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Investigations on Bent and Negabent Functions via
the Nega-Hadamard Transform

Pantelimon Stanica, Sugata Gangopadhyay, Ankita Chaturvedi, Aditi Kar Gangopadhyay, and Subhamoy Maitra

Abstract—Parker et al. considered a new type of discrete Fourier
transform, called nega-Hadamard transform. We prove several re-
sults regarding its behavior on combinations of Boolean functions
and use this theory to derive several results on negabentness (that
is, flat nega-spectrum) of concatenations, and partially symmetric
functions. We derive the upper bound [Z] for the algebraic de-
gree of a negabent function on » variables. Further, a characteri-
zation of bent—negabent functions is obtained within a subclass of
the Maiorana—McFarland set. We develop a technique to construct
bent-negabent Boolean functions by using complete mapping poly-
nomials. Using this technique, we demonstrate that for each £ > 2,
there exist bent—negabent functions on n = 12£ variables with al-
gebraic degree % +1 = 34+ 1.1tis also demonstrated that there
exist bent—-negabent functions on eight variables with algebraic de-
grees 2, 3, and 4. Simple proofs of several previously known facts
are obtained as immediate consequences of our work.

Index Terms—Bent and negabent functions, Hadamard and
nega-Hadamard transforms.

I. INTRODUCTION

ET F3 be the n-dimensional vector space over the

two-element field 5. A function from 5 to [ is called
a Boolean function on n variables. The reader is referred to
Section I-A for all the basic notations and definitions related to
Boolean functions.

The Walsh-Hadamard transform (a particular case of a dis-
crete Fourier transform) has been exploited extensively for the
analysis of Boolean functions and used in coding theory and
cryptology [3], [4], [6]. For even dimension v, the functions
that attain the largest distance from the set of affine functions
(this maximum distance is the nonlinearity) are called bent
functions. From the perspective of coding theory, these func-
tions attain the covering radius of the first-order Reed—Muller
code. Further, a Boolean function on an even number of vari-
ables is bent if and only if the magnitude of all the values in its
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Walsh—Hadamard spectrum are the same (flat Walsh—Hadamard
spectrum). The Walsh—Hadamard transform is an example of
a unitary transformation on the space of all Boolean functions.
Riera and Parker [18] considered some generalized bent criteria
for Boolean functions by analyzing Boolean functions that
have flat spectrum with respect to one or more transforms
chosen from a set of unitary transforms. The transforms chosen
by Riera and Parker [18] are n-fold tensor products of the

identity mapping 0 [1) , the Walsh—-Hadamard transforma-

1

. 1 1 .
tion —> (1 1 > , and the nega-Hadamard transformation
1 7 . .
1 2 _
v ACENE where 2~ = —1. Riera and Parker [18] mention

that this choice is motivated by local unitary transforms that
play an important role in the structural analysis of pure n-qubit
stabilizer quantum states. As in the case of the classical discrete
Fourier transform, a Boolean function whose nega-Hadamard
magnitude spectrum is flat is said to be a negabent function.

The research initiated in [18] leads to the natural question
of constructing Boolean functions which are both bent and ne-
gabent (these are referred to as bent—negabent functions [16],
[23], [24]).

First, we concentrate on the nega-Hadamard transform in
more detail. We prove various results in Section II on the
behavior of the nega-Hadamard transform on affine functions,
and also on sums and products of functions. Then, we use
this analysis to obtain insights related to the decomposition
of negabent functions in Section III. Further, in Section IV,
negabent functions, symmetric with respect to two variables,
are studied. Our technique renders a simple proof of the main
result of [21], namely that all symmetric negabent functions
must be affine. Moreover, a characterization of some bent-ne-
gabent functions in the Maiorana—McFarland (MM) class is
obtained in Section V, thus complementing some results of
[23]. In Theorem 17, we present another method of constructing
bent-negabent functions on 2n variables for each algebraic
degree from 2 to 5, where n = 0 (mod 2).

In [23, Th. 10], it is proved that if f is an MM-type bent func-
tion on 7 variables (n even) which is also negabent then the al-
gebraic degree of f isat most 5 —1. Example 6 in [23] describes
a technique to construct bent—negabent functions on r variables
of algebraic degree ranging from 2 to . Moreover, there is no
known general construction of bent—negabent functions of alge-
braic degree greater than 7, foralln =0 (mod 4).

In Section VI, we describe a technique of constructing
bent-negabent functions by using complete mapping poly-
nomials on finite fields that constitute a special class of
permutation polynomials [11], [14]. First, we demonstrate

0018-9448/$31.00 © 2012 IEEE
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the connection between existence of complete mapping poly-
nomials over a finite field and the existence of a class of
bent-negabent functions. Then, we demonstrate that for each
£ > 2, there exist bent—negabent functions on n = 12¢ vari-
ables with algebraic degree 7 + 1 = 3£+ 1.

A. Definitions and Notations

The set of integers, real numbers, and complex numbers are
denoted by Z, R, and C, respectively. The set of all Boolean
functions on 7 variables is denoted by B,,. Addition over Z, R,
and C is denoted by “+,” while addition over F5 foralln > 1
is denoted by ®. If x = (x1,...,2,) andy = (y1,...,Yn) are
two elements of Fi;, we define the scalar (or inner) product x -y
and, the intersection X * y by

X y=z111 Dx2y2 B - D 2pyn

X*Y = (T1Y1, T2Y2;s - -+ Tl )-

The cardinality of a set S is denoted by |S|. If z = a + b1 € C,
then |z| = v/a® + b? denotes the absolute value of z, and z =
a — bz denotes the complex conjugate of z, where 22 = —1, and
a,b € R. Any f € B, can be expressed in algebraic normal
form (ANF) as

S

a=(a1,...,a, )EFY

f(m17$27~--7$n)::

The (Hamming) weight of x € F4 is wt(x) := Y., x;. The
algebraic degree of f, deg(f) := maxacryp{wt(a) : pa # 0}.
Boolean functions having algebraic degrees at most 1 are said to
be affine functions. For any two functions f, g € 5,,, we define
the (Hamming) distance d(f,g) = {x : f(x) # g(x),x €
F2}l.

The Walsh—Hadamard transform of f € BB, at any pointu €
F% is defined by

Ho(w) =27% 37 (-1)f 0o,

x€F%

Similarly, the Fourier transform of f € B,, atany pointu € F%
is defined by

fluy= 3 (~1)/ s,

xeF2

A function f € B, is a bent function if |H;(u)] = 1 for
all A € F5. Bent functions (defined by Rothaus [19] more than
30 years ago) hold an interest among researchers in this area
since they have maximum Hamming distance from the set of all
affine Boolean functions. Several classes of bent functions were
constructed by Dillon [8], Dobbertin [9], Rothaus [19], and later
by Carlet [2].

The sum Cy (2) = 3, o (—1)/CIB9CE2) g the crosscor-
relation of f and g at z. Taking f = g above, we get the auto-
correlation Cg{(u) of f € B, atu € F3. It is known [6] that a
function f € B, is bent if and only if C¢(u) = 0 for all u # 0.

For a detailed study of Boolean functions, we refer to [3], [4],
and [6].
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The nega-Hadamard transform of f € B, at any vector u €
F5 is the complex valued function:

Nf(ll) = 27% Z (,1).}0(’()@11)( Z'zut(x)'

xeF}

A function f on F} is said to be negabent if the nega-Hadamard
transform is flat in absolute value, namely [Ny (u)| = 1 for all
u € F3. The sum

Cf.q4(2)

Z (_1)f(X)<Dy(X<DZ) (—1)%=

xeF2

is the nega-crosscorrelation of f and g at z. We define the nega-
autocorrelation of f atu € F} by

Cplu) = 3 (~1)f @I (_pyxu,

xeF2

The negaperiodic autocorrelation defined by Parker and Pott
[16] is

nf(u) — Z (71)f(x)$f(xf{9u)(71)111t(u)(71)x-u_
xeFy

However, the difference between the aforementioned two defi-
nitions is not critical and both definitions can be used.

A Boolean function is said to be symmetric if inputs of the
same weight produce the same output, i.e., f(x) = f(o(x)),
for any permutation o.

The group of all invertible n x n matrices over F is denoted
by GL(n,F»). Two Boolean functions f, g € B,, are said to be
equivalent if there exist A € GL{n,F2),b,u € F} ande € F»
such that g(x) = f(xA®b)Pu-xPeforallx € F}. Ifu=0
and € = 0, then f and ¢ are said to be affine equivalent.

B. Quadratic Boolean Functions

The properties of quadratic Boolean functions, that is
Boolean functions having algebraic degree 2, can be found in
[15, ch. 15]. If f is a quadratic Boolean function on n variables,
the associated symplectic form of fisamap U : F5 xF5 — F»
defined by

V(u,v) = f(0) & f(w) & f(v) & flud V).
The kernel £5 of ¥ is defined as
& ={ueFy: forall v eFy such that U(u,v) = 0}.

The set £ is a subspace of F}; with dimension n — 2i where
2h is the rank of W. It is known that two quadratic functions f
and g are equivalent if and only if dim (&) = dim(&,)[15, ch.
15, Th. 4]. We recall the following result [1, Prop. Al].

Proposition 1: An element a € £; if and only if the function
D.f,definedas D, f(x) = f(x)$ f(x®a) forallx € FJ, is
constant. The subspace &£ is said to be the linear kernel of f.

Since the autocorrelation spectrum of any bent function is
zero at all points except at u 0, the linear kernel of any
quadratic bent function is of dimension 0. Therefore, by [15,
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ch. 15, Th. 4] and Proposition 1, all quadratic bent function are
equivalent to each other.

Suppose n = 2p, m : F, — F% is a permutation and
g : FL — F2 is any Boolean function. Rothaus proved that
a Boolean function f : F5 x F5 — F defined by

Jix,y) for all (x,y) € F5 x F}

=7(x) -y & g(x)
is a bent function. The collection of bent functions of this type is
called the MM class. If 7 is the identity permutation and g(x) =
0 forallx € F%, then the function A(x,y) = x-y = >0, z;y
for all (x,y) € F4 x F% is a quadratic bent function. Thus, any
quadratic bent function of 2 variables is equivalent to %, which
can be written as h(x) = .0 | z;z,4; (by labeling 2., =
;). From the previous discussions, it is clear that if f € B5,,
is a quadratic bent function, then there exist A € GL(n,F2),
b,u € F},ande € Fy suchthat h(x) = f(xAEb)Pu-xPe.

II. PROPERTIES OF THE NEGA-HADAMARD TRANSFORM

It is well known that the inverse of the Walsh—-Hadamard
transform H ;(A) of f € B, is given by

5 Hiu (1)

ueF3y

(-1 f(X) =9~

for all x € F5. The nega-Hadamard transform is also a unitary
transformation. An immediate consequence of the definition of
the nega-Hadamard transformation of a function f € 5, in [16]
and [18] is the following.

Lemma 2: Suppose f € B,,. Then

(—1)/O) =9-% - Z N(u 2)

LS

forally € F3.

Next, we prove a theorem that gives the nega-Hadamard
transform of various combinations of Boolean functions. We
shall use throughout the well-known identity (see [15])

wi(xdy) = wt(x) + wi(y) — 2wi(x xy). 3)

Theorem 3: Let f, g, h be in B,,. The following statements
are true.
(a) For any affine function 4, .(x) =a-x @ cand f € B,,

Niota,.(0) = (=1)Ny(a @ u).
Further, A, ,(u) = (—1)°w™ 2 "% In particular,
No(u) = —Ni(u) = w”e ™ and Myoi(u) =

—Np(u), u € F3, where 0,1 are the constant 0, respec-

tively, 1 functions, and w = I\F is an eighth primitive
root of 1.
(b) Ifh(x) = f(x) & g(x) on F%, then for u € F%,
N (a Z Ni(vYH,(u & v)
veFy
=277 Z Hy(vINg(ud v).
UEF_
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(0) Ifh(x.y) = f(x)®g(y).x,y € F3,
NNy (v).

(d If h(x = f(Ax @& a), then ANp(u) =
(—1)a AW wt@) A (Au @ a), where A is an
n x n orthogonal matrix over Fo (and so, AT A = I,).

(e If f € B,,g € By, and hix,y) = f(x)g(y), then

then NVygg(u,v) =

2NV = A (An(v) e A (),
Ap(v) + Agp(v) = 25k, wtY) where
Ago(v) = Zy,g(y):o( 1)yv 0,
Ay (v) = Zy o) 1( 1)V gwt)

Moreover, if k = 1, 22 Nyf(x)(u v) = (=1)” 2 Ny(u) +
w™q Wt 22/\/(_7]%1)fx)(11.7)) = Ni(w) +

W™ ( -1 )’u Z*’wt(u)Jrl .
Proof: The first part of («) is direct from the definition of
the nega-Hadamard transform. The second part of the claim (a)
can be derived from [23, Lemma 1], since Np(u) = —Ap(u) =
28 3 (1) i) = g i),
We show the first identity of () (the second follows by sym-
metry). Since

Ni(v) = 277 Z (_1)f(y)aaiy~v Joty)

yeF?

Z (—1)9@Sz(udv)

S S

Hyudv) =22

and (see [6, p. 8])

we obtain (sums are over F3)

Y ers NH(V)H, (06 v)

27" ) (-1

v.y.Z

=27 Z(_l)f(w%g(zwu-z L0t ) Z(_l)

Y,z

:Z(_1

)f(y)@g(2)+v-(y@2)€r>u-z Lwt)
v-(y®Dz)

)f(y)@g(Y)Qﬁ“‘Y ) = Q%Nfi%g(u)'

Item (c) is straightforward. The property (d) can be derived
from [16, Lemma 2] and [23, Th. 2]. It is to be noted that [23,
Th. 2] further proves that the action of the orthogonal group pre-
serves the bent—negabentness property of a Boolean function.

To show item (e), we write, Q#Nh(u, v)

= Z (-1

),f(X)y(y)a%x'ue%y'v Lot Fwt(y)

(x,y)eFLTE
— Z Wy 2t) Z FEOSxu wi(x)
y.9(y)=1
+ Z W L) Z 1< JHx)
y.9(y)=0

=25Np(m) Y (1))

y.gly)=1
4 2,’2—Lwn ,[’711117(11) Z (71)y-v Zu:t(y)
¥:9(y)=0
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from which we obtain the desired identity. Moreover, if & = 1,
and g(y) = y, then Ay(v) = 1,A,(v) = (—1)"4, and if
g(y) =y @1, then A, 1(v) =1, A,0(v) = (—1)" ¢, and so
25N, (8,0) = (—1)° 2N () w7
25 N yms0 (1) =Ny () 4w (=1) a0
|

The next result is analogous to the result on the crosscorrela-
tion of two Boolean functions [20]. In the nega-Hadamard trans-
form context, the basic idea of this result is explained in [7] and

[17, eq. (15)].
Lemma4: If f, g € B,,,then the nega-crosscorrelation equals
Cro(z) =17 > Npu)N(u)(-1)"*.
uek?

Proof: We start with the sum at the right hand side.
ot Zuan Ny (N (u)(=1)**

Z Z f(X)%q(Y) () —wi(y)+wt(z)

xeFL yeF?]

x D (=

uckF%

_ Z f(x %g(XcPZ)( ) -z

xeF}

u-(x(yDz)

= C.f,g(z)

If we take f = ¢ in the previous lemma, then we obtain
Yery (-1 00T (12

= 1 S N ()N () (—

uek?

= S N

uek?

1)u1
(=D)*~. )

This is an analogue of the autocorrelation of Boolean functions.
It is to be noted that since both Hadamard and nega-Hadamard
transforms are unitary they are energy preserving and hence,
Parseval’s theorem holds for both transforms. The classical Par-
seval’s identity takes the form

> (Hy(w)* =

for the Walsh—Hadamard transform. Substituting z = 0 in (4),
we obtain a proof of this fact for the particular case of nega-
Hadamard transforms.

Corollary 5 (Nega-Parseval’s Identity): We have

> W)

uek?

=2n, )

Lemma 6: A Boolean function f € B,, is negabent if and
only if Cf(z) = 0 forall z € F} \ {0}.

Proof: If f is a negabent function, then |A(u)| = 1 for
allu € F3. For all z # 0, then by (4), we obtain Cy(z) = 0.
The converse also follows from (4). |

An equivalent result is proved after [17, eq. (15)] and in [16,
Th. 2] for the negaperiodic autocorrelation.
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Remark 7: Lemma 6 provides an alternate characterization
of negabent functions.

If f is an affine function, then for all z € F} \ {0} the nega-
autocorrelation Cy(z) = 0. This implies that any affine function
is negabent. For other proofs, we refer to [23, Lemma 1] and
[16, Prop. 1]. A bound on the algebraic degrees of negabent
functions is an important question. In the following, we provide
such a bound.

A Boolean function f € B,, is said to be near-bent [12] if
its Fourier transform values belong to {0, 2“7 } It is rather
immediate that near-bent functions exist only for odd values of
n. It is known [3] that if f is an n variable Boolean function
(n > 2)and 1 £ k < n such that the Fourier transform values
of f are divisible by 2%, then f has algebraic degree at most
n — k4 1. In case f is near-bent, k = "+1 which implies that
the algebraic degree of f is at most "‘H

The following theorem (which will be also used later) proved
by Parker and Pott establishes a connection between bent and
negabent functions.

Theorem 8 (see [16, Th. 12]): A function f : F3™ —
F> is negabent if and only if f & so is bent, where
s9(x1, @,y .o o) = Zi<j x;%; is the elementary sym-
metric function of degree 2.

Theorem 9. The algebraic degree of a negabent function f €
B, is at most [ 5 |, for any integer .

Proof: Suppose n is even and f is negabent. Then f & s
is bent, and so, its algebraic degree is bounded above by 7,
therefore the algebraic degree of f is at most .

Suppose n is odd and f € B,, is a negabent function. Then,
by [16, Remark 1], the Walsh Hadamard transform values of
J @s2 belong to {0, +277 } in other words f & s5 is a near-bent
function. Therefore, the algebralc degree of f is at most ”“ .

III. DECOMPOSITION OF NEGABENT FUNCTIONS WITH
RESPECT TO CODIMENSION ONE SUBSPACES

Suppose 1 < r < n. Then, any function f € B, can be
thought of as a function from F5 x F5 " to F». For any fixed
v € F%, the function f, € B,,_, is defined as f(x) = f(v,x)
forallx € F3 ™.

Theorem 10: Let f € B, be expressedas f : F;, x Fy, " —
Fs. Then

W) = Z Cfvyfv@,u(w)(

veF]

—v

Proof: By definition, Cy(u, w)

=2 2

VEU:Q ZE[F,7 -

— Z(_l)v'u Z (_1)fv(z>@fv®u(z@W)(_1)Z'W

(v.2)®f(veu, z&w)( )v»uéBz»w

vel] Z€FLT
= Z Cfv:fvﬂéu(w)(_l)v'u. (6)
veF]
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Corollary 11: Suppose f € B,, is expressed as

f(x,9)=fo(x)1 @ y) & fi(x)y, forall (x,y) € F§ ' x Fa,

where fo, f1 € B,_1. Then

C&(““O)
Cy(w, 1)

=Cp(w) + Cp (W)
= Of07f1 (W) - (_1)wt(W)Of(J,f1 (W)

The functions f and g are said to have complementary nega-
autocorrelation if for all nonzero u € F}

Cylu) + Cy(u) = 0.

The following lemma establishes a connection between the
nega-autocorrelations of f, g and their nega-Hadamard trans-
formations.

Lemma 12: Two functions f,g € B, have complementary
nega-autocorrelations if and only if

|-/vf(u)\2 + |./\/y(u)|2 =2 forall neFs.

Proof: Let f,g be two functions with complementary
nega-autocorrelations. Then

V() + N ()

o Y () 4 Oy ) (1)

zelF%
=2 "2t =2,

Conversely, suppose |[NV¢(w)|* + [Ny (u)|* = 2 forallu € F5.
Then, C;(z) + C,(z)

=1 S (N ()2 + N (w)]) (1)
uck?
u.t (z) Z — n-l—l u.t(z)é ( )
uekrz
where
0, ifz#0
50(Z):{1; ifzi(].

Thus, the functions f and g have complementary nega-autocor-
relations. u

Theorem 13: Suppose h € B,y is expressed as

hix,y)=fx)1@y) ®g(x)y forall (x,y) € F5 xFs
where f, g € B,,. Then, the following statements are equivalent.
1) A is negabent.
2) f and g have complementary nega-autocorrelations and
Cyq(u) =0forallu € F} withwt(u) =1 (mod 2).
3) [N¢(w)]? + [Ny(u)|* = 2 for all u € F} and VE_B isa

real number whenever | Ay (u)||V,(u)| # 0.

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 58, NO. 6, JUNE 2012

Proof: We show first (1) <= (2). Suppose & is a negabent
function. Then Cy(u, a) = 0 for all nonzero (u, a) € F3 x Fs.
From Corollary 11, we obtain

Ch(ll, ()) = Cf(u) + C’g(u) =0

forallu € F3 \ {0} and

(1, 1) = Cp g (w)(1 — (~1)*1) =,
which implies C; ,(u) = 0 for all u € F} with wt(u) = 1
(mod 2).

Conversely, assume that the functions f and g have comple-
mentary nega-autocorrelations and C ,(u) = 0 for allu € F3
with wi(u) =1 (mod 2). Then by Corollary 11, Cp(u, a) =
0 for all nonzero (u,a) € F§ x Fy. This implies that 4 is a
negabent function.

We now show (1) <= (3). The nega-Hadamard transform

of hat (u,a) € F} x F, is
Ni(u,a)
— 9= “'2*'1 Z (71)h(x,y)f{9u-x’&9a,y Zwt()gy)
(x.y)eFy xF,
- 27"3'1 Z (71)f(x)%ux Z'lut(x)
x€FY
P 3 (e
x€F2
1
= —_.,/\/ —1 @ J,\/
()1 (1) N )
Thus
AN (u)+ 2N, (n), ifa=0
Nin(u,a) = \{g f( ) \? g( ) : )
ﬁj\ff(u) -7 g(u), ifa=1.

Since A is negabent [Ny (u,a)| = 1 for all (w,a) € F} x F,
we obtain

’\/_./Vf \;ﬁf\/y(u) =1
7
‘ SN = A (w) =1 )

If i is negabent, then by Lemma 12 and the equivalence of the
first two statements proved above, we obtain

WVr ()2 + [N, (w)]? =2 forall ueF3.

Suppose foru € F3, [Np(u)||V,(u)| # 0. Letz; = %Nf(u)
and z; = =N, (u). Then, by (8), we obtain

— 2]?, that is

215 = — ZQE.
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Therefore, we have Np(u)Ny(u) = N (u)N¢(u), ie.,
Ny(a) _ Ne(w) (N_f(U)

N T N NG ) This proves that /NV/gf_Euu; is a real
number.
Conversely, suppose [N (u)|?+|N;(u)|? = 2 forallu € F3
and j\vf% is a real number whenever |A¢(u)||N,(u)| # 0.
Without loss of generality, we may first assume Np(u) =
0, for some u € F7. Then, by the aforementioned condition,
|N( )| = V2. By (7), [Nn(u,a)| = 1 forall a € Fy. Next

‘Xfe consider the case when [N¢(u)||N;(u)] # 0. Let ¢(u) =
()

N[(u) Then
Na(w,a)f? = |fo( u) + (_1)(1%@5(11)/\/1‘(“”2
= §|Nf<u>|2|1 +a(—1)p(u)[?
— SWHWP L+ gl
1 > RACYE
_§|Nf(u)| <1+ |,\/.(u )
= SV + W (w)?) = 1 ©)
Thus, h is negabent. u

IV. NEGABENT FUNCTIONS SYMMETRIC ABOUT TWO
VARIABLES

Suppose h € B,, is a Boolean function which is symmetric
with respect to two variables, ¢ and z say. Then there exist func-
tions f,g,¢ € B,,_2 such that

h(x.y.2) = F(x) ®

for all (x,y,z) € [Fgf2 x Fo x Fs. The Boolean function A
is bent if and only if, f and g are bent and s(x) = 1 for all
X € [F;"*2 (see [3], [4], [6], and [26]). For negabent functions
we prove the following similar result.

(f(x) @ g(x)(y®2) @ s(x)yz  (10)

Theorem 14: Suppose h € B,, is expressed as h(x,y, z) =
J(x)®(f(x)@g(x))(y@2)@s(x)yz forall (x,y, z) € F3*x
F2 x F2. The Boolean function A is negabent if and only if f
and ¢ are negabent and $(x) = 0 forall x € F%.

Proof: The nega-autocorrelation of & at (0,1, 1) is

Ch(ov 13 1)

=2 2 2

xeFr—2 yeFs zeF,

PDRCORDC

G(X) 1oy®z )( )u&%z

e(x y&y Z (_l)s(x)zﬂaz

xEIF; yEFs z€F»

= Z g(x) Z g(x yPy (14 (- )S(X)?Bl)
xEIF_;’ yEFo

=2 Y (Y =4 Y (D

xEIF;fz,s(x):1 yeFs2 xe[F;fQ,s(x):1
= —4|{x e Fy?:5(x) =1}
If A is a negabent function then Cp(0,1,1) = 0. Therefore
{x € F372 : s(x) = 1}| = 0, which implies that s(x) = 0
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for all x € [Fg’*Q. Thus, if & is a negabent function and sym-
metric with respect to the variables ¢ and z, then it is of the form

h(x,y,2) = f(x) @ (f(x) ® g(x))(y & 2), forall (x,y,2) €
[Fg”’2 X Fg x F2. The nega-Hadamard transform Ay, (u. a, b) of

h at(u,a,b) € [Fg"2 x Fo x Fa is
2-% Z (—1)/CBF B yB2) tuxBaydbz ywilx.y,2)
X, Y, 2

where (x,y, z) varies over F5 2 x Fy x F,. Expanding the
above sum by substituting all possible values of (y, z) € Fa x
F-, we obtain

1— (71)@@1)
2

a b
Ni(w, a,b) = Ny + S ED e,
(1)
Therefore, N3 (u, a, b) € {N;(u), £iN,(u)} forall (u,a,b) €
[F;”2 x F2 X F5. This proves that both f and g are negabent. On
the other hand, if f and ¢ are negabent functions, and s(x) =
0 for all x € F5 ™2, then h is also negabent. This shows the

converse. |

Corollary 15: A symmetric negabent function is affine.
Proof: Let h € B,, be a symmetric negabent function. Let
us suppose that ~ has algebraic degree greater than or equal to
2. Since A is symmetric, it is symmetric with respect to any two
variables. Therefore, it is possible to express h, for at least one
pair y, z of variables, as follows:

h(x,y,2) = f(x)®

where s(x) # 0 for at least one x € F} 2. But this contradicts
the fact that / is negabent. Hence, all symmetric negabent func-
tions are affine. ]

(fx) @ g(x)(y @ 2z) D s(x)yz

The result of Corollary 15 gives an alternate proof of the fact
proved in [21]. In fact, the case for even n can be immediately
obtained from Theorem 8.

Recall that so{z1, 22, ..., Zom) = ZK] x;x; is the homo-
geneous (i.e., all terms of its ANF are of the same degree), sym-
metric and quadratic bent function. Let s1 (1, %2, ..., T2m) =
>~ i, the (only) symmetric linear function. In [22], it is shown
that the only symmetric bent functions are ss, s @ 51, 1 & s2,
16 so b sg.

In [21], it is proved (by a long argument) that all the sym-
metric negabent functions are affine. Following [16] and [22],
the result in [21] can be achieved in a few lines for even 7.

Theorem 16: Let n be even. A symmetric function f € B,
is negabent if and only if it is affine.

Proof: Suppose f € B,, is a symmetric negabent function.
Then f & so is a bent function. Since the direct sum of two
symmetric functions is symmetric, then f & s, is a symmetric
bent function. The only symmetric bent functions are ss, s2s1,
1652, 1659 @ s1 (see [22]). Therefore, f canbe 0, 1, 51, 1P 51
and nothing else. This proves that if f is a symmetric negabent
function on even number of variables, then it is affine.

Conversely, it is known that all affine functions are negabent
[23]. Therefore, symmetric functions on even number of vari-
ables, if affine, are negabent. |
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Bent functions do not exist for an odd number of input vari-
ables. Thus, there is no equivalent characterization of Theorem
8 for odd dimension, and the result in [21] cannot be proved
trivially as before. However, the odd (as well as the even) case
has already been taken care of by Corollary 15.

V. BENT-NEGABENT FUNCTIONS IN MM CLASS

In this section we shall investigate bent functions which are
also negabent in the MM class of bent functions, namely
x,y €F3

f(xvY) = W(X) A {](X), (12)

where 7 is a permutation satisfying wi(x & y) = wi(n(x)
7(y)) (we call w a weight-sum invariant permutation), for all
X,¥, and ¢ is an arbitrary Boolean function, both on F5. We
remark that if 7 is orthogonal, that is, 7(x) = A - x with A
orthogonal (AT A = I,), then it satisfies the imposed condition
(since wi(m(x)d7(y)) = wi{ A(xPy)), it suffices to show that
wt(Az) = wt(z); for that, consider wt(Az) = (Az)” - (Az) =
z7 (AT A)z = wt(z)). It could be interesting to see if there
are such weight-sum invariant permutations outside of the ones
generated by the linear orthogonal group.

Theorem 17: A function in (12) on F2" is bent-negabent if
and only if ¢ is bent.
Proof: We evaluate N5 (u, v)

—9n Z (_1)r(x)-yng(x)@x-m)y-v Jwtx)tuwt(y)
(xy)EF3"

— 9" Z (_1)y(X)<DX-u Jwt(x) Z (_1)r(x)-y<Dy-v JWt)
x€Fy yeFy

=9 Z (_1)g(x)®x-u )% n, —wi{r(x)dHv)
xEFy

=92 5" Z (,1)g(x)$x-u SO0 —wi(x(x)v)

xcF?

Now, using the fact that 7 is a weight-sum invariant permu-
tation, and by (3), we obtain

wt(r(x) & v) = wi(x ® 7 1(v))
wit(x) — wt(n(x) B V)
= —wt(r (V) + 2wt(x x 7 (v)), and
7’Qﬂwt(xwr*l(v)) _ (_1)x.7r71(v)
which implies that N (u, v)
— 27%(‘}71 ,[/711;t(7r_1(v)) Z (71)g(X)éEx-(u€BTr_1(v))

xEFQ
) 7-‘-_1 v —
="y T D (@ (V).

Consequently
Np(u,v)| = [Hy(ue 7= (v))]
that proves our claim. ]

The following corollary follows easily from our theorem,
since bent functions exist for any degree up to half of the (even)
dimension. We remark that [23, Th. 10] gives an upper bound
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of n — 1 on the degree of an MM-type bent—negabent function
on 27 variables, but not an existence result.

Corollary 18: If f as in (12) is bent-negabent with 7
weight-sum invariant, then the degree of f is bounded by 3.
Moreover, there exist bent-negabent functions in the MM class
of any degree between 2 and 5 (n is even).

VI. CONSTRUCTION OF A NEW CLASS OF BENT-NEGABENT
BOOLEAN FUNCTIONS

It is well known that the maximum degree of a bent function
on 7 variables is 5 and the maximum degree of a negabent
function s [ 5] (Theorem 9), which is § for evenn. Thus, it may
be an interesting problem to find out a nontrivial upper bound on
the algebraic degrees of the bent—negabent functions. However,
no upper bound strictly less than 5 is known to this date. Parker
and Pott also raised this question in [16, Problem 3, p. 19].

So far all the known general constructions of bent-—negabent
functions on n variables produce functions with algebraic de-
grees less than or equal to 7, where 7 is any positive integer
divisible by 4. In this section, we construct bent—negabent func-
tions on n = 12/ variables with algebraic degree equal to 7 +1,
where £ is any positive integer greater than or equal to 2.

Throughout this section, n = 2p and h is a quadratic
bent function defined as h(x) = >.P_ zz,y; for all
x = (#1,...,%,) € F%. It is known that the quadratic
symmetric Boolean function of the form s»(x) = 3, z:x;,
forallx = (z1,...,2,) € FY} is bent. Therefore, by the results
of Section I-B, the function s is equivalent to the quadratic
bent function h defined previously. Using Theorem 8, proved
by Parker and Pott, we obtain the following.

Lemma 19: A Boolean function f € B,, (n = 2p) is bent—ne-
gabent if and only if both f and f ¢ s are bent functions.
Proof: Assume that f € By, is a bent—negabent function.
Since f is a negabent function, f @ s- is a bent function. Thus,
f and f @ s, both are bent functions.
Conversely let us suppose that f and f & s» both are bent
functions. Since f @ s5 is a bent function f ¢ s, P so = fisa
negabent function. Therefore, f is a bent-negabent function. ll

The following theorem provides a strategy to construct
bent-negabent functions.

Theorem 20: Let s2(x) = h(xA®b)du-xPe forallx € FY,
where A € GL(n,F3),b,u € F} ande € Fs. Suppose f € B,
is a bent function such that f @ A is also a bent function. Then,
g € B,, defined by

g(x)=f(xADb)Bh(xATD)Bu - xBe= f(XADD) P sa(x)

for all z € F5 is a bent—negabent function.

Proof: The function g is equivalent to f & h. Therefore, g
is bent. The function g & s is affine equivalent to f. Since f
is a bent function, g $ s is also a bent function. Therefore, by
Lemma 19, g is a bent—negabent function. ]

Remark 21: Since all quadratic bent functions are equivalent
(see Section I-B), if 1 is any quadratic bent function on » vari-
ables, then there exist A € GL(n,F2),b,u € FJ and e € F»,
such that s3(x) = h(xA Dby u-x & e forall x € F3.
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Therefore, if f € B,, is a bent function and »; € B, is any
quadratic bent function such that f 4 A4 is also a bent function,
then by using the strategy described in Theorem 20 we obtain a
bent-negabent function.

Theorem 20 reduces the problem of constructing bent—ne-
gabent functions to characterizing bent functions f such that
f + h is also a bent function. We demonstrate below that such
functions can be constructed by using complete mapping poly-
nomials.

A. Complete Mapping Polynomials

Let Fo» be the field extension of F5 of degree p. The finite
field Fo» is isomorphic to F4 as a vector space over Fa. Any
permutation of Fo» can be identified with a permutation on F5.
Any permutation on Fy» can be represented by a polynomial
in F2.[X] of degree at most 27 — 2. A polynomial F(X) €
Fo:[X] is said to be a complete mapping polynomial if F'(X)
and F(X) + X both correspond to permutations on F». For
details on complete mapping polynomials, we refer to [11] and
[14]. The following provides us a strategy to construct bent—ne-
gabent functions by using complete mapping polynomials.

Theorem 22: Let n = 2p. Suppose mp denotes the
permutation on F4 induced by a complete mapping poly-
nomial F(X) € Fa[X]. Let fr € B, be defined
by fr(x) = ap(z1,...,2p) © (Xpy1....,2,) for all
x € F%, and h is a quadratic bent function defined as
h(x) = 0 | ziwpy, forall x = (z1,...,2,) € F}, such
that s5(x) = h(xA & b) @ u-x P ¢ forall x € FZ, where
A € GL(n,F3),b,u € F} and € € F;. Then, the Boolean
function fp & h is an MM-type bent function and

gx)=fr(xA®b)Dh(xADDb)DPu-xDe
= [r(xA®Db) ®sa(x) forallx e Fy

is a bent—negabent function. The algebraic degrees of g and fr
are equal.

Proof: Since g is a permutation on F%, the function fr is
a bent function on n = 2p variables belonging to the MM class.
The function

(fr @ h)(x) = fr(x) @ h(x)

=7ap(z1, oo ) (Tpt1e e or Tn)
B (1, 2p) - (Tpy1, - Th)
= (mp(z1....,2p)
B (1, %)) (Tpt1, -1 Tn)

is also a bent function in the MM class since 7 g is induced from
a complete mapping polynomial. Thus, using Theorem 20, we
infer that g is a bent—negabent function. |

B. Bent—Negabent Functions on n. Variables With Algebraic
Degree Greater Than

We consider a particular complete mapping polynomial con-
structed by Laigle-Chapuy [11].

Theorem 23 ([11, Th. 4.3]): Let p be a prime and (m, £) €
N2. Let k be the order of p in Z/mZ. Take ¢ = p**™ and r a
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positive integer coprime to g — 1. Assume a € Fx is such that
(—a)™ # 1. Then, the polynomials

P(X)=X(X" +a)and Q(X) = aX = T

are complete mapping polynomials.
First, we construct a bent-negabent function on 24 variables
having algebraic degree 7.

Example 24: Following the notations of Theorem 23, let p =
2,£ = 2,and m = 3. The order of p in Z /37 is 2, that is k = 2.
Thus, kfm = (2)(2)(3) = 12 and ¢ = p**™ = 212, Consider
the polynomial P(X) = X (X 5 +a) = X (X365 4+4), where
a € Fy1\Fy2. The last condition guarantees (—a)™ = (—a)® #
1. By using P(X) in Theorem 22, we obtain a bent-negabent
function on 24 variables and algebraic degree 7. The algebraic
degrees of the bent—negabent functions constructed in [23] are
bounded above by 7. Thus, the bent-negabent function con-
structed above does not belong to these classes.

Certainly, the order of p = 2 in Z/3Z is k = 2, so in general
we have the following result.

Lemma 25: For any ¢ > 2, the polynomials
26¢ 564

P(X) = X(X% +a)and Q(X) = aX T+

have algebraic degree é[’ .
Proof: Lett = 251 4 1. Then

266 —1
t= +1
@@ @ P+ (294D
- (22 - 1)
:\261272_‘_26474_‘_26476+_._+24_‘_22_|_2.
3¢ t;;ms

This proves that both P{X') and Q(X') have degree 3/. |

Theorem 26: For each £ > 2, there exist bent—negabent func-
tions onn = 12¢ variables with algebraic degree 7 +1 = 3/+1.
Proof: For each £ > 2, it is possible to construct P(X)

and Q(X) as in Lemma 25 with p = 2 and m = 3. It is
proved in Lemma 25 that P(X) and Q(X) both have alge-
braic degree 3£. It is also to be noted that if £ > 2, we can
choose @ € Fg2: \ Fy so that (—a)™ # 1. Therefore, P(X)
and Q(X) constructed in this way are complete mapping poly-
nomials. If we use Theorem 22 by inducing the permutation 7 g
where F(X) € {P(X), Q(X)}, then we obtain bent-negabent
functions on n = (2)(6£) = 12¢ variables with algebraic de-
gree 3¢ + 1. It is also to be noted that these functions may not
be of MM type but belong to the complete class of MM-type
functions. ]

Complete mapping polynomials over F,4 of algebraic de-
grees 1, 2, and 3, listed in Table I, are obtained by Yuan et al.
[25]. In Table I, « denotes a primitive element of Fs+. Using
these polynomials and Theorem 22 we can construct bent-ne-
gabent functions on eight variables having algebraic degrees 2,
3, and 4. Thus, we note that there exist bent—negabent functions
on eight variables with maximum possible algebraic degree that
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TABLE 1
COMPLETE MAPPING POLYNOMIALS OVER .4

Algebraic degree | Complete mapping polynomial
1 a(x?® + bx) where ab # 0,
and b,b+a~! # a?,a8,a?, al?
2 a®210 + a3z + a?2® + 2% + ofx
3 2B F o820 F a’e + Bz

is 4. It is not known whether such is the case for n > 4. This
leads us to state the following as an open problem.

Open Problem: For any n = (mod 4), give a general
construction of bent-negabent Boolean functions on 7 variables
with algebraic degree strictly greater than 7 + 1.

VII. CONCLUSION

In this paper, we have investigated the nega-Hadamard trans-
form of Boolean functions in detail. First, we study the proper-
ties of nega-Hadamard transform. Next, we concentrate on de-
compositions of negabent functions with respect to codimen-
sion one subspaces, and negabent functions that are symmetric
about two variables. A characterization of some bent—negabent
functions in the MM class allows us to construct bent-negabent
Boolean functions on F2" of all degrees up to |5 ]. Use of com-
plete mapping polynomials allows us to further construct new
classes of bent—negabent functions on 2n variables of degree
greater than 3.
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