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ABSTRACT

In this thesis, the problem of designing finite dimensional controllers for infinite dimensional
single-input single-output systems is addressed. More specifically, it is shown how to systematically
obtain near-optimal finite dimensional compensators for a large class of scalar infinite dimensional
plants. The criteria used to determine optimality are standard H® and H? weighted sensitivity
and mixed-sensitivity measures,

Unlike other approaches which appear in the literature, the approach taken here avoids solv-
ing an infinite dimensional optimization problem to get an infinite dimensional compensator and
then approximating to get an appropriate finite dimensional compensator. Rather than this De-
sign/Approzimate approach, we take an Approzimate/Design approach. In this approach one starts
with a “good” finite dimensional approximant for the infinite dimensional plant and then solves a
finite dimensional optimization problem to get a suitable finite dimensional compensator. Tradi-
tionally, however, this approach has not come with any guarantees.

The key difficulties which have arisen can be attributed to the fact that these measures are
sometimes not continuous with respect to plant perturbations, even when the uniform topology is
imposed. Moreover, even if they were, it is a known fact that many interesting infinite dimensional
plants can not be approximated in the uniform topology on H> (e.g. a delay). Also, it must be
noted that the concept of a “good” approximant, in the context of feedback design, has never been
rigorously formulated.

The goal and main contribution of this research endeavour has been to resolve these difficulties.
It is shown that given a “suitable” finite dimensional approximant for an infinite dimensional
plant, one can solve a “natural” finite dimensional problem in order to obtain a near-optimal finite
dimensional compensator. Moreover, very weak conditions are presented to indicate what a “good”
approximant is.

In addition, we show that the optimal performance for a large class of H design paradigms can
be computed by solving a sequence of finite dimensional eigenvalue/eigenvector problems rather
than the typical infinite dimensional eigenvalue/eigenfunction problems which appear in the liter-
ature. Analogous results are presented for a large class of H? paradigms.

In summary, the approach taken here allows one to forgo solving “complex” infinite dimensional
problems and provides rigorous justification for some of the approximations that control engineers
typically make in practice.

Thesis Supervisor: Dr. Munther A. Dahleh
Title: Professor of Electrical Engineering & Computer Science
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Chapter 1

Introduction & Overview

1.1 Motivation

During the 1980’s, the need to address the control of large scale flexible structures has increased
immensely. Although this need has arisen primarily from SDI and aerospace applications, it has also
been fueled by complexity issues in power distribution and other areas. Because of these driving
forces, the problem of designing feedback control systems for infinite dimensional systems has
received considerable attention during the past decade. Researchers have endeavoured to develop
systematic design procedures. In this thesis such systematic design procedures are presented for
a large class of infinite dimensional systems. More specifically, it is shown how to obtain near-
optimal finite dimensional compensators for > and H? weighted sensitivity and mixed-sensitivity
performance criteria. The approach taken in this thesis is now motivated.

Throughout the thesis, it shall be assumed that the designer has been given a single-input
single-output infinite dimensional plant! and a performance measure. In the spirit of the sem-
inal work of Zames [59], it will also be assumed that the performance measure has been posed
as an infinite dimensional optimization problem. The goal then is to design a near-optimal finite
dimensional compensator. The finite dimensionality, of course, is a typical “real-world” implemen-
tation constraint. This thesis addresses the problem of designing near-optimal finite dimensional
compensators. Two approaches to this problem have appeared in the literature.

The first approach we call the Design/Approzimate approach. In this approach an optimal infi-
nite dimensional compensator is designed by solving, if possible, the infinite dimensional optimiza-
tion problem. The optimal compensator is then approximated by a finite dimensional compensator.
This approach will not be considered in the sequel.

The second approach we call the Approzimate/Design approach. In this approach the infinite
dimensional plant is approximated by a sequence of finite dimensional plants. We then solve a
sequence of “natural” finite dimensional problems in which we simply substitute the finite dimen-
sional approximants for the infinite dimensional plant in the original optimization problem. This
sequence of finite dimensional problems generate a sequence of finite dimensional compensators
which, ideally, will be near-optimal as the plant approximants get “better”. Traditionally, however,
no such guarantees have been shown.

The key difficulties which have arisen can be attributed to the fact that these performance
measures are often not continuous with respect to plant perturbations, even when the uniform
topology is imposed. In this thesis, these difficulties are resolved; guarantees are provided.

!The system to be controlled is called the plant.



The primary motive behind the Approzimate/Design approach taken in this work has been that
of finding near-optimal finite dimensional compensators for scalar infinite dimensional systems.
Other motives can be listed as follows.

(1) Some infinite dimensional models are too complex. It is often very difficult to gain intuition
from them. Designing controllers based on such models often requires advanced mathematical
machinery and new software. It follows naturally to ask: What would be a “good” finite dimensional
approximant? Such an approximant should give immediate insight. To design controllers which are
based on such an approximant usually requires little mathematical sophistication. Moreover, much
software exists for such a finite dimensional approach. The above question raises the following
question: What information about the infinite dimensional plant do we really need in order to
achieve the control objective? The approach taken in this thesis attempts to shed light on the
above questions.

(2) Some design procedures result in compensators which are infinite dimensional. Such compen-
sators may be difficult, if not impossible to implement. The following natural question thus arises:
How can we obtain a finite dimensional compensator which is suitable? The Approzimate/Design
approach taken in this thesis addresses this question directly.

(3) Often, in the early stages of system planning and design, it is necessary to estimate achievable
system performance. Such an estimate could be used for system reconfiguration and enhancement.
It thus follows that efficient computational tools to obtain such performance information would be
extremely valuable to system designers. By taking an Approzimate/Design approach, one addresses
such computational issues indirectly.

1.2 Related Work & Previous Literature

The problem of designing compensators for infinite dimensional plants has recieved considerable
attention during the past decade. Some relevant works are 1], [6]-[10], [13]-[20], [25]-[26], [31]-[38],
[40]-[41], [45], [47], [51]-[53], [57]-[63]. We now give a chronological summary of some of this work.

1950°s

The works of [9], [10], and [32] address approximation issues. Real-rational approximation
methods are presented. The methods are based on “open loop” ideas and not on closed loop per-
formance criteria.

1960’s

Much of the technical issues which arise in todays > model matching approach to control
synthesis, were addressed in the famous paper of [51]. In this paper the author solves various
interpolation problems in 7. The paper contains the commutant lifting theorem and shows how
one can construct norm preserving H* dilations for various operators. This work has been the
cornerstone of many approaches/solutions which have appeared for the H* sensitivity and mixed-
sensitivity problems.

1970’s
The Hankel matrix approximation problem is solved in [1]. This paper has also tremendously
influenced the H*> model matching approach which is present everywhere in the control literature.
At the heart of todays model matching approach to control is the ability to parameterize all
internally stabilizing compensators for a given plant. Such a parameterization was done in [58] for
finite dimensional multivariable linear time invariant plants.



An algebra of transfer functions for distributed linear time invariant systems is presented in
[4]. Elements in the fraction field of this algebra possess coprime factorizations over the algebra.
The work of [58] can thus be used to parameterize the set of all internally stabilizing controllers for
plants which lie within the fraction field of the algebra.

1981

In [59], the author posed what is now referred to as the weighted 7> sensitivity control problem.
One objective of this seminal paper was to formulate control problems as optimization problems
in an attempt to systematize control system design. It was argued and shown that this frequency
domain approach is natural to handle unstructured uncertainty.

1982
The work of [21] gives a very nice solution for scalar weighted H? sensitivity and mixed-

sensitivity problems.

1983

In [60], the authors use duality and interpolation theory to solve the weighted H*> sensitivity
problem for real-rational scalar plants. A fundamental motive for this work was to replace the
heuristic aspects of classical design by an explicit mathematical theory.

1984

The commutant lifting theory of [51] is used in [22] to obtain an upperbound for the optimal
weighted H™ sensitivity associated with scalar finite dimensional systems. The problem of achieving
a small sensitivity over a specified frequency band is also addressed. The effects of non-minimum
phase zeros is discussed.

A solution to the scalar weighted H* mixed-sensitivity problem is presented in [55]. Here the
mixed-sensitivity criterion used is that which penalizes the sensitivity and the complementary sen-
sitivity transfer functions.

1985

Necessary and sufficient conditions for the existence of finite dimensional compensators for delay
systems are presented in [31]. Moreover, it is shown that a stabilizable delay system can always be
stabilized using a finite-dimensional compensator.

1986

A method for constructing finite dimensional compensators which stabilize infinite dimensional
systems with unbounded input operators is presented in [6]. Applications to retarded and partial
differential equations are considered.

In [7], the authors present a method for contructing robustly stabilizing finite dimensional
compensators for a class of infinite dimensional plants.

The commutant lifting ideas in [51] are used by [14] to solve the weighted 7> sensitivity prob-
lem for the case where the plant is a product of a delay and a real-rational scalar function. Fairly
general real-rational weighting functions are considered. The optimal sensitivity and compensator
are computed in various situations. The implementation of the optimal infinite dimensional com-
pensator is also discussed.

In [18], the authors also solve a weighted H™ sensitivity problem using the work of [51]. Here
the plant is a delay and the weighting function is first order and strictly proper.

10



1987

The ideas presented in [14] are expanded upon in [15].

The results of [18] are extended in [19] to more general delay systems. The plant is assumed
to be the product of a delay and a scalar real-rational transfer function with no poles or zeros on
the imaginary axis. The weight is assumed to be an RH* function which is invertible in %*°. The
interaction between delays and non-minimum phase zeros is also discussed.

A solution to the weighted H* sensitivity problem is presented in [20] for arbitrary scalar
distributed plants. An explicit formula is given for the optimal sensitivity. The existence and
uniqueness of the optimal compensator is discussed.

In [63], the authors show how the optimal weighted H* sensitivity for a delay can be computed
by solving a two point boundary value problem. Here the weight can be any RH>™ function.

The uniform approximation of a class of delay systems by means of partial fraction expansions
is investigated in [62]. Nuclear systems are discussed.

1988

Krein space theory is used to tackle the > mixed-sensitivity problem in [13]. Here the mixed-
sensitivity criterion considered penalizes the sensitivity and complementary sensitivity functions.

In [16], the authors expand upon the implementation issues presented in [14].

The problem of uniformly approximating delay systems is considered in [45]. Condition for
nuclearity are given.

In [25], the authors show how to construct real-rational approximants for nuclear systems. More
specifically, it is shown that for this class of systems, balanced or output normal realizations always
exist and their trucncations converge to the original system in various topologies. Various error
bounds are given.

An iterative procedure for constructing near-optimal infinite dimensional compensators for a
class of infinite dimensional plants is presented in [57]. The optimality criterion is an H™ sensitivity
criterion. The method presented assumes that the weighting function is strictly proper. In such a
case the corresponding Hankel operator is compact.

The computation of the essential spectra of certain Hankel-Toeplitz operator pairs is crucial
in the solution of H* sensitivity and mixed-sensitivity problems. This is particularly important
when infinite dimensional systems are involved. Such a computation is given in [61]. Calkin algebra
techniques are used to obtain the results.

1989

In (8], the author addresses the control of infinite dimensional systems which belong to the
algebra presented in [4]. Systems which are of the Pritchard-Salamon class are also addressed.

In [12], the authors present state space formulae to solve a myriad of finite dimensional H2 and
‘H control problems.

An FFT-based algorithm for approximating infinite dimensional systems is presented in [28].

When approximating infinite dimensional systems by finite dimensional approximants, the rate
at which the approximants converge is very important. Such convergence rate results are given in
[26] for certain approximants and infinite dimensional systems. Pade approximations of delays, for
example, are discussed.

An H* mixed-sensitivity problem for a flexible Euler-Bernoulli beam is solved in [34]. The
solution relies on the techniques used in [41].

In [36], the author uses Laguerre series to approximate certain infinite dimensional systems.
Various error bounds are given.

11



Skew Toeplitz techniques are used in [40], to solve various control problems for infinite dimen-
sional systems. The H*™ mixed-sensitivity problem is addressed.

In [41], the authors reveal the structure of suboptimal H* controllers for distributed plants.

In [52], the author shows that fraction field of H> is a Bezout domain. That implies that
plants in the fraction field of H™ possess coprime factorizations over 7. This, then allows us to
paramerize all stabilizing compensators for such plants using the ideas of [58].

1990

A solution to the %> mixed-sensitivity problem is presented in [17]. Here, very general dis-
tributed plants and irrational weighting functions are treated.

H*> mixed-sensitivity techniques are used in [42] to control unstable infinite dimensional plants.
Skew Toeplitz methods are used to derive the controllers.

In [53], the author studies the continuity properties of various H? problems. In particular, it
was shown that %> and H? problems, in general, are discontinuous functions of the plant, even
when the 7> topology is used. This paper contains many of the ideas presented in this thesis. It
does not, however, address control design. It only addresses certain well-possedness issues which
arise in certain optimization problems. We also would like to point out that although elements
of this work was initially published in 1987, in a conference proceedings, it did not come to our
attention until March 1990.

1.3 Contributions of Thesis

In this thesis, the Approzimate/Design Problem is rigorously formulated. A solution is provided for
H> and H? weighted sensitivity and mixed-sensitivity performance criteria. These are the main
contributions of the thesis.

More specifically, it is shown that given a “good” finite dimensional approximant for an infinite
dimensional plant, one can solve a “natural” finite dimensional problem in order to obtain a near-
optimal finite dimensional compensator. Conditions are given which precisely quantify the notion
of a “good” finite dimensional approximant.

Given this, the contributions of the thesis can be concretely stated as follows.

(1) A method for constructing near-optimal finite dimensional controllers for a large class of
infinite dimensional scalar plants is presented. Stable and unstable plants can be handled. Much
software exists to support the necessary computations. The method is thus immediately imple-
mentable by practicing engineers.

(2) The same method can be used to construct near-optimal infinite dimensional controllers.
One can then “directly” obtain near-optimal finite dimensional compensators by approximating
the infinite dimensional controllers. This approach, however, goes against the spirit of the thesis
since it requires that we solve an infinite dimensional optimization problem.

(3) The most commonly used design criteria have been addressed; i.e. H> and H? weighted
sensitivity and mixed-sensitivity problems. Again, much software exists to support our finite di-

mensional approach to these paradigms.

(4) For a large class of H> weighted sensitivity /mixed-sensitivity problems, the optimal perfor-
mance can be easily computed by solving a sequence of finite dimensional eigenvalue/eigenvector

12



problems rather than the typical infinite dimensional eigenvalue/eigenfunction problems which
appear in the literature. The methods presented apply even in situations where the associated
Hankel/ Toeplitz operators are non-compact.

Such information can be used to determine fundamental performance limitations for a given
system; e.g. best possible L£? disturbance rejection, robustness, etc. It can thus be used to guide
designers (engineers, pilots, etc.) during the initial stages of system development, design, and
configuration.

Analogous results are presented for the 7{? design criteria considered.

(5) The thesis sheds light on such issues as what a “good” finite dimensional approximant is
and hence on what information is needed in order to achieve a particular control objective. It is
shown that appproximations should be based on the control objective; not on open loop intuition.
Moreover, it is shown that open loop intuition can often be quite misleading. These ideas have
potential implications in such fields as system identification and decentralized control.

1.4 Organization of Thesis

The remainder of this thesis is organized as follows.

In Chapter 2, notation and results from complex variable and approximation theory are pre-
sented. The function spaces H* and H? are defined and discussed. Various notions of convergence
are presented.

In Chapter 3, results from algebraic system theory are presented; e.g. the Youla parameteriza-
tion and the Corona theorem.

In Chapter 4 three problems are formulated. They are the AN'-Norm Approzimate/Design J-
Problem, the N'-Norm Purely Finite Dimensional J-Problem, and the N'-Norm Loop Convergence
J-Problem. In the sequel, the A/ will represent H>° and H? norms. The J will represent sensitivity
and mixed-sensitivity performance criteria.

The N-Norm Approzimate/Design J-Problem addresses the problem of finding near-optimal
finite dimensional compensators. The N -Norm Purely Finite dimensional J-Problem addresses
the issue of computing the optimal performance using finite dimensional techniques. The A -Norm
Loop Convergence J-Problem addresses the question of what additional properties are exhibited
by designs based on the Approzimate/Design approach advocated in the thesis. The above three
problems are considered in the sequel for H™ and H? weighted sensitivity and mixed-sensitivity
performance criteria.

In Chapter 5, the H>® Model Matching Problem is defined and discussed. It is shown how
near-optimal solutions can be constructed. The results presented here are exploited heavily in
subsequent chapters on H* design.

In Chapter 6, the focus is on designing near-optimal finite dimensional compensators hased on
H> sensitivity design criteria. More specifically, in this chapter a solution is presented to the H*>
Approzimate/Design Sensitivity Problem, the H™ Purely Finite Dimensional Sensitivity Problem,
and the H*® Loop Convergence Sensitivity Problem. For simplicity, stable and unstable plants are
treated separately.

In Chapter 7, the focus is on designing near-optimal finite dimensional compensators based
on H*> mixed-sensitivity design criteria. More specifically, in this chapter a solution is presented
to the H>® Approzimate/Design Mized-Sensitivity Problem, the H> Purely Finite Dimensional
Mized-Sensitivity Problem, and the H*® Loop Convergence Mized-Sensitivity Problem.

In Chapter 8, the focus is on designing near-optimal finite dimensional compensators based

13



on H? sensitivity /mixed-sensitivity design criteria. More specifically, in this chapter a solution is
presented to the H? Approzimate/Design Sensitivity Problem, the H? Purely Finite Dimensional
Sensitivity Problem, and the H? Loop Convergence Sensitivity Problem. The analogous mixed-
sensitivity problems are also addressed. The features which distinguish the #? case from the H*>
case are highlighted.

Finally, Chapter 9 summarizes the results of the thesis and suggests possible directions for
future research.
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Chapter 2

Mathematical Preliminaries:
Notation & Function Theory

2.1 Introduction

In this chapter we establish notation to be used throughout the thesis. Some essential mathematical
results are also presented. More specifically, the normed linear spaces H? and H*>® are defined
and discussed. Various notions of convergence in H*® are presented; e.g. uniform and compact
convergence. Results from H* approximation theory are also presented. Examples are given to
illustrate some of the ideas. Most of the material presented in this chapter can be found in [2], [5],

(30), [33], [35], [44], [49], [56] .

2.2 Some Notation & Definitions

Throughout the thesis, we will use the symbols C, R, and Z to denote the complex, real, and
integer numbers, respectively. C. and R, will be used to denote the extended complex and real
numbers. The open right and left half complex planes will be denoted C; and C_.. R, and Z,
will be used to denote the non-negative real numbers and positive integers. |(-)] and () will denote
the magnitude (modulus) and complex conjugate of the complex quantity (-). 6. and /(-) will be
used to denote the phase angle of the complex quantity (-). The symbol j will be used to denote
the purely imaginary number /—1.

The greek letter € shall always be used in proofs to denote a given strictly positive, but arbitrarily
small, quantity. With this convention we can avoid the excess verbage “given ¢ > 0, however
small,...”.

Given sets A and B, A C B and A C B will be used to denote strict and non-strict containment
of A within B. The symbol A/B will denote the set of points in A which are not in B. AU B and
AN B will denote the union and intersection of the sets, respectively.

In the mathematics literature the characteristic function of a set § is defined as that function
which is unity on § and zero elsewhere. It is typically denoted Xg. Throughout the thesis we
shall predominantly work on the imaginary axis. This motivates the following definition which we

introduce strictly for notational economy.

1Extra material has been included in this chapter in order to make the thesis self-contained and to facilitate future
addendums.
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Definition 2.2.1 (Characteristic Function)
Let S denote a subset of the extended real numbers. In what follows, the map Xs : 5 — {0,1}
will denote the characteristic function of the set 5§, i.e.

ooy {1 855

0 elsewhere.

Convention 2.2.1 (Transform Pairs)

We shall often use f(t) or f and F(s) or F, to denote Laplace, Fourier, Plancherel transform pairs.
Here f (lowercase) will denote a time function and F (uppercase) will denote its transform. The
interpretation should be clear from the context.

Convention 2.2.2 (Lebesgue Integral)

All integrals in this thesis shall be assumed to be Lebesgue integrals [49], unless otherwise stated.
Any measure-theoretic statements which appear are made with respect to Lebesgue’s measure
unless otherwise stated 2.

Let f(t) denote a real-valued Lebesgue measurable function defined on a set S C R.

Definition 2.2.2 (Support of a Function)
The support of f, denoted suppf, is defined to be the closure of the set where f takes on non-zero
values; i.e.

suppf & closure{t € §| f(t) # 0}.

|
Definition 2.2.3 (Essential Supremum of a Function)
The essential supremum of f on § is defined as follows
esssupfqéfill‘llf{ M € R, | measure( {t€ S| f(t)>M})=0}.
Here measure(-) denotes the Lebesgue measure of the set (-).
|

Definition 2.2.4 (Convolution of Functions)
Given any two time functions f and g with support on R, their convolution will be denoted f x ¢
and defined as follows

(£x9)0 % [ #t - rg(ryar.

?Measure theoretic arguments shall be kept to a minimum throughout the thesis for added simplicity and brevity.
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Throughout the thesis we will deal with normed linear spaces. || f||.) will be used to denote the
norm of a function f belonging to the normed linear space (-).

Definition 2.2.5 (Isometry, Isomorphism)

Let A7 and N> be normed linear spaces. A norm preserving linear operator from N to A is called
an isomelry. Such operators are necessarily injective (one-to-one). They need not be surjective
(onto). N1 and N, are said to be isomorphic if there exists a bijective bounded linear operator
from N; to N; whose inverse is also bounded (cf. definition 2.8.1). The operator is called an
isomorphism. A surjective isometry is an isomorphism. We call such an operator an isometric

isomorphism.

|
In what follows we shall deal with the normed linear spaces 7? and H*®. They shall be defined
shortly.

2.3 Single-Valued Complex Functions

In this section we present standard definitions and results from the theory of complex functions of
a single complex variable. Let F(s) or F, denote a complex-valued function of a single complex
variable s. We assume all such functions to be single-valued unless otherwise stated. Let sy denote
any point in the finite complex plane.

Definition 2.3.1 (Domain and Boundary)
A domain is a non-empty open connected subset of the extended complex plane. The boundary of
a domain D shall be denoted 3D.

The open right half plane is a domain.

Definition 2.3.2 (Domain of Deflnition)
The domain of definition of a single-valued complex function is a domain in the complex plane over
which the function is defined.

|
In the sequel, the domain of definition of a function will be ascertainable from the context. It will
usually be the region of convergence of the function when viewed as the Laplace Transform of a
time function.

Definition 2.3.3 (Analytic and Entire Functions)

We say that F is analytic at the point sq, if F is differentiable at all points in some open neighbor-
hood of sy. We say that F is analytic within a domain D, if it is analytic at each point within D.
If F is analytic within C, then we say that F is an entire function.

Some authors use the term holomorphic rather than analytic.
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Proposition 2.3.1 (Taylor Series)
Let F be analytic at the point s = so. Given this, there exists a neighborhood

N(so, R)E {s € C | |s - 30| < R}

about so, and a sequence {am},._,, such that

[= o]
F(s) = Z am (s — s0)™
m=0
for all s € N (3o, R). Moreover,
F(m)(so)
m — _—’_—

m!
and the series converges uniformly on all compact subsets within the neighborhood. We shall refer
to this representation for F as the Taylor series expansion for F about sq.

The radius of convergence, of the Taylor series for F' about sq is equal to the distance from sq to
the nearest singularity of F (cf. definition 2.3.7). It is given by Hadamard’s formula
1

Ro = = .
lim,,_,  sup Vlam|

Definition 2.3.4 (Zero of a Function)

We say that sg is a zero of F, if
lim F(s) =0

8$— 380

along any path in the domain of definition of the function F.

Definition 2.3.56 (Multiplicity of a Zero for Analytic Functions)
Let F be analytic at s = so. Also, let sg be a zero of F. We say that sg has multiplicity m € Z,,
if there exists a function G such that for all s in a neighborhood of s,

F(s) = (s — 50)™G(s)
where G(sp) # 0 and G is analytic within the neighborhood.
[

An integer m and a function G' can always be found for any single-valued function F. In this
sense, all single-valued functions exhibit polynomial behavior near a zero. It must be noted that
for single-valued functions obtained from multi-valued functions, the situation is different. Such
functions shall be discussed in the next section.

Definition 2.3.6 (Roll-off)
We shall say that F' rolls-off if oo is a zero of F'.

18



Definition 2.3.7 (Singularity, Isolated Singularity)

If F is not analytic at sg, then we say that s = sgisa singularity of F. If there exists a neighhorhond
around sp which contains no other singularities of F, then we say that sq is an isolated singularity
of F.

It is standard convention by authors to assume that co is a singularity. This convention shall receive
further consideration below. A zero at oo, we shall see, should be viewed as a removable singularity
(cf. definition 2.3.8).

Proposition 2.3.2 (Laurent Series)
Let 3¢ be an isolated singularity of F. Given this, there exists an annulus

def
A(.So,rl,rg) = {8 eC l r < IJ - Sol < 1'2}

about so, and sequences {am};._g, {bn}re, such that

oo

F(s) = 20 am(s — 30)™ + i_o:lbn-(s_—-l;ﬁ;

for all s € A(s0,71,72). Moreover, the convergence is uniform on all compact subsets of the annulus.
We shall refer to this representation for F as the Laurent ezpansion for F about sg. The second
summation, which consists only of negative powers of (s — so), is called the principal or singular
part of F at sq.

n
Let so be an isolated singularity of F.
Definition 2.3.8 (Removable Singularity)
The point s = 3¢ is said to be a removable singularity of F, if
311»12,(3 —80)F(s)=0
along any path in the domain of definition of F' [2, pp. 124].
|

One can show that the above is equivalent to F having no principal part. In such a case, the
function can be made analytic at so, simply by redefining it at the point.

One can also show that so is removable if and only if |F(s)| is bounded in some annulus about
89. This condition is due to Riemann.

Definition 2.3.9 (Pole)
If lim,_,,, F(s) = oo, along any path in the domain of definition of F, then we say that the point
8 = 8¢ is a pole of F.

[
One can show that this is equivalent to F having a principal part with only a finite number of
terms.
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Definition 2.3.10 (Multiplicity of a Pole)
Let so be a pole of F. We say that it is a pole with multipliciity m, if so is a zero of 11,-. with
multiplicity m.

Definition 2.3.11 (Improper Function)
We say that F is improper if oo is a pole of F.

Definition 2.3.12 (Rational Function)
We say F is a rational function, if it is the ratio of two polynomials; each of finite degree. We say
that it is real-rational, if the coefficients of the numerator and denominator polynomials are real.

Rational functions have a finite number of poles and zeros. They also possess singularities at oo
which are removable.

Definition 2.3.13 (Meromorphic Function)
F is said to be meromorphic in a domain D if the only singularities within D are isolated poles. If
D = C, then we just say that the function F is meromorphic.

|
The functions F(s) = 35157 and G(s) = 1~ are examples of a meromorphic functions.
A meromorphic function can only have a finite number of poles in any compact set. If a
meromorphic function has an infinite number of poles, then they must cluster at oo.
It can be shown that a meromorphic function F with a finite number of poles is necessarily the
ratio of an entire function over a polynomial.

It can also be shown that meromorphic functions are necessarily the ratio of two entire functions.

Definition 2.3.14 (Essential Singularity)
We say that sg is an essential singularity of F, if the principal part of its Laurent expansion about
30 has an infinite number of nonzero terms.

[
One can show that this can occur if and only if sq is a singularity of F which is neither removable
nor a pole.

Singularities at oo are treated as follows.

Definition 2.3.15 (Singularities at o)
8 = oo is a removable singularity, a pole, or an essential singularity of F(s), if ( = 0 is a removable
singularity, a pole , or an essential singularity of F(-}-)

[ |
The functions e~* and e+ have essential singularities at co and 0, respectively.
The following proposition gives a remarkable characterization of essential singularities.
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Proposition 2.3.3 (Picard’s Theorem)
A complex-valued function F in any neighborhood of an essential singularity assumes all values
except possibly one.

This proposition is often referred to as Picard’s Theorem. A weaker version of the theorem, known
as the Casorati- Weierstrass Theorem, appears in [33, pp. 158].

The above shows that isolated singularities of otherwise single-valued analytic functions must
either be removable singularities, poles, or essential essential singularities.

The following proposition characterizes “maxima” of analytic functions on a domain (2, pp.
134], (33, pp. 150}, [49, pp. 212, 249, 253-259). It is known as the Mazimum Modulus Theorem.

Proposition 2.3.4 (Maximum Modulus Theorem)
Let F be analytic within a domain D. Then |F(s)| achieves its maximum within D if and only if
F is constant. If the domain D is bounded, then we have

|F(s)] < sup |F(s)|
s€9D

for all s € D.
|

The above does not imply that an analytic function F on a domain will achieve its maximum on
the boundary. The following example illustrates this point.

Example 2.3.1 (Unbounded Analytic Function on a Strip)

The function F(s) = e’ is an entire function. Consider it over the unbounded domain |Im(s)| < Z z.
It does not achieve its maximum modulus on the boundary. Its magnitude on the boundary is 1
Within the domain, however, the function grows exponentially along the positive real axis.

The following proposition can be found in [2, pp. 127], [49, pp. 209].

Proposition 2.8.5 (Uniqueness of Analytic Functions)
Let F and G be analytic within some domain D in the complex plane. Let § be a subset of D. If
§ has an accumulation point in D and F = G on § then F = G throughout D.

[ |
This proposition implies that the zeros of a non-constant analytic function cannot accumulate
within its domain of analyticity. If they do, then the function must be identically zero over the
entire domain. This property is due to the fact that the zeros of a single-valued analytic function
are necessarily isolated within its domain of analyticity.

2.4 Multi-Valued Complex Functions

In this section we consider multi-valued complex functions of a single complex variable. Such
functions, as we shall see, can be viewed as a collection of single-valued functions. Let F denote a
complex valued function of a single complex variable s.

In order to precisely define multi-valued functions, we define the concept of a branch point as
follows. A branch point is a singularity that is associated with multi-valued functions only.
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Definition 2.4.1 (Branch Point)
The point s = so is a branch point of the function F, if when we travel around the point, along a
sufficiently small circle, we do not return to the same value; i.e. for r > 0, sufficiently small,

F(sg + 1) # F(s0 + re?®™).

i
Branch points at co can be defined similarly by considering balls around the point at co. Such a
ball could be precisely defined in terms of the Riemann sphere associated with the complex plane.
An equivalent approach is provided by the following definition. The definition parallels that given
for singularities of single-valued functions at co in definition 2.3.15.

Definition 2.4.2 (Branch Points at o)
The point s = oo is a branch point of the function F(s), if ( = 0 is a branch point of F(%)

Definition 2.4.3 (Multi-Valued Function)
F is a multi-valued function if it posseses a branch point in its domain of definition.

n
The function F(s) = /s — 1, for example, is multi-valued. It posseses a branch point at s = 1.
The analytic study of multi-valued functions usually requires that the multi-valued function be
expressed in terms of single-valued functions. One way of doing this is to consider the multi-valued
function in a restricted region of the extended complex plane. Then, one chooses a value at each
point in such a way that the resulting single-valued function is continuous on the restricted domain.
This motivates the following definition.

Definition 2.4.4 (Branch of a Multi-Valued Function)
A continuous single-valued function obtained from a multi-valued function is called a branch of the
multi-valued function.

Definition 2.4.5 (Branch Cut)

Typically, to obtain a branch, one must delete some curve in the s-plane. Such a curve is typically
referred to as a branch cut. The curve is such that if not crossed over, the function remains single-
valued. Given this, we have that a branch cut is a line or curve of singular points introduced in
defining a branch of a multi-valued function.

[
The branch cuts of a multi-valued function are not unique. A given branch cut, however, uniquely
defines a distinct branch of the multi-valued function. Branch points are common to all branch
cuts of a multi-valued function. A branch is also uniquely determined once a particular value of
the multi-valued function over the restricted domain has been specified. Specifying such a value
automatically determines the branch cut. This follows by continuity.
We now address multi-valued functions which shall be implicitly consider in the sequel.
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Definition 2.4.6 (Complex Logarithm)
Let In(-) denote the real-valued natural logarithm from elementary calculus. The complex logarith-
mic function is denoted In,,,(-) and defined by the equation

In,,(s) d=°f1n|s| + j6(s)

where s = |s]e/(*) is any extended complex number and Inm,(0) % —co and Inm,(c0) & 0o

[ |
To see that this function is multi-valued we consider a circle of radius one centered at the origin
of the complex plane. We then note that if the circle is traversed in the conterclockwise direction,
then In,,,(:) does not return to its initial value. We have, for example, In,,(1€%) = 0 + 50 and
Inm,(1e/2™) = 0 + j2r. The origin is thus a branch point of the complex logarithmic function.
Given this, we see that it is a multi-valued function. One can show that the point s = oo is also a
branch point. To obtain a branch of this function we proceed as follows.

Let
§ Y Co/{-00 < Re(s) < 0; Im(s) =0} ={s€C.| -7 <B(s) <}

denote the set of points in the extended complex plane obtained by deleting the extended negative
real-axis. § defines a branch cut for the complex logarithmic function.

Definition 2.4.7 (Principal Angle)
We define the principal angle function 6,, : S/0 — (-, ) as follows

tan~1 o> 0

def 2 !
Opp(s) = < — tan~ 24+ % o0<0w> 05
—tanl'Z -2 s <Ow<0

where s = o + jw.

We note that 6, is continuous on §/0.

Definition 2.4.8 (Principal Logarithm)
Given the above, the principal branch of the complex logarithmic function is defined on § as follows

Inpe(s) 4 In |s| + 76,,(s)

for s # 0, In,,(0) L' o, and Inp, (00) L .

This function is analytic, as well as continuous, on §. The negative real-axis is the associated
branch cut. Other branch cuts and branches of the logarithmic function can similarly be defined.
Now we consider another multi-valued function. It is defined as follows.

Definition 2.4.9 (Complex Power Function)
Let ¢ be a fixed real number. Given this, we have

def
(80) €l eCInmv(s)
where 8 is any complex number.
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The principal branch of this function is defined by using the principal logarithm In,,(-) as
follows.

Definition 2.4.10 (Principal Power Function)

(8% )po def oz lnps(s)

Proposition 2.4.1 (Analytic Branches)
Given a multi-valued function, an analytic branch F' can always be constructed in any domain
which does not contain a branch point.

This convention shall be adopted throughout the thesis for all multi-valued functions considered.
Given this, functions such as

1 \7/ s \3[s—jl\% [s+j1\7
o= (7)) (75) (555) (55%)
s+1 s+ 2 s+ 3 s+ 4
will be regarded as analytic in the extended open right half plane and continuous everywhere on
the extended imaginary axis.

It was seen in the previous section that single-valued functions exhibit polynomial behavior
near zeros. This is not the case for single-valued functions which are constructed from multi-valued
functions. The function F(s) = /s, for example, exhibits irrational behavior near s = 0. We thus
have the following definition.

Definition 2.4.11 (Algebraic Multiplicity of a Zero)

Let F be a branch of a multi-valued function. Let F be analytic at s = s¢. Also, let 3o be a zero
of F. We say that sg has algebraic multiplicity m € R, if there exists a function G such that for
all s in a neighborhood of sy,

F(s) = (s — 50)"G(s)

where G(so) # 0 and G is analytic within the neighborhood. Here the neighborhood is assumed to
lie within the domain of definition of the branch F.

||
A non-negative real number m and a function G can always be found for any analytic branch F of
a multi-valued function.

2.5 L? Function Theory

The function space L2 is defined as follows.

24



Definition 2.5.1 (Function Space: £2(R))

& L%(R) will denote the space of Lebesgue square integrable complex-valued functions with
support on R. L?(R,) and L2?(R_) are similarly defined. £2 is a normed linear space over the field
C, when endowed with the following norm

1 £llce % /: |£(¢)[2dt.

The L2 functions should be thought of as the set of all finite energy time signals.
The space L? is also an inner product space when endowed with the following inner product

<fg>e¥ [~ T,

Moreover, it is complete with respect to this inner product. £2? is thus a Hilbert space.
The following proposition can be found in [35]. It is the basis for classical projection theory.

Proposition 2.5.1 (Classical Projection Theorem)
Let H denote a Hilbert space withe inner product < -,- >3. Let M denote a closed subspace of H.
Given z € H there exists a unique element m, € M such that

min [z - mlly = [lz — mo||y,.

Moreover, ¢ — m, € M+ where
Mldz—if{ze'ﬂl <z,m>yu=0 me M}
We say that m, is the projection of ¢ onto M and write
me = llpq2.
Also, H is the direct sum of calM and calM*; i.e.
H=MaoM-"

This notation means that each element z € H can be written as = m; + my where m; € M and
m; € ML,

From the classical projection theorem, it thus follows that L2(R) is the direct sum of L2(R.)
and L%(R_):
L*(R) = L*(R;) ® LY(R_);

ie. given f € L?(R) there exists unique functions f; € L2(R.) and f_ € L2(R_), such that
f = fy + f-. This is because L2(R_) is the orthogonal complement of L2(R, ) in L2(R).

Definition 2.5.2 (Function Space: L2(jR))

One can also define the space L2(j R) as the set of all complex-valued functions which are Fourier /Plancherel
transforms of £L2(R) time functions. £2(jR) is a normed linear space over the field C when endowed

with the following norm

def [ 1 [ .
“F“cz(jﬂ) = \/ﬂ /_m |F(jw)|2dw.
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|
Parseval’s theorem tells us that L?(R) and £2(jR) are isomorphic. More specifically, it shows that

1flle2(my = I1Fll c2(5m)-

Since L2(R) and L2(jR) are isometrically isomorphic, there is no need to distinguish between
the spaces. We shall usually just write £2. Which space is being considered should be apparent
from the context.

The function space H?2 is defined as follows.

Definition 2.5.3 (Function Space: #?)

H2 H2(C4) will denote the Hardy space of complex-valued functions which are analytic in Ct
and uniformly Lebesgue square integrable on lines parallel to the imaginary axis in C'.. H? is also
a normed linear space over the field C, when endowed with the following norm

o—joo

def 1 fotie i
|F |5 = sup _27r/ [F(o + jw)|?dw.
(-4

[
H? consists exactly of those functions which are Laplace/Plancherel transforms of L2(R.) functions
(29, pp. 100, Paley-Wiener Theorem]. Consequently, there is no need to distinguish between H2
and L%(R,). They are isomorphic.

Definition 2.5.4 (Function Space: H2")
Analogously, H?  will be used to denote the space of functions which are Laplace transforms of
functions in £2(R_).

It is a fact [30, pp. 128] that H? and H?" functions can be unitarily extended to have support
almost everywhere on the imaginary axis. More precisely, we have the following proposition.

Proposition 2.5.2 (Extension of #? Functions onto the Imaginary Axis)

Given F € H?, it possesses non-tangential limits almost everywhere on the imaginary axis. By
taking such limits, one obtains a unique extension F' € £? of F onto the imaginary axis. Moreover,
this extension is an isometry.

A similar proposition applies for functions in H2>. When dealing with %2 and 2" functions
we shall always assume that we are dealing with the extended functions; i.e. we make no distinction
between the function and its extension. Given this, the norms of such functions can be computed
from values on the imaginary axis. This gives us the following proposition.

Proposition 2.5.3 (Norm of %? Functions)
Given F € H?, we have

1Fll32 = I1F || c2;)-
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The following notation shall be used to denote the various projection operators on £2.
Definition 2.5.5 (Projection Operators on £?)
The projection of £ onto L?(R4) ( or H?) shall be denoted Iz (g, ) ( or IIyz) . These operators
shall be used interchangeably. The projection of L2 onto £2(R_) (or H?") shall be denoted Mg p)
(or I, ;1 ). These operators shall be used interchangeably.

We note that such projection operators have induced norms, on £2, equal to 1.

2.6 L* Function Theory

The function space L is defined as follows.

Definition 2.6.1 (Function Space: L>(jR))

Lo & L>*(jR) will denote the space of Lebesgue measurable essentially bounded complex-valued
functions with support on the imaginary axis. This space is a normed linear space over the field
C, when endowed with the following norm

def .
|F|lce = ess sup |F(jw)|.
wER,

Proposition 2.6.1 (System Interpretation)
Given F € L, the associated time function f defines a convolution kernel from £2 to £2. Moreover,

|Flleee = sup |If * 2|l

|2l c2 <1

where f x z denotes the convolution of f with .

Definition 2.6.2 (Adjoint)
Given a complex-valued function F(s) with domain of definition including the imaginary axis, we
shall denote the adjoint of F as follows

F*(s) ¥ F(=3).
[ |
Strictly speaking, the concept of an adjoint should be defined in terms of bounded linear functionals
[48]. This degree of rigor will not be necessary for our purposes.
The function space C.(jR) is defined as follows.
Definition 2.6.3 (Function Space: C.(jR) )
C. ef Ce(jR) is the set of all complex-valued functions which are continuous on the extended
imaginary axis.
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2.7 'H* Function Theory

The function space H* is defined as follows.

Definition 2.7.1 (Function Spaces: H>®, H)
Ho X H>(C) will denote the Hardy space of complex-valued functions which are analytic and
essentially bounded in C'y. H* is a normed linear space over the field C, when endowed with the
norm
def .
| F||3e = sup sup |F(o + jw)|.
>0 weR,

HE® &f Mg (C4) will denote the subspace of H* functions which roll-off.

|
RH*>® and RHG® will denote the corresponding subspaces of real-rational H* functions. We note
that RH> functions have no poles in the extended closed right half plane [23]; i.e. all of their poles
lie in the open left half plane.

Definition 2.7.2 (Function Space: H>*(C_))
H>*(C_) will denote the Hardy space of complex functions which are analytic and essentially
bounded in C_.

|
RH>(C_) will denote the corresponding subspace of real-rational functions. Such functions have
no poles in the extended closed left half plane [23]; i.e. all of their poles lie in the open right half
plane.

Definition 2.7.3 (H?)

HB ¥ wB (C4+) will be used to denote the Hardy space of complex-valued functions which are
analytic in C; and bounded on compact subsets within C, [60, pp. 589].

|
This space should be thought of as containing all improper functions which would be in K> if it
were not for their improperness (e.g. f(s) = s). RHP will denote the corresponding subspace of
real-rational functions.
It is a fact [30, pp. 128] that H* functions can be unitarily extended to have support almost
everywhere on the imaginary axis. More precisely, we have the following proposition.

Proposition 2.7.1 (Extension of H* Functions onto the Imaginary Axis)

Given F € H™, it possesses non-tangential limits almost everywhere on the imaginary axis. By
taking such limits, one obtains a unique extension F' € L= of F onto the imaginary axis. Moreover,
this extension is an isometry.

When dealing with such functions we shall always assume that we are dealing with the extended
functions; i.e. we make no distinction between the function and its extension. Given this, the norms
of such functions can be computed from values on the imaginary axis. We state this formally as
follows.
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Proposition 2.7.2 (Maximum Modulus Theorem for H>)
Given F € H*, we have

def .
[Fll3e0 = IIFll o0 = ess sup |F(jw).
wER,

Consequently,
[F(s)| < 1Pl geo

for all s such that Re(s) > 0.

Definition 2.7.4 (Uniform Roll-off)
We shall say that a sequence of functions {F,}2, C M uniformly rolls-off if there exists a

frequency wp = wo(€) such that |F,,(jw)| < € for all n € Z, for all w such that |w| > wy.

Definition 2.7.6 (Inner Function)
Given F € H>™, we say that F is inner in H® if F*(jw)F(jw) = 1 almost everywhere on the
extended imaginary axis.

[ |

RH* functions which are inner have all of their poles in the open left half plane and all of their

zeros within the open right half plane. They do not have any zeros on the extended imaginary axis.

A special class of inner functions are Blaschke products [30, pp. 63-68; pp. 132]. The following
proposition desribes their properties.

Proposition 2.7.3 (Blaschke Product)
Re(z,

Let {z};=, denote points in the open right half plane such that Y=l T T < . The function

is well defined and is called a Blaschke product. The Blaschke condition

i Re(z) < o

k=1 1 + IZklz

is necessary and sufficient for pointwise convergence. Suppose that this condition is satisfied. B
then possesses the following properties.

(1) B is inner in H* and |B(s)| < 1 in the open right half plane.
(2) The partial products converge uniformly on compact subsets of the open right half plane.

(3) Let K denote the compact set consisting of the points —Z; and the accumulation points of z.
The convergence of the partial products is uniform on any closed subset of the complex plane
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which is disjoint from K. B is thus analytic off K.

(4) B has an essential singularity at each point of accumulation of the z;. Hence B cannot be
extended continuously from the open right half plane to any such accumulation point, for the
extended value of B would have to be zero, while the non-tangential limits of B are of modulus 1
almost everywhere.

The above proposition implies that infinite Blaschke products are not continuous everywhere on
the extended imaginary axis. Hence, by proposition 2.10.1, they cannot be uniformly approximated
by RH* functions. Moreover, B € C, if and only if B is a finite product.

Blaschke products are the only inner functions which possess zeros. We now define the notion
of a singular inner function.

Definition 2.7.6 (Singular Inner Function)
A singular inner function is an inner function which has no zeros.

The function F(s) = e~* is inner and it has no zeros. It is a singular inner function.

Proposition 2.7.4 (Properties of Singular Inner Functions)

Let § denote a singular inner function. Then § is uniquely determined by singular positive measure
i on the imaginary axis. § is analytic everywhere in the complex plane except at those points on
the imaginary axis which lie in the closed support of the measure pu. The function § cannot be
continuously extended from the open right half plane to any point in the closed support of u.

The above proposition implies that singular inner functions are not continuous everywhere on
the extended imaginary axis. Hence, by proposition 2.10.1, they cannot be uniformly approximated
by RH*> functions. An example of such a function is F(s) = e™*.

Proposition 2.7.5 (Factorization of Inner Functions)
Every inner function F € H*™ can be written as the product of a Blaschke product and a singular
inner function.

Definition 2.7.7 (Outer Function)
Given F € H*, we say that F is outer in H> if FH? is dense in H? with respect to the topology
induced by the norm ||-||5;; on #?; i.e given y € H? there exists € H? such that ||[Fz — y||,, < e

[
The above condition should be thought of, loosely speaking, as a “surjectivity” condition. RH*>®
functions which are outer have all of their poles in the open left half plane and all of their zeros out-
side of the open right half plane. Such functions, in general, have zeros on the extended imaginary
axis.
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Proposition 2.7.6 (Inner-Outer Factorization)
Given F € H*™ there exists inner and outer functions F;, F, € H* such that

F = F;F,.

This proposition can be found in [49, pp. 344], [54].

Definition 2.7.8 (Minimum Phase Function)
Given F € H™, we say that F is minimum phase if F has all of its zeros in the open left half plane.

2.8 Theory of Linear Operators

Let M; and N; denote normed linear spaces over fields F; and F,, with norms II- Il ~, and ||| Ny
respectively. Let T : N; — N denote a linear operator.

Definition 2.8.1 (Bounded Linear Operator)
We say that T is a bounded linear operator from N; to N, if its induced norm, given by

def
ITI|'= sup [Tz,
l=llay =1
is finite.
The set of all bounded linear operators from A, to A is denoted B(Ni1, N3).

Definition 2.8.2 (Finite Rank Operator)
We say that T is a finite rank operator from Ny to A if the closure of its range space T(N}), is
finite dimensional.

The set of all finite rank operators from A to N, is denoted Boo(N;, N3).

Definition 2.8.3 (Compact Operator)
We say that T is a compact operator from N to N, if for any bounded subset M C M, the closure
of T(M) is compact with respect to the topology on A; induced by the norm ||-|| Ny

The set of all compact operators from A; to N is denoted B,(N;, Nz).

Finite rank operators are compact. Compact operators, however, are not necessarily finite rank.
Their relation to finite rank operators is given by the following proposition.

Proposition 2.8.1 (Finite Rank Approximants)
If NV is either £2 or L* then B,o(N,N) is dense in B,(N,N') with respect to the induced-norm
topology.

[ |
This proposition says that compact operators can usually be approximated by finite rank operators.
This proposition appears in [5, pp. 179].
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2.9 Hankel/Toeplitz Operator Theory
In this section we assume that F € £L* is given.

Definition 2.9.1 (Hankel Operator)
The Hankel operator with symbol, or induced by, F is the map I'r : H2 — H? defined by

Trpg & I,,.Fg, where I, denotes the projection operator from £? onto H2* (or £L2(R_) ).
The operator norm of I'r is given by

def
ITFl| < sup |ITrgllza-
lgllc2=1

Proposition 2.9.1 (Finite Rank Hankel Operator)
F induces a finite rank Hankel operator if and only if F € H*(C;) + RH*®(C_). The rank of such
an operator is equal to the number of open right half plane poles of F.

|
This proposition is known as Kronecker’s Theorem and can be found in [44, pp. 46].
Proposition 2.9.2 (Compact Hankel Operator)
F induces a compact Hankel operator if and only if F € H*(Cy) + C.(jR).

|

This proposition is known as Hartman’s Theorem and can be found in [44, pp. 46]. The following
example illustrates the use of the theorem.

Example 2.9.1 (Application of Hartman’s Theorem)
Suppose a,3, A € R are given. The Hankel operator induced by

1
F(s) " as +1
is compact. The Hankel operator induced by
s+1 ,a a, 1-8 ,a
G(s) = e’? =e*" + e’
(6) =77 3 Py

is non-compact.

Definition 2.9.2 (Toeplitz Operator)
The Toeplitz operator with symbol, or induced by, F is the map Op : H2 — H? defined by

Org % 1,2 Fg, where Il denotes the projection operator from £? onto H? (or L2(R4) ). The
operator norm of O is given by

def
10F|| = sup [|OFg|.-

9lle2=1

32



2.10 'H>™ Approximation Theory

In this section we present results from H* approximation theory. These results shall be used
throughout the thesis. We begin by presenting various notions of convergence in .
Let {Gr},~, denote a sequence of H* functions. Also, let G be an element of H™.

Definition 2.10.1 (Uniform Convergence)
We shall say that G, converges uniformly in H*™ to G, or that G,, uniformly approzimates G in
He, if

Jim [1Go — Gllpm = 0.

This defines the notion of uniform convergence in H*™.

Definition 2.10.2 (Compact Convergence)
We shall say that the sequence {G,}.>, converges uniformly on all compact frequency intervals to
G, if

Jiz (6o - &)X -aa,,
for each (1 € R, howeverlarge. This type of convergence shall be referred to as compact convergence
in H*>.

In controlling infinite dimensional systems, an often encountered H> function is the “delay”:
G(s) = e=*A where A > 0. The following example provides us with one method of generating
compact approximants for delays.

Example 2.10.1 (Compact Approximant for a Delay)

Let n
n
Gn = (sA + n)

define a sequence of RH™ functions. It can be shown that the sequence defined by G, uniformly
approximates the H> function G = e~*2 on compact frequency intervals [2, pp. 178].

The following example shows how Pade’ approximants can be used to generate compact ap-
proximants for delays.

Example 2.10.2 (Pade’ Approximant)
The [n, n] Pade’ approximants for P(s) = e~*2 are given by

Pn(s)

n( )_ Dpn( )
where 0 |
DPn(s) 7(1'1;'_( 7;,)'( A)k
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and
Np.(8) = Dp,(~3)-

We note that the P, are stable for all n. We also note that they are inner, and hence uniformly
bounded. Moreover, they uniformly approximate P on compact frequency intervals. The latter
follows from [26] where it is shown that

le=34A _ P, (jw)] < {2(%%(765)%)2n+1 lwA| < 2(¥2)3n;
2 elsewhere.

The following example provides us with still another method of generating compact approxi-
mants for delays.

Example 2.10.3 (Compact Approximant for a Delay)
If P(s) = e~*A, then the sequence defined by

2n — sA\"
Pa(s) = (2n + sA)

can be shown to uniformly approximate P on compact frequency intervals. This follows from
analysis of the expression
wA - 2ntan~1(42)

2n

|Pn(jw) - P(jw)] = 2] sin( 3 )l

and the fact that lim, o, 2ntan~1(42) = wA.

In the sequel, we shall quite often deal with uniform convergence on different portions of the
imaginary axis. To deal with this type of convergence, we will need the notion of a §-neighborhood.

Definition 2.10.3 (4-Neighborhood)

Let wo denote any finite real number. Think of wg as representing a frequency point on the imaginary
axis. By a d-neighborhood of wg, denoted B(wq, ), we shall mean the collection of points in the
following bounded open frequency interval

B(wy, §) def (—wo — 6, —wo + 8) U (wg — 8, wo + 6)
where § > 0, however small.
The symbol B(c0,§) will denote a §-neighborhood of oo. It is defined as the collection of points
in the following unbounded open frequency interval

B(00, §) &f (— o0, —%) U (%, ).

By symmetry B(—o0,6) is the same set.
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With the above convention, a smaller § implies a “smaller neighborhood”(i.e. less points). A larger
6 implies a “larger neighborhood”(i.e. more points). Given this, it is reasonable to refer to § as the
size of the neighborhood B(-,4) where (-) is any positive extended real number.

We now define other notions of convergence in H>.

Let {wi},_, denote an increasing sequence of distinct points on the extended non-negative real
axis. Here, l € Z; U {oo}; i.e. the sequence can be finite or countably infinite.

Definition 2.10.4 (Convergence on Closed Sets)
We shall say that the sequence {G,} >, converges uniformly to G everywhere except on open

neighborhoods of the points {wk}izl, if

Jm (G - @)Xy o] =

for each § > 0, however small. Since the set R/ U}_, B(wk, §) is always closed, one can equivalently
say that the sequence {G,},-, converges uniformly to G on all closed frequency intervals excluding

the points {wk}i_,

We note that the set R/ U}_; B(w,§) need not be bounded; e.g. the set R/B(0,8) = (—o0, §]U
[6,00) is not bounded. This unboundedness in R/ U,_, B(w,6) occurs if and only if oo is not
amongst the points {"’k}i=1' When oo is amongst these points, the set R/ UL_, B(wy,d) will be
bounded and hence compact. This motivates the following extension of compact convergence in
Hee.

Definition 2.10.5 (Convergence on Compact Sets)

We shall say that the sequence {G,},., converges uniformly to G on all compact frequency intervals
ezcluding the points {wy},_, (and necessarily +00), if

Jim ”(Gn - G)Xn/s(oo,a)uu;=13(wk,s)“Hw =0

for each § > 0, however small.

Example 2.10.4 (Convergence of Sequences)

(a) The sequence defined by the function f,, = ’—J:—_-I_- converges unifornly to unity on all closed

frequency intervals excluding the point 0; i.e.

lim ”(1 ~ fm)XR/B(O,é)”,Hoo = lim ”(1 - fm)X(—oo,—6]U[6,oo)”H°° =0

m— o0 m—oo

for each § > 0, however small.
(b) The sequence defined by the function g, = 7+= converges uniformly to unity on all compact

frequency intervals; i.e.
lim “(1 - gn)xY[_Q’n] ”7‘["" =0

n—oo

for each ? € R, however large.
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In later sections we will deal with convergence in H*®. Often we will need to turn uniform
convergence in H* on compact sets into uniform convergence. The following lemma tells us how
this can be done.

Lemma 2.10.1 (Convergence in H*)

Let F € H*® NC,. Also, let F(jws) = 0 for each k = 1,...,l. Suppose that {G,}32, is a uniformly
bounded sequence of elements in H*®. Also suppose that G € H>. If the sequence {Gn}22,
converges uniformly to G everywhere except on open neighborhoods of the points {wk}§c=1; i.e. if

Jim [(Gn = )X Ryis_,Buns) o = 0
for each § > 0, however small, then
Jim (G — G)Fllym = 0.

If instead, we have
i 6 % nal,.. =0

for each € R, however large, then
Jim [[(Gn — G)Fllye = 0
for each F € H.

|
Proof The proof of this lemma follows intuitively using arguments from elementary analysis.
We shall prove the first statement for / = co. The case where [ is finite will then follow. The proof
of the second result will be similar.

(A) Proof of first result.

To prove the first result we will consider the quantity |(G, — G)F| on two sets. We shall denote
the sets S5 and R/Ss. The proof will proceed in three steps. (1) First we show that there exists a
set S5 on which F is small. We then make the quantity |(G, — G)F| small on S5 by exploiting the
boundedness of G, and G. (2) We then exploit the boundedness of F on R/Ss to make |(G,—G)F|
small on R/Ss by taking n sufficiently large. (3) Finally, we combine the results of (1) and (2).

Step 1: Analysis on S;.
Let n € Z, be fixed. Since G, and G are uniformly bounded, there exists L € R, such that

|(Grn = G)F| < L |F|

almost everywhere on the extended imaginary axis. This inequality shall be used twice below.
Since | = oo and the sequence {wk}fe=1 C R. is monotone, it possess an accumulation point, say
A € R.;i.e. A can be a finite non-negative value or oo 3.

3[f I = oo then it should be noted that the domain of analyticity of F cannot be extended to include the point,
at which the wp accumulate. 'This follows from proposition 2.3.5. A non-constant analytic function with such
accumulation of zeros would necessarily be zero throughout its domain.

36



Since F is continuous everywhere on the extended imaginary axis, it is continuous at A. Since
F(jwi) = 0, this implies that

F(jA) % F(Jlim jwy) = lim F(jwe) = 0.
By continuity at A, there exists §4 def da(e, L) > 0 such that
[FXssny. < 7-
Combining this with the previous inequality, then gives the following result
ll(Gn - G)FXB(A,JA)”HN <e
Since A is an accumulation point of the sequence {wi}L_,, the set B(A4,484) contains all but a

finite number of the wy. Suppose the points {wy, }2___1 lie outside B(A,d4).
Since F' is continuous at each wj and since F(jwg) = 0, then for each k = 1,2,...,1;, there

exists & def Or(€,wr, L) > 0 such that

“ FXU:::: B(wk,6%)

<=,
H oo - L
From this, and the first inequality |G, — G| < L |F|, we obtain the following result

<e.

”(Gn - G)FX
Hoo

U:}: 1 B(Uk,ﬁk)
We now define

5§ 8(e, A, L, {wi}i ) def min{ é4, knllinl & }.
=1,...03

Note that this minimum is well defined and strictly positive since we are minimizing over a finite
number of objects. Given this, we can define the set S5 as follows

Ss % B(A,6) U UL, B(wk, 6).
With this definition, combining the above results gives the following
1(Gn — G)F X, llpm < €.
Moreover, this holds for all n € Z, . This concludes the analysis on S5. We now turn to R/Sj.

Step 2: Analysis on R/S;s.
Since F is bounded, there exists M € R, such that

(Gn — G)F| < M |G, — G

almost everywhere on the extended imaginary axis. Since G,, converges to G uniformly everywhere
except on open neighborhoods of the points {""k}5e=1’ we have

Jim (G - 6)Xnys,

=0.
Hoo
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This implies that there exists N % N (€,8, M) such that
o crems. <
for all n > N. This completes the analysis on R/Sj.

Step 3: Combine steps 1 and 2.
Combining the results of steps 1 and 2 gives

[(Gn = G)Flp00 <€

foralln > N.
This proves the first result for = co. When [ is finite the sequence {wy }i=1 has no accumula-
tion point and so the proof is simplified.

(B) Proof of second result.
The proof of the second result is similar to that of the first. Since G, and G are uniformly
bounded we have (G, — G)F| < L |F| almost everywhere on the extended imaginary axis. Since

F € HE, there exists @ % (e, L) > 0 such that

<e

“(Gn ~ G)FXp, ‘Hw <

&)

for any n € Z,. By assumption, lim,,_, o “(Gn - G)X_a, ”Hw = lim, 0 ”(Gn - G)XR/B(oo,ﬁ-)"Hw =
0. Since F is bounded we have |(G, — G)F| < M |G, — G| almost everywhere on the extended
imaginary axis. This then implies that

lim [[(Gn ~ G)FXpyp e

&)
n— oo 1

e
Combining the above gives
i [[(Gn — G) Pl = 0.

This proves the second result and completes the proof. n

This lemma will be applied often in sections to come. The key to the lemma is that F, loosely
speaking, “rolls-off” on portions of the imaginary axis where the convergence of G, to G may be
poor. In light of this, we see that roll-off is desirable in certain situations. We thus define the
following special roll-off functions.

Definition 2.10.6 (Roll-off Functions)

1

Fm(8) = (s j: a);

1
2 2 n
def 8" + w
gn(s) = (s2+2bs+w§+b2)

my
ho(s) % (=L hﬁ L
BT \s + 2 1 91 2,12
q k=1 s+2;s+wk+3

where a,b € R, l;,l3,my € Z, are fixed, and m,n,q € Z,.
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|
These functions shall be instrumental in the work that follows. It is important to note several
properties about the functions f.,, g, and h,.
First note that they each belong to > and have magnitudes, and hence norms, which are less
than or equal to unity. Moreover, they are continuous everywhere on the extended imaginary axis.
Secondly, one should note that they each approximate unity as follows.

The sequence { f,, }o-_; uniformly converges to unity on all compact frequency intervals; i.e.

lim (1~ fm)Xi-0i01] .. =0

m— oo

for each Q € R, however large. The sequence {g,},~, uniformly converges to unity everywhere
except on open neighborhoods of the single point wy; i.e.

lim “(1 — 9n) X R/B(w1,6) HHN =0

n—oo
for each § > 0, however small. The sequence {hq};"_’__1 uniformly converges to unity on all compact
frequency intervals excluding the points {wy, }fle (and o0); i.e.

=0

lim "(1 — hy)X
q—rco Moo

R/B(00,6)UULZ | B(wy,5)

for each § > 0, however small.

The irrational functions f,, and g, have appeared in [14]-[16], [63]. They possess the special
property that their phase can be made arbitrarily small, uniformly in frequency, by taking m and
n, respectively, sufficiently large; i.e.

Jim |64, [l =0
and
Jim {65, [z = 0.
We note, for example, that
— arctan ¥ g
0s |is=iw] = |————2| < —.
| fml[s—Jw] | m | < om
This special phase property of f,, and g, shall be very important in what follows.

The rational function h, has appeared in [56], [59],(60]. It does not possess the special phase
properties that f,, and g, possess.

The following lemma is analogous to lemma 2.10.1. It will allow us to turn compact convergence
in H* into uniform convergence in H2.

Lemma 2.10.2 (Convergence in H?)
Suppose that G, G € H*, where the G, are uniformly bounded in H*. If

Jim (6 - ) Xi0a,,.. = 0

for each € R, then
Jim [(Go ~ G)Fllpa = 0

for each F € H2.
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Proof The proof of this follows using the natural roll-off of H? functions and arguments similar
to those used in the proof of lemima 2.10.1. We have

1 <o
(G = )Pl = 5= [ (G~ G)FfPdw

1 1
= - Gn-Gde ——/ Gn"Gde
= /MSQI( )P+ 52 [ VF|?dw
2 1 2 2 1 2
< |G- OXianlpuzy [ o 1PV +1Gn~ Gllmgy [ 1P,

Since G, and G are uniformly bounded in H*, there exists M € R, such that
2
(G = G)Fls < |(Gn ~ Xt IFle 41 [ 1P

Since F € H?2, the second term can be made arbitrarily small by taking  sufficiently large; i.e.
there exists 0, = Qo(e, M, F) € R, such that

2
(G — G)FI2s < | o lIFllZ + e

(Gn - G)X[“'noano]

for all n € Z,. Given this, and the assumption, the first term can be made arbitrarily small by
taking n sufficiently large; i.e. there exists NV < N (e, Q0, F) € Z, such that

(G — G)F|l3a < 2¢
for all n > N. This proves the result. [ |

In the sequel we will require the following proposition on the uniform approximation of H>
functions by RH* functions. It tells us, for example, that the irrational function f,, can be
approximated uniformly in H*® by RH* functions.

Proposition 2.10.1 (Existence of RH> Approximants)
A function F € H*™ can be uniformly approximated by RH* functions if and only if F € C..
Suppose F € C.. In such a case, the approximants can be constructed such that they roll-off if and
only if F rolls-off.

If in addition, F is minimum phase, then the approximants can be constructed such that they
are minimum phase*.

The approximants can be constructed such that they are inner if and only if F is inner.

Finally, suppose F is also outer with a finite number of zeros on the extended imaginary axis;
each with finite algebraic multiplicity. In such a case the approximants can be constructed such
that they are minimum phase with the exception of zeros of multiplicity 1 on the imaginary axis
at the imaginary zeros of F.

|
Proof
The key elements of this proposition can be found in [28] and [30, pp. 17 - 18]. |
Related to this proposition are the theorems of Runge, Mittag-Leffler, and Mergelyan [49].

The following example illustrates how one might approximate an outer function with minimum
phase functions.

Minimum phase functions have all of their zeros in the open left half plane.
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Example 2.10.5 (Approximation of an Outer Function)

Let F(s) = ,/;#7. We note that F € H>® N, and is outer. We now show how F can be
uniformly approximated by RH* functions which are minimum phase with the exception of a zero

at s = 0 with multiplicity 1.
def def 3 1 . . .
The sequence defined by F,, = s G,, where G, = m erT 8pproximates F uniformly in

H*. The function G, is minimum phase, and can be approximated uniformly by minimum phase

RH> functions G,. Given this, the sequence defined by F, fs G, also uniformly approximates

F.

The following proposition can be found in [2, pp. 176-177).

Proposition 2.10.2 (Compact Convergence and Analyticity)

Let D be a domain in the complex plane. Let {F,}>° , be a sequence of analytic functions on D
which converge uniformly to F on all compact subsets of D. It then follows that F' is analytic on
D. Moreover, the derivatives of F,, (of any order) converge to those of F uniformly on all compact
subsets of D.

2.11 Duality Theory

Let NV be a normed linear space, over a field F, with norm ||:||,~. Duality theory deals with the
study of bounded linear functionals.

Definition 2.11.1 (Bounded Linear Functional)
Let f: N — F be a linear map. Such a map is called a linear functional on N'. We say that fis a
bounded linear functional on N, if its induced norm

1Al Y sup |f(=)|

Jl]|pr=1

is finite.

Definition 2.11.2 (Dual Space)

The set of all bounded linear functionals on A is denoted A*. This set defines a normed linear
space over the field 7, when endowed with the induced-norm. It is called the dual space of N'. The
space N is often called the primal space.
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Definition 2.11.3 (Weak* Convergence)
Let {fo}ney, f C N'*. We say that f, converges to f in the weak* topology on N'*, if
lim |f.(g) ~ f(g)| =0

n—oo

for all g € N. In such a case we say that f is the weak* limit of f,,.
n

The above shows that weak* convergence is nothing more than pointwise convergence on the primal
space N

Proposition 2.11.1 (Implication of Weak* Convergence)
Suppose {fn}.>,, f C N* and that f, is weak* convergent to f. It then follows that
< lim i 5
1Fllare < Jizoy inf |l felly
|

A proof of this can be found in [5]. It is based on the Uniform Boundedness (Banach-Steinhauss)
Theorem. This “deep” result is extremely powerful. It shall be exploited in subsequent chapters.

For normed linear spaces the following proposition provides a complete characterization of
compactness.

Proposition 2.11.2 (Compact Set)
A subset of NV is compact if and only if every sequence in A has a subsequence which converges to
a point in A. In such a case one says the the subset possesses the Bolzano- Weierstrass property.

The above is not true for general topological spaces. Some authors use the phrase sequential
compactness to characterize the above behavior. Since we shall only be working with normed linear
spaces, such preciseness is not required.

Whether a normed linear space is finite dimensional or infinite dimensional can be determined
by ascertaining whether or not its closed unit ball is compact. This is seen from the following
proposition.

Proposition 2.11.3 (Finite Dimensionality)
N is finite dimensional if and only if its closed unit ball is compact.

[ |

This proposition shows that infinite dimensional spaces necessarily have non-compact closed unit
balls.

The following proposition gives us a very useful topological property of the closed unit ball in

the dual space N'*.

Proposition 2.11.4 (Alaoglu’s Theorem)
The closed unit ball in N'* is weak* compact; i.e every subsequence has a weak* convergent subse-
quence.

This proposition can often be used to prove the existence of certain limits. Its proof can be found
in [5, pp. 134].
The following proposition is an application of Alaoglu’s theorem.
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Proposition 2.11.6 (On Weak* Convergence)
Suppose § C N* is weak* compact and {fa}oz: C S. Suppose also that every weak* convergent
subsequence of {f,}2, converges to L € S. Then, f, has L as its weak* limit.

Proof  The proof of this proposition follows readily using a contradiction argument.
Suppose that L is not the weak* limit of f,. If this is the case then there exists a subsequence
{fn(k)},?’:l and an element g € A such that

| Friky(9) — L(g)] > €

for all k.

The subsequence { f"(k)}:.;l is contained in the compact set §. It is thus uniformly bounded
in N*. By Alaoglu’s theorem it follows that it possesses a weak* convergent subsequence. By
assumption this subsequence must converge to L. This contradicts the above inequality. It must
therefore be that L is, in fact, the weak* limit of the sequence {f,}2>,. This completes the proof. Bl

An analogous proposition can be proved for other topologies and notions of convergence. The
idea is intuitive: given compactness and a unique limit point guarantees convergence to the limit
point.

2.12 Equicontinuity, Normality, Arzela-Ascoli

In this section we shall follow the developement given in [49, pp. 245, 281-282]. Let F denote a
family of complex-valued functions defined on a domain D in the complex plane.

Definition 2.12.1 (Equicontinuous Family)

We say that F is equicontinuous on D, if given € > 0, there exists § def d(€) > 0, such that

sup | f(s1) — f(s2)| < e
feF

for all s,, s € D satisfying |s; — s3] < 4.

|
We note that the functions of an equicontinuous family are necessarily uniformly continuous.
Definition 2.12.2 (Pointwise Bounded Family)
We say that F is pointwise bounded on D, if given s € D, there exist M(s) < oo, such that
sup | f(s)| < M(s).
fer
|

Definition 2.12.3 (Uniformly Bounded Family on Compact Sets)
We say that F is uniformly bounded on compact subsets of D, if given a compact subset § C D,
there exists M(S) < oo, such that

sup |f(s)| < M(s).
{feD; seS}

43



Definition 2.12.4 (Normal Family)

We say that F is normal on D, if every sequence of functions in F contains a subsequence which
converges uniformly on all compact subsets of D. In such a case we say that every sequence in F
exhibits the Bolzano-Weierstrauss property on compact subsets of D.

The following specialized version of the Arzela-Ascoli theorem gives sufficient conditions for
normality.

Proposition 2.12.1 (Arzela-Ascoli Theorem)
Let F be a family of complex-valued analytic functions defined on a domain D in the complex
plane. If F is uniformly bounded on each compact subset of D, then F is normal on D.

The following example illustrates how the Arzela-Ascoli Theorem may be applied. Arguments
similar to those used in the example shall play a critical role in the later chapters.

Example 2.12.1 (Application)

Let {Z,}2., C H™ be a uniformly bounded sequence. The above proposition implies that {Z, —a
is a normal family. Consequently, there exists a subsequence {Zn(r)} 1., which converges uniformly,
to say L, on compact subsets in the open right half plane. Since Zp(k) is uniformly bounded in
H>, L will be bounded in the open right half plane. From proposition 2.10.2, it then follows that

L e H>™.

2.13 Summary

In this chapter we established notation to be used throughout the thesis. The spaces H>™ and 2
were defined and discussed. Results from H* approximation theory were also presented.
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Chapter 3

Results from Algebraic Systems
Theory

3.1 Introduction

In this chapter we present several results from algebraic systems theory.

3.2 The Youla et al. Parameterization

Throughout the thesis, we shall focus on feedback systems having the classical structure shown in
Figure 3.1.

Here F denotes a plant and K denotes a compensator. We shall assume that both are causal,
linear time invariant, single-input single-output, continuous time systems. At the moment, we make
no assurmnption about their dimensions; i.e. each can be finite dimensional or infinite dimensional
systems. r and d denote exzogenous signals. e and u denote the error and control signals, respectively.

Let H(F, K) denote the transfer function matrix from r,d to e, u. We then have

i) w1

where ] .
#(r k)= |
i-FK 1-FK

Given this, we have the following terminology. The transfer function i-:lﬂ; shall be referred
to as the sensitivity transfer function. The transfer function i:% shall be referred to as the
complementary sensitivity transfer function. Finally, the transfer function '1':}%7? shall be referred
to as the reference to control transfer function.

Let R denote some class of scalar functions which we shall refer to as the stable transfer functions
(e.g. H*™® ). Let M(R) denote the set of all transfer function matrices with elements in R.

We shall say that the feedback system in Figure 3.1 is R-internally stable or that K internally
stabilizes F' with respect to R if H(F,K) € M(R).

Sr(F) will be used to denote the set of all compensators K which internally stabilize the plant
F with respect to R. The class R should be viewed as a ring. We now define this and other
algebraic concepts [56].
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Figure 3.1: Feedback Control System Structure

Definition 3.2.1 (Algebraic Concepts)

A ring is a collection of elements R on which we define two binary operations + : RX R —» R and
.: R x R — R. Given any z,y, z € R, the operations + and - satisfy the following ring axioms.
(1) Closure: z +y € R.

2) Commutivity: z + y = y + z.

3) Associativity: (z +y)+z=z+(y + 2).

) There exists an element 0 € R called the additive identity, such that z + 0 = z.

) There exists an element —z € R called the additive inverse of z, such that z + (—z) = 0.

) Closure: z -y € R.

) Associativity: (z:y)-z ==z (y-z).

(8) There exists an element 1 € R called the multiplicative identity, such that z-1 =1.z = z.
The existence of such a multiplicative identity is what algebraists mean when they say that a ring
R contains an identity.

(9) Distributivity: z - (y+2) =z -y + - 2.

(10) Distributivity: (z+y)-z=2-z4+y-z.

(
(
(
(
(
(

i

We say that R is a commutative ring if the binary operation (-) is commutative on R; i.e.
z.y=y-z.

Let R be a commutative ring. We say that R is a domain if 2,y # 0 implies that z -y # 0 and
y-z #0. zisaunitof yifz.y = 1 and y-z = 1. In such a case, we say that z and y are invertible
in R.

Given this, we have the following parameterization for Sz (F) [56, pp.364], [58], [69]. We refer
to it as the Yo:la et al. parameterization.
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Proposition 3.2.1 (Youla et al. Parameterization)

Let R be a commutative domain with an identity. Let F(R) denote the fraction field associated
with R. Suppose F € F(R). Suppose also that F has a coprime factorization (N¢, Dg) over the
ring R with Bezout factors (N, Dy); i.e. suppose there exists elements N¢, D¢, N, Dy € R such
that

and
(Dka — Nka)—l ER

for all s in the domain of definition of R. Given this, the set of all compensators K which internally
stabilize F' with respect to R can be parameterized as follows:

Sr(F) = {g—::—ffi% | Q € R}

Throughout the thesis, the symbol P shall denote an infinite dimensional plant 2 to be controlled.
It shall always be assumed that P satisfies the assumptions of proposition 3.2.1. This shall be stated
formally in assumption 4.2.1.

Given this, we shall often write K(P, Q) to denote a particular compensator which stabilizes P.
With this notatation, K (P, -) represents a bijection from R to Sg(P).

The utility of the above parameterization is that it allows us to express the individual transfer
functions of H(P, K(P,Q)) as affine functions in the parameter Q:

Dy(Di — NPQ) Np(Dk - NpQ)

H(P,K(P,Q)) = Dp(Ni — DyQ) Do(Di — N,Q) |

This affine dependence on @ is invaluable in optimization problems.

Finally, we note that if P € R, then we can choose N, = P, D,=1,N,=0,and D = 1.
The set of compensators K which internally stabilize P can then be parameterized as follows
-Q

K(PQ ¥ 55

where @) can be any element in R.

3.3 A Stability Result

In what follows, we shall require the following proposition on internal stability.

Proposition 3.3.1 (Internal Stability)

Let R denote a commutative domain with an identity. Let F denote a plant and C' a compensator.
Let (Ng¢,Dy¢) € R be coprime factors for F over R. Let (N.,D.) € R be coprime factors for C
over R. We then have that C internally stabilizes F with respect to the ring R if and only if

§(F,C) % DyD, — N¢N, is a unit of R.

1t should be noted that the compensators in Sz (F) need not be causal [17, pp. 3], [?]. Conditions will be given
so that this is avoided. All compensators which we construct in the thesis, of course, will be causal.
?By infinite dimensional we mean not necessarily finite dimensional.
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|
Proof The proof in [56, pp. 45-46, lemma 4] applies to our general ring R. The main ideas are
now given.
If 6 is a unit in R, then the associated closed loop transfer function matrix
H(F,C) = [ DyD, N¢D. } 1

DyN, DyD. |é

has all of its transfer functions in R; i.e. H(F,C) € M(R). This proves one direction.
If H(F,C) € M(R), then we have

D; 1
[Nf]g[Dch ] € M(R).
The coprimeness of (Ny, Ds) and (N, D.) then implies that } € R. This proves the other direction
and hence completes the proof. [ |

3.4 The Corona Theorem

We begin this section with an instructive example.

Example 3.4.1 (K> as a Ring)
The function space H*™ is a commutative domain with an identity [56]. It shall be used throughout
the thesis to define stability; i.e. it will be the the only ring over which we will work.

Moreover, we shall always assume that our plant P belongs to the fraction field associated with
H°. We shall also assume that it has a coprime factorization over the ring 3. With this assumption,
we will be able to use the parameterization in proposition 3.2.1. This, in turn, will allow us to
express system transfer functions as affine functions with respect to the parameter Q.

When we deal with the ring H® we are implicitly concerned with £? - finite gain stability as
defined in [11].

Given this, the following proposition will allow us to determine whether or not two functions
in H*> are coprime.

Proposition 3.4.1 (Corona Theorem)
Given N,D € R where R is H*®, then N and D are coprime in R if and only if

inf |V D 0.
jnf N ()| +1D(a)| >

This proposition can be found in [56, pp. 341-342]. It is sometimes referred to as the Corona
Theorem. Loosely speaking, it says that N and D are coprime in R if and only if they have no
common open right half plane zeros.

31t should be noted that not all functions in the fraction field of A have coprime factorizations [56]. In contrast,
all stabilizable functions in the fraction field of H® have coprime factorizations [52]. This shall receive further
consideration in the sequel.
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3.5 Summary

In this chapter we presented various results from the algebraic systems literature. We are now
ready to precisely state what fundamental problems shall be addressed in this thesis.
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Chapter 4

Statement of Fundamental Problems

4.1 Introduction

In this chapter we precisely define what we shall refer to as the N'-Norm Approzimate/Design
J -Problem. This problem shall be the focal point of the thesis. This problem addresses the ques-
tions: What is a “good” plant approximant? How do we obtain a near-optimal finite dimensional
compensator?

We also define two additional problems, the A'-Norm Purely Finite Dimensional J-Problem and
the N'-Norm Loop Convergence J -Problem. The first problem addresses the computation of optimal
performance measures using finite dimensional techniques. The latter, examines the convergence
properties of designs which result from the Approzimate/Design approach taken in this thesis.

4.2 Basic Assumptions & Notation

In this section we shall make assumptions which will allow us to use the algebraic system-theoretic
results of Chapter 3. In doing so we shall establish notation to be used throughout the thesis.

Let P(s) denote the transfer function of a continuous time scalar infinite dimensional plant 1.
Also, let {P,(s)}.~, denote a sequence of finite dimensional (real-rational) approximants of P. The
sense in which P, approximates P shall be stated in the sequel.

Throughout the thesis we shall assume that the plant P and the approximants P, satisfy the
assumptions in proposition 3.2.1. More precisely, we make the following assumption.

Assumption 4.2.1 (Permissible Plants and Approximants)

Let F(R) denote the fraction field of a commutative domain 2 R with an identity (e.g. H>). Let
Fc(R) denote those elements of F(R) which are expressible as the ratio of coprime factors in R.
1t shall be assumed that the plant P and the approximants {P,(s)}>>, are elements of F,(R).

Given this, P has a coprime factorization over the ring R; i.e. there exists elements N, D, Ni, Dy, €
R such that

!By infinite dimensional we mean not necessarily finite dimensional. Although not explicitly stated. causality and
linear time invariance are implied.
2 A domain is a ring such that the product of non-zero elements is non-zero.
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and
DDy — N,Ni, =1

for all s in the domain of definition of R. It then follows from proposition 3.2.1 that the set of all
compensators K which internally stabilize P with respect to the ring R can be parameterized as
follows:

N, -D
K(P,Q) = 5312

where @ € R. Given this, K'(P,-) is a bijection from R to the set of all compensators Sg(P) which
internally stabilize P with respect to R.
Also, assumption 4.2.1 allows us to associate with each P, the elements Ny, D,_, Ni., D, € R

where
N,

P, =
n Dpn

and
‘DPnDkn - NPr\Nkn =1

for all s in the domain of definition of R. Again, from proposition 3.2.1, it follows that the set of all
compensators K, which internally stabilize P, with respect to R can be parameterized as follows:

Ny, — D
K(P.,Q) = =22
n Pn

where Q € R.

4.3 N-Norm Approximate/Design J-Problem

In this section we precisely define the N'-Norm Approzimate/Design J-Problem. First, we shall
need some assumptions and definitions.

Given the discussion in the previous section, we let Jy(-, K(+,-)) : Fo(R) X Fo(R) X R — Ry
denote a performance measure. We shall refer to it as the A'-norm J-measure. This terminology
is used since in the sequel, A/ will denote the norm on one of the function spaces (K>, %2?) and J
will be represent either a sensitivity criterion or a mized-sensitivity criterion.

Given this, the optimal performance for the infinite dimensional plant P with respect to the
N -norm J-measure shall be defined as follows.

Definition 4.3.1 (Optimal Performance)
Hope & inf Ty (P, K(P,Q)).
|

The optimal 2 solution to this problem shall be denoted Qopt- The corresponding compensator
will be denoted K, and is given by

def Nk -D o,
Kopt S K (P, Qupt) = b.k__N__zgvi.
P opi

31t may be that an optimal solution does not exist. This technical poiut is not important at the moment.
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As stated earlier, our primary motive is that of finding a near-optimal finite dimensional com-
pensator for the infinite dimensional plant P. To do so, one starts by examining the optimization
problem defined in definition 4.3.1.

In general, definition 4.3.1 defines an infinite dimensional optimization problem which is very
difficult to solve. The basic philosophy of this research endeavour has been to avoid the De-
sign/Approzimate approach which appears in the literature. In this approach, one first needs to
solve the above infinite dimensional problem for an infinite dimensional compensator. Then, one
approximates the resulting infinite dimensional compensator to get a desirable near-optimal fi-
nite dimensional compensator [14]-[16], [40]-[41]. Rather than this approach, we have taken an
Approzimate/Design approach.

In our Approzimate/Design approach, we first “approximate” the plant P with a sequence of fi-
nite dimensional approximants { P,,}%2 ;. Then, to obtain a suitable finite dimensional compensator,
we consider the following finite dimensional optimization problem.

Definition 4.3.2 (Expected Performance)
Hn tlgf Qilel% JJV'(Pny K(Pns Q))'

[ |

In the context of this work, we shall refer to p, as the ezpected performance. This terminology for

ln is motivated by the fact that the numbers p,, are typically used to guide us during the design
process.

Let Q, denote the optimal * solution for the problem in definition 5.5.1. In accordance with

assumption 4.2.1, Q,, generates an internally stabilizing > compensator K, for P,. This compensator

is given by:
Nkn. - Dann
Dy, — NpoQn'

It is shown in section 6.3 that, in general K,, need not stabilize P, even when P, is “close” to
P in the uniform topology on R ©. Consequently K, in general, cannot be placed in a feedback
loop with the infinite dimensional plant P. It is thus appropriate to ask whether or not K, can
be modified to obtain a near-optimal finite dimensional compensator for P. We shall see that for
a large class of problems, the answer to this question is affirmative.

Toward this end, we define a “roll-off operator”

T:Qn_’én

which maps Q,, to @, € R. From the above discussion, it is clear that the roll-off operator r must
be chosen intelligently (see section 6.3). The exact form of r will be determined shortly.

Given this, we then consider the feedback system in Figure 4.1, obtained by substituting the
finite dimensional compensator generated by §,,, namely

K, K(P,,Q.) =

7 e A N - ~n
K K (P, Gp) = =D
Dku - NPnQn

It may be that an optimal solution does not exist. Again, this technical point is not important at the moment.

5We note that this may not be the case since @, may not lie in the ring R. This point is also associated with
existence issues and is not critical at the moment.

8Since we shall be working over the ring H™, it is clear what is met by the uniform topology.
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into a closed loop system with the infinite dimensional plant P. We note that although K,, internally
stabilizes P,, it need not internally stabilize P. This critical issue will be addressed in the sequel.
Let H(P,K,) denote the resulting closed loop transfer function matrix from r,d to e,u. We

then have
e | - r
[u] ”'H(P’Kn)[d]’

1 P
sy - e o]

where

1-PK, 1-PK,
Substituting for K,, then gives

.o _ | D (Dk,, — N, ,.Qn) N, (Dk,l — N, "Qn) 1
H(P, Kn(Qn)) = [ Dy(Ni, — DyQn) DD — N @) ] TN ACH))

where

6(P Kn(Qn)) &f p(Dkn - anQn) - Np(Nkn - Dann)'

Assuming internal stability can be shown, we then have the following “natural” definition for
the actual performance.

Definition 4.3.3 (Actual Performance)

iin TN (P, ).

Comment 4.3.1 (Internal Stability)

Since K, ef Nk, — Dp,QnDr,, — N, Q, internally stabilizes P,, the factors Ni, — D, Q,, and
Dy, — N, Q,, must be coprime. This follows from proposition 3.3.1. Given thls, it follows from
the same proposition, that K,(Q,) internally stabilizes P if and only if E(T;K’—(é—)i € R. This

argument will be used in the sequel.
[ |
Given the above discussion, we define the N'-Norm Approzimate/Design J-Problem as follows.

Problem 4.3.1 (Approximate/Design Problem)
Find conditions on the approximants {P,}2 , and on the roll-off operator r such that

lim i, = .
n—oo Hn Hopt

If a set of approximants {P,}32, satisfy the above condition, then we shall say that the ap-
proximants are “good”; i.e. a set of approximants {P,}3, are good if they allow us to satisfy the
control objective. In this sense then, the A'-Norm Approzimate/Design J-Problem addresses the
question: What is a “good” finite dimensional approximant?
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/‘Lopt= J(p7 KOp
'ClDd
Kn > Pn y
Fen=J(Fp,Kp)
—g
Kp - P y
Fen= J(R,Kn)

Figure 4.1: Visualization of Approximate/Design Methodology
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Assuming K, internally stabilizes P, we have

,"'opt 5 ﬁn-

This is because i,y is the optimal performance. Given this, we would like to show that

lim gy, S Hopt-

n—oo

Doing so, however, is equivalent to finding an internally stabilizing finite dimensional compensator
K,, such that

Bn < Mopt + €
where € > 0 is a given (apriori) optimality tolerance. In this sense, the A -Norm Approzi-
mate/Design J-Problem is equivalent to that of finding a near-optimal finite dimensional com-
pensator for the infinite dimensional plant P.

This N-Norm Approzimate/Design J-Problem shall be the focal point of the thesis. More
specifically, the problem shall be solved in the sequel for two distinct performance measures Jy .
To define these measures we shall need weighting functions W, Wy, W, € R.

Let N denote one of the function spaces H* and H2. Suppose that F,G € F,(R) and Q € R.
If the performance measure Jy has the form

w
s rexeyl R

then problem 4.3.1 will be referred to as an M'-Norm Approzimate/Design Sensitivity Problem. A
solution to this problem shall be presented in Chapter 6 when the norm ||-||,; is the H*-norm. The
H2-norm case is addressed in Chapter 8.

If the performance measure Jy has the form

In(F,K(G,Q)) %

In(F,K(G,Q)) %' [Wngf(lGaQ)]
AC s = 1—FK(G,Q) ’
N

or

Wik (6,0
W,K(G,Q)
1-FK(G,Q)| ’
N
then problem 4.3.1 will be referred to as an A -Norm Approzimate/Design Mized-Sensitivity Prob-
lem. A solution to this problem shall be presented in Chapter 7 when the norm ||-||, is the
H*-norm. The H%-norm case is addressed in Chapter 8.

The above Approzimate/Design problems are difficult for several reasons. These reasons are
discussed in section 6.3.

In(F,K(G,Q)) %

4.4 N-Norm Purely Finite Dimensional J-Problem

In practice we would like to be able to compute p,,; using finite dimensional algorithms. For the
above sensitivity /mixed-sensitivity criteria, the literature has typically considered infinite dimen-
sional eigenvalue/eigenfunction problems in order to compute pop: [14, pp. 28-31], [63, pp. 308].
With an ultimate intention of providing purely finite dimensional techniques for computing popt,
we shall also consider the following “purely” finite dimensional problem.
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Problem 4.4.1 (Purely Finite Dimensional Problem)
Find conditions on the approximants { P}, such that

A2, H = op:

In the context of this work, we shall refer to this problem as the N'-Norm Purely Finite Dimensional
J-Problem.

[ |
This problem inherently addresses the question of computing the optimal performance Hopt using
finite dimensional techniques.

Again, if Jy is a sensitivity criterion then we will refer to this problem as the A'-Norm Purely
Finite Dimensional Sensitivity Problem. Analogously, if Jy is a mixed-sensitivity criterion then
we will refer to this problem as the A'-Norm Purely Finite Dimensional Mized-Sensitivity Problem.
These problems shall also be addressed in Chapters 6 and 7 for H* criteria. Chapter 8 shall address
the problem for the case of an H? performance criteria.

4.5 N-Norm Loop Convergence J-Problem

Having the actual performance ji, and ezpected performance p,, converge to the optimal performance
Hopt is quite desirable. However, given this it is still very important to understand in what sense
the transfer functions associated with the actual system (P, K,) converge to those of the optimal
system (P, Kop;). Given this, we define the N'-Norm Loop Convergence J-Problem as follows.

Problem 4.5.1 (Loop Convergence Problem)
Given thatlim,, o fin = flopt and lim,_, e ftn = Kopt, in what sense, if any, do the transfer functions
associated with the (P, K,,)-loop converge to those of the optimal (P, K,pt)-loop ?

|
In this problem we concern ourselves primarily with the convergence properties of designs which
result from the Approzimate/Design approach taken in this thesis.
This problem shall be addressed in the sequel for each of the afforementioned design criteria.

4.6 Summary

In this chapter three problems were defined: (1) The N-Norm Approzimate/Design J-Problem,
(2) The N -Norm Purely Finite Dimensional J-Problem, and (3) The N-Norm Loop Convergence
J -Problem.

In the sequel we shall address each of these problems for H* and M2 sensitivity and mixed-
sensitivity design criteria.
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Chapter 5

H°° Model Matching Problem

5.1 Introduction

In this chapter we define the X Model Matching Problem. It is shown how near-optimal real-
rational solutions can be constructed for this problem by considering sequences of appropriately
formulated finite dimensional model matching problems. The constructions presented shall be
heavily exploited in subsequent chapters on design via H* optimization.

5.2 Infinite Dimensional H* Model Matching Problem

In subsequent chapters, we will be examining optimization problems which have the following
structure.

Definition 5.2.1 st
o = _inf ||T} -T o
b it 1Ty = TaQle
where Ty, Ty € H™.
Given this, the H* Model Matching Problem is that of finding a near-optimal Q-parameter in

Hy.
(]

Since T; € H™, we know from proposition 2.7.6 that it possesses an inner-outer factorization
over H*. We will denote this factorization by T, = T3,T;,, where Ty, is inner in H>® and Ty, is
outer in H*. This factorization shall be exploited throughout the chapter.

Throughout this chapter, the following technical assumption shall be made on T; and T5.

Assumption 5.2.1 (T} and T3)

(1) T, € C, 1

(2) T;, has a finite number of zeros on the extended imaginary axis; each with finite algebraic
multiplicity. See comment 5.2.1 below.

(3) If T, is not invertible in H*, then we assume that T, € C,.

!Functions in C. are continuous everywhere on the extended imaginary axis.
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The following comment establishes notation regarding the imaginary zeros of T,,. It also clarifies
what we mean by each zero having finite algebraic multiplicity.

Comment 5.2.1 (Imaginary Zeros of 7, : Finite Algebraic Multiplicity)
We shall denote the zeros of T, on the extended imaginary axis by the finite sequence {“’k}imo' It
shall be assumed that the sequence is increasing and that its elements are distinct, non-negative,
extended real numbers. We shall also adopt the convention that wy = 0 and w; = co. Given this,
{wk}i;ll will denote finite zeros of T, on the positive imaginary axis. {—wk}i':ll will denote finite
zeros of T, on the negative imaginary axis.

By assumption 5.2.1, each wy, has finite algebraic multiplicity. This multiplicity shall be denoted
my, is non-negative, and is generally a fraction.

Since T,, € C., we know that it is bounded away from zero on all closed frequency intervals not
containing an imaginary zero. Consequently, if we define

-1
F(s) = g™ T](s? + wf)™
k=1

def a ™
Gals) = (s + a)

and

where a € R, then
1
T () FC) P74 =) Ga()y Too() F7H() GI() e HENC.
for eacha € R,.
|

Several points need to be made in order to emphasize the broad applicability of assumption
5.2.1 above.

Comment 5.2.2 (Broad Applicability)
(1) Ty and T, may be real-rational.

(2) T2; need not be continuous on the extended imaginary axis as assumed in [60]. It may, for
example, have a singular inner part; e.g. T, = e~°.

(3) T,, may have an infinite Blaschke product [30, pp. 132]; e.g.

where {z};., are open right half plane zeros satisfying the Blaschke condition

Re(zk)
1+ |Zk|2

M8
8

k=1
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(4) The zeros of T, on the extended imaginary axis, strictly speaking, may be branch points
of T, with respect to the entire complex plane; e.g. Tz, = v/ 757- In such a case we assume a
single-valued analytic branch in the open right half plane.

(5) T2 may possess removable singularities, poles, essential singularities, and branch points in
the open left half plane.

(6) Although T3, € Ce, this does not mean that T; € C,; e.g. T = e~* (531) (&)

(7) Although the outer function T, = ql—;: is not continuous on the extended imaginary

axis, it is admissible since it is invertible in H*>°; i.e. 1 —e~* € H™.

(8) Cases in which the associated Hankel operator I'r, 1y is non-compact are permissible; e.g.
Ty = #5, Ty, = e~ (cf. proposition 2.9.2).

The above Model Matching Problem should be viewed as an inversion problem. This is because
in posing the problem we indirectly tell the mathematics to find an admissible Q which inverts as
much of T, as possible. The problem should thus be approached with an “inversion mentality”.

In this section we shall construct a sequence {Qn}oo_; C Mg such that given an optimality
tolerance € > 0, however small,

Ho < “TI - Tsz”'Hoo < po t €

for m sufficiently large. This will allow us to obtain a near-optimal @-parameter and thus provide
a solution to the H>™ Model Matching Problem. To construct this sequence, we first shed light on
exactly what part of T» should be inverted.

From the above inner-outer factorization for T5, we immediately note that, in general, T3, is
not invertible in H*°. We also note that any zeros which T, 6 may have on the imaginary axis, are
also non-invertible. This leads us to conjecture that we should invert T, away from its imaginary
zeros in the closed right half plane. This statement/conjecture shall be formalized and confirmed
shortly.

In order to gain insight into the H> Model Matching Problem, one usually starts with some
version of the following proposition [23], [44, pp. 46]. The proposition emphasizes (and quantifies)
the non-invertibility of T5,.

Proposition 5.2.1 (Inner Problem)
Each of the following are equal:
inf ||Ty — T2, Z |30
ATy = T2l (1)

(2)

Moreover, there exists Z, € H>™, not necessarily unique, which attains the infimum in the “inner
problem” defined by (1); i.e.

“I‘T‘ T3

T2 = T2, Zollpyeo = ng%tnw T2 — T2, Z || 3y -
In the sequel, we shall refer to Zg as the “inner solution”.
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n
Proof The existence of an infimizer Z, can be proved using standard weak* convergence argu-
ments [5, pp. 134-137], [35, pp. 128], [24, pp. 85 - 86]. The fact that the infimum is HPTIT;. ris

essentially a special case of Nehari’s Theorem [38]. Elements of this proposition can also be found
in [1], [39], [46], [51]. n

Typically, one solves the “inner problem”, defined in proposition 5.2.1, in order to get a handle
on the the optimization problem defined in definition 5.2.1.

The following lemma gives us further insight about the H® Model Matching Problem. More
specifically, it gives us a lower bound on y, which supports our conjecture that we should invert
T,,, away from its imaginary zeros, in the closed right half plane.

Lemma 5.2.1 (Bounds on y,)

max{|Ty(joo)l, max |Ty(jwn)l, [Tz |} S ko < I Tillpee

Proof To prove this, we begin by noting that
def .
o ¥ 171 ~ TaGQllr < [Tl

since 0 € H°. This proves the upper inequality in the lemma.
To prove the lower inequality, it will suffice to show that each of the terms |T(joo)|, maxy, [Ty (jwe )|,

and ||rT, 7
From the maximum modulus theorem for H* (proposition 2.7.2), it follows that |T}(joo)| <
|7y — T2Q||3e for any Q@ € H§®. It thus follows that

lTl(]OO)l S Ho-

Since Ta(jws) = 0 for each k, from proposition 2.7.2 we have max [T1(jwi)| < |T1 — T2Q|lyeo
for any Q € H°. It thus follows that

is a lower bound for y,.

max T3 (k)| < i

Since T2, Hy® C H>™, we have infzenye | T1 — T2, Z||300 < || T1 — T2, T2,Q||3 for each Q € HE.
This then implies that infzeye ||T1 — T2,Z|ljy0 < Ho- By proposition 5.2.1 the left hand side of

this inequality equals “FT‘ T3, “ We thus have

< to-

”I‘T‘ T
Combining the above gives us the desired lower inequality:

} < Ho-

max{|Ty(joo)l, max |Ty(jww)l, |Trz;,

This completes the proof. [ |

Comment 5.2.3 (Lower bound for y, at )
Note that if we were infimizing over H*, rather than H3°, then we would again have the inequality
|T1(joo)| < po, if T, were to roll-off.
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We see that lemma 5.2.1 gives a lower bound on g, which depends on T», and on the imaginary
zeros of T,,. This supports our conjecture that we should invert T,,, away from its imaginary zeros,
in the closed right half plane. We shall soon show that the above lower bound is actually equal to
Ko. The lemma also shows that since T) € H*™, u, will necessarily be finite.

Our interest in the “inner problem” will be to use its solution Z, to construct near-optimal
solutions for the H> Model Matching Problem. The idea will be to appropriately modify (“roll-
off”) T; ! Z, so that the resulting function is admissible 2 and near-optimal. This modification shall
be carried out in two steps. Each step is now described.

Main Ideas: Construction of {Qm, .}

The first step will be to construct a sequence {fn}_, C HE to modify the “inner solution”.
By this we mean that f,,, will be such that

”Tl - T2iZ0fM”Hoo < Ko + 2¢

for M sufficiently large. The function f,,, as we shall see, will contain all the essential information
about the imaginary axis zeros of T,,. It will be small near each imaginary zero of T, and it will
approximate unity elsewhere. To construct the function, we shall exploit the fact that T3, has a
finite number of zeros on the extended imaginary axis. The phase properties of f,, will be critical
in achieving the above inequality.

After constructing the sequence {f,,}or_, to modify the “inner solution”, we shall construct an
inverting sequence {g,} 2, C H* for Ty,. This terminology will be justified shortly. The sequence
will be such that

T, o'lgn € K™
and
lim [|T5,Zo fag (1 = gn)llpm = 0
for each M,n € Z,.
We then define a double sequence according to

def -
Qm,n ____e T2o 1 Zo fm gn.

This sequence will lie in Hg® for each m,n € Z,. Hence, it will be admissible.
Finally, the above are combined with the following inequality

“Tl - TZQM,'!“'}-{OO < ”Tl - T2.' ZofM”'Hoo + HTZ.'fM(l - gn)”‘}tw’
to show that there exists M, N € Z, such that

Ho S ”Tl - TZQM,n“'Hoo S Ho + 3e

foralln > N.

We thus see that, on the one hand, the sequence { Jm}ie—y allows us to keep the essential infor-
mation contained in T5,. On the other hand, the sequence {g,}2> , allows us to invert that part
of T3, which is not essential. The two sequence together shall implement our idea of invertng T,,,

away from its imaginary zeros, in the closed right half plane. |

The following algebraic result will shed light on the construction of the sequence {f,,}%°_, which
will modify the inner solution.

2In general, T, ! Z, will have poles on the extended imaginary axis.
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Lemma 5.2.2 (Algebraic Result)
Suppose T,Y, f € H> where || f|l;yj < 1 and 1Y |l3g00 < ||T||3¢o0- It then follows that

IT+ (Y = T)fezju) < max{|T(jw) [, |[¥ |3} + 2| T3, {211 — cosby| + |sindy — 0] + [64]}
(almost) everywhere on the extended imaginary axis.

Proof  The proof of this lemma is purely algebraic and is given to accommodate the skeptical.

IT + (Y - T)flz[s—jw] = IT(]' - f) + Yf|2[s=jw]

=T HP+TQA - Y F+ T - )Y f* + |V f?
=|TPA-f= fF+If)+TYf = T°Y|fP + TY*f* - TY*|f]* + |V f|?
=T = 21f|+ [f1?) + 2TPIf| = IT(f + f*) + T°YF+ TY* f* ~ |fIA(T*Y + TY*) + [V f|?
= [TI(1=f)*+2TI?|f|(1-coss) + T*Y (f — f*) +(T*Y +TY*) f* ~2|T||Y|| f|? cos(8,— 6,) + Y f|
= [T*(1 = |f1)? + 2T fI(1 - cos67) + |V £I7 — 2(T||Y || f|* cos(6, — 8,) + |T||¥]e?®~¢) 2 | sin6;
F2IT|[¥]| cos(8; — 6, )| fle=7*r
After expanding each complex exponential into real and imaginary components, one obtains
T+ (Y = T)f*(ymjuy = ITIP(L = |F1)? + Y FI? + 2|T||Y|| £| cos(6; — 6,)(1 - | f])
+2ITP|£I(1 - cos8y) + 2T||Y || ] cos(d; — 6,)(cosby — 1)
+2|T||Y|| f] sin(8, — 6, )(sin6s ~ 65)
+2|T||Y|| f| sin(6; — )6

(almost) everywhere on the extended imaginary axis.

Given this, let

def 4
B = max{IT(]w)I,”Y”Hw}'

With this definition, and the fact that || f||;;« < 1, we then have
1T+ (Y = T)fPlacju) < w71 = 2F1+ F17 + 1 F* + 21 £] - 21£1)
+442|1 ~ cosly| + 2u?|sind; — 0| + 2u?|64|
or equivalently,
T+ (Y = T)f1?(ymju) S B2 + 408%[1 — cosby| + 2u%|sindy — Of| + 22|65

(almost) everywhere on the extended imaginary axis.
Since by assumption ||Y||3ee < ||T||e, we have p < ||T||3y. This, and the above inequality,
then gives us that

T+ (Y = T)f*(pmju) < #7 + 20T 13,0 {211 = cosby| + |sindy — 67| + 05]}

(almost) everywhere on the extended imaginary axis. This, however, is the desired result. |
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Comment 5.2.4 (A Convexity Argument)
If we let 6y = 0 in the above lemia, we get f € [0, 1]. In such a case, the desired inequality follows
from a simple convexity argument:

IT+ (Y -T)f| < (1~ f)IT| + Y| < max{|T}, |Y]}.

This simple case captures the essential ingredient needed to construct the sequence {f,, =1+ This
is demonstrated in the following proposition.

Proposition 5.2.2 (Phase Result)
Let { fm}m=1 denote a sequence of H™ functions such that

”fm”?{'*’ <1
for eachm € Z, and
lim ||6y,,.| ;. = 0.

m-—0o
Given this, there exists M = M(e,||T1|l300) € Z4 (independent of w) such that
1Ty = T2 Zo fnlfy— juy < max{|Ty(jw)], [Py,

for all m > M, (almost) everywhere on the extended imaginary axis.

b+e

Proof We begin by defining ¥ L T3, Z,. This then gives
T - Tz'.Zofm =T + (Y - Tl)fm.

From proposition 5.2.1, ||V ||y« = “I‘TIT;, . From lemma 5.2.1, “I‘TIT;, < |IT1||3¢eo - Combining

these gives ||Y||3;e0 < ||T1||300. Given this, from the algebraic result in lemma 5.2.2, it follows that
Ty - T2¢Zofm|2[,=jw] = T1+ (Y = T1) finl (=)
< max{|Ta(jw)[?, [V [I3ge0 } + 20| T1l13,0 {211 — cos6y,,| + |sinby,, — 65,,] + 165, ]}
into the first

(almost) everywhere on the extended imaginary axis. Substituting ||¥ || = ”I‘T1 T
term then gives

ITs = T2, Zo fn oy < max{|Ta(jw) % [Py,
(almost) everywhere on the extended imaginary axis. From the assumed phase property of f,,, it
follows that the last three terms can be made arbitrarily small, uniformly in frequency, by taking m

sufficiently large. More precisely, there exists M = M (6 ||T1|l3e) € Z4 (independent of w) such
that

2
} 20|T1 13, {211 - cosby,, | +|sinby,, -y, | +10y,, |}

1Ty = T2, Zo fnlfy— juy < max{|Ta(jw), [Ty ||} + €
for all m > M, (almost) everywhere on the extended imaginary axis. This completes the proof. I

We emphasize that only magnitude and phase assumptions on f,, were used to obtain the
above result. That such assumptions should suffice follows “intuitively” from the simple convexity

argument given in comment 5.2.4.
In the proof of proposition 5.2.2 above, the phase assumption seemed indespensable. The

following shows that it can sometimes be relaxed.
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Comment 5.2.5 (Relaxing the Phase Assumption)

It should be noted that if T3(jw) = 0, then the phase assumption on f,, becomes unnecessary.
Although not transparent from the proofs given, it can be seen as follows. If | fn| < 1 and Ty (jw) =
0, then we have

)

ITl - T2,'Zofm|[s=jw] = |Yfm|[s=jw] < IYl[szjw] < ”YH‘H°° < ”I‘TlT;'.
which proves the claim.

We now construct the sequence {fm}n_,. It will possess the properties needed to modify the
inner solution Z,, in the manner suggested earlier. To perform the construction, we exploit the
fact that T, has a finite number of zeros on the extended imaginary axis.

Proposition 6.2.3 (Sequence to Modify Inner Solution)
There exists a sequence {fn}5°_; C H§® of outer functions which possess the following properties:

(1) fm € C, for each m € Z,.
(2) | fmllpgeo < 1 for eachm € Z,.
(3) The phase of f,, can be made arbitrarily small, uniformly in frequency, by taking m suffi-
ciently large; i.e.
lim Hofm”[:‘” =0.

m— oo

(4) fm converges uniformly to unity on all compact frequency intervals excluding the points
{wi}i—o; i-e. (see definition 2.10.5) for each § > 0, however small,

lim ”(1 - fm)XR/B(oo,a)uu;=oB(wk.a)”H,,,, = 0.

m—00

(5) If my > 0, then f,(tjwr) = 0 for each m € Z,.

Proof
The sequence defined by the following irrational function satisfies conditions (1)-(5) of the

proposition.
g 2k my+1
def [ 8 = s? + wi ™ m O\ “n
fm(s) = L I1 24 91 2, 12 s+m '

s+ k=1 \$ +2;3+wk+;n'

We note, in particular, that

for some B € R.. We see that f,, is irrational even when the m; are integers. We also note that

fm(s)=[F(s) F‘"l(s+.}r‘l_) Gm(s) ( m )]#

s+m

This completes the construction. [ ]
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Comment 5.2.6 (Phase is Critical)

It should be emphasized that it is the phase property of f,, that makes it a very special function.
It is easy to construct rational sequences which satisfy the other properties in proposition 5.2.3;
e.g. the sequence defined by

-1 2 2
- def s s“tw m
fm(s) = 1 H : 12 ( )
St 2 +20stwi+ s+ m

m k=1

However, finding a rational sequence which also possesses the special phase properties, at first
glance, seems very difficult. Since f,, € C., we know from proposition 2.10.1, that such a sequence
can be constructed.

We now use the sequence {f,}3°_, from proposition 5.2.3, in conjunction with proposition 5.2.2,
to obtain the following key theorem. To our knowledge, the key ideas behind the following theorem
first appeared in [14, pp. 68-72].

Theorem 5.2.1 (Modifying the Inner Solution)
Given that Ty € C. and that T,, has a finite number of zeros on the extended imaginary axis, there

exists M & M(e,Ty) € Z, such that
”Tl - T2£ZOfm||Heo < o + 2¢

for allm > M.

Proof To prove the theorem, we begin by defining
Y¥r 1,2,

This then gives
Yo & Ty — T3, 2o fo = Ty + (Y ~ T1) fom-

We shall examine the magnitude of this quantity on two sets. We denote these sets S5 and R/Ss.
To prove the theorem we proceed in three steps. (1) First, we show that there exists a set S5 on
which |Y;,| satisfies the inequality for m sufficiently large. Here we exploit the continuity of T) and
the magnitude and phase properties of f,, (modulo proposition 5.2.3). (2) We then exploit the
magnitude and compact convergence properties of f,,, to show that |Y,,| will satisfy the inequality
on R/Ss for m sufficiently large. (3) Finally, we combine the results in steps (1) and (2).

Step 1: Analysis on S;.
In this step we construct a set S5 such that

”YmXSJH'Hoo < po + 2€.

To do this we proceed as follows.

(a) Constructing S;.

65



First consider the behavior of T; near joo 3. By assumption 5.2.1, T} is continuous everywhere on
the extended imaginary axis and hence at joo. It thus follows that there exists 0 def e, Th) € Ry

such that |T1(jw) — Ti(joo)| < € for all w such that |w| > Q; i.e. for each w in B(oo, §) &ef

(o0, —2) U (R, 0). Hence
”(Tl - Tl(joo))XB(oovz‘f)”Hw Se
This takes care of the point at co. Without loss of generality, we can assume that the points

{wiH,—o are finite.
Now consider the behavior of Ty near each point jwy %. Since T} is continuous at jwy, it follows

that there exists & k(€,T1) € Ry such that |Ty(jw) — Ty(jwk)| < € for all w in B(wg, 6) def
(—wk — Ok, —wi + 6) U (wg, — 8k, wi + 8;). Hence

|2 = TuGeon)) X o i)

<e
Hoo
for eack k. This takes care of each point wy.

We now define

§ % §(e, Ty) % min{%, min 6},

This quantity is well defined, and positive, since we are minimizing over a finite number of positive
objects. This is because T2  has a finite number of zeros. Given this, it then follows that

"(Tl - Tl(joo))XB(oo,é)”Hm <e

and
“(Tl - Tl(j“"k))XB(wk,cS)'|H°° <e

for each k.
We now define the set S5 as follows

S5 % B(00,6) U Uk_o B(wk, 6).

This set represents points which are “near” the points {oo, {wx},_,}-

(b) Upperbound for T; on S;.
Here, we would like to obtain an upper bound for T; on §5. From part (a), it follows that

| X B(e0)| o, < IT2(i00)] + || (T2 = T1(i00)) Xp(e0y0) ... < ITali0)] + .
It also follows that

| X B0k < T2 + (1 = TeGk) X (a0 < ITali)] + €
for each k. Combining the above, then gives us

171X 54 |lye0 < sup |‘T1X15:(z,as))|w°° < sup |T1(52) +e.
z€{oco,{wr}t_o} ze{oo,{wr},_o}

*The point —oo is treated analogously.
*The points —wy are treated analogously.
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This, however, is equivalent to

T2 X5, llyee < max{|Ts(joo)|, max |Ty(jww)l, [Crozy, [} +

This gives us an upper bound for T) on S;. We emphasize that this upper bound was obtained
by exploiting the continuity of T) and the fact that T3, only has a finite number of imaginary zeros.

(¢) Inequality on S;.
From proposition 5.2.3, we know that there exists M; def Mi(¢,T1) € Z, (independent of w)
such that

¥inlfpmju) < max{|Ta(jw)l, [Ty ||} + €
for all m > M;. In obtaining this, we have exploited the magnitude and phase properties of f,.
Since M, is independent of w, the inequality holds (almost) everywhere in S5. Given this, we
obtain [|¥m Xs,llye < max{||TXs,llyee, |Trizy, [} + € for all m > M.
Combining this inequality, with the upper bound obtained above for T; on S5, gives ||V, X s, [l <
max{|T1(jo0)|, max |T1(jwe)|, “I‘TIT;‘, } + 2¢ for all m > M;.

From lemma 5.2.1, we have max{|T}(joo)|, max |T1(jwe)l, ernT;, } < pto. Given this, we then

have
IlYmX.S'gII'Hoo S /J/o + 26

for all m > M,. This completes the analysis on S5. We now turn to R/S;s.
Step 2: Analysis on R/S;s.
def

We now consider the set R/S; = R/B(00,6) U Ul_oB(wk,8). On this set, for each m € Z, we
have

[¥n X5,

s S ¥ g | frmllgom 1Pt g | (1 = ) X my,

= ”(Yfm +Ti(1 - fm)) Xy,

Hoo'

Since || fin|lye < 1 for each m € Z,, by proposition 5.2.3, this becomes

[¥n X5,

e S ¥ llpgee + 1 Talgen (1 = £ Xy,

H oo

for each m € Z
By proposition 5.2.3, the second term can be made arbitrarily small (< 2¢) by taking m suf-
ficiently large. How large m needs to be, depends on ¢, on ||Ti||3;e, on (¢, T1), and on Q(e, Ty).

Consequently, there exists M, < My(e, T1) € Z; such that

[¥nXrys,

pgoo S Y llpgeo + 2

for all m > M,. In obtaining this, we have exploited the magnitude and compact convergence
properties of f,,.
< po. Given

From proposition 5.2.1, ||Y ||y« = “PTlT;, . From lemma 5.2.1 we have ”I‘TIT;

this, we then have

for all m > M,. This completes the analysis on R/Ss.

Hw5ﬂ0+26

Step 3: Combining steps (1) and (2).
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Combining the results of (1) and (2) assures the existence of an integer M < M (e, Th) 4
max{M,, M,} € Z, such that
1Yo llpgeo < pto + 26

for all m > M. This completes the proof. [ |

Comment 5.2.7 (Sifting Property of f,,)
Upon inspection of the above proof, we see that

T2 + (¥ = T1) frnllpgeo < max{ [T1(joo)l, max|T1(jwk)ls Y[l } + 2¢

for m sufficiently large. This sifting property of f,,, we emphasize, is mainly attributed to the
magnitude and phase properties of f,,. Of course, the continuity of T} is also important.

As we shall see, theorem 5.2.1 above and theorem 5.2.2 below are at the heart of the H* results
presented in the thesis. Together they will show how one can modify the Z, to the “inner problem”
considered in proposition 5.2.1, in order to construct nearly-optimal solutions to the H> Model
Matching Problem defined in definition 5.2.1.

We now construct the sequence {g,}o2

ne1- To do so, we exploit the fact the zero structure of T,
on the extended imaginary axis.

Proposition 5.2.4 (Inverting Sequence for T, )
There exists a sequence {g,}oo; C H*™ of outer functions which possess the following properties:

(1) {gn}o—, is uniformly bounded in H>.

(2) T; gn , T2,971 € H® NC, for eachn € Z,.

(3) gn uniformly approximates unity everywhere except on open neighborhoods of the points
{jwi},_o; i-e. (see definition 2.10.4) for each § > 0,

Him “(1 - g")XR/ULoB(%&)”Hw =0

n—oo

(4) 97:}9n € H*® NC, for each m,n € Z,.

m

(5) If my, > 0, then g,(wi) = 0 for each n € Z,.

We refer to {gn}.., as an inverting sequence for T;,.

Proof The sequence defined by the function

Mo -1 2 2 Mk m
def S S +wk n 1
9n(s) = (.s+_1.) H( 29l 2 12) (s+n)
n k=1 \$ +2;3+wk+;

satisfies the conditions of the proposition. We emphasize that g, is, in general, irrational since the
my, in general, are fractions. We also note that the sequence {g,}.., constructed above is the
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same inverting sequence that we would use if T, were real-rational. Finally, it should be noted
that

9n(3) = F(s) P} (s + 1) Ga(s).

This completes the construction. [ |

Example 5.2.1 (Sample Functions: T, and g,,)
The following indicate that proposition 5.2.4 covers a large class of outer functions T5,.

n
s+n’

(a) If T, = ;37 choose g, =
(b) If T3, = ;45 choose g, =

() H T3, = §/+i5 choose g, = 5/-’—4-:‘;%—.

(d) More complicated outer functions may require the use of [24, pp. 85; theorem 7.4] to
construct g,. The results in [17] may also prove useful.

»
+J.
3

Combining the previous theorem and propositions leads us to the following key theorem.

Theorem 5.2.2 (Near-Optimal Irrational Solution)
Let

def
Qm,n = Qofmgn

where @, def T2,7'Z,. Then, Qmn € Hg® for each m,n € Z,. Also, for each m,n € Z,, we
have Q. n(jwr) = 0 for each k = 0,1,...,1. Moreover, there exists M def M(e,Ty) € Z, and
N%¥ N(e,M) € Z, such that

Ho S |ITy ~ T2QMonllye < Ho + 3¢

for alln > N.

Finally, from the integer valued functions defined by M(e,T;) and N(e, M), it follows that we
can construct a sequence {Q,}._, such that

(1) Qm € HE for each m € Z,.

(2) If my, > 0, then Qu(jwk) = 0 for eachm € Z,.

(3) to £ ||ITh — T2Qm|lyeo < Ho + 3¢ for all m > M(e, Th).
Proof

The proof will proceed in three steps.
Step 1: Admissibility of Q. n.
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We have
def -
Qm,n :e T2° 1Zofmgn-

By proposition 5.2.3, f, € H§ for each m € Z,. By proposition 5.2.4, T5,"1g,, € H™ for each
n € Z;. Combining these gives us that Q,,, € H® for each m,n € Z,.

By proposition 5.2.3, fn(jwr) = 0 for each m € Z, and for each k = 1,2,...,I. Since
T2, 'gn € H* for eachn € Z.., it follows that it cannot have poles at the points jwy, for any n. This
implies that it cannot cancel the imaginary zeros of f., for any m. Consequently, Q. n(jwr) = 0
for each m,n € Z, and for each £k = 0,1,...,1.

Step 2: Near-Optimality of Qs ..

(a) Main Inequality
To prove the rest of the theorem, we use the following inequality:

“Tl - TZQm,‘n”‘Hco = ”Tl - TZ;‘ Zofmgn”'uoo < “Tl - TZ.'ZOfMH'Hoo + ”T2.'Zofm(1 - gn)”'}{oo'

(b) Use of f,, to Modify Inner Solution.
From theorem 5.2.1, ||Th — T3, Z, fm |30 < pto + 2€ for all m > M def M(e,Ty). Let m = M.
This then gives
”Tl - TZQM,ﬂ“uoo S Mo + 2¢ + ||T2,-ZofM(1 - gn)ll')-(oo-

(¢) Use of g, to Complete Inversion of T5,.

From proposition 5.2.3, we have that fasr € H3® and is zero and continuous at each point jwg.
From proposition 5.2.4, g,, uniformly approximates unity everywhere except on open neighborhoods
of the points {jwi},_o; i.e. (see definition 2.10.4) for each § > 0,

Lm ”(1 - gn)XR/uggos(w,..a)“,{w = 0.
From proposition 5.2.4, the g, are uniformly bounded. Given this, it follows from lemma 2.10.1
that we can make the last term in the above inequality arbitrarily small by taking n sufficiently

large. More precisely, there exists N % N (e, M) € Z, such that

T2 Zo far(1 — gn)llpgeo < €
for all n > N. This implies that

”Tl - TZQM,n”'neo < po + 3e.

for all n > N. This proves the first upper inequality. The lower inequality follows from the defini-
tion of u, and the fact that {Qar,n}>> v C HE.

Step 3: Construction of Q,,.
The construction of the sequence {Q,}>_, follows from the above. This completes the proof. Il

Theorems 5.2.1 and 5.2.2 show that under the very weak assumption 5.2.1, we can modify
any solution Z, of the “inner problem” to find a nearly-optimal Q-parameter for the H> Model
Matching Problem defined in definition 5.2.1. Moreover, in the proof of theorems 5.2.1 and 5.2.2
we have indicated how such a Q-parameter can be constructed. The proofs show that to construct
a near-optimal solution one needs to invert T, away from its zeros in the closed right half plane.
The following example serves to further illustrate the construction.
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Example 5.2.2 (Sample Functions: T,, f.,, and g,)

Suppose that T, = (;;13) (;,4’;_'—;‘;—1_'76) (-3—_%4—)% .

3=

1 1 1
; — (_1000 \™ —j1 m +41 m
The sequence defined by the function f,, = (’ +1ooo) (a-j’1 +{0001) ( +F j’1 +{0001) (, +'3001)
satisfies the properties in proposition 5.2.3.
1
2

The sequence defined by the function g, = ( ul ) ( 3yl ) ( Lk ) (’—:1-) satisfies the

stn s—jl+ % s+il+3

conditions in proposition 5.2.4.

Note:
The sequences {fn}%_; and {g,}3, depend only on the zero structure of T5,. They do not not
depend on T»,.

Although the construction presented in theorem 5.2.2 has been obtained under the weak as-
sumption 5.2.1, the ideas cover a much broader class of T; and T3. The following comment is met
to illustrate this point.

Comment 5.2.8 (Form of Construction, Generality, Main Ideas)
In summary, it has been shown that if there exists functions F' and G, which satisfy the following
conditions

(1) TN () F(-) FA(- + 1) Ga(-) € H= for each a € Z,,
(2) iMoo |[F() F2(-+2) Gm()],. <1,
(3) lim.n__.o‘, ”0F(-) F_l(-'{—-%) G"‘(')“LOO S B for some B € R+,

(4) The sequence {F(-) F~!(-+ %) Gn(-)}.., approximates unity on all compact frequency in-
tervals not including an imaginary zero of T,

then a near-optimal solution to the H*™ Model Matching Problem can be constructed from the
double sequence defined by the following function

Qmn = Tz_ol Zo fm gn

where
m

]L
s+ m

fm= [F(s) P7(s 4 =) Gm(s)

and
gm = [F(s) (s + =) Gn(s) ]

Such functions F and G, were shown to exist under the weak assumption 5.2.1.
The ideas which permitted the above construction shall be used extensively throughout the
thesis. We thus point out the “main ideas”.
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In the construction we modify the “inner solution” Z, by “rolling it off” with f,,, as in proposition
5.2.3. This really is the main step. It can be done primarily because of the special phase property
of the irrational roll-off function f,; i.e. the phase of f,, can be made arbitrarily small, uniformly
in frequency, by taking m sufficiently large; i.e.

1im (67, = 0.

We then choose m = M sufficiently large. How large M must be chosen depends on € and Tj.
Finally, we show that given M, N can be chosen sufficently large so that

Quy & T2,  ZofMIn(M)

is near-optimal. How large N must be depends on € and M. Here the main role of g, is to assure
the strict propriety of @~ and to assure that it has no poles on the imaginary axis. It allows us
to invert T, in a stable manner.

Thus far we have only addressed the problem of constructing near-optimal solutions for the
H> Model Matching Problem defined in definition 5.2.1. We now address the computation of the
quantity u,.

5.3 Computation of y,

Often it is necessary to determine p,. The following proposition indicates how one might, in
priciple, compute the value y,. All assumptions made in the previous section are assumned to hold
here.

Proposition 5.3.1 Each of the following equal p,:

inf ||Ty — T2Q||yeo 1
Q1€H3°“ 1 2Q 1% (1)
inf Ty, — T, o0 2
Qleno (¥4 2:@ 5 (2)

{Q(jwr)=0; k=0,1,...,l}

} (3)

max{ [Ty(joo)l, max |Ti(jwn)l, |[Trzy,

[ |
Proof The proof shall proceed as follows: {(a) 2=3 (b) 1=3.
(a) (2=3)
We claim that the key to proving proposition 5.3.1 is showing that (2=3); i.e.
T TaQll = 4

{Q(jwi)=0; k=0,1,.--,l}

where et
p & max{|Ty(jeo)|, max T3 (jwr)l, |Trizy,

}.

72



. Since the set of Q € H®

We know from proposition 5.2.1 that infzene ||T) — T2, 2|40 = “PTJ;,
which satisfy Q(jwi) = 0 for each k also lie in H*°, we have

[z | = Jimf 172 - o2l < inf (173 - TaQllee

Qeﬂg"
{Q(jwk)'—'o; k=0v19""l}

From proposition 2.7.2 we have |[T1(joo)| < ||T1 — T2;Q||y for each Q € H§®, including those
which satisfy Q(jwi) = 0 for each k. Consequently,
|T1(jo0)] < inf 1Ty = T2, QI3 -

Q€ﬂ3°
{Q(Jwr)=0; k=0,1,...,l1}

For each Q € H which satisfies Q(jws) = 0 for each k, proposition 2.7.2 gives us |T}(jwi)| <
|ITy — T2,Q||3 - Consequently,
max | Ty (jwk)| < inf 1T = T2:Qllpes -

Qeng®
{Q(Fwr)=0; ke=0,...,l}

Combining the above then gives

def , . .
p = max{|Ty(joo)l, max|Ti (jwr)l; IV [lpe } < inf 1Ty = T2,Qllpe -

Qene
{Q(jwi)=0; k=0,...,1}

To show that (2=3), we thus only need to prove the converse inequality. To prove the converse
inequality, it suffices to construct a sequence {Z,,}%_, C H§ such that Z,,(jwi) = 0 for each
k=0,1,...,1, and such that

Ty = T2 Zm|lpgeo < max{|T1(joo)|, max|Ty(jwi)l, “I‘nT;‘.

}+3e

for m sufficiently large. The existence of such a sequence, however, is guaranteed by theorem 5.2.1;
just choose Z,, = Z,fn. This proves the converse inequality and hence that (2=3).

(b) (1=3)
We now prove that (1=3); i.e.

def .
= inf [Ty - T: o =
Ho QE‘H{? ” 1 ZQ”'H My

where again

}

def . ,
& max{|Ty (joo)|, max |Ty(jwr)l, |Trzy,
From lemma 5.2.1, we have that
B< po.

To prove that (1=3) we need to prove the converse inequality. To do so it suffices to construct
a sequence {Qn}%>_; C H§°® such that

|7 ~ T2Qum s < max{|T1(jo0)], max|Ty(jun)l, [Tryzy, |} + 3¢

for m sufficiently large. The existence of such a sequence, however, is guaranteed by theorem 5.2.2;
just choose Q,, = T2,7*Z,fmgn where m = M(e,T;) and n = N(¢,Ty) as defined in the theorem.
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This proves the converse inequality and hence that (1=3). L

Proposition 5.3.1 shows that

o = max{|T3(joo)|, max| Ty (jwr)l, |Pz,zy |-
Given this, we have the following corollary.

Corollary 5.3.1 (Spectral Result)
If

max{|T1(joo)|, max|T3 (jwr)|} < |Pryzy,

4

then

Mo = “I‘TIT;',
|

This result shows that if the assumption in corollary 5.3.1 is satisfied, then to compute g, all
that we need do is compute 'IFTIT;. ; the operator norm of the Hankel operator I'ry7; . This,

in general, involves solving an infinite-dimensional eigenvalue/eigenfunction problem [61]. This
computation can be particularly difficult when the operator is not compact. In the sequel we will
show how this computation, in many cases (including the non-compact case), may be carried out
by solving a sequence of finite-dimensional eigenvalue/eigenvector problems instead.

The following lemma is presented to show how one might construct 7} so that the assumption
of corollary 5.3.1 is satisfied.

Lemma 5.3.1 (Construction of 1))
Suppose that T;! € HP and satisfies

max{|Ty(joo)l, max |Ts (jwr)|} = inf Ty(jw)l
Also, let z be any point in the extended open right half plane, such that T,(z) = 0. We then have

max{|T1(joo)|, max|T3 (jwr)|} < Pz,

|
Proof From proposition 5.2.1, there exists Z, € H* such that
|Pzzz || = 173 - T2, Zollgee-
From proposition 2.7.2, we have
2 |T1(2)]

Since T ! € HP, the minimum modulus theorem [50, pp. 159] can be applied to get
> i jw).
2 inf |Ty(jw)]

The result then follows since the right hand side equals max{|T}(joo)|, maxy |T1(jwi)|} by con-
struction. n

This lemma can be applied to T», = e~?, for example.
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5.4 Computation of Hankel Norm

The difficulty in computing g, can be attributed to the difficulty in computing the Hankel norm
”I‘T1 T3, ” . This computation typically requires that one solve an infinite dimensional eigenvalue/eigenfunction
problem [14, pp. 28-31], [61], (63, pp. 308]. In this section, it is shown how the computation can
be carried out by solving a sequence of finite dimensional eigenvalue/eigenvector problems.
Throughout this section we assume that {T1,};2,,{T3,, }oo, C RH>, where T,, is inner in
H*> for all n € Z;. We begin with the following proposition.” Loosely speaking, it shows that

”I‘T1 T3, is lower-semicontinuous in T5; in the compact topology on H™.

Proposition 5.4.1 (“Lower-semicontinuity” Hankel Result)
Suppose that
lim |73, — Taflye = 0

and e
liny |(Z2,, - T2) X0, = 0

for each ) € R, however large. It then follows that

"FTIT;‘,| < lim “I‘Tan;,,,,
[ |
Proof Let v € £? be such that |[v]| = 1 and
”I‘TlT;., < ”I‘TIT;'_v Im + e

Given this, it follows that

+ €

< ”FT,(T%,-T,,,', +Tag, )‘0“0 tes ”rTl(T’i'Tzﬂ.')'v”C’ + “PTIT’.".'v

”I‘ﬂ T}
] cz

< ”T1(Tz; —Ty,,)"

+ €.

Irrs v
ot ” T30

Since v is not necessarily a “maximal vector” for I'r, ;. , it follows that
ng

+ €

g “Tl(Tz,- - Tgni )*’0

ot

From lemma 2.10.2 and our assumption on T3,,, it follows that the first term can be made arbitrarily

”I‘:r1 T3, Irr;,

small by taking n sufficiently large. Consequently, there exists N &f v €, T1,v) such that
g

+ 2¢

“I‘n Nl |BS ”Pn ;.

for all n > N. We also have

< + < + 1Ty — T, || 3400 -

Trry, | < | Tnam, ||+ [T @-nrs, | < |TRas,

Combining this inequality with the previous, gives the result. [ |

Since Ty € C., we know from proposition 2.10.1 that there exists a sequence of RH* functions
{T1,};Z, which uniformly approximate T;. Given this proposition, we have the following theorem

which gives insight into the computation of ’IFTxTz,-‘
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Theorem 5.4.1 (Spectral Result: Computation of Hankel Norms)
Given that
Jim ||Ty, — Tllye = 0,

each of the following imply that lim,,_, “I‘T,T;n‘ = rTn,.T;n',
i [ ] =0 g
i [, - = @
Ty(joo) = 0; lim (T2, - T2) X0, =0 (3)
IT(joo)| < [Prry |5 Jima || (Z20, - To) X(aqy),,.. = (4)
for each ) € Ry, however large.
[

Proof The proof of (1) — (3) follows from the following inequality

| <

| “I‘TI,,T;M \ - ”I‘TlT;'_ I‘Tln:r;ni_nr;‘,

<N T1. = Thllpge + ”Tl(Tzni B Tz‘)"we '

< I‘F (Tin=T3)T5, +T3(Tan, ~T2;)*

To prove (4), we invoke proposition 5.4.1 to obtain

”PTIT;.' = nlil—»r{olo rT’"T;"i
This proves one direction. To prove the other direction we proceed as follows. Let Q, € H§® be
such that

T2 — T5,Qollpgee < max{ |T3(jo0)l, [Crizy | 3+

The existence of such a @, is guaranteed by theorem 5.2.1. Given this, we have

- [ 7], <7

H oo

II'T,,.T'

2n;

< Tt = TQollpgeo + I1T1 — Tillagen + || (T = T2, )Q0

Hoo

< max{ |T1(joo)l, [Przy || } + €+ 171, = Tillpgee + | (T — T2, )Qo

Moo

By assumption, |T}(joo)| < "rTlT;‘ . Hence, the above inequality becomes

|+ €+ T2, - Tillpge + | (T2 = T2, )Qo

< ”I‘TIT;’, Hoo'

H I, Tin;

The second norm can be made arbitrarily small by taking n sufficiently large. This follows
by our assumption that T, approximates T; uniformly. By lemma 2.10.1, the last term can be
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made arbitrarily small by taking n sufficiently large. This is because Ty, is uniformly bounded,
it approximates T3, on compact frequency intervals, and Q, rolls-off. (‘onsequently, there exists

N N(e,Q,) € Z such that
+ 3e

I‘T‘T;ﬂs “ < ”I‘T‘T;;

for all » > N. This proves the other direction and completes the proof. [

Comment 5.4.1 (Applicability, Spectral Implications)
We note that the criterion in (1) is a continuity statement. It implies that “I‘Tl T3, “ is continuous
in T3, when Ty, uniformly approximates T}. Since RH* is not dense in H, the criterion in (1) is

usually not applicable; e.g. T5, = e~* cannot be approximated uniformly by RH* functions.
The criteria in (2) and (3) are helpful only when T} rolls-off.

Unlike the other criterion, the criterion in (4) is usually applicable. It applies to cases in which
the Hankel operator I'r,; is non-compact; e.g. Ty € RH*™ proper and Ty, = e~* (cf. proposition

1

2.9.2). In such cases, the non-compact Hankel operator cannot be approximated by finite rank
operators. Moreover, it is not clear to us how one would approximate a non-compact Hankel
operator®. It also applies in instances where T, has an infinite number of poles and/or zeros;
e.g. an infinite Blaschke product. To verify the inequality criterion in (4), lemma 5.3.1 may prove
helpful. If oo is an essential singularity of T5;, then the inequality is automatically satisfied. This
has been shown in [61].

Finally, the spectral implications of theorem 5.4.1 must be acknowlegded. More specifically, we
reiterate that computing ”PTIT' “ amounts to solving an infinite dimensional eigenvalue/eigenfunction
problem [14, pp. 28-31], [61], [63, pp. 308]. Theorem 5.4.1 gives weak conditions under which such
a computation can be carried out by solving a sequence of finite dimensional eigenvalue-eigenvector
problems [23]. Since computing the above Hankel norm is crucial in many H* design procedures,
this theorem is extremely useful.

5.5 Sequences of Finite Dimensional H* Model Matching Prob-
lems

The H*> Model Matching Problem, in general, defines an infinite dimensional optimization problem.
Obtaining a solution is often difficult and requires sophisticated mathematics 8. It is thus natural
to ask whether or not solving a sequence of appropriately formulated finite dimensional problems
can yield desirable results. Solving a finite dimensional H™ Model Matching Problem requires little
mathematical sophistication. Also, much software exists to support such an approach.

Let {T1,},~, and {T%,};>, be sequences of RH> functions. Consider the finite dimensional
H>® Model Matching Problem deﬁned by the following optimization problem.
Definition 5.5.1

def

e ~T. -

®Distribution theory may be helpful in answering this question.
$Computing Z, may be difficult.
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Our goal is to gain insight into the infinite dimensional problem defined in definition 5.2.1, by
studying the finite dimensional model matching problem posed in definition 5.5.1. This, of course,
is reasonable only if T;, and T, approximate T; and T3, in some sense. We thus make additional
assumptions on the sequences {T1,} >, and {T3,}3 .

Assumption 5.5.1 (T, Approximates T; Uniformly)
Throughout the section, it shall be assumed that the sequence {T},}° . satisfies

n=1

Jim [Ty, — Ty[lye = 0.
|
Since Ty € C., we know from proposition 2.10.1 that it can be uniformly approximated by RH*®
functions. Hence, this assumption is justified.

As with the H*® Model Matching Problem, the above finite dimensional model matching problem
must be approached with an inversion mentality. Given this, it should be clear, for example, that
we will need to invert the outer part Ty, of Ty,, away from its imaginary zeros, in the closed right
half plane. This statement has already been implemented for T, in section 5.2. To do the same for
T5.,, we will need to construct T3 in a clever way. It should be apparent, for example, that choosing
T,,, so that it uniformly approximates T, in H, will not suffice. This is because T,,, and Ty,
even for large n, may possess drastically different zero structures on the extended imaginary axis.
We now show how to prevent this from occurring.

From proposition 5.2.4, we know that there exists a sequence {gn}5_, C H™ of outer functions
such that

(1) {g~}¥=1 is uniformly bounded in H°.

(2) T;'gn » T2.95" € H® NC, for each N € Z,.

(3) g~ uniformly approximates unity everywhere except on open neighborhoods of the points
{jwit—o; i-e. (see definition 2.10.4) for each § > 0,

A (1= 9m) Xy opens | = 0
(4) 9319~ € H= NC, for each M,N € Z,.
(5) If my > 0, then gn(wi) = 0 for each N € Z,.
The above properties were critical in “inverting” T;,. We referred to {gn}%_, as an inverting
sequence for T,,. The following proposition, we shall see, will guarantee the existence of such a

sequence for T, ; i.e. provided that T, is constructed appropriately.

Proposition 5.6.1 (Inverting Sequence for T, )
Fix N € Z,. There exists a sequence {gn}72; C RH* of outer functions (which depend on N)
with the following properties:

(1) limn o0 [|gn — gn l3ge0 = 0.
(2) Foreach A€ Z,,
1im |£4(L = Gl = 0.
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(3) §:1dn € H*® NC, for each m,n € Z,.
(4) The only imaginary zeros of §, are the points {wk}fmo; each with multiplicity 1.

We shall refer to {gn},_; as an inverting sequence for Ty, , which we shall be construct below.

n
Proof The proof follows by inspection of the function

def ( s )mo ﬁ ( 8% + wi )m" N \™
o % (%)
stR) i \s?+2hs+wi+ B s+ N

and the use of proposition 2.10.1. The idea is to factor out the essential information (i.e. the
imaginary zeros) and approximate the rest by minimum phase RH* functions. i

oo

We now show how to construct the sequence {T3,},., so that it approximates T in a manner
which makes the associated finite dimensional model matching problem an appropriate tool for
studying the infinite dimensional problem posed in definition 5.2.1. The construction is such that
for large n, T3, contains all the “essential information”. More specifically, T;,, will approximate
T3, uniformly on compact frequency intervals, T, will approximate T3, uniformly, and {§n}2>, will
be an inverting sequence for T3, . The construction presented shall be exploited in later chapters
on H*™ design.

Construction 5.5.1 (Construction of {T,,},- )
Let {T2,,}’" | C RH> be any inner sequence such that

Jim ”(Tzu,- ~ T5)X[—a,a "Hw =0
for each ! € R, however large. Let {A,},>, C RH>™ be any minimum phase sequence such that
. -1 _
s oo~ Tl =0
Here, N can be any positive integer. We then define
TZ,,O d__gf Angn

and et
€
T, = T2,,T2,,-

Given the above, we have that {T;_ }.o , is a uniformly bounded sequence which satisfies the

=1
following "
Jim [ Ton, ~ To e =0 1)
sup ”Tz';th”Hw < Mp < ®© (2)
n
for each B € Z, and
Jim (T2, - T) X oy, =0 ®)

for each 2 € R,.
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Proof

(1) follows from the following inequality

IT20, = Toollpgee = 160 An = Tocllgm < [ Anlinen l9n ~ gmlinge + oIl | An = Toog5?],.

and proposition 5.5.1. We note that (1) implies that the sequence {T%,_}.>; is uniformly bounded.
Since T3,, is inner, it also follows that the sequence {T3};2, is also uniformly bounded.

By construction, T, g5’ is bounded away from zero (cf. proposition 5.2.4). Moreover, it is
minimum phase. Consequently, by proposition 2.10.1, there exists a minimum phase sequence
{An}2, which uniformly approximates Tz g5'. Since A, converges uniformly to Ty gn~!, it
follows that A, will be bounded away from zero for sufficiently large n. Given this, we obtain (2)
from

|75:.08 ], < 038 [407] e
and proposition 5.5.1.
Finally, (3) follows from (1), the following inequality

"(Tz,, - T2) X[, “%w < || T2p, |l pgoe “(Tz,.,. - T2,)X_q,q) ”uw + | T2i( T2, — T2.)| o0

and the fact that the sequence {13, } >  is uniformly bounded. [ |

1

Comment 5.5.1 (Practicality)
The condition on the sequence {73, }:"_ , is reasonable. Inner functions in H* can “usually” be

approximated on compact subsets, by functions in RH*. If T, is a delay, for example, one can
use Pade’ approximations to obtain the approximants T, . See example 2.10.2.

The following proposition, loosely speaking, shows that, for large n, u,, is bounded from above
by po. It should be interpreted as an upper-semicontinuity result [53, pp. 345].

Proposition 5.5.2 (Upper-semicontinuity)

lim p, < po.

n— oo

Proof  The proof of this proposition follows from the following inequality
pn S || T1n = T2, Qollyee < IT1 — T2Qollpgeo + I T1 — Tillygeo + (T2 = T2,)Qoll3g0

which holds for each @, € H*>°. By definition of y,, there exists Q, € H> such that ||T} — T2Q, ||y <
Mo + €. This takes care of the first term on the right hand side of the inequality. The second term
can be made arbitraily large by taking n sufficiently large. This is because T} uniformly approx-
imates T;. The third term can also be made arbitrarily small by taking n sufficiently large. This
follows becase T, is a compact approximant for T, and because @, rolls-off. See lemma 2.10.1.

Consequently, there exists N «f N (e, T1,T2) € Z, such that

Jim g, < po + 3€
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for all n > N. This, however, proves the result. [ |

Comment 5.5.2 (Uniform Boundedness)

Since po < ||T1||3e, We know that u, is bounded. Given this, the above proposition implies that
fn is uniformly bounded. This is also known from the fact that g, < ||T1, |3, and Ty, uniformly
approximates T;.

The following theorem shows how to construct near-optimal solutions for the finite dimensional
model matching problem defined by definition 5.5.1.

Theorem 5.5.1 (A “Sub-Optimal” Real-Rational Sequence)

There exists a sequence {Q,}..., € RH which is uniformly bounded, uniformly rolls-off, and
such that

Hn S “Tln - T21;Q~n"%w S Hn +€

for n sufficiently large.

Proof From proposition 5.2.1, there exists Z, € RH™ such that

Walee = . [~ 72,7,

where Y,, def T, “Tzn; Z,,. Moreover such a Z,, is easy to compute since T}, and T, are real-rational
[23]. Now define

def - ~
Qa,b,n é Tznloznfagb

where f, is as in proposition 5.2.3, §, is as in proposition 5.5.1. We first show that Q.. is near-
optimal for appropriate choice of a and b.

Step 1: Near-Optimality of Q4 B .
Consider the following inequality.

”Tln - T2nQa9bm”H°o = ”Tln - TZn,- anagb”,uw < HTI,, - Tz,.'. Znfa

o || T2n Znfa(1 = 35) ...
< |Ta + (Y = T fallpgeo + | Tin, Znfol1 = )| .
<N+ (Ya = T1) fallnn + 1Tan = Tallen + T2 = T fallpgeo + | T2, Zofal1 = ).
From theorem 5.2.1, we know that there exists 4 A(e,Ty) € Z, (independent of n )such that
IT2 + (Yo — T1)fallye < max{|Ty(j00)|, max|Ty(jwi)l; [¥nllne} + €

foralln € Z,.
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By construction
Hn = max{ITln(joo)|’nl,?'x|Tln(jwk)|s “Yn”'}{w}'

Since T3, uniformly approximates T;, there exists N def Ni(e,T1) € Z such that
max{|T1(joo)|, max |T1(jwe)ls [[Ynllpe } < pin + €
for all n > N;. Given this, the previous inequality becomes
1Ty + (Y — T1) fallpeo < tn+€
for all n > N;. From the first inequality, this then gives
ITa = Tou@apnllse < bin+ €+ [1T1n = Tillageo + (T = T1.) fallpgen + | T2n 20 fa(l = 35) .-

The second and third norms on the right hand side can be made arbitrarily small by taking n
sufficiently large. This follows because T;, uniformly approximates T and because f4 is a fixed
H function.

To make the last term arbitrarily small, we begin by noting that T3,  Z, is uniformly bounded
in K. This follows from the inequality

720,24, < pmin_ |7, = Tou, 2], + 1Tl < 20T0 g

and the fact that 7;_ is uniformly bounded. Given this, proposition 5.5.1 implies that b can
be chosen sufficiently large to make the last term arbitrarily small. Cosequently, there exists

BY B(e, A) € Z (independent of n) such that

|7s.. 2011 - 35)] ., <

foralln € Z,.
Combining the above, we have that there exists V > Ny in Z, such that

1Ty, — T2,Q4,B,nllpe0 < n + 4€

foralln > N. This shows that Q 4,B,n is near-optimal for large sufficiently large n.
Step 2: Uniform Boundedness.

We now show that {Q4,B,n}.., is uniformly bounded in H*. We obsernve that Z,f4 is
uniformly bounded since Z,, is and since f4 is a fixed H* function. We then note that

1 ~
o lritan]. <o <
for each B € Z,, from construction 5.5.1. These imply the uniform boundedness of {Q4,B,n}re ;-
Step 3: Uniform Roll-off.
That {Q4,B,n}oo, is also uniformly rolls-off follows since T, 1 Z,dp is uniformly bounded and

since fa rolls-off (cf. proposition 5.2.3).
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Step 4: Construction of §,,.

Finally, we note that f, is the only irrational function used in constructing Q 4,8,n. However,
by proposition 5.2.3, f4 € C.. Hence, from proposition 2.10.1, f4 can be uniformly approximated
by RH> functions which possess similar properties. The construction of the sequence {Q.)or,
thus follows.

The following theorem guarantees the converse of proposition 5.5.2. It shows that u,, approaches
Ho as the approximants get better.

Theorem 5.56.2 (“Continuity” Result)

im p, = y,.

n—oo

Proof Proposition 5.5.2 gives upper-semicontinuity:

lim g, < go.

n—oo

We now prove lower-semicontinuity. We begin with the following inequality
o < [Ty = T . < | Tan = T2aQu], +1T: = Trnlle + (T ~ T2)Q] .

where @, is constructed as in theorem 5.5.1.

The first term can be made arbitrarily close to u, by constructing @,, appropriately.

The second term can be made arbitrarily small by taking n sufficently large. This is because
T, uniformly approximates T}.

Finally, the third term can be made arbitrarily large by taking n sufficiently large. This is
because T, is a compact approximant for T, (cf. construction 5.5.1) and because Q.. is uniformly
bounded and uniformly rolls-off (cf. lemma 2.10.1).

Consequently,

Ho < lim Hn

n—r00

for n sufficiently large. This proves the converse inequality (lower-semicontinuity), and hence the
theorem. [

Comment 5.5.3 (The case T}, =T} )

Upon inspection of the above proof, we see that if Ty, = Ty, then the above result would hold for
alln € Z;. Otherwise, the result is only guaranteed for sufficiently large n. This is due to the way
in which we construct Q,,. It should be apparent that a different construction could be guaranteed
to be near-optimal for all n. However, it is not obvious that such a construction would be uniformly
bounded and would uniformly roll-off.

From the above theorems we get the following corollary.
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Corollary 5.5.1 (A Near-Optimal Real-Rational Solution)

There exists a seqence {Qn}:ozl € RHE which is uniformly bounded, uniformly rolls-off, and
such that

Ho < |71 - T2@n,.. S ho+e

for each n sufficiently large.

|
Proof Here we take {Qn}:;l as constructed in theorem 5.5.1. The lower inequality is obvious
since Q,, € RHZ and is thus admissible.
The prove the upper inequality, we consider the following inequality

I T < o=l 13~ Bl 0~ T

We then note that that the last two terms can be made arbitrarily small by taking n sufficiently
large. The result then follows from the fact that

[ T S 10

for n sufficiently large, and theorem 5.5.2. |

5.6 Summary

In this chapter we defined the H™ Model Matching Problem and showed how to construct near-
optimal solutions for it. Sequences of appropriately formulated finite dimensional K> Model Match-
ing Problems were also considered in an effort to avoid the complex infinite dimensional H> Model
Matching Problem. It was shown that near-optimal real-rational solutions could be constructed for
the infinite dimensional H>® Model Matching Problem from those resulting from the finite dimen-
sional problems. The ideas presented in the construction shall be heavily exploited in subsequent
chapters on H* design.
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Chapter 6

Design via H*° Sensitivity
Optimization

6.1 Introduction

In this chapter we consider the problem of designing near-optimal finite dimensional compensators
for infinite dimensional plants via H™ sensitivity optimization. Such an approach can be moti-
vated by design specifications which require some specified degree of robustness or £2 disturbance
rejection. A systematic procedure is presented. More specifcally, we provide a solution to the H>®
Approzimate/Design Sensitivity Problem, the H>™ Purely Finite Dimensional Sensitivity Problem,
and the H* Loop Convergence Sensitivity Problem.

6.2 H>™ Approximate/Design Sensitivity Problem

In this section we present some definitions and assumptions to precisely state the H>® Approzi-
mate/Design Sensitivity Problem. Notation to be used throughout the chapter is also established.

Throughout the chapter we shall be working over the ring H*>. A transfer function will be
called stable if and only if it belongs to H*. Given this, F(H*>) will denote the fraction field
associated with H>. F.(H>) will denote those elements of F(H>) which can be represented as
the ratio of coprime factors in H°.

It has been shown in [52] that F.(#) consists of all elements in F(H*) which are stabilizable.
With this in mind, we make the following assumption about the infinite dimensional plant P.

Assumption 6.2.1 (Permissible Plants)

P e F(H=)1.
N

This assumption permits us to exploit the algebraic ideas presented in chapter 3. More specif-
ically, the assumption allows us to associate a coprime factorization (Np, D,) € H*® for P, over

H*>, with Bezout factors (Ng, Di) € H*®. That is,
N,

p==£
D,

L Although not explicitly stated, the causality of P is assumed.
g p )
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and

From proposition 3.2.1, it then follows that the set of all compensators which internally stabilize
P, with respect to the ring H*°, are parameterized by
def Ni — DpQ

K(P’Q) - Dk"’NpQ

where @ is any element in H*°. The following assumption is made regarding N and Dy.

Assumption 6.2.2 (Nominal Compensator)

(1) N € K NnC..
(2) Dy €C..
(3) Both N and D, are known.

Comment 68.2.1 (Practicality, Computational Issues)

Since we ultimately want a near-optimal strictly proper compensator, it makes sense to let the

nominal compensator K, om def %: be strictly proper. Having N, € H$ is thus justified. The

continuity of NV} and Dy is needed so that they mey be approximated uniformly by RH® functions
(cf. proposition 2.10.1). Assumption 6.2.2 is thus made with little loss of generality. The fact that
we need to know the pair Vi and Dj, is not very demanding. Since we seek a near-optimal strictly
proper compensator, we should be able to come up with one strictly proper stabilizing compensator.

We do acknowlegde that, in general, the computation of N,, D,, N, and D; may be difficult.
This issue shall not be addressed in this thesis.

Given that Ni € H§°, it follows that if we allow Q to vary over HS®, then we get all strictly
proper compensators which internally stabilize P. We shall be doing this throughout the section;
i.e. all infimizations involving P shall be carried out over H.

In this chapter we shall construct a sequence of real-rational approximants P, for P. They
will be constructed such that they are elements of F.(H>). Given this, we are guaranteed the
existence of a coprime factorization (N,,,D,,) € RH* for P,, over RH>™, with Bezout factors
(Nins Dr,,) € RH*> [56]. That is,

§;JIE:

and
(Dp,Dr, — Np, Ny, )~! € RH™.

The functions P,, N,,, Dp,, Ni,, and D, shall be constructed below. From proposition 3.2.1, it
then follows that the set of all compensators which internally stabilize P,,, with respect to the ring

H>, are parameterized by N
det Ni, — Dp, Q
K(P, = n  TPn ¥
( ’ Q) Dku - anQ

where () is any element in H*.
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The function NV, will be constructed so that it rolls-off. Given this, it follows that if we allow
Q to vary over H$°, then we get all strictly proper compensators which internally stabilize P,. We
shall be doing this throughout the section; i.e. all infimizations which involve P, shall be carried
out over H.

Throughout the chapter, we shall assume the following inner-outer factorizations over H>:

Np = Np;Np, Dp=Dp, Dy,
an = ani Npﬂ-o Dpﬂ- = Dp"r,' Dpﬂo'
Such factorizations are guaranteed to exist by proposition 2.7.6.

Comment 6.2.2 (Computational Issues)

It should be noted that the computation of inner-outer factorizations for N, and D, may be
difficult in practice. Such factorizations, however, can be obtained for a large class of plants. The
assumption that inner-outer factorizations for N, and D, are known is thus justified. This issue
shall not receive further consideration in this thesis.

In this section we shall formulate an H>™ weighted sensitivity problem. To do so, we shall
require a frequency dependent weighting function W. The following assumption shall be made on
w.

Assumption 6.2.3 (Weighting Function)

(1) W € RH*>.
(2) W is outer.

Here, W may be proper or strictly proper.
We now define the notion of an H*® -sensitivity measure as follows.

Definition 6.2.1 (H*-Sensitivity Measure)

Let @ € H*® and F,G,€ F,(H>). Also, let K(G,Q) denote a compensator which internally
stabilizes G with respect to the ring H*>. If it also internally stabilizes F, it is appropriate to
define the H> -sensitivity measure of the pair (F, K(G,Q)) as follows:

w
I"FK(G’Q)

In(F, K(G,Q)) %

H oo
|

From definition 8.2.1 above, it follows that Jye (P, K(P,Q)) Lf T—_?I%QT”H«»' Substituting
into definition 4.3.1 and allowing @ to vary over HS°, then gives us the following expression for the

optimal performance, popt.

Definition 6.2.2 (Optimal Performance)

S
1_PK(P9Q)

def
/*"opt -

inf = inf ||T}-T. o
QeH Moo Qe “ 1 ZQH'H

where Ty & WD,D; and T, & WD,N,.
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[
We emphasize that this definition defines an infinite dimensional optimization problem; one which
we want to, and will, avoid solving. Moreover, we note that the problem is an H* Model Matching
Problem, such as the one studied in section 5.2.
Similarly, from definition 8.2.1, it follows that Jyew(Py,, K(P,,Q)) = def m—m” . After
substituting this into definition 5.5.1, and allowing Q to vary over RH§®, one obtains the followmg
expression for the ezpected performance, p,.

Definition 6.2.3 (Expected Performance)

w
1-P,K(P,,Q) “,{m = QeRH°°

where Ty, < WD, Dy, and T,, & WD, N,..

def
Hn =

Qeiggi‘” ”Tln Tan”H“’

[
Here we can infimize over RH§® since W and P, are real-rational [23]. We note that this definition
defines a sequence of finite dimensional model matching problems.
An optimal or near-optimal solution to this problem is typically found by first considering the
“inner problem” [23]:

ZER'H°° |T1" L., Z”Hm

Here, T3,, = Dp, Np,, is the inner part of T, = Lef WD, N,, (recall that W is outer). From

proposition 5.2.1, we know that there exists Z,, € RH*™ such that

“Tl" ni Zn ” T ZeRHw ”Tl" - Tz"iZHH

Moreover, Z,, is unique [23]. Lets define
Qn = 15! 2,
where T3, = WD, N,,, is the outer part of T»_. This Q, generates a finite dimensional compen-

sator
Ny, — Dp,.Qn
D kn — N, ann '
This compensator, as we shall see (section 6.3), need not even stabilize P. We thus need to modify
it. For this reason, we define a roll-off operator

7:Qn — Qn € RHY.

K, K(P,,Q.,) =

To construct 7 we shall exploit theorem 5.5.1. The exact form of r will be determined subsequently.
The compensator generated by @, is given by

K def K(Pn, Qn) — Nkn — DPann.
Dku - anQn

Given this, we consider the feedback system obtained by substituting K,, into a closed loop
system with the infinite dimensional plant P. Let H(P,K,) denote the resulting closed loop
transfer function matrix from r,d to e,u. We then have

[2]=H(P,i<n)[;],
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where

Substituting for K, then gives

(6 Dy(D, — NpQn) Ny(Di, — Q)]
H P, Kn Qn = p ” Pn v P n Y [ —
( (@-)) [ Dp(Ne, = Dp,Qrn) Dp(Dr, — Np,Qn) | 6(P, K (Qn))
where a p
J(P Kn(Qn)) = (Dkn - anQn) - NP(Nkn - Dann)'
Given that internal stability can be shown, the actual performance, fi, defined in definition

4.3.3 is well defined and becomes:
Definition 6.2.4 (Actual Performance)

w
1- ~n7i

W('DP - DPn)(Dkn - anQn) + (Tln — T2“Q~n)
6(P’ K""‘Yl-(Q”ﬂ-)

~ def
Hn =

Hoe
|

Given the above definitions, the H>® Approzimate/Design Sensitivity Problem then becomes to
find conditions on the approximants {P,}; ;, and on the roll-off operator r, such that the actual
performance approaches the optimal performance; i.e.

lim /"’n = HMopt-

n-—+o00

Equivalently, this problem can be viewed as that of finding a near-optimal compensator for the
infinite dimensional plant P. The problem also addresses the question: What is a “good” finite
dimensional approximant?

Because this problem is of primary concern in this research, we now indicate what difficulties
are associated with the problem.

6.3 Why is the Approximate/Design Problem Hard?

There are several reasons one can give to illustrate the difficulties associated with the Approzi-
mate/Design Problem. We now discuss some of these.

First, one must note that the weighted H> sensitivity problem, in general, is discontinuous
with respect to plant perturbations, even when the uniform topology on H* is imposed. This has
been demonstrated in [53]. Consequently, simple continuity arguements cannot be used. It must
also be noted, however, that even if it were continuous in the uniform topology, there are many
infinite dimensional plants which cannot be approximated uniformly by real-rational functions (e.g.
a delay; see proposition 2.10.1).

A second difficulty can be attributed to the fact that the associated Hankel operator is often not
compact. When this is the case it cannot be approximated uniformly by finite rank operators, and
again it is not clear how to proceed. How to approximate a non-compact operator then becomes
the non-trivial issue.

Another difficulty can be attributed to the fact that weighted H* optimal solutions generally
exhibit bad properties. More specifically, one can show that the optimal solution is often unbounded
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and results in an improper compensator. One can correctly argue that this is usually an existence
issue, nevertheless, it is an issue which a designer must contend with.
The following example illustrates that even uniform approximations can lead to bad results.

Example 6.3.1 (Discontinuity, Instability, “Open-loop Intuition” )
Let our infinite dimensional plant be given by P(s) =
W = i_{%, where 0 < 8 < 1. The associated optimal compensator is infinite dimensional. It can be
found by solving the infinite dimensional model matching problem defined by:

def .
bt 2 inf (W (1= PQ) e

This has been done in [14]. There, it is shown that
bopt = max{ [W(jco), [[Twesl| } = [Tl

Thus, ||Twe.|| > 1.

We want to obtain a near-optimal finite dimensional compensator, by solving an appropriately
formulated finite dimensional problem. Let P.(s) = (;%5)" 5 +1 define a set of finite dimensional
approximants for P. It can be shown that P, uniformly aprroximates P on the extended imaginary
axis (cf. example 2.10.1). The approximants P, are thus terrific, based on “open-loop intuition”.

A solution to the finite dimensional optimization problem

def .
= f 1-P 0o
Hn Qelll%?{;,” ”W( nQ)”H
is given by

Qn=(1-8) 1+ )"

This @, results in u, = |[W(joo)| = 1. We note that p, cannot approach p,, for large n since
Mopt > 1 = p, for all n € Z,. This has been also noted in [63]. The example thus illustrates the
discontinuity of weighted H* sensitivity measures.

The above @), generates a finite dimensional compensator

df  —Qn o Sin
Ko & gt = (8- 1) W(s) (14 2.
Given this, we note that
~ def ’ W 1-P, Qn)
bn =T PK, 1— (Pn— P)Qnlly,

We also note that
|(Pr = P)Qnllpe > 1

for all n € Z,. Moreover, it can be shown that K,, does not internally stabilize the plant P for any
value of n € Z,.

One might argue that this is because @), is improper to begin with. One might go a step further
to correct the above instability problem by rolling-off Q,, with some roll-off function. This can not
be done using a fixed order roll-off function. Even if we were able to guarantee stability, there is
no natural way to modify @, so that i, is close to p,, for large n.

The difficulty lies in the approximants P,. They are bad approximants of P, given that we are
solving a weighted H*> sensitivity problem. They fail to approximate the inner part of the plant.
This is crucial given that we are solving a sensitivity problem.
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The above example clearly shows that the approximants P, must be chosen appropriately.
Approximants must be chosen on the basis of a closed loop design objective; not on open loop
intuition. Consequently, which approximants are used is critically dependent on which design
criterion is used.

The example also shows that the way in which we modify the resulting @,, must be done cleverly.
“Classical” fixed order roll-off functions, in general, will not work.

Finally, the example shows that simple continuity arguments can not be used to obtain a solution
to our Approximate/Design problem.

We now present our solution to the H™® Approzimate/Design Sensitivity Problem.

6.4 Solution to H>* Approximate/Design Sensitivity Problem

In this section we shall solve the H>® Approzimate/Design Sensitivity Problem. We shall do so by
constructing a near-optimal finite dimensional compensator for the infinite dimensional plant P.
This will be done by appropriately modifying finite dimensional solutions {Q,};, based on the
finite dimensional approximants {P,}.2.;. The techniques developed in Chapter 5 shall be heavily
exploited.

In this section, the following assumption will be made about the infinite dimensional plant P
and the finite dimensional approximants {P,}3

n=1-*

Assumption 6.4.1 (Construction of Approximants and Bezout Factors)

(1) Np, and Dy, have a finite number of zeros on the extended imaginary axis; each with finite
algebraic multiplicity.

(2) The sequence {N,, }52; C RH™ consists of inner functions which uniformly approximate N,,
on all compact frequency intervals (excluding the point joo); i.e. for each Q € R, however large,

we have lim,, o ”(an', — Np)X(_a,) ”Hw =0.

(3) The sequence {N,, }32; C RH* consists of outer functions which uniformly approximate
Np,;i.e. lim, o "ano - Npo”nm = 0. Moreover, the sequence is constructed as indicated in
construction 5.5.1.

(4) The sequence {D,,,,., }32; C RH™ consists of inner functions which uniformly approximate

Dy; ie. limn oo || Dy, — D, “HN =0.

(5) The sequence {D,,_}32; C RH™ consists of outer functions which uniformly approximate
Dy, i.e. liMp o0 || Dyp,, — Dp, |50 = 0. Moreover, the sequence is constructed as indicated in
construction 5.5.1.

(6) P, & J2= where Ny, © N,,. Ny, and D,, ¥ D, D, .

7) The sequence {Ng, }2; C RHS uniformly approximates Ny; i.e. limp o0 ||[Ne, — Nie|lsyoo = 0.
n 1 0 n H
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(8) The sequence {Dj,}3%, C RH*™ uniformly approximates Dy; i.e. limp_o0 || Dken — Di|l3e = 0.

Comment 6.4.1 (Applicability, Practicality)
(a) Poles and Zeros on Extended Imaginary Axis.

Condition (1) simply says that P has a finite number of poles and zeros on the extended imag-
inary axis. Relaxing this condition will be an area for future research.

(b) The Inner Part and Right Half Plane Zeros.

Condition (2) is reasonable since it allows N, to be discontinuous at co. It thus allows for plants
with delays. Delays can be approximated uniformly on compact frequency intervals using Pade’
approximants (cf. example 2.10.2). Such approximants agree with control engineering intuition:
the need to approximate the plant at “low” frequencies.

The condition allows P to have an infinite number of zeros in the open right half plane. P , for
example, may contain an infinite Blaschke product of open right half plane zeros. In such a case,
the partial products can be used as the N, [30].

If P has an infinite number of open right half plane zeros, then the zeros can only accumulate
at co. If they were to accumulate within the finite open right half plane, then this would imply
that N, is identically zero in the open right half plane (cf. proposition 2.3.5). If they were to
accumulate on the imaginary axis then V,, would possess essential singularites at those points and
hence we cold not approximate it uniformly on compact frequency intervals (cf. proposition 2.7.3).
It thus follows that the only point of accumulation can be co.

(¢) Continuity of N,,, D, and D,,.

It should be noted that the approximants in (3), (4), and (5) are guaranteed to exist if and only
if Np,, Dp;y Dp, € Ce. This follows from proposition 2.10.1.

(d) Approximation of Inner and Outer Parts.

We approximate the inner and outer parts separately, in order to control the pole-zero structure
of the approximants P, on the imaginary axis. If we did not perform the approximations in the
above manner, then the pole-zero structure of P,, and P may differ drastically on the imaginary axis,
even for large n. Such a situation is highly undesirable since H> sensitivity solutions are discon-
tinuous with respect to addition of poles and zeros on the imaginary axis. Since the approximants
are based on the construction given in construction 5.5.1, the ideas in construction 5.5.1 are critical.

(e) Right Half Plane Poles.

Condition (4) implicitly forces P to have only a finite number of open right half plane poles.
This follows from proposition 2.7.3.
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This makes sense since a plant with an infinite number of open right half plane poles cannot be
stabilized by a finite dimensional compensator.

(f) Continuity of N; and Dy.

We note that the existence of the approximants in (7) and (8) are guaranteed by assumption
6.2.2 modulo proposition 2.10.1.

Comment 6.4.2 (Stable Plants)

For stable plants we may choose N, = P, N, = P,, D, = D,, = Dy = Dy, = 1, and N, =
Ni, = 0. In such a case we choose P,, to approximate P; on compact frequency intervals. We also
choose P,  such that it approximates P, uniformly on the extended imaginary axis. Moreover, P,
is choosen, according to construction 5.5.1, so that its zero structure on the imaginary axis does
not differ drastically from that of P,.

The following lemma shows that if P, is constructed as above, then N,, and D, will be a
coprime factorization for P, over RH*°, with Bezout factors N, and Dy, .

Lemma 6.4.1 (Algebraic Properties of Approximants)
There exists N € Z; such that

(DPnDkn - NPnNkn)_l € RH™
foralln > N.

Proof Adding and subtracting appropriately, gives the following equality:
Dy, Dy, — Np,Ni, = (Dp, — Dp)(Dr,, — Di) + D(Dp, — Dp) + Dp(Ds,, — Di) + DpDj,

_(NP NP)(Nkn - Nk) - Nk(NPn - NP) - NP(Nkn - Nk) - Nka’
However, by assumption D,Dy — N,Ni = 1. The result then follows from assumption 8.4.1. |

n

Comment 6.4.3 (Strict Propriety of V; )

In the above proof we used the strict propriety of IVj along with the fact that N, approximates
N, uniformly on compact frequency intervals. If N, were only proper then we would need N, to
be a uniform approximant, say, in order to guarantee that || Nix(Np, — Np)||3 is small for large n.

With this lemma and proposition 3.2.1, it follows that the set of all compensators which inter-
nally stabilize P,, with respect to the ring RH*>, are parameterized by

dﬁf Nkn — ‘Dan

K(PrnQ) - Dk _Np Q

93



where () is any element in RH* [56]. Consequently, the approximants P,, as constructed above,

possess the desired algebraic properties.
We now relate the structure of our problem to the finite dimensional H*® Model Matching
Problem considered in section 5.5.

Proposition 6.4.1 (Structure)

Tln (!_sf WDPn ‘Dkn

and
def

T, € WD,,N,,

satisfy the conditions in section 5.5.

[ |
Proof
Given the previous lemma, the result follows from assumption 8.4.1. We note, for example, that

lim ||T1, — Tillye =0

n—oo

and
Jm |(Ta0 - T X 0], =0

for each (} € R, however large. These follow from the inequalities
|1, - Tl”?-too < |[[W(Dp, - Dp)Dkn”Hoo + ||[WDp(Dp,, — Dk)”'noo
and
[T - T X0, < IW(Dpn = Do)Npullpe + [WDp(Np, — Np) X0y ...

and assumption 8.4.1.
Other results from section 5.5 will be stated when needed. ]

The following theorem captures the main ideas in obtaining a solution to the H*> Approzi-
mate/Design Sensitivity Problem.

Theorem 6.4.1 (Main Ideas)
Suppose that

lim Hn S f”opt (1)

n—oo

and that there exists a uniformly bounded sequence {Q, }; C RHS such that
”Tln - Tann“Hm <tnt 6 (2)

for n sufficiently large, and
lim |1 - 6(Pn,K,,(Qn))”Hm =0. (3)

n—oo

Given the above, {K,}..., will internally stabilize P with respect to the ring H* for all but a
finite number of n. In addition, the actual performance approaches the optimal performance as the
approximants get “better”; i.e.

lim i, = .
Ji i =
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Proof
Since
def . w
Hopt = QIEI}I'{{;" 1- PK(P, Q) “’Hoo
and
~  def w _ (Dp — Dp,,)(chﬂ - anQn) + (Tlln — T2,,Q~n)
" T 1= PK(Pa, Q) ||ye0 §(P, Kn(Qr) Hoo

we have pop < fip, for each n € Z,. Consequently,

”Tln - Tan""uw + HW(DP — Dp, (D, = NP”Q")IIH”
1 [t - 6P Bnl @] '

The result then follows from conditions (1), (2), and (3) within the theorem.

We now show that (3) implies internal stability. To do so, we argue as follows.

Since K, internally stabilizes P,, it follows that N, — Dann and Dy, — anén must be co-
prime in H*°. We also have that N,, and D, are coprime in H*. Consequently, from proposition
3.3.1, we have that K, internally stabilizes P if and only if §(P, K,) is a unit of (i.e. invertible
in) H>. However, (3) implies that §(P, K,,) will be a unit for all but a finite number of n. This
completes the proof. [ |

Hopt < fin <

Theorem 6.4.1 shows precisely what is needed to solve the H*® Approzimate/Design Sensitivity
Problem. It was shown in section 6.3 that one can run into serious difficulty satisfying the third
condition of theorem 6.4.1 if one chooses @,, = Q,,. We emphasize that it is condition (3) which will
allow us to guarantee internal stability when K, is used with P. Because of this, the “traditional”
choice of r, as the identity, comes with no guarantees. In what follows we shall present a way for
choosing Q,,, and hence the roll-off operator 7, so that all three conditions in theorem 6.4.1 are
satisfied. With this construction we will have a solution to the H> Approzimate/Design Sensitivity
Problem.

We shall see that condition (1) in theorem 6.4.1 will follow from the implicit structure of
the weighted sensitivity problem. This condition should be interpreted loosely as an “upper-
semicontinuity” condition. Such a condition should be expected from the results in [53, pp. 345].

Condition (2) in theorem 6.4.1 will be achieved by exploiting the ideas developed in chapter 5.
More specifically, (2) will follow from theorem 5.5.1. We refer to condition (2) as a “sub-optimality”
condition.

Finally, condition (3) in theorem 6.4.1 will follow after showing that the @, are uniformly
bounded and uniformly roll-off in RH$>. This will be critical in stablishing (3). Since condition (3)
gives us stability, we shall refer to it as the “internal stability” condition.

The main result of this section is now stated in the following theorem.

Theorem 6.4.2 (Main Result: Solution to Approximate/Design Problem)

There exists a sequence {Q,}o.;, C RH which is uniformly bounded, uniformly rolls-off.
There also exists N € Z, such that

Hopt < fln < Hopt + €
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for alln > N. Consequently, there exists a roll-off operator r : Q,, — @, € RH such that
,}Lngo fin = Popt.

Moreover, the sequence {(,}..., generates a sequence of finite dimensional, strictly proper, inter-
nally stabilizing compensators {K,}...,, where

R = Neo = DpnOn
Dkn - NPnQ‘n
and
Hopt < H———l _ PR, 2goo < Popt + €

for alln > N. K, is thus nearly-optimal for alln > N.

|
Proof
To prove the theorem, we only need to show that conditions (1), (2), and (3) of theorem 6.4.1
can be satisfied.
From proposition 5.5.2, we have that

lim Hn S Hopt-

n—oo

This gives us the upper-semicontinuity condition (1) in theorem 6.4.1.
From theorem 5.5.1, there exists a sequence {Q,,}f:’_._.1 C RHg which is uniformly bounded,
uniformly rolls-off. Moreover, there exists N € Z, such that

[0l <t

for each n > N. This gives us the sub-optimality condition (2) in theorem 6.4.1.
To complete the proof, we only need to show that condition (3) of theorem 6.4.1 holds; i.e.

i 1 t22 £u@) o
To do so we note that
8(Pn, Kn(@n)) = Dp(Dien = NpoQn) = Np(Nie,, — Dp, Q)
= Dp(Dk, — Di) + DpDi — Np(Ni, — Nig) = NpNie — Dp(Np,, — Np)Qn — Np(Dp - DPn)Qn'
Since D,D;, — NN, = 1, this yields
1~ 8(Pn, Kn(Qn)) = Dp(Dk — D) + Np(Ni,, ~ Nie) + Dp(Np, = Np)Qn + Np(Dp — Dy, ) Q.

Condition (3) of theorem 6.4.1 then follows from assumption 8.4.1.

Given the above, it follows from theorem 6.4.1 that {K n}:o___l will internally stabilize P with
respect to the ring H* for all but a finite number of n. In addition, the actual performance
approaches the optimal performance as the approximants get “better”; i.e.

im fin = piopt.

7n—00

This completes the proof. [ |
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Comment 6.4.4 (Internal Stability)

To guarantee internal stability we have used the fact that N, uniformly approximates Ni. If Ny,
approximated N} uniformly only on compact frequency intervals, then we would need say, N, to
roll-off in order to guarantee that ||Ny(Nk, — Ni)||3 is small for large n.

The above theorem shows that given our assumptions on the weighting function, the approxi-
mants, and on the plant, there exists a way to construct nearly-optimal, finite dimensional, strictly
proper controllers for the infinite dimensional plant; i.e. in a manner such that the actual per-
formance approaches the optimal performance as the approximants get better. Consequently, we
have solved the H*> Approzimate/Design Sensitivity Problem. It should be emphasized that this
has been done by using approximants which converge in the compact topology on H* and do not
necessarily converge in the uniform topology. Moreover, the conditions which the approximants
{Pn},>, must satisfy are weak.

Comment 6.4.5 (Direct Construction of Finite Dimensional Compensators)

From theorem 5.2.2, it immediately follows that we can also construct nearly-optimal infinite
dimensional compensators for P. In principle, one can approximate such compensators to get finite
dimensional compensators. This, however, would defeat our purpose. In our Approzimate /Design
approach we intentionally avoid solving infinite dimensional optimization problems.

To perform the above construction would mean that we would have to solve an infinite dimen-
sional “inner problem” for Z,,; (cf. proposition 5.2.1). In the context of this work, however, this is
unacceptable.

The following examples indicate how the ideas presented in this section can be applied.

Example 6.4.1 (A Stable Plant)

Let our infinite dimensional plant be given by P = . We then have P = Dl and D,D; —
NN =1 where N, = +1,D,,:l,N,.,:O ande—l

Let the approximants be given by P, = Dflt, where N, = fi'%—_(;i‘)- and D,, = 1. We then
have D,, Dy, — N,,Ni, = 1 where N, = 0 "and Dy, = 1 The construction of near-optimal
compensators for P based on P,, then follows from theorem 6.4.2. Here Pade(n,n) denotes the

[n,n] Pade’ approximant for e=* (cf. example 2.10.2).
The resulting nearly-optimal compensator takes on the form

o def  —Qn
" 1“PnQ~n

where ot
Qn é anAgB-
def

Here, f4 is an RH*™ function which is sufficiently close to f4 = def

,+1)I € HP, where A =
A(e, W) € Z, is sufficiently large and fixed. Also, gp 4ef f_l_i%- € RH>, where B Y B(e,A) € Z, is

sufficiently large and fixed. How f4 and gp are precisely constructed, is shown in theorem 5.5.1.
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The above, compensator is finite dimensional, strictly proper, and will be nearly-optimal for n
sufficently large. How large n needs to be can be determined from theorem 5.5.1 and the results of
this section.

Example 6.4.2 (An Unstable Plant)

—s -1 —s
Let our infinite dimensional plant be given by P = £—. Also let P = gl;‘; y Where Np = &4

and D, = :—;—i—
If we select the nominal compensator K,,m def Ni.Di !, where N;, = —2¢e and D), = 511;—_211:,

then we obtain D,Dj, — Np,Ni = 1. We thus have a coprime factorization (NN, Dp) for P over H*®
with Bezout factors (Ng, D).

The problem here is that N, and hence K,,m, does not roll-off (cf. comment 6.4.3). We need to
construct a nominal compensator K, gt N D! which is strictly proper. Such a compensator
will be found using classical ideas.

We shall obtain the desired compensator based on the “design plant” T}T Let

Ko & M —212
(s+b)(s+¢)

where a,b,c, M are design parameters. It should be clear that there exists a,b,c, M € R, such
that K,om(s) internally stabilizes P. To see this one first uses root locus ideas to see that Kpom(s)
will stabilize the “design plant” ;{-1— The idea, then is to adjust the parameters so that the “design
loop”, determined by -,1—1 and K ,m(s), remains stable even in the presence of a loop perturbation
e~*. This can be done by appropriately selecting the gain crossover frequency and the phase margin
of the “design loop”. One can choose, for example, a = 1, b = 1000, ¢ = 10b and then adjust M
appropriately.

We now obtain a coprime factorization (N, D) for K ,m over H*® with Bezout factors (Vp, D,).
To do so, we first consider the loop determined by P and K,,». It has characteristic “polynomial”
given by

d(s) ¥ (s—1)(s+b)(s+¢) - Me™* (s+a).

By construction, all of its roots lie in the open left half plane. We now define

o def
Nk = Knom

and

d(s)
(s+1)(s+d)(s+¢c)
By construction @ € H*. Also, since d(s) is stable and ® is proper, we conclude that & is a unit
of H*. Given this, if we define

3 %f DpDk - Nka =

and B
def D
D=
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then it follows that D,Dj — N,Nj, = 1. Moreover, Ny, D, € C. and hence by proposition 2.10.1 can
be uniformly approximated by RH> functions. It thus follows that N,, Dy, Ni, and Dj, satisfy
the needed conditions.

Given the above, we then let our approximants be given by P, = g:f, where N, = fi’i‘i’.‘_’_'ll,

s+1
D,, = ﬁ% Moreover, we let Ni, € RH§ and Di, € RH*> be approximations of N} and D,

respectively. The construction of near-optimal compensators for P based on P,, then follows from
theorem 6.4.2. Here Pade(n,n) denotes the [r,n| Pade’ approximant for e~ (cf. example 2.10.2).
The resulting nearly-optimal compensator takes on the form

K, 4 Moo = Dpu Qs
Dkn - anQn

where the construction of Q,, is performed in a manner which is analogous to that discussed in the
previous example.

6.5 Solution to H* Purely Finite Dimensional Sensitivity Prob-
lem: Computation of Optimal Performance

In practice we often would like to compute or estimate the optimal performance piopt. The following
theorem says that under our assumptions, the ezpected performance u, approaches the optimal
performance fiopt.

Theorem 6.5.1 (Solution to Purely Finite Dimensional Problem)

iz o = g
[ |

This solves the Purely Finite Dimensional Sensitivity Problem.
Proof The proof of this follows from that of theorem 5.5.2. i

It should be emphasized that the above result has been obtained even though the optimal
performance fi,,; need not be continuous with respect to perturbations in the plant P, even when
the uniform topology is imposed [563]. Even if it were continuous, there are many plants in H*®
which cannot be approximated by RH> approximants; e.g. a delay (see proposition 2.10.1). Given
this, it is also imperative to point out that the above result has been shown even though the
approximants { P,,},> ; need not approximate the plant P uniformly.

The approach usually taken in the literature to compute pop; is to solve an infinite dimensional
eigenvalue/eigenfunction problem [14, pp. 28-31], [61], [63, pp. 308]. Theorem 6.5.1, however
implies that in order to estimate y,,; all we need do is solve a sequence of finite dimensional eigen-
value/eigenvector problems. This computational virtue is better exhibited in the following “spec-
tral” corollary to theorem 6.5.1, which shows explicitly the relationship between the relevant finite
dimensional eigenvalue/eigenvector problems and the infinite dimensional eigenvalue/eigenfunction
problem.
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Corollary 6.5.1 (Spectral Implication)
If

max{ [T1(joo)l, max|Ty(jwr)| } < |Pry,

then

ti [ =

Proof From proposition 5.3.1, it follows that

}

Hopt = max{|Ty(joo)|, max |Ty(jen)l, Pz,

From the assumption, we have p,,: = ”I'TlT;, . The result then follows immediately from theorem
5.4.1. ' n

Comment 6.5.1 (Hankel Norm Assumption)

The inequality in the above coroallary is satisfied if the points oo, {w;} are essential singularities of
T,,. This has been shown in [61]. Without going into detail, this is because in such a case |Ty(joo)|
and {|T1(jws)|} lie in the essential spectrum of the Hankel operator I'ry1; and essential spectra

cannot exceed the operator norm. If, for example, T, = e~*, then the inequality is satisfied.
We note that lemma 5.3.1 may help in choosing T; so that the Hankel norm assumption in
corollary 6.5.1 is satisfied (cf. [14, chapter 8]).

This corollary shows that given our assumptions, the above norms converge. We emphasize
here that we have proven convergence of the norms even though the finite rank Hankel operators
{PT1,.T }32, do not, in general, converge uniformly to the Hankel operator I‘T!T— . This is because

I‘TlT' is usually non-compact and thus cannot be approximated uniformly by a sequence of finite
rank operators (5, pp. 42, 178]. The Hankel operator I‘T,T‘ can be shown to be non-compact,

for example, when the weighting W is only proper and the plant P is a pure delay (T3 = W,
Ty, = e~* ). This is seen from Hartman’s Theorem on compact Hankel operators (proposition
2.9.2). Consequently, our approach also avoids finding approximate solutions via Hankel operator
approximation theory which falls apart for non-compact operators.

Although the above provides a solution to the Purely Finite Dimensional Sensitivity Problem, it
does not really provide insight into the computation of the optimal performance popt. Such insight
can be obtained from the results in sections 5.4 and 5.5.

Lets assume that P € H®. In practice one might compute the approximants P, using Pade’
approximations [3], for example. Such approximants were presented in example 2.10.2 for the case
where P was a delay.

The following examples illustrate how such approximants can be used to solve problems which
would ordinarily require the solution of an infinite dimensional eigenvalue/eigenfunction problem.

Example 6.5.1 (Tannenbaum)

In this example we consider a problem from [18]. Our infinite dimensional plant is a delay: P = e—*A
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where A = 1. The weighting function is low-pass and given by W(s) = ;;1:;1— with a = 100. To
compute ||T'y p,«|| we first solve
tan(y) + 3—21 =0

for y, = 1.577137. We then have
ICw .|l = W (5] = 0.00634.
Now let P, = [n,n] Pade’ approximant for P (cf. example 2.10.2). Given this, one can show that

{“rWP,.‘.‘

I}:o=1 = {0.00498, 0.00629,0.00634, . ..}.

Since |[W(joo)| = 0 < ||[Twp;+||, we expect lim,_o ||Twp,;+|| = ||[Twp,+|| from theorem 5.4.1. The
computer data shows that we have convergence as predicted. One might argue that this case is
easy since Hankel operator is compact.

Example 6.5.2 (Flamm, Mitter)
In this example we consider a problem from [14], [15]. Our infinite dimensional plant is a delay:
P = e*A where A = 1. The weighting function is low-pass and given by W(s) = ﬁ:—% with
B = 0.01. To compute ||I'wp,«| we first solve
w?-p
cot(wA) = —————
WA =Ca A)

for w, = 0.8676622. We then have
ITwe || = [W(jw,)| = 1.5258.

Now let P,, = [n,n] Pade’ approximant for P(cf. example 2.10.2). Given this, one can show that

{”I‘WP,.p

Since |W(joo)| = inf,er, [W(jw)|, it follows form lemma 5.3.1 that [W(joo)| < ||T'wp,+||- Given
this, we expect lim, o ||[Twp,;*]| = ||[Cwp+|| from (4) of theorem 5.4.1 and the fact that P,
uniformly approximates P on compact intervals (see example 2.10.2). Although the Hankel operator
I'wp,+ is non-compact, the computer data shows that we have convergence as predicted.

}:;1 = {1.4925,1.5254,1.5258,...}.

6.6 Solution to H* Loop Convergence Sensitivity Problem

Thus far, we have given conditions under which the ezpected performance p,, and the actual perfor-
mance fi, approach the optimal performance pop:. We now investigate the behavior of the actual
loop shapes. More specifically, we would like to know in what sense, if any, does ,, converge to
a near-optimal solution Q,p;. Since @, and Q,p: are based on “inner solutions” Z, and Z,p, it
makes sense to investigate the convergence of Z, to Z,,;. We start with the following assumption.
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Assumption 6.8.1 (Uniform Convergence)

We shall further assume that
lim ”Tz,,. - Tz..” = 0.
n—oo t Heo

Comment 6.6.1 (Applicability)

The above assumption will not be satified for a large class of plants; e.g. P = e~*. This is because
RH> functions are not dense in H*. A delay, for example, cannot be uniformly approximated by
RH> functions (cf. proposition 2.10.1). The assumption can be satisfied if, for example, T,, € C,;
i.e. real-rational (cf. proposition 2.7.3). Weakening the above assumption will be a topic for future
research.

|
Given the above assumption, we have the following proposition.
Proposition 6.6.1 (Weak* Loop Convergence)
Let Zop: € H™ be the unique solution to
2in 1Ty = T2 Zllpee = |1T2 = Tz Zopt | pgen-
It then follows that {Z,}n. , converges to Z,, in the weak* topology on H™.
i

Proof

We prove the proposition, we begin by noting that %> is the dual space of the quotient space
L1/H! [30, pp. 137]. Since it is a dual space, its elements may be viewed as bounded linear
functionals acting on the primal space £!/H!. Given this, we recall Alaoglu’s theorem which says
that the closed unit ball in a dual space is weak* compact (cf. proposition 2.11.4).

Recall that Z, € RH* is a solution to the finite dimensional inner problem

min ’T -T z” :”T -T, Z ” .
ze}moo, In ™ 22n g0 In = 220 20 lge

Since T;, is uniformly bounded, so is Z,,. This is because

1Zallye < min_ |11, = T2n, 2, + 1 Tiallee < 20T lee-

From Alaoglu’s theorem, it thus follows that Z,, possesses a subsequence {Zngiy } oo, , Which converges
in the weak* topology on H*™ to say L € H*. Since Tp,(L/H') C L!/H!, this implies that
Ty — T2, Z,x) is weak* convergent to T) — T, L. Proposition 2.11.1 thus gives us the following
inequality:

s 5l < i |1

From this inequality, we obtain

I, = TacBllm < [Ty = T 200 s+ [ = T g + [ = T ] 3
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Using assumption 6.6.1 allows the last two terms to vanish. From proposition 5.2.1 it then follows
that

i

1Ty — T2, Ll < Jim | T

n(k) T;‘n( k);

From assumption 6.6.1 and theorem 5.4.1 it follows that the right hand side is equal to ”I‘TIT;_ .
From proposition 5.2.1, it thus follows that

”Tl - T2"L”'H°° < "I‘TIT;.-

= ”Tl - T2.'Zopt”7{eo = Zrél’i{go ”Tl - TziZ“‘H‘”‘

Since, by assumption, Z,p, is the unique minimum, the above inequality implies that L = Zp.
Moreover, we have also shown that any weak* convergent subsequence of Z, necessarily converges
to Zopt. The result then follows from proposition 2.11.5. |

Theorem 6.6.1 (Solution to Loop Convergence Problem)

The sequence {Z,}>2, converges uniformly to Z,p; on all compact frequency intervals.

[
Proof

The sequence {Z,}>2, is uniformly bounded in H*. By the Arzela-Ascoli theorem (cf. propo-
sition 2.12.1), the sequence {Z,}°%, constitutes a normal family of analytic functions over the
open right half plane. This implies that there exists a subsequence {Z,,(,\,)},‘:‘f__1 which converges
uniformly to say M on all compact subsets of the open right half plane. From proposition 2.10.2,
it follows that M is analytic in the open right half plane. Since Z, is uniformly bounded in H*, it
then follows that M € H>. Using limiting arguments, one can show that uniform convergence on
compact subsets of the open right half plane implies uniform convergence on all compact frequency
intervals of the imaginary axis.

Lets view Z,(x) and M as bounded linear functionals acting on the primal space £!/H!. Using
the uniform convergence on compact frequency intervals and the fact that functions in L/H?
roll-off, gives us that Z,) has weak* limit M. From proposition 6.6.1, it follows that M = Z,,.
Consequently, Z,) converges to Zo,; on compact frequency intervals.

The above shows that any compactly convergent subsequence {Zn(k)}:__l must converge to Zop;.

Suppose that Z, does not converge compactly to Z,,:. Then, there exists a subsequence
{Zn(k)} ., and a compact set § such that

|(Zuy = Zat) X, 2 €

for all k. This, however, contradicts the normality of {Z,}.. ;. It must therefore be that Z, con-
verges to Zo,; uniformly on all compact frequency intervals. [ |

Comment 6.6.2 (Convergence of Loop Shapes)

The above theorem implies that if proper care is taken, we can construct sequences of compensators
which yield loop shapes which approach the optimal loop shape uniformly on compact subsets. The
practical implications of this are obvious. This makes the Approximate/Design approach presented
in this chapter a truely useful design tool.

This concludes our discussion of the H* Loop Convergence Sensitivity Problem.

103



6.7 Summary

In this chapter a solution was presented to the H> Approzimate/Design Sensitivity Problem. More
specifically, it was shown how near-optimal finite dimensional strictly proper compensators could be
constructed for an infinite dimensional plant, given a weighted 1> sensitivity design specification.
It was shown that the construction could be carried out on the basis of finite dimensional solutions
obtained from appropriately formulated finite dimensional H* sensitivity problems. The finite
dimensional problems which one solves are “natural” weighted H* sensitivity problems obtained by
replacing the infinite dimensional plant by “appropriately” chosen finite dimensional approximants.

It was shown that, in general, approximants based on “open loop intuition”, rather than on
the control objective, may yield compensators which do not even guarantee stability when used
with the infinite dimensional plant. It was also shown how “appropriate” approximants could be
constructed. The approximants obtained were constructed so that their imaginary axis pole-zero
structure would not drastically differ from that of the plant. The construction presented does not
require sophisticated mathematics or software. It can be used by practicing engineers with little
effort.

We also provided a solution to the Purely Finite Dimensional H>® Sensitivity Problem. Here,
the issue of computing the optimal performance was addressed. It was shown that the optimal
performance could be computed by solving a sequence of finite dimensional eigenvalue/eigenvector
problems rather than the typical infinite dimensijonal eigenvalue/eigenfunction problems which
appear in the literature. This makes a once difficult problem, almost trivial. Examples were given
to illustrate this.

Finally, conditions were given under which the near-optimal finite dimensional loop shapes could
converge to the optimal infinite dimensional loop shape uniformly on compact frequency intervals.
This was illustrated in our solution to the H* Loop Convergence Sensitivity Problem. This makes
the Approximate/Design approach presented in the chapter a truely promising engineering tool.
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Chapter 7

Design via H*®° Mixed-Sensitivity
Optimization

7.1 Introduction

In this chapter we consider the problem of designing near-optimal finite dimensional compensators
for infinite dimensional plants via H* mixed-sensitivity optimization. Such an approach can be
motivated by design specifications which require some specified degree of robustness or £2 dis-
turbance rejection. A systematic procedure is presented. More specifcally, we provide a solution
to the H> Approzimate/Design Mized-Sensitivity Problem, the H™ Purely Finite Dimensional
Mized-Sensitivity Problem, and the H>® Loop Convergence Mized-Sensitivity Problem. Since the
ideas are similar to those presented in the previous chapter, we shall focus on stable plants.

7.2 'H> Approximate/Design Mixed-Sensitivity Problem

In this section we present some definitions and assumptions to precisely state the H>™ Approzi-
mate/Design Mized-Sensitivity Problem. Notation to be used throughout the chapter is also estab-
lished.

Since we assume that our infinite dimensional plant is stable we have that P € H*. Given this,
it follows from proposition 3.2.1 that the set of all compensators which internally stabilize P, with
respect to the ring H*°, are parameterized by

K(PQ)E =%

where @ is any element in H*. From this, it follows that if we allow Q to vary over H°, then we
get all strictly proper compensators which internally stabilize P. We shall be doing this throughout
the chapter; i.e. all infimizations involving P shall be carried out over Hg°.

In this chapter we shall consrtruct RH> approximants {P,}>> ; for P. From proposition 3.2.1,

it follows that the set of all compensators which internally stabilize P,, with respect to the ring
H>, are parameterized by
-Q

1-P,Q

where Q is any element in %*°. From this, it follows that if we allow Q to vary over H§®, then we get
all strictly proper compensators which internally stabilize P,,. We shall be doing this throughout
the chapter; i.e. all infimizations involving P, shall be carried out over H.

K(P,,Q) %
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In this section we shall formulate an H* mixed-sensitivity problem. To do so, we shall need
two frequency dependent weighting functions, W; and W,. The following “standard” assumption,
on the weighting functions W; and W3, shall be made throughout the chapter.

Assumption 7.2.1 (Weighting Functions)

(1) W1 € RH* and minimum phase.
(2) Wy, Wyt € RH™.

|
The above implies that W; and W, have no poles or zeros in the closed right half plane. W, may
or may not roll-off.
Suppose our mixed-sensitivity criterion is based a performance measure

W,
sesraye| ezl _joma-ray
HOO

which penalizes the sensitivity and complementary sensitivity transfer functions. Here Q varies
over Hg® since we are interested only in strictly proper compensators. It is easy to see that such a
criterion possesses pathologies similar to those possessed by the 7 sensitivity problem. We note,
for example, that such a criterion will do its best to invert the outer part of P. The criterion,
will thus, in general generate improper compensators. Although this difficulty, as will become
apparent, can be addressed using the techniques presented in the previous chapters, it can be
altogether avoided. '

In this chapter we shall present new results for a mixed-sensitivity criterion which, in our
opinion, is a “better” and more “natural” criterion. The criterion we shall consider is one which
penalizes the transfer function associated with the control, as well as the sensitivity function. By
doing so we will be able to obtain proper compensators to start with. Obtaining a suboptimal
finite dimensional compensator which rolls-off then becomes the central issue. We shall see that to
achieve this objective, all one need do is apply the ideas presented in Chapter 5 for the sensitivity
problem. To provide a logical flow of ideas we proceed as we did for the sensitivity problem in
Chapter 6.

To begin our development, we define the H*® mized-sensitivity measure to be used throughout
the chapter as follows.

Definition 7.2.1 (H* Mixed-Sensitivity Measure)

Let F,G,Q € H®. Also let K(G,Q) denote a compensator which internally stabilizes G with
respect to the ring H*™. If it also internally stabilizes F, it is appropriate to define the H*™® mized-
sensitivity measure of the pair (F, K(G,Q)) as follows:

(warte.))
def | \ WL K(G,Q
J(FE(G,Q)= | “FK(G,Q)

Hoo
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From proposition 3.2.1 it follows that K(G,Q) = T% We thus have

("G50 ?)
1-(G-F)Q

J(F,K(G,Q))=
Hoo
|

The above shows that when ||(F — G)Q||)~ < 1, then K(G, Q) “internally” stabilizes F and J
is well defined. This follows from the Small Gain Theorem [11]. We also see that if F = G, then
this “small gain” assumption is automatically satisfied, and hence J is well defined. This is because
K(F,Q) “internally”stabilizes F for any Q € 1, by definition. These issues shall receive further

consideration below. p
From definition 7.2.1 above, it follows that J(P, K(P,Q)) = (Wl (I}V_Q Q)) . Substitut-
2 Hoo

ing into definition 5.2.1 and allowing Q to vary over Hg°, then gives us the following expression for
the optimal performance popt.

Definition 7.2.2 (Optimal Performance)

def oo (Wsz(}’,Q))

Hort = qere || 1= PK(P,Q) T Qeng
Hoo

(")

'H°°.

[ |
We emphasize that this definition defines an infinite dimensional optimization problem; one which
we want to, and will, avoid solving. We denote its infimizer by Q,pr € H> 1.

Similarly, from definition 7.2.1 above, it follows that J(P, K(P,Q)) = ](Wl(vlv‘QP Q)) .
2 Hoo

After substituting this into definition 5.2.1, and allowing Q to vary over RH, one obtains the
following expression for the ezpected performance p,,.

Definition 7.2.3 (Expected Performance )

(wax(z

def . WZK(Pn’ Q)

n = nf =

K QelR’Hg" 1- P,K(P,,Q) Qelnug:
H oo

("),

|
Here we can infimize over RHg® since W1, W3, and P, are real-rational [23].
Let Q. achieve the infimum (or be near-optimal) in definition 8.2.3. We note that in general
@ will lie in H>. This is because W, is invertible in H>°. Consequently, Q,, will generate a finite
dimensional compensator

def _ —Qn
Kn = K(P‘ru Qn) = 1 '——Pn. Q"'n“

which generally does not roll-off. Also K, will not necessarily stabilize the infinite dimensional
plant P (cf. example 7.3.1).

!Existence issue 777
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In an attempt to remedy these shortcomings, we define a roll-off operator
7:Qn — Q. € RHY.

The exact form of r, as we shall see, is obtained in a manner analogous to that used for the
sensitivity problem. To construct r all that will be required are the ideas in theorem 5.2.1. The
exact form of r will be determined subsequently.

The compensator generated by (,, is given by

& K(P,,0,) = —2n .
1- P.0n

Given this, we consider the feedback system obtained by substituting K, into a closed loop
system with the infinite dimensional plant P. Let H(P, K,) denote the resulting closed loop
tranfser function matrix from r,d to e, u. We then have

[Z]ZH(P’KH):[Q]a

where

K,

1-PK, 1-PK,

1 P
H(P,K,)= [ 1-PKn 1-PKn ]

Substituting for K, then gives

l“PnQn P(]-"PnQn) 1
~Qn 1-PQn |1—(P,-P)O’

Given that internal stability can be shown, the actual performance fi,, defined in definition 4.3.3
is well defined and becomes:

H(P7 I‘.(n(Q.n)) = [

Definition 7.2.4 (Actual Performance)

( W1 . ) (Wl(l".PnQn))
7 def W2K(Pm Qn) — WZQn
b = T PK(P,,0.) 1- (P.- P)On
Hoo H

Given the above definitions, the H*® Approzimate/Design Mized-Sensitivity Problem then be-
comes to find conditions on the approximants {P,}>> , and on the roll-off operator r, such that
the actual performance approaches the optimal performance; i.e.

Lm g, = popt.

n—oo

Equivalently, this problem can be viewed as that of finding a near-optimal compensator for the
infinite dimensional plant P. The problem also addresses the question: What is a “good” finite

dimensional approximant?
Because this problem is of primary concern in this chapter, we now indicate what difficulties

are associated with the problem.
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7.3 Why is the Approximate/Design Problem Hard ?

The idea behind the Approzimate/Design approach is that if P, is close to P, then fi,, should be
close to fop:. One also might expect uy, to be close to Mopt. This is not true. The following example
shows that even in simple situations we may have a discontinuity.

Example 7.3.1 (Discontinuity)
Let P = ?}Tf be our plant. Suppose ||Ws||ye < |Wi(joo)|. Also suppose that
(wirkir,0)
def ¢ W,PK(P,Q)

Hort = &H= | "1~ PE(P,Q) = ol “ (WIV(‘ZESQ)) “nw'
Hoo

Here we penalize the sensitivity and complementary sensitivity functions. We now show that Mopt
is discontinuous at P. We first note that

Hopt 2 [W1(jo0)| > |[Wa|3yce

Let P, = -é:}l approximate P. We see that P, approximates P uniformly in H®. Also let

i & i (szngf—(lme)) Wl(l‘-PnQ))" _
Hoo

QeRH= | 1= P,K(P», Q) ~ QeRwme ”( W2PnQ
Heo

We see that choosing @ = p- € H* shows that
tn < [[Wallyoo < [W1(jo0)] < popt-

Consequently, u, cannot approach p.p:, as n approaches infinity, even though P, does approach
P. We thus have a discontinuity at P.

The above example shows that when the sensitivity and complementary sensitivity are penalized,
then the resulting optimization problem exhibits pathologies identical to those possessed by the H>
sensitivity problem. It should be noted, however, that the techniques developed in Chapter 6 can
be used to overcome these pathologies. Rather than taking this approach, we choose to use a nicer
cost function; namely one which penalizes the control to reference transfer function rather than
the complementary sensitivity transfer function. When this is done, the discontinuity exhibited in
the above example does not occur. This has been shown in [53] under the uniform topology on
H>. We shall show that useful results can be obtained when working with the compact topology
on H™.

We now present our solution to the > Approzimate/Design Mized-Sensitivity Problem.
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7.4 Solution to H* Approximate/Design Mixed-Sensitivity Prob-
lem

In this section we shall solve th H>® Approzimate/Design Mized-Sensitivity Problem. We shall do
so by constructing a near-optimal finite dimensional compensator for the infinite dimensional plant
P. This will be done by appropriately modifying finite dimensional solutions {Q,}.>, based on
finite dimensional approximants {P,,}.~,. The techniques developed in Chapter 5 shall be heavily
exploited.

In this section, the following “compact convergence” assumption shall be made on the finite
dimensional approximants {P,},.

Assumption 7.4.1 (Construction of Approximants)
The sequence {P,};>.; € RH*> is uniformly bounded in H* and uniformly approximates P on all
compact frequency intervals; i.e. for each } € R, however large, we have

Jiy (B - PXpaal,. =0

Comment 7.4.1 (Practicality)

Compact approximants are easily obtained. If P is a delay, for example, one can use Pade’ ap-
proximants (cf. example 2.10.2 ). Other approximants can also be used (cf. example 2.10.1 and
example 2.10.3).

The following theorem captures the main ideas in obtaining a solution to the H™ Approzi-
mate/Design Mized-Sensitivity Problem. The theorem is analogous to theorem 6.4.1.

Theorem 7.4.1 (Main Ideas)
Suppose that
lim P < Hopt s (1)

n—oo

and that there exists a uniformly bounded sequence {Q,}32; C RHg such that

("), 5o ve

for each n sufficiently large, and
s [ P10, =0 0
Then K, will “internally” stabilize P for all but a finite number of n and

lim i, = .
2 fin = Hopt
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n
Proof
The proof of this theorem is identical to the proof of theorem 6.4.1. |

Theorem 7.4.1 shows precisely what is needed to solve the H™ Approzimate/Design Mized-
Sensitivity Problem. Comments analogous to those given for theorem 6.4.1 can be made here.
The following theorem shows how one might construct a strictly proper nearly-optimal com-
pensator for the infinite dimensional plant P. We note that such a compensator is guaranteed to
exist by the definition of the optimal performance pop: in definition 7.2.2. We present the theorem
because it will provide insight into the subsequent construction of r,Q,, and hence K,.
Throughout the section, we shall require the following roll-off function.

Definition 7.4.1 (Roll-off Function)

where m € Z,.

Such a function was discussed in Chapter 2 and heavily exploited in Chapters 5 and chapsensol.

Theorem 7.4.2 (Near-Optimal Irrational Compensator)

There exists Ml Ml(e, Popt) € Z4 such that

” (W1 (1- PQopthMl))

< opt T 3e
W2QopthM1 = Hopt

Hoe

If we define Qopt def Qopthn, , then Qopt € H§® and we have that

Wi(1 - PQopt)) “ <
5 opt + 3€.
'I( Wonpt Moo =# Pt e

Given this,

o def Qopt
1 — PQpt
will be a a strictly proper nearly-optimal compensator for P.

[ |
Proof
Since the proof of this will be insightful, it shall be given. We have that Q',,pt def Qopthm where
Qopt € H*™® achieves the infimum in definition 4.3.1. By definition Q~opt € Mg and

Wil - PQOpt)) 'lz def W ’ ,
- 1-P [ hm w. hm
H( WaQ opt Moo fg%l 1( Qopthm )| + [W2Qopthum|

To prove the result, it will suffice to show that

(el

2
Wonpth < HEopt + €

Hoo
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for m sufficiently large. To do this we first define

Y ¥ Wi(1- PQom),

def
T, = Wy,

and
T % 7, (joo).

Given this, by adding and subtracting one gets the following
Wi(1l = PQopthm) = (T1 = T)(1 = hp) + T+ (Y — T)hpm.

This then implies that
2

|| (Wl(l - PQopthm))
W2Qopthm Hoo

< SI;IS{I(TI —T)(1 = hm)|* +2(T1 = T)(1 = hen)IT + (¥ = T)hen| +|T + (¥ = T)hem|* + W2 Qopthm|*}-

From this we obtain

(" i)

2
e = (T2 = T)L = k)l + 20(T2 = TY(1 = b )(T + (¥ = T)hn)|l3¢co

+ sg%{tT + (Y = T)hm|? + |W2Qopthm|?}.

Since T+ (Y — T)h,, is uniformly bounded in H* and since h,, approximates unity on compact
frequency intervals, from lemma 2.10.1 it follows that

(" o)

for m sufficently large. To prove the result we thus only need to consider the last two terms.
Using the algebraic result in lemma 5.2.2, we know that given € > 0, m can be chosen such that

2

<2+ sup {|T + (Y — T)hm|? + |[W2Qopthm|? }

H w>0

T + (Y = T)hml® < |TI*(1 = 20hm| + (A [?) + [V 2| hn]* + 2AT|Y || (1 = [Bm]) + €
almost everywhere on the imaginary axis. This is the key step. It follows because
(1) |T| and |Y| are uniformly bounded,
(2) llAmllpe <1, and
(3) hy, has special phase properties.
This, then implies that
IT+(Y =T ) |*+|W2Qopt|* < |T1(1=2/Aum |+ |*)+ 2 T||Y | o] (1= )+ (Y 1+ W2 Qo |*) | >+

almost everywhere on the imaginary axis.
From proposition 2.7.2, it follows that

IT| < Hopt -
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We also note that
'YI S /v"opt-
By definition, Q,,: satisfies

2

Y1+ WeQenl® < e = | (M1G, 79

almost everywhere on the imaginary axis. Combining the above inequalities then gives

H oo

IT + (Y = T)hm|* + [W2Qopthm|® < 12pe(1 = 2lhum| + [hem|® + 2|hm| — 2|hm|?) + el B |? + €
almost everywhere on the imaginary axis. This then implies that

51;[()) {IT+(Y - T)hmlz + |W2Q0pthrn|2 } < #gpt +e

for m sufficently large. Given this, it then follows that m can be chosen such that

(" gmi™)

This proves the result. |

2

< fopt® + 3.
Hoo

Comment 7.4.2 (Main Ideas)

The main ideas in the above proof are as follows:

(1) ptope is finite,

(2) [l < 1,

(3) the phase properties of h,,.

These ideas shall be used shortly to get a result analogous to theorem 7.4.2.

We now present the following “upper-semicontinuity” result for the mixed sensitivity problem.
It gives us condition (1) in theorem 7.4.1.

Lemma 7.4.1 (Upper-Semicontinuity)

lim Hn < Hopt-

n—oo

Proof
From definition 7.2.2 for pop¢, we know that given € > 0 there exists Qo € HE® such that

(6%

W2Qo S Hopt + €

Hoo

We then have

= inf
Hn QeHg

S i Y (G iag)| W
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<

(WI(I}V:Q}:QO)) reo T IWL(Er = P)Qoll3¢c

which after using the near optimality of Qo gives

< po + €+ ||Wi (P — P)Qollpeo

Finally, by assumption 7.4.1 on the approximants, the form of §,, , and lemma 2.10.1 we can make
the right term arbitrarily small by taking n sufficiently large. Since € can be arbitrarily small this
proves the result. [

Comment 7.4.3 (Uniform Boundedness)
Lemma 7.4.1 implies that p, is a uniformly bounded sequence. This fact is crucial in the proof of
the following lemma.

The following lemma is analogous to lemma ?? and gives us the “sub-optimality” condition (2)
in theorem 7.4.1.

Lemma 7.4.2 (Near Sub-Optimality)
There exists f € RH such that

(G ividd NERR

for n sufficiently large. Moreover, if we define a roll-off operatorr : Q,, — @, € RHg where

n EQnt,
then 3
(765, 2o

for each n € Z,. Given this, K,, will be a finite dimensional strictly proper near-optimal compen-
sator for P, for eachn € Z,.

Proof The proof is identical to that given for theorem 7.4.2. The “upper-semicontinuity” result
of 7.4.1 guarantees that u, will be bounded. This is critical in the proof. See comment 7.4.2. Here

one can use f ef h,, where h,, is simply an RH* function which is sufficiently “close” to the ir-
rational function h,, in the H* topology. Such a function is guaranteed to exist by lemma 2.10.1. I

Given the above, we can obtain the “stability” condition (3) in theorem 7.4.1.

Lemma 7.4.3 (Internal Stability)

The sequence {Q,}3; C RH is uniformly bounded and uniformly rolls-off in H>. Moreover,

Jrn (B~ PG ., -
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Proof
Since W, is invertible in H*™ we have the following:

-1 -1 Wl(l - PnQn) -1

1@nthie < W5 [y IW2@ullrm < W5, [ (TS0 ™ ), e S 1957 i
Since limp o0 ftn < Mopt (cf. lemma 7.4.1), we can conclude that Q.. is uniformly bounded in
H%. The result then follows from the form of Q,, assumption 7.4.1 on the approximants, and
lemma 2.10.1 which allows us to turn compact convergence into uniform convergence. [ |

e

We now state the main result of this chapter which guarantees the existence of a near-optimal
strictly proper finite dimensional compensator.

Theorem 7.4.3 (Main Result: Solution to Approximate/Design Problem)
There exists a roll-off operatorr : Q, — Q, € RH such that
lim fn = fopt.

n—co

Moreover, the Q,, constructed in lemma 7.4.2 define such an operator.

[

Proof
The proof follows from theorem 7.4.1 which captures the main ideas, the results in lemmas 7.4.1
, 7.4.2, and 7.4.3 and the construction of the sequence {0.)2,. [ |

This solves the H>™ Approzimate/Design Mized-Sensitivity Problem.

7.5 Solution to H® Purely Finite Dimensional Mixed-Sensitivity
Problem: Computation of Optimal Performace

In practice we often would like to compute or estimate the optimal performance, piopt- The following
theorem says that the ezpected performance, p,, actually approaches the optimal performance, popt.

Theorem 7.5.1 (Solution to Purely Finite Dimensional Problem)

n]_l_g.lo Hn = Hopt-
i
Proof
We have already shown in lemma 7.4.1 that
nlf_'nclo Hn < Popt-
The proof of the converse inequality parallels the proof given in theorem 6.5.1. [ |

This solves the H>® Purely Finite Dimensional Mized-Sensitivity Problem.

Usually the optimal performance pigp is computed by solving an infinite dimensional eigen-
value/eigenfunction problem involving a Hankel - Toeplitz operator pair [40]-[41], [61]. The above
theorem shows that pop: can be computed by solving a sequence of finite dimensional problems.
As in corollary 6.5.1, one can associate finite dimensional eigenvalue/eigenvector problems with
these finite dimensional problems. Consequently, to estimate o5, we only need to solve a sequence
of finite dimensional eigenvalue/eigenvector problems. Moreover, the ideas of [12] can be used to
assist with numerical computations.
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7.6 Poles and Zeros on the Imaginary Axis

Unlike with the H* sensitivity problem, the mixed-sensitivity problem does not suffer from imag-
inary axis pole-zero discontinuities.

7.7 Solution to H* Loop Convergence Mixed-Sensitivity Prob-
lem

Thus far, we have given conditions under which the ezpected performace u,, and the actual perfor-
mance fi,, approach the optimal performance p1,,:. Results analagous to those in section 6.6 can be
obtained which guarantee the convergence of the actual loop shapes. Moreover, it is not necessary
that P, approximate P uniformly.

7.8 Unstable Plants

Unstable plants can be treated similarly. Additional care must be taken to guarantee stability.
This is done by approximating the factors Ng, Dy, D, uniformly. N, need only be approximated
on compact frequency intervals.

7.9 General Weighting Functions

The theory presented in this and the previous chapter can be generalized to handle more general
weights. Weights in RH*> offer a designer a considerable amount of flexibility. Such an extension
will not be pursued in this work.

7.10 Super-Optimal Performance Criteria

Often, we might like to optimize a given performance criterion subject to an additional constraint.
For example, H* sensitivity minimization subject to an H*™ or an L! bound. Given the ability
to obtain proper finite dimensional compensators for finite dimensional versions of such problems,
the techniques presented thus far can be used to construct strictly proper finite dimensional near-
optimal compensators for the infinite dimensional plant. Such performance criteria are well-posed
in the sense of [53]; i.e. they are continuous with respect to plant perturbations in the uniform
topology on H.

7.11 Summary

In this chapter solutions were presented to the H>® Approzimate/Design , Purely Finite Dimen-
sional, and Loop Convergence Mized-Sensitivity Problems.
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Chapter 8

Design via H2 Optimization

8.1 Introduction

In this chapter we consider the problem of designing near-optimal finite dimensional compensators
for infinite dimensional plants via H? optimization. Such an approach can be motivated by de-
sign specifications which require some specified degree of robustness or £2 disturbance rejection.
A systematic procedure is presented. More specifcally, we provide a solution to the H2? Approzi-
mate/Design Sensitivity Problem, the H? Purely Finite Dimensional Sensitivity Problem, and the
H? Loop Convergence Sensitivity Problem. Solutions to the corresponding Mixed-sensitivity prob-
lems shall also be disussed. Again, we focus on stable plants in order to isolate the key ideas.

8.2 7H? Approximate/Design Sensitivity Problem

In this section we present some definitions and assumptions to precisely state the 2 Approzi-
mate/Design Sensitivity Problem. Notation to be used throughout the chapter is also established.

Since we shall assume that our infinite dimensional plant is stable we have P € H®. Given
this, it follows from proposition 3.2.1 that the set of all compensators which internally stabilize P,
with respect to the ring H, are parameterized by

-Q

. def
K(P,Q)= 1°Pg

where Q is any element in 7. From this, it follows that if we allow Q to vary over Hg°, then we
get all strictly proper compensators which internally stabilize P. We shall be doing this throughout
the chapter; i.e. all infimizations involving P shall be carried out over H.

In this chapter we shall construct RH* approximants {P,}>> , for P. From proposition 3.2.1,
it follows that the set of all compensators which internally stabilize P,, with respect to the ring
H*>°, are parameterized by 0

1-P nQ
where @) is any element in H*. From this, it follows that if we allow Q to vary over H{°, then we get
all strictly proper compensators which internally stabilize P,,. We shall be doing this throughout
the chapter; i.e. all infimizations involving P, shall be carried out over Hg.

In this section we shall formulate an H? weighted sensitivity problem. To do so, we shall require
a frequency dependent weighting function W. The following assumption shall be made on W.

K(P,, Q)%
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Assumption 8.2.1 (Weighting Function)

(1) W € RH2.
(2) W is outer.
(3) W(s) = ke 74— Where ¢ € C and Re(ag) <0.

We now define the notion of an H?2-sensitivity measure as follows.

Definition 8.2.1 (H>-Sensitivity Measure)

Let Q € H*™ and F,G,€ H®. Also, let K(G,Q) denote a compensator which internally stabilizes
G with respect to the ring H*®. If it also internally stabilizes F, it is appropriate to define the
H? -sensitivity measure of the pair (F, K(G,Q)) as follows:

w

def
Te(FK(G, Q) = | T—Fg (G, g)

H2
|

From definition 8.2.1 above, it follows that Jy: (P, K(P,Q)) = 'T:Fg:(mnm Substituting
into definition 4.3.1 and allowing Q to vary over Hg, then gives us the following expression for the
optimal performance, popt.

Definition 8.2.2 (Optimal Performance)

w
1—PK(P’Q)

def . .
e inf = inf |
QENS® H2 QeH

Hopt IW(]' - PQ)“H"
|
We emphasize that this definition defines an infinite dimensional optimization problem; one which
we want to, and will, avoid solving. Moreover, we note that the problem is an H? Model Matching
Problem. Tt is analogous to the H* problem studied in section 5.2.
. s ape . def

Similarly, from definition 8.2.1, it follows that Jy2(Pa, K(Ps,Q)) = |r:m%m”m- After
substituting this into definition 5.5.1, and allowing @ to vary over RHg°, one obtains the following
expression for the ezpected performance, pin.

Definition 8.2.3 (Expected Performance)

w
1— P,K(P,,Q)

def
QERKY

Bn

= ‘nf W 1 - .IJnQ .
e QGIRH3° W Ml
[

Here, we can infimize over RH$® since W and P, are real-rational. We note that this definition
defines a sequence of finite dimensional model matching problems.
An optimal or near-optimal solution to this problem is typically found by first considering the

“inner problem”:
2488 (W ~ Bo,Zs

Here, P, is the inner part of Pn.
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From the classical projection theorem, we know that there exists Z, € RHS such that

IW = PoiZallye = j1ain ||W — Py, 2], -

Moreover, Z,, is unique and is given by
Zn =T WP,

Lets define
Q. ¥w-pl z,

where P,, is the outer part of P,. This Q, generates a finite dimensional compensator

def -
K, = K(Pn,Qn): Ig—nQ
T in¥n

This compensator, as we expected, need not even stabilize P. We thus need to modify it. For this
reason, we define a roll-off operator

r:Qn— Qn € RHS.

The exact form of » will be determined subsequently.
The compensator generated by Q,, is given by

K. ¥ K(P,,0,) =

Given this, we consider the feedback system obtained by substituting K,, into a closed loop
system with the infinite dimensional plant P. Let H(P, K,) denote the resulting closed loop
transfer function matrix from r,d to e, u. We then have

[Z]=H(P,ffn)[;],

where

1 P
H(P,K,) = [ 1-PR. 1-PK, ]
1-PK, 1-PK,

Substituting for K,,, then gives

I‘PnQn P(l“PnQn

o ) 1
H(P’K"'(Qn))_ [ "Qn 1—Pn,Q~n ] 1—(Pn—P)Q~n.

Given that internal stability can be shown, the actual performance, i, defined in definition
4.3.3 is well defined and becomes:

Definition 8.2.4 (Actual Performance)

-t W1 W(l- PQn)
" - PR |1 (Pu - P)@u
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Given the above definitions, the H? Approzimate/Design Sensitivity Problem then becomes to
find conditions on the approximants {P,}2 ,, and on the roll-off operator r, such that the actual
performance approaches the optimal performance; i.e.

Hm fi, = fopt-

n—oo

Equivalently, this problem can be viewed as that of finding a near-optimal compensator for the
infinite dimensional plant P. The problem also addresses the question: What is a “good” finite
dimensional approximant?

Because this problem is of primary concern in this research, we now indicate what difficulties
are associated with the problem.

8.3 Why is the Approximate/Design Problem Hard?

There are several reasons one can give to illustrate the difficulties associated with the Approzi-
mate/Design Problem. We now discuss some of these.

First, one must note that the weighted #? sensitivity problem, in general, is discontinuous
with respect to plant perturbations, even when the uniform topology on H* is imposed. This has
been demonstrated in [53]. Consequently, simple continuity arguments cannot be used to obtain a
solution to our Approzimate/Design Problem. It must also be noted, however, that even if it were
continuous in the uniform topology, there are many infinite dimensional plants which cannot be
approximated uniformly by real-rational functions (e.g. a delay; see proposition 2.10.1).

Another difficulty can be attributed to the fact that weighted 1% optimal solutions generally
exhibit bad properties. More specifically, one can show that the optimal solution is often unbounded
and results in an improper compensator. One can correctly argue that this is usually an existence
issue, nevertheless, it is an issue which a designer must contend with.

The following example illustrates that even uniform approximations can lead to bad results [53].

Example 8.3.1 (Discontinuity of ? Sensitivity Problem)

Let our infinite dimensional plant be given by P(s) = f_i_—_% Let the weighting function be given

by W = ;37 The associated optimal compensator can be found by solving the infinite dimensional

model matching problem defined by:
def .
Hopt = ol W1 - PQ)ll3 -

Using classical projection theory, one obtains

2 2

2
1 e* e’ 1 2 e’ e 1 e ! 1
1- = - = ||— - -
s+1( s+IQ) 2 s+1 (s+1)2Q e s+1 s+1m+ s+1 (s+1)ZQ .
e ! 1 2
> 1+e"27r+ —
2 ( ) s+1 (s+1)2Q Ha

The last term can be made arbitrarily small by appropriate choice of ). Consequently,

Hopt = " Huzlwe’

2 = (1+e ).
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We want to obtain a near-optimal finite dimensional compensator, by solving an appropriately
formulated finite dimensional problem. Let P,(s) = GE" ;%f define a set of finite dimensional
approximants for P. It can be shown that P, uniformly aprroximates P on the extended imaginary

axis (cf. example 2.10.1). The approximants P, are thus terrific, based on “open-loop intuition”.
However, simple analysis shows that u,, = ”HH,lWP,’{'. ”Hz = 0 < popt for each n € Z,. We thus
have a discontinuity; i.e. u, does not approach y,p; for large n, even though P, approaches P.

Although the approximants selected appeal to our open loop intuition, it is clear that they do
not help in achieving the closed loop objective. The approximants selected are bad because they fail
to approximate the inner part of the plant. Doing so is important when solving an H? sensitivity
problem.

The above example clearly shows that the approximants P, must be chosen appropriately.
Approximants must be chosen on the basis of a closed loop design objective; not on the basis of
open loop intuition. Consequently, which approximants are used is critically dependent on which
design criterion is used.

Finally, the example shows that simple continuity arguments can not be used to obtain a solution
to our Approximate/Design problem.

We now present our solution to the H? Approzimate/Design Sensitivity Problem.

8.4 Solution to H? Approximate/Design Sensitivity Problem

In this section we shall solve the H2 Approzimate/Design Sensitivity Problem. We shall do so by
constructing a near-optimal finite dimensional compensator for the infinite dimensional plant P.
This will be done by appropriately modifying finite dimensional solutions {Q,}2>, based on the
finite dimensional approximants {P,} > ;. The techniques developed in Chapter 5 shall be heavily
exploited.

In this section, the following assumption will be made about the infinite dimensional plant P
and the finite dimensional approximants {P,}2 .

Assumption 8.4.1 (Construction of Approximants and Bezout Factors)

(1) P has a finite number of zeros on the extended imaginary axis; each with finite algebraic
multiplicity.

(2) The sequence {P,,}2, C RH*™ consists of inner functions which uniformly approximate P; on
all compact frequency intervals Taxcluding the point joo); i.e. for each @ € R, however large, we

have lim,, , o "(Pm - P,-)X[_n,n] |7{°° = 0.

(3) The sequence {P,,}32, C RH*> consists of outer functions which uniformly approximate P,;
i.e. limp oo || Pn, — Po|l3yc = 0. Moreover, the sequence is constructed as indicated in
construction 5.5.1.
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Comment 8.4.1 (Applicability, Practicality)
(a) Zeros on Extended Imaginary Axis.

Relaxing condition (1) will be an area for future research.
(b) Inner Part and Right Half Plane Zeros.

Condition (2) is reasonable since it allows IV, to be discontinuous at co. It thus allows for plants
with delays. Delays can be approximated uniformly on compact frequency intervals using Pade’
approximants (cf. example 2.10.2). Such approximants agree with control engineering intuition:
the need to approximate the plant at “low” frequencies.

The condition allows P to have an infinite number of zeros in the open right half plane. P , for
example, may contain an infinite Blaschke product of open right half plane zeros provided that the
zeros accumulate at co only. In such a case, the partial products can be used as the Np., [30].

If P has an infinite number of open right half plane zeros, then the zeros can only accumulate on
the imaginary axis or at co. If they were to accumulate within the finite open right half plane, then
this would imply that NN, is identically zero in the open right half plane (cf. proposition 2.3.5).
If they were to accumulate on the imaginary axis then P; would possess essential singularities at
those points and hence we could not approximate it uniformly on compact frequency intervals (cf.
proposition 2.7.3). It thus follows that the only point of accumulation can be oo.

(c¢) Continuity of P,.

It should be noted that the approximants in (3) are guaranteed to exist if and only if P, € C,.
This follows from proposition 2.10.1.

(d) Approximation of Inner and Outer Parts.

We approximate the inner and outer parts separately, in order to control the pole-zero structure
of the approximants P, on the imaginary axis. If we did not perform the approximations in the
above manner, then the pole-zero structure of P, and P may differ drastically on the imaginary
axis, even for large n. Such a situation is highly undesirable since it would complicate the inversion
of P,,,. We would like to invert P,, as we invert P,. To do so, they must possess similar imaginary
zero structures. This was seen in Chapter 6. Since the approximants are based on the construction
given in construction 5.5.1, the ideas in construction 5.5.1 are critical.

(e) Compact Approximants.

Finally , we note that (2) and (3) imply that the sequence {P,}32, C RH* uniformly ap-
proximates P on all compact frequency intervals (excluding the point joo); i.e. for each Q € R,
however large, we have lim,,_, , ”(P,, - P)X[_n,n] I‘Hoo = 0.

From proposition 3.2.1, it follows that the set of all compensators which internally stabilize P,,
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with respect to the ring RH>, are parameterized by

K(P,, Q)% __jQJ,,Q

where @) is any element in RH* [56]). Consequently, the approximants P,, as constructed above,
possess the desired algebraic properties.

The following theorem captures the main ideas in obtaining a solution to the H2? Approzi-
mate/Design Sensitivity Problem.

Theorem 8.4.1 (Main Ideas)

Suppose that
Hm pn, < popt (1)

n-—oo

and that there exists a uniformly bounded sequence {Q,}32; C RHS such that

“W(l -

H2 < tn + € (2)

for n sufficiently large, and
s - 210 =0 ®

Given the above, {K’n}:‘;l will internally stabilize P with respect to the ring H* for all but a
finite number of n. In addition, the actual performance approaches the optimal performance as the
approximants get “better”; i.e.

nli'nolo Hn = Hopt.
]
Proof
Since -
def .
opt = _inf (| ——mer—e—
Hort = gt |T= PE(P, Q) lyn
and
o def w W(l - P.Q,)
" 1~ PK(Pn,Qn)| 1~(1D P)Qn |5,

we have pop < fi,, for eachn € Z,. Consequently,

W - P,
L= P - P2

l‘opt fin <

The result then follows from conditions (1), (2), and (3) within the theorem.

We now show that (3) implies internal stability. To do so, we argue as follows. Since K, inter-
nally stabilizes P,, it follows that —Q,, and 1 — P,,(Q,, must be coprime in H*°. We also have that
P, and 1 are coprime in H*. Consequently, from proposition 3.3.1, we have that K,, internally
stabilizes P if and only if 1 — (P, — P)Q, is a unit of (i.e. invertible in) H>~. However, (3) im-
plies that 1 — (P, — P)Q,, will be a unit for all but a finite number of n. This completes the proof. B

Theorem 8.4.1 shows precisely what is needed to solve the H? Approzimate/Design Sensitivity
Problem. It was shown in section 6.3 that one can run into serious difficulty satisfying the third
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condition of theorem 8.4.1 if one chooses @, = Q,,. We emphasize that it is condition (3) which will
allow us to guarantee internal stability when K, is used with P. Because of this, the “raditional”
choice of r, as the identity, comes with no guarantees. In what follows we shall present a way for
choosing @.,,, and hence the roll-off operator r, so that all three conditions in theorem 8.4.1 are
satisfied. With this construction we will have a solution to the H? Approzimate/Design Sensitivity
Problem.

We shall see that condition (1) in theorem 8.4.1 will follow from the implicit structure of
the weighted sensitivity problem. This condition should be interpreted loosely as an “upper-
semicontinuity” condition. Such a condition should be expected from the results in [53, pp. 345].

Condition (2) in theorem 8.4.1 will be achieved by exploiting the ideas developed in Chapter 5.
We refer to condition (2) as a “sub-optimality” condition.

Finally, condition (3) in theorem 8.4.1 will follow after showing that the @, are uniformly
bounded and uniformly roll-off in RHg®. This will be critical in stablishing (3). Since condition (3)
gives us stability, we shall refer to it as the “internal stability” condition.

The main result of this section is now stated in the following theorem.

Theorem 8.4.2 (Main Result: Solution to Approximate/Design Problem)

There exists a sequence {Qn};:O:l C RHZ® which is uniformly bounded, uniformly rolls-off.
There also exists N € Z, such that

Hopt < fin < HPopt + €
for alln > N. Consequently, there exists a roll-off operatorr : Q, — @, € RHE such that
i e = b

Moreover, the sequence {Qn}f:’___1 generates a sequence of finite dimensional, strictly proper, inter-
nally stabilizing compensators {K,} . ,, where

7 — ‘Qn
" 1-P,0,

and

| < ftopt €
1= PR, Ny = et

for alln > N. K, is thus nearly-optimal for alln > N.

Hopt < “

Proof
To prove the theorem, we only need to show that conditions (1), (2), and (3) of theorem 8.4.1
can be satisfied. We proceed in six steps.

Step 1: Upper-semicontinuity Condition.

Let @, € H3® be such that u,,; < ||W(1 — PQ,)||y2 + €. The upper-semicontinuity condition
then follows from the following inequality

pn S W(L = PaQo)llaz < IW(L = PQo)llyz + W (P — P)Qo)llpez -
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Step 2: Uniform Boundedness and Uniform Roll-off.

Given that Z, = II;WP;, , we note that

l
P:(—ag)
Z, = LA
k§1 c* s+ ag,

It thus follows that Z,, is uniformly bounded and uniformly rolls-off in H.
Let @, def Z,W~1P;lg where g € RH*. We know from Chapter 5 that g can be chosen such
that W-1P;1g is uniformly bounded in . Thus @, is uniformly bounded and uniformly rolls-off

in K.

Step 3: Computation of u,.
Simple analysis shows that u, = I.H,H,LWP,‘;.

o = W = o, Zal.
Step 4: Sub-optimality Condition.

We note that

”W(l - PnQn)

s SIW = PoZallog + 1 Z0(1 ~ )l

The first term is p,. The second term can be made arbitrarily small by choosing g appropriately.
That such a function g exists follows from Chapter 5. We thus have

W - P

w2 SHnt€
for all n € Z,. This gives the sub-optimality condition (2).
Step 5: Internal Stability Condition.
To complete the proof, we only need to show that condition (3) of theorem 8.4.1 holds; i.e.
am, ”(P" B P)Q"”Hoo = 0.

This, however, follows since Q,, uniformly rolls-off and since P, approximates P uniformly on
compact frequency intervals (cf. lemma 2.10.2).

Step 6: Conclusion.

Given the above, it follows from theorem 8.4.1 that {K,}.., will internally stabilize P with
respect to the ring 1> for all but a finite number of n. In addition, the actual performance
approaches the optimal performance as the approximants get “better”; i.e.

Lim fi, = popt.

n—oo

This completes the proof. [ |
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The above theorem shows that given our assumptions on the weighting function, the approxi-
mants, and on the plant, there exists a way to construct nearly-optimal, finite dimensional, strictly
proper controllers for the infinite dimensional plant; i.e. in a manner such that the actual per-
formance approaches the optimal performance as the approximants get better. Consequently, we
have solved the H? Approzimate/Design Sensitivity Problem. It should be emphasized that this
has been done by using approximants which converge in the compact topology on H> and do not
necessarily converge in the uniform topology. Moreover, the conditions which the approximants
{P.};2, must satisfy are weak.

Comment 8.4.2 (Direct Construction of Finite Dimensional Compensators)
From theorem 5.2.2, it immediately follows that we can also construct nearly-optimal infinite di-
mensional compensators for P. In principle, one can approximate such compensators to get finite
dimensional compensators. This, however, would defeat our purpose. In our Approzimate /Design
approach we intentionally avoid solving infinite dimensional optimization problems.

To perform the above construction would mean that we would have to solve an infinite dimen-
sional “inner problem” for Z,,; (cf. proposition 5.2.1). In the context of this work, however, this is
unacceptable.

8.5 Solution to #? Purely Finite Dimensional Sensitivity Prob-
lem: Computation of Optimal Performance

In practice we often would like to compute or estimate the optimal performance topt- The following
theorem says that under our assumptions, the ezpected performance p, approaches the optimal
performance fiop;.

Theorem 8.5.1 (Solution to Purely Finite Dimensional Problem)

lim g = popt.

n—oo

|
This solves the H? Purely Finite Dimensional Sensitivity Problem.
Proof An upper-semicontinuity result was established in the proof of theorem ??. To prove
this theorem it suffices to prove a lower-semicontinuity result. The proof of this follows from the
following inequality

ﬂopt S ”W(l - PQn)”H, S "W(l - PnQn)

o W= P2,

where @ is selected as in theorem 8.4.2. |

It should be emphasized that the above result has been obtained even though the optimal
performance pop: need not be continuous with respect to perturbations in the plant P, even when
the uniform topology is imposed [53]. Even if it were continuous, there are many plants in H>®
which cannot be approximated by RH*> approximants; e.g. a delay (see proposition 2.10.1). Given
this, it is also imperative to point out that the above result has been shown even though the
approximants {P,}.> , need not approximate the plant P uniformly.
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The following corollary gives great insight into the computation of the optimal performance
Hopt-

Corollary 8.5.1 (Computation of Optimal Performance)

Jim |y WL, = bope
i
Proof First we note that
Hopt = |Wyas WEZ .
This follows from simple analysis. The proof then follows from the inequality
W W, = |Baas WP | 1) < Wy WP, — B
and lemma 2.10.2. [ |

Comment 8.5.1 (Implication)
The above corollary implies that the optimal performance pop: can be computed by solving a
sequence of Lyapunov equations. We recall that if F(s) = C(sI — A)~'B € RH?, then

| Flly2 = y/trace{B'M B}

where M is the unique symmetric solution to the Lyapunov equation
AM+MA+C'C =0.

M is the observability grammian of F.

8.6 Solution to H? Loop Convergence Sensitivity Problem

Thus far, we have given conditions under which the ezpected performance y,, and the actual perfor-
mance fi, approach the optimal performance p,,:. We now investigate the behavior of the actual
loop shapes. More specifically, we would like to know in what sense, if any, does Q,, converge to
a near-optimal solution Qopt. Since @, and Qopt are based on “inner solutions” Z,, and Zp, it
makes sense to investigate the convergence of Z, to Z,,. We start with the following assumption.

Theorem 8.6.1 (Solution to Loop Convergence Problem)
If Zops € H*™ is the solution to

ng?iin” ”W - P;Z”Hoo = “W - PiZopt”'Hooa

then
lim ||Z, — Zop¢||H°° =0.

n—o00
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Proof First we note that

l
P (-

k=1

and l
P ( -ak)
Zopt = P = =,
opt HHzW f kgl Ck s+ ax
The result then follows since the a; lie in a compact set and P,; uniformly approximates P on
compact sets. i

Comment 8.6.1 (Convergence of Loop Shapes)

The above theorem implies that if proper care is taken, we can construct sequences of compen-
sators which yield loop shapes which approach the optimal loop shape uniformly. The practical
implications of this are obvious. This makes the Approzimate/Design approach presented in this
chapter a truely useful design tool.

This concludes our discussion of the H? Loop Convergence Sensitivity Problem.

8.7 Unstable Plants

In this section we exploited the fact that W was real rational. If P is unstable then we need to deal
with additional factors D, and D; and N,,. How to deal with these additional terms is a topic for
future research.

8.8 Mixed-Sensitivity and Super-Optimal Performance Criteria

Extension of the ideas to mixed-sensitivity and super-optimal performance criteria is straight for-
ward.

8.9 Summary

In this chapter a solution was presented to the H2? Approzimate/Design Sensitivity Problem. More
specifically, it was shown how near-optimal finite dimensional strictly proper compensators could be
constructed for an infinite dimensional plant, given a weighted H? sensitivity design specification.
It was shown that the construction could be carried out on the basis of finite dimensional solutions
obtained from appropriately formulated finite dimensional H? sensitivity problems. The finite
dimensional problems which one solves are “natural” weighted H? sensitivity problems obtained by
replacing the infinite dimensional plant by “appropriately” chosen finite dimensional approximants.

It was shown that, in general, approximants based on “open loop intuition”, rather than on
the control objective, may yield compensators which do not even guarantee stability when used
with the infinite dimensional plant. It was also shown how “appropriate” approximants could be
constructed. The approximants obtained were constructed so that their imaginary axis pole-zero
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structure would not drastically differ from that of the plant. The construction presented does not

require sophisticated mathematics or software. It can be used by practicing engineers with little
effort.

We also provided a solution to the Purely Finite Dimensional H? Sensitivity Problem. Here,
the issue of computing the optimal performance was addressed. It was shown that the optimal
performance could be computed by solving a sequence of finite dimensional eigenvalue/eigenvector
problems rather than the typical infinite dimensional eigenvalue/eigenfunction problems which
appear in the literature. This makes a once difficult problem, almost trivial. Examples were given
to illustrate this.

Finally, conditions were given under which the near-optimal finite dimensional loop shapes could
converge to the optimal infinite dimensional loop shape uniformly on compact frequency intervals.
This was illustrated in our solution to the %2 Loop Convergence Sensitivity Problem. This makes
the Approximate/Design approach presented in the chapter a truely promising engineering tool.
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Chapter 9

Summary and Directions for Future
Research

9.1 Summary

In this thesis three new problems were formulated. They were the (1) N -Norm Approzimate/Design
J-Problem, the (2) N-Norm Purely Finite Dimensional J-Problem, and the (3) N'-Norm Loop
Convergence J-Problem. Solutions were presented for H*™ and H? sensitivity and mixed-sensitivity
performance criterion. We now summarize the results obtained for each problem and criterion.

It has been shown how one can systematically design near-optimal finite dimensional com-
pensators for infinite dimensional plants, based on finite dimensional approximants. The criteria
used to determine optimality are standard weighted H* and H? sensitivity and mixed-sensitivity
performance measures.

More specifically, it has been shown that given an “appropriate” finite dimensional approximant
for an infinite dimensional plant, one can solve a “natural” finite dimensional problem and mod-
ify the solution, using appropriate “roll-off” functions, in order to obtain a near-optimal, strictly
proper, finite dimensional compensator. The “natural” problem is obtained by substituting the
finite dimensional approximants in place of the infinite dimensional plant in the original optimiza-
tion problem. The term “appropriate” was made precise and depended on the closed loop design
objective.

For the H*> and H? sensitivity problems, “appropriate” approximants were constructed by
approximating the inner and outer parts of the plant separately. The inner part was approximated
uniformly on compact frequency intervals and the outer part was approximated uniformly. The
approximants of the outer part were constructed such that their zero structure did not differ
drastically from that of the plant on the extended imaginary axis. By doing so, the inversion of
the outer part of the approximants could be done uniformly and in a bounded manner. Such an
inversion was necessary to insure stability. The need to approximate the inner and outer parts
separately is tied to the fact that the optimal performance, when using a sensitivity performance
criterion, is intimately dependent on the inner part of the plant. Such a criterion always require
the inversion of the outer part.

For the H* and H? mixed-sensitivity problems, in which control action is penalized, it was
shown that approximating the plant directly on compact sets would yield “appropriate” approxi-
mants. We emphasize that such approximants can be computed from frequency domain data.

This summarizes our results for the N'-Norm Approzimate/Design J-Problem for H>* and H?
sensitivity and mixed-sensitivity criterion.
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In addition, we showed that for the H*> problems, the optimal performance can be computed
by solving a sequence of finite dimensional eigenvalue/eigenvector problems rather than the typical
infinite dimensional eigenvalue/eigenfunction problem which appear in the literature. This could
be done even in situations where the corresponding Hankel-Toeplitz operators were non-compact.

For the H? problem, the optimal performance could be computed by solving sequences of
finite dimensional Lyapunov equations in order to compute the £2 norms of real-rational functions
associated with the approximants.

This summarizes our results for the A'-Norm Purely Finite Dimensional J - Problem for H® and
H? sensitivity and mixed-sensitivity criterion.

For each performance criterion considered, conditions were given under which loop convergence
could be guaranteed. That is, conditions under which the actual loop shapes approach the optimal
loop shapes in a strong sense.

This summarizes our results for the A'-Norm Loop Convergence J-Problem for H*® and H?2
sensitivity and mixed-sensitivity criterion.

In summary, our approach allows us to forgo solving a “complex” infinite dimensional H* and
H? problems. It provides rigorous justification for some of the approximations that control engineers
typically make in practice. In addition, it has been clearly demonstrated that approximants must
be chosen on the basis of the closed loop control objective and not on the basis of “open loop”
intuition.

9.2 Directions for Future Research

Obvious directions for future research include extensions to £! performance criterion and to mul-
tivariable infinite dimensional systems. Such extensions are currently in progress.

In our sensitivity results, the inner and outer parts of the plant were approximates separately.
Inner-outer factorizations may be difficult to obtain in practice. We would like to obtain conditions
under which only the plant P must be approximated. This would enable us to generate designs on
the basis of frequency response data.

Also associated with sensitivity paradigms are issues which arise when an infinite number of
poles and zeros are present. Such issues must be carefully studied and understood.

Since our methods revolve around finite dimensional approximants, approximation algorithms
must be developed, convergence rate experiments must be conducted, and covergence rate results
need to be obtainded. These issues are currently being addressed by many researchers in both the
mathematics and engineering disciplines.

Finally, we contend that the ideas presented extend to areas such as system identification and
distribute control. What you make small in an identification algorithm should depend on the control
objective; not on some stability proof. What knowlege local controllers should have depends on
the global closed loop system ob jective.
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