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An Invariance Property of the Generalized
Likelihood Ratio Test

Steven M. Kay Fellow, IEEE,and Joseph R. GabrigWlember, IEEE

Abstract—The generalized likelihood ratio test (GLRT) is invariants to facilitate the search for reasonable tests among
invariant with respect to transformations for which the hypothesis  the class of invariant tests. Kraut and Krolik [13] generalize
testing problem itself is invariant. This result from the statistics he invariance group of Bose and Steinhardt to obtain a scalar
literature is presented in the context of some simple signal GLRT that is a maximal invariant for the problem, and Kraut

models. This is an important property of the GLRT in light of its - P .
widespread use and the recent interest in invariant tests applied €t &l [14] further show that it has momotone likelihood ratio

to signal processing applications. The GLRT is derived for some and hence is UMPI.

examples in which the uniformly most powerful invariant (UMPI)

test does and does not exist, including one in which the UMPI test II. GLRT INVARIANCE

exists and is not given by the GLRT.

The problem is described in terms of a hypothesis test, with

the null hypothesis denoted By, with parameter belonging to
the parameter spa€k,, and the alternate hypothesis denoted by
|. INTRODUCTION ‘H, with parameter belonging 1@, . As stated in Lehmann [1]

HE LIKELIHOQD ratio test of the statistics literature issjm_j aelseg\;vhere),.the. proplerp QIr;cestng ;tg € agaflr:st
invariant to sets of transformations for which the hypoth-"! € 34 remains invanant with respect to a group of trans-
esis test itself is invariant (e.g., [1]-[3]). The likelihood rati ormations if the distribution remains in the same family and the
test statistic is obtained by replacing the unknown parametéJ ramfe_ztetr sgtages aée pr'etzser\lles. hio that b q
under each hypothesis with their maximume-likelihood estima- ¢ first obtain a density refationship that can be used as a
tors (MLES). In the engineering literature (e.g., [4] and [5]) thaecessary and sufficient condition to show that the distributions

likelihood ratio test is known as the generalized likelihood rati re prese_rved overasetof transformgt[g?leEsG. Initially using

test (GLRT). the notation _of ITehr_nann [1], let be distributed according to a
That the GLRT is invariant is an important property in ligh;robatblhtyfd|str|?ut|on ?enoted btf(’ 0 € (IZ and Ieéff] edG

of its widespread use and the increasing use of invariance p i at' rans} orn;allon ai mt?] over ? sa_:np fedspisi_ct) t'e IS-'th

ciples to obtain tests for signal processing applications [6]. Fﬂbu lon ofgx belongs fo he same family of distributions wi

example, for the class of matched subspace detectors, s<:R5FPaPS a different value of the parameter, denpéeavhich is

and Friedlander [4] note the invariance of the GLRT and sh i element of the original parameter specg.e., i andQ be_- .
that it is uniformly most powerful invariant (UMPI). For case ong to the same hypothesis). Lehmann denotes the distribution

in which the UMPI test does not exist, an UMPI-inspired pef</ationship adyign € A} = Pgy{z € A} for all Borel sets

formance bound can be used to evaluate the suboptimal per@égﬁeg;n.ig?eaﬁs'_ght n;)to ?ne dr?oeraﬂlnsq[r(;ft'tgr:s;;zlsatxgstzlpt, we
mance of the GLRT (and other invariant tests). ! intervald = (a, b), nu ! u q

The following references provide additional examples %cts monotonically (although the result holds more generally).

invariant tests in the engineering literature. The adaptive s xpanding the left-hand side gives

space detectors of Kraut and Scharf [7], [8] extend the matched  Py{gz € A} = Po{gz < b} — Py{gx < a}
supspace detection problem t'o the case of unknown covgriance = Pyl < g7} — Polz < g~ 'a}
using GLRTs. Kelly [9] provides a GLRT, for an invariant
adaptive detection problem, that is invariant and UMPI. Kay
and Gabriel [10] provide an invariant GLRT for a problem in = px((;0)dC.
which the UMPI test does not exist and compare it with the
UMPI bound. Nicolls and de Jager [11] provide an example ... . . .
for which the GLRT is invariant, but is not the UMPI test tha eFtlng = 9¢ a_r;d channgg variables, thls. integral can be
exists. Bose and Steinhardt [12] address an invariant probleiffitten asf, p.(g~"; 92|(dg 1)/ dn|dn. A similar expansion
for which the GLRT may be intractable, and use maxim&lf Pge{z € A} gives [ p.(n;gd)dn. Therefore, we have that
pe(9 " n;0)|dg~'n/dn| = p.(n;30). Changing the dummy

. . _ ariable and moving the Jacobian to the other side of the equality
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for that problem is also invariant. The GLRT is obtained by reand
placing the unknown parameters under each hypothesis by their

N-1
is Thi i 1 -1
MLEs under that hypothesis. This can be written as cexp o Z (z[n] — A)*
- (2wo2) 20° =
L) = maxgeq, p(z;6) n=0
maxgeq, p(7; 6) and are denoted by (x; Ho) andpx (x; H1), respectively.
To see that the GLRT is invariant with respect to transformationsThe problem is invariant under the group of scale transforma-
gz, for g € G, consider tions defined by the sef = {g : gx = cx, for ¢ # 0}. The
maxgeq, p(gz;0) pdf of this transformed set of samples is Gaussian, and the pa-
L(gz) = maxseq, p(g7;0) rameter spaces before and after the transformation are the same.

For example, the mean is zero un@éy and nonzero undétt,
cIo[ any element of the sét. It is easy to see in this case that the
deensity conditions of (1) are met.

The GLRT is obtained by substituting the MLEs dfand
o2 under each hypothesis into these pdfs and then constructing
the likelihood ratio. The MLEs arel = (1/N) Y. z[n],
63 = (1/N) 02y @*[n],ands? = (1/N) 202 (w[n] - A)?,

Note thatldgz /dz| can be inserted here, since it is assumed n§f'€"e hats denote estimators and subscripts denote the hypoth-
; iveLsis to which it belongs. Substituting these into the pdf equa-

tions py (x; Ho) andpx(x; H1) above, constructing the likeli-
) hood ratio, and simplifying, gives the statisti¢ /53. We will
L(gz) = 22Xg0en plw;6) _ maxees 1o, P(T: 6), use a monotonically increasing function of this as the GLRT
maxgeeq, P(;0)  maxgez-1q, p(x;0)

Replacing the parameter notatiéiby gf (with g an invertible
transformation) and inserting a factor to the numerator and
nominator that will be used later gives

maxggeq, P(97; go) cflg—;

L(gz) =

_ d !
maxgseq, P(97;90) | o

the ratio

And since the parameter spaces are presepedndd belong Lo (x) = zjj;; x[n] S
to the same hypotheses G1ix) = (ZN_l 2 ])1/2 TG
_ maxpeq, p(#;#) _ neo T
Ligr) = maxgeq, p(z;6) (). where the threshold; is selected to satisfy the probability

of the false-alarm requirement. The GLRT is scale invariant as
expected, sinc&q1(cx) = Lgi(x) fore # 0
One approach to deriving the UMPI test is by constructing a
likelihood ratio using the pdfs of a maximal invariant statistic.
A maximal invariant for this problem is
Three examples are provided. All three are invariant hypoth- ) ) T
: . . x[0] z[1] z[N — 2]
esis testing problems. The GLRTs are derived and are foundto m = R
be invariant as expected. The notation used for these examples is a[N —1]  a[N —1] [N —1]
first summarized. The vecterand its elements are the originalVe need the density afa under each hypothesis. To obtain
N data samples. The vectgrand its elements are the result ofhe density ofm, we first transform the original data to
some group transformation acting on the original samples. Tha = [(z[0]/z[N —1]) (z[1]/2[N —1]) --- (z[N —2]/z[N —
vectorm is used for maximal invariants, arfid denotes a test 1]) [V — 1]]”, which is of the same dimension as the original
statistic. x and then marginalize ovaf{ N — 1] to obtain the pdf of the
Example 1: Detection of a DC Level of Unknown Amplitud@aximal invariantm.
in Gaussian Noise of Unknown Variance (Specia] Case of aUSing the standard formula for transformation of a random
Gaussian Linear Model [5]) GLRT is UMPI. Variable, we first obtain the pdf foll y P, (ml; Hl), which is
This detection problem formulated as a hypothesis test can be 1 1 [N=2
. 2
written as T p [ﬁ (nz:% (m[n]m[N — 1] — A)

And henceL(gz) = L(x) forall g € G. Given that the hypoth-
esis testing problem is invariant, then the GLRT is invariant.

Ill. EXAMPLES

(2702 o
Ho : z[n] =w[n] , N
Hy : 2fn] = A+ wln] +(mIN = 1] = 4) | Im[N = 1]

where|m[N — 1]|¥~! is the Jacobian factor. The exponential

forn =0,1,..., N—1,whereA is a deterministic unknown pa-

rameter that may be less than or greater than zero, and|ttje factor can be expanded as

are white Gaussian noise (WGN) samples of unknown variance | _1 ) N—2 )

2. A UMP test does not exist for this problem, since the hyxP | 55 | ™ [N —1] Z m”[n] +1
pothesis test is two-sided. This example is a special case of a n=0

problem studied in [6] and [15]. N2 )
The probability density functions (pdfs) under the hypotheses —2Am[N —1] Z mlp]+ 1) +NA
‘Ho and’H; are given by n=0

N_1 Using this, marginalize the pdf ofn; over m[N — 1],
! — exp __121.2[“] and making the obvious extension fdk,, the ratio
(2m0?) 2 20% £~ pm(m;Hy)/pm(m;Hy) is as in (2), shown at the
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bottom of the page. Applying a change of variables(x;H;) is maximized when the expression of the exponentis

where we letz = (y3(X2-7m?n] + 1))Y/2, and minimized or

making the substitutions and cancelations between de- . N1 )
nominator and numerator, the ratio becomes as in (3), k = argmin (Z(l‘[n]—Aﬂn—k]) )
shown at the bottom of page. This is increasing in RE0.N=1] \n=0

|(ZN72 [n] + 1)/(ZN72 2[n] + 1)V/2| and in terms The value of k£ that minimizes this expression is that

n=0 m n=0 mT H Ho ie L. —
of the original samples i$(22;01$[n])/(zg=—01 22[n]) 2. thCh maximizes ;Aa:[kt]]. HGence, the bMITE dIS]t; =
This is the the GLRT, and hence the GLRT is UMP!I. arg maxyejo v—1) 2[k]. The GLRT is obtained by con-
Example 2: Detection of a Known Signal of Unknown Lgstructing the ratig(x; k, H1)/p(x; Ho), which is
cation in Gaussian Noise of Known Varianc&LRT is not 1 -1 vN-1_» A _ A_z]
UMPI, and UMPI exists. @rer) ¥ P |57 05 Pl + g max(o) —
The detection problem formulated as a hypothesis test can be 1 - exp [% Zi\rz_ol ﬁ{n]}
written as (2ma?)2
Mo - B wheremax(x) is used forz[k]. This is increasing imax(x).
0 : z[n] =wln] Thus, the GLRT isLg2(x) = max(x) > ~g2 where the
Hy : z[n] = Ad[n — k] + w(n] threshold is set to satisfy the Pfa requirement. This is invariant,
_ _ _ sinceLgo(P'x) = Lgo(x) as expected.
wheres[n] is a discrete delta function, arde {0,1,..., N — For comparison with the optimal invariant test, we outline the
1} is unknown. As beforep = 0,1,..., N — 1, and thew([n]  derivation of the UMPI test. A maximal invariant f6t is given

are samples of WGN ex20ept inthis example the signal amplituggm — P!x, where! is selected such that the maximum sample
A > 0 and the variance= areknown. Unde?{,, theN samples (the probability that two or more are the same is zero) is the last

consist ofV —1 noise samples and one signal plus noise sampi8ement of the vector, i.e., in thg — 1 position. The pdf ofn
This example is a special case of the problem considered jgy

Nicolls and de Jager [11] and can be found in [16]. N1
As in the previous examples, we first establish the invariances pm(m;Hy) = Z px(P~'m; Hy)
of the problem. Since the location of the sample containing the ’ ]

signal is unknown, we should expect that the ordering of the 1 1 2
samples is not a relevant feature of the problem. The problem is = N eXP {—zm m} exp [—ﬁ}
invariant under the rotation group = {g : gx = P'x, forl = (2?‘7 )2

0,1,..., N —1}, whereP! is the right-shift permutation matrix e T

that shifts the sampldspositions. This transformation group is : Z exp [ﬁek P m}

called a cyclic permutation in [11]. The densities of the original 1=0

sampley (x; Ho) andpy(x; H1) are and under H, is (2r0?)~ /2 exp[(—1/20?)mTm]. This

signal 6[n — k] is denoted in vector form using the nat-
1 Nl ) ural basis vector,. Using these to construct the ratio and
WGXP By Z z7[n] ma}\lgi_nlg the appropriate cancelations results in the statistic
n=0 =y exp[(A/c?)elP~'m]. This can be written in terms of
and x, which we will use as the UMPI test
N-1

. R 2 Loa() = 3 exp | Sl > 0
mexp [rﬂ;(aj[n]—flé[n—k]) ‘| . ; o
SinceA/a? is known, and there are no unknowns under the null
The problem is easily shown to be invariant using (1). hypothesis, the UMPI test exists. Observe that for this example
To find the GLRT for this problem, we need the MLE ofthe GLRT is not UMPI. This is a case in which the UMPI test
the unknown parametér underH;. The equation above for exists and it isnot given by the GLRT.

S22 exp |53k (97 (050 2] + 1) — 24 (057 min] + 1) + NA2) | ¥~y

Jo e [592 (X050 m?nl + 1) ¥ -1dy

N-—-2
75 exp [2012 (22 — 2z2A ( ZN";O min+l l) + NA2>
(ano mQ[n]—f—l) 2

fjooo exp [%22] |z|N—1dz

)

|z|N—tdz

®3)
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mn]

. N-
T(m) > T %‘ + ‘T(m‘) + %\)] +exp [_ (Z"=02
2 [ exp[—2]|z|N1dz

I (o |- (205

Fibe = 2]+ | - 2])]) Y1

Example 3: Detection of a DC Level of Unknown Amplitudé/riting the integral over the domain 0 t& and expanding as
in Laplacian Noise of Unknown VarianceBLRT is not UMPI,  before, lettingz = ~/b(3_7 |m[n]| + 1), and making the
and UMPI does not exist. substitutions and appropriate cancelations, the ratio becomes as
This detection problem can be written as in the first examplghown by the equation at the top of the page, whéfe.)
except that now the noise is Laplacian. The pdfs under the By*»=", |m[n]| + 1. Since the denominator is not a function of
potheses for this example are given by the data, the ratio is increasing in the numerator alone, which
can be considered the test statistic. Note that unlike in the inte-

N-1
P (3 Ho) = L ~ €xp -t Z |2 [n]| gral of (3) where we could extract an increasing function of the
(2b) b fors data, revealing the independence on any unknown parameters,
1 N1 we cannot do so here.
px(xiH1) = ——exp | — Z |z[n] — A| Since the test statistic requires knowledge{4fb|, which
(20) b n=0 is unknown, it cannot be implemented, and hence the UMPI

As in the first exampled can be less than or greater than zerd€St does not exist for this example. This is a case where
The paramete is greater than zero. This problem is scale if® GLRT is invariant, but is not UMPI, since the UMPI test
variant as in Example 1. does not exist.

To find the GLRT, we first determine the MLEs of the un-
known parameters under each hypothesis. These MLEs can be
shown to bed = medx), by = (1/N) 2=} «[n]|, andb, =
(1/N) Zf:f:_ol |z[n] — medx)|, where me(i) is the median
of x. Substituting these intpx (x; Hy) and px(x;H1) given
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