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1) A comprehensive theory of the modulation response of quantum dot (QD) lasers is developed. The factors limiting the 

modulation bandwidth of QD lasers are identified and the highest possible bandwidth is calculated.

       A closed-form expression is derived for the upper limit for the modulation bandwidth. The highest bandwidth increases 

directly with overlap integral of the electron and hole wave functions in a QD, number of QD-layers, and surface density of QDs 

in a layer, and is inversely proportional to the inhomogeneous line broadening caused by the QD-size dispersion. At 10% 

dispersion and 100% overlap, the upper limit for the modulation bandwidth in a single QD-layer laser is as high as 60 GHz.

       The carrier capture from the waveguide region into QDs is shown to strongly limit the modulation bandwidth. As a function 

of the capture cross-section, the modulation bandwidth asymptotically approaches its highest value when the cross-section 

increases infinitely (the case of instantaneous capture). With reducing the capture cross-section, the modulation bandwidth 

decreases and becomes zero at a certain nonvanishing value of the cross-section. The use of multiple-layers with QDs 

significantly enhances the modulation bandwidth.

       The internal optical loss, which increases with carrier density in the waveguide region, is shown to considerably reduce the 

modulation bandwidth. With internal loss cross-section increasing and approaching its maximum tolerable value, the modulation 

bandwidth decreases and becomes zero.

       The theory of the modulation response developed during the performance of this project provides insights into the physical 

principles dominating the behavior of lasers with nanosize active regions. It serves as the basis for improving such lasers for 

the use in high-speed communication systems.

2) A comprehensive theory of a double tunneling-injection (DTI) QD laser is developed. In such a laser, both electrons and 

holes are injected into QDs by tunneling from two separate quantum wells (QWs). Close-to-ideal operating characteristics are 

predicted for a DTI QD laser. In particular, even in the presence of out-tunneling leakage from QDs and in the presence of the 

wetting layer, the light-current characteristic (LCC) of a DTI QD laser exhibits a remarkable feature distinguishing such a laser 

from other types of injection lasers - the LCC becomes increasingly linear and the slope efficiency grows closer to unity at high 

injection currents.

3) The effect of noninstantaneous capture of carriers from the waveguide region into QWs on the power characteristics of QW 

lasers is studied. The carrier capture delay into QWs is shown to lead to reduction of the internal quantum efficiency and to 

sublinearity of the LCC of the laser. It is shown that the use of two QWs as an active region leads to a considerable increase of 

the internal quantum efficiency and a significantly higher linearity of the LCC compared to a single-well structure. The use of 

three or more QWs provides, however, only an insignificant improvement of the laser power characteristics as compared to a 

double-well structure. Hence, from the viewpoint of high output powers and ease of growth, a double-well structure is the most 

optimum.
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I. Statement of the problem studied 
 

The objective of this project was to explore the potential of semiconductor quantum dot 
(QD) lasers for high-frequency direct modulation of the optical output by injection current. A 
comprehensive theoretical model for the modulation response of QD lasers was developed, 
which was based on the small-signal analysis of rate equations for carriers localized in QDs, free 
carriers in the waveguide region, and photons. The following major factors affecting the 
modulation bandwidth were considered: 

 inhomogeneous line broadening caused by QD-size nonuniformity; 

 carrier capture delay from the waveguide region into QDs; 

 thermal escape from QDs; 

 parasitic recombination outside QDs; 

 internal optical loss in the waveguide region. 
 
 
II. Summary of the most important results 
 

The most important results of this project were published in peer-reviewed journals [1]–
[8] and conference proceedings [C1]–[C9]. The papers [1]–[7] and conference proceedings [C1] 
and [C3] are appended to the end of this attachment. 
 

In [1], [C1], and [C2], the frequency and decay rate of relaxation oscillations, the 
modulation response, and the modulation bandwidth are calculated as functions of the dc 
component of the injection current density, cavity length, and parameters of the QD laser 
structure. A closed-form expression is derived for the upper limit for the modulation bandwidth. 
The highest possible bandwidth increases directly with overlap integral of the electron and hole 
wave functions in a QD, number of QD-layers, and surface density of QDs in a layer, and is 
inversely proportional to the inhomogeneous line broadening caused by the QD-size dispersion. 
At 10% QD-size fluctuations and 100% overlap, the upper limit for the modulation bandwidth in 
a single QD-layer laser is as high as 60 GHz. 
 

In [2], [C3], and [C4], it is shown that the carrier capture from the optical confinement 
layer into QDs strongly limits the modulation bandwidth –3 dB of a QD laser. Closed-form 
analytical expressions are obtained for –3 dB in the limiting cases of fast and slow capture. As a 
function of the cross-section n of carrier capture into a QD, –3 dB asymptotically approaches its 
highest value when n → ∞ (the case of instantaneous capture). With reducing n, –3 dB 
decreases and becomes zero at a certain non-vanishing min

n . This min
n  presents the minimum 

tolerable capture cross-section for the lasing to occur at a given dc component j0 of the injection 
current density. The higher is j0, the smaller is min

n  and hence the direct modulation of the 
output power is possible at a slower capture. The use of multiple-layers with QDs significantly 
enhances the modulation bandwidth – –3 dB is considerably higher in a multilayer structure as 
compared to a single-layer structure at the same dc current. At a plausible value of n = 10–11 cm2, 
–3 dB as high as 19 GHz is attainable in a 5-QD-layer structure. 
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In [3], it is shown that the internal optical loss, which increases with free-carrier density 
in the waveguide region, considerably reduces the modulation bandwidth ω–3 dB of a QD laser. At 
a certain optimum value opt

0j  of the dc component of the injection current density, the maximum 

bandwidth max
dB3  is attained and the modulation response function becomes as flat as possible. 

With internal loss cross-section int increasing and approaching its maximum tolerable value, 
max

dB3  decreases and becomes zero. As with opt
0j , there also exists the optimum cavity length, at 

which –3 dB is highest; the larger is int, the longer is the optimum cavity. 
 

In [4], [C5], and [C6], a comprehensive theoretical model is developed for a double 
tunneling-injection (DTI) QD laser. In a DTI QD laser, both electrons and holes are injected into 
QDs by tunneling from two separate quantum wells (QWs). It is shown that the light-current 
characteristic (LCC) of a DTI QD laser exhibits a remarkable feature distinguishing this laser 
from other types of injection lasers — it becomes increasingly linear, and the slope efficiency 
grows closer to unity at high injection currents. The linearity is due to the fact that the current 
paths connecting the opposite sides of the structure lie entirely within QDs — in view of the 
three-dimensional confinement in QDs, the out-tunneling fluxes of carriers from dots are limited. 
 

In [5] and [C7], the LCC of a DTI QD laser is studied in the presence of the wetting layer 
(WL). Since (i) the opposite sides of a DTI structure are only connected by the current paths 
through QDs and (ii) the WL is located in the n-side of the structure, the only source of holes for 
the WL is provided by QDs. It is shown that, due to the zero-dimensional nature of QDs, the rate 
of the hole supply to the WL remains limited with increasing injection current. For this reason, as 
in the other parts of the structure outside QDs (QWs and optical confinement layer), the parasitic 
electron-hole recombination remains restricted in the WL. As a result, even in the presence of the 
WL, the LCC of a DTI QD laser becomes increasingly linear at high injection currents, which is 
a further demonstration of the potential of such a laser for high-power operation. 
 

In [6], the effect of noninstantaneous capture of carriers from the waveguide region into a 
QW on the power characteristics of a single QW laser is studied. The main parameter of the 
theoretical model is the velocity of carrier capture from the waveguide region into a QW. A 
delayed capture of carries into a QW is shown to lead to reduction of the internal differential 
quantum efficiency and to sublinearity of the LCC of the laser. A comparison of theoretical and 
experimental LCCs for a structure considered as an example shows that a good agreement 
between them (up to a very high injection current density 45 kA/cm2) is attained at the capture 
velocity value 2106 cm/s. The findings of this work may be used for optimization of QW lasers 
for generation of high optical powers. 
 

In [7], the LCC of a semiconductor laser with multiple QWs is calculated taking into 
account the carrier capture delay from the waveguide region into the wells. It is shown that the 
use of two QWs as an active region leads to a considerable increase of the internal quantum 
efficiency of stimulated emission and a significantly higher linearity of the laser LCC compared 
to a single-well structure. The use of three or more QWs provides, however, only an insignificant 
improvement of the laser power characteristics as compared to a double-well structure. Hence, 
from the viewpoint of high output powers and ease of growth, a double-well structure is the most 
optimum. 
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We derive a closed-form expression for the upper limit for the modulation bandwidth of a
semiconductor quantum dot �QD� laser. The highest possible bandwidth increases directly with
overlap integral of the electron and hole wave functions in a QD, number of QD-layers, and surface
density of QDs in a layer, and is inversely proportional to the inhomogeneous line broadening
caused by the QD-size dispersion. At 10% QD-size fluctuations and 100% overlap, the upper limit
for the modulation bandwidth in a single QD-layer laser can be as high as 60 GHz. © 2010
American Institute of Physics. �doi:10.1063/1.3446968�

Due to the capability of direct modulation of the optical
output by electric current, semiconductor lasers are exten-
sively used in high-speed fiber networks. In quantum dot
�QD� lasers, the stimulated emission is produced in nanosize
regions confining the charge carriers in all three spatial
dimensions.1 A discrete energy spectrum of carriers in QDs
enables lasing with low threshold current2–4 and high
temperature-stability.5 The modulation bandwidth of QD la-
sers, however, needs to be enhanced.

In this work, we study the modulation bandwidth of
semiconductor lasers with a quantum-confined active region.
Although our analysis and derivations are general and apply
also to quantum well and quantum wire lasers, our focus here
is on a QD laser. We estimate the highest possible intrinsic
bandwidth attainable in a coupled electron-photon system of
a laser. For this purpose, we do not consider a transport delay
across the optical confinement layer �OCL� and a capture
delay from the OCL to the active region. For the same pur-
pose, we do not also consider the gain compression with
increasing optical power.

We use the small-signal analysis of rate equations.6–12

While we assume instantaneous carrier injection into the ac-
tive region, our model includes the carrier population and
recombination in the OCL. In the simplest model, three
equations are used—for carriers outside the active region �in
the OCL�, those in the active region, and photons. The as-
sumptions of no transport and capture delay effectively re-
duce the number of equations to two. These equations are

�

�t
��n� =

�j

eb
− �Rnon-stim − �Rstim, �1�

�

�t
��N

V
� = �Rstim − �Rloss, �2�

where �� . . . � means a small variation of � . . . �, n=nact+nOCL

is the total carrier density �including the active region and
OCL�, j is the injection current density, N is the number of
photons in the lasing mode, and b and V are the OCL thick-
ness and volume, respectively, Rnon-stim is the total rate of
nonstimulated recombination processes �including the active

region and OCL�, Rstim is the stimulated recombination rate,
and Rloss is the photon loss rate.

Assuming a small time-harmonic ac injection current
density �j=�jm exp�i�t� and correspondingly looking for
the solutions of Eqs. �1� and �2� in the form of �n
=�nm���exp�i�t� and �N=�Nm���exp�i�t�, we obtain for
the modulation response function

H��� = ��Nm���
�Nm�0�

�2

=
�0

4

��2 − �0
2�2 + 4�dec

2 �2 . �3�

The shape of H��� depends strongly on the dc compo-
nent j0 of the injection current density. For a certain range of
values of j0 �see below�, H��� has a peak �Fig. 1� obtained at

�peak = 	�osc
2 − �dec

2 = 	�0
2 − 2�dec

2 , �4�

where �osc and �dec are the angular frequency and decay rate
of relaxation oscillations,

�osc = 	�0
2 − �dec

2 , �5�

�dec =
1

2
� 1

�non-stim
dif + vg

Gdif

V
N0� , �6�

and �0 is given as

a�Electronic mail: asryan@mse.vt.edu.
b�Electronic mail: suris@theory.ioffe.ru.
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FIG. 1. Response function in the ideal case of no carriers outside QDs at
different values of the dc component of the injection current density. In Figs.
1–4, a GaInAsP structure of Ref. 13 lasing at T=300 K near 1.55 �m is
considered. ZL=1, ��	�inhom=7 meV �10% QD-size fluctuations�, NS

=6.11
1010 cm−2, and Ioverlap=1; gmax=29.52 cm−1 and Gact
dif =1.36


10−14 cm2. The cavity length L=1.139 mm. At these parameters,
�−3 dB

max /2�=20 GHz and jopt=601 A /cm2 �see also Fig. 2�.
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�0 =	vg
Gdif

V
N0

1

�ph
. �7�

In the above equations, vg is the group velocity of light,
N0 is the dc number of photons in the lasing mode, which is
related to j0 by the steady-state light-current characteristic,
�ph= �L /vg� / ln�1 /R� is the photon lifetime in the cavity, L is
the cavity length, and R is the mirror reflectivity.

The effective differential gain Gdif is calculated as the
derivative of the modal gain g with respect to the total car-
rier density n=nact+nOCL,

Gdif =
�g

�n
=

�nact

�n
Gact

dif � Gact
dif , �8�

where Gact
dif =�g /�nact. Due to the fact that �nact /�n�1, Gdif

�Gact
dif and, as discussed below, the practically achievable

modulation bandwidth of the laser can be significantly re-
duced.

In Eq. �6�, the effective differential non-stimulated re-
combination time �non-stim

dif = ��Rnon-stim /�n�−1 is expressed in
terms of such times in and outside the active region.

The most important dynamic characteristic is the 3 dB
bandwidth �referred to as the modulation bandwidth
�−3 dB /2� here�—the frequency at which the response func-
tion H��� has fallen to half its dc ��=0� value. The equation
for �−3 dB is

�−3 dB = 	�peak
2 + 	�peak

4 + �r − 1��0
4, �9�

where r=100.3
1.995.
The relaxation oscillations are only possible ��osc should

be real—see Eq. �5�� for a certain range of values of N0, i.e.,
of dc component j0 of the injection current density. For such
j0, �osc increases from zero, approaches its maximum value,
and then decreases to zero �Fig. 2�. The peak of the response
function also exists for its own range of j0 ��peak should be
real—see Eq. �4��; �peak behaves similarly to �osc with in-
creasing j0 �Fig. 2�—what this means is, at a certain j0, the
peak of H��� appears at �peak=0, then it moves to higher
frequencies with increasing j0, and then moves back to lower
frequencies and finally disappears at �peak=0 �Fig. 2�. At j0
value, at which the peak of H��� disappears, �osc is maxi-
mum �Fig. 2�.

As a function of j0, the modulation bandwidth also has a
maximum �Fig. 2�. The maximum of �−3 dB is obtained at
approximately the same value jopt of j0, at which the peak of
the response function disappears �Fig. 2�. At j0= jopt, H��� is

most flat �Fig. 1�; although �osc is maximum at j0= jopt, the
relaxation oscillations are strongly damped at this current
��dec=�osc

max
1 /�ph—see Fig. 2�. On further increase in j0
beyond jopt, �−3 dB decreases and asymptotically approaches
its saturation value �−3 dB � j0→�
1 /�ph. The maximum val-
ues of �peak, �osc, and �−3 dB are all controlled by the recip-
rocal photon lifetime in the cavity,

�−3 dB
max 
 	2�osc

max 
 	2�	2�peak
max� 


	2

�ph
= 	2

vg

L
ln

1

R
.

�10�

The shorter the cavity, the higher �−3 dB
max . The shortest

cavity length Lmin is controlled by the maximum modal gain
gmax through the lasing condition �equality of the loss to the
gain�,

1

Lminln
1

R
= gmax. �11�

Using Lmin for L in Eq. �10�, we find that the highest
possible bandwidth increases directly with gmax and is not
affected by the differential gain Gdif,

�−3 dB
highest = 	2vggmax. �12�

While �−3 dB
highest is controlled by merely gmax, and �−3 dB

max by
L, the optimum current densities jopt, at which they are ob-
tained, are controlled by Gdif as well. Indeed, the condition
for the maximum bandwidth ��peak=0� is obtained when
�0

2=2�dec
2 —see Eq. �4�. As seen from Eqs. �6� and �7�, both

�0 and �dec are controlled by the product of N0 and Gdif.
Hence, the lower Gdif, the higher will be the photon number
N0=N0

opt, at which �0
2=2�dec

2 , i.e., the higher will be jopt. As
a result, the practically achievable bandwidth will be reduced
compared to Eq. �12� and even Eq. �10�.

The above analysis and equations are general and apply
to semiconductor lasers with any type of a quantum-confined
active region assuming that the carrier transport to and ex-
change with the latter are instantaneous. In what follows, we
focus on QD lasers. Using the expression for gmax for a QD
laser,13,14 we obtain from Eq. �12�

1

2�
�−3 dB

highest =
2

3
	2�

�

	�g
�P

�
�2� �0

	�

1

L�

IoverlapZLNS

�

��	�inhom
, �13�

where �=1 /	2� or 1 /� for Gaussian or Lorentzian QD-size
distributions, respectively, �=e2 /�c is the fine structure con-
stant, 	�g and 	� are the group and refractive indices of the
dispersive OCL material, P is Kane’s parameter �P /� has the
dimension of a velocity—see Eq. �3� in Ref. 13�, �0 is the
lasing wavelength, L is the characteristic length of the light
confinement in the transverse direction in the waveguide �see
Eq. �9� in Ref. 15�, Ioverlap is the overlap integral of the elec-
tron and hole wave functions in a QD, ZL is the number of
QD-layers, NS is the surface density of QDs in one layer, and
��	�inhom is the inhomogeneous line broadening �measured
in units of energy� caused by the QD-size dispersion.

The absence of carriers in the OCL would be the best-
case scenario not only for the threshold and power charac-
teristics but for the modulation characteristics as well. For
such an ideal case, Figs. 1 and 2 show the response function
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FIG. 2. Modulation bandwidth �−3 dB /2�, peak frequency of the response
function �peak /2�, relaxation oscillation frequency �osc /2�, �dec /2�, and
�0 /2� vs dc component of the injection current density in the ideal case of
no carriers outside QDs. The vertical dashed line marks jopt.

221112-2 L. V. Asryan and R. A. Suris Appl. Phys. Lett. 96, 221112 �2010�

Author complimentary copy. Redistribution subject to AIP license or copyright, see http://apl.aip.org/apl/copyright.jsp



and the modulation bandwidth �−3 dB /2� versus dc current
density j0. The parameters of a specific structure used for an
illustration of the results are presented in the caption to Fig.
1. As seen from the figures, �−3 dB

max is attained at a fairly low
jopt �601 A /cm2�. This is because Gdif is high in this case:
Gdif=Gact

dif =1.36
10−14 cm2.
Figure 3 shows the upper limit for the modulation band-

width �−3 dB
highest /2� versus maximum modal gain gmax in a

single QD-layer laser. The top axis illustrates the situation
when gmax is varied through changing Ioverlap. At 10% QD-
size fluctuations ���	�inhom=7 meV�, NS=6.11
1010 cm−2,
and ideal overlap of the electron and hole wave functions in
a QD �Ioverlap=1�, the maximum gain is gmax=29.52 cm−1,
and the shortest cavity length is Lmin=386 �m. At these pa-
rameters, the highest possible modulation bandwidth in a
single QD-layer laser is

�−3 dB
highest/2� 
 60 GHz. �14�

If the overlap is poor or the QD-size dispersion is large,
gmax will be low and so will be �−3 dB

highest /2�. Thus, gmax

=4.4 cm−1 and �−3 dB
highest /2�
9 GHz if Ioverlap=0.15. One

way to increase Ioverlap is the use of more symmetrical �e.g.,
truncated or disk-shape� QDs.14

As seen from Eq. �13�, the use of multiple layers with
QDs can effectively enhance the modulation bandwidth thus
compensating for a poor overlap of the electron and hole
wave functions in a QD or for a large QD-size dispersion.
The use of submonolayer QDs was also reported to allow for
a higher surface density NS of QDs in a layer.16

In the presence of carriers in the OCL, all the above
expressions hold. At the same time, Gdif �see Eq. �8�� is con-
siderably reduced as compared to Gact

dif. Due to this, �−3 dB
max

�and the more so �−3 dB
highest� becomes unattainable at practical

values of the pump current density in a single QD-layer laser.
In such a specific laser structure considered here, �nact /�n
=0.009, i.e., Gdif is about two orders of magnitude lower
than Gact

dif �see Eq. �8��: Gdif=1.27
10−16 cm2. Hence, the
photon number N0=N0

opt, at which �−3 dB
max is obtained �see the

discussion following Eq. �12��, is two orders of magnitude
higher than in the ideal case of no carriers in the OCL, and so

is jopt �64 kA /cm2�. Figure 4 shows the optimum dc current
density j0= jopt maximizing �−3 dB versus number of QD-
layers. While jopt is very high even for ZL=2, the use of four
or five layers makes �−3 dB

max practically attainable thus com-
pensating for the adverse effect of carriers in the OCL.

In conclusion, we derived a closed-form expression for
the upper limit for the modulation bandwidth of a QD laser.
The highest possible bandwidth increases with increasing
overlap integral of the electron and hole wave functions in a
QD, number of QD-layers and surface density of QDs in a
layer, and with reducing QD-size dispersion. At 10% QD-
size fluctuations and 100% overlap, the upper limit for the
bandwidth in a single QD-layer laser can be as high as 60
GHz.

L.V.A. acknowledges the U.S. Army Research Office
�Grant No. W911-NF-08-1-0462� and R.A.S. acknowledges
the Russian Foundation for Basic Research �Grant No. 08-
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Carrier capture delay and modulation bandwidth in an edge-emitting
quantum dot laser
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We show that the carrier capture from the optical confinement layer into quantum dots �QDs� can
strongly limit the modulation bandwidth �−3 dB of a QD laser. As a function of the cross-section �n

of carrier capture into a QD, �−3 dB asymptotically approaches its highest value when �n→� �the
case of instantaneous capture�. With reducing �n, �−3 dB decreases and becomes zero at a certain
nonvanishing �n

min. The use of multiple-layers with QDs significantly improves the laser modulation
response—�−3 dB is considerably higher in a multilayer structure as compared to a single-layer
structure at the same dc current. © 2011 American Institute of Physics. �doi:10.1063/1.3571295�

Due to the quantum-size effect, reducing dimensionality
of the active region has been a key to developing low-
threshold semiconductor lasers.1,2 In commercial diode la-
sers, a two-dimensional �2D� active region �quantum well
�QW�� is used.3,4 In quantum dot �QD� lasers, an ultimate
case of a zero-dimensional active region is realized.5,6 The
interesting physics involved and the potential for wide range
of applications have motivated extensive studies of QD la-
sers. However, in contrast to the steady-state characteristics,
the dynamic properties of QD lasers need to be further scru-
tinized. In particular, the potential of QD lasers for high-
speed direct modulation of the output optical power by in-
jection current should be clarified.

In Ref. 7, the highest modulation bandwidth attainable
in QD lasers was estimated. For this purpose, an idealized
situation of instantaneous carrier capture into QDs was as-
sumed. In actual semiconductor lasers, carriers are not di-
rectly injected into the quantum-confined active region—
they are first injected into the optical confinement layer
�OCL� and then captured into the active region �Fig. 1�.
Indirect injection adversely affects the laser operating
characteristics—the threshold current is increased8 and more
temperature-sensitive,9 and the output optical power is
decreased.10,11 Due to a transport delay across the OCL and a
capture delay from the OCL into the active region, the band-
width of direct modulation of the output power by injection
current is also reduced �see, e.g., Ref. 12 for QW lasers�.

In this letter, we briefly report on the effect of noninstan-
taneous capture of carriers into QDs on the modulation band-
width of an edge-emitting QD laser. Our model is based on
the following set of three coupled rate equations for free
carriers in the OCL, carriers confined in QDs, and photons:

�nOCL

�t
=

j

eb
− �nvn

NS

b
�1 − fn�nOCL + �nvnn1

NS

b
fn

− BnOCL
2 , �1�

�

�t
�2

NS

b
fn� = �nvn

NS

b
�1 − fn�nOCL − �nvnn1

NS

b
fn

−
NS

b

fn
2

�QD
− vggmax�2fn − 1�nph, �2�

�nph

�t
= vggmax�2fn − 1�nph − vg�nph, �3�

where nOCL is the free carrier density in the OCL, j is the
injection current density, b is the OCL thickness, �n is the
cross-section of carrier capture into a QD, vn is the carrier
thermal velocity, NS is the surface density of QDs, fn is the
occupancy of the energy-level of a carrier confined in a QD,
B is the spontaneous radiative recombination constant for the
OCL, �QD is the spontaneous radiative time in a QD, vg is the
group velocity of light, gmax is the maximum modal gain,8

nph is the photon density �per unit volume of the OCL� in the
lasing mode, �= �1 /L�ln�1 /R� is the mirror loss, L is the
cavity length, and R is the facet reflectivity.

In Eqs. �1� and �2�, the quantity n1=Nc
3D exp�−En /T�

characterizes the carrier thermal escape from a QD to the
OCL, where Nc

3D is the effective density of states in the OCL,
En is the carrier thermal excitation energy from a QD, and T
is the temperature �in units of energy�.

Strictly speaking, �n is the only parameter adequately
describing the capture/escape into/from a QD. Using �n, two
distinct characteristic times can be introduced—the capture
time into an unoccupied QD ensemble11 and the thermal es-
cape time from an individual QD,8,11

a�Electronic mail: asryan@vt.edu.
b�Electronic mail: yuchangw@vt.edu.
c�Electronic mail: suris@theory.ioffe.ru. FIG. 1. Indirect injection into the active region of a QD laser.
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�capt,0 = ��nvn
NS

b
�−1

, �esc = ��nvnn1�−1. �4�

In a specific structure considered below, �capt,0=1.63 ps and
�esc=0.07 ps at �n=10−11 cm2.

We consider the spontaneous radiative recombination as
the only mechanism of nonstimulated recombination in the
OCL and QDs. The inclusion of the nonradiative Auger re-
combination will increase the threshold current density and
the steady-state carrier density in the OCL, and, within the
framework of the small-signal analysis, will decrease the dif-
ferential nonstimulated recombination time, while not other-
wise affecting the main derivations of this letter.

Our model does not include the wetting layer �WL�,
which is inherently present in self-assembled Stranski–
Krastanow grown QD structures. The WL can affect the car-
rier capture into QDs. In addition to the direct capture from
the bulk OCL into QDs, carriers will also be captured from
the OCL into the 2D WL and then from the WL into QDs.
The inclusion of the WL will thus require a careful consid-
eration of all these capture processes.

Due to inhomogeneous broadening of the transition en-
ergy in a QD-ensemble in an edge-emitting laser, we do not
also consider the optical mode resonance with the QD-
transition. This resonance in the context of QD nanocavity
lasers was considered in Ref. 13.

Applying the small-signal analysis of rate equations, we
consider the injection current density in Eq. �1� in the form
of j= j0+ ��jm�exp�i�t�, where j0 is the dc component and
the amplitude �jm of the time-harmonic ac component is
small ��jm� j0− jth, where jth is the threshold current den-
sity�. We correspondingly look for nOCL, fn, and nph in Eqs.
�1�–�3� in the form of nOCL=nOCL,0+ ��nOCL−m�exp�i�t�, fn

= fn,0+ ��fn−m�exp�i�t�, and nph=nph,0+ ��nph−m�exp�i�t�,
where nOCL,0, fn,0, and nph,0 are the solutions of the steady-
state rate equations at j= j0.10,11 In particular,

fn,0 =
1

2
�1 +

�

gmax� =
1

2
�1 +

1

�phvggmax� , �5�

where the photon lifetime in the cavity is

�ph =
1

vg�
=

L

vg ln�1/R�
. �6�

As seen from Eq. �5�, the confined-carrier level-
occupancy fn,0 in a QD at the steady-state is pinned at its
threshold value and does not change with j0 above the lasing
threshold. In contrast to fn,0, the steady-state free-carrier den-
sity nOCL,0 in the OCL is not pinned—it rises with j0 above
the lasing threshold. It should be emphasized that it is the
noninstantaneous capture of carriers from the OCL into QDs
that causes this rise in nOCL,0 above the lasing threshold.10,11

We obtain from Eqs. �1�–�3� a set of algebraic equations
in the frequency-dependent small amplitudes �nOCL−m,
�fn−m, and �nph−m, the solution of which yields the modula-
tion response function H���= ��nph−m��� /�nph−m�0��2. Fi-
nally, we arrive at a cubic equation for the square of the
modulation bandwidth �−3 dB—the frequency, at which
H��� has fallen to half its dc ��=0� value.

For an illustration of our results, room-temperature op-
eration of a GaInAsP heterostructure lasing near 1.55 	m
�Ref. 8� is considered here. We assume 10% QD-size fluc-
tuations, the surface density of QDs in a single-layer NS

=6.11
1010 cm−2, and an ideal overlap between the elec-
tron and hole wave functions in a QD. At these parameters,
the maximum modal gain in a single-QD-layer structure
gmax=29.52 cm−1. The OCL thickness b=0.28 	m and the
cavity length L=1.1 mm �at this L and the as-cleaved facet
reflectivity R=0.32, the mirror loss �=10 cm−1�.

The modulation bandwidth depends strongly on the cap-
ture cross-section �n. At a fixed j0, with making slower the
capture into QDs �reducing �n�, �−3 dB decreases and finally
becomes zero �Figs. 2 and 3�.

As seen from Fig. 3, �−3 dB=0 at a certain nonvanishing
value �n

min. This is due to the fact that, at a given j0, no lasing
is attainable in the structure if �n��n

min. Indeed, while j0 is
fixed, the threshold current density increases with decreasing
�n �the curve corresponding to the left axis�,

jth =
eNS

�QD
fn0

2 + ebB�n1
fn0

1 − fn0
+

1

�nvn�QD

fn0
2

1 − fn0
�2

, �7�

where fn,0 is given by Eq. �5�. In order for the lasing to
occur, j0 should be higher than jth. At a certain �n

min, jth
becomes equal to j0 �Fig. 3�. At �n��n

min, jth j0, which
means that there can be no lasing and hence no direct modu-
lation in the structure �the shaded region in Fig. 3�.

The minimum tolerable �n for the lasing to occur at j0 is
found from the condition jth= j0 and is given by

�n
min�j0� =

1

vn�QD

fn0
2

1 − fn0

	ebB

	j0 −
eNS

�QD
fn0

2 +	jth
eq −

eNS

�QD
fn0

2

j0 − jth
eq ,

�8�

where jth
eq is jth for the case of instantaneous capture �jth

eq is
obtained using �n=� in Eq. �7��.
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FIG. 2. Modulation bandwidth vs capture cross-section into a QD at differ-
ent values of the dc component j0 of the injection current density in a
single-layer structure. The horizontal dashed lines show �−3 dB for the case
of instantaneous capture �Eq. 9 of Ref. 7�. 63.8 kA /cm2 is the optimum
value of j0 maximizing �−3 dB for the case of instantaneous capture and,
correspondingly, the top horizontal line shows �−3 dB

max for that case �Eq.
�11��. T=300 K and L=1.1 mm.

FIG. 3. Modulation bandwidth �at a very low j0� and threshold current
density vs capture cross-section into a QD in a single-layer structure.
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As seen from Eq. �8�, when j0 decreases and approaches
jth
eq, �n

min increases infinitely, i.e., no lasing is attainable at
j0� jth

eq even if the carrier capture into QDs is instantaneous.
With increasing j0, �n

min becomes smaller, i.e., the lasing
can occur and hence the direct modulation of the output
power is possible at a slower capture. At high j0 �when
�n

min→0�, the asymptotic expression for �−3 dB for �n in the
vicinity of �n

min ���n−�n
min� /�n

min�1� is

�−3 dB 
 2	r − 1vggmax fn0�1 − fn0�
2 − fn0

�n − �n
min

�n
min , �9�

where the numerical parameter r=100.3
1.995 originates
from the definition of the �3 dB bandwidth,
10 log10 H��−3 dB�=−3.

As a function of the dc component j0 of the injection
current density, �−3 dB has a maximum �Fig. 4�. In a single-
QD-layer structure �the dotted curve�, the optimum value jopt
of j0, at which �−3 dB

max is attained, is very high, i.e., �−3 dB
max is

unattainable. As seen from the figure, there are the following
two advantages in a multi-QD-layer structure �the solid
curve� as compared to a single-layer structure: �i� �−3 dB is
considerably higher at the same j0 and �ii� jopt is considerably
reduced, which means that �−3 dB

max is practically attainable.
At large �n, when �capt,0 /�ph�1 ��capt,0 and �ph are given

by Eqs. �4� and �6�, respectively�, both �−3 dB at a given j0
�Fig. 2� and �−3 dB

max �Fig. 5� asymptotically approach their
saturation values �the horizontal dashed lines� corresponding
to the case of instantaneous capture into QDs,

��−3 dB��n=� − �−3 dB�, ��−3 dB
max ��n=� − �−3 dB

max �

�
�capt,0

�ph
�

1

�n
, �10�

where �−3 dB ��n=� is given by Eq. 9 of Ref. 7 and

�−3 dB
max ��n=� 


	2

�ph
. �11�

As seen from Fig. 5, while the saturation value of �−3 dB
max

at �n→� and at a fixed L �Eq. �11�� does not depend on the
number of QD-layers, �−3 dB

max at a given finite �n is higher in
a multilayer structure as compared to a single-layer structure.

In conclusion, we have shown that the carrier capture
from the OCL into QDs can strongly limit the modulation
bandwidth �−3 dB of a QD laser. �−3 dB is highest in the case
of instantaneous capture into QDs, when the cross-section of
carrier capture into a QD �n=�. With reducing �n, �−3 dB
decreases and becomes zero at a certain nonvanishing �n

min.
This �n

min presents the minimum tolerable �n for the lasing to
occur at a given dc component j0 of the injection current
density. The use of multiple-layers with QDs has been shown
to significantly improve the modulation response of the
laser—�−3 dB is considerably higher in a multilayer structure
as compared to a single-layer structure at the same j0. At a
plausible cross-section �n=10−11 cm2,14,15 �−3 dB as high
as 19 GHz can be obtained in a 5-QD-layer structure with
the cavity length L=1.1 mm at a practical value of j0
=7 kA /cm2. Our analysis provides a basis for optimizing
the QD laser design for high-speed operation.
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We show that the internal optical loss, which increases with free-carrier density in the waveguide

region, considerably reduces the modulation bandwidth x�3 dB of a quantum dot laser. At a certain

optimum value jopt
0 of the dc component of the injection current density, the maximum bandwidth

xmax
�3 dB is attained and the modulation response function becomes as flat as possible. With internal

loss cross-section rint increasing and approaching its maximum tolerable value, xmax
�3 dB decreases

and becomes zero. As with jopt
0 , there also exists the optimum cavity length, at which x�3 dB is

highest; the larger is rint, the longer is the optimum cavity. VC 2012 American Institute of Physics.

[http://dx.doi.org/10.1063/1.3697683]

The optical output in edge-emitting semiconductor

lasers is provided by photons leaving the cavity through its

mirrors. In addition to this useful output loss, there is also

parasitic loss of photons, which occurs within the laser cavity

and, for this reason, is termed internal optical loss. There can

be several mechanisms for internal loss,1–6 such as free-

carrier absorption, intervalence band absorption, and scatter-

ing at rough surfaces. While there have been studies of the

effect of internal loss on the threshold and power characteris-

tics of semiconductor lasers with a quantum-confined active

region and, particularly, quantum dot (QD) lasers,7–9 no con-

sideration of the dynamic properties of QD lasers in the pres-

ence of internal loss has been given so far. In this work, we

study the modulation response of a QD laser taking into

account the carrier-density-dependent internal loss in the

optical confinement layer (OCL). To mainly focus on the

effect of internal loss, we do not consider here some other

factors, among them the carrier capture delay from the OCL

into QDs,10 which also affect the modulation bandwidth of a

laser.

To consider a direct modulation of the laser output by

alternating current (ac), we use the small-signal analysis11–17

and hence we assume that the ac component dj of the injec-

tion current density is small. For small variations d… of the

corresponding quantities (around their steady-state values)

caused by dj, we have the following rate equations:

@

@t
ðdnÞ ¼ dj

eb
� dRnon�stim � dRstim; (1)

@

@t
ðdnphÞ ¼ dRstim � dRloss; (2)

where n¼ nactþ nOCL, nact and nOCL are the carrier densities

in the active region and OCL, respectively, nph is the photon

density (per unit volume of the OCL) in the lasing mode, e
is the electron charge, b is the thickness of the OCL, and

Rnon–stim is the rate of the processes of non-stimulated recom-

bination of carriers in the active region and OCL.

In Eqs. (1) and (2), the rate of stimulated recombination

of carriers, which is the same as the rate of stimulated emis-

sion of photons, is

Rstim ¼ vggnph; (3)

where vg is the group velocity of light and g is the modal

gain of the laser.

The photon loss rate in Eq. (2) is the sum of the useful

output (mirror) and parasitic (internal) loss rates,

Rloss ¼ vgðbþ aintÞnph; (4)

where b¼ (1/L) ln(1/R) is the mirror loss coefficient, L is the

cavity length, and R is the mirror reflectivity.

In the general case, the internal loss coefficient can be

presented as7–9

aint ¼ a0 þ rintnOCL; (5)

where the constant component a0 accounts for scattering at

rough surfaces and free-carrier absorption in the cladding

layers, and the component rintnOCL describes free-carrier and

intervalence band absorption in the OCL with rint being the

effective cross-section for these absorption loss processes.

As seen from Eq. (5), aint will vary with time through

such variation in the free-carrier density nOCL caused by the

ac current. Hence, as seen from Eqs. (4) and (5), the tempo-

ral variation of the photon loss rate will be due to such varia-

tion of not only the photon density nph but nOCL as well.

Considering a time-harmonic ac injection current den-

sity, dj¼ djm exp(ixt), we find from Eqs. (1) and (2) the

frequency-dependent amplitude dnph–m(x) of the time-

harmonic photonic density and then the modulation response

function H(x),

HðxÞ ¼ dnph�mðxÞ
dnph�mð0Þ

����
����
2

¼ x4
0

ðx2 � x2
0Þ

2 þ 4C2
decx

2
: (6)
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While the shape of H(x) depends strongly on the inter-

nal loss (Fig. 1), as a function of the frequency x of direct

modulation and parameters Cdec and x0, expression (6) is the

same as for the case of no internal loss.18

The decay rate of relaxation oscillations is given by

Cdec ¼
1

2

1

sdif
non�stim

þ vgGdifnph;0

�
;

�
(7)

where sdif
non�stim ¼ ð@Rnon�stim;0=@n0Þ�1

is the effective differ-

ential non-stimulated recombination time, Gdif ¼ @g0=@n0 is

the effective differential gain, g0¼ gmax (2fn,0 � 1) is the

modal gain, gmax is the maximum value of the modal gain,

and fn,0 is the confined-carrier level occupancy in a QD.

Except for a0 and x0, “0” in the subscripts of all the other

quantities denotes their steady-state values.

In terms of the quantities sdif
non�stim, Gdif, and nph,0,

expression (7) is also the same as for the case of no internal

loss.18 Each of these quantities is, however, affected by the

internal loss.

For x0 entering into Eq. (6), we have

x0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
vgGdifnph;0

1

sph;0

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� @aint;0

@g0

s
; (8)

where sph,0 is the photon lifetime in the cavity,

sph;0 ¼
1

vgðbþ aint;0Þ
¼ 1

vgðbþ a0 þ rintnOCL;0Þ
: (9)

Due to the internal loss, sph,0 depends on the free-carrier den-

sity nOCL,0 in the OCL.

For the modulation bandwidth, which is defined as the

�3 dB bandwidth [10 log10 H(x�3 dB)¼�3, see Fig. 1], we

derived

x�3 dB ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x4
peak þ ðr � 1Þx4

0

q
þ x2

peak

r

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx2

0 � 2C2
decÞ

2 þ ðr � 1Þx4
0

q
þ ðx2

0 � 2C2
decÞ

r
;

(10)

where r¼ 100.3 � 1.995 and

xpeak ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

0 � 2C2
dec

q
: (11)

The steady-state photon density nph,0, entering into

Eqs. (7) and (8), is a function of the dc component j0 of the

injection current density (the relationship between nph,0 and

j0 is given by the light-current characteristic). Consequently,

all the quantities Cdec, x0, xpeak, x�3 dB, and the response

function H(x) depend on j0 as well.

When H(x) has a peak (which occurs only for a certain

range of values of the dc component j0 of the injection current

density), Eq. (11) presents the frequency of the peak. Equation

(10) for x�3 dB holds also for those j0 at which there is no

peak in H(x) – in that case too, xpeak is formally given by Eq.

(11) but the difference x2
0 � 2C2

dec in Eq. (11) is negative.

With increasing j0 above the threshold current density jth,
the modulation bandwidth increases from zero, approaches its

maximum value xmax
�3 dB (marked by the symbol “x” in Fig. 2)

at a certain optimum dc current density jopt
0 , then decreases

and will asymptotically approach its saturation value. At

j0 ¼ jopt
0 , when the maximum bandwidth xmax

�3 dB is attained,

the peak of the response function occurs at xpeak¼ 0 and the

response function becomes as flat as possible (Fig. 1).

Analyzing Eq. (10) for x�3 dB as a function of j0, we

obtained the following expression for xmax
�3 dB:

xmax
�3 dB �

ffiffiffi
2
p

sph;0
1� @aint;0

@g0

� �
¼

ffiffiffi
2
p

sph;0
1� rintn1

2gmaxð1� fn;0Þ2

" #
;

(12)

where we used Eq. (5) for aint and the equation nOCL

¼ n1fn=ð1� fnÞ (Eq. (3) of Ref. 19) relating the free-carrier

FIG. 1. Modulation response function at different values of the internal loss

cross-section rint. For our calculations, room-temperature operation of a

GaInAsP structure of Ref. 20 with a single layer of QDs lasing near 1.55 lm

is considered; 10% QD-size fluctuations are assumed; gmax¼ 29.52 cm�1.

a0¼ 0 and L¼ 1.139 mm. For all the three curves, the dc component of the

injection current density j0¼ 64 kA/cm2; for the case of no internal loss, this

value of j0 is equal to jopt
0 and that is why the response function is flattest.

The inset shows the flattest response function given by Eq. (15) vs. normal-

ized modulation frequency x=xmax
�3 dB; using this universal dependence and

Eq. (12) for xmax
�3 dB, the flattest response function at a non-zero rint can be

easily plotted.

FIG. 2. Modulation bandwidth x�3 dB=2p vs. excess of the dc component of

the injection current density over the threshold current density at different

values of rint. a0¼ 3 cm�1 and L¼ 1.139 mm. The “x” symbol marks the

maximum point (jopt
0 , xmax

�3 dB) on each curve.
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density in the OCL nOCL to the confined-carrier level occu-

pancy in a QD fn. The quantity n1 ¼ NOCL
c expð�En=TÞ char-

acterizes the intensity of thermally excited escape of

carriers from a QD to the OCL, NOCL
c is the effective density

of states in the OCL, En is the carrier excitation energy from

a QD, and T is the temperature (in units of energy).

Due to the free-carrier-density-dependent internal loss,

the confined-carrier level occupancy in a QD fn,0 entering

into Eq. (12) is itself a function of rint. In Ref. 7, the follow-

ing expression was derived for fn,0 from the steady-state las-

ing condition (equality of the gain to the total loss):

fn;0 ¼
1

4
3þ bþ a0 � rintn1

gmax

� �

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

16
3þ bþ a0 � rintn1

gmax

� �2

� 1

2
1þ bþ a0

gmax

� �s
:

(13)

Fig. 3 shows xmax
�3 dB=2p vs. rint. As seen from Eq. (12),

Fig. 3 and also Fig. 2, xmax
�3 dB is highest for the case of no

free-carrier-density-dependent internal loss (rint¼ 0). With

rint increasing and approaching a certain maximum tolerable

value rmax
int , xmax

�3 dB decreases and becomes zero. Using

Eq. (13) for fn,0 in Eq. (12) for xmax
�3 dB and equalizing the lat-

ter to zero, we obtain the following expression for the critical

tolerable cross-section of internal loss (see also Ref. 19):

rmax
int ¼

� ffiffiffiffiffiffiffiffiffiffiffi
2gmax
p

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bþ a0 þ gmax

p �2

n1

: (14)

For rint > rmax
int , the lasing is not attainable in the structure

and, naturally, no direct modulation is possible.

While xmax
�3 dB depends strongly on rint, the flattest

response function (the response function at j0 ¼ jopt
0 ) is uni-

versal in terms of the normalized modulation frequency

x=xmax
�3 dB (the inset in Fig. 1),

Hflattestðx=xmax
�3 dBÞ ¼

1

1þ ðx=xmax
�3 dBÞ

4
: (15)

As seen from Fig. 4, as a function of the cavity length,

xmax
�3 dB has a maximum. With increasing L from the shortest tol-

erable cavity length required for lasing,19 xmax
�3 dB increases from

zero, approaches its highest value xhighest
�3 dB at a certain optimum

cavity length Lopt, and then decreases. Lopt depends on rint – the

larger is rint, the longer should be the optimum cavity. When

rint is small [so small that the second terms in the brackets in

the right-hand sides of Eqs. (16) and (17) are much less com-

pared to unity], the analysis of Eq. (12) for xmax
�3 dB as a function

of L yields the following expressions for Lopt and xhighest
�3 dB :

Lopt � Lmin
0 1þ gmax

gmax � a0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4rintn1

gmax

3

s !

¼ lnð1=RÞ
gmax � a0

1þ gmax

gmax � a0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4rintn1

gmax

3

s !
; (16)

xhighest
�3 dB � xhighest

�3 dB

���
rint¼0

1� 3

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4rintn1

gmax

3

s !

¼
ffiffiffi
2
p

vggmax 1� 3

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4rintn1

gmax

3

s !
; (17)

where Lmin
0 and xhighest

�3 dB jrint¼0 are the shortest tolerable cavity

length and the highest bandwidth, respectively, when rint¼ 0.

The highest modulation bandwidth xhighest
�3 dB =2p is shown

against rint in Fig. 5. As seen from the figure, in the ideal

case of no free-carrier-density-dependent internal loss in the

OCL (and also no carrier capture delay from the OCL into

QDs), ðxhighest
�3 dB jrint¼0Þ=2p is about 60 GHz in a GaInAsP

structure of Ref. 20 used for our calculations here. In the

presence of such a loss, xhighest
�3 dB =2p is, however, considerably

reduced and becomes vanishing as rint approaches its maxi-

mum tolerable value (Fig. 5).

In conclusion, the free-carrier-density-dependent inter-

nal optical loss in the waveguide region has been shown to

FIG. 3. Maximum modulation bandwidth xmax
�3 dB=2p vs. internal loss cross-

section rint. a0¼ 3 cm�1 and L¼ 1.139 mm; rmax
int ¼ 2:677� 10�17 cm2.

FIG. 4. Maximum modulation bandwidth xmax
�3 dB=2p vs. cavity length L.

a0¼ 3 cm�1 and rint¼ 2.67� 10�17 cm2; Lopt¼ 1.5 mm.

FIG. 5. Highest modulation bandwidth xhighest
�3 dB =2p vs. internal loss cross-

section rint. a0¼ 3 cm�1. rmax
int in the figure corresponds to L¼1 and that is

why it is larger than in Fig. 3.
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considerably reduce the modulation bandwidth x�3 dB of a

QD laser. At a certain optimum value jopt
0 of the dc compo-

nent of the injection current density, the maximum band-

width xmax
�3 dB is attained and the response function becomes

as flat as possible. While xmax
�3 dB depends strongly on the

effective cross-section rint of internal absorption loss proc-

esses (decreases and becomes zero at the maximum tolerable

value of rint), the flattest response function is universal in

terms of the normalized modulation frequency x=xmax
�3 dB. As

with jopt
0 , there also exists the optimum cavity length, at

which x�3 dB is highest; the larger is rint, the longer should

be the optimum cavity.

L.V.A. and Y.W. acknowledge the U.S. Army Research

Office (Grant No. W911-NF-08-1-0462), Y.W. also acknowl-

edges the China Scholarship Council, and R.A.S. acknowl-

edges the Russian Foundation for Basic Research (Grant No.

11-02-00573) and the Program “Fundamental Research in

Nanotechnology and Nanomaterials” of the Presidium of the

Russian Academy of Sciences for support of this work.

1G. P. Agrawal and N. K. Dutta, Long-Wavelength Semiconductor Lasers
(Van Nostrand, New York, 1986), p. 474.

2D. Z. Garbuzov, A. V. Ovchinnikov, N. A. Pikhtin, Z. N. Sokolova, I. S.

Tarasov, and V. B. Khalfin, Sov. Phys. Semicond. 25, 560 (1991).
3C. H. Henry, R. A. Logan, F. R. Merritt, and J. P. Luongo, IEEE J. Quan-

tum Electron. 19, 947 (1983).
4M. Asada, A. Kameyama, and Y. Suematsu, IEEE J. Quantum Electron.

20, 745 (1984).
5J. J. Lee, L. J. Mawst, and D. Botez, J. Cryst. Growth 249, 100 (2003).
6D. A. Ackerman, G. E. Shtengel, M. S. Hybertsen, P. A. Morton, R. F.

Kazarinov, T. Tanbun-Ek, and R. A. Logan, IEEE J. Sel. Top. Quantum

Electron. 1, 250 (1995).
7L. V. Asryan and S. Luryi, Appl. Phys. Lett. 83, 5368 (2003).
8L. V. Asryan, Appl. Phys. Lett. 88, 073107 (2006).
9L. Jiang and L. V. Asryan, Laser Phys. Lett. 4, 265 (2007).

10L. V. Asryan, Y. Wu, and R. A. Suris, Appl. Phys. Lett. 98, 131108

(2011).
11T. Ikegami and Y. Suematsu, Proc. IEEE 55, 122 (1967).
12T. L. Paoli and J. E. Ripper, Proc. IEEE 58, 1457 (1970).
13M. J. Adams, Opto-electronics 5, 201 (1973).
14R. F. Kazarinov and R. A. Suris, Sov. Phys. JETP 39, 522 (1974).
15C. B. Su and V. A. Lanzisera, IEEE J. Quantum Electron. 22, 1568

(1986).
16R. Olshansky, P. Hill, V. Lanzisera, and W. Powazinik, IEEE J. Quantum

Electron. 23, 1410 (1987).
17R. Nagarajan, M. Ishikawa, T. Fukushima, R. S. Geels, and J. E. Bowers,

IEEE J. Quantum Electron. 28, 1990 (1992).
18L. V. Asryan and R. A. Suris, Appl. Phys. Lett. 96, 221112 (2010).
19L. V. Asryan and S. Luryi, IEEE J. Quantum Electron. 40, 833 (2004).
20L. V. Asryan and R. A. Suris, Semicond. Sci. Technol. 11, 554 (1996).

131106-4 Wu, Suris, and Asryan Appl. Phys. Lett. 100, 131106 (2012)



Theory of relaxation oscillations and modulation response of a 
quantum dot laser 

 
Levon V. Asryan�a)  and  Robert A. Suris��b) 

 
a) Virginia Polytechnic Institute and State University, Blacksburg, VA  24061 

b) Ioffe Physical-Technical Institute, Saint Petersburg, Russia 

ABSTRACT 

Dynamic effects in a quantum dot (QD) laser are studied theoretically. The frequency and decay rate of relaxation 
oscillations, and the modulation response are calculated as functions of injection current density, cavity length, and 
parameters of the QD structure. The highest possible bandwidth is calculated and shown to increase with increasing 
overlap integral between the electron and hole wave functions in a QD, number of QD-layers and surface density of QDs 
in a layer, and with reducing QD-size dispersion. 
 
Keywords: Modulation bandwidth, quantum dot lasers, relaxation oscillations 
 
 

1. INTRODUCTION 

Due to the compactness and capability of direct modulation of the optical output by electric current, semiconductor 
lasers are extensively used in high-speed fiber networks. In quantum dot (QD) lasers, the stimulated emission is 
produced in nanosize regions confining the charge carriers in all three spatial dimensions [1]. A discrete energy spectrum 
of carriers in QDs enables lasing [2] at low threshold current [3] and with high temperature-stability [4]. At the same 
time, even with advanced technologies for QD structures growth and fabrication, the modulation bandwidth of QD lasers 
is still below that of quantum well (QW) lasers [5]. In this work, dynamic effects in a QD laser are studied theoretically 
and the factors limiting its modulation bandwidth are identified. The highest possible bandwidth is calculated. 
 
 

2. THEORETICAL MODEL 

The carrier injection into a quantum-confined active region of semiconductor lasers is indirect – carriers are first injected 
into the reservoir [optical confinement layer (OCL)] and then captured into the active region. Reservoir-mediated 
injection adversely affects the laser operating characteristics – the threshold current is increased [6] and more 
temperature-sensitive [7, 8], and the output optical power is decreased [9, 10]. Due to a transport delay across the OCL 
and a capture delay from the OCL into the active region, the bandwidth of direct modulation of the output power by 
injection current is also reduced. The main objective of this work is to estimate the highest possible modulation 
bandwidth of a laser. For this purpose, we assume instantaneous carrier injection into the active region, i.e., we assume 
that both the transport across the OCL to the active region and exchange between the OCL and the active region are 
instantaneous. At the same time, our model includes the carrier population and recombination in the OCL. Although our 
analysis and derivations are general and apply also to QW and quantum wire lasers, our focus here is on QD lasers. 

We use the small-signal analysis of rate equations [11]–[17]. In the general case, three equations should be used – 
for carriers outside the active region (in the OCL), those in the active region, and photons. The above assumptions of no 
transport and capture delay allow us to effectively reduce the number of equations to two. These equations are 
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where �(...) means a small variation of (…), n = nact + nOCL is the total carrier density (including the active region and 
OCL), j is the injection current density, N is the number of photons in the lasing mode, b and V are the OCL thickness 
and volume, respectively, Rspon is the total spontaneous recombination rate (including the active region and OCL), Rstim is 
the stimulated recombination rate, and Rloss is the photon loss rate. 

Assuming time-harmonic ac current density �j = (�jm)exp(i�t) and correspondingly looking for the solutions of (1) 
and (2) in the form of �n = (�nm)exp(i�t) and �N = (�Nm)exp(i�t), we calculate the modulation response function 
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Depending on the dc component j0 of the injection current density, H(�) may have a peak (Fig. 1), which is obtained 
at the frequency 
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where �osc and �dec are the frequency and decay rate of relaxation oscillations, 
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and �0 is given as 
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In the above equations, N0 is the dc number of photons in the lasing mode, vg is the group velocity of light, and �ph 
is the photon lifetime in the cavity, 
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where L is the cavity length and R is the mirror reflectivity. 

The effective differential gain Gdif in the above equations is calculated as the derivative of the modal gain g with 
respect to the total carrier density, n = nact + nOCL, 
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act

actdif G
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n
n
g

n
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where act
dif
act ngG ���  is the differential gain calculated as the derivative with respect to the carrier density in the active 

region only. Due to the fact that 1act ���� nn , the effective differential gain is much lower than that of the active 
region, 

     dif
act

dif GG ��       (10) 

and, as discussed below, the practically achievable modulation bandwidth of the laser can be significantly reduced. 
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Fig. 1. Response function in the ideal case of no carriers outside QDs at different values of the dc 
component of the injection current density. In Figs. 1–4, a GaInAsP structure of [6] lasing at T = 
300 K near 1.55 �m is considered: ZL = 1, �RMS = 0.05 (10% QD-size fluctuations), NS = 
6.11�1010 cm–2, and Ioverlap = 1; gmax = 29.52 cm–1 and dif

actG  = 1.36�10–14 cm2. The cavity length L

= 1.139 mm. At these parameters, �� 2/max
dB3-  = 20 GHz and jopt = 601 A/cm2 (see also Fig. 2). 
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Fig. 2. Modulation bandwidth �–3dB/2�, peak frequency of the response function �peak/2�, 
relaxation oscillation frequency �osc/2�, �dec/2�, and �0/2� versus dc component of the injection 
current density in the ideal case of no carriers outside QDs. 

 
 

In (5), dif
spon�  is the effective differential spontaneous recombination time, which is expressed in terms of the 

differential recombination times in the active region and OCL as follows: 

              dif
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where act
act
spon

dif
actspon,1 nR ����  and OCL

OCL
spon

dif
OCLspon,1 nR ���� . 

The most important dynamic characteristic is –3dB band-width (referred to as the modulation bandwidth �–3dB/2� 
here) – the frequency, at which the response function H(�) is twice decreased compared to its dc (� = 0) value. The 
equation for �–3dB is 

     4
0

4
peak

2
peak3dB )1( ���� ����� r ,    (12) 

where r = 100.3 � 1.995. 
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Fig. 3. Highest possible modulation bandwidth of a single QD-layer laser 
versus maximum modal gain (bottom axis) and overlap integral between the 
electron and hole wave functions in a QD (top axis). 
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Fig. 4. Optimum dc injection current density maximizing the modulation 
bandwidth ( �� 2/max

dB3-  = 20 GHz at L = 1.139 mm) versus number of QD-
layers in the actual case of carriers outside QDs. 

 
 

3. DISCUSSION 

The relaxation oscillations are only possible [�osc should be real – see (5)] within a certain range of values of N0, 
i.e., of dc (steady-state) component j0 of the injection current density. Within this range, �osc increases from zero, 
approaches its maximum value, and then decreases to zero (Fig. 2). The peak of the response function also exists within 
its own range of j0 [�peak should be real – see (4)]; �peak behaves similarly to �osc with increasing j0 (Fig. 2) — what this 
means is, at a certain j0, the peak of H(�) appears at �peak = 0, then it moves to higher frequencies with increasing j0, and 
then moves back to lower frequencies and finally disappears at �peak = 0 (Fig. 2). At j0 value, at which the peak of H(�) 
disappears, �osc becomes maximum (Fig. 2); although �osc is maximum, the relaxation oscillations are strongly damped 
at this j0: ph

max
oscdec /1 �����  and hence within one period max

osc/2 ��  of oscillations the amplitude is decreased by a 

factor of )2exp()]/2(exp[ max
oscdec �� ����� , i.e., is practically vanishing. 

As a function of j0, the modulation bandwidth also has a maximum (Fig. 2). The maximum of �–3dB is obtained at 
approximately the same value jopt of j0, at which �osc is maximum and the peak of the response function disappears 
(Fig. 2); at j0 = jopt, H(�) is as flat as possible (Fig. 1). On further increase of j0 beyond jopt, �–3dB decreases and 
asymptotically approaches its saturation value. 

The maximum values of �peak, �osc, and �–3dB are controlled by the reciprocal photon lifetime in the cavity, 
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The saturation value of �–3dB is also controlled by 1/�ph, 

  
ph

dB3
1

0 �
� �

��j- .     (14) 

The shorter the cavity, the higher max
dB3-� . The shortest cavity length Lmin is controlled by the maximum modal gain 

gmax of the laser through the lasing condition (equality of the gain to the loss), 

   max
min

1ln1 g
RL
� .     (15) 

Using Lmin in (13), we find that the highest possible bandwidth increases directly with gmax and is not affected by 
the differential gain, 

max
g

highest
dB3 v2 g- �� .     (16) 

While highest
dB3-�  is controlled by merely gmax, and max

dB3-�  by L, the current densities, at which they are obtained, are 
controlled by Gdif as well. Consequently, a practically achievable bandwidth can be significantly reduced compared to 
(16) and even (13). 

The above analysis and equations apply to semiconductor lasers with any type of a quantum-confined active region 
assuming that the carrier transport to and exchange with the latter are instantaneous. Using the expression for gmax of a 
QD laser [6, 18], we obtain from (15) for the highest possible bandwidth 

RMS
SLoverlap

max
g

highest
dB3

1v2
�

� NZIg- �� ,    (17) 

where Ioverlap is the overlap integral between the electron and hole wave functions in a QD, ZL is the number of QD-
layers, NS is the surface density of QDs in one layer, and �RMS is the root mean square of QD-size fluctuations. Hence, 

highest
dB3-� is controlled by each of the four parameters controlling gmax. 

The absence of carriers in the OCL would be the ideal case of direct injection into a quantum-confined active region 
and would present the best-case scenario not only for the threshold and power characteristics of a laser but for the 
modulation characteristics as well. For such an ideal case of no carriers in the OCL, Fig. 1 shows the response function, 
and Fig. 2 shows the modulation bandwidth �–3dB/2� versus dc injection current density j0. The parameters of the 
structure are presented in the caption to Fig. 1. As seen from the figures, max

dB3-�  [given by (13)] is easily attained at low 

jopt (601 A/cm2). This is because Gdif is high in this case: dif
act

dif GG �  = 1.36�10–14 cm2. 

Fig. 3 shows the highest possible modulation bandwidth �� 2/highest
dB3-  versus maximum modal gain gmax (bottom 

axis) in a single QD-layer laser. The top axis illustrates the situation when gmax is varied through changing Ioverlap. At 
10% QD-size fluctuations (�RMS = 0.05), NS = 6.11�1010 cm–2, and ideal overlap between the electron and hole wave 
functions in a QD (Ioverlap = 1), the maximum gain is gmax = 29.52 cm–1.1) As seen from the figure, at these parameters, 
the highest possible modulation bandwidth in a single QD-layer laser is

GHz602/highest
dB3 ���- .     (18) 

If the overlap between the electron and hole wave functions in a QD is poor or the QD-size dispersion is large, the 
maximum gain will be low and hence so will be even the highest possible bandwidth �� 2/highest

dB3-  — thus, gmax = 

4.4 cm–1 and �� 2/highest
dB3- � 9 GHz if Ioverlap = 0.15. One way of increasing Ioverlap is the use of more symmetrical (e.g., 

truncated or disk-shape) QDs [18]. 

                                                 
1) At these parameters, the shortest cavity length is Lmin = 386 �m – see (15). 
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As seen from (17), the use of multiple layers with QDs can effectively enhance the modulation bandwidth thus 
compensating for a poor overlap between the electron and hole wave functions in a QD or for a large QD-size 
dispersion. 

The use of submonolayer QDs allowing for a higher surface density NS of QDs in a layer [19, 20] can also enhance 
the modulation bandwidth. 

In the presence of carriers in the OCL, all the above expressions [including (13) and (17)] hold. At the same time, 
Gdif [see (9)] is considerably reduced as compared to dif

actG . Due to this, max
dB3-�  (and the more so highest

dB3-� ) becomes 
unattainable at practical values of the pump current density in a single QD-layer laser. Indeed, the condition for the 
maximum bandwidth (�peak = 0) is obtained when 2

dec
2
0 2���  – see (4). As seen from (6) and (7), both �0 and �dec are 

controlled by the product of the photon number N0 and Gdif. In a single QD-layer laser considered here, �nact /�n = 0.01, 
i.e., Gdif is about two orders of magnitude lower than dif

actG  [see (9)]: Gdif = 1.27�10–16 cm2. Hence, the photon number N0 

= opt
0N , at which 2

dec
2
0 2��� , is two orders of magnitude higher than in the ideal case of no carriers in the OCL, and so 

is jopt (64 kA/cm2). Fig. 4 shows the optimum dc injection current density j0 = jopt maximizing �–3dB versus number of 
QD-layers. While jopt is very high even for ZL = 2, the use of 4 or 5 layers makes max

dB3-�  practically attainable thus 
compensating for the adverse effect of carriers in the OCL. 
 
 

4. CONCLUSION 

A general theory of the modulation characteristics of a semiconductor laser with a quantum-confined active region has 
been developed and discussed in the context of a QD laser. The modulation response of a QD laser has been calculated 
as a function of injection current density and parameters of the structure. The highest possible bandwidth has been 
shown to increase with increasing overlap integral between the electron and hole wave functions in a QD, number of 
QD-layers and surface density of QDs in a layer, and with reducing QD-size dispersion. At 10% QD-size fluctuations 
and ideal overlap between the electron and hole wave functions in a QD, the highest possible modulation bandwidth in a 
single QD-layer laser has been estimated to be 60 GHz. 
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ABSTRACT 

We show that the carrier capture from the optical confinement layer into quantum dots (QDs) can strongly limit the 
modulation bandwidth ω–3 dB of a QD laser. Closed-form analytical expressions are obtained for ω–3 dB in the limiting 
cases of fast and slow capture. ω–3 dB is highest in the case of instantaneous capture into QDs, when the cross-section of 
carrier capture into a QD σn = ∞. With reducing σn, ω–3 dB decreases and becomes zero at a certain non-vanishing value 

min
nσ . This min

nσ  presents the minimum tolerable capture cross-section for the lasing to occur at a given dc component j0 

of the injection current density. The higher is j0, the smaller is min
nσ  and hence the direct modulation of the output power 

is possible at a slower capture. The use of multiple layers with QDs is shown to considerably improve the modulation 
response of the laser – the same ω–3 dB is obtained in a multi-layer structure at a much lower j0 than in a single-layer 
structure. At a plausible value of σn = 10–11 cm2, ω–3 dB as high as 19 GHz is attainable in a 5-QD-layer structure. 

 
Keywords: Carrier capture into a quantum dot, carrier escape from a quantum dot, modulation bandwidth, quantum dot 
lasers, semiconductor lasers 
 
 

1. INTRODUCTION 

Due to the quantum-size effect, reducing dimensionality of the active region has been a key to developing low-threshold 
semiconductor lasers [1, 2]. In commercial diode lasers, a two-dimensional active region (quantum well) is used [3, 4]. 
In quantum dot (QD) lasers, an ultimate case of a zero-dimensional active region is realized [5, 6]. The interesting 
physics involved in QD lasers and their potential for wide range of applications have motivated extensive experimental 
and theoretical studies of such lasers. However, in contrast to the steady-state threshold and power characteristics, the 
dynamic properties of QD lasers need to be further scrutinized. In particular, the potential of QD lasers for high-speed 
direct modulation of the output optical power by injection current should be clarified. 

In [7], the highest modulation bandwidth attainable in QD lasers was estimated. For this purpose, an idealized 
situation of instantaneous carrier capture into QDs was assumed. 

In actual semiconductor lasers, carriers are not directly injected into a quantum-confined active region – they are 
first injected into the reservoir [optical confinement layer (OCL)] and then captured into the active region (Fig. 1). 
Reservoir-mediated injection adversely affects the laser operating characteristics – the threshold current is increased [8] 
and more temperature-sensitive [9], and the output optical power is decreased [10, 11]. Due to a transport delay across 
the OCL and a capture delay from the OCL into the active region, the bandwidth of direct modulation of the output 
power by injection current is also reduced (see, e.g., [12, 13] for quantum well lasers). 
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Fig. 1. Indirect injection into the quantum-confined active region of a semiconductor laser. 

In this work, we study the effect of non-instantaneous capture of carriers from the OCL into QDs on the dynamic 
properties of a QD laser. 
 
 

2. THEORETICAL MODEL 

Our model is based on a set of three coupled rate equations – for free carriers in the OCL, carriers confined in the active 
region, and photons. These equations are 
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where nOCL is the free carrier density in the OCL, j is the injection current density, b is the OCL thickness, σn is the 
cross-section of carrier capture into a QD, vn is the carrier thermal velocity, NS is the surface density of QDs, fn is the 
occupancy of the energy-level of a carrier in a QD, B is the spontaneous radiative recombination constant for the OCL 
(measured in units of cm3/s), τQD is the spontaneous radiative lifetime in a QD, ggv ∈= c  is the group velocity of 

light, c is the velocity of light in vacuum, g∈  is the group index of the dispersive OCL material, and gmax is the 
maximum value of the modal gain [8]. 

The photon density nph presents the total number of photons in the lasing mode divided by the OCL volume, β = 
(1/L)ln(1/R) is the mirror loss, L is the cavity length, and R is the facet reflectivity. 

The quantity n1 in (1) and (2) characterizes the carrier thermal escape from a QD to the OCL and is given as 
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where 2/32OCL
c

3D
c ])2([2 hπTmN =  is the effective density of states in the OCL, OCL

cm  is the carrier effective mass in 

the OCL, cΔE  is the band offset between the OCL and a QD, QD
nε  is the quantized energy level in a QD, and T is the 

temperature measured in units of energy. 
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 Fig. 2. Capture time into an unoccupied QD ensemble 
 and escape time from a QD vs. capture cross-section. 

Strictly speaking, σn is the only parameter, which adequately describes the capture/escape into/from a QD. Using σn, 
two distinct characteristic times can be introduced – the capture time τcapt,0 into an unoccupied QD ensemble [11] and the 
thermal escape time τesc from an individual QD [8], 
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The capture time into an unoccupied QD ensemble and the escape time from a QD are shown vs. σn in Fig. 2. 

Within the framework of the small-signal analysis of rate equations, we consider the injection current density in (1) 
in the form of 

    )(exp)( m0 tijjj ωδ+= ,                         (7) 

where j0 is the dc component and the amplitude δjm of the time-harmonic ac component is small (δjm << j0 – jth, where jth 
is the threshold current density). We correspondingly look for nOCL, fn, and nph in (1)-(3) in the form of 
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where nOCL,0, fn,0, and nph,0 are the solutions of the steady-state rate equations at j = j0 (see [10, 11]). They are given as 
follows: 
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The photon lifetime in the cavity entering into eq. (11) is 
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Note that the confined-carrier level-occupancy fn,0 in a QD at the steady-state [eq. (11)] is pinned at its threshold 
value and does not change with dc injection current density j0 above the lasing threshold. In contrast to fn,0, the steady-
state free-carrier density nOCL,0 in the OCL [eq. (12)] is not pinned – it rises with j0 above the lasing threshold. It should 
be emphasized that it is the non-instantaneous capture of carriers from the OCL into the quantum-confined active region 
that causes this rise in nOCL,0 above the lasing threshold [10, 11]. 

With (13), the steady-state light-current characteristic (the output optical power P0 versus j0) is 
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where WLb is the OCL volume and W is the lateral size of the device. 

Using (7)-(10) in (1)-(3), we obtain a set of algebraic equations in terms of the frequency-dependent amplitudes 
δnOCL–m, δfn–m, and δnph–m, the solution of which for δnph–m allows us to calculate the modulation response function 
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Finally, we obtain a cubic equation for the square of the modulation bandwidth ω–3 dB – the frequency, at which the 
response function H(ω) has fallen to half its dc (ω = 0) value. 
 
 

3. DISCUSSION 

For an illustration of the results of our analysis, room-temperature operation of a GaInAsP heterostructure lasing near 
1.55 μm [8] is considered here. We assume the following parameters: 10% QD-size fluctuations, the surface density of 
QDs in a single-layer NS = 6.11×1010 cm–2, and an ideal overlap between the electron and hole wave functions in a QD. 
At these parameters, the maximum modal gain in a single-QD-layer structure is gmax = 29.52 cm–1. The OCL thickness b 
= 0.28 mm and the cavity length L = 1.139 mm. 

The modulation bandwidth depends strongly on the capture cross-section σn. At a fixed dc component j0 of the 
injection current density, with making slower the capture into a QD (reducing σn), ω–3 dB decreases and finally becomes 
zero (Figs. 3 and 4). As seen from Fig. 4, ω–3 dB = 0 at a certain non-vanishing value min

nσ . This is a consequence of the 

fact that, at a given j0, no lasing is attainable in the structure if min
nn σσ < , where min

nσ  is the minimum tolerable capture 
cross-section for the lasing to occur at such j0. Indeed, while j0 is fixed (the horizontal dash-dotted line in Fig. 4), the 
threshold current density increases with decreasing σn (the solid curve corresponding to the left axis in Fig. 4) [8], 
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where fn,0 is given by eq. (11). 

In order for the lasing to occur, j0 should be higher than jth. At a certain min
nσ , jth becomes equal to j0 (Fig. 4). At 

min
nn σσ ≤ , jth ≥ j0, which means that there can be no lasing and hence no direct modulation in the structure (the hatched 

region in Fig. 4). 
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Fig. 3. Modulation bandwidth vs. capture cross-section into a QD at different values of the dc 
component of the injection current density in a single-layer structure. The horizontal dotted line 
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3dB−ω  for the case of instantaneous capture into QDs [eq. (22)]. T = 300 K, L = 1.139 mm. 
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nσ  is given by (18). 

min
nσ  is found from the condition jth = j0 and is given by 
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where eq
thj  is the threshold current density in the case of instantaneous capture into a QD [obtained using σn = ∞ in (17)], 
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The dependence of min
nσ  on j0 is shown in Fig. 5. As seen from the figure and eq. (18), when j0 decreases and 

approaches eq
thj , min

nσ  increases infinitely, that is to say that no lasing is attainable at eq
th0 jj ≤  even if the carrier 

capture into a QD is instantaneous. 
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With increasing j0, min
nσ  becomes smaller, i.e., the lasing can occur and hence the direct modulation of the output 

power is possible at a slower capture into a QD. At very high j0, when 0min
n →σ  and when simultaneously σn is very 

small [so small that 0)( min
n
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where 995.110 3.0 ≈=r . 

At large σn, ω–3 dB increases and asymptotically approaches its saturation value 
∞=−

n
dB3 σ

ω  for the case of 

instantaneous capture into a QD: ndB3dB3 /1
n

σωω
σ

∝−
∞=−− . The expression for 

∞=−
n

dB3 σ
ω  was derived in [7]. 

As a function of the dc component j0 of the injection current density, ω–3 dB has a maximum (Fig. 6). In a single-QD-
layer structure (the dashed curve in Fig. 6), the optimum value jopt of j0, at which max

3dB−ω  is attained, is very high, i.e., 
max
3dB−ω  is unattainable. As seen from the figure, there are two advantages in a multiple-QD-layer structure (the solid curve 

in Fig. 6) as compared to a single-layer structure: (i) at the same value of j0, ω–3 dB is considerably higher, and (ii) jopt is 
considerably reduced, which means that max

3dB−ω  is practically attainable. 
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The maximum value of ω–3 dB increases with σn (Fig. 7). At large σn, when 1phcapt,0 <<ττ  [ capt,0τ  and τph are given 
by (5) and (14), respectively], 
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where 

ph
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3dB

2
n τ

ω
σ

≈
∞=−                           (22) 

is the maximum modulation bandwidth in the case of instantaneous capture into QDs [7]. As seen from Fig. 7, while the 
saturation value of max

3dB−ω  at ∞→nσ  [eq. (22)] does not depend on the number of QD-layers, max
3dB−ω  at a given finite σn 

is higher in a multiple-QD-layer structure as compared to a single-QD-layer structure. 
 
 

4. CONCLUSION 

We have shown that the carrier capture from the optical confinement layer into quantum dots (QDs) can strongly limit 
the modulation bandwidth ω–3 dB of a QD laser. Closed-form analytical expressions have been obtained for ω–3 dB in the 
limiting cases of fast and slow capture. ω–3 dB is highest in the case of instantaneous capture into QDs, when the cross-
section of carrier capture into a QD σn = ∞. With reducing σn, ω–3 dB decreases and becomes zero at a certain non-
vanishing value min

nσ . This min
nσ  presents the minimum tolerable capture cross-section for the lasing to occur at a given 

dc component j0 of the injection current density. The higher is j0, the smaller is min
nσ  and hence the direct modulation of 

the output power is possible at a slower capture. The use of multiple layers with QDs has been shown to considerably 
improve the modulation response of the laser – the same ω–3 dB is obtained in a multi-layer structure at a much lower j0 
than in a single-layer structure. At a plausible cross-section σn = 10–11

 cm2 [14, 15], ω–3 dB as high as 19 GHz can be 
obtained in a 5-QD-layer structure with the cavity length L = 1.139 mm at a practical value of j0 = 7 kA/cm2. 

Our analysis provides a basis for optimizing the QD laser design for high-speed operation. 
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Abstract
We develop a comprehensive theoretical model for a double tunneling-injection (DTI) quantum
dot (QD) laser. Both electrons and holes are injected into QDs by tunneling from two separate
quantum wells (QWs). Ideally, out-tunneling of each type of carriers from QDs into the
opposite-to-injection-side QW should be completely blocked; as a result, the parasitic
electron–hole recombination outside QDs will be suppressed and the light–current characteristic
(LCC) of a laser will be strictly linear. To scrutinize the potential of a DTI QD laser for
high-power operation and the robustness of an actual device, our model includes out-tunneling
leakage of carriers from QDs. We complement our calculations by an analytical model and
derive closed-form expressions for the LCC and carrier population across the layered structure.
We show that, even in the presence of out-tunneling leakage, the flux of parasitic recombination
outside QDs remains restricted with increasing injection current. As a consequence, the LCC
exhibits a remarkable feature distinguishing the DTI QD laser from other types of injection
lasers—it becomes increasingly linear and the slope efficiency grows closer to unity at high
injection currents. The linearity is due to the fact that the current paths connecting the opposite
sides of the structure lie entirely within the QDs—in view of the three-dimensional confinement
in QDs, the out-tunneling fluxes of carriers from dots are limited.

1. Introduction

A semiconductor quantum dot (QD) is a zero-dimensional
(0D) heterostructure formed by growth of a nanometer-size
island of a lower bandgap material within a wider bandgap
matrix. Due to quantum confinement in all three directions,
the energy spectrum of electrons and holes is discrete in a QD.
There has been much effort to use QDs as an active region
in diode lasers. In the ‘conventional’ design of QD lasers,
the carriers are first injected from the cladding layers into a
bulk reservoir (which also serves as the optical confinement
layer (OCL) and includes a two-dimensional (2D) wetting
layer (WL)) and then captured into QDs. Due to bipolar
(i.e. both electron and hole) populations in the reservoir, a
certain fraction of the injection current goes into electron–
hole recombination there. The parasitic recombination outside
QDs is a major source of the temperature dependence of the
threshold current. In addition, the carrier capture from the
reservoir into QDs is not instantaneous. For this reason,
the carrier density in the reservoir, and hence the parasitic
recombination rate, rise, even above the lasing threshold, with

injection current. This leads to sublinearity of the light–current
characteristic (LCC) and limits the output power, especially
at high pump currents [1, 2]. Suppression of the parasitic
recombination would thus be expected to significantly enhance
the temperature stability and the output optical power of
a laser.

Several approaches have been proposed to improve the
QD laser characteristics. Among them is tunneling injection
into QDs. In [3–5], to minimize hot carrier effects, tunneling
injection of only electrons into QDs was proposed and realized
from a single quantum well (QW) (previously, tunneling
injection into a QW was utilized for the same purpose in a
QW laser [6]). Laser structures exploiting tunneling injection
of only electrons into QDs were also realized in [7–11]. In a
recent work [11], high-temperature stability of the threshold
current was reported—the characteristic temperature (a figure
of merit of a diode laser from the viewpoint of temperature
stability of the threshold current) was close to 200 K at
and well above the room temperature. In the structures
of [3–5] and [7–11], bipolar carrier density and hence parasitic
recombination still remain on the hole-injecting side.

0957-4484/10/015201+14$30.00 © 2010 IOP Publishing Ltd Printed in the UK1
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In [12, 13], tunneling injection of excitons into quantum
dashes was reported.

In [14], resonant tunneling was proposed from the bulk
region (OCL) into the QD excited state separated from the QD
ground state by the energy of the longitudinal optical (LO)
phonon.

In [15–17], to suppress the recombination outside QDs
and thus to significantly improve the temperature stability of
the laser, tunneling injection of both electrons and holes into
QDs was proposed from two separate QWs. Here, by a
certain analogy with the universally accepted term ‘double-
heterostructure laser’, the structures of [15–17] are referred to
as double tunneling-injection (DTI) QD lasers. The structures
of [3–5] and [7–11] can be correspondingly referred to as
single tunneling-injection (STI) QD lasers.

There have been experimental developments [18–21]
related to the concept of DTI QD lasers. Tunneling injection
can efficiently improve the uniformity of QDs by selecting the
QDs of the ‘right’ size [15–18]; the carrier collection in QDs
can also be improved [18]. A more symmetrical gain shape and
a smaller refractive index change at the peak gain wavelength
were reported for a DTI QD laser [21].

It is interesting to note the use of both terms ‘tunnel-
injection semiconductor laser’ and ‘double tunnel-injection’,
though in a different context, as early as 1963. In [22], to avoid
some of the problems of junction formation of those days,
tunneling injection of electrons (or holes) was proposed from
a metal or semiconductor through a thin dielectric film into
a suitable semiconductor to produce the population inversion
necessary for laser action. In [23], double tunneling injection
into a luminescent material was proposed from two metals (or
semiconductors) through the insulating films. In [24], double
tunneling injection was used to produce electroluminescence
in metal–semiconductor tunnel diodes.

In this work, we develop a comprehensive theoretical
model for the optical power of a DTI QD laser. We briefly
reported on the LCC of such a laser in [25].

2. Theoretical model

The energy band diagram of the structure is shown in figure 1.
A single layer with QDs, located in the central part of the
OCL, is clad on each side by a thin barrier and a QW.
Electrons (holes) are injected into QDs by tunneling from the
left- (right-)hand side QW. The key idea of the device is that
the QWs are not connected by a current path that bypasses
QDs, which in particular assumes that (i) there is no thermal
escape of carriers from the QWs over the barriers separating
them from the QD layer, and (ii) there is no tunneling between
the QWs through the material separating QDs in the QD layer.
To realize this idea, certain conditions must be met, which were
described in [15–17]. We discuss in this section the details of
our extended model for a DTI QD laser.

2.1. Main assumptions

(1) Figure 1 shows the most optimum situation [15–17], when
the lowest subband edge for majority carriers in the QW

Figure 1. Energy band diagram of a double tunneling-injection QD
laser and the main processes: ➀ injection from the cladding layers to
the OCL, ➁ majority carrier capture from the OCL to the QW and
thermal escape from the QW to the OCL, ➂ tunneling injection from
the QW into a QD, ➃ spontaneous and stimulated recombination in a
QD, ➄ out-tunneling from a QD into the ‘foreign’ QW,
➅ spontaneous recombination in the QWs, ➆ minority carrier
thermal escape from the QW to the OCL and capture from the OCL
to the QW and ➇ spontaneous recombination in the OCL.

is in resonance with the energy level for the corresponding
type of carriers in the average-sized QD, and hence the
tunneling-injection rate is at its maximum. However,
resonant injection is not the only possibility for tunneling
into QDs. Thus, LO phonon-assisted [8, 9, 26, 27] or
Auger-assisted [27] tunneling into QDs can be utilized.
To also account for such possible situations, our model
includes both direct and indirect tunneling—the effective
tunneling rate from the entire QW subband into the QD
ensemble is used (see below).

Tunneling-injection does not necessarily have to
occur into the QD ground state. Carriers can efficiently
tunnel from the QW to the QD excited state, and then
relax rapidly to the QD ground state for stimulated
recombination [28, 29]. In [19, 21], a lasing action from
the QD excited state was reported.

In our model for tunneling, the QW and QD states
are considered to be independent of each other. In a
structure with thin barriers, the states of the combined
QW–QD system should be self-consistently treated. The
use of the effective rate of tunneling from the entire QW
subband into QDs means that our model does not also
distinguish between direct (coherent) [28] and indirect
(incoherent) [8, 9, 26, 27] tunneling processes.

(2) Ideally, there should be no second tunneling step, i.e. out-
tunneling from QDs into the ‘foreign’ QWs (electron-
injecting QW for holes and hole-injecting QW for
electrons). As a result, there will be no electrons (holes)
in the hole- (electron-)injecting side of the structure. As
shown below, the total suppression of bipolar population
and, consequently, of recombination outside QDs leads to
an ideal LCC (i.e. a linear LCC with the slope efficiency
equal to unity).
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Out-tunneling into the foreign QWs cannot be
completely blocked in actual devices. Figure 1 shows an
optimized structure, in which the lowest subband edge
for minority carriers in the QW is misaligned from the
energy level for the corresponding type of carriers in the
average-sized QD. Even in such a structure, there will be
an indirect out-tunneling (shown by the inclined arrows
in figure 1)—electrons (holes) as minority carriers will
appear in the hole- (electron-)injecting QW. Then they
will thermally escape to the right- (left-)hand side of the
OCL where holes (electrons) are the majority carriers. As
a result, a bipolar population will be established outside
QDs and parasitic recombination will occur. Our model
includes these processes and addresses their effect on the
device characteristics.

(3) We reasonably assume that the conduction (valence) band
offset at the heteroboundary between the p- (n-)cladding
and the OCL is large enough to block the further thermal
escape of electrons (holes) to the p- (n-)cladding layer. In
such a typical situation, the current in the p- (n-)cladding
(including the boundary with the OCL) is purely the
hole (electron) current. Hence, the total injection current
density j will enter into the rate equation for free electrons
(holes) in the left- (right-)hand side of the OCL (see
equations (1) and (3) below).

(4) The internal optical loss, αint, is set zero here.
(5) A structure without the WL is considered in this work. In

self-assembled Stranski–Krastanow grown QD structures,
such a layer is present and adjacent to QDs [30–32]. Due
to coupling (through the capture and escape processes)
between QDs and the WL, there will be a bipolar
population and hence electron–hole recombination in the
WL. A careful consideration of the effect of the WL on
the temperature dependence of the threshold current and
on the optical power of a DTI QD laser is hence required,
which is the subject of a separate work.

2.2. Rate equations

Our model is based on rate equations, which include the main
processes in the layered structure. With the above assumptions,
we have the following set of equations:

for free electrons and holes on the left-hand side of the
OCL:

b1
∂nL

∂ t
= j

e
+ nL

QW

τL
n,esc

− vL
n,captnL − b1 BnL pL, (1)

b1
∂pL

∂ t
= pL

QW

τL
p,esc

− vL
p,capt pL − b1 BnL pL, (2)

for free holes and electrons on the right-hand side of the
OCL:

b2
∂pR

∂ t
= j

e
+ pR

QW

τR
p,esc

− vR
p,capt pR − b2 BnR pR, (3)

b2
∂nR

∂ t
= nR

QW

τR
n,esc

− vR
n,captnR − b2 BnR pR, (4)

for electrons and holes in the electron-injecting (left-hand
side) QW:

∂nL
QW

∂ t
= vL

n,captnL − nL
QW

τL
n,esc

− wL
n,tunn NS(1 − fn)n

L
QW

+ wL
n,tunnnL,QW

1 NS fn − B2DnL
QW pL

QW, (5)

∂pL
QW

∂ t
= vL

p,capt pL − pL
QW

τL
p,esc

− wL
p,tunn NS(1 − fp)pL

QW

+ wL
p,tunn pL,QW

1 NS fp − B2DnL
QW pL

QW, (6)

for holes and electrons in the hole-injecting (right-hand
side) QW:

∂pR
QW

∂ t
= vR

p,capt pR − pR
QW

τR
p,esc

− wR
p,tunn NS(1 − fp)pR

QW

+ wR
p,tunn pR,QW

1 NS fp − B2DnR
QW pR

QW, (7)

∂nR
QW

∂ t
= vR

n,captnR − nR
QW

τR
n,esc

− wR
n,tunn NS(1 − fn)n

R
QW

+ wR
n,tunnnR,QW

1 NS fn − B2DnR
QW pR

QW, (8)

for electrons and holes confined in QDs:

NS
∂ fn

∂ t
= wL

n,tunnNS(1 − fn)n
L
QW − wL

n,tunnnL,QW
1 NS fn

+ wR
n,tunn NS(1 − fn)n

R
QW − wR

n,tunnnR,QW
1 NS fn

− NS
fn fp

τQD
− c√∈g

gmax

S
( fn + fp − 1)N, (9)

NS
∂ fp

∂ t
= wR

p,tunnNS(1 − fp)pR
QW − wR

p,tunn pR,QW
1 NS fp

+ wL
p,tunn NS(1 − fp)pL

QW − wL
p,tunn pL,QW

1 NS fp

− NS
fn fp

τQD
− c√∈g

gmax

S
( fn + fp − 1)N, (10)

and for photons,

∂ N

∂ t
= c√∈g

gmax( fn + fp − 1)N − c√∈g
β N. (11)

In equations (1)–(11), b1 (b2) is the thickness of the left-
(right-)hand side of the OCL (the separation between the n-
(p-)cladding layer and the left- (right-)hand side barrier—
figure 1) and nL (nR) and pL (pR) are the free-electron and -
hole densities there, j is the injection current density, e
is the electron charge, nL

QW (nR
QW) and pL

QW (pR
QW) are the

2D electron and hole densities in the left- (right-)hand side
QW (figure 1), B and B2D are the spontaneous radiative
recombination constants for the bulk (OCL) and 2D regions
(QWs) measured in units of cm3 s−1 and cm2 s−1, respectively,
NS is the surface density of QDs, fn,p are the electron-
and hole-level occupancies in QDs, τQD is the spontaneous
radiative lifetime in QDs, c is the velocity of light in vacuum,√∈g is the group index of the dispersive OCL material, gmax

is the maximum value of the modal gain [33], S = W L is the
cross section of the junction, W is the lateral size of the device,
L is the cavity length, β = (1/L) ln(1/R) is the mirror loss, R
is the facet reflectivity and N is the number of photons in the
lasing mode.
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Figure 2. Conduction band diagram on the left-hand
(electron-injecting) side of the structure. The Fermi level μeq

(dash–dotted line) is shown solely as an illustration of the derivations
of appendixes A and B for the equilibrium case. No equilibrium is
assumed under lasing conditions.

We denoted the thermal escape times of electrons and
holes from the QWs to the OCL by τL,R

n,p,esc and the capture

velocities from the OCL to the QWs by v
L,R
n,p,capt. These

quantities are related to each other. It is the capture velocity
that describes the carrier capture to a QW [34, 35]. The general
expression relating τn,p,esc and vn,p,capt is derived in appendix A
using the detailed balance condition. For undoped OCL and
QW, the relation is as follows:

τn,esc = 1

vn,capt

N2D
c

n1
, τp,esc = 1

vp,capt

N2D
v

p1
, (12)

where N2D
c,v = mQW

c,v T /(π h̄2) are the 2D effective densities of
states in the conduction and valence bands in the QWs, mQW

c,v
are the electron and hole effective masses in the QWs and the
temperature T is measured in units of energy.

The quantities n1 and p1 are

n1 = N3D
c exp

(
−�Ec − εQW

n

T

)
,

p1 = N3D
v exp

(
−�Ev − εQW

p

T

)
,

(13)

where N3D
c,v = 2[mOCL

c,v T/(2π h̄2)]3/2 are the three-dimensional
(3D) effective densities of states in the conduction and valence
bands in the OCL, mOCL

c,v are the electron and hole effective
masses in the OCL, �Ec,v are the conduction and valence band
offsets between the OCL and the QW (figure 2), and εQW

n,p are
the energies of the lowest electron- and hole-subband edges in
the QW (figure 2).

We exploit four tunneling coefficients, w
L,R
n,p,tunn (measured

in units of cm2 s−1), for electron and hole tunneling between
the QD ensemble and the QWs. These tunneling coefficients
are primarily controlled by the thicknesses and material
parameters of the barriers, and by the QD and QW parameters
as well. In a properly designed structure, wL

n,tunn and wR
p,tunn

should be large, and wL
p,tunn and wR

n,tunn small.

The quantities nL,R,QW
1 and pL,R,QW

1 entering into the
electron and hole tunneling fluxes from the QD ensemble to the
QWs (see (5)–(10)) are measured in units of cm−2. The general
expressions for nQW

1 and pQW
1 are derived in appendix B. In the

case of an undoped QW and a resonance between the energy
level in a QD and the lowest subband edge in a QW:

nL,QW
1 = N2D

c , pR,QW
1 = N2D

v . (14)

As seen from (1)–(8), the equations for the carrier
densities on the right-hand side QW and OCL are similar to
those on the left-hand side. For this reason, we will analyze
the rate equations and their solutions for the carrier densities
on the left-hand side only. The solutions on the right-hand
side are easily obtained from those on the left-hand side by
an exchange between the electron and hole densities n and p
and the left- and right-hand side indices ‘L’ and ‘R’.

The first term on the right-hand side in (1) is the electron
injection flux (in units of cm−2 s−1) from the n-cladding layer
to the OCL—see assumption 3 above.

The terms containing the escape times and capture
velocities in the rate equations are respectively the fluxes of
thermal escape from the QW to the OCL and capture from the
OCL to the QW.

The last term on the right-hand side in (1) and (2) is the
spontaneous radiative recombination flux in the OCL. The last
term on the right-hand side in (5) and (6) is the spontaneous
radiative recombination flux in the QW.

In (5) and (9), wL
n,tunnNS(1− fn)nL

QW and wL
n,tunnnL,QW

1 NS fn

are the fluxes of electron tunneling from the electron-injecting
QW into the QD ensemble and back from the QD ensem-
ble to the QW. The difference wL

n,tunn NS(1 − fn)nL
QW −

wL
n,tunnnL,QW

1 NS fn is the net in-tunneling flux of electrons from
the electron-injecting QW into QDs.

In (6) and (10), wL
p,tunn pL,QW

1 NS fp and wL
p,tunn NS(1 −

fp)pL
QW are the fluxes of hole tunneling from the QD

ensemble to the electron-injecting (i.e. foreign) QW and
back from the QW into the QD ensemble. The difference
wL

p,tunn pL,QW
1 NS fp − wL

p,tunn NS(1 − fp)pL
QW is the net out-

tunneling flux of holes from QDs to the electron-injecting QW.
In (9) and (10), NS fn fp/τQD is the spontaneous radiative

recombination flux in QDs and (c/
√∈g)(gmax/S)( fn + fp −

1)N is the stimulated radiative recombination flux.
The first term on the right-hand side in (11) is the rate (in

units of s−1) of stimulated emission of photons and the second
term is the rate of escape of photons from the cavity through
the mirrors.

To optimize the device, it is desirable to maximize the net
in-tunneling flux of electrons from the electron-injecting QW
into QDs and minimize the net out-tunneling flux of holes from
QDs to the electron-injecting QW.

The flux of electron (and similarly hole) tunneling from a
QD ensemble to a QW can be written as

wn,tunnnQW
1 NS fn = NS

fn

τ
QD→QW
n,tunn

, (15)

where

τ
QD→QW
n,tunn = 1

wn,tunnnQW
1

(16)

can be viewed as the tunneling time from a QD to a QW.
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The flux of electron tunneling from a QW to a QD
ensemble can be written as

wn,tunn NS(1 − fn)nQW = nQW

τ
QW→QDs
n,tunn

, (17)

where

τ
QW→QDs
n,tunn = τ

QW→QDs
n,tunn,0

1 − fn
(18)

can be considered as the tunneling time from a QW to a QD
ensemble, and

τ
QW→QDs
n,tunn,0 = 1

wn,tunn NS
(19)

can be correspondingly considered as the tunneling time into
an unoccupied QD ensemble (when fn = 0).

As seen from (16) and (19), the tunneling times τ
QD→QW
n,tunn

and τ
QW→QDs
n,tunn,0 are not the same. In contrast to τ

QD→QW
n,tunn , which

describes tunneling from an individual QD to a QW, τ
QW→QDs
n,tunn,0

describes tunneling from a QW to the entire QD ensemble—
the surface density of QDs, NS , i.e. a characteristic of the
entire QD ensemble, enters into equation (19) for τ

QW→QDs
n,tunn .

Both τ
QD→QW
n,tunn and τ

QW→QDs
n,tunn,0 are expressed in terms of a single

coefficient wn,tunn. For these reasons, and to avoid possible
confusion, we will not use here two separate times τ

QD→QW
n,tunn

and τ
QW→QDs
n,tunn for tunneling between a QD ensemble and a QW.

Instead, we use a single parameter—the tunneling coefficient
wn,tunn.

3. Results and discussion

We consider a continuous-wave operation of the laser and
correspondingly use the steady-state rate equations:

∂

∂ t
(b1nL, b1 pL, b2nR, b2 pR, nL

QW, pL
QW, nR

QW, pR
QW,

NS fn, NS fp, N) = 0, (20)

which are eleven equations in total. These equations do not,
however, constitute a complete set for finding eleven unknowns
(nL, pL, nR, pR, nL

QW, pL
QW, nR

QW, pR
QW, fn, fp and N). It

is easily shown that only nine out of ten equations (1)–(10)
are independent at the steady state, which is to say that the set
should be complemented by one more equation. The equation
is provided by the condition of charge neutrality in QDs (see
below).

Above the lasing threshold, the number of stimulated
photons is nonvanishing (N �= 0). To satisfy equation (11)
at the steady state at nonvanishing N , the following lasing
condition should hold:

gmax( fn + fp − 1) = β, (21)

which is the condition of equality of the modal gain to the
mirror loss at and above the lasing threshold (the internal
optical loss is not considered here—see assumption 4).

Using the steady-state rate equations and introducing the
photon lifetime in the cavity,

τph =
√∈g

c

1

β
, (22)

the following expression is obtained for the number of photons
N and output power P:

P = h̄ω
N

τph
= h̄ω

e
S

(
j − eNS

fn fp

τQD
− eB2DnL

QW pL
QW

− eB2DnR
QW pR

QW − eb1BnL pL − eb2 BnR pR

)
, (23)

where h̄ω is the photon energy. Expression (23) is general and
holds no matter what a specific model is for the carrier capture
from the OCL to QWs, escape from QWs to the OCL and
tunneling between QWs and QDs. What it means is that the
stimulated emission is produced by an excess of the injection
current density j over the current densities of spontaneous
recombination in QDs (second term in the brackets), QWs
(third and fourth terms) and OCL (last two terms).

The confined-carrier level occupancies in QDs, 2D-carrier
densities in the QWs and free-carrier densities in the OCL
depend on the pump current density j . To calculate the LCC
(i.e. P versus j given by (23)), these dependences should be
found from the solution of the rate equations. We start with an
ideal structure and next consider a structure with out-tunneling
leakage from QDs.

3.1. Ideal structure: no out-tunneling from QDs, no
recombination outside QDs

If out-tunneling from QDs into the foreign QWs is completely
blocked (wL

p,tunn and wR
n,tunn are set to zero in the above rate

equations), there will be no minority carriers outside QDs (pL,
pL

QW, nR
QW, nR = 0). The injection current will entirely go

into the spontaneous and stimulated recombination in QDs.
Equation (23) will be

P = h̄ω

e
S

(
j − eNS

fn fp

τQD

)
. (24)

In general, the level occupancies fn,p, and hence
the spontaneous recombination current density in QDs,
eNS( fn fp/τQD), can depend on the injection current density
j . Whatever the dependence is, fn,p cannot exceed unity;
consequently, eNS( fn fp/τQD) cannot exceed eNS/τQD. For
typical values of the surface density of QDs NS (below
1011 cm−2) and spontaneous radiative recombination time in
QDs τQD (around 1 ns), eNS/τQD is less than 20 A cm−2.
This means that, for j > 100 A cm−2, the spontaneous
recombination term can be safely neglected compared to j
in (24). Hence, the LCC of an ideal DTI QD laser, in which
out-tunneling from QDs is completely blocked, is virtually
linear and the slope efficiency is unity. The reason is that the
only remaining channel of nonstimulated recombination in this
case is the spontaneous recombination in QDs, which is weak.

Let us show that the initial portion of the LCC (for which
the term eNS( fn fp/τQD) cannot be neglected in (24)) is also
linear. If charge neutrality holds in QDs ( fn = fp), we
immediately obtain from (21) that the level occupancies are
pinned at their threshold value and do not depend on the
injection current:

fn = fp = 1

2

(
1 + β

gmax

)
= const( j). (25)

5



Nanotechnology 21 (2010) 015201 D-S Han and L V Asryan

In this case, eNS( fn fp/τQD) = const( j). As discussed in [2]
in the context of conventional QD lasers, violation of charge
neutrality ( fn �= fp) can disrupt pinning the level occupancies
and lead to their dependence on the pump current (just as
it leads to the temperature dependence [36, 37]). Denoting
� = fp– fn, we have from (21)

fn,p( j) = 1

2

(
1 + β

gmax

)
∓ 1

2
�( j), (26)

where ‘−’ and ‘+’ correspond to ‘n’ and ‘p’ subscripts,
respectively. With (24) and (26), the output power can be
written as

P( j) = h̄ω

e
S

{
j − 1

4

eNS

τQD

[(
1 + β

gmax

)2

− �2( j)

]}
. (27)

Since fp and fn are less than unity, so is their difference �. As
seen from (27), violation of charge neutrality in QDs appears
as a second-order effect (�2) in the expression for the LCC.
Hence, in both cases of neutral and charged QDs, the LCC of
an ideal DTI QD laser is also linear at low j .

3.2. Structure with out-tunneling leakage from QDs and
recombination outside QDs

In an actual structure, there can be out-tunneling into the
foreign QWs (figure 1). For this reason, the electron–hole
recombination outside QDs cannot be completely suppressed.
Hence, the rate equations (1)–(11) should be solved in the
general case of nonvanishing tunneling coefficients wL

p,tunn and
wR

n,tunn.
We assume charge neutrality in QDs and use (25) for the

level occupancies. The derivations lead to a quartic equation
in nL

QW, the solution of which provides us with nL
QW as a

function of j . The other carrier densities on the left-hand side
of the structure (pL

QW, nL and pL) are expressed in terms of
nL

QW. Similarly, the carrier densities on the right-hand side are
expressed in terms of pR

QW. Finally, the number of photons and
output power are found from (23) as functions of j .

Under the conditions of negligible recombination in the
OCL (up to high injection current densities—see appendix C),
solving the rate equations simplifies considerably—closed-
form expressions are obtained for the carrier densities and
output power as functions of j (appendix D).

Several general conclusions can be easily made from the
analysis of the rate equations.

At the steady state, equation (2) for free holes on the left-
hand side of the OCL can be written as follows:

pL
QW

τp,esc
= vL

p,capt pL + b1 BnL pL. (28)

Substituting pL
QW/τp,esc −vL

p,capt pL = b1 BnL pL in (6), we have

B2DnL
QW pL

QW + b1 BnL pL = wL
p,tunn pL,QW

1 NS fp

− wL
p,tunn NS(1 − fp)pL

QW. (29)

As seen from (29), bimolecular recombination on the left-hand
side QW and OCL is entirely due to the net out-tunneling of
holes from QDs to the QW.

Substituting vL
n,captnL − nL

QW/τn,esc = j/e − b1 BnL pL

(see (1)) in (5), we have

B2DnL
QW pL

QW + b1 BnL pL = j

e
− [wL

n,tunnNS(1 − fn)n
L
QW

− wL
n,tunnnL,QW

1 NS fn]. (30)

As seen from (30), the flux of bimolecular recombination on
the left-hand side QW and OCL can alternatively be presented
as the difference of the electron injection flux j/e and the net
in-tunneling flux of electrons from the QW to QDs. In other
words, the electron flux, which does not enter QDs, can only
be consumed via recombination with holes outside QDs.

By dropping in (29) the flux wL
p,tunn NS(1 − fp)pL

QW of
backward tunneling of holes from the electron-injecting QW to
QDs, we get an upper limit for the parasitic recombination flux
on the left-hand side of the structure. Since fn,p � 1, this limit,
which presents the out-tunneling flux wL

p,tunn pL,QW
1 NS fp of

holes from QDs to the foreign (electron-injecting) QW, is itself
restricted and cannot exceed wL

p,tunn pL,QW
1 NS at any j (under

the condition of charge neutrality (see (25)), wL
p,tunn pL,QW

1 NS fp

is pinned and does not change with j ). Consequently, the
recombination flux in the left-hand side QW and OCL is
limited by wL

p,tunn pL,QW
1 NS:

B2DnL
QW pL

QW + b1 BnL pL < wL
p,tunn pL,QW

1 NS fp

< wL
p,tunn pL,QW

1 NS = const. (31)

The parasitic recombination current density (the sum of
the last four terms in the brackets in (23)) and the out-tunneling
current density

jout−tunn = ewL
p,tunn pL,QW

1 NS fp + ewR
n,tunnnR,QW

1 NS fn, (32)

are shown in figure 3 versus the excess injection current density
j– jth (solid curve and horizontal dashed line, respectively).

The fact that the parasitic recombination flux outside QDs
remains limited with increasing j is due to a 0D nature of
QDs—QDs constrain the carrier transfer between the opposite
sides of the structure. If a QW or quantum wires would be used
instead of QDs, the out-tunneling fluxes would be controlled by
the 2D or 1D carrier densities, which, unlike fn,p, would not
be limited; accordingly, the parasitic recombination flux would
not be limited.

With (29) and a similar equation for the right-hand side of
the structure, equation (23) can be rewritten as follows:

P = h̄ω

e
S

[
j − eNS

fn fp

τQD
− ewL

p,tunn pL,QW
1 NS fp

− ewR
n,tunnnR,QW

1 NS fn + ewL
p,tunnNS(1 − fp)pL

QW

+ ewR
n,tunn NS(1 − fn)n

R
QW

]
. (33)

Whatever the dependences of pL
QW and nR

QW on j , it
is clear from (33) that by dropping the last two terms in
the brackets (the current densities of backward tunneling of

6



Nanotechnology 21 (2010) 015201 D-S Han and L V Asryan

Figure 3. Parasitic recombination current density in the QWs and
OCL (solid curve) and current density of out-tunneling from QDs to
the foreign QWs (horizontal dashed line) against excess injection
current density. A GaInAsP heterostructure lasing at
room-temperature (T = 300 K) near the telecommunication
wavelength 1.55 μm is considered here. 10% QD size fluctuations
are assumed. The parameters of the structure are as follows:
NS = 6.11 × 1010 cm−2, L = 1.139 mm, R = 0.32, β = 10 cm−1,
W = 2 μm, τQD = 0.71 × 10−9 s, gmax = 29.52 cm−1,
b1 = b2 = 0.14 μm, v

L,R
n,p,capt = 3 × 105 cm s−1, λ = 1.58 μm,

B = 1.27 × 10−10 cm3 s−1 and B2D = 2.8 × 10−4 cm2 s−1. In
figures 3–10, the tunneling coefficients are as follows unless
otherwise specified: wL

n,tunn = 0.073 cm2 s−1, wL
p,tunn = 0.04 cm2 s−1,

wR
n,tunn = 0.013 cm2 s−1 and wR

p,tunn = 0.058 cm2 s−1. The threshold
current density is jth = 389 A cm−2.

minority carriers from the foreign QWs to QDs) we will obtain
the lower limit for the output power:

P lowest = h̄ω

e
S

(
j − eNS

fn fp

τQD
− ewL

p,tunn pL,QW
1 NS fp

− ewR
n,tunnnR,QW

1 NS fn

)
. (34)

Since fn,p � 1, the last three terms in the brackets in (34)
remain restricted with increasing j . Under the condition of
charge neutrality in QDs, they are constant and, as is clear
from (33) and (34), their sum presents the upper limit for the
threshold current density:

j highest
th = eNS

fn fp

τQD
+ ewL

p,tunn pL,QW
1 NS fp

+ ewR
n,tunnnR,QW

1 NS fn. (35)

With (35), equation (34) is

P lowest = h̄ω

e
S( j − j highest

th ). (36)

The upper limit for the output power is obtained in an
ideal structure discussed above and is given by (24), which we
rewrite as follows:

Phighest = h̄ω

e
S( j − j lowest

th ), (37)

where

j lowest
th = eNS

fn fp

τQD
(38)

is the lower limit for the threshold current density.

Figure 4. Light–current characteristic of a double tunneling-injection
QD laser (solid curve) at different values of the out-tunneling
coefficient wL

p,tunn: (a) 0.04, (b) 0.1 and (c) 0.16 cm2 s−1. The

threshold current density is jth = 389, 457 and 479 A cm−2 in (a), (b)
and (c), respectively. The dashed line is the LCC of an ideal structure
given by (37); j lowest

th = 6.21 A cm−2 (see (38)). The dash–dotted line
is the asymptote given by (36); j highest

th (see (35)) is 1323, 3242 and
5161 A cm−2 in (a)–(c), respectively.

As seen from (36), the lower limit for the LCC is linear
(dash–dotted line in figure 4) and its slope efficiency is unity.
It is parallel to the upper limit (given by (37) and shown by
the dashed line in figure 4) and shifted from the latter by the
amount of the out-tunneling current density, jout−tunn.

Hence, the actual LCC (obtained from the solution of
the rate equations and shown by the solid curve in figure 4)
is confined between the two parallel lines given by (36)
and (37) (dash–dotted and dashed lines in figure 4). As seen
from the figure and the analysis below, the lower limit (36)
presents the asymptote of the actual LCC at high injection
currents.

7
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Figure 5. Minority carrier density on the left-hand side QW (left
axis) and OCL (right axis) against excess injection current density. In
view of a linear-proportionality relationship (D.3), the same curve
depicts pL

QW and pL.

From (33), we have for the slope efficiency (external
differential efficiency)

ηext = 1
h̄ω
e S

∂ P

∂ j
= 1 + ewL

p,tunnNS(1 − fp)
∂pL

QW

∂ j

+ ewR
n,tunn NS(1 − fn)

∂nR
QW

∂ j
. (39)

Since ηext should not be higher than unity, the derivatives
of pL

QW and nR
QW with respect to j should be negative—the

minority carrier density in each of the two QWs decreases
with j (figure 5). Hence, the last two terms in the brackets
in equation (33) decrease with increasing j and the LCC
asymptotically approaches the straight line given by (36)
(figure 4).

The output power can be written as

P( j) = h̄ω

e
S jstim( j)

= h̄ω

e
S( j − jth)ηint( j), (40)

where

jstim = e

S

N

τph
(41)

is the stimulated recombination current density and

ηint = jstim

j − jth
(42)

is the internal differential quantum efficiency. Since the
parasitic recombination current density remains restricted
(see (31) and figure 3), ηint, which presents the fraction of
the excess injection current density j– jth that goes into the
stimulated emission, should increase with j (dashed curve in
figure 6). As a result, the LCC should become increasingly
linear (figure 4).

With (40), the slope efficiency ηext is expressed in terms of
ηint:

ηext = ηint + ( j − jth)
∂ηint

∂ j
. (43)

Since ηint increases with j , ηext (solid curve in figure 6) also
increases and is higher than ηint as is clear from (43). We did
not consider the internal optical loss αint; the inclusion of αint

Figure 6. Internal quantum efficiency (dashed curve) and slope
efficiency (solid curve) against excess injection current density.

Figure 7. Majority carrier density on the left-hand side QW (solid
curve, left axis) and OCL (dashed curve, right axis) against excess
injection current density.

will reduce the optical efficiency of the cavity, β/(β + αint),
and hence ηext.

The density of minority carriers on the left-hand side
QW and OCL is shown in figure 5. As discussed above, the
minority carrier density in the QW (holes on the left-hand side)
decreases with j . The minority carrier density in the OCL
is directly related to that in the QW (see equation (D.3) in
appendix D), and hence also decreases.

The density of majority carriers on the left-hand side
QW and OCL is shown in figure 7. Since majority carriers
(electrons on the left-hand side) are supplied by injection, their
density in the OCL and QW increases with pump current.

Auger recombination of electrons with holes in the OCL
and QWs can be easily included in our model. In that
case, the total parasitic recombination flux (the sum of the
fluxes of bimolecular radiative recombination and trimolecular
nonradiative Auger recombination) will enter into the left-
hand side in (29) and will be equal to the net out-tunneling
flux of minority carriers from QDs. Hence, the total parasitic
recombination flux will remain limited with increasing j and
all our conclusions about the LCC of a DTI QD laser will
hold in the presence of Auger recombination. In particular, the
lower limit for the LCC and the upper limit for the threshold
current density will be given by equations (34) and (35),
respectively.

In figure 1, we assumed that the QWs and QDs are of the
same material, which does not need to be the case in general.
Since the out-tunneling leakage of carriers from QDs to the
foreign QWs is limited and hence so is the minority carrier

8
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supply to the QWs, attaining the population inversion between
the electron and hole states in the QWs, which could otherwise
lead to lasing from the QWs, is effectively hampered in a DTI
QD structure. Nevertheless, since the maximum gain of a QD
ensemble is decreased due to inhomogeneous line broadening
caused by the QD size distribution [33], the QDs should be
made uniform enough to avoid a situation when the lasing
action will be driven by the QW rather than QD transitions. In
an STI QD laser of [38], a lasing action simultaneously driven
by the QD and QW transitions was observed.

When discussing a DTI QD laser versus a conventional
QD laser, we focused on the parasitic recombination outside
QDs as a factor limiting the linearity of the LCC. Other factors,
such as the gain saturation [39, 40] and heating [40, 41], which
are known to limit the optical power in diode lasers, were not
considered here. The expected better linearity of the LCC
of a DTI QD laser was shown to be due to the fact that the
parasitic recombination outside QDs is restricted in such a
laser. Like in other diode lasers, both the gain saturation and
heating would adversely affect the output power of a DTI QD
laser. Quantitative analysis of these effects in a DTI QD laser
is required to reveal their relative importance. All other factors
being the same, elimination of even one source of sublinearity
of the LCC (namely, parasitic recombination outside QDs)
makes DTI QD lasers attractive for high-power operation.

3.2.1. Laser characteristics versus tunneling coefficients.
As discussed above, due to the fact that QDs are 0D regions
with a limited population ( fn,p � 1), the out-tunneling
fluxes of minority carriers from QDs into the foreign QWs
(wL

p,tunn pL,QW
1 NS fp and wR

n,tunnnR,QW
1 NS fn) are also limited

(see (31)). Although the level occupancies fn,p depend on the
cavity length and other parameters of the structure, they can
only change from 1/2 to 1 in the case of neutral QDs (see (25)).
The surface density of QDs can also be varied within a
limited range (typically, from several 1010 to 1011 cm−2). In
contrast to fn,p and NS, the tunneling coefficients wL

p,tunn and
wR

n,tunn depend strongly on the barrier thicknesses and can be
easily varied within a wide range. Hence, for a given choice
of materials for QDs, barriers and QWs, the out-tunneling
fluxes of minority carriers are mainly controlled by wL

p,tunn and
wR

n,tunn.
As shown in appendix C, up to high injection current

densities, the recombination in the OCL is negligible. What
this means is that the out-tunneling fluxes of minority carriers
from QDs are mainly consumed by the recombination in the
QWs. Figure 8 shows nL

QW and pL
QW and the recombination

current density in the QW, j L
QW = eB2DnL

QW pL
QW, versus the

tunneling coefficient wL
p,tunn. The hole density on the left-

hand side QW, which is entirely due to out-tunneling, increases
considerably with wL

p,tunn (figure 8(b)). The recombination in
the QW should become more intense with increasing wL

p,tunn.
For this reason, the electron density decreases with increasing
wL

p,tunn (figure 8(a)); the decrease is, however, negligible since
electrons are majority carriers on the left-hand side QW. Both
nL

QW and pL
QW saturate as wL

p,tunn → ∞. The barriers separating
the QD layer from the QWs should block out-tunneling of

Figure 8. 2D density of electrons (a) and holes (b) and
recombination current density (c) on the left-hand side QW against
out-tunneling coefficient at an infinitely large in-tunneling coefficient
(wL

n,tunn → ∞). The injection current density is j = 10 kA cm−2.
The horizontal dashed lines in (a) and (b) show the saturation values
of nL

QW and pL
QW given by (44) and (45), respectively. The horizontal

dashed line in (c) shows the saturation value of j L
QW = eB2DnL

QW pL
QW.

minority carriers from QDs, and yet allow for in-tunneling of
majority carriers into QDs. It is therefore clear that, in the
limiting case of infinitely large tunneling coefficients wL

p,tunn

and wR
n,tunn for minority carriers, the tunneling coefficients

wL
n,tunn and wR

p,tunn for majority carriers will also be infinitely
large. The expressions for the saturation values of nL

QW and
pL

QW (obtained from (D.7) and (D.8)) are as follows:

nL
QW|wL

n,p,tunn→∞ = nL,QW
1

fn

1 − fn
, (44)

pL
QW|wL

n,p,tunn→∞ = pL,QW
1

fp

1 − fp
. (45)

9
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Figure 9. Threshold current density against out-tunneling
coefficients at infinitely large in-tunneling coefficients
(wL

n,tunn, w
R
p,tunn → ∞). The jth value at wL

p,tunn, w
R
n,tunn = 0 (the ideal

case) is given by (38) and is 6.21 A cm−2. The saturation value of jth

is given by (48).

The horizontal dashed lines in figures 8(a) and (b) show these
saturation values.

Due to the saturation of nL
QW and pL

QW, the recombination
current density in the QW, j L

QW = eB2DnL
QW pL

QW, also saturates
with increasing wL

p,tunn (figure 8(c)).
With the equilibrium level occupancies in a QD

fn,p = 1

exp
( ε

QD
n,p −μn,p

T

) + 1
, (46)

where εQD
n,p are the energy levels of an electron and a hole in a

QD and μn,p are the quasi-Fermi levels of electrons and holes,
we would obtain from (44) and (45) the equilibrium densities
in the QW:

nL
QW = N2D

c exp

(
−εQW

n − μn

T

)
,

pL
QW = N2D

v exp

(
−εQW

p − μp

T

)
,

(47)

where εQW
n,p are the energies of the electron- and hole-subband

edges in the QW (the quantities for electrons, εQD
n , εQW

n and
μn, are shown in figure 2). Hence, expressions (44) and (45)
present the quasi-equilibrium relation between the carrier den-
sities in the QW and level occupancies in a QD; this is easily
understood—the limiting case of w

L,R
n,p,tunn → ∞ describes an

instant carrier exchange between the QWs and QDs.
Equation (45) can also be readily obtained from (D.9) by

neglecting at large wL
p,tunn the recombination flux in the QW,

B2DnL
QW pL

QW, compared to the fluxes of out-tunneling from

QDs, wL
p,tunn pL,QW

1 NS fp, and backward tunneling into QDs,
wL

p,tunn NS(1− fp)pL
QW. The balance between the two tunneling

fluxes yields the quasi-equilibrium relation (45).
Since the recombination current density outside QDs (the

sum of the last four terms in the brackets in (23)) increases
and saturates with increasing wL

p,tunn and wR
n,tunn, so does the

threshold current density (figure 9). As a result, the output

Figure 10. Optical power against out-tunneling coefficients at
infinitely large in-tunneling coefficients (wL

n,tunn, wR
p,tunn → ∞). The

injection current density is j = 10 kA cm−2. The P value at
wL

p,tunn, w
R
n,tunn = 0 (the ideal case) is given by (37) and is 179 mW.

The saturation value of P is given by (49).

power (at a given injection current) decreases and also saturates
(figure 10). The expression for the saturation value of jth can
be obtained by assuming that, in addition to instant exchange
between the QWs and QDs, the carrier exchange between
the OCL and QWs is also instantaneous (vL,R

n,p,capt → ∞ or,
equivalently, τL,R

n,p,esc → 0). In such a case, quasi-equilibrium
distributions will establish for electrons and holes throughout
the structure and the threshold current density will be given by

jth|wL,R
n,p,tunn,ν

L,R
n,p,capt→∞ = eNS

fn fp

τQD

+ eB2D

(
nL,QW

1

fn

1 − fn

)(
pL,QW

1

fp

1 − fp

)

+ eB2D

(
nR,QW

1

fn

1 − fn

)(
pR,QW

1

fp

1 − fp

)

+ eb1 B

(
nL

1

fn

1 − fn

)(
pL

1

fp

1 − fp

)

+ eb2 B

(
nR

1

fn

1 − fn

)(
pR

1

fp

1 − fp

)
, (48)

where the terms in the brackets are the equilibrium carrier
densities in the corresponding parts of the structure. In figure 9,
jth|wL,R

n,p,tunn,ν
L,R
n,p,capt→∞ = 806 A cm−2.

The equilibrium carrier densities will not change with
increasing injection current above the lasing threshold. Hence,
the spontaneous recombination fluxes will be pinned and the
excess of the injection current over the threshold current will
entirely go into the stimulated recombination—the internal
quantum efficiency will be unity. The output power will be
given by

P|wL,R
n,p,tunn,ν

L,R
n,p,capt→∞ = h̄ω

e
S( j − jth|wL,R

n,p,tunn,ν
L,R
n,p,capt→∞). (49)

In figure 10, P|wL,R
n,p,tunn,ν

L,R
n,p,capt→∞ = 165 mW at j =

10 kA cm−2.
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It should be emphasized that the carrier exchange
between the QWs and QDs and between the OCL and QWs
cannot be instantaneous in an actual structure—the conditions
w

L,R
n,p,tunn → ∞ and v

L,R
n,p,capt → ∞ were just used to derive

expressions (48) and (49) for the saturation values of jth and
P . For the same reason, the limiting case of w

L,R
n,p,tunn → ∞

does not describe a structure without the barriers—as discussed
in the Introduction and in [1, 2], the carrier capture from the
reservoir (be it OCL or QW) into QDs cannot be instantaneous.

4. Conclusions

The theory of optical power of a double tunneling-injection
(DTI) QD laser has been developed. We have shown that
tunneling injection of electrons and holes into QDs from two
separate QWs practically eliminates the adverse effect of the
recombination outside QDs on the output power of such a
laser. In an ideal device, out-tunneling of each type of carrier
from QDs into the opposite-to-injection-side QW should be
completely blocked; as a result, the parasitic recombination
outside QDs will be suppressed and the LCC will be strictly
linear. To scrutinize the potential of a DTI QD laser for
high-power operation and the robustness of an actual device,
we allowed for out-tunneling leakage of carriers from QDs.
We have complemented our calculations by an analytical
model and derived closed-form expressions for the LCC and
carrier population in the OCL, QWs and QDs. We have
shown that, even in the presence of out-tunneling leakage
in an actual device, the intensity of parasitic recombination
outside QDs remains restricted with increasing injection
current. Consequently, the LCC becomes increasingly linear
and the slope efficiency grows closer to unity at high injection
currents—a remarkable feature distinguishing the DTI QD
laser from other types of injection lasers. The linearity is due
to the fact that the current paths connecting the opposite sides
of the structure lie entirely within QDs—in view of the 3D
confinement in QDs, the out-tunneling fluxes of carriers from
dots are limited.
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Appendix A. Relationship between the carrier escape
time from a QW to a bulk region and the capture
velocity from a bulk region to a QW

For definiteness, we consider here electrons. The derivation
and expressions for holes are similar. Under thermal
equilibrium (no external voltage is applied to the structure and
hence no current is injected), the flux vn,captneq of electron
capture from a bulk region (OCL) to a QW is equal to the flux
neq

QW/τn,esc of the reverse process, i.e. of thermal escape from a
QW to a bulk region, to give

1

τn,esc
= neq

neq
QW

vn,capt. (A.1)

The equilibrium carrier density in a bulk region is

neq = N3D
c F1/2

(
μeq − �Ec

T

)
, (A.2)

where N3D
c is the 3D effective density of states in the

conduction band (see the expression for N3D
c in the text

after (13)), F1/2 is the Fermi–Dirac integral of order one-
half, μeq is the equilibrium Fermi level (measured from the
conduction band edge in a QW) and �Ec is the conduction
band offset between the OCL and a QW (figure 2).

The closed-form expression for the 2D equilibrium carrier
density in a QW is (see, e.g., [42])

neq
QW = N2D

c ln

[
1 + exp

(
μeq − εQW

n

T

)]
, (A.3)

where N2D
c is the 2D effective density of states in a QW (see

the expression for N2D
c in the text after (12)) and εQW

n is the
energy of the lowest subband edge in a QW (figure 2).

With (A.2) and (A.3), (A.1) becomes

1

τn,esc
= N3D

c

N2D
c

F1/2
(

μeq−�Ec

T

)
ln

[
1 + exp

(
μeq−ε

QW
n

T

)]vn,capt. (A.4)

Neglecting the difference between the effective masses in
a bulk region and a QW, the ratio of the 3D to 2D effective
density of states can be written as

N3D
c

N2D
c

=
√

π

λdB,T
, (A.5)

where

λdB,T = 2π h̄√
2mcT

(A.6)

is the thermal de Broglie wavelength, i.e. the de Broglie
wavelength of an electron having an energy equal to the
thermal energy T (alternatively, in an infinitely deep square
QW of thickness λdB,T /2, the energy of the lowest quantized
level is T ).

We can now write (A.4) as

1

τn,esc
= F1/2

(
μeq−�Ec

T

)
ln

[
1 + exp

(
μeq−ε

QW
n

T

)]√
π

vn,capt

λdB,T
. (A.7)

Equation (A.4) (or (A.7)) presents the general relationship
between the escape time and capture velocity. If both bulk and
QW materials are nondegenerate (the Fermi level μeq is below
εQW

n by several T ), which is the case of undoped OCL and QW
considered here, then

F1/2

(
μeq − �Ec

T

)
≈ exp

(
−�Ec − μeq

T

)
, (A.8)

ln

[
1 + exp

(
μeq − εQW

n

T

)]
≈ exp

(
−εQW

n − μeq

T

)
. (A.9)

With (A.8) and (A.9), equation (12) is obtained from (A.4),
which can also be written in the form of equation (1.3) of [34].

11



Nanotechnology 21 (2010) 015201 D-S Han and L V Asryan

Appendix B. Quantities n
QW
1 and p

QW
1 in the

tunneling fluxes of electrons and holes from QDs to a
QW

As in appendix A, we use the detailed balance condition under
thermal equilibrium—here, for the fluxes of carrier tunneling
from a QW to QDs, wn,tunn NS(1 − f eq

n )neq
QW, and from QDs to

a QW, wn,tunnnQW
1 NS f eq

n . Thus we obtain

neq
QW = nQW

1

f eq
n

1 − f eq
n

, (B.1)

where neq
QW is given by (A.3) and

f eq
n = 1

exp
(

ε
QD
n −μeq

T

) + 1
(B.2)

is the equilibrium occupancy of the energy level εQD
n in a QD

(figure 2).
With (A.3), (B.1) and (B.2), we have for nQW

1

nQW
1 = N2D

c exp

(
εQD

n − μeq

T

)
ln

[
1 + exp

(
μeq − εQW

n

T

)]
.

(B.3)
If a QW material is nondegenerate (which is the case of an

undoped QW considered here), we have from (A.9) and (B.3)

nQW
1 = N2D

c exp

(
−εQW

n − εQD
n

T

)
. (B.4)

The quantity nQW
1 (measured in units of cm−2) is a

2D analog of n1 (measured in units of cm−3)—while n1

characterizes the electron excitation from a QW to a bulk
region (and thus �Ec − εQW

n and N3D
c enter into (13)), nQW

1
characterizes excitation from a QD to a QW (which is why
εQW

n − εQD
n and N2D

c enter into (B.4)).
If the energy level in a QD is in resonance with the

subband edge in a QW (εQD
n = εQW

n ), equation (14) is obtained
from (B.4).

Appendix C. Criterion for neglecting the
recombination in the OCL

We derive here the criterion for neglecting the recombination
flux on the left-hand side of the OCL compared to the hole
capture flux from the OCL to the QW (in view of (28), also
compared to the hole escape flux from the QW to the OCL,
pL

QW/τL
p,esc), i.e. the criterion for holding the inequality

b1 BnL pL 	 vL
p,capt pL, (C.1)

or, equivalently,
b1 BnL 	 vL

p,capt. (C.2)

From (5) at the steady state, we have

nL = 1

vL
n,capt

[
nL

QW

τL
n,esc

+ wL
n,tunnNs (1 − fn)n

L
QW

− wL
n,tunnnL,QW

1 Ns fn + B2DnL
QW pL

QW

]
. (C.3)

Table C.1. Highest injection current densities (second and third
columns) satisfying the criteria for neglecting recombination in,
respectively, the left- and right-hand sides of the OCL (see (C.8) for
the left-hand side) at different values of the capture velocity from the
OCL to the QWs.

v
L,R
n,p,capt (cm s−1) j (A cm−2)

3 × 105 7.3 × 106 7.8 × 106

3 × 104 7.9 × 104 8.0 × 104

1 × 104 8.3 × 103 8.9 × 103

Since the left-hand side in (30) is positive, the right-hand side
should also be positive to give

nL
QW � 1

wL
n,tunnNS(1 − fn)

(
j

e
+ wL

n,tunnnL,QW
1 NS fn

)
. (C.4)

Substituting the expression on the right-hand side of (C.4) for
nL

QW in the first two terms on the right-hand side in (C.3), we
obtain the following inequality:

nL <
1

vL
n,capt

{[
1 + 1

τL
n,esc

1

wL
n,tunn NS(1 − fn)

]
j

e

+ 1

τL
n,esc

nL,QW
1

fn

1 − fn
+ B2DnL

QW pL
QW

}
. (C.5)

Substituting wL
p,tunn pL,QW

1 NS fp for B2DnL
QW pL

QW (see (31))
in (C.5), a stronger inequality is obtained:

nL <
1

vL
n,capt

{[
1 + 1

τL
n,esc

1

wL
n,tunn NS(1 − fn)

]
j

e

+ 1

τL
n,esc

nL,QW
1

fn

1 − fn
+ wL

p,tunn pL,QW
1 NS fp

}
, (C.6)

or, by multiplying both sides of (C.6) by b1 B:

b1 BnL <
b1 B

vL
n,capt

{[
1 + 1

τL
n,esc

1

wL
n,tunn NS(1 − fn)

]
j

e

+ 1

τL
n,esc

nL,QW
1

fn

1 − fn
+ wL

p,tunn pL,QW
1 NS fp

}
. (C.7)

As seen from (C.7), a sufficient condition for holding (C.2)
is the condition that the right-hand side of (C.7) is less than
vL

p,capt. Thus we arrive at the following criterion:

j 	 e

vL
p,captv

L
n,capt

b1 B − 1
τL

n,esc
nL,QW

1
fn

1− fn
− wL

p,tunn pL,QW
1 NS fp

1 + 1
τL

n,esc

1
wL

n,tunn NS(1− fn)

.

(C.8)
The capture velocities to QWs are typically of the order

of 105 cm s−1 [34, 43, 44]. The second column in table C.1
shows the highest injection current density j satisfying (C.8)
at different values of vL

n,p,capt. Even for a low capture velocity

of 104 cm s−1, (C.8) satisfies up to j = 8.3 kA cm−2. Hence,
criterion (C.8) for neglecting the parasitic recombination on
the left-hand side of the OCL holds up to very high j ; that is to
say, that the out-tunneling flux of minority carriers from QDs
is mainly consumed by the recombination in the QW—this flux
practically does not reach the OCL.

The criterion for neglecting the recombination throughout
the OCL is given by the strongest of inequality (C.8) and a

12
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similar inequality for the right-hand side of the structure (the
highest j satisfying the inequality for the right-hand side is
shown in the third column in table C.1).

Appendix D. Closed-form solutions of the rate
equations

As shown in appendix C, the recombination in the OCL can
be neglected up to very high j . Thus equations (1) and (2) are
simplified as follows at the steady state:

0 = j

e
+ nL

QW

τL
n,esc

− vL
n,captnL, (D.1)

0 = pL
QW

τL
p,esc

− vL
p,capt pL. (D.2)

From (D.2), the minority carrier density in the OCL is
expressed in terms of the minority carrier density in the QW:

pL = 1

vL
p,captτ

L
p,esc

pL
QW. (D.3)

From (D.1), the majority carrier density in the OCL is
expressed in terms of the majority carrier density in the QW:

nL = 1

vL
n,captτ

L
n,esc

nL
QW + j

evL
n,capt

. (D.4)

Substituting vL
n,captnL − nL

QW/τL
n,esc = j/e (see (D.1))

in equation (5) at the steady state, we obtain the following
equation relating the 2D electron and hole densities in the QW:

nL
QW = 1

1 + B2D pL
QW

wL
n,tunn NS(1− fn)

×
[

nL,QW
1

fn

1 − fn
+ j

ewL
n,tunn NS(1 − fn)

]
. (D.5)

By using (D.2) in equation (6) at the steady state, we
obtain the second (in addition to (D.5)) equation relating nL

QW

and pL
QW:

pL
QW = 1

1 + B2DnL
QW

wL
p,tunn NS(1− fp)

pL,QW
1

fp

1 − fp
. (D.6)

From (D.5) and (D.6), a quadratic equation in nL
QW (or

pL
QW) is obtained, solution of which gives nL

QW and then pL
QW

as functions of the injection current density j :

nL
QW( j) = 1

2

[{[
nL,QW

1

fn

1 − fn
+ j

ewL
n,tunnNS(1 − fn)

− wL
p,tunn

wL
n,tunn

pL,QW
1

fp

1 − fn
− 1

B2D
wL

p,tunn NS(1 − fp)

]2

+ 4
1

B2D
wL

p,tunn NS(1 − fp)

[
nL,QW

1

fn

1 − fn

+ j

ewL
n,tunn NS(1 − fn)

]} 1
2

+ nL,QW
1

fn

1 − fn

+ j

ewL
n,tunn NS(1 − fn)

− wL
p,tunn

wL
n,tunn

pL,QW
1

fp

1 − fn

− 1

B2D
wL

p,tunn NS(1 − fp)

]
, (D.7)

pL
QW( j) = 1

2

[{[
pL,QW

1

fp

1 − fp
− j

ewL
p,tunn NS(1 − f p)

− wL
n,tunn

wL
p,tunn

nL,QW
1

fn

1 − fp
− 1

B2D
wL

n,tunn NS(1 − fn)

]2

+ 4
1

B2D
wL

n,tunn NS(1 − fn)pL,QW
1

fp

1 − fp

} 1
2

+ pL,QW
1

fp

1 − fp
− j

ewL
p,tunnNS(1 − fp)

− wL
n,tunn

wL
p,tunn

nL,QW
1

fn

1 − fp
− 1

B2D
wL

n,tunn NS(1 − fn)

]
. (D.8)

By using (D.3), (D.4), (D.7), (D.8) and similar expressions
for the carrier densities on the right-hand side of the structure,
a closed-form expression for the LCC is obtained from (23).

By analyzing equation (39) in the general case, we already
showed that the minority carrier density in the QW decreases
with increasing j (figure 5). This result can also be easily
obtained from (29). Neglecting the recombination flux in the
OCL in (29), we get

wL
p,tunnNS(1 − fp)pL

QW + B2DnL
QW pL

QW = wL
p,tunn pL,QW

1 NS fp.

(D.9)

The right-hand side of (D.9) remains limited (constant if
charge neutrality holds in QDs) with j . Since the majority
carrier density (nL

QW) should increase with j (figure 7), keeping
limited the left-hand side of (D.9) requires decreasing pL

QW.
The decrease of pL

QW with j can also be seen from the
analytical expression (D.8).
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Effect of the Wetting Layer on the Output Power of a
Double Tunneling-Injection Quantum-Dot Laser

Dae-Seob Han and Levon V. Asryan, Senior Member, IEEE

Abstract—To suppress bipolar population and hence elec-
tron–hole recombination outside quantum dots (QDs), tun-
neling-injection of electrons and holes into QDs from two separate
quantum wells was proposed earlier. Close-to-ideal operating
characteristics were predicted for such a double tunneling-in-
jection (DTI) laser. In the Stranski–Krastanow growth mode, a
two-dimensional wetting layer (WL) is initially grown followed
by the formation of QDs. Due to thermal escape of carriers from
QDs, there will be bipolar population and hence electron–hole
recombination in the WL, even in a DTI structure. In this work,
the light–current characteristic (LCC) of a DTI QD laser is
studied in the presence of the WL. Since the opposite sides of a
DTI structure are only connected by the current paths through
QDs and the WL is located in the n-side of the structure, the
only source of holes for the WL is provided by QDs. It is shown
that, due to the zero-dimensional nature of QDs, the rate of the
hole supply to the WL remains limited with increasing injection
current. For this reason, as in the other parts of the structure
outside QDs (quantum wells and optical confinement layer), the
parasitic electron–hole recombination remains restricted in the
WL. As a result, even in the presence of the WL, the LCC of a DTI
QD laser becomes increasingly linear at high injection currents,
which is a further demonstration of the potential of such a laser
for high-power operation.

Index Terms—Quantum-dot laser, semiconductor laser.

I. INTRODUCTION

S EMICONDUCTOR quantum dots (QDs) can be conve-
niently used as an active medium for stimulated emission

in injection lasers [1]–[7]. Conventionally, QDs are grown by
the strain-induced island formation method, which is called as
the Stranski–Krastanow growth mode [8]. In the Stranski–Kras-
tanow growth mode, several monolayers of one material are
grown first on a crystal surface of another material (substrate)
having a different lattice constant. Beyond a critical thickness
of the deposited layer, three-dimensional (3-D) islands (QDs)
start forming from two-dimensional (2-D) monolayers thus
partially relaxing the strain and reducing the elastic energy. The
initially grown monolayers are called as the wetting layer (WL).
Hence, the 2-D WL is inherently present in self-assembled
Stranski–Krastanow grown QD structures [9]–[12].

In the conventional design of QD lasers, the carriers are first
injected from the cladding layers into the optical confinement
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layer (OCL), and then captured into the WL and QDs. A certain
fraction of carriers thermally escapes back from QDs to the WL
and OCL. Due to bipolar (both electron and hole) population in
the OCL and WL, parasitic electron–hole recombination occurs
there [13]–[15] in addition to recombination in QDs. The role
of the WL in conventional QD lasers has been investigated both
experimentally and theoretically (see, e.g., [15]–[19]).

To suppress the parasitic recombination outside QDs, tun-
neling-injection of both electrons and holes into QDs was pro-
posed [20]–[22]. In such a double-tunneling injection (DTI) QD
laser, the parasitic recombination rate remains restricted even
if there is out-tunneling leakage of carriers from QDs [23]. As
a result, the light–current characteristic (LCC) of a DTI QD
laser is essentially linear. No WL was assumed in the struc-
tures of [20]–[22]. If the Stranski–Krastanow mode is used for
the growth of QDs, the WL should be properly taken into ac-
count. As seen from Fig. 1, even if there is no tunneling be-
tween the electron-injecting quantum well (QW) and the WL,
there will be bipolar population in the WL. This is because
there is such population in QDs (which is maintained to have
stimulated emission) and (ii) the WL is coupled to QDs by the
processes of thermal escape and capture. Besides, while QDs
present the sole source for the hole supply to the WL, electrons
can directly tunnel to the WL from the electron-injecting QW
(Fig. 1). Hence, even in an ideal case of total suppression of
parasitic recombination in the QWs and OCL, such recombina-
tion will occur in the WL.

In this work, we develop a theoretical model for the optical
power of a DTI QD laser, which includes the WL and processes
therein.

II. THEORETICAL MODEL

Fig. 1 shows the energy band diagram of a DTI QD laser with
the WL, which follows the barrier separating the electron-in-
jecting QW from QDs. As seen from the figure, the holes can
only be supplied to the WL by thermal escapes from QDs. In
contrast, in addition to thermal escapes from QDs, electrons can
directly tunnel to the WL from the left-hand-side (electron-in-
jecting) QW.

We assume that the material separating QDs in the QD layer
(it may be the same as the material of barriers) has high enough
bandgap to suppress all tunneling other than via QDs, in par-
ticular, tunneling between the QWs, and between the hole-in-
jecting (right-hand side) QW and the WL. Hence, the opposite
sides of the structure are only connected to each other by the
current paths through QDs.

0733-8724/$26.00 © 2009 IEEE
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Fig. 1. Energy band diagram of a double tunneling-injection QD laser with the
WL and the main processes:� carrier injection from the cladding layers to the
OCL,� majority carrier capture from the OCL to the QW and thermal escape
from the QW to the OCL,�majority carrier tunneling-injection from the QW
into a QD,� electron tunneling from the QW to the WL,� thermal escape
from a QD to the WL and capture from the WL into a QD,� spontaneous and
stimulated recombination in a QD,� spontaneous recombination in the WL,
� out-tunneling from a QD into the “foreign” QW,� hole tunneling from the
WL into the electron-injecting QW,� spontaneous recombination in the QWs,
� minority carrier thermal escape from the QW to the OCL and capture from
the OCL to the QW, and� spontaneous recombination in the OCL.

We use the following set of rate equations. For free electrons
and holes in the left-hand side of the OCL

(1)

(2)

for free holes and electrons in the right-hand side of the OCL

(3)

(4)

for electrons and holes in the electron-injecting (left-hand-side)
QW

(5)

(6)

for holes and electrons in the hole-injecting (right-hand-side)
QW

(7)

(8)

for electrons and holes confined in QDs
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��� � �	 � ��� (10)

for electrons and holes in the WL,

(11)

(12)

and for photons

(13)

In (1)–(13), is the thickness of the left- (right-) hand
side of the OCL [the separation between the - ( -) cladding
layer and the left- (right-) hand-side barrier—Fig. 1] and

and are the free-electron and -hole densities
there, is the injection current density, is the electron charge,

and are the 2-D electron and hole
densities in the left- (right-) hand-side QW (Fig. 1), and

are the 2-D electron and hole densities in the WL, and
are the spontaneous radiative recombination constants for

the bulk (OCL) and 2-D regions (QWs and WL) measured in
units of cm /s and cm /s, respectively, is the surface density
of QDs, are the electron- and hole-level occupancies in
QDs, is the spontaneous radiative lifetime in QDs, is
the velocity of light in vacuum, is the group index of the
dispersive OCL material, is the maximum value of the
modal gain [13], [24], is the cross section of the
junction, is the lateral size of the device, is the cavity
length, is the mirror loss, is the facet
reflectivity, and is the number of photons in the lasing mode;
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are the thermal escape times of electrons and holes from
the QWs to the OCL and are the capture velocities
from the OCL to the QWs.

We exploit six tunneling coefficients (measured in units of
cm /s)—these are four coefficients for electron and
hole tunneling between the QD ensemble and the QWs, and two
coefficients for electron and hole tunneling between
the WL and the electron-injecting QW. These tunneling coeffi-
cients are primarily controlled by the thicknesses and material
parameters of the barriers, and by the QD, QW, and WL param-
eters as well.

The quantities and entering into the elec-
tron and hole tunneling fluxes from the QD ensemble to the
QWs [see (5)–(10)] are measured in units of cm . In the case
of an undoped QW and a resonance between the energy level in
a QD and the lowest subband edge in a QW

(14)

where are the 2-D effective densities
of states in the conduction and valence bands in the QWs,
are the electron and hole effective masses in the QWs, and the
temperature is measured in units of energy.

The terms and
in the right-hand side in (5) and (11) are the fluxes
of electron tunneling from the electron-injecting QW
to the WL and backward tunneling from the WL to
the electron-injecting QW, respectively. The difference

is the net
in-tunneling flux of electrons from the electron-injecting QW
to the WL.

The quantities and entering into the electron and
hole tunneling fluxes from the electron-injecting QW to the WL
[see (5), (6), (11), and (12)] are measured in units of cm . The
general expressions for and are derived in Appendix I
[see (A3)]. In the case of undoped QW and WL considered here

(15)

where and are the energies of the lowest elec-
tron-subband edge in the WL and QW, respectively,

is the 2-D effective density of
states in the conduction band in the WL, and is the
electron effective mass in the WL. The expression for is
similar to (15).

The terms and in
the right-hand side in (9) and (11) are the fluxes of thermal es-
cape of electrons from QDs to the WL and capture from the
WL into QDs, respectively. The difference

is the net electron escape flux from QDs
to the WL. The coefficients in (9)–(12) describe the
electron and hole capture from the WL into a QD and escape
from a QD to the WL. They are measured in units of cm /s and
were referred to as the temporal cross-sections in [25], [26].

The quantities and entering into the electron and
hole thermal escape fluxes from QDs to the WL [see (9)–(12)]
are measured in units of cm . The general expressions for

and are derived in Appendix II [see (A7)]. In the case of
an undoped WL

(16)

where is the energy of the electron level in a QD. The ex-
pression for is similar to (16).

The last term in the right-hand side in (11) is the spontaneous
radiative recombination flux in the WL.

The terms describing the processes related to the WL for
holes in (6), (10), and (12) are similar to those for electrons in
(5), (9), and (11).

Due to size-distribution in Stranski–Krastanow grown QDs,
the gain spectrum of a QD laser is inhomogeneously broadened
and the peak of the gain spectrum is lowered [13], [24]. The
maximum value of the modal gain spectrum peak is propor-
tional to the surface density of QDs, , and is inversely propor-
tional to the inhomogeneous line broadening, , i.e.,

[13], [24]. Resonant injection means
that nonlasing QDs are not pumped either. On the one hand, this
leads to an effective narrowing of the inhomogeneous linewidth

. On the other hand, the surface density of QDs, ,
entering into the expression for is reduced. To maximize
the number of active (pumped) QDs, the energy of the lowest
subband edge in the electron- (hole-) injecting QW should be
in resonance with the energy of the electron (hole) level in the
QDs of average size [20]. The fact whether will be finally
increased or decreased due to resonant injection will depend on
a specific type of the QD size distribution.

III. RESULTS AND DISCUSSION

We consider a continuous-wave operation of the laser and
correspondingly use the set of rate equations (1)–(13) at the
steady-state

(17)

It can be shown that only eleven out of twelve equations (1)–(12)
are independent at the steady-state. Hence, to solve the set, we
should complement it by one more equation. The equation is
provided by the charge neutrality condition in QDs.

Above the lasing threshold, the number of stimulated photons
is nonvanishing . To satisfy (13) at the steady-state at
nonvanishing , the following lasing condition should hold:

(18)

which is the condition of equality of the modal gain to the mirror
loss at and above the lasing threshold (the internal optical loss
is not considered here).

If charge neutrality holds in QDs , we immediately
obtain from (18) that the level occupancies in QDs are pinned at
their threshold value and do not depend on the injection current
density

(19)
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Fig. 2. 2-D densities of electrons and holes (left axis) and recombination cur-
rent density (right axis) in the WL against excess injection current density. A
GaInAsP heterostructure lasing at room-temperature (� � ��� K) near the
telecommunication wavelength 1.55 �m is considered here. 10% QD size fluc-
tuations are assumed. The parameters of the laser structure used in Figs. 2–6 are
presented in Table I.

Since the opposite sides of the structure are only connected to
each other by the current paths through QDs, the fact that
do not change with means that the steady-state rate equations
for the left- and right-hand sides of the structure present two in-
dependent sets. Hence, the solutions of the rate equations (3),
(4), (7), and (8) for the right-hand side of the structure are unaf-
fected by the presence of the WL.

Using the steady-state rate equations, the following expres-
sion is obtained for the number of photons and output power

from the rate equations

� � ���
����

�� �

���

�
� 	 � ���


�
�

���
� ���������

� ����
�

���
�
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���
�

�� � ��	���� � �������

(20)

where is the photon energy. Equation (20) states that the
stimulated emission is produced by an excess of the injection
current density over the current densities of spontaneous re-
combination in QDs (second term in the brackets), WL (third
term), QWs (fourth and fifth terms), and OCL (last two terms).

To calculate the LCC [i.e., versus given by (20)], the de-
pendences of the carrier densities on the injection current den-
sity are found from the solution of the rate equations.

As seen from Fig. 2, the electron density in the WL
increases with , which is due to the increase of the electron
density in the electron-injecting QW [Fig. 3(a)]. At the
same time, the hole densities and decrease [Figs. 2
and 3(b)] [see also the text after (34)]. The electron densities
increase faster than the hole densities decrease. For this reason,
the recombination current densities increase with [Figs. 2 and
3(b)].

Since the WL consumes a certain fraction of electrons from
the electron-injecting QW, the electron density in the latter is
reduced compared to the case of no WL [Fig. 3(a)]. At the same
time, the hole density in the electron-injecting QW is increased
[Fig. 3(b)]. This is because the holes from the WL tunnel to the
electron-injecting QW in addition to the holes from QDs. At
high injection currents, the increase of due to the presence
of the WL outweighs the decrease of . As a result, the re-
combination current density in the electron-injecting QW
is increased [Fig. 3(c)].

Fig. 3. 2-D densities of electrons (a) and holes (b) and recombination current
density (c) in the electron-injecting QW against injection current density for the
structures with (solid curve) and without (dashed curve) the WL.

Hence, not only an additional electron–hole recombination
channel appears (Fig. 2), but the recombination in the elec-
tron-injecting QW becomes stronger as well in the presence of
the WL [Fig. 3(c)]. Since the recombination in the right-hand
side of the structure is unaffected, the total parasitic recombina-
tion current density outside QDs is increased. For this reason,
the output power is reduced in a structure with the WL (solid
curve in Fig. 4). The output power depends strongly on the tem-
poral cross section of hole capture from the WL into a
QD [see (29)–(33)]. The larger , the lower is the power
and the stronger is the deviation of the LCC from that for a
structure without the WL (dashed curve in Fig. 4). Clearly the
internal quantum efficiency [Fig. 5(a)] and the slope efficiency
[Fig. 5(b)] are reduced in the presence of the WL. To have high
internal efficiency not only at high but also at low injection cur-
rent densities, the structure should be optimized to minimize
out-tunneling of electrons and holes from QDs into the foreign
QWs, and to minimize the hole thermal escape from QDs into
the WL.

Despite the fact that the output power is reduced in the pres-
ence of the WL, it is clear from Fig. 4 that the LCC becomes
increasingly linear with . This remarkable feature can be un-
derstood and several general conclusions can be made from the
analysis of the rate equations.
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Fig. 4. Light-current characteristics of the double tunneling-injection QD
lasers with (solid curve) and without (dashed curve) the WL. The temporal
cross-sections of electron and hole capture from the WL into a QD are
� � ����� ���, and 0.4 cm /s in (a), (b), and (c), respectively. The
threshold current density is � � ���� ���, and 467 A/cm ; for the structure
without the WL, � � ����� A/cm . The dotted line given by (32) is the
upper limit for the LCC. The dash-dotted line given by (30) is the asymptote
and the lower limit for the LCC.

Fig. 5. Internal quantum efficiency (a) and slope efficiency (b) against injection
current density for the DTI QD lasers with (solid curve) and without (dashed
curve) the WL. Since � increases with �� � is higher than � as is clear
from (34).

Fig. 6. Parasitic recombination current density outside QDs (solid curve). The
horizontal dashed line is the sum of the current densities of electron and hole
out-tunneling from QDs to the foreign QWs and hole thermal escape from QDs
to the WL.

At the steady-state, equations (2) and (12) for holes in the
left-hand side of the OCL and in the WL can be written as

(21)

(22)

Using (21) and (22) in (6), we have

(23)

As seen from (23), bimolecular recombination in the WL and
in the left-hand-side QW and OCL is entirely due to the net
out-tunneling of holes from QDs to the electron-injecting QW
[first brackets in (23)] and the net escape of holes from QDs to
the WL (second brackets).

Bimolecular recombination in the right-hand-side QW and
OCL is entirely due to the net out-tunneling of electrons from
QDs to the hole-injecting QW and is not affected by the presence
of the WL

(24)

By dropping in (23) the flux of back-
ward tunneling of holes from the electron-injecting QW to QDs
and the flux of hole capture from the
WL into QDs, we obtain the upper limit for the parasitic re-
combination flux in the left-hand side of the structure. Since

, this limit, which presents the sum of the out-tunneling
flux of holes from QDs to the electron-in-
jecting QW and the thermal escape flux of
holes from QDs to the WL, is itself restricted and cannot ex-
ceed at any [under the
condition of charge neutrality (19), and

Authorized licensed use limited to: to IEEExplore provided by Virginia Tech Libraries. Downloaded on December 4, 2009 at 14:35 from IEEE Xplore.  Restrictions apply. 



5780 JOURNAL OF LIGHTWAVE TECHNOLOGY, VOL. 27, NO. 24, DECEMBER 15, 2009

TABLE I
PARAMETERS OF THE LASER STRUCTURE

are pinned and do not change with ]. Con-
sequently, we have for the recombination flux in the left-hand
side of the structure

(25)

From (24), we have for the recombination flux in the right-
hand side of the structure

(26)

Fig. 6 (solid curve) shows the recombination current density
outside QDs [the sum of the last five terms in the brackets in
(20)]. The horizontal dashed line is the sum of the current den-
sities of electron and hole out-tunneling from QDs to the foreign
QWs

(27)

and hole thermal escape from QDs to the WL

(28)

As in a structure without the WL [23], in the presence of the
WL too, the fact that the parasitic recombination flux outside
QDs remains limited with increasing is due to the zero-di-
mensional nature of QDs—the flux of escape from QDs (be
it out-tunneling escape to the foreign QW or thermal escape
to the WL) is controlled by the QD level occupancy [see

(27) and (28)], which cannot exceed unity with increasing
[ in the case of charge neutrality—see (19)].

With (23) and (24), (20) can be rewritten as follows:

(29)

Whatever the dependences of and on , it
is clear from (29) that by dropping the last three terms in the
brackets (the current densities of backward tunneling of mi-
nority carriers from the foreign QWs to QDs and of hole capture
from the WL into QDs) we will obtain the lower limit for the
output power

(30)

where

(31)

is the upper limit for the threshold current density.
As seen from (30), the lower limit for the LCC is linear (dash-

dotted line in Fig. 4) and its slope efficiency is unity.
The upper limit for the LCC is obtained in an ideal structure

wherein out-tunneling from QDs to the foreign QWs and hence
recombination in the QWs and OCL are completely blocked.
Since recombination in the WL will still occur in such a struc-
ture, we have from (20)

(32)

In this case, we obtain from (25) that the recombination current
density in the WL is limited by the current den-
sity of hole thermal escape from QDs to the
WL,

(33)

With increasing asymptotically approaches
and the upper limit (32) for the LCC be-

comes linear (dotted line in Fig. 4).
Hence, the actual LCC (obtained from the solution of the

rate equations and shown by the solid curve in Fig. 4) in a
structure with the WL is confined between the two parallel
lines given by (30) and (32) (dash-dotted and dotted lines).
Since the parasitic recombination current density remains
restricted [see (25), (26) and Fig. 6], the fraction of the excess
injection current density that goes into the stimu-
lated emission [the internal differential quantum efficiency,

] should rise with
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[Fig. 5(a)]. As a result, the LCC should become increasingly
linear (Fig. 4).

From (29), we have for the slope efficiency (external differ-
ential quantum efficiency)

(34)

Since should not be higher than unity, the derivatives of
, and with respect to should be negative—the

minority carrier density in each of the two QWs and the hole
density in the WL decrease with [Figs. 2 and 3(b)]. Hence, the
last three terms in the brackets in (29) decrease with increasing

and the LCC asymptotically approaches the straight line given
by (30) (Fig. 4).

We did not discuss in this paper the effect of the WL on the
temperature dependences of the operating characteristics of a
DTI QD laser. Also not considered here is the above-threshold
alpha-parameter as a function of the injection current density.
In the presence of the WL states in a laser exploiting tunneling-
injection of only electrons into QDs, the alpha-parameter was
predicted to remain constant over a wide range of the pump
current [27]. In the context of a DTI QD laser, these issues are
matters of separate studies.

IV. CONCLUSION

The effect of the WL, which is inherently present in self-as-
sembled Stranski–Krastanow grown structures, on the optical
power of a DTI QD laser has been studied. Due to thermal es-
cape of carriers from QDs, bipolar population establishes and
hence electron–hole recombination occurs in the WL. Since the
opposite sides of a DTI structure are only connected by the cur-
rent paths through QDs, and the WL is located in the n-side of
the structure, the only source of holes for the WL is provided by
QDs. It has been shown that, due to the zero-dimensional nature
of QDs, the rate of the hole supply to the WL remains limited
with increasing injection current. For this reason, as in the other
parts of the structure outside QDs (QWs and OCL), the para-
sitic electron–hole recombination remains restricted in the WL.
As a result, even in the presence of the WL, the LCC of a DTI
QD laser becomes increasingly linear at high injection currents,
which is a further demonstration of robustness of such a laser
and its potential for high-power operation.

APPENDIX I
QUANTITIES AND IN THE TUNNELING FLUXES OF

ELECTRONS AND HOLES FROM THE ELECTRON-INJECTING

QW TO THE WL

For definiteness, we consider in Appendixes I and II elec-
trons. The derivation and expressions for holes are similar.
Under thermal equilibrium, the flux of

electron tunneling from the electron-injecting QW to the WL is
equal to the flux of backward tunneling
of electrons from the WL to the QW, to give

(A1)

Using the closed-form expression for the 2-D equilibrium car-
rier density (see, e.g., [28]), we have for and

(A2)

where are the 2-D effective
densities of states in the conduction band in the WL and QW,
respectively, are the electron effective masses there,

is the temperature (measured in units of energy), are
the energies of the lowest electron-subband edge in the WL and
QW, respectively, and is the equilibrium Fermi level.

With (A2), (A1) becomes

(A3)

If both QW and WL materials are nondegenerate (the Fermi
level is below by several ), which is the case of un-
doped QW and WL considered here, then

(A4)

With (A4), (15) is obtained from (A3).

APPENDIX II
QUANTITIES AND IN THE THERMAL ESCAPE FLUXES

OF ELECTRONS AND HOLES FROM QDS TO THE WL

We now use the detailed balance condition under
thermal equilibrium for the flux of
carrier thermal escape from QDs to the WL and the flux

of capture from the WL to QDs to
obtain

(A5)

where

(A6)

is the equilibrium occupancy of the energy level in a QD.
With (A2) for , (A5) becomes

(A7)
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If a WL material is nondegenerate ( is below by
several ), which is the case of an undoped WL considered
here, the use of (A4) in (A7) yields (16). In (16), the separation

between the energies of the lowest subband edge in
the WL and the level in a QD can be controlled by post-growth
annealing [11] or changing the growth temperature [12].
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1. INTRODUCTION

Our objective is to theoretically study the effect of
charge�carrier capture by a nanoscale active region
(quantum well, QW) on the optical power of semicon�
ductor lasers. In the most commonly used laser sepa�
rate�confinement heterostructures, the nanoscale active
region is “built into” the waveguide region (optical
confinement layer, OCL) based on a wide�gap semi�
conductor material. The optical confinement layer in
such a structure performs two main functions: first,
optical emission is confined mostly within this layer;
second, the OCL is a reservoir from which carriers are
“delivered” to the active region (the fact is that carriers
are first injected from emitters to the OCL and only
after this are they captured from it by the active
region).

Carrier capture from the OCL by the active region
occurs not instantaneously, but at a finite rate. This
results in accumulation of carriers and an increase in
their concentration in the waveguide region as the
pump current increases under conditions of stimu�
lated emission. The increase in the carrier concentra�
tion in the OCL, in turn, leads to amplification of par�
asitic spontaneous recombination in the OCL [1–9].
As a result, the internal quantum efficiency of stimu�
lated emission decreases with the injection current;

therefore, the light–current (L–I) characteristic of
the laser with a quantum�confined active region
becomes sublinear [10, 11]. Thus, the carrier accumu�
lation in the waveguide region, which occurs due to
the finite rate of their capture by the active region, can
be one of the causes limiting the achievement of a high
output power in a laser with a quantum�confined
active region.

The mechanism of L–I characteristic nonlinearity
in semiconductor lasers caused by delayed carrier cap�
ture by the quantum�confined active region was stud�
ied theoretically in [10, 11]. A universal analytical
expression was derived for the internal quantum effi�
ciency, which is applicable to QW, quantum�wire, and
quantum dot lasers. In [10, 11], the following assump�
tions were made: (i) the internal optical loss αint in the
laser structure remains unchanged as the pump cur�
rent density j increases, i.e., αint = const(j); (ii) the
electrical neutrality takes place separately in the active
region and OCL—i.e., electron and hole concentrations
are equal in both the active and waveguide regions. It
immediately follows from these assumptions that the car�
rier concentration in the active region remains
unchanged as j increases beyond the lasing threshold.
The results of the general theoretical treatment were
illustrated in [10, 11] with quantum dot lasers.
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QW lasers represent the main and most actively
used type of injection lasers, to which a large number
of experimental and theoretical studies are devoted.
Nevertheless, to our knowledge, in the available pub�
lications, there has been no systematic analysis of the
dependence of the effect of charge�carrier capture
from the waveguide region by the QW on the laser
power characteristics. We give such an analysis here,
using the general theoretical approach developed in
[10, 11] and considering the QW laser. The calcula�
tions are performed for the experimental Fabry–Perot
cavity separate�confinement laser structure described
in [12]. Good agreement between calculated and
experimental L–I characteristics (see below) is
attained up to a very high injection current density of
45 kA/cm2, which confirms the validity of the
assumptions used in [10, 11] and in this study for
such values of j.

2. INTERNAL DIFFERENTIAL QUANTUM 
EFFICIENCY AND LIGHT–CURRENT 

CHARACTERISTIC 
OF A QUANTUM�WELL LASER

The output optical power of the laser is determined
by the expression [10, 11]

(1)

where �ω is the photon energy, e is the elementary
charge, S = LW is the contact stripe area, L is the
Fabry–Perot cavity length, W is the contact stripe
width, j is the injection current density, jth is the
threshold current density, β = (1/L)ln(1/R) is the loss
due to emission output from the cavity, R is the mirror
reflectivity, and αint is the internal optical loss in the
laser structure.

The internal differential quantum efficiency ηint of
stimulated emission entering (1) is defined by the ratio
of the current density jstim of stimulated recombination
to the excess injection current density over the thresh�
old current density j–jth [6],

(2)

In the structure under consideration, the waveguide
layer material is GaAs, which makes it possible to dis�
regard the Auger recombination in this layer. In
[10, 11], the following expression was obtained for
such a case:

(3)

where  is the parasitic component of the threshold
current density, caused by spontaneous radiative
recombination in the OCL; jcapt, th is the current den�
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sity of carrier capture from the OCL by a quantum�
confined active region, also taken at the lasing threshold.

The expression for  is given by

(4)

where b is the OCL width, B3D is the coefficient of
spontaneous radiative recombination in the bulk

region (OCL), and  is the free carrier concentra�
tion in the OCL at the lasing threshold.

The current density of carrier capture from the
OCL by the QW at the lasing threshold is given by [10, 11]

(5)

where fn is the filling factor (population) of the state
corresponding to the bottom edge of the size quantiza�
tion subband in the QW, vcapt, 0 is the velocity of cap�
ture by the unoccupied (at fn = 0) single QW, measured
in cm/s. The factor (1 – fn) in (5) accounts for the fill�
ing of the size quantization subband in the QW.

Despite the fact that vcapt, 0 is the only parameter
adequately describing carrier capture from the bulk
region (OCL) by the two�dimensional (2D) region
(QW) (see [11, 13], where this problem is discussed),
there is small number of studies devoted to this param�
eter (see [14–18]). It should also be noted that, in a
certain sense, the capture velocity is an analogue of the
surface recombination velocity.

The threshold current density jth entering (1) and
(3) is given by

(6)

where  is given by expression (4), and  is the
recombination current density in the nanoscale QW.
As in the case of the GaAs OCL, we disregard Auger

recombination in the InGaAs QW; this means that 
is controlled by spontaneous radiative recombination,

(7)

where B2D is the coefficient of spontaneous radiative
recombination in the 2D region (QW) and nQW is the
2D carrier concentration in the QW. Within the theo�
retical model of [10, 11], used in the present study (see
the next Section), nQW remains unchanged as the
pump current increases beyond the lasing threshold.

3. CARRIER CONCENTRATIONS 
IN THE QUANTUM WELL, WAVEGUIDE 

REGION AND CURRENT 

DENSITIES , jth, jcapt, th

To determine the internal differential quantum
efficiency and then the output optical power, the cur�
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rent densities , jth, and jcapt, th entering Eq. (3)
should be determined. In this section, we show that
the carrier concentration in the OCL at the lasing

threshold; and, hence, the current densities , jth,
and jcapt, th are analytically expressed in terms of the
carrier concentration nQW in the QW.

The lasing condition (equality of the modal gain to
the total optical loss) in the structure with the QW can
be written as [19]

(8)

where

(9)

is the 2D effective density of states in the QW conduc�

tion band,  and  are the effective masses of
electrons and heavy holes in the QW, kB is the Boltz�
mann constant, and T is the temperature.

The maximum modal gain of the QW laser, enter�
ing (8) is given by [19]

(10)

where α = e2/�c is the fine�structure constant,  is
the refractive index of the waveguide region material,

 = /(  + ) is the reduced elec�

tron and heavy hole mass in the QW, E0 =  + εn + εp

is the energy of the laser transition in the QW,  is
the band gap of the QW material, εn, p are the energies
of bottom edges of the size quantization subbands of
electrons and holes in the QW (measured from the well
bottom), Γ is the optical confinement factor in the
QW, a is the QW width, m0 is the free electron mass,

and  is the energy of spin–orbit splitting in the QW
material.

The quantity Ioverlap in expression (10) is the
squared overlap integral of electron and hole wave
functions in the QW [19]. In the calculations, we set it
equal to unity, which is valid for not very thin the QW.
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In (10), the following expression for the Kane
parameter PQW is used:

(11)

The coefficient of spontaneous radiative recombi�
nation in the 2D region (QW), measured in cm2 s–1

and entering expression (7), is written as [20]

(12)

The coefficient of spontaneous radiative recombi�
nation in the bulk region (OCL), measured in cm3/s
and entering expression (4), is written as [20, 21]

(13)

where  and  are the electron and heavy hole

effective masses,  is the band gap, and POCL is the
Kane parameter for the OCL material.

Expression (8), which is satisfied at the lasing
threshold (j = jth) and above it (j > jth), is an algebraic
equation for determining nQW. Since the injection cur�
rent density j does not enter this equation, its solution
for nQW is independent of j; i.e., the carrier concentra�
tion in the QW remains unchanged as j increases
beyond the lasing threshold. As is noted above and
seen directly from (8), the nQW independence of j is a
consequence of the assumptions that the internal opti�
cal loss coefficient αint is independent of j and electri�
cal neutrality takes place separately in the active region
(nQW = pQW) and OCL (nOCL = pOCL).

Assuming that the carrier distribution in the struc�
ture is equilibrium below the lasing threshold and at
the threshold itself, both the carrier concentration nQW

in the QW and the free carrier concentration  in
the OCL at the lasing threshold can be expressed in
terms of the filling factor fn of the size quantization
subband edge in the QW. Thus, the carrier concentra�
tion in the QW is written as [22–24]

(14)

The free�carrier concentration in the OCL is given
by [21, 25]
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where

(16)

In (16), ΔEc is the conduction band edge offset at
the OCL–QW heterojunction, and the effective
bulk density of states in the OCL conduction band
is given by

(17)

From Eq. (14), we can express fn in terms of the
carrier concentration in the QW,

(18)

Substituting (18) into (15), we obtain the following
expression for the free�carrier concentration in the
OCL at the lasing threshold as a function of the
2D carrier concentration in the QW

(19)

Thus, the single equation requiring a numerical
solution in the used model is algebraic equation (8) to
determine nQW. Having solved this equation, we

immediately determine  using (19). Then we eas�
ily calculate all quantities entering expression (3) for
the internal differential quantum efficiency: the com�

ponent of the total threshold current density 

n1
OCL Nc

3D ΔEc εn–
kBT

����������������–⎝ ⎠
⎛ ⎞ .exp=

Nc
3D 2

me
OCLkBT

2π�
2

������������������
⎝ ⎠
⎜ ⎟
⎛ ⎞

3/2

.=

fn 1 nQW

Nc
2D

�������–
⎝ ⎠
⎜ ⎟
⎛ ⎞

.exp–=

nth
OCL n1

OCL nQW

Nc
2D

�������
⎝ ⎠
⎜ ⎟
⎛ ⎞

exp 1– .=

nth
OCL

jth
OCL

(expression (4)), the total threshold current density jth
(expression (6)), and the current density jcapt, th of car�
rier capture from the OCL by the QW at the lasing
threshold (expression (5)).

4. EFFECT OF THE CAPTURE VELOCITY 
INTO THE QUANTUM WELL 

ON THE LINEARITY OF THE LIGHT–
CURRENT CHARACTESTIC

In this section, we study the effect of the velocity of
carrier capture by the QW on the laser L–I character�
istic linearity. Using the theoretical model of Section 2,
the internal differential quantum efficiency ηint is cal�
culated (see (3)) as a function of the pump current
density j (Fig. 1), and then the L–I characteristic is
calculated (see (1) and Fig. 2). The calculations are
performed at various velocities vcapt, 0 of carrier capture
from the OCL by the QW. The chosen range vcapt, 0 =
(0.5–3) × 106 cm/s corresponds to published data
[14, 16–18].

As an example of calculations, we consider an
experimental Fabry–Perot cavity separate�confine�
ment laser structure with a GaAs�based wide waveguide
[12]. The active region consists of a single strained
80 Å�thick QW based on In0.28Ga0.72As. The n� and
p�type emitter material is AlGaAs alloy. The following
values of the parameters are used: the waveguide
region width is b = 1.7 μm, the cavity length is L =
1.5 mm, the stripe contact width is W = 100 μm, the
mirror reflectivity is R = 0.32, and the internal optical
loss is αint = 1 cm–1.

The calculated lasing wavelength is 1.044 μm. The
experimentally measured wavelength at the intensity
maximum of the lasing spectrum is 1.04 μm [12]. The
carrier concentration in the QW determined from

0.6
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Fig. 1. Dependences of the internal differential quantum
efficiency on the pump current density at various capture
velocities into the QW, vcapt, 0 = (1) 0.5, (2) 0.7, (3) 1,

(4) 1.5, (5) 2, and (6) 3 × 106 cm/s.
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Fig. 2. Dependences of the output optical power on the
pump current density at various capture velocities into the
QW, vcapt, 0 = (1) 1.2, (2) 2, and (3) 3 × 106 cm/s. Dots
correspond to the experimental L–I characteristic [12].
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Eq. (8) is nQW = 1.36 × 1012 cm–2 and the free carrier
concentration in the OCL at the lasing threshold,

determined from (19), is  = 2.8 × 1016 cm–3. The
coefficients of spontaneous radiative recombination in
the 2D and bulk regions, calculated by formulas (12)
and (13) are B2D = 2.51 × 10–4 cm2/s and B3D = 2.04 ×
10–10 cm3/s. The calculated threshold current density
controlled only by spontaneous radiative recombina�
tion in the QW and OCL is jth = 78 A/cm2. The exper�
imental threshold current density is 80 A/cm2.

We can see in Fig. 1 that the internal differential
quantum efficiency decreases with the injection cur�
rent. This decrease is especially pronounced at low
carrier capture velocities into the QW.

Figure 2 shows the dependences of the output opti�
cal power P on the pump current density j (L–I char�
acteristic), calculated at various capture velocities vcapt, 0.
We can see that a decrease in vcapt, 0 leads to a larger
L–I characteristic sublinearity. For comparison, there
is also shown the experimental L–I characteristic
from [12] for the laser with the above parameters. The
measurements in [12] were performed in the pulsed
mode, which excluded the heating effects and associ�
ated L–I characteristic sublinearity disregarded in the
model under consideration. The good agreement (up
to very high injection current densities j = 45 kA/cm2)
of calculated and experimental L–I characteristics is
attained at vcapt, 0 = 2 × 106 cm/s. The deviation of the
calculated L–I characteristic from experimental one
at even higher j correlates with the observed broaden�
ing of the lasing spectrum [26] and can be caused by
other factors (in particular, an increase in the carrier
concentration in the QW) ignored in the used model.

nth
OCL

Figure 3 shows the current density of stimulated
recombination in the QW as a function of the injection
current density at various vcapt, 0, calculated according
to the equation (see (2))

(20)

We can see the large deviation of jstim from j – jth at high j
and small vcapt, 0.

Figure 4 shows the dependence of the carrier concen�
tration in the OCL on j, which is given by (see [10, 11])

(21)

We can see that the effect of carrier accumulation in
the waveguide region beyond the lasing threshold is
pronounced even at high velocities of capture into the
the QW: nOCL at high pump currents is significantly

(tens of times) higher than the threshold value .

An increase in the carrier concentration in the
waveguide region beyond the lasing threshold (Fig. 4),
especially at low capture velocities, results in the
enhancement of the “parasitic” process, i.e., sponta�
neous radiative recombination in the waveguide
region. Consequently, the fraction of carriers involved
in the “useful” stimulated recombination in the QW
accordingly decreases. The current density of sponta�
neous radiative recombination in the waveguide region
beyond the lasing threshold is given by

(22)

where nOCL(j) given by expression (21) is shown in
Fig. 5 for various capture velocities. The increase in
spontaneous radiative recombination in the OCL with
the pump current density is in agreement with the
experimental results [26, 27] at the current density as
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Fig. 3. Dependences of the current density of stimulated
recombination on the pump current density at various cap�
ture velocities into the QW, vcapt, 0 = (2) 0.5, (3) 0.7, (4) 1,

(5) 1.5, (6) 2, and (7) 3 × 106 cm/s; (1) pump current density.
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high as j ≈ 45 kA/cm2. The substantial increase in
spontaneous emission from the waveguide region at
even higher pump current densities, observed in
[26, 27], can be associated with the increase in the car�
rier concentration in the QW, which is disregarded in
this study.

For comparison, Fig. 6 shows the current densities
of stimulated recombination (in the QW) and sponta�
neous recombination (in the waveguide region). At

vcapt, 0 = 2 × 106 cm/s,  is low in comparison with
jstim in the entire range of j shown in the figure. How�
ever, as the capture velocity decreases to 5 × 105 cm/s,

 begins to exceed jstim even at the pump current

density j = 32 kA/cm2.

5. CONCLUSIONS

It is shown that noninstantaneous carrier capture
from the waveguide region by the QW is a factor that
significantly affects the laser power characteristics.
The velocity of carrier capture from the bulk
(waveguide) region by the 2D region (the QW) is used
as the main parameter of the theoretical model. The
lower the capture velocity, the stronger the carrier
accumulation in the waveguide region. As the carrier
concentration increases, the parasitic spontaneous
radiative recombination in the waveguide region, i.e.,
the injection current fraction expended to this recom�
bination, is enhanced. Accordingly, the fraction of
injection current expended to stimulated recombina�
tion in the QW decreases; i.e., the internal differential
quantum efficiency decreases, which results in sublin�
earity of the the laser L–I characteristic. Good agree�
ment between calculated and experimental L–I char�
acteristics was attained up to a very high injection cur�
rent density of 45 kA/cm2. The results of this study can
be used to optimize QW lasers for generating high out�
put optical powers.
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1. INTRODUCTION

Increasing the power of output optical emission is
one of the most topical tasks in the development of
semiconductor lasers. Lasers with a nanosize active
region consisting of one or multiple quantum wells
(QWs) exhibit “saturation” of the emission power at
high pump currents and the light–current (L–I)
characteristic becomes sublinear [1, 2]. According
to [3, 4], a possible reason for this behavior is the
delayed capture of charge carriers from the
waveguide region of a separate�confinement laser
structure into the QWs. In [5], the effect of the car�
rier�capture velocity into a single QW on the optical
output power of a laser with a Fabry–Perot cavity
was theoretically studied.

The present study is concerned with the effect of
delayed carrier capture on the power characteristics
of a laser with multiple QWs. It is shown that the use
of two QWs as the active region significantly
improves the linearity of the L–I characteristic and
the output power, compared with a structure with a
single QW. At the same time, a further increase in the
number of QWs leads only to a slight improvement of
the laser’s power characteristics. Thus, with consid�
eration for the fact that the growth of a defect�free
structure with a larger number of QWs may be tech�
nologically more complicated, a conclusion is made
that a double�well structure is optimal for high�
power lasing.

2. INTERNAL QUANTUM EFFICIENCY 
AND L–I CHARACTERISTIC OF A LASER 

WITH MULTIPLE QWs

This study employs the model described in detail in
[5]. The general theoretical approach was developed in
[3, 4]. Calculations were made for a separate�confine�
ment laser heterostructure with a GaAs waveguide
region and an active region consisting of multiple
In0.28Ga0.72As QWs of the same thickness (80 Å).
Charge carriers are delivered to the active region of a
structure of this kind indirectly, via injection from
AlGaAs emitters into the waveguide region (optical
confinement layer, OCL) and further via capture from
the OCL into the QWs. The capture velocity being
finite, carriers accumulate in the OCL as the pump
current increases to above the lasing threshold [3–5].
As the carrier concentration in the OCL, nOCL,
increases, the parasitic spontaneous recombination in
this layer becomes more pronounced [6–13]. Because
the dependence of the velocity of this recombination on
nOCL is superlinear (quadratic or cubic in cases when
spontaneous radiative recombination or Auger recom�
bination is the dominant recombination mechanism),
the internal quantum efficiency of stimulated emission
from QWs decreases with increasing current. As a result,
the L–I characteristic of the laser becomes sublinear.

The L–I characteristic of a semiconductor laser
(the output emission power as a function of the pump
current density) is given by the expression

(1)P j( ) �ω
e

������S j jth–( )ηint j( ) β
β αint+
��������������,=
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where �ω is the photon energy; e is the elementary
charge; S = LW is the stripe�contact area; L is the
length of the Fabry–Perot cavity; W is the stripe�con�
tact width; j is the injection current density; jth is the
threshold current density; β = (1/L)ln(1/R) is the mir�
ror loss; R is the mirror reflectance; and αint is the
internal optical loss. The following values were used
in our calculations: L = 1.5 mm, W = 100 μm, and
R = 0.32. The photon energy �ω = 1.188 eV and,
accordingly, the lasing wavelength λ0 = 1.044 μm.

The internal differential quantum efficiency of
stimulated emission, ηint, is defined as the ratio of the
current density of stimulated recombination jstim(j) to
the excess of the injection current density j over the
threshold current density jth: ηint(j) = jstim(j)/(j – jth).
For ηint, the following expression has been derived [3, 4]:

(2)

where

(3)

is the parasitic component of the threshold current
density, due to spontaneous radiative recombination in
the OCL; b is the OCL width; B3D is the spontaneous
radiative recombination coefficient in the OCL (see an

expression for B3D in [14, 15]; and  is the free car�
rier concentration in the OCL at the lasing threshold.

The current density of carrier capture (at the lasing
threshold) from the OCL into NQW identical (with the
same width and composition) QWs is written as

(4)

where fn is the degree of filling (occupancy) of the state
corresponding to the lower edge of the quantum�con�
finement subband in a QW; vcapt, 0 is the capture velocity
into a single empty (at fn = 0) QW, measured in cm s–1.
The capture velocity plays a key role in our theoretical
model. We use here vcapt, 0 values in the range (0.5–2) ×
106 cm s–1, which is in agreement with [16–19].

The threshold current density is equal to the sum

(5)

in which the parasitic component  is given by (3),
and the component caused by the spontaneous radia�
tive recombination in the QWs is

(6)

where B2D is the spontaneous radiative recombination
coefficient in a 2D region (QW) (see expression for
B2D in [14]), and nQW is the 2D carrier concentration
in each QW (we remind that we consider the case of

ηint j( ) 1

1
2
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����������
j jth–
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����������++ +

���������������������������������������������������������������������������������,=
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QW jth

OCL
,+=

jth
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jth
QW eNQWB2D nQW( )

2
,=

identical QWs, i.e., nQW is the same in all QWs). In
terms of the model used here and in [3–5], nQW

remains unchanged as the current increases to above
the lasing threshold (for this reason we do not use the
subscript “th” (stemming from “threshold”) in the
designation nQW).

Provided that, below and up to the lasing threshold,
there is equilibrium charge�carrier distribution in the

structure [15, 20], not only  [see (6)], but also the

current densities  (and, consequently, jth) and
jcapt, th appearing in expression (2) for ηint are analyti�
cally expressed in terms of the carrier concentration in
the QW, nQW. This concentration is found from the fol�
lowing lasing condition (equality of the modal gain
coefficient to the total optical loss) [5, 21, 22]:

(7)

where gmax is the maximum modal gain coefficient of
the laser per QW (see expressions (10) and (3) for gmax

in [5] and [22], respectively);  and  are the

effective electron and hole masses in the QW; and 
is the 2D effective density of states in the conduction
band of a single QW.

It can be seen from (2) that, at a given excess of the
injection current density over the threshold current
density, j – jth, the internal quantum efficiency is gov�

erned by the ratio /jcapt, th. The smaller this param�
eter, the higher ηint (see [4], where this parameter is
discussed for a quantum�dot semiconductor laser).
Taking into account (3) and (4), we have for

/jcapt, th the following

(8)

The first fraction on the right�hand side combines
quantities independent of NQW, and the second, those
NQW�dependent.

The free carrier concentration in the OCL at the
lasing threshold is expressed in terms of the 2D carrier
concentration in the QW, nQW [5, 22]:

(9)

where

(10)
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Here,  is the bulk effective density of states in the
conduction band of the OCL; ΔEc is the conduction
band offset at the OCL–QW heterointerface; εn is the
lower edge energy of the electron quantum�confine�
ment subband, reckoned from the well bottom; kB is
the Boltzmann constant; and T is the temperature.

The degree of filling of the edge of the quantum�
confinement subband in the QW is also expressed in
terms of nQW [5, 23–25]:

(11)

Using (9) and (11), we can represent expression (8)

for the /jcapt, th ratio as

(12)

Here, it can be seen from the lasing condition (7) that
the 2D carrier concentration nQW in each QW is inde�
pendent of the capture velocity vcapt, 0 into a single QW,
but falls with increasing number of QWs, NQW (Fig. 1,
left�hand axis, solid line). Accordingly, with increasing
NQW, the degree of filling of the edge of the quantum�
confinement subband in the QW decreases [11] (Fig. 1,
right�hand axis, dashed line). This result is a natural
consequence of our assumption that the total optical
loss (right�hand part of expression (7)) is independent
of the number of QWs, which means that, with
increasing NQW, lower filling of each of the QWs by
charge carriers is required to provide the modal gain

Nc
3D

fn 1 nQW

Nc
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�������–
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⎜ ⎟
⎛ ⎞

.exp–=

jth
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����������
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������������������� 1
NQW

�������� nQW

Nc
2D

�������
⎝ ⎠
⎜ ⎟
⎛ ⎞ nQW

Nc
2D

�������
⎝ ⎠
⎜ ⎟
⎛ ⎞

exp 1– .exp=

coefficient (left�hand part of expression (7)) at a given
loss level.

Because nQW decreases with increasing number of

QWs, the free carrier concentration  in the OCL
at the lasing threshold also decreases (see (9)) (Fig. 2).
Thus, as follows from (8) and (12), the parameter

/jcapt, th decreases both with increasing capture
velocity vcapt, 0 into a single QW and with increasing
number of QWs (Fig. 3). At a given excess of the injec�
tion current density over the threshold current density,

j – jth, a decrease in the parameter /jcapt, th results in
an increase in the internal quantum efficiency (see (2))
and a weakening of its dependence on the injection
current density, i.e., the linearity of the L–I character�
istic is improved (see (1)) . The possibility of improving
the linearity of the L–I characteristic by using a
greater number of QWs is an extremely important
result. The point is that, in the case when the OCL and
QW compositions and the QW size are specified
(which may be governed by technological factors or by
the required emission wavelength), the capture veloc�
ity vcapt, 0 into a single QW is fixed, whereas the num�
ber of QWs can be varied.

It should also be noted that, because the 2D carrier
concentration nQW depends on the number NQW of
QWs and is independent of vcapt, 0, the dependence of

the parameter /jcapt, th (see (12)) on the number of
QWs is stronger than that on the capture velocity into
a single QW. This means that, for example, doubling
the NQW will improve the linearity of the L–I charac�
teristic to a greater extent than a similar increase in
vcapt, 0 (see Figs. 10, 11).
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Fig. 1. 2D carrier concentration (left�hand axis, solid line)
and degree of filling of the quantum�confinement subband
(right�hand axis, dashed line) in each QW vs. the number
of QWs, NQW. Throughout the study the internal loss αint
was assumed to be independent of the number of QWs and
equal to 1 cm–1.
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Fig. 2. Free carrier concentration in the waveguide region
at the lasing threshold vs. the number of QWs.
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The above condition of a fixed difference j – jth

appearing in (1) and (2) does not greatly restrict the
validity of the conclusion that ηint increases and the
linearity of the L–I characteristic is improved with
increasing number of QWs. Indeed, despite the fact
that threshold current density jth depends on NQW (see
below), of primary interest are high levels of emission
power, i.e., pump current densities j that greatly
exceed the threshold current density jth. At these j, jth

in expressions (1) and (2) can be disregarded.

The increase in the carrier concentration nOCL in
the OCL to above the lasing threshold with increasing j is
described by the following expression [3–5]:

(13)

where the threshold concentration  is given by (9)

(see Fig. 2 for the dependence of  on the number
of QWs).

3. DISCUSSION

In this section, we present the results of calcula�
tions in terms of the model described above. Through�
out our study, the internal optical loss coefficient αint

was assumed to be independent of the number of QWs
and equal to 1 cm–1.

The 2D carrier concentration and the degree of fill�
ing of the edge of the quantum�confinement subband

nOCL j( ) nth
OCL 1

jstim j( )
jcapt th,

������������+=

=  nth
OCL 1

j jth–
jcapt th,

����������ηint j( )+ ,

nth
OCL

nth
OCL

in each of the QWs are shown in Fig. 1 as functions of
the number of QWs. The dependence of the free carrier
concentration in the OCL at the lasing threshold on
the number of QWs is shown in Fig. 2.

Figure 3 shows the parameter /jcapt, th as a func�
tion of the number of QWs. As demonstrated in Sec�
tion 2 (and can be seen in Figs. 3 and 5–8), this
parameter governs the dependence of the internal dif�
ferential quantum efficiency on the pump current
and, consequently, also the linearity of the L–I
characteristic.

The threshold current density jth is shown in Fig. 4
as a function of the number of QWs. It can be seen that
jth steadily grows with increasing NQW in the structure
under consideration. At certain NQW, jth may also have
a minimum (see, e.g., [21]).
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Fig. 3. Parameter /jcapt, th governing the linearity of

the L–I characteristic (see (12) and (2)) ] vs. the number
of QWs at various carrier capture velocities into a single
QW, vcapt, 0 (106 cm s–1): (1) 0.5, (2) 1, and (3) 2.
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Fig. 4. Threshold current density vs. the number of QWs.
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Fig. 5. Carrier concentration in the waveguide region vs.
the pump current density for structures with (1) one,
(2) two, and (3) three QWs. The capture velocity into a sin�
gle well vcapt, 0 = 106 cm s–1.
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The dependences of the charge�carrier concentra�
tion in the waveguide region on the pump current den�
sity are shown in Fig. 5 for structures with one (curve 1),
two (curve 2), and three (curve 3) QWs at a capture
velocity vcapt, 0 = 106 cm s–1. It can be seen that, at high
pump levels, the carrier concentration in the OCL,
nOCL, above the lasing threshold is tens of times the

threshold value of this concentration, . The effect

of carrier accumulation in the waveguide region is
strong even in structures with multiple QWs and at
high capture velocities. However, the nOCL in double�
and triple�well structures is multiple times lower than

nth
OCL

in that with a single well (Fig. 5). The difference
between the triple� and double�well structures is sub�
stantially smaller than that between the double� and
single�well structures.

Figure 6 compares the dependences nOCL(j) for
structures with two QWs (curves 1–3) and one QW
(curves 4–6) at various capture velocities vcapt, 0: (1) 7 ×
105, (2, 5) 106, (3, 6) 2 × 106, and (4) 5 × 105 cm s–1. It
can be seen in both Figs. 5 and 6 that, if two QWs are
used in a laser structure instead of a single QW, the car�
rier accumulation effect in the waveguide region is
manifested to a considerably lesser extent. The near
coincidence of curves 1 and 6 in Fig. 6 means that the
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Fig. 6. Carrier concentration in the waveguide region vs.
the pump current density for structures with (1–3) two and
(4–6) one QW at various carrier capture velocities into a
single QW, vcapt, 0 (106 cm s–1): (1) 0.7, (2, 5) 1, (3, 6) 2,
and (4) 0.5.
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Fig. 7. Current densities of (2, 4) stimulated recombination in
QWs and (3, 5) spontaneous recombination in the waveguide
region in structures with (2, 3) one and (4, 5) two QWs vs.
the pump current density at a capture velocity into a single
QW of vcapt, 0 = 5 × 105 cm s–1. (1) Pump current density.
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Fig. 8. Internal differential quantum efficiency vs. the
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and (4) 0.5.
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use of two QWs instead of a single one approximately
corresponds to a threefold increase in the capture
velocity for a single�well structure.

An increase in the carrier concentration in the
waveguide region above the lasing threshold (Figs. 5
and 6) results, especially at low capture velocities, in
the enhancement of the parasitic process in this
region, i.e., spontaneous radiative recombination.
Accordingly, the fraction of carriers involved in the
beneficial stimulated recombination in the QW
becomes smaller. Figure 7 shows for comparison the
recombination current densities: stimulated in the
QWs (jstim, curves 2 and 4) and spontaneous in the

OCL ( , curves 3 and 5) in structures with one
(curves 2 and 3) and two (curves 4 and 5) QWs. In the

double�well laser structure (curves 4 and 5),  is small
as compared with jstim in the whole range of j values even
at a low capture velocity vcapt, 0 = 5 × 105 cm s–1. At the
same capture velocity in a structure with a single QW
(curves 2 and 3), the effect of carrier accumulation in
the OCL is manifested to a considerably greater

extent: at j > 32 kA cm–2,  exceeds jstim.

Figure 8 shows the internal quantum efficiency ηint

as a function of the pump current density j for laser
structures with one (curve 1), two (curve 2), and three
(curve 3) QWs. The capture velocity vcapt, 0 into an
empty single QW was considered to be 106 cm s–1 for
all three structures. It can be seen in the figure that,
with the use of two QWs as the active region of the
laser, instead of a single one, the internal efficiency
markedly increases and its decay with increasing pump
current becomes substantially slower. With the number
of QWs increasing from two to three, ηint is improved

jspon
OCL

jspon
OCL

jspon
OCL

further, but changes in the value of ηint and in the
nature of its dependence on j are less significant.

Figure 9 compares the dependences ηint(j) for
structures with two QWs (curves 1–3) and one QW
(curves 4–6) at various capture velocities vcapt, 0 (cm s–1):
(1) 7 × 105, (2, 5) 106, (3, 6) 2 × 106, and (4) 5 × 105. As

already noted, the parameter /jcapt, th governing
ηint(j) and the linearity of the L–I characteristic is
more dependent on the number of QWs than on the
capture velocity into a single QW. Just this circum�
stance is illustrated by comparison of curves 1 and 6 in
Fig. 9. It can be seen that use of two QWs in the laser
structure under consideration, instead of a single one,
approximately corresponds to a threefold increase in
the carrier capture velocity in a single�well structure.

Figure 10 shows the L–I characteristic (the depen�
dence of the output power P on  j, given by expres�
sion (1)) for structures with one (curve 1), two (curve 2),
and three (curve 3) QWs. The curves were calculated
at a capture velocity of vcapt, 0 = 106 cm s–1. It can be
seen in the figure that, with two, instead of one, QWs
used in the active region of the laser, the optical power
at high pumping levels strongly increases, with the L–I
characteristic remaining practically linear at any j in
the range under study. With the number of QWs
increasing from two to three, the emission power
grows only slightly.

Figure 11 compares the L–I characteristics for struc�
tures with two (curves 1–3) and one (curves 4–6) QW
at various capture velocities vcapt, 0 (cm s–1): (1) 7 × 105,
(2, 5) 106, (3, 6) 2 × 106, and (4) 5 × 105. As also in
Fig. 9, the proximity of curves 1 and 6 in Fig. 11 means

jth
OCL
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Fig. 10. Output optical power vs. the pump current density
(L–I characteristic) for structures with (1) one, (2) two,
and (3) three QWs. Capture velocity into a single QW,
vcapt, 0 = 106 cm s–1.
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Fig. 11. Output optical power vs. the pump current density
(L–I characteristic) for structures with (1–3) two and
(4–6) one QW at various carrier capture velocities into a
single QW, vcapt, 0 (106 cm s–1): (1) 0.7, (2, 5) 1, (3, 6) 2,
and (4) 0.5. (7) Experimental L–I characteristic for a
structure with one QW [26].
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that using two QWs, instead of one, is approximately
equivalent to a fivefold increase in the carrier capture
velocity in a single�well structure. It can be seen in the
figure that the increase in the sublinearity of the L–I
characteristic with decreasing vcapt, 0 is manifested in
the single�well structure much more strongly, com�
pared with the double�well structure. (The squares in
Fig. 11 represent the experimental L–I characteristic
from [26] for a structure with one QW (λ0 = 1.04 μm).)
Good agreement between the experimental and cal�
culated (up to injection current densities of j =
45 kA cm–2) L–I characteristics is achieved for a sin�
gle�well structure at vcapt, 0 = 2 × 106 cm s–1. To
describe the experimental L–I characteristics [26, 27]
at even higher pump currents, it is be necessary to
additionally take into account other factors, e.g., a
possible increase in the carrier density in QWs them�
selves with increasing pump current.

4. CONCLUSIONS

It has been demonstrated that using two quantum
wells (QWs) in a laser structure, instead of one,
improves the efficiency of carrier capture into QWs,
owing to which the component of the injection cur�
rent, “spent” on stimulated recombination in the
QWs, substantially exceeds that spent on spontaneous
recombination in the waveguide region. This leads to
an increase in the internal differential quantum effi�
ciency and better linearity of the light–current char�
acteristic in a double�well structure, compared with
that of a single�well structure.

It has been shown for the structures with a GaAs
waveguide region and In0.28Ga0.72As QWs, considered in
this study, that, to obtain the same output power in lasers
with one and two QWs, the carrier capture velocity in the
former must be approximately three times that in the lat�
ter. This means that the use of two QWs instead of one in
our laser structures is approximately equivalent to a
threefold increase in the carrier capture velocity.

It was demonstrated that a further increase in the
number of QWs (i.e., the use of three or more QWs) only
slightly improves the power characteristics of the laser.
Thus, with consideration for the fact that the filling of
the wells by carriers may be nonuniform at a greater
number of QWs [28] and with the growth simplicity fac�
tor taken into account, it seems that the double�well
structure is the most optimal for high�power lasing.
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