rela-
tions are essentially the projections of a Hugoniot curve defined
within a multi-dimensional P − v − E − ẋ − Us space, onto a given
two dimensional sub-space (e.g. P vs. v/vR), one can conclude
that the present dynamic-mixture based analysis fairly realisti-
cally accounts for the observed high-rate response of the MMC  in
question.

The last point addressed in the present work deals with the issue
of temperature increase during shock-wave loading of the MMCs.
There are two main mechanisms of energy dissipation within these
materials during dynamic loading:

(a) Shock-loading along the Rayleigh line is a thermodynamically
irreversible process and, in accordance with the second law
of thermodynamics, is associated with an entropy increase i.e.
internal energy dissipation; and

(b) The rate-dependent viscous portion of the material mechani-
cal response gives rise to a dissipative pressure Q and the work
done by this pressure during shock loading is (not stored as
strain energy but rather) dissipated into heat, raising the mate-
rial temperature.

To calculate the temperature increase due to thermodynam-
ically irreversible character of shock loading, the procedure
described in Appendix C was used. This procedure combines the
Rankine–Hugoniot jump relation with an equation combining the

first and the second laws of thermodynamics and takes advantage
of a number of Maxwell-relations.

In Fig. 7, the Hugoniot plots pertaining to the temperatures of
the two MMC  components vs. the MMC  specific volume normalized
by the reference specific volume is displayed. In these calcula-
tions, the specific heats for the Al and SiC were assigned the values
870 J/kg K and 800 J/kg K, respectively [17]. The temperature data
displayed were obtained by including only the contribution of the
irreversible-thermodynamic nature of shock loading. While there
are no experimental data that could be used for comparison, the
results displayed in Fig. 7 clearly show that the resulting temper-
atures are so high that the MMC  components will be (thermally)
annihilated.

To obtain the corresponding temperature vs. specific volume
normalized by the reference specific volume plots for the case
when viscous dissipation is solely responsible for the energy dissi-
pation, a procedure was  devised which integrates the contribution
of energy dissipation to the temperature increase (along the shock
wave front). Since these results are highly sensitive to the details
of the (not well known) Q relations for the two components of the
MMC material, and due to the fact that the results displayed in
Fig. 7already showed a complete MMC-material annihilation, the
results obtained using this procedure are not presented.

4. Summary and conclusions

Based on the results obtained in the present work, the following
summary remarks and main conclusions can be drawn:

1. The so-called “dynamic-mixture” model which postulates the
absence of relative motion between the constituents of a mixture
(a metal–matrix composite, in the present work), the absence
of thermal-energy exchange and total-pressure equality is criti-
cally reviewed.

2. A numerical procedure is next developed to solve the gov-
erning differential, constitutive and constraining relations. The
procedure is next validated using a single-component material
(commercially pure niobium).

3. The procedure is next applied to a common aluminum-matrix
SiC-particulate reinforced composites. In the limit of high loads
(the hydrodynamic limit), this procedure yielded a number of
Hugoniot relations which agreed reasonably well with their
experimental counterparts.

4. Finally, sources (i.e. thermodynamic irreversibility and viscous
dissipation) of the thermal effects associated with strong shock
loading of the MMC  in question are analyzed. The results
obtained showed that the associated temperature increase is
large enough to cause complete annihilation of the MMC  in ques-
tion.

5. It is planned to extend the dynamic-mixture model to the weak-
shock regime in which the contributions of the stress deviator
and plastic deformation to the material response need to be
considered. In addition, the dynamic mixture model will be
implemented into a user material subroutine so that general
three-dimensional transient non-linear dynamics problems can
be analyzed.
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Appendix A. Equation of state (EOS)

As mentioned in the main body of the manuscript, EOS defines
pressure dependence on density (i.e. degree of compression) and
mass-based internal-energy density. In the present work, three
forms of the EOS are used:

(a) the so-called “shock” EOS for the aluminum matrix [16];
(b) the so-called “polynomial” EOS for the silicon carbide reinforce-

ments [16]; and
(c) the so-called “puff” EOS for the Al + SiC MMC  [16].

These three types of EOS can be generalized using the so-called
“Mie-Gruneisen” EOS [12], which can be written as:

P(�) = PR(�) + �R�R(E(�) − ER(�)) (A.1)

where the compression � = 1 − �0/� and the subscript ‘R’ is used
to define the reference curves/quantities.

Shock EOS: In this case, the PR(�) and ER(�) are replaced with the
corresponding Hugoniot curves, PH(�) and EH(�), which are in turn
defined using a linear Us = C0 + Sẋ relation (C0 and S are material
constants) as:

PH(�) = �RC2
0 �(1 + �)

(1 − (s − 1)�)2
(A.2)

EH(�) = 1
2

PH

�R

(
�

1 + �

)
(A.3)

Puff EOS: In this case the reference curves are again replaced with
the respective Hugoniot curves. However, the latter are defined as:

PH(�) = A1� + A2�2 + A3�3 (A.4)

EH(�) = PH

�R

(
�

2

)
(A.5)

where A1, A2 and A3 are material constants and Eq. (A.5) is obtained
Eq. (A.4) using the Rankine–Hugoniot relation.

Polynomial EOS: In this case, hR = PR(�) − �R�RER(�) appearing
in Eq. (A.1) is replaced with using a third order polynomial as

hR = A1� + A2�2 + A3�3 (A.6)

Despite the fact that the Mie-Gruneisen EOS in the form of Eq.
(A.1) is often used, its physical-basis is generally overlooked. Eq.
(A.1) simply states that, if a reference curve defined by functions
PR(�) and ER(�) and lying on the P-�-E EOS surface is known, the
EOS surface can be reconstructed in the neighborhood of the refer-
ence curve by expanding each point of the curve, at a given of � into
a constant-�  line segment, so that the slope of this line segment is
equal to � R (the Gruneisen Gamma) material parameter.

A summary of the EOS material model parameters for the alu-
minum matrix, SiC reinforcements and the Al + SiC MMC  is given in
Table 1.

Appendix B. Dissipative pressure constitutive relation

As mentioned earlier, the dissipative-pressure/artificial-
viscosity term Q is used to prevent excessive numerical
oscillations by smearing the shock front over several compu-
tational cells/elements. Since the Q term is a remedy to the
potential numerical problems, its partitioning between the
composite-material constituents is not critical. For convenience, a
zero value is often assigned to one of the constituents. Following

Anderson et al. [11], the following constitutive relation is used in
the present work:

Q = �k2
1

(
�̇

�

)2

+ �k2C0

∣∣∣ �̇

�

∣∣∣ = �(qq + ql) (B.1)

where k1 and k2 are material constants.
Clearly, since Q scales with �̇/�,  it can take significant values

only in the shock front region where the rate of change of material
density is significant. Also, within the finite-difference computa-
tional framework, Eq. (B.1) becomes:

Q n+(1/2) = �n+(1/2)(qq + ql) (B.2)

It should be recalled that the Q-term for the homogenized
material is related to the dissipative pressures of the individ-
ual components as �Q �̇/� = �1Q1�̇1/�1 + �2Q2�̇2/�2, i.e. Q �̇ =
Q1̇�̇1 + Q2�̇2.

Appendix C. Thermodynamic irreversibility-based
temperature Hugoniot relations

The procedure described in this appendix enables calculation
of the temperature Hugoniot arising from the irreversible nature of
shock loading. As will be demonstrated below such calculation pre-
sumes the knowledge of the corresponding stress Hugoniot (or of
the pressure Hugoniot in the hydrodynamic limit). The calculation
procedure involves the following steps:

(a) First, the Rankine Hugoniot equation:

EH(v) = ER + 0.5(PH(v) − PR)(vR − v) (C.1)

is written in the differential form as:

dEH(v)
dv

= 0.5

[
(vR − v)

dPH(v)
dv

− PH(v) − PR

]
(C.2)

(b) Then, the following expression for the combined first and
second law of thermodynamics along the Hugoniot:

dEH(v)
dv

= H(v)
d�H(v)

dv
− PH(v) (C.3)

(where � is a mass-based entropy density and  is the absolute
temperature) is combined with Eq. (C.2) to eliminate dEH(v)/dv to
get:

d�H(v)
dv

= �(v)
2H(v)

(C.4)

where �(v) = PH(v) − PR + (vR − v)dPH(v)/dv.
(c)To obtain the temperature Hugoniot, H(v), the �H(v) term

must be eliminated from Eq. (C.4). Towards that end, the total
derivative of the temperature is defined using the known thermo-
dynamic derivatives [1] as:

d = ∂

∂v

∣∣∣∣
�

dv + ∂

∂�

∣∣∣∣
v

d� = −
� (v)

v
dv + 

C (�)
d� (C.5)

or

dH(v)
dv

= −� (v)
v

H(v) + 1
Cv(�H(v))

H(v)
d�H(v)

dv
(C.6)

where � (the Gruneisen gamma) and Cv (the specific heat) are
material-dependent parameters.

(d) Substitution of d�H(v)/dv from Eq. (C.4) into Eq. (C.6) gives

dH(v)
dv

+ � (v)
v

H(v) = �(v)
2Cv

R

(C.7)

Eq. (C.7) is a first order ordinary differential equation (ODE)
in the quadrature format since its second term is a product of a
function of the independent variable v and the dependent variable,
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H(v). These types of ODEs are integrals in a disguised form and can
be readily integrated. On integration, Eq. (C.7) gives:

H(v) = �(v)

⎡
⎣R + 1

2Cv
R

v∫
vR

�(v′)
�(v′)

dv′

⎤
⎦ (C.8)

where �(v) = exp
(

(� (vR)/vR)(vR − v)
)

. Clearly, in order to get the
temperature Hugoniot, H(v), using Eq. (C.8), the pressure Hugoniot
(i.e. the stress Hugoniot, in a general case) must be known.

Appendix D. Numerical procedure for shock analysis

In this section, a brief description is provided of the (explicit)
incremental numerical procedure which was used in the present
work to solve, as a function of time and a single spatial variable,
the equations governing the propagation of planar shocks within
two-phase composite materials. As mentioned earlier, in the case
of a (two-component) composite material, the volume fractions
of the two constituents are dynamic/state-dependent variables
and, hence, are not known at the end of the new time incre-
ment. Hence, a (iterative) procedure has to be set up in order to
compute simultaneously one of the constituent material’s volume
fraction (e.g. �1) and the remaining eight state variables �, ẋ, E1,
E2, P1, P2, Q1 and Q2. As mentioned earlier, no thermal energy
exchange is assumed to take place between the two phases residing
within the same material point and, hence, the numerical proce-
dure described below is strictly applicable only under this adiabatic
condition.

The starting point in this case is the total-pressure equality con-
dition, Eq. (20). After the appropriate EOS (Eqs. (A.2) and (A.4)) and
Qi (Eq. (B.1)) relations are plugged in to this equation, the result-
ing modified Eq. (20) defines a single equation with four unknowns:
E1, �̄1, E2, and �̄2. Due to the adiabatic condition assumed, separate
energy conservation equations, Eqs. (23) and (24) are used. After

the energy rate in Eqs. (23) and (24) is expressed using a backward
difference form and this equation is plugged in to the modified
Eq. (20), one obtains a single equation with three unknowns, �1 =
1 − �2, �̄1, and �̄2. Two of these unknowns, �̄1 and �̄2, can be elim-
inated using the mass-fraction constancy condition �i = �i/�,  and
the mass-density mixture equation, Eq. (16). The resulting rela-
tion is a single non-linear algebraic equation with one unknown,
�1, which can be readily solved using the Newton–Raphson iter-
ative procedure. The remaining dependent variables can then be
obtained by back substitution.
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