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I. TASK OBJECTIVE 

The main goal of this program to develop an innovative structural logic system composed of 
adaptable bistable snap-through periodic element and synthesized into structures system with 
both high stiffness and high damping characteristics and mitigate the shock and vibrations 
applied by dynamic environments. Task 1 objective demonstrates the concept of snap-through 
device building blocks that can ultimately be assembled into structures with high stiffness and 
damping. Task 2 objective demonstrate using constituent building block element and be 
integrated to construct adaptive sub-assemblies. To achieve Task 2 objective, we specifically 
developed a design and optimization framework to synthesize structural logic assemblies based 
on an available library of structural elements (building blocks). In particular, we explored the 
following areas: 

1. Development of a prototype bistable oscillator as basic building block library: 
Bistable structure element exhibit two stable equilibrium states and the snap-through 
quickly transitions from one equilibrium state to the other. Analytical analysis and 
experimental verification were developed to demonstrate the high damping properties 
associated with snap-through phenomenon. 

2. Development of a general framework for the design and optimization of mechanical 
assemblies and sub-assemblies based on an existing library of structural elements: a 
Matlab-Simulink based analysis tool was developed to provide optimization and 
integration capabilities for structural logic components. In addition, we developed a 
Genetic Algorithm (GA) based optimization approach in order to identify optimal design 
parameters for the constitutive building blocks. This technique was intended to be applied 
to both the periodic rod and the composite beam assembly to support the final prototype 
design. We then extended the GA based framework to synthesize structural networks (i.e. 
an ensemble of multiple sub-assemblies). This extended framework formulation allows 
exploring different connection conditions (e.g. series, parallel, etc.) between building 
blocks and sub-assemblies. The main objective was to explore the possibility to further 
improve the performance and the passive adaptive characteristics of the sub-assemblies 
by using them in network configurations. The three areas of work are schematically 
summarized in Figure VIII-. 

3.   Development of sub-assembly prototypes for program metrics demonstration: 
We investigated several ways to synthesize the subassembly system. Two major 
configurations were developed to demonstrate high stiffness/high damping program 
metrics: (1) rod-configuration of nonlinear absorber with snap-through device, and (2) 
planar-configuration of vibration absorber with snap-through device. These two sets of 
demonstration prototypes structures developed serves as the most general implementation 
forms of a military structural platform which can respond to dynamic excitation of 
environmental shock and vibration. 
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Figure 1-1: Schematic of the structural design platform for the design and optimization 
of structural logic assemblies with concurrent high stiffness/high damping performance. 
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II. TECHNICAL PROBLEMS 

Bistable snap-through elements are used as the basic building blocks to be synthesized into 
sub-assembly structures, and then incorporated into representative structure to increase overall 
structural damping. Bistable structures exhibit two stable equilibrium states. The transition from 
one stable position to the other is achieved by a strongly nonlinear mechanism, known as snap- 
through. This unstable shape-changing event can be considered as a form of motion 
amplification as the actuation stroke required to transition the bistable structure from one stable 
equilibrium position to the other is a fraction of the displacement the bistable structure 
undergoes. 

System with multiple states of equilibrium is considered as a simple realization of nonlinear 
energy sink. When such a nonlinear energy sink is attached to the main structure, the energy 
pumping phenomenon from the main structure to the attached structure with multiple equilibrium 
states has been demonstrated. The energy pumping phenomenon is a controlled one-way 
channeling of vibrational energy to the attached nonlinear structure. As a result, vibrations of a 
linear structure subjected to an external excitation can be attenuated via such energy pumping. 
Figure II-1 illustrates this energy pumping phenomenon from a beam structure to the attached 
bistable structure of a shallow arch. 

Nonlinear bistable structure 

Linear structure 

Figure 11-1: Beam structure with attached nonlinear bistable structures for energy 
pumping 

The illustrated bistable snap-through element is realized by a shallow arch with an isolated 
mass placed at the middle of the arch. Due to its geometrical configuration, the transverse 
deflection of the arch takes on the cubic nonlinear stiffness. When such nonlinear devices are 
attached to the beam, the one-way channeling of energy from the beam to the attached bistable 
snap-through element is observed. We have use experiment method to characterize transient 
responses, after the stoppage of external excitation and observed significant vibration attenuation 

In addition to the shallow arch structure demonstrated in Figure II-1, there are many potential 
implementations. A snap-through truss, a buckled beam, and bistable composite plate, are just a 
few examples structure which can be implemented as dynamically inducing bistable snap- 
through damping devices to achieve high damping performance. 

The most critical feature shared among these bistable structures is the cubic nonlinearity in 
stiffness and the associated "W-shape" double-well potential energy well. The force- 
displacement curve of a generic bistable structure, such as the shallow arch structure, is shown in 
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Figure II-2. This cubic stiffness nonlinearity was experimentally characterized and can be curve- 
fit by a 3rd order polynomial. The negative slope region between the two critical loads for the 
structure to undergo snap-through motions results in significant increase in the energy dissipation 
and is the underlying physics attributing to high damping mechanism. Detailed elaboration on 
the concept, modeling and characterization will be presented in the following sections 

LM 

Negative Stiffness Region 
-aw 

DfipUcemrnt (mm) 

Figure 11-2: Cubic stiffness nonlinearity of bistable structure and its W-shape double-well 
potential energy 

In terms of a potential energy function, the two statically stable configurations of a bistable 
structure correspond to stable equilibria points separated by an unstable equilibrium. The force- 
displacement curve and its associated 'double-well' potential energy function (in red color) are 
depicted in Figure II-2. To trigger snap-through from one stable state to the other, sufficient 
energy needs to be put into the system such that it is pushed up and over the energy hilltop 
separating the two potential wells. Imagine a ball representing system's state. The dynamic 
response of a bistable structure is restricted to oscillations confined to one stable state unless 
enough energy is put into the system to elevate its state beyond the hilltop. In physical terms, this 
hilltop analogy is defined as a force threshold or critical load. The critical force of bistable 
structure is the most critical parameter of bistable snap-through element. 
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III. GENERAL METHODOLOGY 

(ULI) Relevant Prior Work 

Investigations have been conducted to achieve adaptable damping with passive designs. Cho, et 
al [67] recognized the complexity of using magnetorheological (MR) damping systems on large 
structures: many MR dampers are needed, along with a multitude of power supplies, sensors, and 
control electronics in order to make the system function. They devised a passive MR damper 
which incorporates an electromagnetic induction system (EMI). The EMI supplies electricity to 
activate the MR damper in proportion to vibration motion, thus providing adaptable damping in a 
passive manner. They show computationally that this strategy has either comparable or better 
performance than a typical semi-active MR damping system for several examples. Choi, et al [8] 
successfully demonstrated the feasibility of using an EMI system to dynamically alter the 
damping properties of an MR damper via laboratory testing. 

In recent years, there have been some interesting studies on designing strongly nonlinear 
devices to enhance structural damping in a passive manner. Vakakis, et al [46] have conducted 
studies of essentially nonlinear (non-linearizable) structural attachments which are commonly 
called Nonlinear Energy Sinks (NES). The NES causes broadband, passive, and irreversible 
energy transfer from the host structure, which was generally assumed to have linear dynamics 
before attaching the NES. The NES can maintain high damping across a broad frequency range. 
Some researchers have studied fitting structures with nonlinear devices having multiple stable 
equilibrium states. Buzhinskii [5] presented a simplified model and laboratory experiment of a 
snap-through oscillator for limiting the response of its host structure. Avramov and Mikhlin [3] 
investigated a snap-through truss as an attachment to a (previously) linear host structure as a 
means of absorbing vibration. Gendelman and Lamarque [15] studied the free response dynamics 
and energy transfer of a nonlinear attachment with multiple states of equilibrium, uncovering 
three regions of behavior depending on initial conditions and system specifications. 

Structures incorporating negative stiffness elements have also been investigated to produce 
high damping performance in a passive manner. Lakes, et al [20, 21, 22] studied negative 
stiffness inclusions in a positive stiffness matrix, demonstrating that the damping of the overall 
material is many times larger than common materials. Wang and Lakes [48] investigated the 
stability and dynamics of a lumped parameter viscoelastic element which incorporates negative 
stiffness, demonstrating the high damping and the stability of the system. On a structural level, 
Li, et al [24] found that the optimum value of stiffness in certain bridge connections is a negative 
value in order to produce the maximum damping in the structure. 

(111.2) Snap-through Oscillator 

Inspired by some of the prior studies which use nonlinear elements to enhance damping 
passively, a passive bistable damped oscillator for producing high and adaptable damping via 
snap-through actions is explored. As will be described further in following sections, the device 
under consideration has two stable equilibria separated by an unstable equilibrium. In between 
the two stable equilibria is a region of negative stiffness. The dynamic transition between the two 
stable equilibria is rapid and sweeps out a large stroke, so including viscous damping could 
provide high levels of energy dissipation. These features are highlighted in the schematic and 
accompanying plot in Figure II. Additionally, there could be at least two response regions - one 
of small amplitude motion around one stable equilibrium, and one of large amplitude motion 



w TELEDYNE 
SCIENTIFIC & IMAGING, LLC 
A Teledyne Technologiss Company 

about both stable equilibria. Transition between these regimes could lead to different levels of 
loss factor. 

Torsional damping 

Stable 
equilibrium 
positions 

External excitation 
-10 0 10 

Input Ancfe.e (degrees) 

Figure 111-1: Schematic of a bistable oscillator and a plot of restoring torque vs. input 
angle, showing a negative stiffness region. 

Due to a change in input conditions, the response of the device could change significantly 
and yield useful effects: 

• Relatively high damping due to the large motion (high displacement and velocity) 
generated as the device experiences snap-through and oscillates between the stable 
equilibrium positions. 

• Passively adaptable damping, as the energy dissipation loss factor can change 
significantly depending on input amplitude and frequency. 

To demonstrate these points, numerical analysis and experimental investigations are 
performed. 

(III.3) Subassembly Synthesis 

We've investigated several ways to synthesize the subassembly system. For brevity of the 
report, two configurations are presented to demonstrate the concept: nonlinear absorber with 
snap-through device and vibration absorber with snap-through device. Numerical integration 
method is applied in all the analysis. 

The first of the topologies for subassembly we investigated is to integrate nonlinear absorber 
together with snap-through device. From previous study, we found out that as frequency and 
input amplitude increase, loss factor will increase for nonlinear absorber. However, it tends to 
deliver low loss factor for low frequencies and input amplitudes. To achieve a high loss factor 
throughout all frequencies, we propose to additionally design snap-through device to cover low 
frequencies range. 

For the second topology is to combine vibration absorbers with snap-through devices. The 
main idea is to utilize the effect of designed vibration absorber to attenuate the vibration of main 
structural member and effective trigger the bistable device to dissipate out the energy. 
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IV. TECHNOLOGY RESULTS 

(IV. 1) Development of Bistable Snap-Through Element as Basic Building Blocks 

Modeling of a Single Rotational Snap-Through Oscillator 

A model of an inertially activated bistable oscillator is presented in this section to 
characterize the dynamics of such a device and also to investigate the possibility of creating a 
structure that can meet the Task 1 metric of loss factor higher than 0.5 (TJ > 0.5) and also can 
adapt to changes in the input. A schematic of such a device is given in Figure IV-1. In this 
depiction, the oscillator is situated between the plates of a sandwich panel with the pivots of the 
device attached to the supporting ribs of the panel. As the panel is excited (here, in the form of 
prescribed displacement y(t) = Y cos(a>t), where Y is the excitation amplitude and co is the 
excitation frequency), motion is transferred to the mass m via the rigid link of length R and the 
lumped spring of unstretched length l0, where the configuration of the system with the spring 
unstretched is depicted in the schematic. The lumped spring has linear spring constant k, where k 
is the linear proportionality constant relating the force and spring deflection in the lengthwise 
direction of the spring. Here, lateral bending of the spring is not considered, only lengthwise 
deformation. L describes the distance between the two pivots where the rigid rod and the spring 
connect to the internal ribs of the sandwich panel. A viscous torsional damper with damping 
constant c, is applied at the pivot between the rigid rod and the rib of the sandwich panel. Finally, 
the position of the mass is described by 0, the angle between the horizontal and the rigid link. 

y(t) = Y cos(<ot) 

Figure IV-1: Schematic of an inertially activated bistable snap-through oscillator. 
The equation of motion for this device is derived using dynamic force balance: 

kLR^R2 + Lr - 2LRcos0 -10) 

yjR2 + L2 -2LRCOS0 
mR20 + c,0 + ■ sin 0 = m YRco  cos cot cos 0 

(1) 
where each over-dot denotes one-time derivative. Setting time derivatives and excitations to 

zero and solving for # gives the equilibrium positions of the mass with respect to the frame: 

0 = 0 (2a) 

0 = cos" 
rL2+R2-l2^ 

2LR (2b) 
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(2c) 

These are the three equilibrium angles for -nil < 6 < nil. An eigenvalue analysis of the 
linearized equation of motion shows that (2a) is an unstable equilibrium while (2b) and (2c) are stable 
equilibria as long as the free length of the spring plus the length of the rigid link is greater than the 
horizontal distance between the pivots; i.e., I(l + R > L (in other words, the spring is compressed when 6 = 
0). Incidentally, if /« + /?- L, then the system has a single stable equilibrium position at 6 = 0 and no 
longer exhibits bistable behavior. 

Derivation of Loss Factor 

Many measures of damping which work well for linear systems become undefined for 
nonlinear systems such as the bistable snap-through oscillator. For example, the method of 
logarithmic decrement is not applicable since free response will occur in at least two regimes: 
one of orbits about both stable equilibria, followed by a region of orbits about only one stable 
equilibrium. Presumably, the logarithmic decrement would be different in each of these regions. 
Methods using the hysteresis loop also have concerns. The area enclosed by the hysteresis loop 
gives the energy dissipated per cycle by the structure. However, the response of a nonlinear 
structure can have many harmonics of the input, and can also be aperiodic or chaotic in nature. 
These types of responses may not form an enclosed loop, so it is difficult to calculate the energy 
dissipated using this method in such cases. 

Adapting the concept of loss factor gives one viable method for quantifying the energy 
dissipation of the device. The spirit of loss factor is to calculate the energy dissipated by the 
structure per radian of input excitation divided by the maximum energy stored by the structure. 
These are basic engineering quantities which are fairly straightforward to measure, particularly 
for the system under consideration. 

The maximum energy stored in the structure is taken to be the maximum of the kinetic 
energy plus the potential energy: 

IT = max(KE + PE)= max(±mR202 + ±kS2) 
(3) 

where the deflection of the spring S can be derived from the kinematics of the device and is 
expressed as: 

S = ylR2 +L2 -2LRcos0-lo (4) 

Note that the argument of the max function, i.e., the total stored energy, in (3) is time varying 
since the kinetic and potential energies in the system are varying dynamically as the system 
vibrates. Taking the maximum value of the total stored energy during the time segment of 
response under consideration removes the time dependence of the stored energy, creating a 
single number which can be used in the calculation of loss factor. 

The energy dissipated per radian is computed by way of the power dissipated by the device. 
The instantaneous power dissipated by the device over time is the resistive torque generated by 
the viscous damper multiplied by the angular velocity of the inertial element: 
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(5) 

Averaging (5) for a time segment of length r gives the average power dissipated: 

avg -\\:^ (6) 

The excitation period of the device is given by T = 27t/(o\ the time needed for one radian of 
excitation to take place is tr = Tfln. Then, the energy dissipated by the device per radian of 
excitation is 

D = P   t = 
CO 

(7) 

where, again, co is the excitation frequency in radians per second. Putting together (3) and (7), 
the loss factor can be computed as 

D 
(8) 

Numerical Analysis a Single Rotational Snap-Through Oscillator 

Equation (1) is numerically integrated in order to analyze the response of the device and to 
compute the loss factor for different input conditions. Some example responses of the device are 
given in Figure IV-2. Parameters selected for the simulations are m = 0.4 kg, c, = 0.012 N-s/m, k 
= 1400 N/m, l0 = 0.055 m, L = 0.106 m, and R = 0.055 m. 

i: 

r 
e 

O Cfffl/Ml 
f 

8. Mipular dtoptacwnttrt [rwJ] 

Figure IV-2: Time response (a - d) and phase diagrams (e - h) for the response to base 
excitation of the bistable device. Four levels of base excitation amplitude are given: 5 mm 

(a, e), 10 mm (b, f),H mm (c, g), and 13.5 mm (d, h). 
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The structure is excited at 3 Hz while varying the base excitation amplitude Y among 5 mm ( 
Figure IV-2a,e), 10 mm (Figure IV-2b,f), 11 mm (Figure IV-2c,g), and 13.5 mm (Figure IV- 
2d,h). Figure I V-2a-d shows the time response, output angle 6 vs. time, for an interval of steady 
state motion. In Figure IV-2e-h, the phase diagrams - the output angular velocity d8/dt vs. output 
angle 0 - are plotted. Four different response types in three different response regimes are 
observed. For smaller excitation amplitudes, the device exhibits small amplitude response of 
oscillations about one of the stable equilibria. This is shown in Figure IV-2a,e by low orbits 
around one of the stable equilibria. The stable equilibria are indicated by the two horizontal lines 
in the time response plots and by the two crosses in the phase plot. For relatively high levels of 
excitation amplitude, the device undergoes periodic snap-through, where there are clear, high, 
and periodic orbits of response about both stable equilibria as in Figure IV-2d,h. In between 
these regimes there is a transition regime where complicated dynamic response is possible. 
Responses in the transition regime may consist of either aperiodic motion (Figure IV-2b,f) or 
multiharmonic motion (Figure IV-2c,g). Regimes of either aperiodic or multiharmonic motion 
are small and intermingled with each other, so we lump both of these types of responses into one 
transition regime which clearly lies between the small and large response regimes. These four 
types of responses are also reported in for a snap-through oscillator. 

Before computing the loss factor for this device, (6) will be investigated to determine 
whether or not the average power dissipated by the device converges. It seems reasonable that 
the average power dissipated for periodic motion, such as in the small response (Figure IV-2a,e), 
multiharmonic response (Figure IV-2c,g) and periodic snap-through (Figure IV-2d,h) regimes 
would converge to a constant value since each trajectory repeats cyclically. In the case of 
aperiodic snap-through (Figure IV-2b,f), there is no repeatable trajectory nor cyclic motion, so 
there is no indication that the power dissipated would necessarily converge to a constant value. 

Using (7), we can illustrate that for all response regimes, the average power dissipated does 
indeed converge as long as a sufficient time segment of response, r, is considered. In figure 4, 
average power dissipated is calculated over a time segment of response of length r. so the plots 
attempt to show that as more data is averaged, the power converges to a relatively constant value. 
These results are shown in Figure IV-3, where convergence bounds of ±5% (black, dotted, 
horizontal lines) and ±2% (red, dashed, horizontal lines) of the final value (taken to be at 400 
seconds) are also indicated. Note that the small response, multiharmonic response, and periodic 
snap-through regimes (Figure IV-3a, c, and d, respectively) converge to their final value quite 
quickly. In the aperiodic case, the convergence is slower, requiring about 10 seconds of response 
to be averaged in order to settle inside the 5% bound according to this example. About 190 
seconds of response is needed to converge inside the 2% bound. Nevertheless, as long as enough 
data is averaged, the average power dissipated by the device converges to a relatively constant 
value, even for the case of aperiodic response. 

10 
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Figure IV-3: Average power dissipated vs. length of averaged time segment of response 
(blue, solid line). Convergence bounds for ±5% (black, dotted lines) and ±2% (red, dashed 
lines) of the final value are also drawn. Results show that the average power computed by 

(7) converges, even for aperiodic response. Figures a - d here correspond to Figure IV-2a - 
d, respectively. 

Evidence of convergence of average power for aperiodic responses is further shown in Figure 
IV-4. Average power vs. r is plotted for several combinations of system and excitation 
parameters which produce aperiodic response, and convergence is observed in all cases. Phase 
diagrams of the response are produced in plots a-d and the corresponding average power is 
plotted in e-g, respectively. 
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Figure IV-4: Examples of aperiodic response (a-d) and corresponding evidence of 
convergence of average power (e-h) for a variety of system and input parameters. 

Using (8), the loss factor can be calculated for the device for various input frequencies and 
amplitudes. Figure IV-5 shows a plot of loss factor vs. input amplitude for an input frequency of 
3 Hz. At lower amplitudes where the device response is small, the loss factor is also low, but 
when the input amplitude grows larger, eventually the device exhibits periodic snap-through and 
there is a significant increase in the loss factor. In this case, the snap-through motion increases 
the loss factor by more than a factor of 3 compared with small amplitude orbits. The onset of this 
abrupt change in system behavior and increase in loss factor is called the snap-through 
threshold. 
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Figure IV-5: Loss factor vs. input amplitude profile for the bistable oscillator. 

To demonstrate the device performance in terms of loss factor over varying input amplitude 
and frequency, a 3-dimensional (3D) surface plot is generated (Figure IV-6). Overall, the plot 
demonstrates that the device is predicted to exceed the Task 1 loss factor metric of rj > 0.5. 
Additionally, the adaptability of the device to change loss factor depending on input frequency 
and amplitude is demonstrated. Some interesting performance features are highlighted in the 
figure. First, the snap-through threshold is indicated by a dashed line, and this amplitude, which 
defines the onset of snap-through, changes depending on the excitation frequency. Equivalently, 
the snap-through threshold defines the frequency at which snap-through occurs given a level of 
input amplitude. In this way, the device has adaptability to both frequency and amplitude, with 
the potential to provide a significant change in damping with respect to changes in either input 
variable. A second observation is that the greatest values for loss factor occur along the snap- 
through threshold in the periodic snap-through response regime. Thirdly, the three regimes of 
response are evident in this 3D loss factor surface and are indicated in the figure. 
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Figure IV-6: Loss factor vs. input frequency and amplitude, with snap-through 
threshold indicated by the dashed line. The three response regions (small oscillation, 

transition, and periodic snap-through) are also evident as indicated. 

The results shown in Figure IV-7 demonstrate the tuning potential of the device. Two 
contour maps of the loss factor performance for varying input frequency and amplitude are 
plotted. In the left pane of Figure IV-7, the parameters are the same as defined above, while in 
the right pane, m = 0.6 kg and k = 2100 N/m, while other parameters are the same. Two major 
distinctions can be observed between the two performance plots. First, Device A, which 
corresponds to the left plot, produces a higher maximum loss factor of around 0.63 than Device 
B, which corresponds to the right plot and produces maximum loss factor of around 0.34. 
Second, the snap-through threshold is higher for Device A than for Device B. In short, Device A 
has higher damping than Device B, but Device A also requires larger input amplitude to reach its 
maximum loss factor than Device B. 
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Figure IV-7: Comparison of the loss factor contours for varying input frequency and 
amplitude for two different device configurations. 
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Scaling study of a Single Rotational Snap-Through Oscillator 

A scaling study of the single rotational snap through oscillator was performed in order to 
determine whether a device could be rescaled in terms of parameters and still achieve a high 
performance. Equation (9) shows the nondimensionalized equation of motion (compared with the 
dimensional equation of motion, Equation (1)), along with the nondimensionalized parameters in 
Equations (10). The equation is nondimensionalized in an attempt to minimize the number of 
parameters we need to study. 

„   Jß2 +1-2/?cos© -Ä .  „   ^      __      ^ 
© + //,©+v    , -sinQ = rcosft;f cos© (9) 

ßylß2+\-2ßcosQ 

t =o)j,ß = -,Ä = f,co;=-,ju!=—<—,a> = —,r = -— (10) 
L L m mco.R' (o„ R 

Theoretically, keeping the equation of motion the same will lead to the same performance in 
the scaled device as in the current device. Observing the equations, one can note the following: 

• Scaling the vibration parameters (m, ch k) proportionally does not change the equation of 

motion 

• Scaling the geometry (L, R, /0) proportionally requires a change in input amplitude Y and 

damping constant c, to keep the equations of motion the same 

• Scaling the geometry (L, R, IQ) proportionally down increases //,, making more effective 

use of available torsional damping 

Alternative Design of the Snap-Through Oscillator 

As the project progressed toward Task II, the team saw that the rotation snap through device 
could be improved. An alternative design of the snap through oscillator was created which uses 
translational motion of the snap through mass instead of rotational motion - see Figure IV-8. As 
will be discussed in the experiment section, the translational device has few components than the 
rotational device, which makes the design and assembly simpler, and should lead to a more 
robust device. The translational device has less complicated dynamics than the rotational device, 
and we anticipated that it would produce a better model validation. 
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rv, fv, 
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" Excitation 

Figure IV-8: Comparison of schematics of rotational snap through device and 
translational snap through device. 

A more detailed schematic of the translational snap through device is provided in Figure IV- 
9, where m is the oscillating mass, /o is the unstretched length of the linear spring with spring 
constant k. A viscous damper with constant c is attached to the mass. The vertical distance 
between the spring pivot and the mass is given by d. The motion of the mass is coordinate x 
while v(0 = Y cos(a>t) is the base excitation amplitude of the outer, rigid frame, which represents 
the load bearing element of the structure. The degree of freedom of the system is specified by z - 
x-y. The equation of motion of the device is 

mi + cz + h 
Vz2 +d2 -/„ 

yfTTd1 

\ 

= mYa)~ cos(o)t) (ID 

>yffl = Ycos(ujt) 
z = x-y 

Figure IV-9: Detailed schematic of the translational snap through device. 
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Parameters chosen for simulation are m = 0.4 kg, c - 7 N-s/m, k = 60000 N/m, d = 0.1 m, and 
/o = 0.1005 m. When excited at 3 Hz, the device exhibits the same qualitative behavior as the 
rotational device. For example, the small oscillation, transition, and snap through regions of 
dynamic response are present when the structure is excited at three different base excitation 
amplitudes; this is demonstrate by the simulation results of Figure IV-10. 
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Figure IV-10: Phase diagrams and time histories of the translational snap through 
device for three different base excitation amplitudes. Regions of small amplitude, 

transition, and snap through response are present. 

Figure IV-11 presents a 3D loss factor performance plot, and the reader will note features 
which are qualitatively very similar to the rotational snap through device performance in Figure 
IV-6. The adaptability to frequency and amplitude is demonstrated, and the loss factor is 
predicted to be in excess of the Task 1 metric of 0.5. Due to the benefits of the translational 
device compared with the rotational device, the translational device (after experimental 
validation) is carried forward as the design of choice for Task 2. 
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Figure I Y-l 1: 3D loss factor performance plot for the translational snap through 
device. The results show that the translational device has the same qualitative behavior, as 

well as potential for adaptability' and high loss factor, as the rotational device. 

Subassembly Configuration I (nonlinear absorber with snap-through device) 

We started with 20 nonlinear resonators and design the systems to have large vibration 
amplitude for certain resonators (low frequencies resonator) and large vibration amplitude for 
high frequencies resonators. To improve the performance for low frequencies, we add in snap- 
through device on top of low frequency resonators. Schematics are shown in Figure IV-12. 

Snap through devices ~ 

Appendage masses 

Rigid structural member 

Applied 
forcing 

Figure IV-12: Schematic drawing for proposed subassembly structure 

One result was shown for loss factor versus frequencies in Figure IV-13. We can see that the 
hybrid system (system with nonlinear damper and snap-through device) does increase the loss 
factor of the system for low frequencies. The reason it also increases the loss factor for high 
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frequency range is that the input force is large enough to excite the snap-through device for all 
frequencies. However, after exhausted parameter search, we found it difficult to achieve program 
metric with reasonable add-on mass. Hence, we proposed the second synthesis method. 

2Hz 10Hz 
«4 

10 
cell number 

10 
cell number 

15 20 

Figure IV-13: Response of the snap-through device for low frequency (211/) 
demonstrating that the devices are triggered as designed. 

4        5        6        7 
input frequency [Hz] 

10 

Figure IV-14: Loss factor for performance for configuration I 
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Sub-assembly Configuration II (vibration absorber with snap-through device) 

To achieve a broad band high loss factor performance, we tuned 10 linearized vibration 
absorbers ranging from 1Hz to 10Hz. The schematic drawing (Figure IV-15) and the simulation 
result for the system (Figure IV-16) is shown. The equations of motion for i-th snap through 
device, i-th appendage mass and the structural member are respectively as follows: 

m*** + CsiXsi ~ CsiXri + K*S, " KXri + K (Xsi - Xri f  = 0 

m
ri'

xri + (csi + cci + cri)xri -csixs. -c,,xh + (A-„ + kci + kn)xn -kuxsi -knxb -ky (xsi -xri f = 0 

N 

■A + Z [CnXb ~ CriXn + K,Xb ~ KiXri ] = / 
7 = 1 

where subscript s, r and b stand for snap-through, appendage and structural member 
respectively. 

As it can be seen, we have already achieved loss factor over 1 from 7 to 10 Hz with a 
reasonably amount of add on mass. 

Snap through devices 

Appendage masses 

Rigid structural member 

Applied 
forcing 

N connected cells 

Figure IV-15: Schematic drawing for vibration absorber with snap-through device 
system. 
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Figure IV-16: Configuration II. At 100 N, loss factor is greater than 1 from 7 to 10Hz 

After fine tuning of the parameters, we generated a set of parameters that satisfies Program 
Task II metric. The finalized parameters are shown in Table Figure IV-lbelow, where x0, ksi, cs, 
ms, cr, mr, and k, represents equilibrium position, linear stiffness, mass and damping constant of 
snap-through device, as well as damping constant, mass and stiffness of appendage mass 
respectively. The weight of the structural member used in the simulation is 10kg. 

Table Figure IV-1: Finalized system parameters from simulation 

X0(m) Ksl (N/m) Cs(N/m/s) Cr(N/m/s) MS (kg) Mr (kg) Kr(N/mm) 

Celll 0.009 -7 2.3 1.5 1.1 2.5 0.09 

Cell2 0.005 -30 1.5 2.3 1.1 2.2 0.32 

Cell3 0.009 -38 2.3 2.3 1.1 2.2 0.75 

Cell4 0.013 -16 2.3 1.5 1.1 1.6 0.96 

Cells 0.009 -9 1.5 2 1.1 1.6 1.45 

Cell6 0.015 -21 2 2.3 1.1 1.6 2.18 

Cell7 0.015 -32 2.3 2.3 1.1 1.8 3.36 

CellS 0.007 -26 1.5 2 1.1 1.6 3.95 

CellS- 0.005 -5 2.3 2 1.1 1.6 4.97 

CelllO 0.015 -23 2 2.3 1.1 1.6 6.07 

The loss factor performance of the sub-assembly system is presented with forcing amplitude 
at ION and frequency from 1 to 10 Hz. The result is shown in Figure IV-17, where vertical axis 
is loss factor value and horizontal axis is frequency. As one can see, the system achieves loss 
factor performance over 1 from 1 to 10 Hz, satisfying the first requirement of program Task II 
metric. 
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Figure IV-17: Simulation result of System III. 
At 10 N, loss factor is greater than 1 from 1 to 10Hz 

To further study the performance of the system, we did a parametric study by sweeping 
through the forcing amplitude (5N to 50N) and input frequency (1 Hz to 10Hz). The loss factor 
performance is shown in Figure IV-18 below. Results show that with this configuration, we can 
achieve loss factor over 1 from 1 to 10 Hz for all the forcing amplitudes in between 5N to 50N. 
In addition, the high loss factor performance is very consistent throughout the one order of 
magnitude range of dynamic loading. This means the designed system is also very robust under 
harmonic loading. Lastly, we also simulated the impact test with finalized parameters. The main 
structure is attached to ground with a stiff spring (400000N/m) and an impact force of 4000N 
with duration 0.01s is applied to the structure. The simulation result is shown in Figure IV-19, 
where the displacement of structural member is plotted over time. Both cases with snap-through 
device locked and unlocked are presented for comparison. It can be observed that with all snap- 
through devices activated, the settling time of the system is significantly reduced to about 2s. 
This indicates that the designed system is also very effective for shock loading, satisfying 
another program Task II metric. 
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Figure IV-18: Loss factor performance of Configuration II by varying input frequency 
and forcing amplitude. Study shows that Configuration II can achieve loss factor over 1 
throughout the frequency range of interest while maintaining the high performance over 

one order of magnitude range of dynamics loading. 
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35 

Figure IV-19:Impact response of the designed system. Comparison between the two 
cases suggests that the subassembly is effective to shock loading. 

22 



W TELEDYNE 
SCIENTIFIC & IMAGING, LLC 
A Teledyne Technologies Company 

Rotational Snap-Through Device Experiment 

In parallel to the analytical efforts, an experimental investigation is performed to demonstrate 
the damping performance and passive adaptability of the bistable oscillator. Two variants of 
bistable oscillators were developed for this experiment validation. 

Figure IV-20 illustrates the experimental hardware and corresponding schematic of the 
rotational bistable oscillator being tested. The test device consists of a snap-through mass that is 
attached to a frame by an inclined spring on one side and a rigid link on the other, also inclined. 
As discussed earlier, this kind of geometric arrangement provides two stable equilibrium 
positions and one unstable equilibrium position of the mass. An off-the-shelf, torsional damper, 
connected to one of the pivot points, provides approximately viscous damping to the oscillator. 
The parameters of the test device are summarized in Table Figure IV-2. 

Table IV-2: Rotational bistable oscillator's parameter used in experiment 
Parameter Value 

Free length of 57.0 
spring, l0 [mm] 

Distance between 110.3 
pivots, L [mm] 

Length of rigid 54.0 
link, R [mm] 

Stiffness of spring, 14,000 
k [N/m] 

Damping constant, 0.0468 
c, [N-s-m] 

Snap-through mass, 
m 

0.2 [kg] 
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Figure I \ -20: Schematic and photo of Rotational bistable oscillator test device. Thick, 
red, double-headed arrows indicate excitation direction. 

Figure IV-21 illustrates the overall test setup. The bistable oscillator is rigidly mounted on 
top of a shaker table. A potentiometer is used to measure the displacement of the shaker table 
(the base excitation amplitude) and the angular displacement sensor measures the position of the 
snap-through mass. 

Bistable 
oscillator 

Linear 
s=Sm displacement 

Sensor 

Angular 
displacement 
sensor 

Shaker 
table 

Figure IV-21: Rotational Bistable oscillator experimental setup with key components 
indicated. Excitation direction is indicated by the thick, red, double-headed arrow. 

Figure IV-22 illustrates the time response (a - d) and phase plots (e - h) of the snap-through 
mass at 11.3 Hz for different input amplitudes. The two red lines in the time response plots and 
the two red crosses in the phase plots correspond to the two stable equilibrium positions of the 
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snap-through mass. The vertical axis in the time response plot is the angular displacement of the 
snap-through mass. The horizontal axis of the phase plot is the angular displacement of snap- 
through mass and vertical axis is the angular velocity of snap-through mass. As can be seen from 
the test data, when the input amplitude is low, the snap-through mass only oscillates about one of 
the stable equilibrium positions. At intermediate input amplitudes, the snap-through mass 
oscillates in an aperiodic or multiharmonic fashion between the two equilibrium positions. 
Finally, when the input amplitude reaches certain threshold, the snap-through mass oscillates in a 
periodic fashion between the two equilibrium positions. Comparing with analysis, the dynamic 
behavior of the experiment matches well qualitatively with the results of the analysis. 

Loss factor is computed for the experiment as described previously. Figure IV-23 shows 
experimentally determined loss factor plotted for varying input amplitude for a variety of input 
frequencies. The black dotted line in this plot corresponds to the snap-through threshold 
amplitude. This is the input amplitude at which the bistable oscillator enters into the periodic 
snap-through regime. As can be seen in this plot, that loss factor increases significantly as a 
result of snap-through motion. Additionally, the results show that the loss factor profile is 
adaptable with input amplitude and frequency. 

"VWVWWVW 
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Figure IV-22: Experimentally recorded time response (a - d) and phase diagrams (e - 
h). The oscillator is excited by an 11.3 Hz load at four levels of base excitation amplitude: 

1.58 mm (a, e), 2.89 mm (b, f), 2.92 mm (c, g), and 3.72 mm (d, h). 

Overall, it should also be noted that the trend shown in the time response plots (Figure IV- 
22a-d), the phase plots (Figure IV-22e-h), and the loss factor performance data (Figure IV-23) 
are very similar to the predictions from the numerical analysis presented previously. In other 
words, we can conclude that the analytical model and the corresponding results can capture the 
qualitative behavior of the experimental oscillator quite well. 
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Figure IV-23: Experimentally determined loss factor vs. input amplitude for a variety 
of input frequencies. The increase in loss factor as a result of snap-through is notable. 

Translational Snap-Through Device Experiment 

A second variant of the bistable device is a Translational snap-through device. Both the 
bistable devices as shown in Figure IV-24 share the same operating principles and have same 
characteristic response. The rationale behind looking into Translational device is that, this variant 
is simpler to design, easier to fabricate and hence it will be more robust option for the sub- 
assembly integration. 

Excitation 

Figure IV-24: Two different variants of bistable oscillators. On the left is rotational 
device and on the right is Translational device 

Figure IV-25 illustrates the experimental hardware and corresponding schematic of the 
Translational bistable oscillator being tested. The test device consists of a snap-through mass 
that is attached to a frame by an inclined spring, where the frame is excited in the horizontal 
direction. This kind of geometric arrangement provides two stable equilibrium positions and one 
unstable equilibrium position of the mass. Low friction ball bearings are used between the snap- 
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through mass and the frame. The off the shelf linear dampers used have different damping 
characteristics in their pull and push modes. Therefore, two dampers are oriented in such a way 
that, when one damper is in its pull mode, the other one is in its push mode. In this way it is 
ensured that the damping is symmetrical in both forward and backward directions of excitation. 
The parameters of the test device are summarized in Table IV-3. 

Table IV-3: Translational bistable oscillator's parameters used in experiment 
Parameter 

Free length of spring 

Distance between stable 
equilibriums 

Stiffness of spring 

Mass of frame 

Snap-through mass 

Natural frequency 

Value 

114.4 
[mm] 

29.3 
[mm] 

40.0 
[KN/m] 

1.04 
[Kg] 

0.27 
[Kg] 

7.5 
[Hz] 

/7////7/ 

Legend: 

a: Frame 
b: Linear spring 
c: Linear damper 
d: Snap-through mass 

Figure 1V-25: Translational bistable oscillator 

Figure IV-26 illustrates the overall test setup. The bistable oscillator is mounted on top of a 
shaker table through a load cell. A potentiometer is used to measure the displacement of the 
frame and the laser vibrometer measures the displacement and velocity of the snap-through mass. 
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Legend: 

a: Bistable oscillator 

b: Shaker table 

c: Laser Vibrom et er 

d: Load cell 

e: Potentiometer 

Figure IV-26: Translational Bistable oscillator experimental setup with key components 
indicated. Excitation direction is indicated by the thick, red, double-headed arrow. 

Figure IV-27 illustrates the time response and phase plot of the snap-through mass at 
different input amplitudes and Figure IV-28 shows experimentally determined loss factor plotted 
for varying input amplitude for a variety of input frequencies. 
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Figure IV-27: Time response (a - c) and phase diagrams (d - f) for the response to base 
excitation of the bistable oscillator. Experimental data at three levels of base excitation 

amplitude are shown: 2.08 mm (a, c), 4.22 mm (b, e), 7.10 mm (c, f). 
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Figure IV-28: Experimentally determined loss factor vs. input amplitude for a variety 
of input frequencies. The increase in loss factor as a result of snap-through is notable. 

Over all, based on the experiment results as shown in Figure IV-27 and Figure IV-28, 
translational device has same trend as that of rotational device. 
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Figure IV-29: Experimentally derived and theoretically predicted loss factor profile of 
translational bistable oscillator 
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Having all parameters in hand, numerical analysis is performed and the correlation between 
the numerical predictions and experimental data is obtained. Figure IV-29 shows the loss factor 
profile of the oscillator at different excitation frequencies. The red dots correspond to the loss 
factor derived from test data and the blue solid line corresponds to the loss factor generated 
through numerical analysis using the analytical model. It can be seen that there is a very good 
match between the analysis and experimental results and hence this validated model can be used 
as a tool for sub-assembly synthesis and design. 

(IV.2) Development of Synthesis Framework for Sub-Assemblies Structures 

Numerical Modeling of the Building Blocks: a Simulink Based Approach 
For this thrust, we performed the following tasks: 

(a) developed the Simulink models of the main building blocks involved in the periodic rod 
design 

(b) Performed a parametric study to analyze the effect of snap-through devices on the 
damping performance 

(c) Developed the numerical model for the simulation of the composite beam 

Numerical model of the periodic rod: unit cell and sub-assembly 

The selected modeling technique, based on the Simulink environment, guarantees large 
flexibility in combining multiple (either identical or different) structural elements while still 
allowing the use of user-defined analytical models to properly capture the dynamic behavior of 
the different components (such as the snap-through device). This approach was initially 
identified as the most suitable modeling strategy to enable the analysis of different sub-assembly 
and assembly configurations in the subtask 2 and 3. 

The first step consisted in developing the Simulink model of the nonlinear appendage 
embedded in the unit cell of the periodic rod. This model consists in a Single Degree Of Freedom 
(SDOF) oscillator connected to a nonlinear spring and a linear damper in parallel. The nonlinear 
spring integrates two components (1) a negative linear terms (providing the negative stiffness), 
and (2) a positive cubic term providing the nonlinear behavior. This model is consistent with the 
approach for the modeling and simulation of their building block. A schematic of the SDOF 
model and of the force-displacement curve produced by the nonlinear spring are depicted in 
Figure IV-30. A series of simulations were performed to validate the qualitative behavior of the 
Simulink based model against the numerical (Matlab based) models. The model parameters are 
listed in Table I. As expected, the model exhibits two stable equilibrium positions at x0=±\ .46e-2 
(m). 
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Figure IV-30 Schematic of the single degree of freedom snap-through device and of the 
force-displacement relationship for the nonlinear spring. 

Table IV-4 Model parameters for the single DOF system 

parameter value note 

m. Kkg) 
C| 10(Ns/m) 

*JLC*) 
5.241e6A-3-1112 

X 

Snap though as depicted in Figure 
IV-30 

Figure IV-31 shows the time response from the SDOF nonlinear model at different input 
force levels (2N and 8N). The displacement time history indicates that the model is able to 
correctly capture the amplitude-dependent behavior of the SDOF snap-through device by 
switching from low amplitude oscillation around one stable equilibrium (xo=1.46e-2(m)) to high 
amplitude snap-through oscillation (between ± XQ) as the external forcing function is increased. 
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Figure IV-31: SDOF displacement history at different excitation amplitudes (Fo = 2N 
(top), 8N (bottom)). © = 6n rad/s (=3 Hz ). 
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As part of the validation process of the Simulink model we extracted the frequency and 
amplitude dependent loss factor profile. The loss factor rj is calculated according to the 
following equation: 

Et I In 

max T(T + U) 

-\[cxx(t)\[x(t)\ltl27t 

max I — m,i2 (/) +j km (*(/))<&■ 

(12) 

where Ef1 is the dissipated energy, Tis the kinetic energy, U is the potential energy, HNL is the 
nonlinear spring force. The subscript r indicates the timeframe during the last multiple cycles 
after the response reaches a steady state (7=[Tmax-AT Tmax], where Tmax is the final instant of 
simulation (here chosen at 20s)). AT is selected to include multiple quasi-periodic responses. nT 

is the number of excitation period during TOT nT= ATxG>/2n. Equation (1) was used to generate 
a surface plot showing the variation of the loss factor for different driving conditions. For the 
chosen parameters (Table IV-4), the snap though threshold is located around at F0=6N. The 
maximum loss factor 0.4408 is observed at (F0, co) = (6N, 8n). These results are consistent, from 
a qualitative standpoint, with the numerical models and experimental results and support the 
validity of the Simulink-based model. 
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Figure IV-32: Loss factor as a function of the input force amplitude and frequency. 

The SDOF model was used as a constitutive building block to simulate the response of the 
periodic rod with nonlinear absorbers. An example representing a three cell periodic rod 
subassembly is shown in Figure IV-33. The masses mi, mj, m.s, and the stiffness ku, kL}, ku, 
represent the discretized rod structure while the masses m_?, w^, m^ represent the nonlinear 
absorber appendages. The absorbers are connected to the main structure via linear dampers Ci, C2, 
O, and nonlinear springs ksu, k^u, &MJ- The qualitative response of the model (including the 
characteristic threshold-like behavior inferred by the snap-through elements) is consistent with 
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the single-DOF models. The simulation shows that the 3-cell assembly provides an equivalent 
loss factor //=0.43. 

Freq(Hz) Amp(N) 

W1.3.5 = °-3 m2A.b = 0.5 

c = 40.0 

*M(*) = 

8e5x.r - -2200x X 

Figure IV-33: Schematic of the MDOF model representing the periodic rod unit 
substructure and its loss factor. 

Building block development in the Simulink environment 

As previously mentioned, the loss factor performance of both the constitutive building blocks 
and the structural assemblies can be tailored by (i) modifying the structural parameters and/or (ii) 
by properly connecting multiple unit structures (cells). In order to investigate this design space 
and explore the performance of different mechanical assemblies and networks (i.e. ensembles of 
different mechanical assemblies), we developed a general (and easily expandable) analysis and 
design framework able to synthesize optimal structural assemblies. The framework allows 
exploring a large design space created by different types of building blocks, different types of 
connections, and types of structural parameters. In order to allow connecting multiple sub- 
assemblies together we developed two dedicated blocks: (1) the unit substructure and (2) the 
joint block. The unit substructure includes the entire model of a complex sub-assembly built 
based on the building blocks available in the library. This unit substructure block is particularly 
useful when exploring multiple sub-assemblies configurations and structural networks. The joint 
block represents the equivalent of a mechanical joint and it is defined by a lumped mass and 
stiffness. 

The use of the sub-structure and the joint block is schematically represented in Figure IV-34. 
Figure IV-34 shows a substructure (blue blocks) connected with two joints (red elements) at each 
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end. In particular, this example shows an application of the proposed design and modeling 
approach by using the lumped parameter model of Figure IV-33. Clearly, different type of 
substructures can be defined. This modeling approach allows treating any sub-assembly, 
independently of their complexity, as a black-box with input and output ports. The ports provide 
an easy way to connect multiple black boxes (each one including identical or different sub- 
assemblies) together by exploiting different configurations. The substructure block has two input 
ports for the force at the interface and two output ports for the displacement. The joint block has 
two input ports for displacement and one output port for force. In order to estimate the equivalent 
loss factor when using this "sub-structuring approach" the energy terms in Eq. 
Error! Reference source not found, are calculated component-wise and summed up at system 
level. Note that in Figure IV-34 Ed = E? (dissipated energy), E^=T (kinetic energy), ES=U 
(Potential energy). 

ms{x,+c(x, -x^+k^x, -xt2)-t 

m^ -c(*/-i<rt)-/vt(x) = 0 

- C (X.2 -xtti)+ *x I .V. j - .V. ) - k i 

mtaxai-c(x1-xcii)-fsl(x)=0 

(b) 

Joint block 

Inputs = two displacements (xi. xj) 
Output = one joint force Es 

substructure block 

Inputs = two joint forces 
Output9two displacements Ed. Es. Ek 

(a) (c) 

Figure IV-34: Substructure and joint blocks; (a) schematic view of the sub-structure 
block connected to two joint blocks, (b) system equations, (c) interfacing parameters 

between joint and substructure. 

To enable the network design using the substructure and joint block, an additional block 
element was defined: the "level" block. The level block is used to connect multiple substructures 
in parallel. An example of an assembly with three sub-structures connected over three levels is 
shown in Figure IV-35. This feature is particularly useful when using the design framework for 
network synthesis, where multiple sub-assemblies are connected together according to different 
series and parallel configurations. 

Figure IV-36 shows the corresponding Simulink models of the different blocks. These 
constitutive building block models are available in the design framework and can be selected 
independently by the algorithm to form optimal network having assigned performance. For each 
block the input and output parameters are indicated using light yellow and purple color, 
respectively. The number of input ports in the level block can be adjusted as needed depending 
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on how many substructures are connected to the same level (Figure IV-36 shows an example 
using four input ports). 

Level block (w/ small mass) 

Inputs = multiple displacements 
Output = level displacement 

(a) 

Start End 
R 1.0000 2.0000 

2.0000 3.0000 

H 1.0000 3.0000 

0 1.0000 2.0000 

K> CO 

(b) 

Figure IV-35: (a) Input and output ports of the level block used to share DOF between 
substructures (b) example of network connectivity (c) corresponding physical network. 

Joint block 

o*ir 
In1 

M2 Add 10 

Level block 

Joint force 

Substructure 

-EH3 

Figure IV-36: Simulink models for each one of the block used for the substructuring 
modeling approach used for the subassembly and network design. 
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Model development of composite beam with planar snap-through units 

In order to perform the optimal design of the planar composite-beam sub-assembly, we 
developed a Finite Element model that was not integrated in the design framework. The model 
was developed in Matlab and it can be integrated into the Simulink based optimization 
framework for future applications. The model simulates the bending vibration of the metal beam 
(as shown in Figure IV-37) with attached SDOF snap-through resonators. 

L=36 in 
w= 3in 
T=0.1875in 
D= 2.25 in 
hole pitch= 3.25in 

Material (Al alloy) 
E=71 GPa 
v=0.33 
p=2770 kg/m3 

(a) 

(b) 

Figure IV-37: Planar snap-through assembly - beam model and its properties, 
(a) schematic of the composite beam including geometric and material properties. 

(b) snap-through device attachment 

The FEM model is constructed using beam elements having 2 DOF (transverse displacement 
(w) and rotational angle (9)) at each node and linear shape functions. The snap-through 
appendages are modeled as lumped mass connected to the beam via a nonlinear spring (using the 
same formulation introduced in the previous section) and a linear damper. The schematic of the 
FEM model is shown in the following figure. 
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Figure IV-38: The FEM model for beam with embedded planar snap-through devices. 

For verification purposes, the resonant frequency and mode shapes produced by the beam 
model without resonators were compared with commercial FE model. Figure IV-39 shows the 
first two mode shapes. 

2.5 
mode shape of TSC beam 
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Figure IV-39: First two mode shapes of the composite beam (without resonators) by 
FEM 

The FEM formulation of the cantilever beam is described by the following equation: 

[-«2ML„+yV<Bx2n+KL2„]Xc
2„,, =0, (13) 

where XG=eiü}' x[w0 6b w, fl ... wn 6}/ and n=\ 1 (total number of nodes), and MG, CG, KG 

are the global mass, damping, and stiffness matrices (dimension 2«x2n), respectively. When the 
rotational DOF is fixed (6b) at node 0, we can sweep out the second row and the second column 
corresponding to 6b DOF from MG, CG, and K° matrices to reduce their dimension (M, C, K, 
(2«-l)x(2«-l) matrices) and have a new X= e?M x [w0 w\ ß] ... wn 6n]T. If the transverse 
harmonic velocity (wo=Ao(o e*M) is given at node 0, Eq. (13) is rewritten as: 
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-6TM 

w, 

\l 
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+ ja> 

c„    c, 

-o)2MX + jco 

'(2n)l 

0    c„    cu 

c 'V "V 
w, H; 

3 + K 3 

c 
(2nK2n)_ 0 .«.. 

= 0, 

c 

C 
Cn)Cn.l 

X + KX = -yö)^, 

C3, 

(14) 

.-. -(y:MX + 76>CRX + KX = -jaA^C^. 

Note that CL is the first column of C, and CR is C with its first column zero. The gain 
(acceleration/velocity)' is obtained as 

[-^:M + >CR+Kj'(-7CL) 

= a' |[-GTM + jcoCR + K]~' (-yc,) 
carX 

to A, 
(15) 

The nonlinear appendages were modeled in a similar fashion to the nonlinear absorbers used 
in the periodic rod model that is using a lumped mass connected via a nonlinear spring and a 
linear damper. In order to tune the dynamic response of the nonlinear resonators, the composite 
beam FE model was integrated with the GA based optimization approach to perform parameter 
tuning. 
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Figure IV-40: Force-displacement relations for the snap-through devices made of 
different viscoelastic material. The equivalent spring parameters were extracted by curve 

fitting. 
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Three kinds of snap-through attachments (HL02, HL10, HL20) were considered according to 
the available shallow-arch snap-through devices. Each one of these attachments corresponded to 
a different viscoelastic material. The spring data to be used in the FEM model were obtained by 
interpolation of the experimental force-displacement curves, as shown in Figure IV-40. The 
viscous damping constants are based on material tests conducted by on the viscoelastic material 
used to fabricate the snap-through elements. 

Simulations were performed to test the dynamic response of the beam model with attached 
snap-through elements. Figure IV-41 shows the time response in terms of relative transverse 
displacement of the attached resonators. The input is a sinusoidal force at 5Hz with amplitude 
increasing from 50 to 400 N. As expected, the qualitative response of the system is similar to that 
of the periodic rod sub-assembly with nonlinear resonators. As the amplitude of the driving force 
is increased, the transition from non-snapping to aperiodic and, finally, to periodic snapping 
behavior is clearly visible. 
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Figure IV-41: Dynamic response of the snap-through appendages for increasing input 
force. 

We have developed the main modeling procedure and the corresponding numerical models to 
simulate the two sub-assembly mechanical systems. Despite this simulation technique was 
applied to two specific structural assemblies, the modeling approach based on constitutive blocks 
and sub-structures allows for a very flexible design framework that can potentially be extended 
to integrate several types of constitutive building blocks. This modeling approach represents the 
foundation of the design and optimization strategy. 
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Optimization of the System Performance using Genetic Algorithms (GA) 

In this thrust, we (i) integrated the modeling approach with a Genetic Algorithm based 
optimization technique and (ii) we performed optimization analysis to identify possible optimal 
configurations for the design of the final prototypes. 

Detailed objectives include: 

• Implementation of the optimization process by selecting appropriate optimization 
strategies (including single-objective and multi-objective techniques). 

• Parametric study to investigate the effect of different design parameters 
(joints/substructures/connections) on the overall performance. 

• Conducting optimization analysis to select possible candidates for the fabrication of the 
final prototypes. 

Optimization Strategy 

The Simulink based modeling approach, was integrated with a Genetic Algorithm technique 
in order to develop an integrated environment able to synthesize optimal sub-assemblies 
exhibiting either optimal or user-assigned performance. In particular, we have investigated the 
following two scenarios: 

• Synthesizing optimal configurations for the fabrication of (i) the periodic rod sub- 
assembly prototype and (ii) the composite beam prototype. The optimal configuration 
was intended to minimize the inertial mass of the attached nonlinear absorbers while still 
satisfying the required damping and stiffness performance according to the program 
metrics. 

• Developing an optimization based procedure for the synthesis of either sub-assemblies or 
structural networks able to deliver user-defined performance. 

A schematic of the overall optimization strategy for the synthesis of structural sub-assemblies 
and network is shown in Figure IV-42. 

J Evaluate j_v 

L...Ü™. 

Figure IV-42: Schematic of the overall optimization approach for the synthesis of sub- 
assemblies and structural networks. 
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Two optimization strategies were investigated: 

• Single-objective optimization: this approach was intended for the synthesis of structural 
configurations where no specific loss factor profiles or passively adaptive performance 
are required. This type of approach is suitable to obtain minimum mass design while 
fulfilling the minimum damping and stiffness requirements. In this case, the problem is 
set up as a mass minimization problem where the damping requirement is imposed as a 
constraint. 

• Multi-Objective optimization: pareto-optimality concepts are used to identify optimal 
structural configurations (either sub-assemblies or networks) where the loss factor profile 
is provided as an input parameter. That is, we seek possible structural configurations 
(synthesized based on the available building block library) able to provide user-defined 
loss factor performance. 

Design synthesis of the periodic rod subassembly 

The single-objective optimization study was used to identify an optimal configuration for the 
fabrication of the periodic rod prototype (3-cell structure). The optimal configuration is intended 
to minimize the inertial mass of the attached nonlinear absorbers while still meeting the required 
damping and stiffness performance. 

To identify the final optimal design, we define the structural parameters (i.e. coefficients of 
the snap-through springs, damping, and lumped masses) as design variables. The model for this 
analysis is shown in Figure IV-43. The details of the design variables are listed in Table IV-5. At 
each cell, six design variables are assigned (eighteen design variables in total). The design 
problem is formulated in order to minimize the objective function which is the inertial mass of 
the appendages. The loss factors at three excitation frequencies (4Hz, 6Hz, and 9Hz) are 
constrained to be larger than rj-J, in order to satisfy program metrics. In this design, it is 
assumed that each mass is mostly effective at a specific frequency, so each cell is design to have 
a preferential linearized resonant frequency. Also the inertial masses mr and ms are constrained to 
be larger than 0.3Kg and 0.5kg to facilitate the fabrication of the experimental setup by using 
off-the-shelf components. The stiffness coefficient of the spring kr is determined by imposing 
that the resonance frequency of the appendage satisfies the frequency requirements as the mass 
of the appendage is varied. An approximate relation for the linearized resonant frequency (kr = 
(mr ms)*co ) is used for this purpose. The excitation amplitude is fixed as 0.25mm. The 
optimization formulation is shown in Figure IV-44 which also displays a 3-unit-cell rod sub- 
assembly used in this design study. 
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Figure 1V-43: Schematic of the periodic rod subassembly and the corresponding 
Simulink substructure block. The force equilibrium equations for the joint and 

substructure are also shown. 
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Figure IV-44: Schematic description of the modeling approach for the synthesis of the 
final prototype of the periodic rod sub-assembly using single-objective optimization, (a) 3 

unit cell rod sub-assembly, (b) design formulation (c) schematic of the lumped model for 3- 
cell periodic rod sub-assembly(d) ks) and x0 in snap-through element. 
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Table IV-5: Design parameters 
sy 

mbol 
description 

Xo 

ksi 

Equilibrium position 

Linear stiffness 

Snap-thru damping 
coefficient 

sy 
mbol 

description 

Cr 

ms 

m, 

appendage damping 
coefficient 

Snap-thru mass 

Appendage mass 

♦Parameters lor snap-thru spring (see Figure 1(d)) 

Using the single-objective optimization approach as described above, we identified an 
optimal configuration yielding a significant mass reduction of about 45% while satisfying all the 
constraints - the loss factors at the three selected excitation frequencies are 1.09, 1.07, and 1.02, 
respectively. These results provide one possible design for the 3-cell periodic rod sub-assembly 
that represents one of the two final prototypes used as proof of concept of the periodic rod 
design. 

Note that without constraining the minimum mass value of the appendages (in order to meet 
the requirements to use specific off-the-shelf components) we can achieve an optimized 
configuration delivering a 63% mass reduction with respect to the initial configuration. Also, the 
loss factor satisfies the design requirement as shown in Figure IV-45. 

mass change 

cell index sample point index 

Figure IV-45: Optimization results for the 3-cell model, (a) mass reduction, (b) loss 
factor constraints. 

A similar modeling and analysis approach was used to synthesize the final design of the 10- 
cell periodic assembly. The design problem is formulated to find the optimal combination of the 
design factors to minimize the inertial masses (both snap-through and appendages). The 
optimization formulation is shown in Eq. (16). The loss factors at the selected excitation 
frequencies (1 to 10 Hz) are constrained in the optimization formulation in order to yield final 
performance consistent with the program metrics. The excitation amplitude is fixed as 1mm. 
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min V (ms + mr I 

s.t. T]j >\@{j = \,...,\0Hz),\mm excitation 

x0 = [0.001,0.003,. ..,0.0] 5](m)-S candidates 

ksl =[-40,-39,-38,...- 5](N I m)-16 candidates (16) 

cs =[1.5,2.0,2.5,3.0,3.5](Ns / m)-5 candidates 

cr =[1.5,2.0,2.5,3.0,3.5](Ns I m)- 5 candidates 

ms =[0.3,0.31,0.32,..., 0.5](kg)- 21 candidates 

mr=[0.S,0.S5,0.90,...2.500](kg)-35candidates 

Through this optimization study we identified an optimal configuration yielding a mass 
reduction from 30 kg to 19.32 kg while satisfying the program metric - the loss factors at each 
excitation frequency are larger than 1.0. Table IV-6 shows in detail the resulting optimal design. 

Table IV-6: Optimal configuration for the 10-cell model w/ discrete variables 
XO 

(m) 
Ksl( 

N/m) 
Cs(N/ 

m/s) 
Cr(N/ 

m/s) 
Ms 

(kg) 
Mr 

(kg) 
i\ 

Celll 0.009 -7 3.5 1.5 0.33 2.5 1.046 
Cell2 0.005 -30 1.5 3 0.35 2.2 1.465 
CelB 0.009 -38 2.5 3.5 0.37 2.2 1.117 
Cell4 0.013 -16 3.5 1.5 0.46 1.5 1.125 
Cell5 0.009 -9 1.5 2 0.39 1.15 1.163 
Cello 0.015 -21 2 3.5 0.46 1.3 1.157 
Cell7 0.015 -32 2.5 3.5 0.35 1.8 2.062 
Cell8 0.007 -26 1.5 2 0.34 0.9 1.178 
Cell9 0.005 -5 3 2 0.44 0.95 1.044 

Cell 10 0.015 -23 2 3 0.38 0.95 1.031 
Active at Lower bound (red) and Upper bound (blue) 

An additional design study was performed in which we considered a safety factor (a=0.2) 
applied on the design loss factor as shown in the following equation: 

min VI ms +mr j 

s.t. JJj >l + aaf j = \,2,...,\0Hz,(\mmexcitation) 
(17) 

The safety factor was intended to account for inaccuracies in the modeling parameters and in 
the fabrication process so to guarantee that the performance of the final prototype meets the 
required metric. 

Through this optimization study we found more conservative designs compared to the design 
shown in Table IV-6. In this design, in fact, the mass was reduced from an initial value of 30kg 
to 20.52 kg while all the loss factors were found to be larger than 1.20. Table IV-7 shows the 
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design optimization results. The design results were used to support the fabrication of the final 
prototype. 

The mass reduction and the loss factors are displayed in Figure IV-46 for the optimized 
results on the 10-cell structure. 

Table IV-7: Design result for 10-cell model w/ discrete variables and a=0.2 
XO 

(m) 
Ksl( 

N/m) 
Cs(N/ 

m/s) 
Cr(N/ 

m/s) 
Ms 

(kg) 
Mr 

(kg) 
n 

Celll 0.003 -33 2.5 1.5 0.3 2.5 1.464 
Cell2 0.005 -12 2 2.5 0.45 2.25 1.592 
Cell3 0.009 -21 3 2 0.42 1.8 1.282 
Cell4 0.007 -11 2 2.5 0.31 1.9 1.788 
Cell5 0.013 -16 2 3 0.39 1.4 1.234 
Cell6 0.005 -34 3 3.5 0.32 1.7 1.391 
Cell7 0.009 -34 2 2.5 0.46 1.1 1.253 
Cell8 0.009 -15 2.5 2.5 0.37 1.45 1.890 
Cell9 0.009 -29 2.5 2.5 0.37 1.4 1.885 
Cell 10 0.009 -8 3 3 0.48 1.15 1.238 

Active at Lower bound (red) and Upper bound (blue) 

mass change 

23456789   10Total 
cell index 

|LF>1.0 

|LF>1.2 

23456789       10 

excitation frequency (Hz) 

Figure IV-46: Optimization results for 10-cell model (a) mass reduction for r|(loss 
factor)>1.0 case, (b) loss factors for the optimized design (r|>1.0 and r|>1.2 cases). 

Multi-objective design optimization for the synthesis of passive adaptive structural 
assemblies 

As previously mentioned, the second optimization approach we have investigated was based 
on multi-objective techniques. In particular, we used pareto-optimality concepts to identify 
optimal structural configurations (either sub-assemblies or networks) exhibiting predefined loss 
factor profiles. That is, we searched the design space for possible structural configurations 
(synthesized based on the available building blocks in the library) able to provide user-defined 
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loss factor performance. By pursuing this design approach we developed an optimization 
strategy able to synthesize structures having passive adaptive performance specified by the end- 
user. 

In order to illustrate the proposed design technique, we selected a case study as shown in 
Figure IV-47. The numerical model used to test the design procedure consists in the 3-cell 
periodic rod subassembly shown in Figure IV-44. In the multi-objective design approach, we 
assign a loss factor profile as input and synthesize a possible structure (based on the available 
building blocks) able to provide the best fit to the required input. 

In the example of IV-47, we assume a pre-determined loss factor profile that describes the 
performance required to the final structural assembly ("sampling points and target values" in the 
figure). An assigned loss factor profile is discretized in a finite number of sampling points (only 
four in this example). These discrete design points, describing the performance of the 
subassembly at prescribed frequencies and amplitudes, are then translated into objective 
functions and imposed via a multi-objective optimization approach. At this stage, the 
optimization problem is posed in the form of a constrained surface fitting problem, or 

min I rji - rjj \ at st (sample points) (18) 

where 77, is the target loss factor value at the sampling point s,-. The optimization problem is 
solved in terms of a pareto-optimal approach. The pareto-optimal approach provides as final 
result a set of feasible solutions that best fit the assigned target points. The error sum square of 
the fitness functions is then used to compare the different solutions at the pareto-frontier and to 
extract the candidate solution(s). In the example provided in Figure IV-47, solutions #6 and #7 
provide the best fit of the loss factor surface as indicated by the error sum square of the fitness 
functions. The resulting loss factor surface plot corresponding to the pareto-solutions are 
obtained by re-running the dynamic response of the optimized structure. Both these results show 
a very good approximation to the original loss factor profile provided as input. 
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Figure IV-47: Results investigating the performance of multi-objective pareto- 
optimization for the synthesis of structural assemblies having pre-defined loss factor 

performance. 

In this thrust we have accomplished two main results: (1) we have integrated the Simulink 
based model environment with a Genetic Algorithm approach to create a design and optimization 
framework able to synthesize structural assemblies according to the structural logic 
requirements, and (2) we performed numerical simulations using the newly developed 
optimization framework in order to synthesize optimal configurations for the fabrication of the 
periodic rod prototype. 

Two main optimization approaches were investigated: the single objective and the multi- 
objective approach. The single objective function approach was mainly formulated to minimize 
the structural mass of the nonlinear appendages while still fulfilling the program metrics on the 
overall loss factor. The multi-objective function approach was instead investigated as a possible 
technique to design passively adaptive sub-assemblies. 

By using the optimization framework, we have also synthesized two possible optimal 
configurations for the 3-cell and 10-cell periodic rod in order to support the fabrication of the 
final prototype. 
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Design of Structural Networks 

The main objectives of this thrust were (i) to analyze the effect of nonlinear joints on the loss 
factor performance and (ii) to expand the Simulink-Matlab based framework to explore the 
design of structural networks (i.e. combinations of multiple sub-assemblies). In particular, we: 

• Performed preliminary numerical investigation to evaluate the effect of nonlinear joints 
connecting multiple substructures and their effect on the overall loss factor performance. 

• Updated the GA based algorithm (particularly, the chromosome definition) to handle 
structural networks assembled based on different combinations of blocks, connections, 
and parameters at sub-assembly and assembly level. 

Approach and Accomplishments 

The technical details concerning the updates to the GA code in order to account for the 
nonlinear joints and for the network design were discussed in the monthly reports and are not 
repeated again in this document. 

Here below we report some of the main results of our numerical investigation on the effect of 
nonlinear joints on the loss factor performance. Multiple scenarios have been analyzed to 
understand the effect of either snap-through joints or different configurations of structural sub- 
assemblies. 

Design strategy for the synthesis of mechanical networks 

We first investigated the effects of different design factors of the mechanical network. In 
particular, we studied the effect of three main design parameters: (1) the sub-assembly 
configuration, (2) the joint type (linear vs. nonlinear spring), and (3) the number of substructures. 

In case study (1) we investigated the effect on the loss factor produced by the sub-assembly 
configuration looking in particular to series and parallel connenctions. For this analysis we used 
the structure blocks defined in Figure IV-48. The series connection (Figure IV-48 (a)) does not 
require a level block because there are not shared DOFs between multiple substructures. On the 
contrary, the parallel connection (Figure IV-48(b)) does require one level block at the right end. 
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Figure IV-48: Schematic of two basic network configurations with the corresponding 
Simulink models, (a) series connection and (b) parallel connection. 

In the case of two substructures connected in series, the loss factor is shown in Figure IV-49. 
The joint stiffness is chosen to be equal to the substructure stiffness so to not compromise the 
overall stiffness of the structural assembly. The loss factor performances are very similar to that 
of the single substructure. This result is not surprising given that connecting two substructures in 
series is equivalent to a single substructure (rod) with double length, mass and damping 
elements. This configuration results in higher dissipated and stored energy but does not alter 
their ratio, which ultimately determines the loss factor. A similar situation is obtained when the 
sub-structures are connected in parallel. The loss factor of the resulting assembly remains 
basically unchanged. 

series parallel (all linear joints) 

a 14 

Freq(Hz) 

0 08 

a 08 

Amp(N) Freq(Hz) 

008 
0.06 

Amp(N) 

Figure IV-49: Loss factors for basic structural networks (series and parallel 
connection). 
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In order to improve the performance of the network, we investigated the use of nonlinear 
joints (case study 2). Preliminary analyses conducted using a snap-through joint type indicated 
that both adaptability and high loss factor performance can be achieved. 

Figure Figure IV-50 shows a schematic view of the mechanical assembly used in this 
numerical study. The system consists in two substructures connected in parallel by using a 
combination of linear and nonlinear joints. The nonlinear joint is assumed to be a bi-stable (snap- 
through type) joint exhibiting a dynamic response qualitatively similar to the snap-through 
appendages. The two substructures are identical (as indicated in Figure IV-30), and the single 
substructure exhibits a maximum loss factor of 0.432. In the specific example only the joint 1 is 
assumed to be nonlinear. The nonlinear joint is modeled as a damper (CJI) and snap-through 
spring (kji in Figure IV-30) connected in parallel. Joint 2, 3 and 4 are represented by linear 
springs. 

oint2   ]jJoint4 

Joint 1 Joint 3 

ci\ = 100.0 

k (v) = 

8e5xA-3-2200x.v 

* J4(x) = 3e7xx 

Figure IV-50: Schematic of the lumped parameters model having two identical 
substructures in parallel connected with a combination of linear and nonlinear joints. 

(Left) Substructure #1, (right) Substructure #2. Joint 1 is a bistable nonlinear joint. Joint 2, 
3 and 4 are linear joints. 

In an initial study, we investigated the effect of the linear stiffness of joint 2 (red element in 
Figure IV-50) on the overall performance. Two different stiffness values for the joint 2 were 
tested (kj2=3.e7 and kj2=l.e3). The corresponding loss factor provided by the two different 
structural networks is shown in Figure IV-43. When a high stiffness is used for joint 2, 3 and 4 
the high stiffness of the assembly prevents substructure 1 (left) from snapping. When the 
stiffness of joint 2 is reduced (kj2=le3), the lower coupling with the substructure 2 allows the 
joint 1 to snap under the dynamic load produced by substructure 1. Its effect on the loss factor is 
shown in Figure IV-51 (b). The parameters of the snap-through devices in the substructures and 
in the nonlinear joint 2 are set to identical values, therefore the snap-through thresholds 
corresponding to the periodic snapping of both the substructures appendages and of the joint are 
coincident. A direct comparison between Figure IV-51 (a) and (b) shows how, when also the 
joint starts snapping, the overall loss factor increases of a factor 2. 
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Figure IV-51: Loss factor with different stiffness values for the linear joint 2: (a) 
kj2=3e7, (b) kj2=le3. 

These preliminary results show that nonlinear joints can be successfully exploited to 
drastically increase the total loss factor of a structural network without increasing the overall 
mass of the system. 

In the last case study (3), we investigated the effect of the number of substructures on the 
network performance. In particular, we analyzed the performance of an assembly made of three 
sub-structures connected in parallel. The schematic of the system is shown in Figure IV-52. Joint 
1 and 3 are nonlinear joints composed of a damper (cji, Cj3 in Figure IV-52) and a snap-through 
element (kji, k,3) in parallel. Joint 2, 4, 5, and 6 are linear spring elements simulating the effect of 
a linear joint. The joint stiffness profile is shown in Figure IV-52 (b) and the corresponding 
Simulink model is displayed in Figure IV-52 (c). The system in Figure IV-52 is compared with 
the parallel connection with two substructures (as shown in Figure IV-50), with different joint 
stiffness (kji=30x(8e5xjc3-200(k), red one in Figure IV-52 (a),(c)). 

A preliminary assessment of the performance of the three sub-structure assembly can be 
made by comparing the loss factor plot with the corresponding plot from the two sub-structures 
subassembly (Figure IV-52(a)). Figure IV-52 (b) clearly shows the multiple thresholds can be 
obtained by using an increasing number of substructures. Also, the location of the thresholds (in 
terms of amplitude/frequency ranges) can be selected by a proper design of the substructure 
parameters. This result suggests that the mechanical network assembled based on combination of 
multiple sub-structures can offer a high degree of adaptability and tailoring of the dynamic 
performances. 
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Figure IV-52: Parallel connection of 3 substructures: (a) schematic of the lumped 
parameter model (b) nonlinear stiffness with snap-through for appendage (blue) and joint 

1 (green) (c) Simulink model. 

Freq(Hz) 

(a) 
Amp(N) 

Freq(Hz) 
Amp(N) 

(b) 

Figure IV-53: Loss factor plots for a network built using parallel connections: 
(a) two substructures, (b) three substructures. 
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Optimal network configuration by mixed-GA 

The last topic we addressed in this thrust consisted in the development of the GA approach 
for network design. We expanded the design and optimization framework to be able to 
interconnect blocks in non-pre-defined manner, that is the internal sub-structure configuration as 
well as the type and configuration of the structural joints are selected by the GA algorithm. Both 
optimization strategies ((1) minimization of the total weight with constrained performance or (2) 
user-defined performance) can be implemented in the framework. 

The framework was modified in order to automatically generate the Simulink dynamic model 
corresponding to the optimal configuration selected by the GA. The code uses the numeric data 
from the decoded chromosome to assemble the optimal configuration based on the building 
blocks available in the library: Substructure block, Joint block, and Level block. In future 
applications the library can be easily expanded to account for new building block types without 
requiring further modifications of the framework. Figure IV-54 shows a simple schematic 
example illustrating the decoded sequence for a possible mechanical connection and the 
corresponding substructure configuration. The first two fields in the chromosome contain the 
information on the connecting points for each substructure. The remaining fields are used to 
assign the physical parameters for each substructure and joint. 

Level2 
Bits for substructure 

Lll L12 SI Jll J12 

Level! Connectivity 
Y 

Physical parameters 

< ' 
[Integer)    (continuous or discrete) 

* \ 
Bits for blockl 

Lll    L12 m k3 kl c k3 kl C k3 kl c 

Figure IV-54: Schematic of the decoded chromosome and resulting design 
configuration. The S block indicate the "dummy" substructure, the spring-like elements 

represent the joints and the "L" elements indicate the interface level between 
substructures. 

This schematic is automatically converted into a Simulink model that can be used to analyze 
the dynamic response of the assembly and to evaluate the equivalent loss factor. Figure IV-55 
shows an example of the automatic generation of a network model using the proposed 
framework. The resulting Simulink model (bottom in model Figure IV-55) is constructed based 
on the connectivity information provided on the first two fields of the chromosome definition 
(top left in model Figure IV-55). The input excitation condition is assigned to the Level 1. 

It is worth to note that this specific activity, concerning the network design, extended the 
actual scope of the original proposal. The results presented here are preliminary and the 
framework would need additional validation and further development in order to include 
important parameters in the optimization process, such as the number of the sub-structures 
(currently considered as a fixed input parameter). Nevertheless, these preliminary results indicate 
that the proposed GA based framework holds great potential for a structural logic approach. In 
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particular, it provides the ability to autonomously selecting structural elements from a pre- 
existing library, optimizing the structural parameters, selecting the joint type and parameters, and 
designing optimal network with either optimal or user-defined performance. 
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* 2 S4 J41 J42 
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tubs join« 
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Figure IV-55: Example of network design configuration and of the corresponding 
Simulink model that is automatically generated by the framework based on the selected 

optimal configuration identified by the chromosome. 

In this thrust, we have investigated the possibility to improve the performance of the 
structural assembly and provide further passive adaptive characteristics by exploring different 
options such as sub-assembly configurations, joint types and number of substructures. We also 
performed a preliminary investigation to explore the performance of a structural network (i.e. an 
ensemble of sub-assemblies). 

Results have shown that the performance of the mechanical assemblies can be successfully 
improved and/or tailored if multiple sub-structures are connected via nonlinear joints. In this last 
case, results show a considerable increase in the overall loss factor performance as well as the 
ability to tailor the loss factor profile by introducing multiple thresholds (whose location can be 
controlled via substructure design). We also expanded the functionalities of the design and 
optimization framework by including network design capabilities. This version of the network 
design framework, although still limited in overall capabilities, shows a very promising approach 
for the design of complex mechanical assemblies according to the structural logic approach. 
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V. IMPORTANT FINDINGS AND CONCLUSIONS 
We developed two designs of single snap through oscillator, rotational and translational, and 

developed analytical models and to investigate the performance. What follows are the major 
findings. 

• The rotational device was demonstrated to be scalable with the following insights: 

o   Scaling the vibration parameters (m, c,, k) proportionally maintains performance 

o   Scaling the geometry (L, R, /o) proportionally requires a change in input amplitude 
Y and damping constant c, to maintain performance 

o   Scaling the geometry (£, R, /o) proportionally down increases juh making more 
effective use of available torsional damping 

• Due to similarity in the governing equations, the translational device may scale in similar 
fashion, though explicit expressions were not derived. 

• The translational device is a simpler design, easier to fabricate, and more robust for sub- 
assembly integration compared with the rotational device. Since it has similar 
performance also, it will be carried forward as the design of choice. 

• Both the rotational and translational designs had similar qualitative performance, both 
predicted loss factor in excess of the Task 1 metric of 0.5, and both demonstrated 
adaptability to loading frequency and amplitude. 

In terms of the prototype and fabrication and experimental characterizations: 

• Translational bi-stable oscillator (building block) is modeled and tested. The bi-stable 
oscillator model predicts the behavior, both qualitatively and quantitatively, of the 
fabricated translational snap-through device. This fabricated device also meets the 
Program Task 1 metric for loss factor and stiffness. 

• Sub-structure consists of translational snap-through devices coupled with linear 
oscillators. Through experiments performed on 10 cell sub-structure, it is demonstrated 
that the proposed design can effectively dissipate out energy from the primary structure 
and we have also achieved the Program Task 2 metric for loss factor. 

In terms of the subassembly synthesis: 

• Many configurations of building blocks were explored for the structural logic 
subassembly; two of the most successful configurations, nonlinear absorber with snap- 
through device and vibration absorber with snap-through device, were described herein to 
demonstrate the concept. 

• Configuration II satisfies the entire Task II program metric, namely producing a loss 
factor greater than 1.0 over 1 to 10 Hz. 

• Configuration II is highly adaptive, maintaining program metrics for loss factor over one 
magnitude of loading amplitude. 

• Configuration II also responds quite effectively to shock loading. 
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VI. SIGNIFICANT HARDWARE DEVELOPMENT 
Marine platform is one of the applications we have in mind for our structural logic concept. 

As shown in the Figure VI-1, the hollow pillar of the platform can be integrated with a series of 
inertial elements coupled with the bi-stable oscillators. As demonstrated through simulations, 
this kind of configuration will provide high and adaptable damping to the structure. 

Figure VI-1: CAD model of a pillar of Marine Platform integrated with the structural 
logic concept developed 

In order to verify these theoretical findings and to demonstrate Task 2 program metric, a 
laboratory setup is designed as shown in Figure VI-2. This laboratory setup represents and 
consists of all the features we want in the marine platform pillar. Moreover this laboratory setup 
can be easily debugged, tuned and evaluated in lab environment for proof of concept and 
validation 

CAD Model 
Based on the optimization results a ten-cell sub-structure is designed. CAD snapshots of the 

design is shown in the Figure VI-3 
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Figure VI-2: Schematic of Ten-cell structure 

Figure VI-3: CAD model of ten-cell structure 

The 10-cell structure can be divided into three layers in vertical direction. Bottom one is 
called Ground (Figure VI-4) and it supports all the moving parts. The middle one is called the 
Rod (Figure VI-5) and is attached to the Ground using a 4 inch stroke linear bearing. The top 
layer is composed of snap-through devices (Figure VI-6) and is attached to the Rod through 
springs/dampers. Their motion is constrained to the excitation direction by linear bearings. 

Figure VI-4: Ground 
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Figure VI-5: Rod / Load Bearing Element / Primary Structure 
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Figure VI-6: Snap-through Devices 

(VI. 1) 3-Cell Sub-Assembly Structure 

Before building a 10-cell structure, a three-cell structure is built to verify the process and 
debug the system. This task will help us examine the manufacturability and assembly process. 
Since the optimization results couldn't be realized in the lab, we modified the parameters ( 
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Table VI-1) to make the 3-cell structure realizable. The 3-cell structure is built as shown in 
Figure VI-7 and the experimental parameters are shown in Table VI-1. This structure is excited 
with various input frequencies and the loss factor of the system is evaluated. 

Figure VI-7: Three-cell test bed 
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Table VI-1: 3-cell structure parameters 

X0(m) Ksl(N/m) Cs(N/m/s) Cr(N/m/s) Ms(kg) Mr(kg) Kr(N/m) 

Celll 1.5e-2 -16.05 1.5 1.5 0.30 1.420 1.133e+3 

Cell2 1.5e-2 -19.26 1.5 2.3 0.37 1.546 2.288e+3 

Cell3 l.le-2 -15.43 1.5 1.5 0.30 1.000 3.618e+3 

The displacement of the rod is recorded using a potentiometer and the force input to the 
system is measured using a force transducer. Data from these sensors is used to calculate the 
energy input and energy stored in the system and hence the loss factor of the system. 
Experimentally obtained loss factor data is plotted against the predicted loss factor data obtained 
using the model. As the results (Figure VI-8) demonstrate, experiment and simulation results 
match well. 
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Figure VI-8: Experimental vs. predicted loss factor data 

(VI.2) 10-Cell Sub-Assembly Structure 

Having gained confidence in the model, a 10-cell structure as shown in Figure VI-9 is built to 
demonstrate the program metric. The parameters used to build this structure are shown in Table 
VI-2. Two tests were performed on the structure. In the first test, we excited the structure with 
harmonic load of different frequencies and the loss factor performance is evaluated. In the 
second test, we performed a transient test that demonstrates the effectiveness of the overall sub- 
assembly design. 

4-     4 
Figure VI-9: Panoramic view of 10 cell test bed 
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Table VI-2. 10-cell su t>-structure parameters 

XO(m) Ksl(N/m) Cs(N/m/s) Cr(N/m/s) Ms(kg) Mr(kg) Kr(N/mm) 

Celll 0.009 -6.68 3.5 3.5 2.336 0.96 

Cell2 0.015 -28.96 3 3 2.036 1.341 

Cell3 0.009 -36.66 2.8 2.8 2.036 5.2 

Cell4 0.013 -15.33 2.3 2.3 1.436 1.03 

Cell5 0.009 -8.74 1.9 1.9 1.436 1.24 

Cell6 0.015 -20.56 1.5 1.5 1.436 1.03 

Cell7 0.015 -29.34 1.3 1.3 1.636 1.47 

Cell8 0.007 -24.97 1.1 1.1 1.436 5.88 

Cell9 0.05 -4.078 1.0 1.0 1.436 2.18 

CelllO 0.015 -22.35 0.9 0.9 1.436 1.12 

Force Transducer Potentiometer 

/ / / r 

Figure VI-9: Schematic of test bed for Harmonic test 

The schematic of test bed for Harmonic excitation is shown in Figure VI-9. The 10-cell 
structure is excited with various input frequencies and input amplitudes. Two kind of forcing 
amplitudes are used for the test. Because of hardware limitations (springs and bearings of few 
cells in the 10-cell structure are saturated), we could not excite the system with higher forcing 
amplitudes at lower input frequencies. We recognized that as long as we design the structure to 
be in periodic snap-through regime, we can achieve high loss factor. As shown in the loss factor 
profile shown in Figure VI-9, we have achieved loss factor over 1 for all frequency range and 
thus achieved the program loss factor metric. 
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Figure VI-9: Experimentally obtained loss factor data for the 10 cell structure 
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Figure VI-10: Schematic of test bed for transient test 

The schematic of test bed for the transient test is shown in Figure VI-10. The 10-cell 
structure is attached to the ground via a spring and the structure is excited using a string and 
shaker arrangement. The structure is excited and the string is cut allowing the structure to shift 
from harmonic mode to transient mode. The overall response of the primary structure is recorded 
using a potentiometer. 
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Figure VI-11: Transient response of the primary structure 

The displacement of the primary structure dies out immediately after we stop pumping 
energy into the structure. These results as shown in Figure VI-11 demonstrate that the proposed 
sub-assembly design can effectively dissipate out energy from the primary structure. 
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(VI.3) Planar Snap-Through Units Attached to Beam Structure 

In this thrust, we developed planar bistable snap-through devices as the basic building blocks 
and then synthesized into planar structure of beam with embedded snap-through devices sub- 
assembly structures. The objective is to develop bistable snap-through device in a planar 
configuration of for wider applications. The development evolution started off from planarization 
the proof-of-concept multi-part device, and then proceed to bitable metallic plate which can 
bulge out of the plane because of dimensional mismatch of the inner disk with the mounting 
holes. We then finally end up with a bistable dome and bistable arch, as shown in Figure VI-12. 
The shape of dome and arch provide the underlying geometry for bistable configuration. The 
dome and arch are made of viscoelastic material to increase the inherent damping. As a result, 
the viscoelastic arch functions both as the spring and damper, corresponding to the multi-part 
counterpart. Compare with metallic bistable plate, the snap-through threshold force of the 
viscoelastic arch is reduced so that it is easier to observe the triggering of snap-through action. In 
addition, the stroke span between two stable equilibrium positions is significantly increased, 
therefore, the amount of energy dissipated per cycle of snap-through is also increased. 

Bistable 
Dome 

Bistable 
Arch 

Proof of concept    Planarize    Bistable Metallic Plate 

Figure VI-12: Development evolution path of planar bistable snap-through element 

We then attach the developed bistable arch element to a linear structure to amplify the 
displacement, as shown in Figure VI-13. 

Nonlinear bistable structure 

Linear structure 

Figure VI-13: Beam structure with attached bistable structures 
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First, we performed detailed characterizations on the cantilever beam with attached snap- 
through units to investigate the overall structural performance on different snap-through 
configurations. The experimental setup is shown in Figure IV-14. The cantilever beam is 
attached to the shaker table by a fixture and excited by the horizontal vibration of the shaker 
table. The three snap-through units are mounted on the free end of the cantilever beam. One 
accelerometer is attached the shaker table as the reference input of the excitation and another 
accelerometer is attached at the tip of the beam free end to measure the output. The frequency 
response is measured as the output accelerometer at the tip compared with the input 
accelerometer of the shaker table. 

Snap-through mass 

Accelerometer 

cantilever beam 
fixed to shaker table 

Accelerometer 

Shaker Table 

Figure VI-14: Experimental setup of the cantilever beam with attached bistable snap 
through units 

The shaker table is excited by a periodic sine chirp voltage signal. This excitation periodic 
sine chirp spans between 0.1 Hz and 120 Hz with a period of 8 seconds. 

(a) 

100 150 
Frequency Hz) 

(b) 

250 

Figure VI-15: periodic chirp signal to excite the shaker (a) time domain (b) frequency 
domain 

A digital low pass filter is implemented to suppress unwanted high frequency components 
and reduce aliasing. The cut of frequency is at 165 Hz. The waveform was downloaded to a 
signal generator and it was used to drives the power amplifier in voltage mode. The time domain 
and frequency domain depiction of the excitation signal is shown in Figure VI-15. 

Figure VI-16 shows the frequency response of the baseline cantilever beam vs. the beam with 
one unit of bistable snap-through at position closet to the free end. The two lowest resonant 
frequencies of the beam are 6.3 Hz and 34 Hz. The snap-through device significantly reduces the 
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response peaks at these two resonant frequencies. The first peak drops from 77.8 to 9.95 and the 
second peak drops from 174.72 to 19.58. In addition, the overall frequency responses drops for 
the frequency spectrum under investigation, which clearly demonstrate the snap-through device 
has a broadband frequency responses and is not just confined to a single resonant frequency of a 
conventional tuned mass damper. 

FRF Experiment 

Peakl Peak2 

baseline 77.81 174.72 

PI 9.95 19.58 

Figure VI-16: Frequency response:    baseline cantilever beam vs. with one unit of 
planar bistable snap-through at position closet to the free end. 

We then proceed to characterize the positional effect of the snap-through units. One single 
unit of bistable snap-through device is placed at three different positions, namely PI, P2, and P3, 
where PI is the closet to the free end and P3 is closest to the fixed end, with a pitch distance of 
3.25 inch between each position. When placing the snap-through unit at PI, the overall structure 
experienced the largest response drop at the two resonant peaks, at 9.95 and 19.59 respectively. 
When placing at the P2 position, the response is comparable with that of the PI position, just 
slightly increase in it frequency response at both peaks (11.8 and 21.54 respectively). The 
configuration placing at P3 results in the worst performance and the frequency response increase 
dramatically at 49.83 and 102.64 but still significantly better than that of the baseline without 
any snap-through device attached. The results are shown in Figure VI-17. 
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FRF Experiment 

Peakl Peak2 

PI 9.95 19.58 

P2 11.80 21.54 

P3 49.83 102.64 

Figure VI-17: Frequency response on bistable snap-through at different positions. 

Figure VI-18 shows the frequency response of the single snap-through unit vs. multiple units. 
The multiple-unit configuration comprises of three snap-through units and performs better at 
both the resonance peaks: 6.61 vs. 9.95 for first resonant frequency and 6.61 vs. 9.95 for first 
resonant frequency and 10.90 vs. 19.58 for second resonance. Overall the 3-unit configuration 
outperforms single unit across the frequency spectrum under investigation. 

FRF Experiment 

P3        P2 PI 

Peakl Peak2 

baseline 77.81 174.72 

PI 9.95 19.58 

P1+P2+P3 6.61 10.80 

Figure VI-18: Frequency Response of single unit of bistable snap-through vs. multiple 
units 
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We investigated the effect of snap-through mass on the frequency response. The 12.5g 
configuration is the baseline and double the weight (25g) as comparison. The result shows the 
double-weight configuration performs better than the baseline, at both the resonance peaks: 6.61 
vs. 47.18 for first resonant frequency and 10.8 vs. 25.26 for the second resonance. As a result of 
the added mass, the first resonance drops. Overall the double-weight configuration outperforms 
single-weight unit across the frequency spectrum under investigation. 

FRF Experiment 

Peakl Peak2 

12.5g 

25.0g 

47.18 25.26 

6.61 10.8 

Figure Vl-19: Frequency response of single unit of bistable snap-through vs. multiple units 

In addition, we also investigated the overall structural performance due to different snap- 
through configurations, especially on the bistable characteristics of the snap-through devices. 
Figure VI-20 shows the frequency response of the baseline cantilever beam vs. the beam with 
one unit and three units of bistable snap-through devices. The two lowest resonant frequencies of 
the beam are 6.3 Hz and 34 Hz at the baseline. The hangover length is configured to be 2 mm 
which is much smaller than the configuration reported in prior set of experiments. Figure VI-20 
shows the frequency response of the overall single snap-through unit of different hangover 
length. The unit with larger hangover length (HL=20 mm) performs much better than that of 
smaller hangover length (HL=2 mm) for the device positioned close to the free end. The larger 
hangover length unit has higher energy dissipative capability than the smaller hangover length 
unit. The magnitude is lower at both resonance peaks: 41.40 vs. 9.95 for first resonant frequency 
and 30.22 vs. 19.58 for the second resonance. Overall the single snap-through device 
outperforms the baseline across the frequency spectrum under investigation. 

For configurations of one units (Figure VI-20) and 3-unit (Figure VI-21), the snap-through 
device reduces the response peaks at these two resonant frequencies, compared with the baseline. 
The first peak drops from 100.43 to 41.40 and the second peak drops from 163.41 to 30.22 for 
the single device configuration, and the overall frequency responses drops for the frequency 
spectrum under investigation, which clearly demonstrate the snap-through device has broadband 
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frequency responses even for the snap-through device with short hangover length, which 
corresponds to smaller energy dissipation per unit oscillatory cycle. 

FRF Experiment 
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Figure VI-20: Frequency response of   single unit of bistable snap-through with different 
snap-through unit configuration (hang-over length) 

FRF Experiment 

Peakl   magnitude Peak2 magnitude 

baseline 6.4 Hz              100.43 34 Hz 163.41 

HL2mm 4 Hz                   57.97 32 Hz 34.93 

HL20mm 4 Hz                    6.61 32 Hz 10.8 

[Hz] 

Figure VI-21: Frequency response of   3-unit bistable snap-through with different hang- 
over length configurations 

When adding more snap-through units to the overall sub-assembly structure, the 3-unit 
configuration does not further improve the performance, compared with that of the single unit. 
The added mass associated of the 3-unit configuration shifts the resonant frequencies, from 
6.4Hz (baseline), to 4.9 Hz (1 unit) to 4.0 Hz (3 units) for the first peak and introduce additional 
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system wise kinetic energy, which may exceed the energy dissipative capability of shallow snap- 
through devices. 

FRF Experiment 

: 10 ■ 

 Baseline 
 HL2mm @P1 

— HL2mm@P1&2&3 

" P3        P2        P1 

30 
[Hz] 

Figure VI-22: Frequency response of baseline cantilever beam vs. bistable snap-through 
devices with short hangover length, single unit vs. multiple units 

Bistable Composite Laminate 

We developed bistable composite laminates with higher energy dissipative capability per unit 
than the arch-type bistable unit, with even higher stroke between bistable equilibrium positions. 
It is well known that an unsymmetrical laminates exhibit out-of-plane displacements at room 
temperature even if cured flat. The unsymmetrical sequence of composite laminate result in 
anisotropic thermal expansion. The out-of-plane displacements are caused by residual stress 
fields induced during the cooling process from the curing temperature to the room temperature. 
In the fabricated 0-90 composite sequence, the laminate assumes two cylindrical stable shapes. 
At the snap-through event, the composite laminate can change from one cylindrical shape into 
the other cylindrical configuration, as shown in Figure VI-23. When adding fours snap-through 
masses at the four edges to increase the inertial effort, the unsymmetrical composite laminate 
becomes an embodiment of the bistable snap-through device with desired characteristics: light 
weight and large stroke between two equilibrium position. 

Square Unsymmetric 
Laminates 

Add Mass 

Figure VI-23: bistable snap-through laminate 
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We can design the bistable laminates to tailor its bistable characteristic features. Including Ply 
type, ply thickness, ply-angle. In addition, we can design the basic building block of bistable 
composite laminate with well-establish design and manufacturing protocols widely practiced by 
laminate composite industry. 

We also performed simulation on the laminate plate to determine the force-displacement 
characteristic. The laminate consist of 0-90 plies. The simulation is performed by pining the four 
corners of the plate and applies force at the center of the plate. The obtained force-displacement 
profile is shown in Figure VI-24. The bistable equilibrium span is significantly increased, 
compared with the arch shape bistable structure. 

Negative stiffness 
Unstable region 

Figure VI-24: Simulation of bistable laminate, snap-through between two equilibrium 
configurations 

We developed a sub-assembly of composite beam to demonstrate reaching program metrics. 
This composite beam consists of hybrid of snap-through units with three arch-shaped bistable 
units close to the tip of the free end and two bistable composite laminate attached near the 
middle of the composite beam. Because not enough clearance for housing two bistable composite 
laminate near the middle, we placed the bistable composite laminate units at both side of the 
composite beam. The fabricated sub-assembly of composite beam of hybrid snap-through units is 
shown in Figure VI-25. 

This sub-assembly of composite beam is mounted on a shaker table to characterize its 
damping performance subject to harmonic excitation. The displacement/velocity of shaker table 
base is recorded using a laser vibrometer and the force input to the composite beam is measured 
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using a force transducer. These daya from these sensors is used to calculate the energy input and 
energy stored in the system and hence the loss factor of the system. 

Figure VI-25: sub-assembly of a composite beam with hybrid bistable snap-through units. 

Experimentally obtained loss factor data is plotted and shown in Figure VI-26. The result 
demonstrates the loss factor of the sub-assembly unit exceed 1.0 for the frequency spectrum of 1 
to 10 Hz. 
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Figure VI-26: Harmonic Excitation Test Results 
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VII. SPECIAL COMMENTS 
None 

VIII. IMPLICATIONS FOR FURTHER RESEARCH 
In this program, we have we have successfully demonstrated the we can improve the 

performance of the structural assembly and provide passive adaptive characteristics by exploring 
different design using the bistable snap-through units. Results have shown that the performance 
of the mechanical assemblies can be further improved and tailored if multiple building block of 
bistable snap-through unit and/or sub-structures are connected in a specially tailor fashion. 

We expanded the functionalities of the design and optimization framework by including 
network design capabilities. Although the current version of the network design framework is 
limited to the two implemented configurations of the developed sub-assembly, ie. rod and planar 
beam configurations, it clearly manifests to be a very promising approach for the design of 
complex mechanical assemblies according to the structural logic approach. By combining 
structural logic sub-assembly of rod and planar configuration, we can present a futuristic 
rendering of a marine platform using these two configurations of sub-assembly structures as 
depicted in Figure VIII-1. 

Adaptive surfaces 

Figure VIII-1: Futuristic rendering of the demonstrated sub-assembly structure to be 
integrated on marine platform. 
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