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A Weakest-Link Approach for Fatigue Limit of 30CrNiMo8 Steels 

S. Ekwaro-Osire1 and H.V. Kulkarni 

Department of Mechanical Engineering, Texas Tech University, Lubbock, USA 

 

Abstract  

The transfer of fatigue data from laboratory specimens to field components under multiaxial fatigue is a 

difficult task. This is particularly the case in the transfer of data from specimens with well-defined shapes to 

components in the field with arbitrary shapes. A number of effects are to be considered in the transfer of data from a 

laboratory specimen to a field component. These effects include: pure size effect, pure gradient effect or notch size 

effect, and load type effect. The research question for this study was: Can an effective weakest-link approach for the 

fatigue limit of 30CrNiMo8 steels be developed? The specific aims constructed to address the research question 

were: (1) to develop an algorithm for the weakest-link approach to capture the pure size effect; (2) to perform 

verification studies on the algorithm for the weakest-link approach; and (3) to investigate volume effect and other 

effects on predictions of the probabilities of failure. The theory of the weakest-link formulation combined with the 

Dang Van fatigue failure criteria was used to develop an algorithm for the calculated probability of failure. The 

verification results of the proposed algorithm were presented. For cylindrical specimens under tension-compression 

loading, the probability of failure with the use of the Dang Van failure criterion was compared to predictions 

generated by other failure criteria. The results of using the proposed formulation to predict the fatigue limit of 

30CrNiMo8 steel cylindrical specimens were presented and discussed. The weakest-link approach developed was 

shown to predict the pure size effect of 30CrNiMo8 steel cylindrical specimens under tension-compression fatigue 

loading. The calculations of the probability of failure of cylindrical specimens were shown to be in good agreement 

with the published results. 

 

                                                           
1 Corresponding author: Department of Mechanical Engineering, Texas Tech University, Lubbock, TX 79409, USA, 

stephen.ekwaro-osire@ttu.edu, 806.742.3563 Ext 232, 806.742.3540 (FAX). 
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1  Background 

1.1   Effects on the Fatigue Limits of Steels 

The transfer of fatigue data from laboratory specimens to field components under multiaxial fatigue is a 

difficult task. This is particularly the case in the transfer of data from specimens with well-defined shapes to 

components in the field with arbitrary shapes. A number of factors are to be considered in the transfer of data from a 

laboratory specimen to a field component. These factors that often influence the fatigue data include: pure size 

effect, pure gradient effect or notch size effect, and load type effect.  

In the case of  the four-point rotating bending configuration, if tests are performed on specimens of the 

same radius and of different lengths, the results can be used to investigate pure size effect [1, 2]. Alternatively, in the 

case of fully reversed tension-compression, if tests are performed on specimens of the same radius and of different 

lengths, the results can also be used to investigate the pure size effect.  

Pure gradient effect is also referred to as the volumetric stress distribution effect by some authors [3]. 

Morel and Palin-Luc [3] assert that  the pure gradient effect is more important than the pure size effect. The pure 

gradient effect can be either a normal stress gradient effect or a shear stress gradient effect. The notch size effect is a 

form of pure stress gradient effect, but because of the particularly high stress gradient, it involves high stress-strain 

concentrations that create a local plasticity effect [3]. Some authors refer to the notch size effect as the stress-strain 

gradient effect [4, 5]. It has been noted that use of tests with notched specimens to investigate the pure gradient 

effect may be problematic since a local plasticity effect is often in play [3].   

The load type effect has also been referred to as the mechanical size effect by some authors. A load type 

effect is due to the type of mechanical loading [6]. The mechanical loading types include: tension-tension, tension-

compression, rotating bending, cantilever bending, and torsion. Smooth cylindrical specimens of the same size, 

under tension and/or compression loading, rotating bending, and cantilever bending, exhibit different fatigue 

strengths while the local stress state is the same [5]. In this particular case, cantilever bending fatigue strength is 

highest, followed by the rotating bending fatigue strength, and then by the tension and/or compression fatigue 

strength [1, 6]. 
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1.2   Experiments 

Various experimental studies have been carried out to demonstrate the effects that impact the fatigue limits. 

Bomas and Schleicher [7] performed experimental studies on 16MnCrS5 cylindrical specimens with no notches and 

with V-notches. For the unnotched specimens, 6 mm gage diameters with various lengths were used. For the 

specimens with V-notches, 6 mm gage diameters with various notch tip radii were used. In these studies, the cyclic 

loads used were due to rotating bending, alternating torsion, tension-compression, and repeated tension. For the 

specimens with no notches, the surface carbon content, surface oxidation, and surface roughness  also varied. 

Bomas and co-workers [8, 9] performed experiments on bearing steel SAE 52100 specimens. A set of the 

specimens had no notches, while another set had V-notches of two geometries. The loads applied included rotating 

bending, alternating torsion, tension-compression, and repeated tension. They demonstrated a size and notch effect 

and analyzed the crack initiation at the surface and volume. Sonsino [10] considered size effect of cylindrical 

specimens with fillets exposed to fully reversible plane bending. Using a fully developed S-N curve, he showed the 

impact of the specimen size on the fatigue strength of the metal. Du Quesnay et al. [11] analyzed the notch-size 

effects at the fatigue limit of flat specimens with circular notches in the center. The materials used in the 

investigation were 2024-T351 aluminum alloy and SAE 1045 steel. A geometrical size effect of cylindrical 

specimens with V-notches and no notches was experimentally investigated by Larsson [12]. The materials used in 

the investigations were carbon steel SS 1650 and alloy steel SS 2541-03. A geometrical size effect was shown to 

exist even for the unnotched specimens under uniaxial tension for which the stress gradient below the material 

surface is zero. Hatanaka and co-workers [13] experimentally investigated the size effect on rotating bending fatigue 

of specimens made out of forged steel JIS SF 50 and cast steel JIS SCMn 2A. Cylindrical specimens with no notches 

of various gage diameters were used. It was shown that the fatigue limits (strength) decreased with an increase in the 

specimen size. Furthermore, it was also shown that the size effect for forged steel was about twice as large as that of 

cast steel. 

Kloos et al. [14] considered the geometrical size effect in 37Cr4 steel specimens with and without V-

notches. The specimens were exposed to rotating-bending loading or tension-compression loading. For the 

specimens without notches under rotating-bending loading, it was observed that the fatigue limit decreased as the 

specimen diameter increased. For the specimens with V-notches under tension-compression loading, it was observed 
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that the fatigue limit decreased asymptotically as the specimen diameter increased. For V-notched specimens tested 

in rotating bending, a strong dependence of the fatigue limit on the specimen diameter was observed. 

In his dissertation, Magin [15] experimentally investigated the size effect of cylindrical specimens with no 

notches and with V-notches subjected to rotating bending. The material selected in this study was 30CrNiMo8. The 

number of cycles used to define fatigue limit were 107. The staircase method was used to evaluate the fatigue limits. 

Böhm [16, 17] used the same material when considering cylindrical specimens with no notches and with V-notches 

exposed to alternating tension-compression (R = -1). He used a total of 310 specimens for his study. Here the 

number of cycles at the endurance limit was chosen to be 2  106.  

 

1.3   Weakest-Link Approaches 

Weibull [18] introduced a statistical concept based on the “weakest-link” to account for statistical size 

effect. From this theory, it can be observed that the probability of failure increases with an increasing volume of the 

component. For components subjected to an alternating load, an increased probability of failure corresponds to a 

lower fatigue limit of larger components. It has been argued that, although initially formulated for brittle materials 

under static loading, the weakest-link theory can be transferred to metals under fatigue loading. In part this assertion 

can be justified by the observation that as with brittle materials, fatigue failure of metals is due to the presence of 

randomly distributed initial flaws or defects [2]. In contexts of fatigue, a hypothesis can be formulated as: A 

component subjected to an alternating load forms a sample of initial cracks at the end of the crack initiation phase. 

The larger the component, the larger the sample of the cracks will be [19]. A difficulty with the weakest-link 

principle is that neither the probability density distribution of the initial crack nor the number of cracks in a sample 

is readily available. The weakest-link theory consists of a power law without a characteristic size or length [20]. In 

their study, Morel and Flacelière [21] show that the weakest-link approach can be used in the finite and infinite 

fatigue life regimes, provided that a proper equivalent stress is introduced and a relevant damage model is applied. 

The weakest-link approach is based on the view that flaws or defects are statistically distributed in the 

volume of a material. The approach is anchored on the following assumptions [2, 4]: the structure is considered as a 

chain that consists of a series links; the failure of the weakest link generates the fracture of the whole structure, and 

the size of flaws is very small compared to the distance between them (thus, there is no interaction between flaws). 
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By use of a power-law relationship between the critical flaw size and the applied stress and on the 

assumption that the maximum defect size follows a two-parameter Fréchet distribution, the probability of failure can 

be formulated [4, 22]. Generally, the weakest-link formulation is only applicable to problems of fatigue crack 

initiation since fatigue crack propagation is not described by the model [7]. Thus, when applying the weakest-link 

model to a given body, it is assumed that crack initiation induces failure in the body. 

 

1.4   Applications of Weakest-Link Approaches 

Makkonen [19] presented a statistical model for the statistical size effect, due to the sample size, in the 

fatigue limit of steels. In this method, the statistics of extremes was used to estimate the largest crack to be expected 

in the specimens with variation in surface area. The parent population of initiated cracks was assumed to follow a 

lognormal distribution. By use of linear elastic fracture mechanics, a connection between the largest initiated crack 

and the fatigue limit was established. This method is particularly effective if the relationship between the static 

strength and thickness, and the scatter and thickness is available. Using an augmented version of the weakest-link 

approach, Makkonen [23, 24] explained the connection between size effect and notch-size effect in steels. The 

results obtained from the model were compared to a series of experimental results from the literature. Lanning et al. 

[25] proposed a weakest-link notch model based on surface area stresses. The predictions of the model were 

compared to experimental results. Due to the localized plastic straining and negative stress ratios, the model showed 

some inaccuracies. 

Flacelière and Morel [2] presented two weakest-link formulations: one that uses an integration over the 

surface and another that uses an integration over the volume. The models predicted fatigue data scatter for various 

loading conditions for mild steel and a nodular cast iron. Both models were able to account for the gradient effect 

and the size effect. The volume formulation was able to account for the decrease of the fatigue limit with the size of 

the specimen, as shown in experiments. An extended weakest-link formulation was used to predict the fatigue limit 

of notched and multiaxially loaded specimens of carburized steel [7]. The model was shown to be effective in 

calculation of  the endurance limits and the local fracture probabilities of steel. 

Delahay and Palin-Luc [4] combined the weakest-link concept with a deterministic energy-based high-

cycle multiaxial fatigue criterion. The predictions by this probabilistic model were in very good agreement with 

experimental results for specimens without notches. Furthermore, the model was able to predict the size effect. 

                                             5 
Approved for public release; distribution unlimited.



Doudard et al. [26] proposed a probabilistic framework to model multiaxial high cycle fatigue tests. The framework 

was based on a Poisson point distribution of the sites to describe the gradual activation of microplasticity. This 

model accounted for the stress heterogeneity, scatter of fatigue data, and size effects. The model was shown to be in 

good agreement with experimental results. Palin-Luc and Saintier [5] presented a volumetric energy-based approach 

that combines the weakest-link concept with a non-local model. The approach handles multiaxial fatigue crack 

initiation problems. The approach takes into account the notch-size effect and load type effect. 

Wormsen et al. [22] presented a non-local stress approach for fatigue assessment based on weakest-link 

theory and the statistics of extremes. This method considered the whole stress field rather than just the highest local 

stress while performing the analysis. The starting point of the computation was the statistical distribution of fatigue 

strength data from the unnotched specimens. The predictions of the approach compared favorably with experimental 

results from the literature [16, 17]. It was further shown that the weakest-link concept is able to predict the different 

fatigue strengths observed for tension-compression loading, rotating bending, and alternating axial bending, 

respectively [6]. 

 

1.5   Research Question and Scope of Work  

The research question in this paper was: Can an effective weakest-link approach for the fatigue limit of 

30CrNiMo8  steels be developed? The specific aims developed to address the research question are: (1) to develop 

an algorithm for the weakest-link approach to capture the pure size effect; (2) to perform verification studies on the 

algorithm for the weakest-link approach; and (3) to investigate volume effect and other effects on predictions of the 

probabilities of failure. 

The theory behind the weakest-link approach was presented. The volume model with two-parameter 

Weibull distribution was developed. Algorithms to calculate the probability of failure for fatigue analysis by the 

weakest-link approach was developed. Finite element analysis was performed in ANSYS to calculate the stresses 

generated in the specimens. The MATLAB program was developed to process the stresses and to calculate the 

probability of failure of specimens in static and fatigue. The results of probabilities of failure were compared with 

the results from the literature. The effects of volume of specimen, Weibull modulus, and formulation of effective 

stress amplitude on the probability of failure were investigated. The weakest-link formulation was used to predict 
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the pure size effect of 30CrNiMo8 steels obtained experimentally in the literature.  The predictions were compared 

to the experimental results, and the errors were assessed.  

 

2  Methodology 

2.1   Theory and Algorithm 

In the weakest-link theory, the probability of failure of a steel specimen due to volume flaws can be 

described by [27]: 

  1 exp ,f
uv

dV
P f

V


  
    

   


 

 (1) 

for two-parameter distribution:  

   *
,

m

eq

o

f





 
  
 

 (2) 

where Pf, is the probability of failure, σeq, is the equivalent stress amplitude, σ*o, is the scale parameter, Vu, is the 

unit volume, and m, is the Weibull modulus, also called as shape parameter, which is a measure of scatter in the 

fatigue strength of normally identical components. In this thesis, the two-parameter weakest-link theory is used, and 

σ*o, is referred to as the characteristic fatigue limit of the reference fatigue test specimen. 

Substituting Eq. (2) in Eq. (1), the probability of failure of a steel specimen due to volume flaws for two-

parameter weakest-link formulation can be given by [27, 28]:  

 
*

1 exp .

m

eq
f

uov

dV
P

V




    
      
     
  (3) 

Eq. (3) is the CDF (cumulative distribution function) of the two-parameter weakest-link approach. Characteristic 

fatigue limit, σ*o, and Weibull modulus, m, are the experimental quantities.  

The characteristic fatigue limit, σ*o, can be related to the fatigue strength per unit volume, σu, with the 

relationship: 

 
 

1/

*

1 1 /
.

m

u u
o

m

V 






  (4) 

Substituting Eq.(4) into Eq.(3) yields a two-parameter weakest-link formulation for volume flaws [29]:  
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  1
1 exp ,

mm

nom
f

u u

V
P V

m V




          
    

  (5) 

where    1/ 1 1/m m       with   is the gamma function and σnom is the nominal stress. To calculate probability 

of failure using Eq.(5), the parameters m, σu, Vu, and σnom, are required. The nominal stress, σnom, is the maximum 

equivalent stress amplitude, which is purely a numerical quantity and has no influence on the probability of failure 

result in Eq. (5). The term ∑(V) in Eq. (5) was expressed as [29]:  

   1 1
.

4
u

m

eq
u

nomv B

V dB dV
V


 

 
  

 
    (6) 

In the numerical calculation of the term ∑(V), the following formulation was used [29]: 

    
1

,
sN

i
i

i

V
V V

V

    (7) 

where (Vi) is the volume of element i. Ns, is the number of effective elements, and ∑(Vi), is the stress volume integral 

for element i, given by [29]: 

   1
,

i

i i i
i v

V F dV
V

   (8) 

where Fi is given by [29]: 

 
1

.
4

u

m

eq
i u

nomB

F dB


 
 

  
 
  (9) 

The integration over Bu, in Eq. (9) is referred to as the orientation integration. After the orientation integration is 

performed, the term ∑(Vi), is calculated by means of Eq. (8) by Gauss-Legendre integration. For the Gauss-

Legendre integration, the stresses are sampled at Ng, Gauss points and then the weight factors wi
k, are calculated for 

each of the Gauss points. The Gauss points are those points for which the Gauss-Legendre integration is performed. 

The Fi’s are calculated for each Gauss point, k, and then combined with the respective weight factors wi
k, to yield 

∑(Vi). After combination of Fi, and wi
k, Eq. (8) can then be reformulated as [29]: 

  
1

1
.

gN
i i

i k k
ki

V F w
V 

   (10) 

The integration errors can lead to large errors in Pf, because, σm
eq, varies strongly for larger values of m. Hence, we 

can use a measure which is not so sensitive to integration errors given by the predicted mean value of σnom. 
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 

1/

.
m

u
nom u

V

V

V
 

 
  
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 (11) 

Substituting Eq. (11) in Eq. (5) we get  

 
1

1 exp ,
mm

nom
f

nom

P
m




               
 (12) 

which gives the probability of the failure as the output of the algorithm. 

 

2.2   Verification 

The developed algorithms were verified to be accurate for static and fatigue analysis. The verification work 

involved the comparison of results generated by the algorithm and the results presented by other authors. The 

rectangular beam with dimensions 10mm  4mm  1mm under pure bending was used for verification of the 

algorithm in static loading, and Bohm’s cylindrical smooth specimen with diameter 16 mm under tension was used 

for verification of the algorithm in fatigue loading. Table 1 summarizes the results for static analysis of a rectangular 

beam to calculate the probability of failure. The exact results for the probability of failure were calculated. The 

percentage errors were calculated with respect to the exact results. The table shows the comparison of probability of 

failure between the exact results, results obtained from commercial software, and our results obtained by using the 

algorithm for the weakest-link approach. The results show that the probability of failure decreases with an increase 

in the Weibull modulus. The Weibull modulus is the measure of the fatigue limit scatter and indirectly the scatter of 

the defect distribution. The large value of Weibull modulus implies small scatter of defects. The errors in the results 

were calculated and compared to the exact solution and to the authors’ results  

 

2.3   Analyses 

The principle of independent action (PIA) theory is generally used in static analysis. The formulation of 

PIA theory can be given by [30]: 

 1 2 3 ,
m m mm

eq       (13) 

where σ1, σ2, and σ3, are the principal stress amplitudes which are the results obtained from the ANSYS. For PIA 

formulation, principal stress amplitudes are assumed to be zero if they are negative [30]. Smart et al. [30, 31] used 

PIA theory for static analysis. 
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The maximum principal stress theory suggests that the failure occurs when the maximum principal stress 

exceeds the uniaxial tensile yield strength. The maximum of the three principal stresses is used as equivalent stress. 

The formulation for maximum principal stress theory is given by [32]: 

 1 ,y   (14) 

where 1 is the maximum principal stress and y is the yield strength. 

The weakest-link theory assumes that the defects determine the fatigue limit. Defects such as non-metallic 

inclusions and pores tend to grow in a direction perpendicular to the maximum principal stress range. Hence in some 

instances, the maximum principal stress theory has been used with the weakest-link theory [32]. 

In the last two decades, the Dang Van fatigue failure criterion has been widely used in industry. The model 

accounts for the orientation distribution of grains, employing a micro plasticity analysis to assess the intensity of 

local plastic strain within individual grains. Although the small fatigue crack growth behavior is not described by 

this approach, the elastic shakedown of cyclic micro plasticity response is considered as the another source of 

fatigue limit [27]. The Dang Van criterion can be expressed as follows [27, 33, 34]: 

    max ,H eqt p t     (15) 

where the instantaneous hydrostatic component of the stress tensor is  

 11 22 33( ) ,
3H t

  


 
  (16) 

and the instantaneous value of Tresca shear stress is 

      1 2
max .

2

s t s t
t


  (17) 

This shear stress is evaluated over a symmetrized stress deviator, which is obtained by subtracting δijσH(t), from the 

stress deviator: 

       ,ij ij ij Hs t t t     (18) 

     , .ij ij ij ms t s t s   (19) 

The coefficient p, is dependent on the material properties and is given by [34-36]: 

 1

1

3 3.
t

p
f




 
  

 
 (20) 
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For hard metals with ultimate strength higher than 680 MPa, the ratio in Eq. (20) has to satisfy the relationship [35, 

37] 

 1

1

0.577 0.8,
t

f




   (21) 

where t-1, and f-1, are, respectively, the fatigue limits under fully reversed torsion and fully reversed bending. The 

standard deviations of 5% for reversed tension and reversed bending fatigue limits were considered in the 

calculation of  the coefficient p, for the Dang Van criterion. 

Because of the symmetrization of the stress deviator, the term τmax(t), alone is unable to account for the 

effect of normal stresses upon the fatigue limit; hence, the effect of a mean normal stress upon fatigue limits in 

bending and torsion is taken into account by term pσH(t). This term represents the effect of the hydrostatic stress on 

crack nucleation. 

The PIA theory was used for static analysis of the rectangular beam under pure bending. The fatigue 

analysis of a cylindrical specimen was performed by means of the maximum principal stress theory and the Dang 

Van criterion. The probability of failure against applied stress was plotted for different values of applied stresses. 

The two different formulations of stresses can be compared from the plot. 

By the use of Eq. (4) in Eq. (5), the probability of failure of the specimen can be formulated as: 

  *
1 exp

m

nom
f

o

P V V
  
    
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
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 (22) 

where 

 

1/
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m

o o
u

V

V
 

 
  

 
 (23) 

and where σo is the parameter which depends on the volume of the material (fatigue limit), and σ*o is independent of 

the volume and depends on the material property [38].  From Eq. (22) and Eq. (23) we get:  

  1 exp .
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

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 (27) 

where σ’eq is the fatigue strength which is equivalent to all the equivalent stresses in the elements. The logarithmic 

form of Eq. (26) is given by: 

 '1
ln ln ln ln .

1 eq om m
Pf

 
 

   
 (28) 

The plot of lnln(1-Pf) versus ln(σ’eq) will provide the Weibull modulus m as the slope of the straight line. By use of 

Eq. (28) at lnln,(1-Pf) = 0 (when Pf = 0.632), σ’eq = σo.  

Consider two specimens of the same material with different volumes V1, and V2 and fatigue strengths σ’eq1, and σ’eq2 

subjected to same type of loading and constant value of probability of failure.  

 
' '

1 21 2
* *
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m m

eq eq

u u
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 (29) 

At lnln(1-Pf) = 0 (when Pf = 0.632), σ’eq = σo. Hence we can write:  

 1 1 2 2 .m m
o oV V   (30) 

Hence, for a constant value of probability of failure (Pf = 0.632), the relation between fatigue limits  of two 

components σo1, and σo2, with volumes V1, and V2, can be given by:  

 

1/

1 2

2 1

.
m

o

o

V

V




 
  
 

 (31) 

The fatigue limit predictions were performed on Bohm’s and Magin’s [39, 40] smooth specimens of 

different volumes. The fatigue limits of two specimens were predicted from the fatigue limit of the first assumed 

standard specimen [32]. The fatigue limits of the specimens were plotted against the diameters of the specimens. 
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3  Results and Discussions 

3.1   Theory and Algorithm 

Fig. 1 shows the algorithm that was generated to calculate the probability of failure of the 30CrNiMo8 

specimens by means of the weakest-link formulation. The input parameters for fatigue analysis were the Weibull 

modulus, m, the characteristic fatigue limit, σ*o, the fatigue limit in reversed torsion, t-1, the fatigue limit in reversed 

bending, f-1, and the specimen dimensions. The Weibull modulus and material parameters are extracted from 

experiments in the literature [27, 41]. The finite element modeling of specimen was performed using ANSYS. The 

stresses in the elements were generated using ANSYS for given specimen dimensions, applied stress, and material 

properties. The MATLAB program was developed to convert the stresses generated by ANSYS into equivalent 

stresses and calculate the probability of failure of the specimen. The MATLAB program consists of two 

subprograms. The first program calculates equivalent stresses from the stresses generated by ANSYS. The second 

program reads all the input parameters and equivalent stresses, and calculates the probability of failure. The program 

to calculate probability of failure uses a subroutine to calculate Gauss weight factors. As shown by the algorithm in 

Fig. 1, the stress amplitudes are imported into the MATLAB algorithm to calculate the effective stress amplitude. 

For fatigue analysis, the Dang Van criterion was used as the failure theory to calculate the equivalent stresses. The 

nominal stress σnom was selected as the value of maximum equivalent stress. It is used to obtain sensible values 

during numerical evaluation of theory and has no effect on the predicted value of probability of failure. Following 

this, the parameter, Fi, was calculated by Eq. (9). A standard MATLAB subroutine was used to calculate the weight 

factors, wi
k. Then, the term ∑(Vi) was evaluated by the Gauss-Legendre integration by means of Eq. (10). The term 

∑(V) was calculated by summation of ∑(Vi), values, in a loop in Eq. (7). The term nom , which is the predicted mean 

value for σnom, was calculated by Eq. (11). After obtaining the nom  value, the algorithm then calculated the 

probability of failure of the specimen by means of Eq. (12) [29, 31]. The algorithm was developed enable efficient 

calculation of the probability of failure.  

 

3.2   Verification 

As an initial verification of the algorithm, it was modified for static analysis by change of the input and the 

failure criterion used to calculate the equivalent stress.  The input parameters for static analysis used were Weibull 

modulus, m, unit mean strength σu, and, specimen dimensions. The PIA failure criterion was used in the calculation 
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of the equivalent stresses. Table 1 summarizes the results for static analysis of a rectangular beam to calculate the 

probability of failure. The exact results for the probability of failure were calculated. The percentage errors were 

calculated with respect to the exact results. The table shows the comparison of probability of failure between the 

exact results, results from commercial software (as cited in [42]),and our results obtained by use of the algorithm 

developed in this paper. The results show that the probability of failure decreases with an increase in the Weibull 

modulus. The Weibull modulus is the measure of the fatigue limit scatter and indirectly the scatter of the defect 

distribution. The large value of Weibull modulus implies small scatter of defects. The errors in the results compared 

to the exact solution and authors’ results were calculated. The comparison showed that our results were close to the 

exact solution as compared to the results obtained by means of  a commercial software [42]. For this verification 

study, an Intel Core 2 Duo 1.6 GHz processor required about 40 seconds to calculate the equivalent stresses using 

the ANSYS-generated stresses, and 10 seconds to calculate the probability of failure using the equivalent stresses. 

After verification of the results by means of a static formulation, the algorithm was recast as a fatigue 

formulation as discussed in section 3.1 (see Fig. 1). Fig. 2 shows the plot of probability of failure, Pf, versus 

normalized effective stress amplitude, *
eq, and applied stress, S. The probability of failure increases from 0 to 1 

with an increase in normalized effective stress amplitude and applied stress. The trend of the plot is consistent with 

the results of Wormsen et al. [32] using similar parameters. Due to the increase in the load applied, there is an 

increase in equivalent stresses generated in the elements, and hence the probability of failure of specimen increases. 

The probability of failure increases instantaneously, as normalized effective stress amplitude increases above the 

characteristic fatigue limit.  It should also be noted that when the normalized effective stress amplitude is unity, the 

probability of failure is 0.63. This indicates that the characteristic fatigue limit is the stress amplitude for which the 

probability of failure is 0.63 for the specified volume [29, 30, 32]. 

 

3.3   Analyses 

Fig. 3 shows the plot of probability of failure, Pf, against applied stress, S, for PIA theory stress, the 

Maximum Principal Stress and the Dang Van criterion stress models [43]. The probability of failure increases from 

0 to 1 with an increase in applied stress. For the Weibull modulus used in this case, the probabilities of failure 

calculated by Eq. (14) and Eq. (15) show minor differences. At higher values for the Weibull modulus, the two 

solutions will diverge. The PIA stresses and maximum principal stresses are very close because of very small values 
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for the second and third principal stresses and that in the PIA theory stress all negative stresses are set to zero. The 

maximum principal stresses and Dang Van criterion stresses show minor differences due to the difference in their 

formulation. The maximum principal stress theory determines the maximum value of the principal stress as the 

equivalent stress. The maximum principal stress theory can be used with the weakest-link theory due to the fact that 

defects such as non-metallic inclusions and pores tend to grow in a direction perpendicular to the maximum 

principal stress range. The Dang Van criterion uses the coefficient p, (Eq.(15)), which depends on the fatigue 

properties of the materials. The Dang Van criterion calculates the equivalent stress using the stresses generated in 

ANSYS as well as the material fatigue properties. The maximum principal stress theory and the Dang Van criterion 

are widely used in fatigue analysis. 

Fig. 4 shows the plot of probability of failure, Pf , against applied stress, S, for 3 different specimens SB1, 

SB2, and, SB3 according to the Dang Van stress criterion. The probability of failure, Pf, increases with volume, V. 

The trend of the plot is consistent with the results from Kittl and Diaz [44, 45]. As the volume of the specimen 

increases, the number of defects increases, and hence there is an increase in probability of failure. The fatigue limit 

of the specimen decreases with an increase in size. For a constant applied stress and Weibull modulus, the 

probability of failure increases with an increase in volume. 

Fig. 5 shows the plot of probability of failure, Pf, with respect to an increasing Weibull modulus, m. The 

probability of failure decreases in a monotonic manner with an increasing Weibull modulus. This behavior is 

consistent with that observed in the literature, in studies of problems involving the application of weakest-link 

theory to brittle materials under static loading [27].  

The fatigue limit of specimens can be predicted by use of the size effect equation derived from the 

formulation in the algorithm. Fig. 6 shows the plots of fatigue limits against the diameters of the specimens. Here 

the first smaller diameter is used to predict the second and third larger diameters. The experimental and predicted 

fatigue limits are plotted. The experimental results used are a set selected from the data provided by Bohm’s [39] 

smooth specimens. 

Table 2 shows the experimental and predicted fatigue limits for Bohm’s cylindrical smooth specimens. The 

percentage errors between experimental and predicted values are calculated. In this table, (i) in the third column, the 

16 mm diameter is used to predict the values 38 mm and 76 mm diameter (also see Fig. 6); (ii) in the fifth column, 

the 38 mm diameter is used to predict the values 16 mm and 76 mm diameter; and (iii) in the seventh column, the 
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76 mm diameter is used to predict the values 16 mm and 38 mm diameter.  The total average percentage error is 

5.72 % which shows a degree of accuracy of prediction of size effect. Table 3 compares the predicted fatigue limits 

to experimental data from Magin [40] (this data was also used by other authors [22, 46] to verify theoretical results) 

and Hatanaka et al. [13] (this data was also used by other authors [47] to verify theoretical results).  The results show 

that the algorithm presented in this paper is able to capture the size effect for cylindrical smooth specimens under 

tension-compression fatigue loading and specimens under rotating-bending fatigue loading. While still within an 

acceptable range, the predicted results are slightly better for specimens under tension-compression than those under 

rotating-bending fatigue loading. 

 

4  Conclusion 

The research question for this study was: Can an effective weakest-link approach for the fatigue limit of 

30CrNiMo8 steels be developed? The specific aims constructed to address the research question were: (1) to 

develop an algorithm for the weakest-link approach to capture the pure size effect; (2) to perform verification studies 

on the algorithm for the weakest-link approach; and, (3) to investigate volume effect and other effects on  

predictions of the probabilities of failure. 

The theoretical basis of the weakest-link approach for fatigue limit of 30CrNiMo8 steels was presented. An 

efficient algorithm to calculate the probability of failure using ANSYS and MATLAB was developed. The 

developed algorithm was initially verified by recasting the fatigue algorithm in a static formulation. The result 

obtained using this formulation was in good agreement with the exact solutions published in the literature. The next 

verification was performed using the fatigue formulation to calculate the probability of failure for a range of loading. 

The results obtained were consistent with those published in the literature.  

The effects of formulation of equivalent stress theory, change in specimen volume, and Weibull modulus 

on the probability of failure were investigated. Due to the type of loading and the specimen geometry, there was no 

major difference between formulation of equivalent stress amplitudes by use of the maximum principal stress theory 

and by use of the Dang Van theory. The probability of failure increased with an increase in the volume of specimens 

due to an increase in the number of defects. The probability of failure decreased monotonously with increase in the 

Weibull modulus, which was consistent with published results. The weakest-link formulation was used to predict the 

pure size effect of 30CrNiMo8 steels obtained experimentally in the literature. The predictions were in good 
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agreement with the experimental results. In future work, the weakest-link approach presented in this paper for the 

fatigue limit of 30CrNiMo8  steels will be extended to predict the notch-size effect for cylindrical notched 

specimens. 

 

5  Nomenclature 

m = Weibull modulus  

Pf = Probability of failure  

eq = Equivalent stress amplitude, MPa 

0
* = Characteristic fatigue limit, MPa 

0 = Fatigue limit, MPa  

u = Strength per unit volume  

nom = Nominal stress, MPa  

nom  = Mean predicted value of nominal stress, MPa  

eq
’ = Fatigue strength MPa  

Vu = Unit volume 

S = Applied stress, MPa  

*eq = Normalized effective stress amplitude   

wi
k = Gauss weight factor  

N = Number of elements 

Ng = Number of Gauss points  

d = Diameter of the specimen, mm 

 = Shear Stress, MPa  

H = Hydrostatic Stress, MPa 

p = Coefficient in Dang Van criterion 

t-1 = Fatigue limit in reversed torsion  MPa 

f-1 = Fatigue limit in reversed bending MPa  
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Fig. 3   Impact of the formulation of the equivalent stress on the probability of failure 
 

 

Fig. 4   Effect of volume on the probability of failure (V1 = 1,193 mm3, V2 = 30,159 mm3, V3 = 201,873 mm3) 
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Fig. 5   Probability of failure as a function of Weibull modulus 

 

Fig. 6   Prediction of experimental fatigue limit by Böhm [16] 
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Tables 

Table 1   Comparison of results with exact results for rectangular beam under pure bending 
 

 Weibull modulus m 5 15 25 

Scale Parameter σov 381.19 362.44 357.71 

Mean Strength σu 350.00 350.00 350.00 

Nominal Strength σnom 300.00 300.00 300.00 

Exact Results [48] 
nom  240.00 329.20 344.00 

Pf  0.87 0.14 0.02 

Commercial Software  
Results [48] 

nom  256.10 382.20 414.00 

Pf  0.76 0.02 0.00 

Commercial Software 
Results [48] nom  6.71 16.10 20.35 

% error Pf  11.96 88.60 99.01 

Our Results  
nom  233.08 350.20 349.43 

Pf  0.90 0.06 0.01 

Our results    nom  2.88 6.38 1.58 

% error Pf  3.91 58.58 32.19 

 

 

 

Table 2   Prediction of experimental fatigue limit by Böhm [16] (30CrNiMo8 Steel) 
 

Diameter 
(mm) 

σ0 
Experimental 

(MPa) 

Predicted σ0  
using 16 mm 

specimen 
(MPa) 

%  
error 

Predicted σ0  
using 38 mm 

specimen 
(MPa) 

% 
error 

Predicted σ0  
using 76 mm 

specimen 
(MPa) 

% 
error 

16 496.00 496.00 0.00 507.88 2.40 563.92 13.69 

38 420.00 410.17 2.34 420.00 0.00 466.34 11.03 

76 417.00 366.77 12.04 375.56 9.94 417.00 0.00 

Average 4.79 4.11 8.24 

 

Average percentage error = (4.79 + 4.11 + 8.24) / 3 = 5.72 
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Table 3   Errors between predicted and experimental fatigue limits of cylindrical smooth steel specimens 
 

Source Steel Cyclic Load 
Number of 
Diameters 

Average % 
error 

Böhm [16] 30CrNiMo8 
Tension-

compression 
3 5.72 

Magin [15] 30CrNiMo8 
Rotating-
bending 

5 7.68 

Hatanaka et al. [13] SCMn 2A 
Rotating-
bending 

4 7.49 

Hatanaka et al. [13] SF 50 
Rotating-
bending 

4 9.24 
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