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1 Introduction 
A study of the transition behavior of the X-51 vehicle outer moldline (OML) has been made with 
particular emphasis on the leeward centerline of the vehicle.  Based on encouraging earlier 
studies of first and second mode growth along the symmetry plane of other three-dimensional 
vehicle shapes, the focus of this work was to assess whether first or second mode growth is 
primarily responsible for transition along the leeward symmetry plane of the X-51.   
 
The authors selected several test cases from the database of available wind tunnel tests where 
measurements of the position of transition on the leeward side of the body were obtained.  A grid 
of the three-dimensional forebody shape of the vehicle was generated, mean flow analysis 
completed for all test cases and the solution symmetry plane was extracted for each case to 
compute a planar and oblique modal disturbance analysis.  For each case, the growth of the most 
unstable disturbances was assessed to determine if the cause of transition could be attributed to 
modal disturbance growth for any or all of these cases.  
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2 Test Cases Selected for Study 
The X-51 vehicle [1] is shown in Figure 1.  The OML of the vehicle has been tested in several 
ground test facilities to characterize the transitional behavior and aerothermal loads for the flight 
test.  The ground test databases include a 100% (full-scale) model tested in the CUBRC LENS-II 
facility [2], a 40% model tested in the LaRC Mach 6 facility [3], and 20% model tested in the 
Purdue BAM6QT facility [4].  From these activities, several cases were chosen with well-
characterized transition measurements made using various techniques.  At CUBRC, transition 
was measured using discrete thin-film heat transfer sensors.  At LaRC, transition was detected 
using global phosphor thermography.  At Purdue, measurements were made using temperature 
sensitive paint. 
 
 
 
 
 
 
 
 
 
 
The conditions used for the cases selected for this analysis are shown in Table 1. 
 

  

 
Figure 1. Artist Rendering of X-51 Vehicle and Booster 

Table 1. Freestream Conditions for Ground Test Cases Selected for Modal Analysis Study 

R un Mac h R e (1/m ) AoA (deg ) T wall (K ) T  (K ) rho (kg /m ^3) P  (N/m ^2)
5 5.96 6.64E+06 4.00 300.0 62.5 0.0315 565.2
6 6.01 1.31E+07 4.01 300.0 62.0 0.0615 1092.5
7 6.03 1.83E+07 4.01 300.0 63.2 0.0865 1567.7
8 6.04 2.27E+07 4.02 300.0 62.8 0.1071 1927.2
9 6.04 2.26E+07 0.02 300.0 63.1 0.1069 1931.8

10 6.04 2.21E+07 2.02 300.0 63.6 0.1048 1910.4
11 6.04 2.23E+07 3.02 300.0 63.3 0.1055 1910.9
12 6.04 2.25E+07 4.98 300.0 63.3 0.1064 1928.0
13 6.04 2.27E+07 5.99 300.0 63.2 0.1073 1940.1

R un Mac h R e (1/m ) AoA (deg ) T wall (K ) T  (K ) rho (kg /m ^3) P  (N/m ^2)
4 5.95 9.09E +06 4.00 296.0 212 0.0732 4472.0
5 5.94 4.63E+06 4.00 293.0 204 0.0367 2155.0

14 5.92 1.61E+07 4.00 297.0 234 0.1340 9060.00

R un Mac h R e (1/m ) AoA (deg ) T wall (K ) T  (K ) rho (kg /m ^3) P  (N/m ^2)
6 6.23E +06 4.00 300.0 55 0.0250 394.6

L aR C  40%  Model F rees tream  C onditions

C UB R C  F ull-S c ale Model F rees tream  C onditions

Purdue 20%  Model F rees tream  C onditions
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3 Grid Design 
The challenge for this shape is the complexity of the grid topology required to properly resolve 
the surface.  After studying the features of the vehicle including the inlet ramps, cowl integration, 
fins, etc., it was determined that only the front part of the vehicle should be gridded with 
emphasis on the leeward side of the vehicle and a minimum of grid points on the windward side.  
Because of the complexity and sharp corners of the inlet ramp geometry, it is not possible to 
adequately resolve this region without using an excessive number of grid points.  For the leeward 
stability analysis, it was considered better to place those grid points on the leeward side rather 
than waste them on the inlet ramps. 
 
The grids were generated with the software Gridgen.  The final grids consisted of approximately 
11-million cells with 150 points in the wall normal direction and 22-million cells with 300 points 
in the wall normal direction.  The grid was loosely adapted to the shape of the bow shock to 
maximize the number of cells residing both within the shock layer and within the boundary layer.  
Several views of the final grid are shown in Figure 2. 

  

 
(a) vehicle geometry 

 
(b) centerplane view 

 
(c) oblique leeward view 

 
(d) windward surface 

 
(e) leeward surface 

Figure 2. Several Views of Grid Developed for Leeward Stability Mean Flow Computations. The views in (d) 
and (e) are focused on the leading edge of the X-51 vehicle. 



4 
Data subject to restrictions on cover and notice page. 

4 Mean Flow Solution 
 The grids with 11 and 22 million cells were run with the US3D unstructured mean flow solver 
[5], [6] assuming laminar flow.  At Mach 6, the flow may be considered a perfect gas.  Each run 
was completed using approximately 4000 timesteps at a global CFL of up to 12,000.  Each case 
was completed in only a few hours.  The laminar surface heat flux and pressure is shown for the 
Purdue case in Figure 3 as a typical example of the distribution on the leeward side in the region 
of interest.  The centerplane of the finest grid for each case was extracted and transformed back 
to a single-block, structured format in order to perform the modal stability analysis.   

  

 
(a) Heat Flux (W/cm2) 

 
(b) Pressure (Pa) 

Figure 3. Mean Flow Surface Heat Flux and Pressure 
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5 Stability Solutions  
The modal stability analysis was performed using the Stability and Transition Analysis for 
hypersonic Boundary Layers (STABL) code [7]-[9], which solves the parabolized stability 
equations (PSE) for two-dimensional or axisymmetric flows.  The PSE equations are developed 
by modeling instantaneous flow variables of the Navier-Stokes equation set with a mean and 
fluctuating component and subtracting the mean component from the resulting equation set. The 
result is a system of 2nd order partial differential equations for the disturbances, which are 
parabolized according to the method of Herbert [10] by assuming that the disturbances are 
composed of a fast-oscillatory wave part and a slowly-varying shape function. The ellipticity of 
the wave part is preserved while only the governing equation for the shape function is 
parabolized. Assuming that initial disturbances are small and making an assumption of “locally-
parallel” flow at the starting plane allows sufficient simplification to generate an initial solution 
for the shape function and complex streamwise wavenumber. These initial solutions may then be 
marched downstream to assess the growth or decay of each disturbance.  The PSE analysis 
generates a prediction for the evolution of an initial disturbance as it moves downstream from its 
starting point through the mean flowfield. To predict the onset of transition, an experimental 
correlation is required. STABL uses the semi-empirical eN correlation method. The N factor is 
defined as the log of the total amplitude growth of unstable boundary layer disturbances at 
particular frequencies [7]. Experimental studies have shown N to be about 8 – 11 for quiescent 
flight environments and levels around 5.5 (sometimes lower) for tunnel environments where 
freestream noise levels can be somewhat larger. 
STABL is nearly automated with each case and the solution for the maximum disturbance 
growth envelope can be obtained for these conditions in about 30 minutes per case.  The Purdue 
case is considered in detail before summarizing the results of the other cases studied. 
The predicted second-mode planar instability growth is summarized as a function of position 
starting from the leading edge on the leeward centerplane of the 20% scale X-51 for the Purdue 
condition in Figure 4.   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 4. Disturbance N-factor Growth and Most Unstable Frequency of Planar 

Disturbances for Purdue Case 
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The right-hand axis of the plot shows the corresponding most unstable frequency that caused the 
peak N-factor at each station.  In this result, the analysis was limited to planar waves only.  The 
most unstable frequency does generally follow the empirical estimate for second-mode 
frequency, but the amplification reaches only to slightly less than 5.0 at the back end of the 
model.  An amplification N-factor of 5.0 is close to the point where second mode may cause 
initial transition onset under noisy conditions, but not under quiet or flight conditions. 
 
Because the cold flow conditions in the Purdue facility imply a very small ratio of wall to total 
temperature (which tends to stabilize second-mode disturbances), a second phase analysis was 
performed to look at oblique disturbances characteristic of first-mode transition.  The stability 
diagram mapping relative growth through temporal and spanwise wave angle spectrums shows 
two regions of highest growth in Figure 5 – low spanwise wave angle (planar) instabilities at 
high frequency, and high spanwise wave angle (oblique) instabilities at low frequency.   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The centers of these regions are the first and second mode instabilities for the vehicle.  When the 
N-factor is plotted as a function of station on the leeward centerplane as shown in Figure 6, the 
analysis shows that near the leading edge of the vehicle, the first mode is the most unstable with 
a spanwise wave angle near 70O.   At stations downstream of 0.15-m, the second-mode becomes 
most dominant and the wave angle drops to near zero.  However, the maximum N-factor 
observed anywhere on the body is still the original value at the very back of the body.  The N-
factors attributed to first mode instability, while being larger than second mode near the leading 
edge, are still significantly too small to cause transition. 
 
 
 
 

 
Figure 5. Stability Diagram Showing Regions of Oblique and Planar Wave 

Instability at s=0.1 m for Purdue Case 
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The LaRC cases are considered in two phases because there are a large number of them.  First, 
the trend with angle of attack of the vehicle is shown in Figure 7, which shows the predicted 
maximum N-factors for LaRC Runs 8 – 13 and the experimental data extracted from the 
phosphor images, where the sudden increase in non-dimensional heating may be attributed to 
transition.  It should be noted that the experimental data covers only ¼ of the range of the N-
factor graphic so the modal growth analysis predicts an N-factor of less than 1.0 for each case 
where the experimental data shows transition.  The trend is correctly predicted by STABL, where 
an increase in angle of attack results in less modal growth and delayed transition because the 
leeward side of the body experiences larger expansion. 

 
 
 
 

 
Figure 6. Disturbance N-factor Growth and Most Unstable Wave Angle of Mixed 

Oblique and Planar Disturbances for Purdue Case 

 
(a) N-factor Envelope 

 
(b) LaRC Data 

Figure 7. Disturbance N-factor Growth and LaRC Data Showing Transition Onset for Several Cases varying 
Angle of Attack at an Approximate Freestream Reynolds Number of 22 million per meter. The spike in (b) is 

a fiducial mark and not a trip. (L ≈ 0.67 m) 
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The trend with Reynolds number is also shown in Figure 8, which shows the predicted maximum 
N-factors for LaRC Runs 5 – 8 at a constant angle of attack of 4.0O.  Although the lowest 
Reynolds number condition does not show clear evidence of transition in the experimental data, 
the other three Reynolds numbers show transition onset occurs where the N-factor is less than or 
equal to about 1.0.  Again the correct trend is captured for this case by the STABL code, but the 
magnitude of growth is far too small to be primarily responsible for the transition onset observed 
in the runs. 
 

 
Finally, the three CUBRC cases are considered on a full-scale body.  These cases are also the 
only ones to replicate the total enthalpy of the flight in the test.  The summary of the predicted 
maximum N-factor growth and the experimental data are shown in Figure 10.  Here, the result is 
similar to the previous conclusion from the LaRC comparisons.  For all three CUBRC cases 
transition occurs very far forward within the first 24” on the model.  The predicted N-factor for 
second mode growth is far less than 1.0 for each case.  Finally, as before, an oblique wave 
analysis was performed for the CUBRC Run 4 case to verify that no additional growth would be 
seen from first-mode activity since transition occurs so close to the leading edge.  This result is 
shown in Figure 9, which demonstrates that, although the oblique wave disturbance envelope is 
slightly larger than the planar one, the levels are still insignificant for all modal waves. Although 
the N factors are very low, it is expected to be a highly unstable boundary layer due to the 
converging flow on the centerline as seen in Figure 3a. This highlights the deficiencies of 
analyzing a highly three-dimensional flow with a two-dimensional stability solver. 
 
 
 
 
 
 
 
 
 

 
(a) N-factor Envelope 

 
(b) LaRC Data 

Figure 8. Disturbance N-factor Growth and LaRC Data Showing Transition Onset for Several Cases varying 
Freestream Unit Reynolds Number. The spike in (b) is a fiducial mark and not a trip. (L ≈ 0.67 m) 
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Figure 10. Disturbance N-factor for Mixed Oblique and Planar Disturbances for CUBRC Run 4 

 
 
 
 
 
 
 
 
 
 
 
 
  

 
(a) N-factor Envelope 

 
(b) CUBRC Data 

Figure 9. Disturbance N-factor Growth and CUBRC Data Showing Transition Onset for Several Cases 
varying Freestream Unit Reynolds Number (4 – 9.09E+06 m-1, 5 – 4.63E+06 m-1, 14 – 1.61E+07 m-1) 
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6 Conclusions 
After analyzing thirteen different cases from three ground test facilities, it has been concluded 
that the most likely dominant transition mechanism for the leeward side of the X-51 will be 
crossflow.  There is experimental evidence from LaRC and CUBRC tests to support this 
conclusion which show a rise in heat transfer occurring outboard near the swept leading edge and 
propagating inward toward the centerline.  The only test case to show any significant N-factor 
growth on the leeward centerplane was the Purdue case.  Although the most unstable 
disturbances did not amplify enough to cause likely natural transition in a quiescent environment, 
the N-factors obtained were non-negligible and a detailed analysis of the crossflow modes of 
stability need to be performed for this case to determine the relative importance of modal growth.  
An analysis of crossflow should be made for all conditions studied here to verify the conclusions 
of this study, but we have seen little evidence to suspect that any significant modal growth will 
be experienced on the leeward side of X-51 for real flight conditions. 
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