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Abstract—We propose a new method for reconstruction of
sparse signals with and without noisy perturbations, termed the
subspace pursuit algorithm. The algorithm has two important
characteristics: low computational complexity, comparable to
that of orthogonal matching pursuit techniques, and reconstruc-
tion accuracy of the same order as that of LP optimization
methods. The presented analysis shows that in the noiseless
setting, the proposed algorithm can exactly reconstruct arbitrary
sparse signals provided that the sensing matrix satisfies the
restricted isometry property with a constant parameter. In the
noisy setting and in the case that the signal is not exactly sparse,
it can be shown that the mean squared error of the reconstruction
is upper bounded by constant multiples of the measurement and
signal perturbation energies.

Index Terms—Compressive sensing, orthogonal matching pur-
suit, reconstruction algorithms, restricted isometry property,
sparse signal reconstruction

I. INTRODUCTION

Compressive sensing (CS) is a method closely connected
to transform coding, a compression technique widely used
in modern communication systems involving large scale data
samples. A transform code converts input signals, embedded
in a high dimensional space, into signals that lie in a space of
significantly smaller dimension. Examples of transform coders
include the well known wavelet transforms and the ubiquitous
Fourier transform.

Compressive sensing techniques perform transform cod-
ing successfully whenever applied to so-called compressible
and/or K -sparse signals, i.e., signals that can be represented by
K < N significant coefficients over an N-dimensional basis.
Encoding of a K-sparse, discrete-time signal x of dimension
N is accomplished by computing a measurement vector y
that consists of m < N linear projections of the vector x,
compactly described via

y = &x.

Here, ® represents an m x N matrix, usually over the field
of real numbers. Within this framework, the projection basis
is assumed to be incoherent with the basis in which the signal
has a sparse representation [2].
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*At the time of writing this manuscript, the authors became aware of
the related work by J. Tropp, D. Needell and R. Vershynin [1], where
similar reconstruction algorithms are designed. Our results were developed
independently, and we believe that there are significant differences in these
two proposed reconstruction approaches.

Although the reconstruction of the signal x € RY from the
possibly noisy random projections is an ill-posed problem, the
strong prior knowledge of signal sparsity allows for recovering
x using m < N projections only. One of the outstanding
results in CS theory is that the signal x can be reconstructed
using optimization strategies aimed at finding the sparsest
signal that matches with the m projections. In other words,
the reconstruction problem can be cast as an £, minimization
problem [3]. It can be shown that to reconstruct a K-sparse
signal x, o minimization requires only m = K + 1 random
projections when the signal and the measurements are noise-
free. Unfortunately, solving the ¢y optimization is known to
be NP-hard. This issue has led to a large body of work in CS
theory and practice centered around the design of measurement
and reconstruction algorithms with tractable reconstruction
complexity.

The work by Donoho and Candes et. al. [2], [4]-[6].
demonstrated that CS reconstruction is, indeed, a polynomial
time problem — albeit under the constraint that more than K41
measurements are used. The key observation behind these
findings is that it is not necessary to resort to £y optimization
to recover X from the under-determined inverse problem; a
much easier ¢; optimization, based on Linear Programming
(LP) techniques, yields an equivalent solution, as long as the
sampling matrix ® satisfies the so called restricted isometry
property (RIP) with a constant parameter.

While LP techniques play an important role in designing
computationally tractable CS decoders, their complexity is
still highly impractical for many applications. In such cases,
the need for faster decoding algorithms - preferably operating
in linear time - is of critical importance, even if one has
to increase the number of measurements. Several classes of
low-complexity reconstruction techniques were recently put
forward as alternatives to linear programming (LP) based
recovery, which include group testing methods [7], and al-
gorithms based on belief propagation [8].

Recently, a family of iterative greedy algorithms received
significant attention due to their low complexity and simple
geometric interpretation. They include the Orthogonal Match-
ing Pursuit (OMP), the Regularized OMP (ROMP) and the
Stagewise OMP (StOMP) algorithms. The basic idea behind
these methods is to find the support of the unknown signal
sequentially. At each iteration of the algorithms, one or several
coordinates of the vector x are selected for testing based
on the correlation values between the columns of ® and
the regularized measurement vector. If deemed sufficiently



Form Approved

Report Documentation Page OMB No. 0704-0188

Public reporting burden for the collection of information is estimated to average 1 hour per response, including the time for reviewing instructions, searching existing data sources, gathering and
maintaining the data needed, and completing and reviewing the collection of information. Send comments regarding this burden estimate or any other aspect of this collection of information,
including suggestions for reducing this burden, to Washington Headquarters Services, Directorate for Information Operations and Reports, 1215 Jefferson Davis Highway, Suite 1204, Arlington
VA 22202-4302. Respondents should be aware that notwithstanding any other provision of law, no person shall be subject to a penalty for failing to comply with a collection of information if it
does not display a currently valid OMB control number.

1. REPORT DATE 3. DATES COVERED
2008 2. REPORT TYPE 00-00-2008 to 00-00-2008
4. TITLE AND SUBTITLE 5a CONTRACT NUMBER

Subspace Pursuit for Compressive Sensing: Closing the Gap Between 5b. GRANT NUMBER

Performance and Complexity
5c. PROGRAM ELEMENT NUMBER

6. AUTHOR(S) 5d. PROJECT NUMBER

5e. TASK NUMBER

5f. WORK UNIT NUMBER

7. PERFORMING ORGANIZATION NAME(S) AND ADDRESS(ES) 8. PERFORMING ORGANIZATION
Department of Electrical and Computer Engineering,University of Illinois | REPORT NUMBER
at Urbana-Champaign,Urbana-Champaign,| L

9. SPONSORING/MONITORING AGENCY NAME(S) AND ADDRESS(ES) 10. SPONSOR/MONITOR'S
ACRONYM(S)

11. SPONSOR/MONITOR’S REPORT
NUMBER(S)

12. DISTRIBUTION/AVAILABILITY STATEMENT
Approved for public release; distribution unlimited

13. SUPPLEMENTARY NOTES

14. ABSTRACT

We propose a new method for reconstruction of sparse signalswith and without noisy perturbations,
termed the subspace pursuit algorithm. The algorithm hastwo important char acteristics: low
computational complexity, compar able to that of orthogonal matching pursuit techniques, and
reconstruction accuracy of the same order asthat of L P optimization methods. The presented analysis
showsthat in the noiseless setting, the proposed algorithm can exactly reconstruct arbitrary sparse signals
provided that the sensing matrix satisfiestherestricted isometry property with a constant parameter. In
the noisy setting and in the case that the signal isnot exactly sparseit can be shown that the mean squared
error of the reconstruction isupper bounded by constant multiples of the measurement and signal
perturbation energies.

15. SUBJECT TERMS

16. SECURITY CLASSIFICATION OF: 17. LIMITATION 18. NUMBER 19a. NAME OF
OF ABSTRACT OF PAGES RESPONSIBLE
PERSON
a REPORT b. ABSTRACT c. THISPAGE Sarne as 18
unclassified unclassified unclassified Report
(SAR)

Standard Form 298 (Rev. 8-98)
Prescribed by ANSI Std Z39-18



reliable, the candidates are subsequently added to the current
estimate of the support set of x. The pursuit algorithms iterate
this procedure until all the coordinates in the correct support
are in the estimated support. The computational complexity of
OMP strategies depends on the number of iterations needed
for exact reconstruction: standard OMP always runs through
K iterations, and therefore its reconstruction complexity is
roughly O (KmN). This complexity is significantly smaller
than that of LP methods, especially when the signal sparsity
level K is small. However, the pursuit algorithms do not have
provable reconstruction quality of the level of LP methods. For
OMP techniques to operate successfully, one requires that the
correlation between all pairs of columns of ® is at most 1/2K
[9], which by the Gershgorin Circle Theorem [10], represents
a more restrictive constraint than the RIP. The ROMP algo-
rithm [11] can reconstruct all K -sparse signals provided that
the RIP holds with parameter dx < 0.06/+/log K, which
strengthens the RIP requirements for ¢;-linear programming
by a factor of /log K.

The main contribution of this paper is a new algorithm,
termed the subspace pursuit (SP) algorithm, which exhibits
low reconstruction complexity of matching pursuit techniques,
but has provable reconstruction capability comparable to that
of LP methods. The algorithm can operate both in the noiseless
and noisy regime, allowing for exact and approximate signal
recovery, respectively. For any sampling matrix ® satisfying
the RIP with a constant parameter independent on K, the
SP algorithm can recover arbitrary K-sparse signals exactly
from its noiseless measurements. When the measurements
are inaccurate and/or the signal is not sufficiently sparse,
the reconstruction distortion is upper bounded by a constant
multiple of the measurement and/or signal perturbation en-
ergy. The computational complexity of the SP algorithm is
upper bounded by O (mNK), but can be further reduced to
O (mN log K') when the nonzero entries of the sparse signal
decay slowly.

The basic idea behind the SP algorithm is borrowed from
sequential coding theory with backtracking, more precisely,
the A* order-statistic algorithm [12]. In this decoding frame-
work, one first selects a set of K codewords of highest
reliability that span the codespace. If the distance of the
received vector to this space is deemed large, the algorithm
incrementally removes and adds new basis vectors according
to their reliability values, until a sufficiently close candidate
codeword is identified. SP employs a similar strategy, except
for the fact that at each step, the same number of vectors
is expurgated from the candidate list. This feature is mainly
introduced for simplicity of analysis: one can easily extend
the algorithm to include adaptive expurgation strategies that
do not necessarily work with fixed-sized lists.

In compressive sensing, the major challenge associated with
sparse signal reconstruction is to identify in which subspace,
generated by not more than K columns of the matrix ®,
the measured signal y lies in. Once the correct subspace is
determined, the non-zero signal coefficients are calculated by
applying the pseudoinversion process. The defining character
of the SP algorithm is the method used for finding the K
columns that span the correct subspace: SP tests subsets of

K columns in a group, for the purpose of refining at each
stage an initially chosen estimate for the subspace. More
specifically, the algorithm maintains a list of K columns of ®,
performs a simple test in the spanned space, and then refines
the list. If y does not lie in the current estimate for the correct
spanning space, one refines the estimate by retaining reliable
candidates, discarding the unreliable ones while adding the
same number of new candidates. The “reliability property” is
captured in terms of the order statistics of the inner products
of the received signal with the columns of ®, and the subspace
projection coefficients.

As a consequence, the main difference between ROMP and
the SP reconstruction strategy is that the former algorithm
generates a list of candidates sequentially, without back-
tracing: it starts with an empty list, identifies one or several
reliable candidates during each iteration, and adds them to
the already existing list. Once a coordinate is deemed to be
reliable and is added to the list, it is not removed from it
until terminating the algorithm. This search strategy is overly
restrictive, since candidates have to be selected with extreme
caution. In contrast, the SP algorithm incorporates a simple
method for re-evaluating the reliability of all candidates at
each iteration of the process.

The remainder of the paper is organized as follows. Sec-
tion II introduces relevant concepts and terminology for de-
scribing the proposed CS reconstruction technique. Section III
contains the algorithmic description of the SP algorithm, along
with a simulation-based study of its performance when com-
pared to OMP, ROMP, and LP methods. Section IV contains
the main result of the paper pertaining to the noiseless setting:
a formal proof for the guaranteed reconstruction performance
and the reconstruction complexity of the SP algorithm. Sec-
tion V contains the main result of the paper pertaining to the
noisy setting. Concluding remarks are given in Section VI,
while proofs of most of the theorems are presented in the
Appendix of the paper.

II. PRELIMINARIES
A. Compressive Sensing and the Restricted Isometry Property

Let supp(x) denote the set of indices of the non-zero
coordinates of an arbitrary vector x = (z1,...,zy), and let
|supp(x)| = || - || denote the support size of x, or equivalently,
its /o norm !. Assume next that x € R" is an unknown signal
with [supp(x)| < K, and let y € R™ be an observation of x
via M linear measurements, i.e.,

y:(I)Xv

where @ € R™*N is henceforth referred to as the sampling
matrix.

We are concerned with the problem of low-complexity
recovery of the unknown signal x from the measurement y.
A natural formulation of the recovery problem is within an ¢
norm minimization framework which seeks a solution to the
problem

min ||x||, subject toy = ®x.

'We interchangeably use both notations in the paper.



Unfortunately, solving the above ¢y minimization problem is
NP-hard and therefore not practical [4], [5].

One way to avoid using this computationally intractable for-
mulation is to refer to an ¢;-regularized optimization settings,
ie.,

min ||x||; subject toy = ®x,

where
N

Ixlly = 3 Jel
i=1
denotes the ¢; norm of the vector x.

The main advantage of the ¢; minimization approach is that
it is a convex optimization problem that can be solved effi-
ciently by linear programming (LP) techniques. This method
is therefore frequently referred to as ¢;-LP reconstruction, and
its reconstruction complexity equals O (N 3) [4], [13].

The reconstruction accuracy of the ¢;-LP method is de-
scribed in terms of the so called restricted isometry property
(RIP), formally defined below.

Definition 1 (Truncation): Let ® € R™*N and let I C
{1,---,N}. The matrix ®; consists of the columns of ®
with indices ¢ € I. The space spanned by the columns of ®;
is denoted by span (®;).

Definition 2 (RIP): A matrix & € R™*V is said to satisfy
the Restricted Isometry Property (RIP) with parameters (K, §)
for K <m, 0 <¢§ <1, if for all index sets I C {1,---,N}
such that |I| < K and for all q € RH!. one has

(1= 3)llall; < [®rall; < (1+6) al.

We define dx to be the infimum of all parameters § for
which the RIP holds, i.e.

ic i=inf {6 (1-6) llall} < |1ral3 < (1+3) a3,

V|| < K, vqeR‘”}.

Remark 1 (RIP and eigenvalues): If a sampling matrix
® ¢ R™*N satisfies the RIP with parameters (K, Jx ), then
forall 7 C {1,---, N} such that |I| < K, it holds that

1-—- 6K S )\min (Q?(I)I) S )\max (QFQI) S 1 + 6Ka

where Apin and Apax denote the minimum and maximum
eigenvalues of ®, respectively.

Remark 2 (Matrices satisfying the RIP): Most known ex-
amples of matrices satisfying the RIP property with optimal
or near-optimal performance guarantees are random. Examples
include:

1) Random matrices with i.i.d. entries that follow either
the Gaussian distribution, Bernoulli distribution with
zero mean and variance 1/n, or any other distribution
that satisfies certain tail decay laws. It was shown in
[13] that the RIP for a randomly chosen matrix from
such ensembles holds with overwhelming probability

whenever
m

log (N/m)’

where C is a function of the RIP parameter.

K<C

2) Random matrices from the Fourier ensemble. Here, one
randomly selects m rows from the N x N discrete
Fourier transform matrix uniformly at random. Upon
selection, the columns of the matrix are scaled to unit
norm. The resulting matrix satisfies the RIP with over-
whelming probability provided that

m
(log N)®’
where C' depends only on the RIP parameter.

<C

There exists an intimate relationship between the LP recon-
struction accuracy and the RIP property, first described by
Candés and Tao in [4]. The result in [4] shows that if the
sampling matrix ® satisfies the RIP with parameters g, d2x,
and d3x, such that

0k + 02k + 03 < 1, (D

then the ¢;1-LP algorithm will reconstruct all K -sparse signals
exactly.

For our subsequent derivations, we need two results summa-
rized in the lemma below. The first part of the claim, as well
as a related modification of the second claim also appeared
in [4], [11]. For completeness, we include the proof of the
lemma in Appendix A.

Lemma 1 (Consequences of RIP):

1) (Monotonicity of dk) For any two integers K < K,
O <Ok

2) (Near orthogonality of columns) Let I, J C {1,--- ,N}
be two disjoint sets, I (] .J = ¢. Suppose that 5|[|+|]| <
1. For arbitrary vectors a € R/l and b € RI”I

[(®ra, ®sb)| < 01410 [lally [P,

and
@72 sblly < 0714101 [Pl -

The lemma implies that §x < dox < d3x, which con-
sequently implies that Jsx < 1/3 is a sufficient condition
for exact reconstruction of K-sparse signals. Although this
condition is weaker than the one specified in Equation (1),
we henceforth focus only on characterizing the performance
and complexity of the SP algorithm with respect to this
parameter. Our motivation for slightly weakening this RIP
parameter bound is to simplify the notation used in most of
the proofs, and to provide a fair comparison between different
reconstruction strategies.

In order to describe the main steps of the SP algorithm, we
introduce next the notion of the projection of a vector and its
residue.

Definition 3 (Projection and Residue): Let y € R™ and
®; ¢ R™*I_ Suppose that ®7P; is invertible. The projection
of y onto span (®;) is defined as

Yp = pI'Oj (y7¢[) == q)l(}[ya

where
® = (@79, &}



denotes the pseudo-inverse of the matrix ®;, and * stands for
matrix transposition.
The residue vector of the projection equals

yr = resid (y, 1) ==y — yp-

We find the following properties of projections and residues
of vectors useful for our subsequent derivations.
Lemma 2 (Projection and Residue):
1) (Orthogonality of the residue) For an arbitrary vector
y € R™, and a sampling matrix &; € R™*X of full
column rank, let y, = resid (y, ®;). Then

?yr =0.

2) (Approximation of the projection residue) Consider a
matrix ® € R™N, Let I,J C {1,---N} be two
disjoint sets, /(.J = ¢, and suppose that 74| < 1.
Furthermore, let y € span (®;), y, = proj (y, ®;) and
vy = resid (y, ® ;). Then

O11]+1J|

Iyplly = 7 [yl

= Oj1]+1J|
and

Ol1]+1J]
L — 611417

(1_

The proof of Lemma 2 can be found in Appendix B.

) 5l < lyelly < 91l

III. THE SP ALGORITHM

The main steps of the SP algorithm can be described as
follows.

Algorithm 1 Subspace Pursuit Algorithm
Input: K, ®,y
Initialization:

T= {K indices corresponding to the largest abso-
lute values of ®*y}.
y, = resid (y, <I>TA).
Iteration:
If y, = 0, quit the iteration; otherwise continue.
T" = T\J{K indices corresponding to the largest
magnitudes of ®*y,}.
Let x, = @TT,y.
T = {K indices corresponding to the largest ele-
ments of x;,}.
yr =resid (y, @) .
If ||¥-|| > |ly-|l, quit the iteration; otherwise, let
T =T and y» = ¥, and continue with a new
iteration.
Output:

The estimated signal X satisfies X, . ny_p

and x; = @;y.

A schematic diagram of the SP algorithm is depicted in
Fig. 1(b). For comparison, a diagram of OMP-type methods is
also provided in Fig. 1(a). The subtle, but important, difference
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span (%)

(a) Iterations in OMP, Stagewise OMP, and Regularized OMP: in each
iteration, one decides on a reliable set of candidate indices to be added
into the list 7'; once a candidate is added, it remains in the list until
the algorithm terminates.

Merge K indices with largest
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(b) Iterations in the proposed Subspace Pursuit Algorithm: a list of K can-
didates, which is allowed to be updated during the iterations, is maintained.

Figure 1. Description of reconstruction algorithms for K -sparse signals:
though both approaches look similar, the basic ideas behind are quite different.

between the two schemes lies in the approach used to generate
T, the estimate of the correct support set T'. In OMP strategies,
during each iteration one decides the algorithm selects one or
several indices that represent good partial support set estimates
and adds them to 7'. Once an index is added into T, it remains
in this set throughout the remainder of the process. As a result,
strict inclusion rules are needed to ensure that a significant
fraction of the newly added indices belongs to the correct
support 7. On the other hand, in the SP algorithm, an estimate
T of size K is maintained and refined during each iteration. An
index, which is considered reliable in some iteration but shown
to be wrong at a later iteration, can be added into or removed
from the estimated support set freely. The expectation is that
the recursive refinements of the estimate of the support set
will lead to subspaces with strictly decreasing distance from
the measurement vector y.

We performed extensive computer simulations in order to
compare the accuracy of different reconstruction algorithms
empirically. In the compressive sensing framework, all sparse
signals are expected to be exactly reconstructed as long as the
level of the sparsity is below a certain threshold. For empirical
testing, we adopt the simulation strategy described in [6] for
simulating the empirical frequency of exact reconstruction.
The steps of the testing strategy are listed below.

1) For given values of the parameters m and N, choose a
signal sparsity level K such that K < m/2;

2) Randomly generate a m x N sampling matrix ® from
the standard i.i.d. Gaussian ensemble;

3) Select a support set T' of size |T'| = K uniformly at



random, and generate the sparse signal vector x by either
one of the following two methods:

a) Draw the elements of the vector x restricted to T’
from the standard Gaussian distribution; we refer
to this type of signal as a Gaussian signal. Or,

b) set all entries of x supported on 7' to ones; we
refer to this type of signal as zero-one signal.

Note that zero-one sparse signals are of spatial interest
for the comparative study, since they represent a partic-
ularly challenging case for OMP-type of reconstruction
strategies.

4) Compute the measurement y = ®x, apply a reconstruc-
tion algorithm to obtain an estimate of x, X, and compare
X to X;

5) Repeat the process 500 times for each K, and then
simulate the same algorithm for different values of m
and N.

The improved reconstruction capability of the SP method,
compared to that of the OMP and ROMP algorithms, is
illustrated by two examples shown in Fig. 2. Here, the signals
are drawn both according to the Gaussian and zero-one model,
and the benchmark performance of the LP reconstruction
technique is plotted as well.

Figure 2 depicts the empirical frequency of exact reconstruc-
tion. The numerical values on the x-axis denote the sparsity
level K, while the numerical values on the y-axis represent
the fraction of exactly recovered test signals. Of particular
interest is the sparsity level at which the recovery rate drops
below 100% - i.e. the critical sparsity - which, when exceeded,
leads to errors in the reconstruction algorithm applied to some
of the signals from the given class.

The simulation results reveal that the critical sparsity of
the SP algorithm by far exceeds that of the OMP and ROMP
techniques, for both Gaussian and zero-one inputs. The re-
construction capability of the SP algorithm is comparable to
that of the LP based approach: the SP algorithm has a slightly
higher critical sparsity for Gaussian signals, but also a slightly
lower critical sparsity for zero-one signals. However, the SP
algorithms significantly outperforms the LP method when
it comes to reconstruction complexity. As we analytically
demonstrate in the exposition to follow, the reconstruction
complexity of the SP algorithm for both Gaussian and zero-
one sparse signals is O (mN log K'). At the same time, the
complexity of LP algorithms based on interior point methods
is O (m2N3/%) [14].

IV. RECOVERY OF SPARSE SIGNAL

For simplicity, we start by analyzing the reconstruction
performance of SP algorithms applied to sparse signals in
the noiseless setting. The techniques used in this context, and
the insights obtained are also applicable to the analysis of
SP reconstruction schemes with signal or/and measurement
perturbations.

A sufficient condition for exact reconstruction of arbitrary
sparse signals is stated in the following theorem.

Theorem 1: Let x € RY be a K-sparse signal, and let
its corresponding measurement be y = ®x € R™. If the
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(b) Simulations for zero-one sparse signals: both OMP and ROMP starts to
fail when K > 10, £1-LP begins to fail when K > 35, and the SP algorithm
fails when K > 29.

Figure 2. Simulations of the exact recovery rate: compared to OMPs, the
SP algorithm has significantly larger critical sparsity.

sampling matrix ® satisfies the RIP with parameter
O3 < 0.06, 2)

then the SP algorithm is guaranteed to exactly recover x from
y via a finite number of iterations.

This sufficient condition is proved by applying Theorems 2
and 6. The computational complexity is related to the number
of iterations required for exact reconstruction, and discussed
at the end of Section IV-C. Before we go to the details, let us
sketch the main ideas behind the proof.

As before, denote the estimate of supp (x) at the beginning
of a given iteration by T, and the estimate of the support set at
the end of the iteration by T, which also serves as the estimate
for the next iteration. Let

Xo = Xp_p and Xg = Xp_ 7.
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Illustration of sets and signal coefficient vectors

Figure 4. After each iteration, a K-dimensional hyper-plane closer to y is
obtained.

The vectors Xo and X( represent the residual signals based
upon the estimates of supp(x) before and after a given iteration
of the SP algorithm is completed, respectively (see Fig. 3 for
illustration). Provided that the sampling matrix ® satisfies the
RIP with constant (2), it holds that

[%olly < lI%oll5

which implies that at each iteration, the SP algorithm identifies
a K-dimensional space that reduces the reconstruction error
of the vector x. See Fig. 4 for an illustration. We are now
ready to formally state this observation as follows.

Theorem 2: Assume that the conditions of Theorem 1 hold.
For each iteration of the SP algorithm, it holds that

[%olly < cx [[%oll5 3)
and L4
~ 3K A R
T < T ac r < T b) 4
I9:11> < T ggexc 191 < 119+ )
where
V10035
Cg = ————.
1— 93K

To prove Theorem 2, we need to take a closer look at the
operations executed during each iteration of the SP algorithm.
During one iteration, two basic sets of computations and com-
parisons are performed: first, given T, K additional candidate
indices for inclusion into the estimate of the support set are
identified; and second, given 7", K reliable indices out of the
total 2K indices are selected for future testing. This set of
candidate indices is represented by 7. In Subsections IV-A
and IV-B, we provide the intuition for choosing to perform
SP support reconstruction according to these rules. Now, let

/
Xo = XT-T"

be the residue signal coefficient vector corresponding to the
support set estimate 7".
To proceed, we need the following two theorems.
Theorem 3: It holds that

V10025

xhll, < ~——2=%

%ol -
The proof of the theorem is postponed to Appendix D.
Theorem 4: The following inequality is valid

1+ 03k

X <
[%oll, < T

HX6||2-

The proof of the result is deferred to Appendix E.

Based on Theorems 3 and 4, one arrives at the result claimed
in Equation (3).

Furthermore, according to Lemmas 1 and 2, we have

71y = llresid (y, ®4)l[,
< H(I’T—TiOHz
< (1 +d3x) ek [%olly

and
901 = ||resid (y, @) ||,
1-25 N
2 1_75;’; ’|'I’T—TX0||2

Y]

(1 —2035) [[%oll5 -

Upon combining the two inequalities described above, we

obtain the following upper bound

1+ 63k

1— 2603k

Finally, elementary calculations show that when d3x < 0.06,
14 631 .
1— 203k K

which completes the proof of Theorem 2.

HS’T”Q < CK HS’THQ

<1,

A. Why Does Correlation Maximization Work for the SP
Algorithm?

Both in the initialization step and during each iteration
of the SP algorithm, we select K indices that maximize
the correlations between the column vectors and the residual
measurement. Henceforth, this step is referred to as correlation
maximization (CM). Consider the ideal case where all columns
of & are orthogonal®. In this scenario, the signal coefficients
can be easily recovered by calculating the correlations (v;,y) -
i.e., all indices with non-zero magnitude are in the correct sup-
port of the sensed vector. Now assume that the sampling matrix
® satisfies the RIP. Recall that the RIP (see Lemma 1) implies
that the columns are locally near-orthogonal. Consequently,
for any j not in the correct support, the magnitude of the
correlation (v;,y) is expected to be small, and more precisely,
upper bounded by dx 1 ||x||,. This seems to provide a very
simple intuition why correlation maximization allows for exact
reconstruction, but the correct problems in reconstruction arise

20f course, in this case no compression is possible.
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Figure 5. Correlation maximization works in the SP setting.

due to the following fact. Although it is clear that for all j ¢ T,
the values of |(v;,y)| are upper bounded by 01 ||x]], it may
also happen that for all € T, the values of |(v;,y)| are small
as well. Dealing with order statistics in this scenario cannot
be immediately proved to be a good reconstruction strategy.
The following example illustrates this point.

Example 1: Without loss of generality, let
T ={1,---,K}. Let the vectors v; (i € T) be orthonormal,
and let the remaining columns v;, j ¢ T, of ® be constructed
randomly, using i.i.d. Gaussian samples. Consider the
following normalized zero-one sparse signal,

1
y = \/TZVZ"

€T

Then, for K sufficiently large,

1
Vi, = — <1, foralll <i< K.
vy = =
It is straightforward to envision the existence of a j ¢ T such

that
1
(v, ¥)| ~ 01 > \/?

The latter inequality is critical, because achieving very small
values for the RIP parameter is a challenging task.

This example represents a particularly challenging case for
the OMP algorithm. Therefore, one of the major constraints
imposed on the OMP algorithm is the requirement that

(Ve ¥} = —= > max |(v;,y)| ~ &
rinéa%{ Vi, Y _\/? Ijnga’lz( Vi ¥)| =~ 0K+1-

To meet this requirement, dx; has to be less than 1/ VK R
which decays fast as K increases.

In contrast, the SP algorithm allows for some j ¢ T to be
such that

mase (v, )] < [(v5,9)].

As long as Equation (2) holds, the indices in the correct
support of x, which account for the most significant part of
the energy of the signal, are captured by the CM procedure.
Detailed descriptions of how this can be achieved are provided
in the proofs of the previously stated Theorems 5 and 3.

Let us first focus on the initialization step. By the definition
of the set T in the initialization stage of the algorithm, the set
of the K selected columns ensures that

@iyl = D v y)P > (1= b)) Ixll,. 5
ieT

This is a consequence of the result of Theorem 5. Now, if we
assume that the estimate 7" is disjoint from the correct support,
ie., that T ()T = ¢, then by the near orthogonality property
of Lemma 1, one has

@5yl < daxc 1]

The last inequality clearly contradicts (5) whenever dor <
dsk < 1/2. Consequently,

T(\T # ¢,

and at least one correct element of the support of x is in the set
T This phenomenon is depicted in Fig. 5 and quantitatively
detailed in Theorem 5.

Theorem 5: After the initialization step, one has

[snel, > Too
X,»
nrT 2 1+§2K

\/802k + 455[(

1+ box

(B3[P}
and

ezl < %Il -

The proof of the theorem is postponed to Appendix C.

To study the effect of correlation maximization during each
iteration, one has to observe that correlation calculations are
performed with respect to the vector

yr = resid (y, ®5)

instead of being performed with respect to the vector y.
As a consequence, to show that the CM process captures a
significant part of residual signal energy requires an analysis
including a number of technical details. These can be found
in the Proof of Theorem 3.

B. Identifying Indices Outside of the Correct Support Set

Note that there are 2K indices in the set 7”, among which
at least K of them do not belong to the correct support set 7'.
In order to expurgate those indices from 7", or equivalently,
in order to find a K-dimensional subspace of the space
span (®7-) closest to y, we need to estimate these K incorrect
indices.

Define AT = T’ — T. This set contains the K indices
which are deemed incorrect. If AT (T = ¢, our estimate of
incorrect indices is perfect. However, sometimes AT (T # ¢.
This means that among the estimated incorrect indices, there
are some candidates that actually belong to the correct support
set T'. The question of interest is how often these correct
indices are erroneously removed from the support estimate,
and how quickly the algorithm manages to restore them back.

First, we claim that the reduction in the |||, norm induced
by such erroneous expurgation is small. The intuitive expla-
nation for this claim is as follows. Let us assume that all the
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indices in the support of x have been successfully captured, or
equivalently, that ' C 7”. When we project y onto the space
span (®7), it can be shown that its corresponding vector x;,
satisfies

!/
Xp = X717,

and that it contains at least K zeros. Consequently, the K
indices with smallest magnitude - equal to zero - are clearly
not in the correct support set.

However, the situation changes when 7" ¢ T”, or equiva-
lently, when T — T" # ¢. After the projection, one has

X;] # X1

The projection vector x;, can be viewed as a smeared version
of x7/ (see Fig. 6 for illustration): the coefficients indexed
by elements outside the support of X may become non-zero;
the coefficients indexed by elements in the support set 7 may
experience changes in their magnitudes. Fortunately, the level
of this smear is proportional to the norm of the residual signal
x(, which can be proved to be small according to the analysis
accompanying Theorem 3. As long as the smear is not severe,
the largest projection coefficients still serve as good estimates
of the correct signal coefficients restricted to 7", and the
correct support set T'. This intuitive explanation is formalized
in the previously stated Theorem 5.

C. Convergence of the SP Algorithm

In this subsection, we upper bound the number of iterations
needed to reconstruct an arbitrary K-sparse signal using the
SP algorithm.

Given an arbitrary K-sparse signal x, we first arrange its
elements in decreasing order of magnitude. Without loss of
generality, assume that

|z1] > |@2| > - > |zK| >0,
and that x; = 0, Vj > K. Define

ek] 1I§Izl‘lgnKxi

Pmin -

NS

i=1%;

Let n;; denote the number of iterations of the SP algorithm
needed for exact reconstruction of x. Then the following
theorem upper bounds n;; in terms of cx and ppy,. It can be
viewed as a bound on the complexity/performance trade-off
for the SP algorithm.

Theorem 6: The number of iterations of the SP algorithm

is upper bounded by
] 1.5-K
" —logcr )

This result is a combination of Theorems 7 and 8, described
below.
Theorem 7: One has

— 10g prmin
—logck

nit < min (

Theorem 8: It can be shown that
1.5 - K

nig < ————.
—logck

The proof of Theorem 7 is intuitively clear and presented
below, while the proof of Theorem 8 is more technical and
postponed to Appendix F.

Proof of Theorem 7: This theorem is proved by a contra-

diction. Let T be the estimate of T after
- IOg Pmin + 1
—logcx

iterations. Suppose that 7' ¢ T, or equivalently, 7" — T £ ¢.

Then
bersl,= [ 3 o
ieT-T

> min 2] = puin [
However, according to Theorem 2,

xr_7]l, < (ex)™ [l
= i prmin |X[ly < puin X[l

where the last inequality follows from the assumption that
cx < 1. This contradiction completes the proof. [ ]
A drawback of Theorem 7 is that it sometimes overestimates
the number of iterations, especially when pni, < 1. The
example to follow illustrates this point.
Example 2: Let K = 2, 21 =29 20 =1, 23 = --- =
zn = 0. Suppose that the sampling matrix ® satisfies the RIP

with
V10035 1
K = ——— = —,
K716 2
Noting that ppi, < 2710, Theorem 6 implies that
Tt S 11.

Indeed, if we take a close look at the steps of the SP algorithm,
we can verify that
ni, < 1.

After the initialization step, by Theorem 5, it can be shown
that



R \/4521( +85%K ||X||2
X < X 2 AR L x < —=,
|| 0”2 — 1 (52 > CK || ||2 — 2

As a result, the estimate T must contain the index one and
[I%o0lly < 1. After the first iteration, since

- 1. 1 .
[%olly < 5 %ol < 5 < minail,

we have T C T.

This example suggests that the upper bound in Equation (7)
can be tightened when pn;, < 1. Based on the idea behind
this example, another approach to upper bounding ni is
described in Theorem 8 and its validity proved in Appendix
F.

It is clear that the number of iterations required for exact
reconstruction depends on the values of the entries of the
sparse signal itself. We therefore focus our attention on the
following three particular classes of sparse signals.

1) Zero-one sparse signals. As explained before, zero-
one signals are in the most challenging reconstruction
category for the well-known OMP algorithm. However,
this class of signals has the best upper bound on the
convergence rate of the SP algorithm. Elementary cal-
culations reveal that ppi, = 1/ VK and that

< log K

ngy < —————.

"= 2log(1/ck)

2) Sparse signals with power-law decaying entries (also

known as compressible sparse signals). Signals in this
category are defined via the following constraint

|i| <ep i P,

for some constants ¢c; > 0 and p > 1. This type of
signals has been widely considered in the CS literature,
since most practical and naturally occurring signals
belong to this class [13]. It follows from Theorem 7
that in this case
plog K
< o
= Tog(1/ex)
where o (1) — 0 when K — oo.
3) Sparse signals with exponentially decaying entries. Sig-
nals in this class satisfy

(1+0(1)),

24| < ¢z - e P,

for some constants ¢, > 0 and p > 0. Theorem 6 implies

that
K .
nip < {bgﬁ.)/;w(“fo(l)) H0<p<LSs
Tog(1/cx) ifp>1.5

where again o (1) — 0 as K — oo.
Simulation results, shown in Fig. 7, indicate that the above
analysis gives the right order of growth in complexity with
respect to the parameter K. To generate the plots of Fig.
7, we set m = 128, N = 256, and run simulations for
different classes of sparse signals. For each type of sparse
signal, we selected different values for the parameter K, and

m=128, N=256, # of realizations=200

—+— Zero-one sparse signal
—— Power law decaying sparse signal: p=2
—&— Exponentially decaying sparse signal: p=log(2)/2

n
i

o
T

Average Number of Iterations : X
w

Figure 7. Convergence of the subspace pursuit algorithm for different signals.

for each K, we selected 200 different randomly generated
Gaussian sampling matrices ¢ and as many different support
sets 1. The plots depict the average number of iterations
versus the signal sparsity level K, and they clearly show that
ni, = O (log (K)) for zero-one signals and sparse signals
with coefficients decaying according to a power law, while
niy = O (K) for sparse signals with exponentially decaying
coefficients.

With the bound on the number of iterations required for
exact reconstruction, the computational complexity of the
complete SP algorithm can be easily estimated. In each
iteration, CM requires m/N computations, while the projec-
tions can be computed with marginal cost O (K'm) by the
Modified Gram-Schmidt (MGS) algorithm [15]. Therefore,
the total complexity of the SP algorithm is O (mN log K)
for compressible sparse signals, and it is upper bounded by
O (mNK) for arbitrary sparse signals.

The complexity of the SP algorithm is comparable to that of
OMP-type algorithms. For the standard OMP algorithm, exact
reconstruction always requires K iterations. The correspond-
ing complexity is O (K'mN). For the ROMP and StOMP algo-
rithms, the challenging signals in terms of convergence rate are
the sparse signals with exponentially decaying entries. When
p is sufficiently large, it can be shown that both ROMP and
StOMP also need O (K) iterations for reconstruction, which
implies computational complexity of the order of O (KmN).

One advantage of the SP algorithm is that the complexity is
reduced to O (mN log K') when compressible sparse signals
are considered. For this class of sparse signals, to the best of
the author’s knowledge, there is no known formal proof that
allows one to bound the complexity of the ROMP and StOMP
algorithm.

V. RECOVERY OF APPROXIMATELY SPARSE SIGNALS
FROM INACCURATE MEASUREMENTS

We consider first a sampling scenario in which the signal
x is K -sparse, but the measurement vector y is subjected to
an additive noise component, e. The following theorem gives



a sufficient condition for convergence of the SP algorithm in
terms of the RIP parameter d3x, as well as an upper bounds on
the recovery distortion that depends on the energy (l2-norm)
of the error vector e.

Theorem 9 (Stability under measurement perturbations):
Let x € RY be such that [supp(x)] < K, and let its
corresponding measurement be y = ®x + e, where e denotes
the noise vector. Suppose that the sampling matrix satisfies
the RIP with parameter

d3x < 0.03. (6)
Then the reconstruction distortion of the SP algorithm satisfies
Ix = %Iy < ci llelly

where
14 03k

/
= ——— 2
K 63 (1 — 03k)

The proof of this theorem is sketched in Section V-A.

We also study the case where the signal x is only approx-
imately K-sparse, and the measurements y is contaminated
by a noise vector e. To simplify the notation, we henceforth
denote by xx the vector obtained from x by maintaining the
K entries with largest magnitude and setting all other entries
in the vector to zero. In this setting, a signal x is said to be
approximately K-sparse if x — xx # 0. Based on Theorem
9, we can upper bound the recovery distortion in terms of the
{1 and /5 norms of x — xx and e, respectively, as follows.

Corollary 1: (Stability under signal and measurement per-
turbations) Let x € RY be approximately K-sparse, and let
y = ®x + e. Suppose that the sampling matrix satisfies the
RIP with parameter

e < 0.03.

Then

1+56K

_ % <
I = %I, < che -

el + l[x —xklly

The proof of this corollary is given in Section V-B.

Theorem 9 and Corollary 1 provide analytical upper bounds
on the reconstruction distortion of the noisy SP version of
the SP algorithm. In addition to these theoretical bounds, we
performed numerical simulations to empirically estimate the
reconstruction distortion. In the simulations, we first select
the dimension of the signal x to N, and the number of
measurements m. We then choose a sparsity level K such
that X' < m/2. Once the parameters are chosen, an m x N
sampling matrix with standard i.i.d. Gaussian entries is gen-
erated. For a given K, the support set T of size |T| = K
is selected uniformly at random. A zero-one sparse signal is
constructed as in the previous section. Finally, either signal or
a measurement perturbations are added as follows:

1) Signal perturbations: the signal entries on T are kept
unchanged but the signal entries out of T are perturbed
by i.i.d. Gaussian N/ (0,0?) samples.

2) Measurement perturbations: the perturbation vector e is
generated from a Gaussian distribution with zero mean

Recovery Distortion (500 Realizations): m=128, N=256
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Figure 8. Reconstruction distortion under signal or measurement perturba-

tions: both perturbation level and reconstruction distortion are described via
the £2 norm.

and covariance matrix 03 I,,, where I,,, denotes the m x
m identity matrix.

We execute the SP decoding reconstruction process on y, 500
times for each K, o2 and o2. The reconstruction distortion
||Ix — x||, is obtained via averaging over all these instances,
and the results are plotted in Fig. 8. Consistent with the
findings of Theorem 9 and Corollary 1, we observe that the
recovery distortion increases linearly with the f3-norm of
measurement errors. Even more encouraging is the fact that the
empirical reconstruction distortion is typically much smaller
than the corresponding upper bounds. This is likely due to
the fact that, in order to simplify the expressions involved,
many constants and parameters used in the proof were upper
bounded.

A. Recovery Distortion under Measurement Perturbations

The first step towards proving Theorem 9 is to upper bound
the reconstruction error for a given estimated support set T,
as succinctly described in the lemma to follow.

Lemma 3: Let x € RY be a K-sparse vector, ||x||, < K,
and let y = ®x + e be a measurement for which ® € R™*V

satisfies the RIP with parameter dx. For an arbitrary T° C
{1,-+-, N} such that ‘T‘ < K, define x as

%; = ®ly,
and
X1, ny-1 =0
Then
. 1 . 1+ 03k
— %[, < ——— 2= )
I = %l < T [Roll, + 5 el

The proof of the lemma is given in Appendix G.

Next, we need to upper bound the norm ||Xg||,. To achieve
this task, we describe in the theorem to follow how ||Xq||,
depends on the noise energy |e||,.



Theorem 10: Let Xg = X4, X = Xp (1Y 1) and xg =
Xp_4. Suppose that

ok .
lefl; < 75— 52, %ol - (7)
Then
402k |
! < v an 8
Ixplls < TE2 [0l ®
and

203K .
. 9
s sl ©

o3k < 0.03,

|&02s<4V%K
1 -3k

Furthermore, if

one has

||SIT‘||2 < ||yr||2'

Proof: The upper bounds in Inequalities (8) and (9)
are proved in Appendix H and I respectively. To complete
the proof, we make use of Lemma 2 stated in Section II.
According to this lemma, we have

[¥rlly = [[resid (y, @)l
< ||‘I’T—TXT—T||2 + llell,
< (1+d3k) [%olly + €]l

0 .
< (1+§3K)C/K+% %ol -
1—03,

and
el = fresid (v, 1)1,
> T2 (]| — el
> T (1= ) ol — 2 [l

5 :
(1 R ) %ol
3K

Elementary calculation reveal that as long as d3x < 0.03, we

have ||§,| < ||y-||- This completes the proof of the theorem.

|

Based on Theorem 10, we conclude that when the SP

algorithm terminates, the inequality (7) is violated and we
must have

Y

I3k

lefly > 75—
SR

H)A(OHQ'

Under this assumption, it follows from Lemma 3 that

14+ 631
+ 1— 53K ||eH2

1 1-62,
1 -3 O3k
- & llell

Sax (1 —d3) 2

nx—mb<(

which completes the proof of Theorem 9.

B. Recovery Distortion under Signal and Measurement Per-
turbations

The proof of Corollary 1 is based on the following two
lemmas, which are proved in [16] and [17], respectively.

Lemma 4: Suppose that the sampling matrix & € R™*V
satisfies the RIP with parameter d5. Then, for every x € RN,
one has

1
ol < VI o (Il + = el ).

Lemma 5: Let x € R% be K -sparse, and let X denote the
vector obtained from x by keeping its K entries of largest
magnitude, and by setting all its other components to zero.

Then

X
=l < P2

2VK

To prove the corollary, consider the measurement vector
y=®x+e
= ®xoi + P (x — x21) + €.
By Theorem 9, one has
1% = xaxlly < Core (| (x = x2r0) [l + [lell2) s
and invoking Lemma 4 shows that

[ (x — xa2x) |,

X — X
S \/1"‘66}( <||X—X2K2+\/67[2(KV”1> .

Furthermore, Lemma 5 implies that

% =22l = [(x = xx) = (x = x|l

IN

1
— | X — X .
2\/? H KHI
Therefore,

1@ (x = x2r) [

[x —xk|l; X—X2K||1>
<V1+0
= oK < WK V6K

X —X
Sm” \/?KHI,

and

X X — XK
[% — x2x |, < g (|e||2 +Vv1+ 56‘K”\/?”1) ;

which completes the proof.

VI. CONCLUSION

We introduced a new algorithm, termed subspace pursuit,
for low-complexity recovery of sparse signals sampled by ma-
trices satisfying the RIP with a constant parameter d3x. Also
presented were simulation results demonstrating that the re-
covery performance of the algorithm matches, and sometimes
even exceeds, that of the LP programming technique; and,
simulations showing that the number of iterations executed
by the algorithm for zero-one sparse signals and compressible
signals is of the order O(log K).



APPENDIX

We provide next detailed proofs for the lemmas and theo-
rems stated in the paper.

A. Proof of Lemma 1

1y

2)

The first part of the lemma follows directly from the
definition of §. Every vector q € R¥ can be extended
to a vector ¢’ € RX" by attaching K’ — K zeros to it.
From the fact that for all J C {1,---, N} such that
|J] < K’, and all ¢ € R®’, one has

(1 =)l ll; < 1Bsa 5 < (1 +3x) ' [5.

it follows that

(1 =) llalls < [ ®rall; < (1+6x) |lall3

for all |I| < K and q € R¥. Since § is defined as
the infimum of all parameter § that satisfy the above
relationship, dx < dg.

The inequality

|(®ra, ®sb)| < 07410 llally b,

obviously holds if either one of the norms |al|, and
Ib||, is zero. Assume therefore that neither one of them
is zero, and define

a'=a/|al,, b =b/|b],,
x' =®ra,y = ®;b.

Note that the RIP implies that
2
2(1=0r410) < IX' +¥'l2

o 2
H‘I"I’ {b’ ] < 2(1+d114101) »
and similarly,

2
2(L=011410) < I¥' =¥'ll5

2
a./
= H[‘I%@j] [ b } <2(1+0r410) -
2
We thus have

(10)

2
X+ y'll5 = [Ix" = ¥'ll

12 |l 2
Yl = IIX + 15

|
—(x',y') < < 011415

’ - 4
and therefore

|(®ra, ®,b)|
HaHQ ”b”2 = |<X/ayl>| S 6|I|+‘J"

Now,

[®7®,bll,

max
a: [lall,=

o X S17+11 lally (bl

1141 1Bl 5

a™ (272b)l,

IN

which completes the proof.

B. Proof of Lemma 2
1) The first claim is proved by observing that
®ry, = @ (y - @/ (9;®)) ' jy)
= &7y — @7y =0.
2) To prove the second part of the lemma, let
yp = ®rx,, andy = @ x.
By Lemma 1, we have

(Yo ¥ < 01y [l (1l

lysll Iyl
< 0i11+1g 2 2
I T=50 T=a
Ol1+1]
< y Yo -
T b0 1¥plly Iylla
Since
2
Y0, ¥) = Y, ¥p +¥r) = I¥2ll5
we have
lyplly < Loy
p — 2"
2T =0y
Furthermore, since
lyrlla =y = ¥pllo = Iyl = lyoll,

and since

||yrH2 =y - yPHZ < ||Y||2 + HY;DH27
one can show that
Oz [yl

1—
Iyl

< <1+
L= 01414

Observing that

2 2 2
lyrllz + llypllz = [yl
we finally show that

Oyrj+1)
(1= 72555 ) Iyl < ol < Iyl
[1]+]J]

C. Proof of Theorem 5

O11|+7]
L= 011414

The first step consists in proving Inequality (5), which reads

as
@5y, > (1= d2x) Il

By assumption, |T'| < K, so that

127y lly = @7 Py > (1= dar) ||,

which provides the desired proof. According to the definition

of T,
* 2
511, = e, [ It
Z @7yl = (1 = d2k) [Ix]]5 -

The second step is to partition the estimate of the support
set T' into two subsets: the set TﬂT containing the indices



in the correct support set, and T — T, the set of incorrectly
selected indices. Then

2531l < #3019, + 25031,
< |[ @5 ||, + due Il

where the last inequality follows from the near-orthogonality
property of Lemma 1.
Furthermore,

#5027, < [#5ns®2ra e,

+| 7 rr

N TyH
TXT—THQ
< (Ut 0ar) [y |, + O Il
Combining the two inequalities above, one can show that
12%y]l, <

By invoking Inequality (5) it follows that

(14 0210) ||y |, + 2021 1

(1= dxc) Il < (1+ 0210) %7 |+ 28 [ -

Hence,
1— 30k

T o Xl

To complete the proof, we observe that

9 2
izl = /I3 = ||z 2|
2
< VB0t D

- 1+ dax

ernel, 2

D. Proof of Theorem 3

The proof of this theorem heavily relies on the following
technical (and tedious) notation, some of which has been
previously described in the paper, but is repeated in this section
for completeness:

Vr = resid (y7 b ) denotes the residue of the projec-

tion of y onto the space span (®7);
X is the coefficient vector corresponding to y,, i.e.,

Yr = ¢’TU PXr;

Yo = ®,_;Xp_4, is the component of the measure-
ment which has not been captured by the set T:

Xo = X,_4, denotes the part of the signal not captured
by T;

Yop = proj(yo,®;) denotes the projection of yo onto
span (<I>T);

X0, is used to denote the projection coefficient vector

corresponding to Jo p, i.€., Jo,p = P7Xop;
T  denotes the set of K residual indices with maximum
correlation magnitudes |(v;,y,)|;

v = @7 rrxXrn v denotes the component of the
measured vector included through the set 7.
X!, = X 17, denotes part of the sample signal sup-

ported on T".
vo = ®r_pxp_7,
measurement vector not captured by 7"

corresponds to the part of the
=TUT".

% T |T’ =Tyr | 1

r ' A
T-1 ITNT;

%o :
T-T '

Figure 9. Illustration of sets and signal coefficient vectors for Theorem 3

X( = Xp_17, is the part of the signal not captured by
T
For clarity, some of the sets and vectors in the list above are
depicted in Fig. 9 .
With the above notation, the main step of the proof is to
show that CM allows for capturing a significant part of the
residual signal power, that is,

I<olly < 1 %ol

for some constant ¢;. Note that X is composed of x{, and x_,
ie.,
Xo = [(xf))* ) (X::)*]* )
so that
2 NP 2
I<olls = lI%ollz = lIxells -

The most difficult part of our demonstration is to upper bound

[1xel5-
The roadmap of the proof can be formed by establishing
the validity of the following four claims.

1) If we write

'I’TU T [(I)T—T’I)T} J

then
Yr = (I)TU 7Xrs

where

We claim that

o pll, < —2
P2*1 6K

%ol -
2) It holds that
@7 yrlly = (1= 202k ) %ol -

3) The corresponding upper bound reads as

. / 202K — O3 1.
@70 yrlly < (1+ 02k ) [Ixcll, + %ol -
1—dox
4) Finally,
) V1002x
[Ix0lly < 7= [I%oll, -
14 dox

Proof: The claims can be established as demonstrated
below.



1y

2)

3)

It is clear that
yr = resid (y, @) = resid (yo, ;)
=50 — &7 ((8;87) " @750
= (I)Tfi’)to -
= [®,_7 ®4] [

As a consequence of the RIP,

P Xo,p

X0
—Xop |

. “ -1 .y .
%0.pll, = H (®7@7) @7 (QT—TXO)HQ
1 ~ 62}{
< 1) <
=10k 2K HX0||2 =1_ || 0”2
This proves the stated claim.
Note that

y, = resid (y7 (I)T) € span ((I)TU T) ,

and that y, is orthogonal to ®;. We therefore have

|25l =[[#ys (2ryex)

H TU Tyr ’2

= (1 = d2k) er||2
> (1= da) (%ol —
= (1= 2d2k) [[%oll -

Since the set 7" is chosen so as to maximize the
correlations with the residual vector, we can show that

(1= 202x) [I%oll »

%0.pll,)

1@yl > @5 g3, >

which completes the proof.
Using the decomposition

yr = [®r 5, @] [}, —%0,] "

we can show that

@7 yelly < || @70 ®p_pxp_pll, + [ @70 Br%os|,
. o3 N
< [|1®7 ®r_gxp_pll, + 7225 [Roll,
(11)

Since TﬂT” = ¢, we can partition the set T — T as

T_7= (TﬂT”)U(TfTAfT”)
Then
@7 @, x4,

H‘I’TQT”(I’T X TH "‘H‘I’T T T”(I)TfTXTfTH

= H‘I’Tﬂ T ®rTIXT N T“’ )

+ H@;ﬂm T”QT—T—T”XT—T—T” 9 + 52K ||5\{0H2

< (14 02x) ||[Xr 77 || + 025 IR0 ly + 025 (IR0l -

(12)
Upon substituting Inequality (12) into (11), we obtain
. 2005 — 025 .
@7/ yrlly < (14 d2k) ||XTn T 2+ﬁ2;l{ %ol -

2

4) Combining the second and the third claims of the proof,

we find that
%21l = ||z 7],
1 2095 — 035\ 1
> 1—200g — ——=2
1 + dox ( o 1 —dox I%oll,
_ 5521( + 362

2 5
2K

Based on this inequality, we can show that

A 12 2
Ix6llz = /%ol = lIxCll3

R 1 — 56or + 362, \°
< Il \/1 - (KK> -

1— 62,

To make this result more tractable for subsequent anal-
ysis, we observe that

(1= 62:)° = (1= 56axc +302)°
< (1=635)° = (1 = 56a + 63c)°
= 10025 — 2962, + 1055

< 10025 (1 — 2xc)?

so that
Il < Y0 |
012 =9 4 6ok ol
as claimed.

E. Proof of Theorem 4

As in the previous subsection, we first introduce the notation
followed in this part of the manuscript:

!
Yo
!
Xp

/
yo,p

AT

AXO

M
o

= ®_pxp_7/ denotes the part of the measurement
vector not captured by 77;
= xp_7 denotes part of the signal x not captured
by T';
= proj (yy, 1) denotes the projection of y{, onto
span (®1);
denotes the projection coefficient vector correspond-
ing to yg . i€, ¥o, = ®7vxp 3

= proj (y’, ®7) denotes the projection of y onto
span (®1);
stands for the projection coefficient vector corre-
sponding to y;,, i.e., y, = ®7/x};
denotes the estimate of the K indices in 7" upon
completion of an iteration (i.e., the set of those K
indices that are deemed sufficiently reliable);
=T’ — T consists of the set of indices estimated to
be incorrect;
= xrnar denotes the signal component erro-
neously removed from the list at the given iteration;
=Xp_j» denotes the signal component not captured
by T.

As for the previous proof, the sets and signal coefficient vec-
tors introduced above are illustrated in Fig. 10. The previously
studied concept of the smear of a vector is also depicted in
the same figure.



Figure 10. Illustration of sets and signal coefficient vectors for Theorem 4

To prove the theorem, we again proceed with establishing
the validity of four different claims, listed below.

1) It can be shown that
031
onsz - %61l -

2) For any index i € TUT” ,

(x,), = {Xi + (X0,p),

' (x0.0),

[Axo|l, <2 HXBJJHZ :

ifieT
ifig¢ T’
3) One has

4) And, finally,

1+ 031
1— sk

Proof: The proofs proceed as follows.

%ol < PR

1) To prove the first claim, we only need to note that

156,511
- H(@;@T/)*l B, (@T,T,xg)H2
1 I3k
S - I3 (%]l < T 6on %015 -

2) This claim is proved by partitioning the entries of the
sampling matrix as follows. First, we write

& = [Pr, Pro1].

Then, we observe that

@Tm T/XTn T!
X ’
_ , XTﬂ T
_ &, [ ¢ ] |
Consequently,
* -1 *
X;) = (¢T’ ‘I’T/) (}T’y
= (‘I’;«; @T/)_l ‘}}, (@Tm T’XTﬂ T’)

+ (4’;«/ @T/)_l ‘P;/ (@T—T/XT—T’)
* —1 * X ’
== (¢T’¢Tl) @T/QT/ |: TQ T :| + X/O.,p

XN T
T

which establishes the stated result.

3) As described before, if T C 77, then AT (T = ¢ and
|Axo|l, = 0. However, if T'—T" # ¢, the projection
coefficients x/ is a smeared version of x7.. By the

second claim of this proof the smear is simply x e

In what follows, we first show that the energy of the
projection vector x;, restricted to AT is smaller than
the energy of the smear, i.e.,

16<5) s, < ol -

Consider an arbitrary index set AT” C T of cardinality
K that is disjoint from T, AT"” (T = ¢. Such a set
AT" exists because |T” — T| > K. By the second claim
in this proof,

H AT

> (XOp) < %05l -

iEAT

Since AT is chosen to contain the K projection coeffi-
cients with the smallest magnitudes,

|6 arl, < 6

Next, we decompose the vector (x7,) .
component and a smear component. Then

D) sz, < ool

into a signal

|65 axll, = [rear+ 60 s
> lxazll, = || (x0,) ar
We also have

#[Cor) s,

|axoll, = Ixarl < | (53) ar |

< 2|xol,

which completes this part of the proof.
4) This claim is proved by combining the first three parts,
and it results in

[%olly < 1A%0ll, + lIxoll,

<2 ’|X6p||2 + HX6”2
203K
< T bun %0112 + %ol
1+ 3k
- 1_53 || 0”2

F. Proof of Theorem 8

Without loss of generality, assume that

1| > fwa| > - > Jaxe] > 0.

The following iterative algorithm is employed to generate a
partition of the support set 7" that will establish the correctness
of the claimed result.



Algorithm 2 Partitioning of the support set T’

Initialization:
LetTh ={1},¢=1and j =1.
Iteration:

If + = K, quit the iterations; otherwise, continue.
If

1
||X{i+17"'7K}||2 Z 5 |$Z| ’
then we set 7; = T |J{i+ 1}; otherwise, we
have
1
Pegiss o myll, < 5l

and we set j =j+ 1 and T; = {i + 1}.
Let : = i 4+ 1. Continue with a new iteration.

Suppose that after the iterative partition, we have

r=nUr{ -Um,

where J < K is the number of the subsets in the partition.
Let s; = |Tj], j=1,---,J. It is clear that

J
ZSJ' =K.
j=1

Then Theorem 8§ is proved by invoking the following lemma.
Lemma 6:

1) For a given j, let |T;| = s, and let
Ty={iji+1,-- i+ts—1}.
Then,
|Zits 1] < 3% |z q|, forall0 <k <s—1, (13)

and therefore

2
[wirs1l > =[xyl (14
2) Let
log2 — s;log3
0y — {ngg} (15)
log cx

where [-] denotes the ceiling function. Then for any

1 < jp < J, after
Jo
>
j=1

iterations, the SP algorithm has the property that

Urcr (16)
j=1
More specifically, after
J
1.5 K
P — (a7
= —logck

iterations, the SP algorithm guarantees that 7' C T.

Proof: Both parts of this lemma are proved by mathemat-
ical induction as follows.

1) By the construction of T},

2)

1
HX{H'S,---,K}HQ < 5 |.’L'Z'+571 .

On the other hand,

1
5 |$i+s—2‘ < ”X{iJrsflw' ,K}HQ

IA

”X{i+s,--- ,K}HQ + |Tips—1
3
< 5 @il

A

It follows that
|Tits—2] < 3[Tits—1].
Now suppose that for any 1 < kg < s —1,
|Ii+s—1—k| < 3k |Ii+s—1‘ for all 1 < k < ]{30 —1.
Then,
1
5 Zits—1—kol < || X{its—tor K} |

< N\Tigs—ko| + -+ |Tits—1]

+ Hx{i+5#"' ’K}H

1
< <3k01 4+ 14 2> |Tits—1]
3ko
< 5 ‘-Ti+s—1| :

This proves Equation (13) of the lemma. Inequality (14)
then follows from the observation that

||X{7'7 ’K}HQ S |xl| + T + |$i+571| + HX{7‘+S7 7K}H2

1
< (3“ +oet 1 2) |54

S

< 5 |Zits—1]-

From (15), it is clear that for 1 < 5 < J,

cg < 35

According to Theorem 2, after n; iterations,

- 2
I%olly < 55 Il -

On the other hand, for any ¢ € T, it follows the first
part of this lemma that

2
i 2 |z, | 2 o5 ]l
Therefore, ~
T, CT.
Now, suppose that for a given jo < J, after Zi‘;l n;
iterations, we have

Jjo—1 _
Uzncrt
j=1

Let T = UZ‘):_ll T;. Then

%ol = [[xp_[l, < lIxr—7,]l-



Denote the smallest coordinate in T, by 4, and the H. Proof of Inequality (8)

largest coordinate in T, by k. Then Following the same notations outlined in Section D, we have

o4l > o o syl = 5o el 1@yl > || @5 @p 1x]|, — I@5elly
After nj, more iterations, we obtain T’ and x(. Conse- H(I)T 7 TU TXT —V1+dkel,
qently, > (1~ 26210 ol — VT 5 el
I%olly < 31 1%oll, < 31 [xr-mplly < |2 - > (1 — 202x) || %oll, — (1 + 252K> el -
As a result, we conclude that On the other hand,
Tj, < T 1273, < | @5 ®ry 7], + I @5ell,

after 230 | nj iterations, which proves inequality (16). < (14 6200) | 2005 — 025 %ol
X ’ D —
Now in order to ensure that 7' C T, the SP algorithm - 2K Tl 1— 6ok %ol
needs at most 1
+ {1+ 502k | llell,.
s;log3 —log2+1
Z nj < Z —log cx By combining these two bounds we obtain
; =
1 — 5ok + 362 2496
< Klog3+ J(1—1log2) HXTﬂT/ #H Xoll, — JHGHQ
— 1 2= (5 ]. + 52K
LK Sarc 1852
_ i D2k +
SK(log3+1 log 2) - K-15 z_—522KH olls — 2 le]l, -
—logck —logck 2K
iterations. This completes the proof of the last claim. Recall next the result in Inequality (7), stating that
|
lelly < 1_ 52 1%oll5 -
G. Proof of Lemma 3 The two above inequahtles imply that
The claim in the lemma is established through the following HXTﬂ - > 7521( + 03k %ol
chain of inequalities. > — 03y 2
Therefore,

I = xlly < |xp = @Ly |+ [xr_szll,

V(L= 62,007 = (1= Toaxe + 62,)°

- HXT_(I:'; (<I>TxT+e)H2+ %7l x4, < — I%oll,
2K
.l T X
< e = @) @rxn) |, + [ @he], + sl VMoare (1= (G4 2) barc + 08)
S HXT - (}; (QTﬂ TXTﬂ T) H2 - 1 _ 6§K HX0||2
16025 (1 — 2025 + 025)
+ Hq)TA(I)Tff“XTfTHQ < \/ — 2K ||XOH2
2K
+@” 1+ Ixp_sll, N
=T = O )
1-—
\/7 1+ 62k 2
5 149 .
<0 (2 ) g+ Y e, laimen
1 m llell 1. Proof of Inequality (9)
2"

S o |[Xpog
1= dox ezl + We start by first upper bounding the norm ||xg |, as

Note that the next to last inequallty is a consequence of the outlined below.

fact that
/!
HXT - @) (¢'m X7 T) H2 =0. Hq’TU T ((I’T PyTXo Tt e) H
By relaxing the upper bound in terms of replacing dox by < H(I)TU T/(I)T U T’XOH + H@TU € ’
03K, we obtain Saxc VI Oarc
. 1 1 +53K — 1_53[{ ||X0H2 + 1— 53[{ H ||2
[[x — x|, < _ HXT—TH2 || el

1 53K 531{ 1+ 5(53[{

This completes the proof of the lemma. T 1-dsk Ioll; 1 -3k el -



Then, similar type of arguments as those used in Section E,
establish that

%ol < 23,1, + %ol

14+ 03K , 2+ 03k
< — - on
< T Nl + T el
VO gl + 20 e
—1—-43K 0ll2 1—03k 2
Recalling the assumption in (7), we arrive at
[Roll, < O g, 4+ 2H08 8K g
271—531{ 2 1—63}(1—632’]( 2
< IV gy + 2 sl
1 *53K (1 —(53[()

thereby proving the claimed result.
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