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ABSTRACT 
 

The RF directional sensor based on phase-sensitive detection using two sorts of 
Josephson parametric amplifiers has been analyzed and investigated experimentally. 
To construct the Josephson parametric amplifier, we use a SQUID (either single-cell 
SQUID or two-cell SQUID) embedded in a superconducting coplanar waveguide. We 
operated the circuit at a frequency of several GHz and measured the amplitude 
response of the SQUID-based Josephson parametric amplifier. Nonlinearity and flux 
tunability in the reported experiments was limited by relatively large critical current 
density and therefore small nonlinear inductance of the SQUID. The demonstrated 
phase sensitivity was 1.2 dB / rad. It appears feasible to improve the sensitivity of 
developed RF sensor by reducing the critical current of the Josephson junctions. 
 

Introduction 

The Superconducting Quantum Interference Device (SQUID), a superconducting 
loop interrupted by two Josephson junctions, is an extremely sensitive detector of 
magnetic flux, and has been used in a wide variety of applications for almost for half 
a century. However, limited by the local heating and relaxation time of the SQUID 
and operation frequencies of readout circuits, the conventional SQUIDs mostly work 
at frequencies below 1 GHz [1-2]. Alternatively, the SQUID can be considered as 
flux-modulated nonlinear inductor LJ, determined by the critical current I0 and the 
phase difference φ of the Josephson junction. Based on this unique character, various 
parametric amplifiers have been demonstrated [3-10], with sensitive response to RF 
signals, especially for the phase of the signal. Recently, the SQUIDs were embedded 
into superconductive Coplanar Waveguide Resonators (CWRs), which provided 
controllable and low-noise microwave surroundings [11-12] and allowed the 
construction of Josephson parametric amplifiers working at GHz frequencies [9, 13, 
6, 5].  

In this report, we present rather promising investigations of RF directional 
sensors operated in two different regimes, namely as the phase-shift sensitive 
Josephson bifurcation amplifier (PJBA) and the amplitude-response Josephson 
parametric amplifier (AJPA).  

The idealized model of the proposed RF directional sensor is illustrated in Fig. 1. 
The phase difference δ of the RF signals received by two spatially separated detectors 
can be written as 

λ
θπδ sin2 d

=  

where θ denotes the angle of the incoming RF signal, d is the distance between the 
two detectors and λ the wavelength of the RF signal. Therefore the RF 
phase-sensitive measurement is essential for the directional sensitivity. 
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Figure 1. The idea of the RF directional sensing. 

1. Theory 

Various parametric amplifiers based on Josephson junctions have been recently 
extensively investigated. With near quantum limited performance, the parametric 
amplifiers were successfully utilized as readouts of the superconducting qubits [7, 9]. 
Small variations in the junction critical current I0 can significantly change the 
transmission through the junction under appropriate bias conditions. Therefore, an 
external signal such as magnetic flux or RF radiation, which could influence the 
parameter I0, will be effectively amplified. This is the reason why they are named as 
the parametric amplifiers. For both PJBA and AJPA, we embedded SQUIDs in the 
centre line of CWRs, which provided well-defined electromagnetic surrounding at 
high frequencies. 

1.1 The phase-shift based Josephson bifurcation amplifier (PJBA) 

Let us consider a Josephson junction embedded in a half-wave CWR as shown in 
Fig. 2(a). This junction can be also represented by a SQUID with the critical current 

given by )cos(2)( 00 ΦΦ=Φ πIIc , where Φ is the flux through the SQUID loop and 

Φ0 is the magnetic-flux quantum. Thus the SQUID can be treated as a junction with a 
flux-dependent critical current. Once one makes a single mode approximation for the 
CWR near its resonant frequency ω0, one arrives at the equivalent LCR circuit shown 
in Fig. 2(b) [7]. 
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Figure 2. (a) Circuit diagram of the half-wave CWR with a Josephson junction in the middle.  

(b) The corresponding equivalent LCR circuit. 

 
The effective inductance and capacitance of this circuit are Leff = πZ0/2ω0 and Ceff 

= 2/(πZ0ω0), where the Z0 is the characteristic impedance of the transmission line of 
the CWR. In our case, the fundamental mode resonant frequency of the CWR ω0 /2π 
was around 9.6 GHz. The quality factor Q of the CWR is 

effeff CRQ 0/1 ω=                          (1) 

and therefore 

effeff QCR 0/1 ω=                          (2) 

With Kirchoff’s law, the dynamics of the equivalent circuit near ω0 can be expressed 
as follows: 

)()cos()()2(/)()()( 0 tVtVtCtqtqRtqL Nddeffeffeff +=Φ+++ ωϕπ          (3) 

where ωd is the drive frequency, q is the charge on the capacitor Ceff and VN(t) is the 
effective thermal noise of the impedance Reff. Considering the Josephson relations: 
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)(sin)(

0 ttV

tItI c

ϕ
π
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Φ

=

=
                        (4) 

the Josephson nonlinear inductance is 

)cos(2
0

ϕπ c
J I

L Φ
=                        (5) 

For the equation (3), we therefore obtain: 

)()cos(/)()()()/)(12/( 2
0

2
0 tVtVCtqtqRtqItqIL Ndeffeffceff +=++−Φ+ ωπ      (6) 
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If we assume harmonic solutions for q(t) at the drive frequency ωd of the form 
y(t)exp(iωdt) + c.c., one can show that the equation of motion for the dimensionless 
slowly varying complex amplitude u(τ) corresponding to Eq. (6) can be reduced to 

)()1( 2 τβ
τ Nfiuiuu

d
du

+−−−
Ω

−=                      (7) 

where 

)1(2 0pdQ ωω−=Ω                        (8) 
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p CIL )2/(
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=                     (9) 
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=                       (10) 
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ε
ωπ
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d

rfV
                  (11) 

QIL ceff /)/21( 0Φ+= πε                    (12) 

where Ω according to (8) is proportional to the reduced drive detuning, ωp0 is the 
resonant frequency for small oscillations, i.e. the plasma frequency of the combined 
system, τ = (ωp0 – ωd)t is the dimensionless slow time, β is the reduced drive power, 
and fN(τ) is the reduced noise term. Actually, the Eq. (7) has been derived under the 
rotating wave approximation with only leading order nonlinear terms being retained 
in Eq.(6) [7]. In this case, the equivalent circuit behaves like a Duffing oscillator.  

 

Figure 3. Steady state solutions of Eq. (7) for increasing (left to right) values of reduced detuning Ω [7]. 

The magnitude squared of reduced oscillation amplitude 2uΩ is plotted as a function of reduced drive 

power β3~ Ω=P . 
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And the steady state solutions of Eq. (7) can be obtained with du/dτ = 0. For a 

given drive frequency ωd such that 3>Ω , the system exhibits bi-stability when the 

drive power is large enough, as shown in Fig. 3.  
 In our case, since the βL of the SQUID was around 1, the flux-dependent critical 
current should be 17.7 μA< Ic < 35.4 μA, and thus 9.528 GHz < ωp0 / 2π < 9.564 GHz. 
For the drive frequency ωd around 9.55 GHz and the quality factor Q = 700, we could 

in principle obtain 3>Ω in some range of drive power. However, in fact another 

essential condition to reach the very sensitive and therefore attractive bifurcation 
regime is that the current through the junction IB must be lower that Ic: 

c
J

Jeffc
B I

QL
LLII <

+
=

4 3
4                      (13) 

For our parameters with fabricated samples (see below), we obtain 1.316 < IB / Ic < 
1.320. Therefore, being limited by the relatively low Josephson inductance LJ and the 
quality factor Q, we could not reach the bifurcation regime with our present samples. 
Even so, it was still possible for us to reach the nonlinear regime which is just below 
the bifurcation regime (shown in Fig. 4a). In this nonlinear regime, the resonant 
frequency of CWR combined with the SQUID ωs would shift to lower frequencies 
with increasing the drive power, and the resonator could serve as one sort of 
conventional parametric amplifiers (the PJBA) [9].  

 
Figure 4. The phase diagram [9] of the amplifier resonator is shown schematically in (a). The resonance frequency 

(solid line) gradually decreases with increasing drive power. Above a critical drive power PC and below a critical 

frequency fC the resonator is bistable. At powers slightly below PC, the resonator functions as a conventional 

parametric amplifier (paramp). (b) shows a line cut of (a) at constant drive frequency in this nonlinear regime. A 

weak signal modulating the drive power leads to large changes in the phase of the output response. 

  
As shown in Fig. 4b, a weak pump signal at the drive frequency is combined with 

the drive and modulated its amplitude, resulting in a large change in the phase of the 
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output response. Since only signals in phase with the drive will be amplified, the 
resonator behaves as a phase-sensitive amplifier. The signals which are 90 degrees 
out of phase with the drive do not affect the drive amplitude to first order and hence 
do not get amplified [9]. In other words, the pump signal in phase with the drive can 
effectively influence the combined drive power and thus change the resonant 
frequency ωs. If we observe the phase of output response of the CWR at fixed 
frequency in the nonlinear regime, it should shift with the amplitude and the phase of 
the pump signal. 

1.2 The amplitude-response based Josephson parametric amplifier (AJPA) 

We also studied AJPA, which provides amplitude response to the phase 
difference δ of RF signals. The demonstration of this parametric amplifiers was first 
implemented with dc biased Josephson junctions [14-15, 4], and then with SQUIDs 
embedded in CWRs [5] and, more recently, with superconducting transmission lines 
[6] .  

For the parametric amplifier based on the dc biased junctions, the drive 
oscillation is provided by the AC Josephson oscillation as the junction biased at a 
fixed dc voltage. While for the one based on the embedded SQUIDs, the drive 
oscillation is inputted through the CWR or the transmission line. Due to the 
nonlinearity of Josephson inductance, under additional pump, mixed signals can be 
obtained at combined frequencies of ωd, ωp such as ωp - ωd, ωp + ωd, 2ωp - ωd, and so 
on, where the ωd is the drive frequency and the ωp the pump frequency [15]. If the 
frequency of mixed signal ωm is near to the resonant frequency of the combined 
circuit of parametric amplifier, the mixed signal will be efficiently amplified. 

In our case, the ωd was around the resonant frequency of combined CWR ωs, and 
the ωp = 2ωd, hence the ωm = ωp - ωd = ωd also around ωs. Consequently, the mixed 
signal, which indicated the interaction of the drive and the pump, would be enhanced 
by the CWR.  

Since both of the drive and the pump were coupled into the embedded SQUID 
with the magnetic field component. If the ωd and ωp obey 

),min(),max( ccutpd ωωωω <<                    (14) 

LRncut /=ω                           (15) 

0/2 Φ= cnc IRπω                         (16) 

where Rn is the normal resistance of the Josephson junction in the SQUID, and L the 
inductance of the SQUID loop, the RF flux Φrf in the SQUID loop can be considered 
to be relatively static. In our case, the ωcut / 2π was around 1820 GHz and ωc / 2π 
about 948 GHz; while the ωp / 2π = 2ωd / 2π was around 19 GHz. Therefore, the 
above condition applied, and the influence of the Φrf on Ic are discussed as follows. 

For a single SQUID (shown in Fig. 5a) with no dc biased current through it, the 
circulating supercurrent in the loop is  
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2010 sinsin)( ϕϕ IItIs −==                        (17) 

where I0 is the critical current of each junction and φi the phase of each junction (φ1 = 
-φ2). If a RF-drive with frequency ωd and a RF-pump with frequency ωp apply on the 
SQUID, the phase difference of the two junctions is given by 

)sin)cos()cos((2
10

0
12 ϕθωθωπϕϕ LItt pppddd ++Φ++Φ

Φ
=−       (18) 

where Φd is the amplitude of the flux caused by the RF-drive and Φp is the amplitude 
of the flux caused by the RF-pump. If the L and the I0 are relatively small, i.e. the 
component of Φrf induced by the Is(t) can be ignored, the Eq. (17) can be written as: 









+Φ++Φ

Φ
−= ))cos()cos((sin)(

0
0 pppddds ttItI θωθωπ         (19) 

which has the Fourier components spectrum[4]: 

[ ]∑
+∞

∞−

+++−∝ dpdpns ntnJItI θθωω )(sin)( 0                (20) 

For ωp = 2ωd the Fourier component near ωd is 

[ ])3sin()sin( 310 dpddpd tJtJI θθωθθω +−−−+               (21) 

Therefore, the component of the circulating current Is at the frequency ωd is related 
with the phase difference of the drive and the pump. The output amplitude of CWR at 
ωd is proportional to the value of this component. In some cases, the output amplitude 
at ωd can be smaller even under the pump, compared with the original amplitude 
caused only by the drive without the pump. This effect is usually named as 
deamplification [5-6], which by itself is a remarkable characteristics of the parametric 
amplifier.  

 

2. Experiments 

2.1 Samples 
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(a) 

 

 
(b) 

Figure 5. Micro-photographs of the studied samples. (a) The single SQUID sample: one SQUID embedded in the 

CWR; (b) The two-cell SQUID sample: a two-cell SQUID embedded in the CWR. For each sample, two coplanar 

coils were located on the both sides of the SQUID separately. The enlarged view of the SQUID is shown as an 

inset in the top right corner of each figure. 
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We investigated two samples with different designs. Both the single SQUID and 
the two-cell SQUID samples are included in this report and are shown in Fig. 5. The 
SQUID (single SQUID or two-cell SQUID) was embedded in the centre of the CWR, 
with designed resonant frequency ω0 around 9.6 GHz and quality factor Q of about 
700. Two coplanar coils were arranged on the both sides of the SQUID separately, 
which allowed us to apply static magnetic field and/or RF signal to the SQUID. The 
termination capacitors of the CWR (also shown in Fig.5) were about 9 fF. The critical 
current I0 of each junction in the SQUID was 17.7 μA, normal resistance 110.9 Ω, 
plasma frequency ωp 124 GHz and characteristic frequency 948 GHz. While the loop 
inductance of SQUID was 60 pH, and the corresponding βL equals to 1.04. 

2.2 Measurement setup 

Our measurement setup is exhibited in Fig. 6. The drive RF signal was attenuated 
by 20 dB prior to the input port of the CWR on our sample. And the output response 
of the CWR was first isolated from external noise with -10 dB attenuator, transmitted 
through a band-pass filter and then amplified with low-temperature amplifier by +35 
dB, before getting observed by a spectrum analyzer. In some measurements, to obtain 
transmission characteristics we used a network analyzer instead of the RF source and 
spectrum analyzer. The samples and cryogenically used devices next to them were 
immersed in liquid helium and protected from stray dc and magnetic fields by a 
cryoperm shield. The dc bias current for flux modulation and/or RF pumps were 
applied to the SQUIDs using the coplanar field lines.  

 

Figure 6. Schematic diagram of the measurement setup. 

3. Measurements and discussion 

Following the above theoretical consideration, our measurements focused on two 
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independent methods (PJBA and AJPA) to develop RF phase-sensitive sensors. Both 
the single SQUID sample and the two-cell SQUID sample were investigated. 

3.1 Basic transmission response 

Basic resonant response of CWR ωs on the single SQUID sample (see Fig. 5(a)) 
under static flux modulation was first measured with a network analyzer, as shown in 
Fig. 7. The static flux modulation was applied by dc biased current through one of the 
coplanar coils on the sample. The resonant frequency ωs / 2π was shifted from 9.557 
GHz to 9.551 GHz by increasing the applied static flux Φa from zero to about 0.5 Φ0. 

The static flux-scan measurements under different drive power of the CWR Pin 
were systematically performed, as shown in the Fig. 8 and 9. The flux of Φ0 in the 
SQUID loop corresponded to the dc biased current of 1.4 mA through the coplanar 
coil. 

Figure 8 shows that the resonant frequency ωs / 2π exhibited a hysteresis with 
scanning the flux in two different directions (up and down), when the drive power Pin 
was relatively low. With increasing the drive power Pin the hysteresis decreased 
gradually and disappeared eventually at the high enough drive power (shown in Fig. 
9(a)). If we increased the drive power Pin further, the junctions in the SQUID must 

 

Figure 7. Resonant response including amplitude and phase of the CWR on the single SQUID sample with static 

flux modulation. The applied static flux is Φa = 0 for the brown curve; Φa = 0.5Φ0 for the yellow curve. The 

drive power reaching the input port of CWR Pin was -85 dBm. 
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have been overheated, as shown in Fig. 9(b). 
With increasing the flux (below Φ0), the critical current of the SQUID Ic 

decreased and thus the Josephson inductance of SQUID increased. Therefore, the 
resonant frequency of CWR ωs / 2π shifted to lower values (Fig. 8 and 9). However, 
the hysteretic effect in the flux scan, as shown in the Fig. 8, appears still rather 
interesting for further discussion.   

 

Figure 8. The output response of CWR on the single SQUID sample with scanning the dc biased current for 

modulating the flux through the SQUID loop. The drive power reaching the CWR Pin was -80 dBm. (a) the biased 

current sweeping up; (b) the biased current sweeping down. 
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According to the discussion in the above theoretical part, under condition that ωd 
is much less than ωcut and ωc, changes of RF flux Φrf in the SQUID loop can be 
considered to be adiabatic. The Eq. (15) can then be rewritten as 

)(22sin
0

22 darf Φ+Φ
Φ

=+
πϕϕβ                (19) 

 

Figure 9. The output response of CWR on the single SQUID sample with scanning the dc biased current for 

modulating the flux through the SQUID loop. The drive powers reaching the CWR Pin were -72 dBm for (a) and 

-70 for (b), respectively. 

 

Distribution A:  Approved for public release; distribution is unlimited.



where βrf = 2πLI0/Φ0 is the so called SQUID hysteresis parameter [1], and Φa the 
static flux introduced by the flux scan. At βrf < 1, the potential of the SQUID has one 
minimum, corresponding to the only stable state. At βrf > 1, in addition, there can be 
several metastable states. For the phase of junction in the SQUID φi (i = 1, 2), it will 
exhibit hysteresis with the static flux scan at βrf > 1 [1]. 
 Therefore, when the Φd is tiny compared with the Φa, the modulation of the φi 
mainly follows the static flux Φa. The Josephson inductance LJ will also display 
hysteresis with the flux scan, as does also the resonance frequency ωs (shown in Fig. 
8). However, when the Φd is large enough, the function of the SQUID potential v.s. 
the φi will be dramatically modified. The SQUID can switch to another state at Φa = 
Φ0/2, and there will be no hysteresis as shown in Fig.9. 
 Considering the applications of parametric amplifiers, the hysteresis should be 
eliminated. Hence, the βrf should be made less than one in the further sample designs. 

We have also investigated the resonant response of CWR ωs in the two-cell 
sample (see Fig. 5(b)) as a function of magnetic flux. The resonance frequency ωs 
was around 10.15 GHz and the modulation of the ωs was found even smaller, about 4 
MHz, as shown in Fig. 10. It can be suspected that some junctions of this SQUID had 
physical defects.  

 

3.2 PJBA measurements 

To operate the embedded SQUID as a PJBA, the nonlinear regime should be 
confirmed first. With increasing the drive power of CWR Pin on the single SQUID 
sample, the resonant frequency ωs shifts noticeably to lower frequencies at the drive 

 

Figure 10. The resonant response of CWR on the two-cell sample with static flux modulation. 
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power Pin = -70 dBm, when the static flux Φa = 0. The frequency ωs reaches its 
minimum value around Pin = -63.5 dBm, as shown in Fig. 11. At even higher drive 
power Pin, the SQUID is already overheated. Based on the discussion in the 
theoretical part, we conclude that this particular sample displays nonlinear regime but 
could not reach the bifurcation regime. The sample works in the nonlinear regime in 
the Pin range from -70 dBm to -63.5 dBm at Φa = 0.  

The shifting range of the ωs was very small, around 4 MHz (from 9.557 GHz to 
9.553 GHz) due to the relatively large critical current of junction I0 in the SQUID and 
the large βL. Therefore the phase changing with different Pin was also very small at a 
fixed frequency around the ωs, about 20 degrees (shown in Fig. 11). This suggests 
that the response sensitivity of our sample to the phase difference between the pump 
and the drive was too low to employ it in RF directional sensor based the PJBA. As 
for the two-cell sample, the sensitivity was even less. 

 

 

Figure 11. The single SQUID sample working in the nonlinear regime. The drive power Pin increased from -70 

dBm (yellow curve) to -63.5 dBm (brown curve) at Φa = 0. 

 

3.3 AJPA measurements 

To operate the embedded SQUID as an AJPA, the RF drive of CWR was set to be 
around the fundamental resonance frequency ωd = ωs. While two separated RF pumps 
at the double ωp = 2ωd with phase difference δ were applied through the two coplanar 
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coils on the both sides of the SQUID, respectively. Thus the mixed signal at 
frequency ωm = ωp – ωd = ωd, which was also near to the resonant frequency ωs, 
would be effectively amplified. According to the discussion in the theoretical part, the 
output amplitude of CWR at frequency ωd should represent the phase difference 
between the pump and the drive. It is also easy to show that the output amplitude 
should reveal the phase difference δ as well. Therefore, this kind of sample could 
serve as an RF phase-sensitive sensor for the two separated RF pumps and thus 
provide the basis for the RF directional sensor. 

3.3.1 Basic characteristics 

The single SQUID sample was studied first to investigate the basic 
characteristics of AJPA. In this case, RF drive at frequency ωd = 9.557 GHz and only 
one RF pump at frequency ωp = 19.114 GHz were applied. The drive power Pin was 
about -93 dBm; the pump power was chosen relatively high -50 dBm. The 
amplification gain, which was defined as the difference between the output 
amplitudes of CWR with and without the pump, was depending on the phase 
difference between the pump and the drive as shown in Fig. 12. 

 

 

Figure 12. Gain as a function of the phase difference between the RF drive and the pump. 

 

As shown in Fig. 12, the deamplification effect is observed, which is the 
remarkable characteristic of the AJPA. Since the phase difference of separated RF 
sources cannot be locked stably, there were fluctuations in the measurement curve. 
For this configuration, the period of the amplification gain depending on the 
modulation of the phase of pump was 4π. However, if we modulate the phase of the 
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drive, the period changes into 2π, as to be expected due to ωd = ωp /2.  
 We also studied the response of two-cell SQUID device. We did not observe any 
effect of the pump on the output of CWR. Presumably, there were some defects in the 
SQUID. Further investigations should be done with new samples later. 

3.3.2 Application to RF directional sensor 

While two separate RF pumps at the double ωp = 2ωd with phase difference δ 
between them were applied, the amplification gain was measured again as a function 
of one of δ. As shown in Fig. 13, the measured period was 4π as well, which indicates 
that the two separated RF pumps first mixed with the drive and then combined 
together. In some range of the period, the sensitivity was relatively high, about 1.2 dB 
/ rad. This, in principle, demonstrates that this kind of sample can be employed as the 
RF phase-sensitive sensor, which in turn can be used for RF directional detection. 

 

Figure 13. Amplification gain as a function of the phase difference between the two RF pumps. 
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Conclusion and Outlook 
We have studied the response of CPW devices employing single-cell SQUIDs and 
two-cell SQUIDs with the ultimate goal to develop an RF directional sensor. The 
operation of such device should be based on the theory of Josephson parametric 
amplifiers, which we briefly reviewed in the beginning of this report. Our two-cell 
SQUID sample did not show the expected performance. We suspect that there were 
some defects in the SQUIDs of present samples. Nevertheless, the single-cell SQUID 
sample was successfully demonstrated operating as RF phase-sensitive sensor, with 
sensitivity of 1.2 dB / rad. The relatively large critical current of SQUID Ic limited the 
nonlinear effects in the Josephson junction, and thus the sensitivity of our sensor.  
 Hence, in the following works, the critical currents of junctions I0 in the SQUID 
should be decreased, so that the corresponding Josephson inductance could be made 
comparable with the inductance of the coplanar waveguide. The inductance of the 
SQUID loop should be decreased as well. In this case, the flux-modulation of the Ic 

should provide more room for choosing bias point of the parametric amplifier. The 
hysteresis effect with respect to the flux sweep direction will be eliminated, which 
would make it more convenient for practical operation. 
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