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Nomenclature
 

F inviscid flux vector (axial direction) 
G inviscid flux vector (radial direction) 
K right eigenvector matrix 
L left eigenvector matrix 
R right-hand-side residual vector 
S source term vector 
U conservative variable vector 
A nozzle cross sectional area 
a frozen speed of sound 
b upwind wave speed 
E energy or specific total energy 
e specific energy 
g degeneracy 
H specific total enthalpy 
h specific enthalpy 
i axial direction cell index 
J rotational quantum number 
j radial direction cell index 
k rate coefficient 
l cell side length 
M molecular mass 
m mass 
p pressure 
Q partition function 
R specific gas constant 
r radial coordinate 
T temperature 
t time 
u velocity component 
v, w vibrational quantum number 
x axial coordinate 

Subscripts 

∗ dissociated state 
∞ free-stream value 
b backward 
f forward 
J rotational quantum number 
L left state 
n cell side outward normal direction 
R right state 
r radial direction 
v, w vibrational quantum number 
x axial direction 

Conventions 

c convection 
D dissociation 
s source 
VT vibrational-translational energy exchange 
VV vibrational-vibrational energy exchange 

Symbols 

α parameter used in the reconstruction procedure 
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v 

Δ variation 
δ variation 
Λ eigenvalue matrix 
Ω cell volume 
ρ density 
σ symmetry factor 
θ characteristic rotational temperature 

Superscripts 

a atomic impact process 
axi axisymmetric 
chem chemistry 
m molecular impact process 

vibration 
f formation 
n time-level 
t translation 

I. Introduction 

Possible applications of atmospheric entry flows are the design of space vehicle heat shields and interpre
tation of experimental data acquired in high enthalpy facilities, such as shock tunnels and plasma torches. 
The surface heat flux experienced by a spacecraft during his re-entry represents the main design parameter. 
Its value must be accurately predicted in order to avoid mission failure and also to reduce the margins to en
able carrying more payload. In order to achieve this point, an accurate modeling of collisional and radiative 
processes occurring in shock layers is needed. There, the flow experiences a sudden increase of temperature, 
pressure and density while crossing the shock wave. Atom and molecule collisions start occurring at higher 
frequencies and energies. This leads to excitation of internal degrees of freedom and to molecular dissocia
tion as well. If the re-entry speed is high enough, ionization may also occur. The flow becomes therefore a 
partially ionized gas, where radiative transitions take place. Their influence on the medium dynamics and 
surface heat flux increases with the increase of the entry speed. As an example, for an Earth re-entry at 
11 km/s, the radiative heat flux constitutes approximately 60% of the total heating. The accurate description 
of all these phenomena is extremely complex because of nonequilibrium. This occurs in flow regions (such as 
shock waves and boundary layers) where the characteristic time-scales of collisional and radiative processes 
become of the same order of magnitude of flow macroscopic time-scales (time needed for a fluid particle to 
cross a certain region). Therefore, understanding nonequilibrium is crucial for a correct modeling of shock 
layers. Nonequilibrium plays an important role also in expanding flows, such as those occurring in nozzles 
installed in high enthalpy facilities. When heat flux and pressure measurements are performed on the model 
being tested, it is required to know the degree of nonequilibrium in the free-stream (generated by the nozzle) 
if an extrapolation to flight of ground testing data is desired. 

Multi-temperature models [1] were proposed as a simple approach to overcome all difficulties related to 
the modeling of nonequilibrium. They are based on Boltzmann distributions of the internal energy levels at 
their own temperatures and are valid only in case of small departure from equilibrium [2], since the details 
of energy level dynamics are not taken into account. These models are widely used outside of their range of 
validity because of the lack of more accurate physical models, but also because of the ease of implementation 
and reasonable amount of CPU time required for 3D simulations. 

State-to-state or collisional models [3–15], in contrast to the multi-temperature formulation, treat each 
energy level as a separated pseudo-species. This approach provides more flexibility and accuracy, since 
effects of non-Boltzmann distributions are accounted for. The price to pay is that a very large number of 
processes have to be considered and, for each one, rate coefficient values have to be obtained by means of 
quantum-mechanical calculations. Also, the number of equations to be solved rapidly increases with the 
number of internal energy levels. 

The main purpose of the paper is to show that, despite the higher computational time required, the 
application of collisional models to multi-dimensional nonequilibrium flows has become feasible. The results 
shown represent the outcome of on going research activity and are limited to inviscid flows. 

The paper is structured as follows. Sect. II describes the physical model adopted (collisional processes, 
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Vibrational collisional model 

The VC model accounts for the following processes: 

• Atomic impact dissociation (Da): 

k̃a 
f v→∗ 

−⇀N2(v) + N ↽− N+N+N, (4) 
k̃a 
bv→∗ 

• Molecular impact dissociation (Dm): 

k̃m 
v→∗f 

N2(v) + N2 −⇀ N+N+N2,↽− (5) 
k̃m 

v→∗b 

• Atomic impact vibrational-translational energy exchange (VTa): 

k̃a 

−⇀
′ 

N2(v) + N ↽− N2(v 
′ ) + N, (6) 

k̃a 

f v→v 

′ bv→v 

• Molecular impact vibrational-translational energy exchange (VTm): 

k̃m 
v→v−1f

−⇀N2(v) + N2 ↽− N2 +N2(v − 1), (7) 
k̃m 

v→v−1b 

• Vibrational-vibrational energy exchange (VV): 

w−1→wk̃f v→v−1 

N2(v) + N2(w − 1) −⇀ N2(v − 1) + N2(w), (8) ↽− 
w−1→wk̃bv→v−1 

′with v = 0, . . . , vmax (except for eq. (8) where v = 1, . . . , vmax), v = v + 1, . . . , vmax and w = v, . . . , vmax. 

Rate coefficients and species production rates 

Forward rate coefficients for Da and VTa processes in eqs. (4) and (6) are obtained by averaging rovibrational 
rate coefficients for dissociation and excitation (kf 

a 
vJ→∗ and kf 

a 
vJ→v ′ J′ , respectively) over a Boltzmann 

distribution for rotational levels of each vibrational quantum state [17]: 

 Jmax(v)  

1 L ΔEvJ 
k̃a ka 
f v→∗ = gvJ exp − f vJ→∗, (9) 

Q̃v kBT
J=0 

′ Jmax(v)   Jmax (v ) 
L L1 ΔEvJ ′ k̃a ka 

f v→v ′ = gvJ exp − f vJ→v ′ J′ , v = 0, . . . , vmax, v < v (10) 
Q̃v kBT

J=0 J′ =0 

where kB is the Boltzmann constant, gvJ is the energy level degeneracy (equal to 6 (J + 1) for even J and 
3 (J + 1) for odd J) and Q̃v is the rotational partition function of the vibrational level v [17]: 

 Jmax(v)  

L ΔEvJ 
Q̃v = gvJ exp − (11) 

kBT
J=0 

Backward rate coefficients are computed by means of micro-reversibility [17]: 
  

k̃a Qt ˜ ˜
b v→∗ N2 

Qv Ev − 2EN 
= exp − , (12) 

k̃a (gN Qt )2 kBTf v→∗ N
  

k̃a ˜ ˜ − ˜b v→v ′ Qv Ev Ev ′ 
= exp − , v = 0, . . . , vmax (13) 

k̃a ˜ kBTf v→v ′ Qv ′ 
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where EN is the formation energy of the nitrogen atom, gN = 12 the degeneracy of its ground electronic state 
(N 4S nuclear and electronic spin contributions) and Qt and Qt are the translational partition functions N N2 

of the N atom and N2 molecule, respectively: 

3/2 3/2
2πmNkBT 2πmN2 kBT Qt = , Qt = (14) N N2h2 h2 

P P 

where hP is the Planck constant. 
Rate coefficients for N2 +N2 inelastic collisions are not available in the NASA Ames database. It is for 

this reason that data from literature are considered for Dm, VTm and VV processes. 
The estimation of rate coefficients for the Dm process is performed by multi-plying k̃b 

a 
v→∗ in eq. (9) by 

the Park factor fPark = 0.23 [18]: 
k̃m k̃a 
f v→∗ = fPark f v→∗ (15) 

while the backward rate coefficient is obtained by means of micro-reversibility: 

k̃m Qt ˜ ˜
b v→∗ N2 

Qv Ev − 2EN 
= exp − (16) 

k̃m (gN Qt )2 kBT v→∗ Nf 

Though not rigorous, this approach allows to take into account that N2 is a less effective collision partner 
than N for dissociation. 

The computation of forward rate coefficients for VTm and VV processes is performed by adapting the 
existing set of Billing data [19] (based on Herzberg [20] vibrational energy levels) to the vibrational levels of 
the NASA Ames database. The procedure is similar to that in [21] and makes use of the so called scaling 
laws taking into account for anharmonicity effects [22]. Backward rate coefficients are always obtained by 
means of micro-reversibility: 

k̃m ˜ ˜ − ˜b v→v−1 Qv Ev Ev−1 
= exp − , (17) 

k̃m ˜ kBT f v→v−1 Qv−1 

w−1→w˜ ˜ ˜ ˜kbv→v−1 Qv Qw−1 Ev + Ẽw−1 − Ẽv−1 − Ẽw 
= exp − , v = 1, . . . , vmax, w ≥ v (18) 

w−1→w
kf v→v−1 Qv−1 Qw kBT
˜ ˜ ˜

The species production rates for the N atom and vibrational levels of N2 read: 

vmax vmax 
L L 

ωDa ωDmωN = 2MN ˜ + 2MN ˜ , (19) v v 
v=0 v=0 
( )

ωDa ωDm ωVTa ωVTm ωVV ˜ = ˜ + ˜ + ˜ + ˜ + ˜ (20) ωv −MN2 v v v v v 

with the partial contributions from all processes given by: 

( )

ω̃v 
Da = [XN] [X̃v] k̃f 

a 
v→∗ − [XN]

2 k̃b 
a 
v→∗ , (21) 

( )

ω̃Dm = [XN2 ] [X̃v ] k̃
m 

v→∗ − [XN]
2 k̃m 

v→∗ , (22) v f b 
( )

ωVTa˜ = [XN] [X̃v] k̃f 
a 
v→v ′ − [X̃v ′ ] k̃b 

a 
v→v ′ , (23) v 

( )

ωVTm [ ˜ ] k̃m Xv ′ ] k̃
m˜ = [XN2 ] Xv v→v−1 − [ ˜ v→v−1 (24) v f b 

vmax 
( )

L 
ωVV w−1→w w−1→w˜ = [X̃v] [X̃w−1] k̃f + [ X̃v−1] [X̃w] k̃b , v = 0, . . . , vmax (25) v v→v−1 v→v−1
 

w=v
 

where [XN] = ρN/MN and [ X̃v] = ρ̃v /MN2 are the concentrations of the N atom and N2 vibrational levels, 
respectively. 
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Thermodynamics 

The mixture density is obtained by adding the contributions from the N atom and N2 vibrational levels 
ρ = ρN + ρN2 , where: 

vmax 
L 

ρN2 = ρ̃v (26) 
v=0 

and the static pressure follows from Dalton’s law p = ρNRNT +ρN2 RN2 T (where RN and RN2 are the specific 
gas constants). The mixture total energy density is computed as: 

L3 3 
vmax 1 ( )f 2 2ρE = ρNRNT + ρN2 RN2 T + ρ̃v(ẽv +Δev) + ρNh + ρ u + u (27) N x r2 2 2 
v=0 

fwhere ux and ur are, respectively, the axial and radial velocity components, h is the specific formation N 
enthalpy of the nitrogen atom and ẽv and Δev are, respectively, the specific vibrational and rotational energy 
of the vibrational level v: 

Ẽv kBT
2 ∂ ln Q̃v 

ẽv = , Δev (T ) = , v = 0, . . . , vmax (28) 
mN2 mN2 ∂T 

The mixture total enthalpy density ρH is obtained by adding the pressure to the total energy density. 
In order to simplify computations, the rigid rotor model is used in eqs. (12), (13), (16), (18) and (28) for 

Q̃v and Δev. In this case one has: 

T
Q̃v = , Δev = RN2 T, v = 0, . . . , vmax (29) 

σθr 

where σ is the symmetry factor (equal to 2 for a homo-nuclear diatomic molecule such as N2), while θr is 
the characteristic rotational temperature (computed from the rovibrational energy levels as (E01 −E00)/kB). 
The atomic nitrogen degeneracy gN in eq. (12), must be modified accordingly and set to 4. 

Preliminary computations performed on quasi 1D nozzle and normal shock wave flows, have allowed to 
verify that the aforementioned simplification could be applied for the cases under investigation. 

Governing equations 

The governing equations for 2D axisymmetric inviscid nonequilibrium flows, written in conservation law 
form, read: 

∂rU ∂rF ∂rG 
+ + = S (30) 

∂t ∂x ∂r 

where U, F and G are, respectively, the conservative variable vector and the inviscid flux vectors along the 
axial and radial directions. Their expressions are given by: 

U = [ ρN ρ̃v ρux ρur ρE ]T , (31) 

F = [ ˜ p+ ρu2 ρuxur ρuxH ]
T , (32) ρNux ρvux x 

G = [ ρNur ρ̃vur ρuxur p+ ρu2 ρur H ]
T , v = 0, . . . , vmax (33) r 

The source term S in eq. (30) comprises the effects of the collisional processes previously described and an 
additional contribution due to the hypothesis of axisymmetric flow configuration: 

Schem + Saxi S = (34) 

with the chemistry Schem and axisymmetric Saxi terms in eq. (34) given by: 

Schem = [ r ωN r ω̃v 0 0 0 ]T , v = 0, . . . , vmax, (35) 

Saxi = [ 0 0 0 p 0 ]T (36) 
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The approach here used for time-marching (known as operator splitting [26], has the disadvantage, when 
compared with a fully implicit method, of having a narrower stability region. However, this can be enlarged 
by using multi-stage time-stepping schemes (such as the second order two stage Adams-Bashforth method 
[23] used in the present work), that are known to have a wider stability region than the single-stage scheme of 
eq. (41). Moreover, the application of the operator splitting approach does not require the iterative solution 
of large and sparse linear algebraic systems, making the solution update much cheaper than what an implicit 
method requires. 

The numerical flux in eq. (42) is computed by means of Roe’s approximate Riemann solver [27]: 

˜ 1 1 ˆ |ˆ |ˆFn = (FnL + FnR)− Kn Λn Ln(UR − UL) (44) 
2 2 

In eq. (44), the normal physical flux Fn is computed according to Fn = Fnx + Gnr (with nx and nr being 
the axial and radial components, respectively, of the cell interface outward normal vector), Kn, Ln and Λn 

are the right and left eigenvector and eigenvalue matrices projected along the cell interface normal direction, 
while the circumflex accent (̂.) is used to denote the Roe-averaged state (computed by using the linearization 
procedure given in [28]). The meaning of L and R letters is obvious (i.e. they correspond to the i and 
i + 1 states, respectively, if the flux is being computed at the interface i + 1/2, j). Due to the strength of 
the shocks involved, an appropriate entropy fix is required to avoid numerical instabilities resulting from 
even-odd decoupling. As prescribed by Quirk [29], pressure disturbances along the shock front are diffused 
away with targeted application of the HLLE Riemann solver [30]: 

b+b−b+FnR − b−FnL 
F̃n = + (UR − UL) (45) 

b+ − b− b+ − b− 

where the upwind wave speeds b are given by: 

b+ ˆ= max(0, VnR + ar, Vn + â), (46) 

b− = min(0, VnL − al, V̂n − â) (47) 

In eqs. (46) - (47), Vn is the normal velocity computed as Vn = uxnx + urnr, while a represents the frozen 
speed of sound of the mixture. 

High-order spatial resolution is achieved by means of parabolic interpolation of the left and right states 
at the cell interfaces via: 

1 
UL = (2Ui−1,j + 5Ui,j − Ui+1,j ) (48) 

6

The use of eq. (48) makes the scheme 3rd-order accurate in space [31]. Due to the limiting required for 
strong nonlinear waves, the reconstructed left and right states must be modified according to: 

UL ← median(UL, Ui,j , U
mp) (49) 

with: 
Ump = Ui,j + minmod[Ui+1,j − Ui,j , α(Ui,j − Ui−1,j )] (50) 

1being the monotonicity-preserving (MP) limit [32] and minmod(a, b) = (sgn(a)+sgn(b))min(abs(a), abs(b)). 2 
For the present work, the parameter α has been set to 2. The right state can be easily found from symmetry. 
Due to the non-linearity of the limiter, the reconstruction is performed on the characteristic variables, 
requiring a full diagonalization of the governing equations. More details are given in [23]. 

IV. Computational results 

The VC model described in Sec. II has been applied for the computation of the following 2D axisymmetric 
inviscid flows: 

• Supersonic flow through a converging-diverging nozzle, 

• Flow over a sphere. 
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Flow over a sphere 

For the computation of the inviscid 2D axisymmetric flow over a sphere, the free-stream conditions provided 
in Table 2 have been adopted: 

Table 2. Free-stream conditions. 

p∞ [Pa] T∞ [K] V∞ [m/s] 

13.3 300 9,000 

A 12-block mesh (see Fig. 10), with each block consisting of a 90 x 30 cell grid, has been used. 

Figure 10. Multi-block mesh used for the sphere (12 blocks − 90 x 360 cells). 

Figs. 11 - 12 show the temperature distribution and their evolution along stagnation line, respectively. 
At the shock location, the vibrational temperature is frozen and maintains its free-stream value. Behind the 
shock, excitation occurs at the beginning mainly through VTm processes. 

(a) Translational temperature. (b) Vibrational temperature. 

Figure 11. Translational and vibrational temperature fields. 
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