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Random Access in Wireess Networks
With Overlapping Cells

Gam D. Nguyen, Jeffrey E. Wieselthier, Fellow, IEEE, and Anthony Ephremides, Fellow, |IEEE

Abstract—We study cellular -like wireless networksin which the
cells may overlap substantially, and a common channel is used for
all cells. Thus, transmissionsintended for one destination (or base
station) can cause interference at neighboring destinations. We as-
sume the use of a “collison-channel” model, in which arbitrary
communication and interference regions are associated with each
destination. The interaction between such cellsis best exemplified
if the protocol of access in each cell is pure random access, i.e.,
Slotted Aloha. We derive a mathematical formula for the max-
imum achievablethroughput for multiple-cell networ ksthat satisfy
a“balance’ condition, which isrelated to (but not as stringent as)
symmetry. Thisformulaimpliesthat the throughput achieved in a
cell isaffected only by the degree of overlap with adjacent cells, i.e.,
acell’sthroughput isnot affected by transmissionsthat areoutside
of itsinterference region. Moreover, we show that, at the point of
maximum throughput, the expected channél traffic is one packet
per slot in each cell, an extension of theresult obtained many years
ago for single-destination networks.

Index Terms—Aloha, cellular, channel traffic, collision channel,
multiple destinations, random access.

|. INTRODUCTION

E study channel access in wireless networks that con-

sist of multiple overlapping cells. To understand such
networks at a fundamental level, we consider a single channel
that is used in all cells of the networks. This departs from the
classical model of assigning distinct frequency channels to ad-
jacent cells. We focus on the uplink channel (i.e., the channel
from the users to the destinations). As a consequence of the use
of asingle channel, the interference from neighboring cellsat a
destination can be substantial.

Our objectiveisto study theimpact of other-user interference
on throughput in multicell networks. We derive the expression
for the maximum throughput in heavily loaded networks that
use stabilized Slotted Aloha and satisfy the “balance” condi-
tion (see Section 1V). As expected, the maximum throughput
depends on the degree of overlap. We aso show that the channel
traffic is equal to one packet per slot at each destination at max-
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Fig. 1. Multiple access to two destinations by overlapping user populations.

imum throughput, regardless of the amount of overlap. Thisisa
generdization of the original result derived many years ago for
single-destination Slotted Aloha networks [1]-{4].

Il. INTERFERENCE IN MULTIPLE-DESTINATION
RANDOM-ACCESS NETWORKS

We start by considering a simple network with two destina-
tions (D, and D5) and a number of users that are within their
interference regions (Fig. 1). We assume that each packet isin-
tended for a particular single destination. Successful (i.e., colli-
sion-free) reception at the wrong destination doesnot add to suc-
cessful throughput. Note that interference region can be greater
than communication region and the regions (or cells) can have
arbitrary shape.

We say atransmission is “heard” at a destination if its signal
strength at that destination is sufficiently large to cause destruc-
tiveinterference (i.e., acollision), although it may not be strong
enough to be received successfully (i.e., it may be outside the
communication region of the destination). We define group 1 to
be the set of users within interference region of only D,. All of
group-1 users are intended for D, . Similarly, group 2 is the set
of users within interference region of only D,. All of group-2
users are intended for Ds.

Users that are within the intersection of the two interference
regions are said to be in group 3. We assume that some group-3
packets areintended for D, while other group-3 packets are in-
tended for D5 . Transmissionsby group-3 usersare heard by both
Dy and D», and can cause interference (collisions) with packets
for either destination. Asin [5], we assume that the destructive
interference caused by the combined effect of two or more users
outside the interference region is negligible.

The notion of groupsis easily extended to networks with IV
destinations. Asin [5], we define groups in terms of the subset
of destinations at which transmitted packets in that group are
heard. Because there are 2V — 1 nonempty subsets of destina-
tions, there are 2V — 1 possible groups, which are labeled from
1 through 2~ — 1. Note that some groups may be empty.

Let the label of a group be denoted by ¢, which is an integer
between 1 and 2"V — 1. We then expand g into a binary number

0018-9448/$26.00 © 2010 |EEE
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Fig. 2. Three-destination network (g; = group 1).

consisting of NV ones and zeroes. A one in the dth position in
this binary number indicates that destination d will hear trans-
missions from group g. A zero in the dth position indicates that
destination d will not hear from group ¢g. We now let E(i) be
the set of destinations that are within the interference region of
group 7. That is, E(i) is the set of destinations determined by
the 1's in the binary expansion of group . A complete listing
of the sets of destinations corresponding to each group for a
three-destination network is (see Fig. 2): E(1) = {1}, E(2) =
{2}, E(3) = {12}, E(4) = {3},E(5) = {1,3}, E(6) =
{2,3},and E(7) = {1,2,3}.

I11. SLOTTED ALOHA FOR MULTIPLE-DESTINATION NETWORKS

We now describe the operation of Slotted Aloha in a net-
work with multiple destinations and overlapping user popula-
tions. Each newly generated packet is a member of one of the
groups defined in the previous section, as determined by the set
of destinations at which it can be heard. Moreover, each such
packet isintended for one specific destination (which isimplic-
itly assumed to be within its communication range).

Thetotal packet-generation rate (or, equivalently, total arrival
rate), summed over all destinationsin the network, is designated
by A:, and is measured in packets per dot. All packets have the
same fixed length, which is equal to one time dot [4]. Each
newly arriving packet, rather than being transmitted immedi-
ately, joinsthe“backlog.” Inany arbitrary slot, each backlogged
packet istransmitted with a suitabl e transmission probability (to
be specified later in this section). Packets that experience colli-
sionsremain in the backlog, and must be retransmitted in alater
slot. A packet permanently leaves the network when it is suc-
cessfully transmitted.

To simplify thediscussion, wefrequently usetheterm “ users’
to refer to backlogged packets. That is, a new user is created
when a new packet arrives to the network, i.e., we identify this
new packet with this new user. This user exists in the network
until the packet is successfully transmitted, and then the user

disappears.

A. Transmission Probability, Cells, and Channel Traffic

For the Slotted Aloha protocol, the transmission probability
is defined as the probability with which a backlogged packet
is transmitted in a slot. In single-destination stabilized Slotted
Aloha, the throughput is maximized when this transmission
probability is chosen as 1/m, where m is the number of back-
logged packets. The maximum throughput approaches 1/e as
m, approaches oo [2], [3], [6]. Similarly, in the multiple-destina-
tion networks studied in this paper, the transmission probability
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of a packet is chosen based on the total backlog summed over
all users that can be heard at the packet’s destination (which
now also includes packets intended for other destinations), as
is discussed below.

Definition 1. The“cell of destination d in slot s,” denoted by
Ca(s), isdefined asthe set of backlogged packetsthat arewithin
the interference region of d at the beginning of dlot s.

Thus, in this paper, a “cell” refers to a time-varying set of
backlogged packets that are within the interference region of a
particular destination. For example, the network in Fig. 1 has
two cells: C;(s) isthe union of group 1 and group 3, and Cs(s)
is the union of group 2 and group 3. Thus, some packets are
members of more than one cell.

Let n(s,i,d) be the number of backlogged packets that be-
long to group ¢ and areintended for destination d intime slot s.
We assume that these n(s, i, d) packets are transmitted with the
sametransmission probability, denoted by p(s, 4, d). Further, we
reguire that

p(s,i,d) = p(s, j,d) )

i.e., al packets that are intended for the same destination are
transmitted with the same probability, even if they belong to dif-
ferent groups. We denote the common transmission probability
in (1) by pas).

Let G(s,1,d) bethe channel traffic at destination d (i.e., the
average number of transmissions per slot) when the backlog in
dot s isn(s,i,d) packets. We have

G(S,Z/d) = n(s7i7d)pd(3). (2)
Let Gheara(s, d) bethe channel traffic caused by the transmitted
packetsin cell Cy(s), i.e,

2N_1 N

Gheard(s,d) = Z ZG(s,i,e).

i=1 e=1

Let f(i,d) be the fraction of the packet arrivals that belong
to group i and are intended for destination d, i.e.,

f(‘?d) = )‘(Lvd)/)\f (©)

where ); isthetota arrival rate for the network, given by

2N_1 N

A=Y D AG.d) @)

i=1 d=1

and A(4, d) isthe arrival rate of packetsbelonging in group ¢ and
intended for destination d.

Let fheara(d) be the fraction of arriving packets that are
within the interference region of destination d, and fintended(d)
be the fraction of arriving packets that are intended for d. We
have

2N 1

fintended (d) = Z f(lL7 d)
i=1

and
2N_1 N

fhoard (d) = Z Zf(LJ) (5)

=1 j=1
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IV. MAXIMUM THROUGHPUT OF BALANCED NETWORKS

For theclassic case of asingle-cell network (inwhich theonly
cell is denoted by C4(s)) with a large number of backlogged
packets, stabilized Slotted Aloha’ s maximum throughput of 1/e
packets/slot is achieved when the transmission probability is
p1(s) = 1/|C1(s)| [3], [6]. Thus, the transmission probability
isinversely proportional to the number of packetsin cell Cy(s).
In practice, this number may not be precisely known and may
be estimated by, for example, the method in [6]. Motivated by
thisfact, for the case of multiple destinations, weimplement sta-
bilized Slotted Alohafor cell Cy(s) by letting the transmission
probability for each packet intended for destination d (whichis
asubset of the packetsin Cy(s)) beinversely proportional tothe
total number of backlogged packetsin Cy(s).

Because cells overlap, abacklogged packet may be amember
of several cells. Itstransmission probability isbased on |Cy(s)|,
which includes packetsin C,(s) that areintended for other des-
tinations, in addition to thoseintended for d. That is,inslot s, we
require that each packet intended for destination d transmit with
probability ps(s) = aq/|Ca(s)| for someconstant a,, whichwe
determine later.

Let us now derive the maximum throughput at an arbitrary
destination d. Thus, consider an arbitrary time slot s, and let us
focus our attention on the cell Cy(s), because packets that are
not in Cy(s) cannot interfere at destination d. We can write

+an?

e#d

|Ca(s

| = Nd, (l

where ng . (s) is the number of packetsin cell Cy(s) that are
intended for destination e. Let N, .(s) be the random variable
representing the number of transmitted packetsin Cy(s) that are
intended for destination e.

Recall that all the packets in Cy(s) that are intended for d
are transmitted with the same transmission probability p.(s) =
aq/|Ca(s)]. A transmission is successful at d if (a) thereis ex-
actly one transmission of a packet in Cy(s) that is intended for
d, and (b) there are no transmissions of packetsin Cy(s) that are
not intended for d. Thus, the throughput (i.e., the probability of
successful transmission) at d is given by

Sa(s) = s) =1} [ Pr{Na.(s)

e#£d

Pr{Ny.q( =0} (6)

where

ay ag na,a(s)—1
PI‘{Nde(S) = 1} = nd,d(s>m (1 a |Cd(8)|>

and

Qo ng e (s)
ICe(S)I>

for e # d. From (6), we have

ay (1 i >nd.d(s)_1
|Ca(s)] |Ca(s)]

y H (1 ~ %>m,p(5)' -

Pr{Ny.(s) =0} = (1 _

Sd(s)

= nd,d(s)

2889

In the following, we consider a special class of networks for
which we are able to derive the exact formula for the max-
imum throughput. First, note that the total number of back-
logged packets in the network at the beginning of dlot s is

2N 1 N

= Z Zn(s,i,d).

=1 d=1

Definition 2: We say that a network with N destinations is
balanced in time dot s if the following conditions are satisfied
for each destination d and each group i:

l) fheard(l) = fheard(Z) == fheard(N)v
2) pa(s) = a/|Cq(s)|, where a is a constant, and
3) lim nlotd) — £(i, d).

n¢(8)—00 Tn,(s)

Remark 1:

1) Condition 1 for balanced networks means all cells expe-
rience the same level of average offered traffic load. Net-
works that satisfy this condition are easy to construct (see
Section V). Condition 2 states that the same constant a is
usedinp,(s) for al destinations d. This condition restricts
the class of networks for which we can provide a definite
result (see Theorem 1). However, it isin harmony with the
approaches used for single destination networks, and can
be considered as an interesting special case that employs
uniform transmission control.

2) Recdl from (3) that f(i,d) = A(%,d)/\t, where )\, isthe
total arrival rate for the network, given by (4). Thus, Con-
dition 3 of Definition 1 is equivalent to

lim n(s,i,d) _ )\(z,d)‘
ny(s)—o0 nf(s) )\t

3) Condition 3 requiresn.(s) — oo. (i) One (obvious but im-
practical) method to ensure that n.(s) — oo is by letting
the average number of packets arriving into the network
per time slot to approach infinity, i.e.,, A\ — oco. With this
method, we have n.(s) — oo for every dot s. Further,
from a strong law of large numbers, it can be shown that
n(s,i,d)/n(s) — f(i,d) with probability 1, i.e., Con-
dition 3 of Definition 1 holds. (ii) Another (experimental)
method is to choose an arrival rate \; dightly larger than
the total throughput (i.e., the departure rate), so that the
number of backlogged packets steadily increases as time
progresses. With this method, we have n.(s) — oo as
s — oo. Our simulations for a variety of networks indi-
cate that Condition 3 holds as long as both Conditions 1
and 2 hold.

4) For balanced networks, f (4,
Condition 3. Thus, we have

d) depends on n.(s) through

lim n(s,i,d) — lim n(s,i,d)/n(s)
ni(s)—oo N(8,7,€)  mi(s)—oo n(8, ], €)/ne(s)
_ 1)

f(i.e)

for al groups 4,7, and al destinations d, e, such that
f(j,e) > 0. Similarly, it can be shown from Conditions
2 and 3 that p.(s)/pa(s) = |Ca(s)|/|Cec(s)] — 1 as

ng(s) — oo.
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5) For a single-destination network (which clearly satisfies
our definition of balance), it is well known that the max-
imum throughput is achieved when the channel traffic (i.e.,
cell traffic) is one packet per ot [2], [3]. The following
theorem shows that the same conclusion also holds for
balanced multiple-destination networks. Note that the the-
oremisvalid for both symmetric and asymmetric networks
(see Section V).

Theorem1: For abalanced network that containsavery large
number of backlogged packetsintimedot s, i.e., ns(s) — oo,
the maximum throughput at destination d is given by

fintondcd (d) 671
fheard (d)

which is achieved if and only if ps(s) = 1/|Ca(s)| and the
channel traffic is one packet per slot, i.e., Gheara(s,d) = 1.
Proof: Using Condition 1 of Definition 1 in the general
throughput expression (7), we have
nd,d(s)—l
)I>

S’d(s) =

Sa(s) =na.a(s) 1Ca(9)] <1 | Culs

y H (1 ~ ®>nd,s(5)

) nd?d(s)lchS)l <1 - |Cdczs)|>ni o
|

(o] Il

By letting n.(s) — oo, we have |Cy(s)|/|Ce(s)] — 1 (by
Remark 1.4), and, hence

. a na,a(s)—1
Sls) = rad ) ) (1 ) |0d<8>|)

|Cd

) 1} (e [t )™
naa(s)-1
o)
T (i)

a,d 1
11 |Cd <

[Ca(s)|—1
= (s |C,1 ( |C,, )

2N 1
> n(s,i,d) s
i=1
= " 1 a4
oN _1 N ( |Cd(8)|>
2 Z” 5,4, 7)
i=1,deE(i)j=1
2N 1
S 1)
= ae”" = Mae—a
' fhoard(d)

> Y)

i=1,de E(i)j=1

|IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 56, NO. 6, JUNE 2010

To summarize, for the balanced network with an i nfinite number
of backlogged packets, we have

Sa(s) = —f}n}tcnd:(i;;l) ae ¢

Next, we have

+ZPL nde

e#d
pi(s)
= pa(s (nd a(s) + Z ) ) .

For the balanced network with n(s)
pe(s)/pa(s) — 1 by Remark 1.4. Thus

Gllcard(37 d) - Pd(3)|Cd(5)| = a.

Insummary, wehave Gheard (s, d) = a for thebalanced network
with an infinite number of packets. Similarly, it can be shown
that Gheard (s, ¢) = a for any slot s and any destination e.

It is well known that ze™® < e~ !, and the equality is
achieved if and only if x = 1. Using this fact in the above
throughput expression, we have

fintended(d) 6_1
fhoard(d)
in which the equality is achieved (i.e., when S,;(s) is maxi-

mized) if and only if « = 1. Thus, the maximum throughput
at destination d is

Gheard(s d) - pd Ng, d

— oo, we have

Sd(s) <

fintended (d) —1
——— €
fheard (d)

which isachieved if and only if Greara(s,d) = 1 (i.e., pa(s) =
1/|Ca(s))).

Sd(s) =

Remark 2:

1) From Theorem 1, the maximum throughput and the
channel traffic do not depend on the time dlot variable
s, as long as ni(s) — oo. Thus, for balanced networks
with infinite backlog, we can omit s from the expressions
for maximum throughput and the channel traffic, i.e.,
we simply write Sy and Gheara(d) instead of Sy(s) and
Gheard (8; d) .

2) InTheorem 1, thethroughput at destination d dependsonly
oN fintended(d) aNA freara(d). Thus, for multiple-destina-
tion balanced networks, the throughput computed at a cell
does not depend on the transmissions at other cells that do
not overlap with it. That is, a cell’s throughput is not af-
fected by usersthat are outside of its interference region.

3) For balanced networks, the following facts follow directly
from Theorem 1. Thetotal network throughput is given by

-1

Stotal Z Sd - thd(l)

d=1

When the cells are digjoint, we have S; = e~!. When the
cells overlap fully, we have Sy = e~ /N.
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Fig. 3. General network configuration.

V. EXAMPLES OF BALANCED
MULTIPLE-DESTINATION NETWORKS

We now present examples of networks for which

freard(d) = fheara(1) for al destinations d. Here, for
each destination d and each time dlot s, we assume that
pa(s) = 1/|Ca(s)| and n(s,i.d)/ni(s) — [(i.d) e
ny(s) — oo (see Remark 1.3). That is, these networks

are balanced (by Definition 1), and, hence, the maximum
throughput at each destination can be analytically computed
(using Theorem 1). In the following, we assume that the arrivals
are uniformly distributed spatially throughout the network (i.e.,
throughout the union of al communication regions). Therefore,
thearrival rate corresponding to any such region is proportional
to its area.

Fig. 3 showsan example of ageneral network with N destina-
tions (or base stations), shown by black dots. The interference
region associated with each destination d is aso shown, 1 <
d < N. In this example, we assume that interference regions
are equal to the communication regions for all destinations. It
is clear that a sufficient condition for fheard(d) = fhearda(1),
for all d, isthat the interference regions of all destinations are
equal in size (although they can be of arbitrary shape). Note that
the throughput of any particular cell depends on the degree of
overlap from neighboring cells, asimplied by Theorem 1, where
fintended (d) @0 fheara(d) are evaluated based on geometry.

Toillustrate geometrical considerations that lead to balanced
networks, we now consider some examples in which the inter-
ference regions are larger than the communication regions. For
example, consider a finite cellular network in which the desti-
nations are located on a square grid, communication and inter-
ference regions are circular, the interference regions of adjacent
cellsoverlap, and the arrivalsarelimited to aregion that consists
of the union of the communication regions. In such cases, the
interference regions of the “edge” cells and “corner” cells will
contain regionswith no arrivals. Consequently, the balance con-
dition would be violated, even when the communication range
is the same for each cell and the interference range is the same
for each cell.

However, there is a specia class of networks, which we call
symmetric networks, that continue to satisfy the balance condi-
tion even when the interference regions are larger than the com-
munication regions. Recall from Section |l that F(i) denotes
the set of destinations that are within the interference region of
group . Let w; betheweight of group 7, i.e., the number of ones
that are contained in the binary expansion of 4.

Definition 3: A multiple-destination network is said to be

symmetric if f(i,d) = f(j,e) for al groupsi, j, and al des-
tinations d, e, such that w; = w;,d € E(i),ande € E(j).
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Fig. 4. Symmetric six-destination network.

For symmetric networks, it is easily observed (on the basis
of geometry and the fact that arrivals are uniformly spatially
dIStrIbUted) that fhcard(d) = fhoard(l) and fintcndod(d) =
fintendea (1) for @l destinations d, i.e., Condition 1 of Defini-
tion 1 holds. Again, we also assume that Conditions 2 and 3
hold. Thus, symmetric networks are balanced, and additionally
the throughput is the same for all destinations.

Consider the two-destination network shown in Fig. 1. As
sume that this network is symmetric. Definition 3 implies that
f(17 1) = f(272) and f(3 1) = f(372>' Note that f(27 1) =
f(1,2) =0and f(1,1) + f(3,1) = 0.5. From Theorem 1, we
have

fintended(d) 6_1 — f(l 1) + f(37 1) 6_1
fhcard(d) f(l 1) + 2f(3/ 1)
0.5 . 1 1

05+ 73,0 T 1+2/3.1)°

Sd =

i.e., thethroughput per destination dependsononly f(3,1). This
agrees with the resultsin [5].

Symmetric networks of arbitrary number of destinations can
be configured, e.g., by placing the destinations on the vertices
of regular polygons, as shown in Fig. 4 for a six-destination
network. The users are located inside the solid circles whose
radii represent the common communication range associated
with each destination. The dotted circles represent the interfer-
ence regions, which are also assumed to be the same size for all
destinations.

V1. CONCLUSION

This paper has addressed the random-access problem in net-
works with multiple destinations with overlapping user popu-
lations, using a collision-channel model. For stabilized Slotted
Aloha, under the “balance” requirement defined in this paper,
we are ableto analytically compute the maximum throughput at
each destination in the network. We have shown that the channel
traffic is one packet per slot at each destination when operating
at the point of maximum throughput. The throughput of “sym-
metric” networks, in which the traffic demands are distributed
uniformly in space, is easily computed on the basis of geomet-
rical considerations, even when the interference range exceeds
the communication range. Our model is motivated by adesireto
“push” thelimits of sharingacommon channel by allowing con-
siderable overlaps among user populations that are intended for
different destinations. Our formulation provides the means of
capturing the effects of arbitrary levels of interference without
the complexities of SINR-based or carrier-sensing models. The
intention is to assess the performance loss that occurs as such
cells get squeezed closer together for improved spectrum re-use.
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