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Abstract

It is shown that for four-transmitter systems, a family of four-by-four unit-rate complex quasi-orthogonal space—time
block codes, where each entry equals a symbol variable up to a change of sign and/or complex conjugation, can be
generated from any two independent codes via elementary operations. The two independent groups of codes in the family
generally have different properties of diversity, but the codes in each group have the same diversity provided that the
differential symbol constellation is symmetric. It is also shown that for four-transmitter systems, an eight-by-four unit-rate
complex linear dispersion space—time block code can be constructed by using Hurwitz—Radon families of matrices of size
eight such that diversity three is guaranteed even when all symbols are independently selected from any given constellation.
This code is so far the only known unit-rate linear dispersion code that has diversity no less than three for four transmitters
under any given constellation.
© 2008 Elsevier B.V. All rights reserved.

Keywords: Space-time block codes (STBC); Orthogonal STBC; Quasi-orthogonal STBC; Non-orthogonal STBC; Hurwitz—Radon
families of matrices; Diversity analysis

1. Introduction

Design and analysis of space—time block codes (STBC) for multiple transmitting antennas have been an
active field of research since the work by Alamouti [1] and that by Tarokh et al. [2]. STBC is aimed to exploit
the channel diversity between multiple transmitters and multiple receivers to improve the rate of reliable data
transmission and/or the performance of bit error rate. STBC is also useful for cooperative relays in wireless
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mobile networks [3—6], where STBC can be used effectively as if between multiple transmitters and a single
receiver.

STBC is a mapping (applied at the transmitters) between a sequence of input symbols and multiple
sequences of output symbols. The number N of the output sequences typically corresponds to the number of
transmitters. The ratio of the length T of the output sequences over the length .S of the input sequence is called
the rate of the STBC (assuming that both the input symbol constellation and the output symbol constellation
have the same dimension). The output of the STBC mapping can be denoted by a 7' x N matrix C(x) where
the S x 1 vector x represents the input symbols. Assume that the channel following the N transmitters is
frequency flat, and there are M receiving antennas at the end of the channel. Then, the received baseband
signals at the destination over a time interval of 7' symbols can be represented by the 7' x M matrix Y:

Y = C(x)H + W, (1)

where H is an N x M channel matrix whose entries may be assumed to be i.i.d. complex Gaussian random
variables (Rayleigh fading), and Wis a T x M noise matrix whose entries may also be assumed to be i.i.d.
complex Gaussian random variables. With a coherent maximum likelihood decoder, the pairwise error rate
(PER) P(x — X) averaged over the channel fading distributions is upper bounded as follows [2]:

r -M
ExlPix — 31<(]] v,,») (Eo/4No) ™, @)
=1

where E5 and Ny/2 are, respectively, the symbol energy and the variance of noise per dimension; the signal-
to-noise ratio (SNR) may be defined as the ratio of E5 over Ny/2; r is the minimal rank of C(x —X) over all
possible distinct pairs of the symbol sequences; v; (j=1,...,r) are the non-zero eigenvalues of
C(x —X)"C(x —X%). To reduce the PER of a code, one must increase r and the minimum of H]r.zlvj. The
value of r is called the diversity of the code, and the minimum of H;zlvj determines a coding gain. Diversity
and coding gain are among the key measures of a code.

A detailed review of STBC is available in [7,8]. For convenience, we will also refer to STBC simply as codes.
The most attractive codes are perhaps the orthogonal codes [1], which allow the maximum likelihood
(optimal) detection to be performed independently on each of the individual symbols. But the unit-rate
orthogonal complex codes exist only for two transmitters [9]. For more than two transmitters, there are only
fractional-rate orthogonal complex codes [9]. Upper bounds on the rate of orthogonal complex codes are
explored in [10]. There are also quasi-orthogonal codes that allow the maximum likelihood detection to be
performed independently on pairs of symbols [11] or even independently on each symbol as shown in [12]. But
the quasi-orthogonal code given in [11] does not have a full diversity. Various improvements of quasi-
orthogonal codes are further developed in [13-16]. In [16], it is shown that unit-rate quasi-orthogonal codes
with maximal diversity products can be constructed by using a finite information symbol set on square and
triangular lattices. There are also codes that are designed to maximize an orthogonality measure [17].
Numerous other codes can be found via [18-24] and the references therein.

The purpose of this paper is not to present a new code competing against existing ones. But rather, we reveal
a structural insight into a class of linear dispersion codes whose properties are intrinsically governed by the
Hurwitz—Radon (HR) families of matrices. We first explore the quasi-orthogonal codes of the type shown in
[11,25-28]. It will be shown that all 4 x 4 quasi-orthogonal codes, where each entry of the code matrix is a
symbol variable up to a sign change and/or complex conjugation, can be generated from any two independent
codes by elementary operations. This result is a fundamental unification of all existing (as well as numerous
previously unrevealed) 4 x 4 quasi-orthogonal codes in this category. If all symbols are selected independently
from a common constellation (which will also be referred to as common constellation condition), the quasi-
orthogonal codes may have diversity two. More precisely, half of the quasi-orthogonal codes always have
diversity two under the common constellation condition, and the other half may have diversity either two or
four under the common constellation condition. If the common constellation is an odd-numbered phase-shift-
keying, half of the quasi-orthogonal codes actually have diversity four. As illustrated later, both the 2 x 2
orthogonal codes and the 4 x 4 quasi-orthogonal codes can be expressed as linear dispersion codes in terms of
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the HR families of matrices. This observation motivated us to explore 8 x 4 linear dispersion codes using the
HR families of matrices of size eight. It will be shown that a class of 8 x 4 linear dispersion codes constructed
with the HR families of matrices have diversity three even under the common constellation condition. To our
knowledge, this is the first 8 x 4 unit-rate linear dispersion code that is guaranteed to have diversity three when
all symbols are independently selected from any given constellation. This is an unique insight, which is
unknown from the previous studies of linear dispersion codes [19,22,29]. A high diversity order regardless of
symbol constellation is practically useful since it could reduce the physical layer complexity associated with
constellation constraint.

In Section 2, we review the HR families of matrices. In Section 3, we show that all 4 x 4 quasi-orthogonal
codes can be constructed by two independent codes, and their properties are discussed. In Section 4, we
introduce a class of 8 x 4 linear dispersion codes using the HR matrices of size eight, and show that these
codes have diversity three under any given constellation. The proof of the diversity three property is a lengthy
part of this paper. We hope that interested readers will find the proof theoretically insightful as it reveals
detailed structures in the problem. In Section 5, we provide a simulation example to illustrate the performance
of the non-orthogonal 8 x 4 HR code.

1.1. Notations and terminologies

e Lower case letters are used for scalars.

e Upper case letters are used for matrices.

e Underlined lower case letters are used for vectors.

e In normal script, * denotes an undetermined quantity. As superscript, = denotes complex conjugation.

e In normal script, j denotes +/—1. In subscript, ; denotes an integer.

e Kronecker product is denoted by ® as defined later.

e = denotes “‘equal by definition™.

® /;is an / x [ identity matrix.

® As superscripts, | denotes transpose, and ' denotes conjugate transpose.

e ‘R denotes real part, and J imaginary part.

e Unless specified otherwise, by “symbol”, we mean a complex variable.

e Unless specified otherwise, two vectors of variables are said to be orthogonal only if they are orthogonal for
all values of the variables.

e All other notations are defined the first time they are used.

2. HR matrices
2.1. General properties of HR matrices

Radon Theorem [30]: Within the space of L x L integer matrices, there is a family of p matrices
{Ao, A1, ..., Ap—1} satisfying 4o = I (the L x L identity matrix) and:

e Property 1(a): 4,47 =1;.
e Property 1(b): 4; = —A] (i>0).
e Property 2(a): A[TAj = —A}A,» (i#)),

where the maximum value p,,,, of p is governed by L as follows. Let L = 2?5 where b is odd, a = 4c + d and
0<d<3, then p,,, = 8c+2%.

A family of matrices defined above is called an HR family of matrices of size L. The following properties of
the HR matrices follow readily from Properties 1 and 2(a):

® Property 2(b): 4;A] = —A;A] (i#)).
e Property 3: For any real vector v, gTA[TAj v = d(i — j)| v|* where d(x) is one when x = 0 and zero otherwise,
and |v| is the norm of v.

Please cite this article as: Y. Chang, et al., An insight into space—time block codes using Hurwitz—Radon families of matrices, Signal
Process. (2008), doi:10.1016/j.sigpro.2008.02.011
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® Property 4: Given the matrices 4;,j = 1,..., N, within an HR family, we have
N N T N
2
(o) (Sa) =3
J=1 =1 =1

An HR family of matrices of any size can be constructed from the following 2 x 2 matrices [30]:
0 1 1 0 0 1
P = . = 5 R = . (3)
10 0 -1 -1 0

2.2. HR matrices of size two

For L =2, an HR family is {/,; R}. The Alamouti code can be expressed in terms of the 2 x 2 HR
matrices, e.g.,

S1 852
C(S1,52)=<_S* S*>
2 1
2 xi(1) . xa(1) , xi(1) - xa(1)
~Mao ) T e ) P e ) T e

( x1(2) +jx2(l)  xi(1) +jX2(2)>

: : (4)
—0(1) +ix202)  x1(2) —jx2(1)

where s; = x1(2) + jx2(1) and 55 = x (1) + jx2(2).
2.3. HR matrices of size four

For L =4, an HR family consists of the following matrices:
Q():I4s Q1=P®R7 Q2=R®129 Q3=Q®R: (5)

where ® is the Kronecker product, e.g.,

ay  an anB apB
® B= .
ay  ap ay B a»B

The HR families of size four are closely related to 4 x 4 quasi-orthogonal codes as discussed later.
The following theorem provides the complete set of HR families of matrices of size four. If the first matrix in
each family is fixed to be identity, there are total 2 x 2° = 16 HR families of size four.

Theorem 2.1. Any HR family of matrices of size four has either one of the following two possible forms:
Q={00; £0;£0,;£05} and  Q={Go; £G1; £Gr; £G3},

where Gy = Qy, G1 = Q,[0® O], G2 = Q,)[—1>® O], and G3 = Q;(Q ® I,). The Q; matrices were defined
previously. (Note that in this paper, + in one place should be treated as independent of + in another place unless
specified otherwise.)

Proof. The proof of this theorem requires an exhaustive but finite search, which is tedious but feasible. In the
following, we provide an outline of the proof. The goal is to show that under Properties 1(a), 1(b) and 2, only
Q, and ©Q, can be valid HR families.

Let us first search for all possible 4 x 4 HR matrices satisfying Properties 1(a) and 1(b). Under Property 1(a),
each entry of an HR matrix F is either zero or 1 and each row of F has no more than one non-zero entry.

Please cite this article as: Y. Chang, et al., An insight into space—time block codes using Hurwitz—Radon families of matrices, Signal
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Under Property 1(b), i.e., FT = —F where F#1,, we can write

Bi1 By
"\ By By )’

where B;; is a 2 x 2 block matrix. It follows that Bzi = —B;;fori=1,2 and BlTj2 = —B, ;. Therefore, By and
B, are both equal to either the 2 x 2 zero matrix or R, where B;; and B, may have the same or opposite
signs. Namely, we have

B = =£R,
- By =By, =0, B 4R 6
either BlT,z — By, #0 or 22 = ) (6)
Bl,z = sz] =0.

It is easy to verify that if B;; = B> = 0, the only possible choices of B, are +1,,£P,+R, +0.

By an exhaustive, finite and feasible search, one can further verify that any HR matrix F of size four has to
be one of the matrices in Q; or €,. In other words, the above two sets 2 and €, contain all possible 4 x 4 HR
matrices satisfying Properties 1(a) and 1(b).

We next consider Property 2(a). It is straightforward to verify that 2; and Q, each satisfies Property 2(a).
Namely, each of Q and Q, (with a fixed set of + signs) is a valid HR family. In order to prove that there is no
other possible HR family, we need to show that for any 7,j with 1</, <3, Q; and G; cannot co-exist in one
family. Indeed, it is straightforward to verify that Q G# — GT 0;, 1.e., Property 2(a) is not satisfied by Q; and
G; for any i,j with 1<i,j<3. O

2.4. HR matrices of size eight

For L =8, an HR family is determined by the following eight matrices [30]:
I Hh®RLAPRRO®OIRPRIO®RRIPRGRAIPIPRRO® D, (7

which is easy to verify.
An HR family of matrices of size eight (or size integer-power-of-two no less than eight) have the following
Properties 5 and 6:

° Property 5: Given distinct 7, k, m, n, then ATA,,,ATA is unitary and symmetric. And the eigenvalues of
ATA A A, are =1 of differing signs.

. . . T T . fhe . .
Proof. It is easy to verify that Aj AnA; Ay is unitary. To prove the symmetry, we apply Property 2:
AT A A] Ay = A, 4,4, 4;

m

= — A, A, A} A4;
= — AT4,47 4;
= AT 4,A] 4;

= (4] ApAT A" ®)

We now prove the eigenvalue property. The symmetry and orthogonality of A]-TA,,,AiTA,, tell us that each of its
eigenvalues is +1 or —1. We only need to prove that the signs of these eigenvalues are always mixed. Suppose
that the eigenvalues of AjTAmAiTAn are all equal to one or all equal to minus one. Then, the matrix is either 7 or
-1, 1ie.,
AT A Al Ay =+
= Al A, = £4},4;
= A, = £4; ATA )

m
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where the signs in the above three equations are consistent with each other. Considering another member A4; in
the HR family where / is distinct from m, n, i,j, we have
A A = + 4,4} 4,47

m

= F A A] A A}
= F AL
= £ AiA] AnA], (10)
where the signs in the above equations are consistent with each other. From (9), we have
—A1A, = FAA] A A]. (11)

Since A,A4] = —A;A,, (10) and (11) imply —A4;A] A,A] = A;A] A,,A] and hence A,ATA,,,AT = 0. This
contradicts the condltlon of non-zero eigenvalues. Therefore all elgenvalues of ATA A A, are +1 of differing
signs. [

e Property 6: If A,.TAkA,TnA,, + AJ.TA,AEA, = 0 where all matrices are distinct HR matrices in one family,
we have

Af A Ay, Ay, £ (=1D)FA] A, 4] 4, =0,

where E is an integer and
[Ai, Ak, Amy s Any s Aj Ay Ay, Ar

is a matrix series generated by exchanging E pairs of matrices in the following matrix series:
[4i, Ak, A, An, Ajy Ay Ay, Ay

Proof. It suffices to prove that by switching any pair of matrices in Al.TAkA;An + A}A,A}A, = 0, the & sign
changes to the F sign.

First, we consider the two matrices exchanged are from either the first term AiTAkA;A,, or the second term
A]-TAtAZA,. Exchanging any two matrices 4 and B that have d other matrices in between is equivalent to
the following process: (a) exchanging 4 with its next matrix repeatedly until 4 is right behind B and then (b)
exchanging B with its preceding matrix repeatedly until B is in the original position of 4. Step (a) undergoes
d + 1 exchanges of neighboring matrices, and step (b) undergoes d exchanges of neighboring matrices. By
Property 2(a), the resulting expression has changed its sign 2d + 1 times, and therefore there is a net sign
change.

We now need to prove the Property 6 for the case where a pair of matrices exchanged are “crossed” between
the two terms. We first observe the following equivalent expressions:

AT A, AT 4, + AT 4,474, =0, (12)
i m J q

= A AAT A A Ay £ AT A ATAALA =0
= A Ax Ay A, FATAALA, =0, (13)

where we should notice that only the leading matrices 4; and 4; are actually exchanged when we move from
(12) to (13). We now consider a matrix A (from the first term) that has d 4 matrices proceeding it and another
matrix B (from the second term) that has dg matrices proceeding it. In order to exchange 4 and B, we can
do the following steps: (a) move A4 to the front of the first term and move B to the front of the second term,
(b) exchange 4 and B, and (c¢) move B to where A initially was and move 4 to where B initially was. We see
that step (a) undergoes the sign change d 4 + dp times, step (b) undergoes the sign change once, and step (c)
undergoes the sign change d 4 + dp times. Therefore, there is a net sign change. [

Please cite this article as: Y. Chang, et al., An insight into space—time block codes using Hurwitz—Radon families of matrices, Signal
Process. (2008), doi:10.1016/j.sigpro.2008.02.011



dx.doi.org/10.1016/j.sigpro.2008.02.011

Y. Chang et al. | Signal Processing 1 (1ill) 11110 7

Given the HR family of size eight shown in (7), it can be verified that
A] AgAT Ay = AT A2 47 4. (14)

(At this stage, it is not clear whether (14) holds under a more general condition.) Let i,k,m,n,j,t,q,r be a
permutation of [0, 1,...,7]. Then, together with Properties 6 and 3, (14) implies the following properties:

® Property 7(a): A;A,A%An = :tA/TA,AgA,. where the sign depends on the ordering of the indices.
® Property 7(b): AL 4, = ¢AzAiA,TA,A3A,. where the sign is consistent with Property 7(a).

m

® Property 7(c): For any real vector v, QT(AZA,A]TA,A;A,.) v=0.
3. Quasi-orthogonal codes

We now present a complete family of 4 x 4 quasi-orthogonal codes (or code matrices) of Type . A 4 x 4
quasi-orthogonal code matrix of Type I is defined as such that each entry in the matrix is an element from

the symbol set {:I:sgfl) , :l:sg,z), :I:sg) , j:s,;:)} and a pair of columns of the matrix is orthogonal to the other pair
(and the two columns in each of the above pairs are not necessarily orthogonal to each other). Note that each
+ is an independent plus or minus sign, and each superscript * denotes independently the presence or absence
of complex conjugation. The above definition of quasi-orthogonal code of Type I was used in [11]. It is
obvious that if S(s1, 52, 53,54) is a Type 1 4 x 4 quasi-orthogonal matrix of the four symbols sy, 53, 53, 54, then
numerous Type I quasi-orthogonal codes can be constructed by the following elementary operations:
C(s1,52,53,54) = PrS(Esy, £, £5, £51) P, (15)

3

where (k1, k», k3, k4) 1s a permutation of (1,2, 3,4), P, permutes the rows and/or reverses the signs of none or
some rows, and P, permutes the columns and/or reverses the signs of none or some columns. Note that the
above statement is obvious because none of the operations P;, P., & and * changes the quasi-orthogonality of
(15). While the above statement is obvious, a number of Type I quasi-orthogonal code matrices have been
introduced in the literature without mentioning the connections among them. For beginners, each of these
codes appears to be a new one. Even for experts, it was unknown whether all existing codes of Type I are
related to each other by (15). In this section, we will show that not all Type I codes are related to each other by
(15), but, however, there are only two groups of Type I codes. The codes in each of the two groups are related
to each other by (15), but no code from one group is related to any code from the other group.

One can also extend the family of quasi-orthogonal codes by allowing left or right multiplication of a
diagonal matrix to (15), which is a simple extension of the Type I codes. There are also orthogonal or quasi-
orthogonal codes where the entries of the code matrix are non-linear functions of the symbol vector
{s1, 52, 53,54} and/or the symbol constellation is constrained [31]. In this paper, we will not consider any quasi-
orthogonal codes other than the Type I quasi-orthogonal codes.

Two codes will be called independent of each other if they are not related to each other according to (15), or
otherwise dependent on each other. It is clear that a complete set of quasi-orthogonal codes can be generated
by all independent codes via (15). But we will show that the number of independent codes is two. Examples of
such two independent codes are also given. All existing codes of this type will be explicitly expressed in terms
of the two independent codes.

3.1. Independent quasi-orthogonal codes

We show next that there are only two independent 4 x 4 Type I quasi-orthogonal codes. But first, we have
the following property about complex vectors:

Lemma 3.1. Let s = s, + js; be a 4 x 1 complex vector in the four-dimensional complex space C* where s, is the
real part and s; is the imaginary part. Define the second 4 x 1 complex vector as p = M,s, + jM;s; where M, and
M are unitary integer matrices. Then, s™ p = 0 holds for all s in C* if and only if (to be denoted by iff) a pair of
elements in s is orthogonal to the corresponding pair in pfor all s in C* and the other pair of elements in s is
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orthogonal to the other corresponding pair in p for all s in C*. (The pair-wise orthogonality is equivalent to that in
Alamouti code [1].)

Proof. Taking the real and imaginary parts of st p = 0 separately, we have s" p = 0iff 1, + b =0and 13 =0
where t; = s'M,s,, t» = sT M;s;, and t3 = sT M s, — sT M s,. -

Because of the independence between s, and s;, #; + > = 0 iff #; = 0 and #, = 0. Because both s, and s; are
any real vectors, we have #; =0 iff M, = —M and 1, =0 iff M; =—M]. Similarly, we have #; = 0 iff
M, =M].

The above implies that st p = 0 holds for all s in C*iff M; = —M, and M, = —M,T.

With the above choice of M, and M;, s p = 0 is equivalent to sH M, s* = 0. We next apply that M, = —M,T
and each row of M, has only one non-zero entry +1. Without loss of generality, we can assume that the (i, j,)
entry of M, is &1, i.e., M,(ip,j,) = £1. Then M,(j,,io) = —M,(io,j,) where iy #j, and all other elements in the
ioth and j,th rows of M, are zero. This property implies that the ipth and j,th elements in s cancel each other in
the form =£(s*(ip)s*(jo) — 5*(jo)s*(ip))in sHM,s* = 0. In other words, the ipth and jyth elements in s are
orthogonal to the iyth and jjth elements in p for all s in C*. More explicitly, the igth and jyth elements in p are
+5*(jy) and F5*(io). - -

Following the same reasoning, s" p = 0 for all s in C* iff the other two elements in s are also orthogonal
(in the same way as described above) to the other two corresponding elements in p for all s in C*. [

From Lemma 3.1, the next theorem follows (which corrects a result shown in [32]):

Theorem 3.1. Define a code set Sgp of 4 x 4 quasi-orthogonal codes for the symbol vector s = (s1,32,53,34)T,
where each element in a (normally full rank) code matrix has the form :I:sgc*) and two of the four columns in each
code are orthogonal to the other two over all s in C*. Then, the following two codes S)(si,s2,53,54) and
S2(s1, 52, 53, 54):

ST —s4 85 —53 ST oS4 83 =853
S sz =S =5 sy 53 —S7 S
! 53 = =s; st | 2 53 8 =S S (16)

S48 53

55 sS4 51085 =S8
span all the codes in Sg via (15), and furthermore S\(s1,52,53,54) and S»(s1,52,53,54) are not related to each
other via (15).

Proof. We will say that a pair of codes are dependent of each other if they are related via (15), or otherwise
independent of each other. Our proof is constructive in that we will construct a largest possible set S of
independent codes. It is important to stress that permutations of rows and/or columns, permutations of symbol
indices, change of sign to each row and/or column, and sign and/or conjugation changes to each symbol are all
variations allowed by (15) among dependent codes. Our proof consists of several steps by which the above
variations are eliminated from a largest possible set of independent codes. These steps will lead to two possibly
independent codes S| and S,. These two codes S| and S, are then finally verified to be independent.

Without loss of generality, we can fix the first column of each code matrix in S to be [S1,S2,S3,S4]T.
Furthermore, we can choose S in such a way that the first two columns of each code matrix are orthogonal to
the last two columns. From Lemma 3.1, it follows that among all code matrices in S, there are no more than
the following two possible forms up to the variations defined by (15):

s1ox 85 % S|k =85 %
*
S k% =Sk R
Tl = * or T2 = * 5
§3 % —S; % §3 % —s; %
s k8 * sS4 k83 ok

where * (not in superscript) denotes a unspecified entry. Note that in each of 7'} and T, the first two elements
of the first column are orthogonal to the first two elements of the third column for all s in C*, and the last two
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elements of first column are orthogonal to the last two elements of the third column for all s in C*. One can
easily verify that no other possibility exists that is independent of 7'} and T5.
Similarly, from 7’|, one can generate no more than the following four possibilities in S up to (15):

s1ox® 85 =53 s1ox® 85 =53

s5 x®  —S] =S s * =57 5
Ty = T Y A I T = I T Y A I

s4 k8555 sS4 k83 =8

spox 855 =S5 s1o% 85 =5

S ok —S] —8 S5 ok =8]8
Tis= s3 0% =85 s | Tha= §3 k% —sp —S

s4 x5y s} s4 * 85 S5

Spok =S85 —8 S1 ok =85 =83

D R s x5 =S5
Ty = s3 0% —s5 st | T2y = s3 0% =55 st |

s4 x* 55 =5 sS4 %8555

s1o® =85 —s) ST % =85 —S;

s xS =5 s x5 5
T2 = s3o0% =855 5 | Toa = 53 0% —8; —S

s4 x5 K sS4 x5 ST

By filling the second column of each of the above matrices (to satisfy the orthogonality condition), it follows
that there are no more than the following eight possibilities in S up to (15):

s1 =S4 85 =83 ST oS4 85 =853
s 83 —=Sf =S S s3 —S7 S
T = 53 =8 —=si st Tis 3 85 —=Sp St
sS4 s 8585 sS4 St Sy —8
518385 =S s1os3 85 =5
$ =84 =8| —5 S sS4 —=ST 5
Tis = s508s1 =55 085 | Tia 53 =81 =S8, —%
sS4 —82 85 s sS4 —s 85 S5
ST 84 =83 —s3 ST —s4 —S85 —53
Sy 83 ST S S 083 s =8
Ton = s3 =8 =s; st | T22 3 s =Sy S
sS4 —s1 85 =S 4 —=S1 5 S5
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N ST 83 =S8y —8)
S —s4 8 =5 Sy 54 S} 53
Ts= s3 =81 =85 85 | Toa= s3 081 =S —%
sS4 S 85 s sS4 s 0855 S

If we let S1 = T and S, = T, then it can be verified that
T13(8) = P11S2(—51,52,84,83) Pay,

T14(s) = P12S1(53, 52, 54, 51) P2,
T2,1(s) = P13S1(54, 52, 53, 51) P23,
T>5(s) = P14Sa(—s1, 82, 83, 54) Poa,
T3(s) = P15S1(s1, 52, 84, 53) P23,

T2 4(5) = P16S2(s1, 52, S4, 53) P2,

where

P11 = P_(1,1),4+(2.2).4G,4),+(4.3)

Py = Po1,1),-2,2),-(3,3),~(4.4)»

s
8]

= PL(1,4)4022)4+G,D4+(43)
Py = Pu+Q2),-G4.-(43)

P13 = Pi(1.4)4+2.2).+(33).+4.1)s
Py = Pi1,1)4+2.2),-(34).-(4.3)s
Py = P_(11)4+2.2).+(4.3).+(.4)>
Pry = Pi(1,1),4+(22)+3.3).—(4.4)s
Pis = Pi(1,).4+22).+3.3)4+(4)>
Prs = Pi(1,1).-(22).-(3.3).+(44)
Pi6 = Pr(1,1)+22).+(43).+(3.4)>

Py = Pi(1,1),4+2.2),~(3,3)+(4,4)

(17)
(18)
(19)
(20)
1)
(22)

(23)
24)
(25)
(26)
27)
(28)
(29)
(30)
1)
(32)
(33)

(34)

and P.(, j,) 4 ). (is)+Gaj,) d€NOtES a matrix where the entries at (i1, /), (i2,/3), (i3, /3), (is,j;) are £1 and all

other entries are zero.

Therefore, there are no more than two independent codes in S, and S} and S, are two possible independent

codes.

To prove that S| and S, are indeed independent codes, we need to observe a property from (15). If all
elements of s come from a common symmetric constellation (symmetric in terms of sign change and complex
conjugation), then it is obvious from (15) that any two dependent codes Ci(s) and C,(s) must satisfy the

following identity:

min rank(C/(s)) = min rank(C»(3)),
5 #0 540

(35)

Process. (2008), doi:10.1016/j.sigpro.2008.02.011
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where § is a function of s, satisfying

5= (:I:sgz), j:sf;), isg), :l:s;:) )"
In the next subsection, we show that S| and S, do not satisfy the property (35). In fact, we will consider an
equivalent situation where s is replaced by As and the constellation of As is symmetric with respect to sign

change and complex conjugation. Since S| and S, do not satisfy the necessary condition (35) as required for
any pair of dependent codes, S| and S, are independent. [

3.2. Diversity of quasi-orthogonal codes

The diversity of a code matrix C(s) is the minimum rank of C(A s) over all possible A s #0 where A s is the
difference between two symbol vectors. For the diversity analysis of quasi-orthogonal codes, we will assume
that the constellation of A s is symmetric with respect to sign and conjugation. Such a condition is common in
practice. Because of the property (35) among dependent codes, to study the diversity of all the 4 x 4 quasi-
orthogonal codes, it suffices to consider the diversity of S|(s) and S»(s).

The diversity of S;(s) is the minimum rank of D;(A s) over all As #0 where As = (Asy, Asy, Ass, Ass)'. Here,

a(s)  jbi(s) 0 0
—=ibi(s)  a(s) 0 0
Di(9)=S1(s)"S1(s) = J ()1 : “(; a(s)  jbi(s) ©0)
0 0 —jbi(s) als)
and
[a(s) ba(s) O 0
by(s) a(s) 0 0
D2(§)=S2(§ )HS2(§) = 20S aOS a(s) bz(S) 5 (37)
0 0 ba(s) als)
where
4
a(s) = > Isil’, (38)
k=1
bi(s) = 23(s15; + s553), (39)
by(s) = 2N(s%s4 + 5353). (40)

It is clear from (36) and (37) that the rank of D;(As) is either two or four as long as As #0. To determine
the conditions under which D;(As) has the full rank (i.e., rank four), it is useful to examine its determinant.
The determinants of D;(s) are given by det(D;(s)) = (a(s) — bi(s))*(a(s) + bi(s))* or equivalently

det(Di(s)) = [lis1 — sal* + Is2 — jssI*Pllis1 + sal* + Is2 + js3 1% (41)

det(Da(s)) = [Is1 + sal* + Is2 + 5317 [Is1 — sal* + |52 — 531> (42)

We show next that the conditions for a full rank D;(A s) is generally different from that for a full rank D;(A s)
even if the constellation of A s is symmetric. (Note that this was needed to complete the proof of Theorem 3.1.)

Expression (41) would make Lemma 2.1 in [33] more complete and would also enrich Lemma 2.2 in the
same paper. It follows from (41) that if and only if the set {jAs;} and the set {+As4} have no common elements
except zero or the set {Asy} and the set {jAs;} have no common elements except zero, then D;(As) has full
rank as long as As #0.

Expression (42) is given and well discussed in Lemma 2.1 in [33]. It follows from (42) that if and only if the
set {As;} and the set {+As;} have no common elements except zero or the set {As,} and the set {+=As3} have no
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15 0 0

1 x As
X 0 +\~-1As X

05 }

-05 }

72 1 1 1 1 1 1 1
-2 -15 -1 -05 0 0.5 1 15 2

Fig. 1. The set of As; (crosses) and the set of jAs; (circles) for 3-PSK. Note that the constellation of As; is symmetric in terms of sign change
and complex conjugation, which meets the condition for (35).

common elements except zero, then D,(A s) has full rank as long as As #0. This is an observation also made in
[13-16].

For example, if the constellation is odd-numbered phase-shift-keying as illustrated in Fig. 1, then the set
{jAs1} and the set {£As4} have no common elements except zero and the set {As,} and the set {£jAs;} have no
common elements except zero, and hence D;(A s) has full rank under As #0. But for the same constellation,
D,(As) does not have full rank under As #0.

3.3. Quasi-orthogonal codes in terms of HR matrices

We now illustrate that all quasi-orthogonal codes are linear dispersion codes by expressing the two
independent codes S| and S, in terms of the HR matrices. Let the real and imaginary parts of each symbol sy
be expressed as s = ri + jix. It is not difficult to verify the following results. For the first code,

ri —rqg —Ir2 —r3 il —i4 i2 i}

r r3 r —r4 %) 13 —I Iy
S = +J

r3s  —r rq ri 13 —Il —l4g —11

rq r —r3 ry 14 131 13 —1I

= [Qor1, —Oy11, Os11, — Qo111 + [ Oaiy, — Osiy, — 04y, Qo]

where r; = [ry,... ,r4]" and i, = [i3, 14, —i1, —i2]T. For the second code,

S R - it iy —ip i3
rp rz3 —rp ra iz i3 il —i4
S = +1] . . . .
rs ry —ra r 13 1 l4 —1
L ) iy i1 —iz D
T . LT, . .
= [-03Krs, Orr2, Qo K1y, Q1 1] + J[— QoK iy, Q) I, 03Ky, Orhs], (43)
T . . .. . 1T
where r, = [—r2, —r1,74,73]", I, = [i1, —h, i3, —is] , and K = —1, ® Q.

Please cite this article as: Y. Chang, et al., An insight into space—time block codes using Hurwitz—Radon families of matrices, Signal
Process. (2008), doi:10.1016/j.sigpro.2008.02.011



dx.doi.org/10.1016/j.sigpro.2008.02.011

Y. Chang et al. | Signal Processing 1 (1ill) 11110 13

Table 1
Expressions of existing quasi-orthogonal codes in terms of two independent quasi-orthogonal codes

Authors/reference Original code P, S; P

Papadias and Foschini [25] s1 5 53 Sa4 +(1,3) +(2,1) 53 +(1,1) —(2,4)
55 =8t s; —53 +4,4) +(3,2) 53 -(3,2) —-4,3)
s3 —S4 =S| 5 Si 51
R | S

Hou et al. (20) in [26] 51 sy 53 S4 +1, 1) +(2,4) 1 +(1,1) +(2,2)
—s  S1 =S4 83 +(3,3) +4.2) s -8 —(3,4) +(4,3)
—-s5 s ST =8 ] =53
—s; =85 85 s —$

Ran et al. (10) in [27] S| S s34 +(1,1) +(2,2) 1 +(1,1) +(2,4)
55 =St =8 5 +(3,3) +4.4) 53 +(3,2) —4,3)
$ o= s e
Y 53 52 51 S4

Tirkkonen et al. (10) in [28] SIS S3 S +(1,1) +(2,2) 51 +(1,1) —(2,3)
—s5 ST =i 5 +(3,4) +4.3) ) —-(3,2) +4,4)
s3 Sq ST 5 52 -S4
—s; 55 =85 s 3

Jafarkhani [11] 51 K s3 84 —(LL) +@2,2) -5 +(1L,1) —(2,4)
—s5 st =55 s +(3,3) +4.4) s ) +@3,2) —-4,3)
—s5 =83 S8 2 —53
S4 —83 —S52 5 S4

A column vector of symbols is used instead of a row vector for a more compact form. The arrays of +(i,/) in the third and fifth columns
indicate the 41 entries in the integer matrices P, and P.. Other unspecified entries of P, and P, are zero.
3.4. Previously published quasi-orthogonal codes

The previously published 4 x 4 unit-rate quasi-orthogonal codes of Type I can all be expressed in terms of
the above two independent codes via (15). Table 1 summarizes these connections.
4. Non-orthogonal HR codes

In this section, we present an 8 x 4 unit-rate code and prove that it has diversity no less than three under any
constellation. Like the 4 x 4 quasi-orthogonal codes presented in the previous section, this code is also a linear

dispersion code constructed from HR matrices. This 8 x 4 unit-rate code is

C(xy, xp)=[Aox| +JA4Xy, A1X) + JA5Xs, A2X) + jAsX,, A3X) + jA7X,], (44)

) ) b3 Uy

where x| and x, are two real-valued 8 x 1 symbol vectors, and 4;, i =0,...,7, are 8 x 8 matrices from any
single HR family of size eight satisfying (14). This code is motivated by the structure of a half-rate 4 x 4
orthogonal code for four transmitters. In fact, it is easy to verify that the code (44) is an orthogonal code if the
8 x 1 complex vector x; + jx, is replaced by a 4 x 1 real vector and 4;,i =0,...,3 are replaced by 4 x 4 HR
matrices. This code has a very simple and appealing structure.

The above code, also referred to as non-orthogonal HR code, is a special form of a more general HR code
introduced in [5], and is also a special form of the linear dispersion codes introduced in [29,34].
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One specific form (example) of the non-orthogonal HR code follows from (44) with the HR family
given in (7):

xi(1) +x2(6)  x13)+jx2(7)  x1(4) +jx2(8)  x1(2) +jx2(5)
x1(2) = jx2(5)  x1(4) —jx2(8)  —x1(3) +jx2(7)  —xi(1) + jx2(6)
x13) —jx2(8)  —xi(D) +jx2(5)  x1(2) +jx2(6)  —x1(4) — jx2(7)
x1(4) +jx2(7) —x1(2) = jx2(6)  —x1(1) +jx2(5)  x1(3) — jx2(8)
x1(5) +ix2(2)  x1(7) —jx23)  x1(8) —jx2(4)  —x1(6) — jx2(1)
x1(6) —jx2(1)  x1(@) +jx2(4)  —x1(7) = jx23)  x1(5) — jx2(2)
xi(7) = jx24) —x1(5) —jx2(1)  x1(6) —jx2(2)  x1(8) +jx2(3)
x1(8) +Jx2(3)  —x1(6) +jx2(2)  —x1(5) —jxa(l)  —x1(7) + jx2(4)
where x;(k) is the kth element of the real symbol vector x;.

From the theorem shown next, the code (44) is guaranteed to have diversity three even when all symbols are
independently selected from any constellation (regardless of the design of the constellation). To our
knowledge, for four-transmitters systems, the code (44) is the only known unit-rate linear dispersion code that
is guaranteed to be of diversity (at least) three under any given constellation. This is a useful property in

practice since any symbol constellation can be applied to this code while the diversity is guaranteed to be no
less than three.

(45)

Theorem 4.1. Given any x| + jx, #0, the code C(x,, x,) defined in (44) has a rank no less than three regardless of
the constellation from which all symbols are independently selected.

The rest of this section is to prove Theorem 4.1. Since the proof is quite lengthy, we divide the proof into
several sections as explained next.

4.1. Outline of the proof of Theorem 4.1

The proof consists of a sequence of lemmas, and these lemmas are indexed as follows:

Lemma 4.1 & Lemma 4.1.1

Lemma 4.2 & Lemma 4.1.1

Theorem 4.1 Lemma 4.3.1.1 < (47),

Lemma 4.3 <« Lemma 4.3.1 & { (14).

All lemmas are stated below. The proofs are given in the subsequent subsections in the order shown above.
Theorem 4.1 results immediately from the three main lemmas:

Lemma 4.1 (Proof in Section 4.3). The minimum rank of (44) is no larger than three.
Lemma 4.2 (Proof in Section 4.4). Among any three column vectors in (44), at least two of them are independent.

Lemma 4.3 (Proof in Section 4.7). Given (14), if any three column vectors in (44) are linearly dependent, they are
orthogonal to the fourth vector in (44).

The above three main lemmas are based on the following supporting lemmas:

Lemma 4.1.1 (Proof in Section 4.2). Given distinct i, j, m, n and the (non-zero) real vectors x, and Xx,,
the equation A;x| + jAjx, = k(Aux; + jA,X,) holds if and only if
k=ki + jk, = £j,
(Aidp,A; + Ay)x;, = 0, (46)
El - _kZA;[A}’IEZ:

where ki and ky are real numbers. There is always a non-zero x, that satisfies (A,-A,THA]- + Ap)x, = 0.

Please cite this article as: Y. Chang, et al., An insight into space—time block codes using Hurwitz—Radon families of matrices, Signal
Process. (2008), doi:10.1016/j.sigpro.2008.02.011



dx.doi.org/10.1016/j.sigpro.2008.02.011

Y. Chang et al. | Signal Processing 1 (1ill) 11110 15

Lemma 4.3.1 (Proofin Section 4.6). Referring to (44), v, is orthogonal to vy and v, if (a) the condition (14) holds
and (b) there exist two complex scalars k=ky + jk and t=t| + jt, with |t|> + |k|*#0 and two real vectors x, and
X, such that

k
v = [23724]( > 47)

t
Lemma 4.3.1.1 (Proof in Section 4.5). The necessary and sufficient condition for (47) to hold is

My =0, 48
Xy = — (2 + 2 (gks + A1) (g — Asky — Ast)x,, (“8)

where

M = Askr + A3t + (k5 + 83) " (Ag — Agky — A7t1)(Aokr + A7) (Ao — Asky — Ast). (49)

One important property of M is
M™M = eyl + N, (50)
where ¢y >0, N is symmetric and orthogonal, and the eigenvalues of N are tcyy of differing signs. The exact
content of ¢y is given in (68) and the content of N is given in (68) and (65). Furthermore, M is singular if and
only if
{k§+t2:k%+t%+1,

51
titr +kiky =0. ( )

4.2. The proof of Lemma 4.1.1

Given the complex-valued equation A4;x; + jd;x, = k(A,x; +jA,X,), there are two corresponding real-
valued equations (real and imaginary parts):

(Ai — k1 Ap)x; + kaAyx, =0, 52
(Aj - klAn)Xz - szmél = 0 (53)

Because 4; — ki A,, is an invertible matrix for distinct i and m, k, has to be non-zero. Otherwise, there is no
non-zero solution for x; or x,. From (53), we have

X, =k AN (A4 — ki A,)x,. (54)
Taking (54) into (52) leads to
ZEZ = 09 (55)

where Z = (A4; — klAm)kz_lA;?(Aj — k1A,) + koA, It is clear that Z must be singular, or otherwise there is no
non-zero solution for x,.
With Properties 2 and 4 of the HR matrices, it is easy to verify that

Z'Z = k3 + (1 + k)’ky* + 25 + 24 Ay A A, (56)

It is known that Z is singular if and only if Z has at least one zero eigenvalue. Therefore, based on (56) and
Property 5, the matrix Z is singular if and only if k% +(1+ kf)zkgz + Zk% = 42. This equation is equivalent to
any of the following equations:

ks + (1 +k7)* + 2kiks = £2k3,
k5 + 201 + Dks + (1 + k1) = +4k3,
(1 + k7 +k3)* = +4k3.
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From the above, we see that the minus sign leads to no real solution. After dropping the minus sign, the above
is equivalent to any of the following:

(1 4+ i34k = 2k)(1 + kT + k3 4+ 2ky) = 0,
(k7 + (1 = k2)*)(ki + (1 + k2)*) = 0,

k1=0 and k2=:|:1 (57)

Therefore, k = +j. Taking this back into (54) and (55) yields the sufficient and necessary conditions on x, and
X, as shown in the lemma.

4.3. The proof of Lemma 4.1
It follows from Lemma 4.1.1 that there are always non-zero x; and x, such that any two columns from (44)

are linearly dependent of each other. For example, if

x; =[-11,-1,1,-1,-1,-1,-1]",

x,=[-1,1,1,-1,—-1,-1,1,1]"

then the codeword given in (44) has a rank no more than three.
4.4. The proof of Lemma 4.2

Based on Lemma 4.1.1 we can now prove that any three columns from (44) have a rank larger than one.
Suppose that 4;x; + j4;x, depends on each of 4,,x; +j4,x, and 4,x; + jA,x,. From Lemma 4.1.1, we have

X = _k2A:‘rAHEQa (58)
X = —kyA] Ay,

which implies A?(An + A4,)x, = 0. However, AIT(AH =+ A,) is an orthogonal matrix, which means that x, =0
and hence x; = 0. Therefore, 4;x; + jA4;x, cannot depend on each of 4,,x; +j4,x, and A,x; + j4.x,.

4.5. The proof of Lemma 4.3.1.1

Given the complex-valued equation (47), we equivalently have the following two real-valued equations
(i.e., the real and imaginary parts):

Aox) = Aoxiky + Asxity — Agxoky — A7xats,

Asxy = Arx1ky 4+ Azxity + Aexoky + A7xa2ty
or equivalently
(Ao — Azky — Ast))x) = —(Aeka + A712)x,, (59)

(A4 — A6k1 — A7l])§2 = (Azkz =+ A312)§1. (60)

Recalling Property 4, (4,, — A,k — A;t;) is always non-singular for distinct m, n and [, and (4,,k, + A,t2) is
non-singular for distinct 7 and n unless k3 + 73 = 0. So from (59) and (60), k3 + #3#0 unless both x; and x,
are equal to zero. Also from (59) and (60), x; = 0 if and only if x, = 0.

From (59), we have

X, = =5 + ) (Aeka + A712)T (g — Asky — Ast)x;. (61)
Also, from (60), we have an equivalent form of x,:
Xy = (14 k7 + 1) (As — Agky — A711) (Azks + A3tr)x,. (62)
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Using (61) in (60) yields Mx; = 0 where
M =M+ M, (63)
with M| = A,k, + Ast, and
M, = (k3 + 85)' (A4 — Agky — A7t1)(Askz + A712) (Ao — Acky — Asty).
Clearly, x, #0 if and only if M is singular. Summarizing the above, we have that (47) holds if and only if M is
singular, x, satisfies Mx; = 0, and x, satisfies (61).
To reveal a property of MTM, we now apply Property 4 to obtain that MM IT = (k% + 13)Is and
MoMT = (k5 + 8)"'(1 + & + £)*I5. Furthermore,
M—IFMQ = (k% + l%)il(Agkz + Aglz)(A4Azk2 + A4A—7rlz — k]kz]g — A6A—7rkll‘2 — A7A;Jrl]k2 — lllzlg)
x(Ao — Azky — A311)
= M21 + M2, (64)
where

Mooy = (5 + B8) (AT ky + AT2) [AsAT ks + AsAT 1y + AgAT(—k1t2 + kat))) (Ao — Aok — Asty),  (65)

Am

Moo = — (3 +8) (AT ks + ATt2) (1112 + kiko) (Ao — Asky — Azty)
= — (k% + l‘%)il(ﬁ Hh+ k]kz)(A;szAo — kikoIg — A§A3Z]k2 + A;l‘zAg — A;rtzAzk] — hitoly). (66)
Using Property 2 and (66) yields

Mooy + My, =206+ 65)” (162 + kaka) I (67)
Therefore,
M™M= M{M\ + MMz + M1 + Mena+ MYy, + My,
=[(k5 +6) + (k5 + 8) " (1 + ki + ) + 205 + 65) (ks + 0102 /s + Mooy + MY, . (68)
M N

It is straightforward to verify that
N = Mch,l + M;rlz)l
=2(k3 + 65) ' [A3 kaAp Ao + A3 ta Ay Ag — ka A Ayt A3 — A3 hAprky Ad] . (69)

0

We note that ALAM = c4Ig where ¢4 = t% + k% + (kyty — lzkl)z. It is also straightforward to verify that
WoW§ = cAl. (70)
We now need to prove Wy+# + ¢41Ig. Suppose Wy = +c,1Ig. Then,
A koAy Ao + A3 ta Ay Ag — ka Ay Ayiti A3 — A3 b Ak Ay = Eeqly

which can be rewritten as
ko A3 (Ao — Ast) = £ (An)" — A3 (Ao — k1 42), (71)
where f(Ay) = A} Agky + A} A7ty + AL A7(—kita + katy).

Note that f(4,) is antisymmetric, and f(4,,) f(44) = c4ls. For A, where k+(4,6,7), A;AM :f(AM)Az.
From (71), we have

(k3 + 83)Ag = (Aaks + A3t )£ T (Ay) — A As(katy — ki 1)) (72)
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We now multiply (72) by Ag to yield
—(k3 + B) AT Ay = — (A3 Aok + D){E/T(Ay) — AT Aa(katy — ky12))
= =+ [k%A;rAQAIAé + k2l2A§A2A1A7 + ko(kot) — kll‘z)At{AzAgAﬂ
+ tof (Au) + (= Dhkalkaty — kit2)Is + A3 As(katy — kit)tr. (73)

Applying Properties 2 and 5, we add Eq. (73) to its transposed version to yield

ko i(k2A§A2A1A6 + I2A§A2A}A7 + (kzl] — Kk lz)A;rAzAgAﬂ + (—1)(k2l1 — k]lz)]g =0. (74)

Fy

Recall k3 + #0. From the definition of F, shown in (74), it is easy to verify that FoFj =
(k3 + & + (katy — t1ky)* g # (katy — t1ky)*. Therefore, (74) implies k, = 0. Similarly, we can multiply (72) by
Ag, and then follow the same analysis as shown above to conclude that #, = 0. Therefore, we have proven by
contradiction that Wy# + c41s.

Since MTM = ¢y I3 + N where N has the eigenvalues j:2(k§ + t%)’ch, M is singular if and only if

e =205+ 8) ey (75)
which is equivalent to

[(63 + 57 = (] + 6 + P + 4162 + ki) = 0
and hence (51).

4.6. Proof of Lemma 4.3.1

Given the definitions of v, and v; shown in (44), it follows that
oy = (xf AT Asx) + x] AL A6xy) + (x] A] Aox, — X3 A3 Arx))j
= (x] A{ A6x, — x) A5 Ax));. (76)
Using (61) and Property 3, the first term (ignoring j) in (76) becomes
XTATAsx, = — (k5 + B3) ' xT AT As( Ak + A72) (A — Aoy — A3t1)x,
= — (3 + ) X[ (kaAT Ay — kyhy AT Ay — kot AT A5 + 124T A AT Ay
— k1 AT AgAT Ay — tat) AT Ag AT A3)x,
= — (ks + 8) x| (AT A6 AT Ay — k1 AT A AT 4> — rt1 AT A6 A3 A3) X, (77)

Taking (62) into the second term in (76), we can similarly show that
Xj Ay Asxy = (1 + K + 1) x{ A As(As — Ak — A1) (Aoks + A312)x,
= (1 4+ K+ ) ' x] (AT AsAF A3 — k1 AT AsAL A5 — 1, A3 As AT A3)x, . (78)
Based on (14) and Property 2, we have AITA6A;A0 = A§A2A1A3 = —A§A5A4TA3. Also, recall
1 + k% 4+ 2 = k3 + £3. Therefore,
oy = (15 + 8) ' x[ (2 AT A6 AT Ay + ok AT Ag AT Ay + t21) AT A6 AT A
— [2A§A5AIA3 + k1[2A§A5AgA3 —+ 1 t2A§A5A;A3)£1j
= (I3 4+ ) taxT (ke AT A AT Ay + ) AT A6 AT A3 + k1 AT AsAT A3 + 1, AT A5 AT 43)x,j. (79)

My
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In order to prove y‘z'[y3 =0, it remains to prove EITMN& =0. By Lemma 4.3.1.1, Mx;, =0 and
MT™M = cp I3 + N. From the property of N, it follows that range(cyIgs + N) and range(cy Iy — N) are
orthogonal complement of each other. Therefore, the solution space of Mx; =0 is given by the range of
Mo=cyls — N, ie., x; = My for any real vector v. Then, x] Myx, = 0 if and only if v" MJ My Myv = 0 for
any v. The proof of QTMgMNMoy = 0 is straightforward but very lengthy, the details of which are given in
the Appendix.

To prove 25124 =0, we need to exchange A, with A3 and A¢ with 47 in the proof for y?g = 0. With
Property 6, (14) still holds after the double exchanges. So, the proof of vily, = 0 is basically identical to the
proof of vtly; = 0.

4.7. Proof of Lemma 4.3

Each vector in [v;, v,, 13, v4] depends on two out of eight HR matrices satisfying (14). Exchanging any two
vectors in [v;, v,, U3, V4] 1S equivalent to exchanging two pairs of HR matrices. With Property 6, condition (14)
continues to hold under any even number of exchanges of HR matrices. Therefore, following the same proof
as for Lemma 4.3.1, if any three vectors in [v;,1,, 03, 0,] are linearly dependent of each other, they must be
orthogonal to the fourth vector.

5. Further remarks on the non-orthogonal HR codes
5.1. Full diversity non-orthogonal HR codes

Like the quasi-orthogonal codes, the non-orthogonal HR codes can also be made full diversity by
introducing proper diversity in symbol constellations. While the best method to achieve full diversity of the
non-orthogonal HR codes is still an open problem, we give one method here to achieve full diversity. Consider
the codeword as in (45). Let each complex element of x,(i) + jx,(7), i = 1,2, 3,4, be from the constellation set
of exp[jn(m/4 4+ 1/6)], m = 1,3,5,7, and each complex element of x; (i) + jx,(i), i = 5,6,7,8, be from another
constellation set exp(jnum/4), m = 1,3,5,7. Through exhaustive search, it has been verified that the rank of the
four column code matrix is always four.

5.2. Simulation

To illustrate the performance of the non-orthogonal HR codes, we show a simulation example. For a
system of single receiver and four transmitters, each block of received data can be expressed as

y=Cx)h+n, (80)

where we assume

e The entries of the fading vector /4 are i.i.d. Gaussian distributed with unit variance.

e The entries of the noise vector n are i.i.d. Gaussian distributed of variance o2, x 4 x 107""5NR where SNR is
the dB value of the ratio of the transmitted power over the noise variance. Here, o2, is dependent on
modulations. For example, 62, = 2 for 4-QAM (four symbols on the corners of a square of side equal to 2),
o2, =1 for QPSK (four symbols uniformly spaced on a circle of unit radius), and 2, = 10 for 16-QAM.

The factor 4 is due to four transmitters.
e The code matrix C(x) is given by (45).

An alternative form of (80) is as follows:
R(y) X R(n)
30 ) =\ 5 ) T sw ) @1
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Fig. 2. Averaged bit error rate versus SNR for four space-time block codes. The data rate for all codes is 2 bits/s/Hz. A system of four
transmitters and one receiver is considered.

where

_ Z?:O Alg{(hl) Z?:O Ai+43(h[)

= . 82
(z?_oAiS(hi) E?_oAi+4m(h,~)> (52

We used (81) with a sphere decoding algorithm [35-37] to detect x. For each realization of x, we chose an
independent realization of 4 and n.

In our simulation, we compared the four different codes: the quasi-orthogonal code [11], and the full rank
quasi-orthogonal code with the constellation rotation given in [14,16], the non-orthogonal code (44), and
the half-rate complex orthogonal code [9]. To ensure the same bit rate, we used QPSK for the first two codes,
4-QAM for the third code, and 16-QAM for the fourth code.

The performances of the four different codes are compared in Fig. 2. The non-orthogonal HR code
(referred to as diversity 3 code in the figure) shows a good performance in a medium range of SNR, i.e., better
than the original quasi-orthogonal code and even the half-rate orthogonal code. The half-rate orthogonal code
performs well at very high SNR because of its full diversity. But the full diversity quasi-orthogonal code
performs the best among the four codes compared.

It is important to remember that the code (44) has diversity no less than three for any constellation while the
full diversity quasi-orthogonal code needs to be readjusted for each different constellation.

6. Conclusion

In this paper, we have investigated STBC that have strong connections with the HR families of matrices.
The key contributions are Theorems 3.1 and 4.1. Theorem 3.1 states that the Type I family of all published as
well as unpublished 4 x 4 unit-rate quasi-orthogonal codes are simply variations from two independent codes
shown in (16) via (15). Theorem 4.1 states that the unit-rate code (44) for four transmitters has a rank no less
than three under any given constellation. To our knowledge, the code (44) is the only known unit-rate linear
dispersion code that is guaranteed to have diversity (at least) three for four transmitters. This is a useful

Please cite this article as: Y. Chang, et al., An insight into space—time block codes using Hurwitz—Radon families of matrices, Signal
Process. (2008), doi:10.1016/j.sigpro.2008.02.011



dx.doi.org/10.1016/j.sigpro.2008.02.011

Y. Chang et al. | Signal Processing 1 (1ill) 11110 21
advantage since it could reduce the physical layer complexity associated with constellation constraint. It
remains a challenge to discover whether or not there exists a linear dispersion code that guarantees a higher
diversity than the code (44) for four transmitters over all possible constellations. It is our hope that the
in-depth analysis shown in this paper will motivate and help this pursuit.
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Appendix A. Proof of vTM{MyMyv =0

The proof is relatively lengthy. We will repeatedly apply Properties 1-7 of the HR matrices as well as
condition (14). To help the presentation of the proof, we will use the sum table to be introduced next.

A.1. Introduction of the sum table

For example, to describe the sum alAlTA2A§A4 + a2A§A6A;A3, we use the following sum table:

coefficients | products of matrices
o [1234) (83)
2 [5673]

where each group of four integers from (0,1,2,3,4,5,6,7) corresponds to a product of four
matrices, i.€.,

+[ijmn]= + AT A4;A} 4, (84)

To describe ﬁlAgA4(oc1AlTA2A3TA4 + a2A§A6A$A3) as another example, we will use

coefficients | Products of matrices
Brou [24][1234] (85)
Broe [24][5673]

From Properties 1(a) and 2(a), it is easy to verify that [241234] = [13]. Because of AITA(,A;AO =
AT ArA A3 = Ay Ay AL A3, we can write [245673] = [245367] = [1670][67] = [01]. Therefore, we can also
express

BiAS Ag(oy AT Ay AS Ay + 0 AL A AT A3)

as

coefficients Products of matrices and simplification
B [24][1234] = [13] (86)
Brae [24][5673] = [245367] = [1670][67] = [01]

Please cite this article as: Y. Chang, et al., An insight into space—time block codes using Hurwitz—Radon families of matrices, Signal
Process. (2008), doi:10.1016/j.sigpro.2008.02.011



dx.doi.org/10.1016/j.sigpro.2008.02.011

22 Y. Chang et al. | Signal Processing 1 (1ill) 11110

A.2. Main body of the proof

From the definition of M, it is straightforward to verify that

M():CMlg—N

= 2(k3 4 )5 — 2ka(k5 + B3) " AS[As AT ks + Ay ATt + A6 AT (=K1t + kat)](Ag — A3ty)
—2(k5 + l%)_lszg[AMlgkz + A4 ATt + As AT (—ki 12 + kat)))(Ag — k1 A42).

With ¢;=k3 + #5 and ca=k 3 + kat;, we can write

coefficients | products of matrices
2cy Ig
—2k3crt [2460]
—2kotocy? [2470]
—2kacacy [2670]
p) o [2463]
M, = kototicy ! [2473]
2kgticacy ! [2673]
—2katacy ! [3460]
—2totacy [3470]
—2catacyt [3670]
2k1kotocy | [3462] = —[2463]
2krtatacyt | [3472] = —[2473]
2kicatacyt | [3672] = —[2673]
Therefore,
coefficients products of matrices
2¢1 Ig
—2k3ci? [2460]
—2kotocy? [2470]
—2kacacy [2670]
Mo =| 2k3ticyt — skikatacy ! = 2c2kocyt [2463]
kototicy ! — 2kytotacy ' = 2cotacy [2473]
2katicacy t — 2kicatacyt = 2c3cy? [2673]
—2kotacy [3460]
—2totacyt [3470]
—2cotacyt [3670]

(87)

(88)

(89)
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From (79) we have

My = klAlTA6A;A2 + [1AFIFA5A;A3 + klAgA5AgA3 + llAgA5A;rA3

23

= k1[1672] + #,[1673] + k[2563] + #1[2573]. (90)
To compute the product MyM y (where M is symmetric), we have
coefficients products of matrices and simplification group index in (95)
2kic1 Ig[1672]) = [1672] 1
—2k k3crt [2460][1672] = [4017] 2
—2k1 kotocy [2470][1672] = —[4016] 3
—2k1 kacocy ! [2670][1672] = —[01] 4
2k1cokocy [2463][1672] = [4317] = [6025] 5
My x k1[1672] = because [1670] = [5243] < [5620] = [1743]
2k1cotacy ! [2473][1672] = —[4316] = [7025] 6
because [1670] = [5243] < [5270] = [1643]
2kic3ert [2673][1672] = —[31] 7
—2k1katocy [3460][1672] = —[3460][5043] = [65] 8
—2kytotacy [3470][1672] = —[3470][5043] = —[57] 9
—2kycatacyt [3670][1672] = —[3012] 10
o1
coefficients products of matrices and simplification group index in (95)
2ti1c1 Ig[1673] = [1673] 11
—2t1k3c;t [2460][1673] = —[2460][5240] = [56] 8
—2t1kotocyt [2470][1673] = —[2470][5240] — [75] 9
—2t1kgcacyt [2670][1673] = —[2013] = [3012] 10
2t cokacyt [2463][1673] = [2417] = —[6053] 12
My x t1[1673] = because [1670] = [5243] < [5630] = [1247]
2t cotocy [2473][1673] = —[2416] = —[7053] 13
because [1670] = [5243] < [5703] = [1624]
2t c3crt [2673][1673] = [21] 14
—2t1kotyey ! [3460][1673] = [4017] 2
—2t1totocy [3470][1673] = —[4016] 3
—2t1cotocy [3670][1673] = —[01] 4
92)
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coefficients products of matrices and simplification group index in (95)
2k1c1 I3[2563] = [2563] 2
—2k1k3c;t [2460][2563] = —[4053] 1
—2k;1 katacy [2470][2563] = [2470][1407] = —[12] 14
—2kykacacy ! [2670][2563] = [7053] 13
My x ka[2563] = 2k cokacy ! [2463][2563] = [45] 15
2kycotacy [2473][2563] = —[4756] = —[3012] 10
because [1670] = [5243] < [1230] = [5647]
2k cder? [2673][2563] = —[75] 9
—2ky kotocy [3460][2563] = —[4025] 11
—2kytatacyt [3470][2563] = [3470][1407] = [13] 7
—2kycatacy [3670][2563] = [7025] 6
93)
coefficients | products of matrices and simplification | group index in (95)
2t1c Ig[2573] = [2573] 3
—2t1k3crt | [2460][2573] = —[2460][1406] = —[21] 14
—2t1kotocy [2470][2573] = —[4053] 1
—2t1kacacy [2670][2573] = —[6053] 12
Mo x t1[2573] =|  2¢t;cokacy [2463][2573] = —[4657] = [3012] 10 (94)
2ty cotocy [2473][2573] = [45] 15
2ty c3e; [2673][2573] = [65] 8
—2t1kotacy ' | [3460][2573] = —[3460][1406] = [13] 7
—2t1tatac [3470][2573] = —[4025] 11
—2t1cotacy ! [3670][2573] = —[6025] 5

The following table shows how the common terms in the previous four tables are combined.
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Group index Final Sum
1 2k1c1[1672]
2 2k1¢1[2563]
3 2t1¢1[2573]
4 0
5 0
6 0
7 —2k1cdey H[31) + (—2kitatacy ) (—[13]) + (—2t1katacy H)[13]
8 —2ky kotacy H[65] + —2t1k3e; H[56] + 2ty c3e; t[65] ©3)
9 2kitatocy HBT] + 2ty katocy H[75] + —2kicde; H[75]
10 0
11 2t1¢1[1673]
12 0
13 0
14 2tyc3ey H[21] + 2k katocy M[12] + 2t k3cy H[21]
15 0
Therefore,
coefficients products of matrices
2k1c1 [1672]
2kicy [2563]
2t1c1 [2573]
MoMy = 2t1c1 [1673] (96)
2k1c%cf1 + 2k1t%cf1 — 2t1]€2t20;1 [13]
2tycdert + 2t kdert — 2kikotocy ! [65]
2kyc3ert + 2kitde;t — 2t katacy [57]
—2t1c3cr ! — 2t1k3ert + 2k kotacy [12]

We now need to multiply each term of MyMy, ie., (96), by M, from right. Note that
QT(AZAiAjTA,AqTA,) v=0 and v"(4] 4;)v = 0 for any vector v and distinct indices. So, we will use [kijtqr]~0
and [ki]~0 to denote that the corresponding terms become zero after being multiplied by v from left and right.
We will use

E1i2k1c§cf1 =+ 2k1[§€?1 — 2[1k212€171, (97)

E,= 2Z]C2C1 +2l1k2€1 —2k1k2Z2C1_1, (98)
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coefficients products of matrices and simplification | group index
2kic12¢1 [1672]Is = [1672] 1
—2kyc12k3cy? [1672][2460] = [1740] 2
—2ky¢12kotocy [1672][2470] = —[1640] 3
—2k1¢12kpcocy ! [1672][2670] = —[10] ~ 0
2k1c12¢0kocy [1672][2463] = [1743] 4
2k1c12cotoc [1672][2473] = —[1643] 5
2kic12¢3c;t [1672][2673] = —[13] ~ O
—2k1¢12katocs [1672][3460] = [172340] ~ 0
—2k1¢12tatocy ! [1672][3470] = —[162340] ~ 0
—2kyc12¢otac] [1672][3670] = —[1230] 6

coefficients products of matrices and simplification | group index
2k1¢12¢1 [2563] I = [2563] 2
—2k1c12k3cy? [2563][2460] = —[5340] 1
—2k1¢12kotacy [2563][2470] = —[563470] ~ 0
—2kyc12kacocy ! [2563][2670] = [5370] 7
2k1c12cokocy [2563][2463] = [54] ~ 0
2k1c12¢otacy ! [2563][2473] = —[5647] 6
2k1c12¢3c; ! [2563][2673] = [57] ~ 0
—2k;¢12katacy [2563][3460] = —[2540] 8
—2ky¢12tatocy ! [2563][3470] = [256470] ~ 0
—2ky¢12¢otacy [2563][3670] = [2570] 5

99)

(100)
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coefficients products of matrices and simplification | group index
2t1¢12¢1 [2573] g = [2573] 3
—2t1¢12k3c;t [2573][2460] = —[573460] ~ 0
—2t1¢12katocy ! [2573][2470] = —[5340] 1
—2t1¢12kacocy [2573][2670] = —[5360] 9
2t1¢1[2573] X M, =| 2t1¢12¢0kacy! [2573][2463] = —[5746] 6 (101)
2ty c12¢0tac; [2573][2473] = [54] ~ 0
2t1¢12c3crt [2573][2673] = [56] ~ 0
—2t1¢12katocyt [2573][3460] = [257460] ~ 0
—2t1¢12tgtacy ! [2573][3470] = —[2540] 8
—2t1¢12¢0tc] ! [2573][3670] = —[2560] 4
coefficients products of matrices simplification | group index
2t1c12¢1 [1673]Is = [1673] 8
—2t1¢12k3cr ! [1673][2460] = [173240] ~ 0
—2t1¢12katacyt | [1673][2470] = —[163240] ~ 0
—2t1¢12kacocy [1673][2670] = —[1320] 6
2t1¢1[1673] x M, =| 2t1¢12c0kacy [1673][2463] = [1724] 9 (102)
2t1c12¢otacy [1673][2473] = —[1624] 7
2tyc12¢3¢; [1673][2673] = [12] ~ 0
—2t1¢12kotacy ! [1673][3460] = [1740] 2
—2t1¢12tatacy [1673][3470] = —[1640] 3
—2t1¢12¢0t0cy [1673][3670] = —[10] ~ 0
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Ey[13] x M, =

E1 [57] X Mo =
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coefficients | products of matrices and simplification | group index
Ei2¢y [13]Is = [13] ~ 0
—E12k3c;? [13][2460] = [132460

—El 2k2t2 Cl_l

—E12k2626;1

E12cokacyt [13][2463] = —[1246] 7
E12cotacyt [13][2473] = —[1247] 9

Ey2c3ct [13][2673] = —[1267] 1
—E2kotacyt [13][3460] = [1460] 3
— B 2totycy [13][3470] = [1470] 2
—E12catact [13][3670] = [1670] 10

coefficients | products of matrices and simplification | group index
E2¢; [57]Ig = [57] ~ 0
—E12k3c;? [57][2460] = [572460] ~ 0
—E12kotoct [57][2470] = [5240] 8
—E12kgcacy? [57][2670] = [5260] 4
E12cokacyt [57][2463] = [572463] ~ 0
E12cotacyt [57][2473] = [5243] 10
Er2c3ci? [57][2673] = [5263] 2
—E12kotacyt [57][3460] = [573460] ~ 0
—E2totacy [57][3470] = [5340] 1
—E12catac [57][3670] = [5360] 9

(103)

(104)
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coefficients products of matrices and simplification | group index
—E»2¢y [12]Ig = [12] ~ O
Ex2k3c! [12][2460] = [1460] 3
Ex2kstacy [12][2470] = [1470] 2
Es2kacocy? [12][2670] = [1670] 10
—E3[12] x M, =| —Ey2cokacy? [12][2463] = [1463] 5 (105)
—Es2catacyt [12][2473] = [1473] 4
—Es2cc;t [12][2673] = [1673] 8
Eo2kotocy? [12][3460] = [123460] ~ 0
Eo2totacy! [12][3470] = [123470] ~ 0
Eo2cytycy?t [12][3670] = [123670] ~ 0
coefficients products of matrices group index
Es2¢; [65]I3 = [65] ~ 0
—Ey2k3c;? [65][2460] = —[5240] 8
—Ex2kotacyt | [65][2470] = [652470] ~ 0
—Ey2kgcocy [65][2670] = [5270] 5
E5[65] X My, =| Es2cokocy? [65][2463] = —[5243] 10 (106)
E2cotacy! | [65][2473] = [652473] ~ 0
Eo2c3ci? [65][2673] = [5273] 3
—Es2kotacyt [65][3460] = —[5340] 1
—Ex2totacy | [65][3470] = [653470] ~ 0
—Bs2catacy [65][3670] = [5370] 7

There are 10 distinct groups of common terms in the previous eight tables. All the common terms cancel
each other as shown by the following tables.
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The 1st group:
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coefficients product of matrices
2k1c12¢1 [1672]
—2kyc12k3cy —[5340] = —[1672]
because [1670] = [5243] < [1672] = —[5043]
—2t1¢12katacTt —[5340]
Ey2c3crt —[1267] = —[1672]
—Ej2tatacyt [5340]
—Ey2ksotocyt —[5340]
The 2nd group:
coefficients product of matrices
—2ky¢12k3cr [1740]
2k1c12¢1 [2563] = —[1740]
because [1670] = [5243] <> [1470] = —[5263] | 0
—2t1¢12ktacy ! [1740]
—E12tatacy ! [1470] = —[1740]
Er2c¢3crt [5263] = [1740]
Eo2ksotocy! [1470]
The 3rd group:
coefficients product of matrices
—2ky¢12kotocy —[1640]
2t1¢12¢1 [2573] = [1640]
because [1670] = [5243] < [1640] = —[5273] o
—2t1¢1 2gtpc] ! —[1640] '
—E12kotacyt [1460] = —[1640]
Eo2k2cy? [1460]
Ex2c3ct [5273] = —[1640]

(107)

(108)

(109)
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The 4th group of terms in the sum is

coefficients product of matrices
2k1¢12¢okacy [1743]
—2t1¢12¢otoc ! —[2560] = —[1743
1 [2560] = —[1743] _o (110)
because [1670] = [5243] < [1473] = [5260]
—F12kacocy [5260] = —[1743]
—Ey2cotacyt [1473] = —[1743]
The 5th group:
coefficients product of matrices
2k1c12¢atacy —[1643]
—2k;c12catacy [2570] = —[1643] 0 i
because [1670] = [5243] < [1643] = [5270] '
—E2cokocy? [1463] = —[1643]
—Ey2kycpcy? [5270] = [1643]
The 6th group:
coefficients product of matrices
—2k161262t261_1 —[1230]
2k1c12¢otac —[5647] = —[1230] o 1)
because [1670] = [5243] < [5674] = [1203] '
2t1¢12¢0kacy —[5746] = [1230]
—2t1¢12kococ) —[1320] = [1230]
The 7th group:
coefficients product of matrices
—2ky¢12kocacy ! [5370]
2t1¢12¢otac] —[1624] = —[5370] 0 a13)
because [1670] = [5243] < [5370] = [1246] .
Ey2cokact —[1246] = —[5370]
—Ey2cotocy [5370]
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The 8th group:

coefficients product of matrices
—2ky¢12kotocy —[2540]
—2t1¢12totacy ! —[2540]
2t1¢12¢1 1673] = [2540
because [1670] [: [52]43] [(:) [11373] = —[5240] -0 (19
—E12kotocyt [5240] = —[2540]
—EBs2c}crt [1673]
—Ey2k3cr? —[5240]
The 9th group:
coefficients product of matrices
—2t1¢12kococ] —[5360]
2t1¢12¢0koc [1724] = —[5360] 0 1s)
because [1670] = [5243] < [1274] = [5603]
Er2catacyt —[1247] = [5360]
—E12¢atacy [5360]
The 10th group:
coefficients | product of matrices
—E12catacyt [1670]
Ey2¢cotocy! [5243] = [1670] |=0 (116)
Eo2kococy! [1670]
Eo2cokacyt | —[5243] = —[1670]
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