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Multiscale Analysis of Heterogeneous Media in the
Peridynamic Formulation®

Bacim Alalif Robert Lipton?
October 28, 2008

Abstract

A rigorous multiscale method is presented for modeling the dynamics of fiber-
reinforced composite structures using the peridynamic formulation. The multiscale
analysis delivers a new multiscale numerical method that captures the dynamics at
structural length scales while at the same time is capable of resolving the dynamics at
the length scales of the fiber reinforcement. The new numerical method is able extract
this information at a cost that is anticipated to be far less than the direct numerical

simulation of structural components made from multiple plys containing thousands of
fibers.
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1 Introduction

The peridynamic formulation introduced in [21] is a nonlocal continuum theory for de-
formable bodies that does not use the spatial derivatives of the displacement field. In-
teractions between material particles are characterized by a pairwise force field that acts
across a finite horizon, see Section (1.1, The same equations of motion are applicable over
the entire body and no special treatment is required near or at defects. These properties
make it a powerful tool to model problems that involve cracks, interfaces, and other defects,
see [2 3, 14], 22] 23, 24]. This work focuses on the multiscale analysis of heterogeneous media
using the peridynamic formulation. The objective is to provide numerical methods that cap-
ture the dynamics inside composites at both the structural scale and the microscopic scale
with a cost far below that of direct numerical simulation.

We consider particle or fiber reinforced composites. Here the characteristic length scale
of the particle or fiber reinforced geometry is assumed to be very small relative to the length
scale of the applied loads. The length scale of the microstructure is denoted by . We
study three peridynamic models of fiber-reinforced materials. In the first model, which we
call “the short-range bond model”, the peridynamic horizon is of the same length scale as
that of the microstructure and the horizon approaches zero as € goes to zero. In the second
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Figure 1: Fiber-reinforced composite.

model, a long-range e-independent pairwise force is added to the short-range pairwise force
of the first model. Here the long-range pairwise force depends only on the relative position
of the two particles and the associated peridynamic horizon is fixed and independent of the
microstructure length scale e. We will refer to the second model as “the short-range and
long-range bond model”. In the third model, we consider a long-range pairwise force that
fluctuates with the microstructure. The peridynamic horizon in this model is fixed and
independent of €. This model will be called “the fluctuating long-range bond model”. In
all of these models, the peridynamic initial value problem is a partial integro-differential
equation with rapidly-oscillating coefficients supplemented with initial conditions.

For the first two models the concept of two-scale convergence, introduced by Nguetseng
[18] and Allaire [I], is used as a tool to identify both the macroscopic and microscopic dy-
namics inside the composite. A downscaling method obtained through the use of Semigroup
theory provides a strong approximation for capturing the mirco-level fluctuations about the
macroscopic displacement field. The multiscale approximation obtained for the first two
models are shown to be good approximations to the actual solution in the L” norm when
the microstructure is sufficiently fine. Explicit error estimates are provided for sufficiently
regular initial and loading data for the first model. This multiscale analysis provides the
theoretical framework for a new multiscale numerical method for computing the deformation
of fiber-reinforced composites in the presence of residual forces. The multiscale numerical
method delivered here captures the dynamics at structural length scales while at the same
time is capable of resolving the dynamics at the length scales of the fiber reinforcement. The
new numerical method is able extract this information at a cost that is anticipated to be far
less than the direct numerical simulation of structural components made from multiple plys
containing thousands of fibers.

For the third model, the Semigroup theory of linear operators [12], [13] is utilized to
identify both the macroscopic and microscopic dynamics of the composite. These are used
to develop an approximation to the actual solution that is shown to be a good approximation
to the actual solution in the LP” norm when the microstructure is sufficiently fine. Explicit
error estimates for the approximation are provided for this model. Last, the corresponding
multiscale numerical scheme is presented.

This report is organized as follows. Section [1.1]| provides an overview of the peridynamic
formulation of continuum mechanics. In Section [1.2], we introduce three peridynamic models
of fiber-reinforced composites. The results for the first two models are discussed and derived
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in Sections 2}l In Section [, we present a multiscale analysis method for these two models.
Section [3] provides uniqueness and existence results for the linear peridynamic initial-value
problem —. In Section {4 we review two-scale convergence and then use it to
identify the two-scale asymptotic limit of -. In Section , we build on the analysis
provided in Section [ to justify the results of Section [2l Section [f] is devoted to the third
peridynamic model of fiber-reinforced composites. A multiscale analysis method is presented
and justified for this model.

1.1 The Peridynamic Formulation of Continuum Mechanics

In the peridynamic theory, the time evolution of the displacement vector field u, in a het-
erogeneous medium, is given by the partial integro-differential equation

p(x) Olu(x,t) = ; fu(z,t) —u(z,t),z —x,x)dT + b(z,t), (x,t) € Qx(0,7) (1.1)

where H, is a neighborhood of z, p is the mass density, b is a prescribed loading force density
field, and Q is a bounded set in R?. Here f denotes the pairwise force field whose value is
the force vector (per unit volume squared) that the particle at & exerts on the particle at
x. For a homogeneous medium f is of the form f(u(z,t) — u(x,t), & — x), i.e., it depends
only on the relative position of the two particles. We will often refer to f as a bond force.
Equation is supplemented with initial conditions for u(x,0) and dyu(z,0). For the sake
of simplicity, we assume constant mass density given by p(x) = 1. However, the removal of
this hypothesis presents no barrier to the subsequent analysis. For the purposes of discussion
it will be convenient to set
=2 —u,
which represents the relative position of these two particles in the reference configuration,
and
n=u(z,t) —u(z,t),
which represents their relative displacement (see Figure . In the peridynamic formulation,

it is assumed that for a given material there is a positive number ¢, called the horizon, such
that

f(n,& x) =0, for [¢] > 4.

The pairwise force field f is required to satisfy the following properties:

which assures conservation of linear momentum, and

(E+mn) x f(n,&x)=0

which assures conservation of angular momentum.
A material is said to be microelastic if the pairwise force is derivable from a scalar

micropotential w
Ow

f(n.€.2) = 5 (n.€ )
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Figure 2: Deformation of a bond within the peridynamic horizon.

It can be shown that for a microelastic material the pairwise force is of the form (see [21])

fn,&x)=H({+n,§2)(€+n),

where H is a real-valued function. Finally, a material is linear if the associated bond force

f(n,&, x) is linear in 7.
In this treatment, all materials will be taken to be microelastic and linear.

1.2 Three Peridynamic Models of Fiber-Reinforced Materials

To fix ideas, we consider a periodic medium of unidirectional fiber-reinforced material. Here

the pairwise force is given by the linearized version of the bond-stretch model proposed in
24]

{®¢
e "

Here « is a real-valued function satisfying a(x,z) = «(Z,z). We will study three different
peridynamic models for this composite. These models are distinct in the way the coeffi-
cient o and the neighborhood set H, are defined. We start by providing the mathematical
description of the periodic microgeometry.

Let Y C R? be a unit cube and the local coordinates inside Y are denoted by y with
the origin at the center of the unit cube. The unit cube is composed of a fiber which is
surrounded by a second material called the matrix material, see Figure 3, Let x; denote the
indicator function of the set occupied by the fiber material and x,, denote the the indicator
function of the set occupied by the matrix material. Here x¢ is given by

fn.&x) =a(z,z+¢§) for £ € H,.

_ ] 1, yisin the fiber phase,
xily) = { 0, otherwise,

and yp, is given by
Xm(y) =1 = xi(y)-

We extend the functions y; and yy, to R? by periodicity. For future reference, we denote by
0r and 6, the volume fractions of the fiber material and the matrix material, respectively.
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Here 6y = [, x¢(y)dy and 60, = 1 — 6;. Also, we let n denote a unit vector parallel to the
fiber direction.
In the first model, the short-range pairwise force is given by

& ® &
oY,y + &)=<y, <94
fshort(nyvgyay) = (y Y gy) |§y|3 Ty |§y| (13)
0, otherwise.
where y € Y, &, =9 —y, n, = u(y,t) — u(y,t), and « is given by
a(y,9) = Cr xs(¥)xt(9) + Con X (¥)Xm () + Ci (xe(¥) X (9) + X (¥)X2(9)) - (1.4)

We note that ((1.3)-(1.4) give the pairwise force on R? associated with a unit periodic geom-
etry. In summary, the function « in (|1.4)) is given by

Ct, if y and ¢ are in the fiber phase
a(y,g) = ¢ Cn, if y and g are in the matrix phase
Cy, otherwise.

In equation , the peridynamic horizon ¢ is chosen to be smaller than the fiber thickness
in the unit cell. The material parameters C; and C), are intrinsic to each phase and can be
determined through experiments. Bonds connecting particles in the different materials are
characterized by Cj, which can be chosen such that Cy > C; > Cy, > 0, see [24].

The microgeometry associated with the length scale € is obtained by rescaling the bond
force fsnort as follows. For x € €Q,

1 T T+ 5) ERE
8 =2 P ) < €0
short(nag?x) = g2 (5 £ |€|3 n ‘5’
0, otherwise.

We see from 1' that a(Z, f) is given by

@ (2.2 = Coxi(a@) + Co a1 @) + G (GG + @G (@), (19)

where X (2) := x¢(Z) and x5, (7) = Xm(2)-
The peridynamic equation of motion for this model is given by

02 (z,1) = /Ha(m) 5—12a (f f) E=0)®E =) ez —uﬁ(g;,t))dmza(x,g,t) (1.6)

el e |z — z|?

£

supplemented with initial conditions

u(2,0) = u’ (x, g) , (1.7)

ot (z,0) = o’ (ac, g> . (1.8)

In what follows, we will denote by s a real number such that 3 < s < co. In (1.6)-(L.8),
b(z,y,t) is in C([0,T]; L*(2 x Y)3) and Y-periodic in y and u’(z,y) and v°(z,y) are in
L¥(Q2 x Y)? and Y-periodic in y.
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(@) (©)

Figure 3: (a) Composite cube Y. (b) Cross-section of Y along the fiber direction.

2y

+~—>

< 20

Figure 4: Long-range bonds (horizon «y) and short-range bonds (horizon &46).

In the second model, the following long-range pairwise force is added to the short-range
pairwise force of the first model (see Figure )

A(f)%n, € <~

0, otherwise,

flong(na f) =

where 7 is a prescribed peridynamic horizon. Here X is a real-valued function defined by

n
A(€) = { G =50 (1.9)

M .
C, otherwise,

where ¢ denotes the angle between £ and a line parallel to the fiber direction, with
0<wve<3. The constants C'fM and C’Il}l/[ are macroscopic parameters determined through
experiments, see [24] [10].

Now the peridynamic equation of motion associated with the total pairwise force is given
by

(T—2)® (2 —x)
|2 — [

O2us(x,t) = /H ( ))\(ﬁz — ) (u®(,t) —u(z,t)) di

+/HE§( La (ff> (#-2)®(@-2) (¥ (,t) — v (z,t))dz  (1.10)

x)? e € |z — x|

—i—b(az‘,f,t),
€
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supplemented with initial conditions

u(r,0) = u (x, g), (1.11)
o (z,0) = 2" (x,§> (1.12)

Remark 1. The first model follows from the second model on setting A = 0. Thus in
Sections we will often present our results and analysis for the second model only.

In the third model, the pairwise force is given by

OéL(yvy‘ng)gjg(jfynyv ‘€y| S 5

0, otherwise,

f(ny’ fyv y) -

where y € Y and 0 is a prescribed peridynamic horizon, and «y, is given by

Cr &yl 6n(&y), if y and y + &, are in the fiber phase,
ap(y,y+¢&) = and &, is parallel to n,
Cm|&|,  otherwise.

Here 9, is the Dirac delta distribution concentrated at a line parallel to n. The function o,
can be written in terms of y¢ as follows

ar(y,y + &) = Cr 1§ 0n(&) Xe()xe(y + &) + Cm €] (1 = 6n(&y) xe(W)xe(y +&,)) - (1.13)

We note that in equation (1.13), x¢(y) = x¢(y + &,) because y and y + &, both lie on a line
parallel to the fiber direction n.
The the pairwise force defined on {2 is given by

£®€n
S

0, otherwise,

af(r, x4 §) ] <0

ffn, & x) =

where a7 is defined by

g (,x + &) = Cr [€]0n(8) X5 (2) + € Cn [€] (1 = 0n(§) X5 (2)) - (1.14)

The peridynamic equation of motion for this model is given by

(T —2)® (2 —x)

0%z, 1) — / of (2, 8) = E B (e ) (1)) di (1.15)
Hs(x) | — ]
supplemented with initial data
u(2,0) = u’(2), (1.16)
ot (z,0) = ° (). (1.17)

Here the initial data u® and v° are in LP(2)® with 1 < p < oo and the loading force in
equation (|1.15)) is zero.
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2 Multiscale Analysis and the Numerical Scheme for
the Short-Range and Long-Range Bond Model

In this section, we present the multiscale analysis method for computing the deformation
of fiber-reinforced composites modeled by the peridynamic formulation. This is done for
the Short-Range and Long-Range Bond model described in Section [1.2l The method de-
livers a computationally inexpensive multiscale numerical scheme for the analysis of these
peridynamic models of fiber-reinforced materials. It consists of the following three steps.

1. Macroscopic Equation
Compute the macroscopic or average displacement field u” (x,t) by solving a peridy-
namic macroscopic equation.

2. Cell-Problem
Compute the micro-level displacement field r(y,t) by solving a peridynamic problem
on a single period cell.

3. Downscaling
The displacement field of the oscillatory peridynamic equation is given approximately
by superimposing the rescaled micro-level mechanical responses over the average dis-
placement field, i.e., uS,,.,, = u"(x,t) + r(x/e,t). The error in this approximation is
shown to converge in norm to zero, i.e., [|[u®(z,t) — U, p0 (7, )| — 0 as € — 0.

In the following subsections, we consider four cases of initial and loading conditions.
For each case, we present the macroscopic equation, the cell-problem, and the associated
approximation. The results provided in this section are justified in Section

For convenience, we introduce the following notation for the average of a periodic func-
tion. Let a function of the form p(y), p(x,y), or p(x,y,t) be Y-periodic in the variable y.
Its average over Y is denoted by

p = / p(y) dy,
Y

plr) = /Y p(x,y) dy, or
plat) = /Y pla, . t) dy,

respectively. For future reference, we let

K= i — )i =)@ &= 2)
H.,(x) |2 — z[3
By the change of variables £ = & — x, it is easy to see that K is a constant matrix, which
depends on the macroscopic parameters v, CM and CM .
For future reference, we will adopt the notation L (Y') for the space of Lebesgue p-
integrable functions which are Y-periodic. Similarly, C,.,(Y") denotes the space of continuous
Y-periodic functions. Also we denote by C%?(Q) the space of Hélder continuous functions

with exponent 3, where 0 < 5 < 1.

di . (2.1)
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2.1 First Case

In this section, the loading force and initial data are given by

b (x, g,t) = l(z,t)+ R (f) ) (2.2a)

u’ <:c, g) = wo(x) +uy (g) : (2.2b)
v? <:1:, g) = wv(x) + vy (g) , (2.2¢)

where [ € C([0,T); L*(Q)?), Risin L:_ (V)3 with R = 0, up and vy are in L*(Q)?, and

per
and vy are in L3 (Y)? with @, = 9, = 0. Here, R(Z) can be interpreted as a residual force.

For example, such forces can arise from the differences in thermal expansion between the
two materials.

2.1.1 The Macroscopic Equation

The macroscopic or homogenized peridynamic equation is given by

aqu(x7t):/ A(:ﬁ_x)(i_x)@(i—x)

H.,(z) 12— z[?

(W (2,t) — ufl (,8) d2 + U(z,8),  (2.3)

supplemented with initial data
u (2,0) = up(x), Ou” (x,0) = vy(x). (2.4)

Here the macroscopic displacement u!? is the weak limit of the sequence of displacements u°.
This is described by the following theorem.

Theorem 2.1. Let u® be the solution of —, where b, u°, and v° are given by
. Then as € — 0

uf(z,t) — u (z,t) weakly in L*(2 x (0,T))3,
where u™ € C*([0, T]; L*(Q)?) is the unique solution of 2.9)-(2.4).

Moreover, assume that | € C([0,T]; C(Q)?), and uo and vy are in C(Q)®. Then u is in
C2([0, T]; C()°).

2.1.2 The Cell-Problem

The cell-problem or the micro-level peridynamic equation is given by

ot = | ()a(y,m@]f’;?y(ﬁ;y) (r(3,1) — r(y.)) di

—K r(y,t) + R(y), (2.5)

supplemented with initial conditions

r(y,0) = wi(y), Oir(y,0) = vi(y). (2.6)
The matrix K is given by (2.1).
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2.1.3 Downscaling

The macroscopic displacement u! together with the rescaled solution of the cell problem
provide the approximation to the actual solution u® given by 5., = u(z,t) +r(x/e, ).
This is expressed in the following theorem.

Theorem 2.2. Let u® be the solution of —, where b, u®, and v° are given by
(2.9). Assume that 1 € C([0,T]; C(Q)*), and ug and vy are in C(Q)*. Then for almost every

t e (0,7),
T
1i “(x,t —( Azt (—t))‘ =0, 2.7
i o6 = (.00 ()] 27)
where r € C*([0,T); L., (Y)?) is the unique solution of —

Moreover, assume that A = 0 in equation . Then, fort € (0,T) and ugy, vy, and
I(+,t) in COP(Q)3, the error in is estimated by

‘ u(x,t) — <uH(:U,t) +r <§,t)>

where M, (t) is independent of €. The function Mi(t) is given explicitly in
Section [5.2.1]

< M, (t)e? 2.8
Le()? = 1( )5 ) ( )

2.2 Second Case

In this section, the loading force and initial data are given by

b (g; §t> — F (gt) h(z), (2.92)

0(p T =
u (m, €> = 0, (2.9b)
0(p T =
v (ac, 6) = 0, (2.9¢)
where F' € C([0,T]; L5,.(Y)*?) and h € L*(Q)°.

2.2.1 The Macroscopic Equation

The macroscopic peridynamic equation is given by

O2ut (x,t) = /H . i — )= \?iﬁ =) (W (3 1) — uf (5,1)) di + F(Dh(z), (2.10)

supplemented with initial data
u"(z,0) =0, Ou(x,0)=0. (2.11)

Here the macroscopic displacement u is the weak limit of the sequence of displacements u°.
This is described by the following theorem.

Theorem 2.3. Let u® be the solution of -, where b, u°, and v° are given by
. Then ase — 0

u(x,t) — uf (z,t) weakly in L¥(Q x (0,T))3,

where u™ € C*([0, T]; L*(Q)?) is the unique solution of - :
Moreover, assume that h € C(Q)%. Then u® is in C%([0,T]; C(Q)?).
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2.2.2 The Cell-Problem
The micro-level peridynamics is given by the following equations. For j =1, 2, 3,

—K v (y,t) + (F/(y,t) — F/(t)), (2.12)
supplemented with initial conditions
r(y,0) =0, 07 (y,0)=0. (2.13)
In (2.12), F¥(y,t) and F7(t) denote the j* columns of the matrices F(y,t) and F(t), respec-
tively. The matrix K is given by .
2.2.3 Downscaling

The macroscopic displacement uf together with the rescaled solution of the cell problem
provide an approximation to the actual solution u®. This is expressed in the following
theorem.

Theorem 2.4. Let u® be the solution of ~(1.19), where b, u°, and v° are given by
(2.9). Assume that h € C(Q)3. Then for almost every t € (0,T),

u(x,t) — (uH(:B,t) + Zi:rj (g,t) hj(x))

where 17 € C*([0,T; L;..(Y)?) is the unique solution of —.

Moreover, assume that A = 0 in equation {1-10). Then, fort € (0,T) and
h € C%%(Q)3, the error in (2.14)) is estimated by

u(x,t) — <uH(a:,t) + irj (g,t) hj(:c)>

where My(t) is independent of €. The function Ms(t) is given explicitly in
Section [5.2.2.

lim
e—0

=0, (2.14)

Ls (Q)B

< My(t)eP, (2.15)

Ls (Q)3

2.3 Third Case

In this section, the loading force and initial data are given by

b<x,§,t> — 0, (2.16a)
u’ (x,%) = F(g) h(zx), (2.16Db)
W @é) = 0, (2.16¢)

where F' € L?

per

(V)3 and h € L*(Q).
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2.3.1 The Macroscopic Equation

The macroscopic peridynamic equation is given by

Pull (2, 1) = / Mi— ) EZDSE =) m (g 1)) d, (2.17)

H,(z) 12—
supplemented with initial data
u"(z,0) = Fh(z), Ou'(x,0)=0. (2.18)

Here the macroscopic displacement u is the weak limit of the sequence of displacements u°.
This is described by the following theorem.

Theorem 2.5. Let u® be the solution of —, where b, u°, and v° are given by
2.16)). Then ase — 0

uf(z,t) — u (z,t) weakly in L*(2 x (0,T))3,

where ul € C2([0,T); L*(Q)%) is the unique solution of (2.17)- :
Moreover, assume that h € C(Q)2. Then u* is in C2([0,T); C(Q)?).

2.3.2 The Cell-Problem

The micro-level peridynamics is given by the following equations. For j =1, 2, 3,

W = /H( )a(y’m . W(gjj)?y(i; & ("7 (5,8) — 17 (y,1)) dy

—K ri(y,t), (2.19)
supplemented with initial conditions

7 (y,0) = F'(y) — F7, 9y (y,0) = 0. (2.20)
In (2.20), F7(y) and F7 denote the j* columns of the matrices F'(y) and F, respectively.
The matrix K is given by .

2.3.3 Downscaling

The macroscopic displacement u! together with the rescaled solution of the cell problem
provide an approximation to the actual solution u®. This is expressed in the following
theorem.

Theorem 2.6. Let u® be the solution of —, where b, u®, and v° are given by
(2.16). Assume that h € C(Q)*. Then for almost every t € (0,T),

lim

lim |, 1) — (uH(a:,t) + Zi:rj <§t> hj(a;))

=0, (2.21)

Ls (Q)B
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per

Moreover, assume that A = 0 in equatwn 1 10}). Then, fort c 0 T and h € C%5(Q)3,
the error in (m 15 estimated by

ut(z,t) — (uH(x,t) + irj (g,t) hj(x)>

J=1

where 17 € C*([0,T); L;,.(Y)?) is the unique solution of (2.19 '

< Ms(t)eP, (2.22)

Ls (Q)3

where M;(t) is independent of €. The function Ms(t) is given explicitly in
Section [5.2.3.

2.4 Fourth Case

In this section, the loading force and initial data are given by

b<x,§,t) — 0, (2.23a)
u® (xg) — 0, (2.23b)
o (x%) - F<§> h(z), (2.23¢)

where F' € L, (V)33 and h € L*(Q)3.

per

2.4.1 The Macroscopic Equation

The macroscopic peridynamic equation is given by

o2t (z,t) = /H . i — )= g?;ﬁ =) Wl (3 1) — u (5. 1)) di, (2.24)

supplemented with initial data
uf(2,0) =0, Ou(r,0)= Fh(z). (2.25)

Here the macroscopic displacement ' is the weak limit of the sequence of displacements u®.
This is described by the following theorem.

Theorem 2.7. Let u® be the solution of —, where b, u°, and v° are given by
. Then as e — 0

uf(x,t) — uf (z,t) weakly in L¥(Q x (0,T))3,

where vl € C*([0,T); L*(Q)3) is the unique solutwn of (2.24)-(2
Moreover, assume that h € C(Q)®. Then u* is in C2([0, T); C(Q)?’).
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2.4.2 The Cell-Problem

The micro-level peridynamics is given by the following equations. For j =1, 2, 3,

) = [ et TR R (00 - ) d

—K 1/ (y,t), (2.26)
supplemented with initial conditions

r(y,0) =0, 0 (y,0) = F(y) — F. (2.27)
In (2.27), F7(y) and F7 denote the j* columns of the matrices F(y) and F, respectively.
The matrix K is given by .

2.4.3 Downscaling

The macroscopic displacement uf together with the rescaled solution of the cell problem
provide an approximation to the actual solution u®. This is expressed in the following
theorem.

Theorem 2.8. Let u® be the solution of —, where b, u°, and v° are given by
(2.29). Assume that h € C(Q)®. Then for almost every t € (0,T),

u(x,t) — (uH(m,t) + irj (g,t) hj(x))

where 17 € C*([0,T; L,,.(Y)?) is the unique solution of — 2.2

Moreover, assume that X = 0 in equation . Then, fort € (0,T) and h € C*?(Q)?,
the error in 15 estimated by

u(x,t) — <uH(x,t) + Zgzrj (g,t) hj(x)>

Jj=1

lim =0, (2.28)

e—0

Ls (Q)B

< My(t)eP, (2.29)

Ls (Q)3

where My(t) is independent of €. The function My(t) is given explicitly in
Section [5.2.3.

3 Existence and Uniqueness Results for the Peridy-
namic Equation

In this section, we make use of semigroup theory of operators to study the existence and
uniqueness of ((1.10)-(1.12)). We begin by introducing the following operators. For v € L*(Q)3,
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with % < 5 < 00, let

— PPN Gl )R Gl ISP
R R e LT (3.1)
v(xr) = if—x(i_@@(i_x) T v(x
M) = [ 2R E G i), 3:2)
“o(x) = ia Eé (:%_x)@)(ij_x)vi" T
tae) = [ Ga(82)EREE v, (3.3

Ag () = / Lo (f, f) F=0)@E =) 1o o). (3.4)

Also we set

(
A = Ag— Ag,, (3.6)
A = AL+ A5 (

Then by making the identifications u(t) = u°(-,t) and b°(t) = b(-, 2, ), we can write (1.10)-
(1.12)) as an operator equation in L*()3

us(t) = A%u(t)+0°(t), te€[0,T]
us(0) = u§, (3.8)
w(0) = 5.
or equivalently, as an inhomogeneous Abstract Cauchy Problem in
L5(Q)3 x L*(Q)?
{ Us(t) = AUS(t)+B(t), tel0,T] (3.9)
Us(0) = U§. ’

where

0= (56)- - () 0= () a3 1)

Here I denotes the identity map in L*(£2)3.
Proposition 3.1. Let 3 < s < 0o and assume that b° € C([0,T]; L*(Q)*). Then

(a) The operators A° and A® are linear and bounded on L*(Q2)3 and
L#(02)? x L*(Q)3, respectively. Moreover, the bounds are uniform in .

(b) Equation (3.9) has a unique classical solution U* in
CL([0,T]; L*(Q)% x L*(Q2)3) which is given by

t
Us(t) = ™ UE + / A BE(r) dr, t € (0,7, (3.10)
0
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where

R LU
et = Z;E (A%)™. (3.11)
Moreover, equation @ has a unique classical solution u® € C*([0,T]; L*(Q2)3) which
s given by

u®(t) = cosh <t\/ﬁ) ug + VA sinh <t\/E) U5
—l—\/El/t sinh (t@) bo(T)dr (3.12a)

with the notation

cosh (t@) = Z (;1:)' (A%)" (3.12Db)
-1 > n_t02”+1
VA " sinh (NE) = G A" (3.12¢)

n=0

(c) The sequences (uf)esq, (U°)es0, and (if)eso are bounded
in L=([0, TT; L*(22)%).

Proof. Part (a). It is clear that the operators A%, Ag,, Api, and Apo are linear. So
we begin the proof by showing that A%, and Ag, are uniformly bounded on L*(Q)* for
% < s < oo. Let v € L¥(Q)3. Then by the change of variables Z = x + £z in (3.3) we obtain

Tv(z) = / a <f, Ty z) : ®3Z v(z +e2)dz. (3.13)
’ H;(0) |2|

g ¢

Let apmax = max a(y,y'). Then by taking the Euclidean norm in (3.13|), we see that
yy'E€

1
|A1€g7121(l')| < CVmax/ T |U(l’+52)|d2
#;(0) 1]

1 1/s 1/s
< Omax </ — dz) (/ lv(x + &?z)|sdz) : (3.14)
Hy(0) 121° H;(0)

where Holder’s inequality was used in the second inequality, with 1/s+1/s' =1
and 1 < ¢’ < 3. By changing the variable of integration back to # in the second integral,
and then taking the limit as ¢ — 0, we see that

1
/ o(e +en)fds = — w(@)|* di
H‘S(O) € H&E(x)
—  [Hs(z)| [v(z)], ae. z, (3.15)

where we have used Lebesgue’s Differentiation Theorem to evaluate this limit. On the other
hand, we observe that the first integral in (3.14)) is finite because s’ < 3. Therefore, it follows

from (3.14]) and (3.15) that
[ A5 v()] < My fu(z)],
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for some real number M; > 0 which is independent of €. It follows that
[AG vlla@p < My vl L,

which shows that the operator Ag; is uniformly bounded. Similarly, Ag, can be written as

T 2Rz
ASv(z) = / « <—, -+ z> dz v(z). (3.16)
52 H;s(0) € € |2[?
Thus
- 1
[ASo0(2)] < max T dz [u(@)],
H;(0) |2|

from which the boundedness of A5, immediately follows. Combining these results shows
that Ag, which is given by Ag, — A%,, is a uniformly bounded operator on L*(2)?.
Next we show that the linear operator A;, = Ar; — Ao is bounded on L*(Q)3. Let

Amax = éII[l{a}(() A(§). Then by taking the Euclidean norm in (3.1]), we see that
€HA (0

1
A1) < A / L @) i
Hy (z)

1 1/s 1/s
Amax / e dz / |U(i’)|s dx s (317)
i) [T — ] H,y(x)

where Holder’s inequality was used in the second inequality, with 1/s+1/s' =1
and 1 < ¢ < 3. By the change of variables £ = & — z, it is easy to see that the first integral
in (3.17) is independent of = and finite because s’ < 3. Therefore from (3.17) we obtain

1 1/s
Ls(Q)3 < /\max / Tols dz ||U
H,(0) |2

~

IN

AL 10|

LS(Q)3 .

This shows that Ap; is bounded on L*(2)3. The boundedness of Ay o, which is given by
(3.2), is clear. Therefore Ay, is bounded on L*(Q)3.
Since A® = Aj, + A%, we conclude that

[A]

LS(Q)3 S MHU

L#(Q)35 (3.18)

for some real number M > 0 which is independent of ¢.
The operator A® is clearly linear, thus it remains to show that this operator is uniformly

bounded on L*(Q2)3 x L*(Q2)3. To see this, we let (v,w) € L*(2)? x L*(2)3. The norm in this
Banach space is given by

I(v, w)

rr@pxre@) = [[Vllzs@p + lwl[Ls(0)-

We note that
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Thus by taking the norm, we obtain

IA (v, w) || o@pxro@p = llwllzs@s + [A0] Loy
< lwlleop + 14 ol (3.19)

From (3.19) and since we may assume that M > 1 in (3.18)), it follows that

HAE(U, w)HLs(Q)3><Ls(Q)3 S MH(U, w)||Ls(Q)3><Ls(Q)3, (320)

completing the argument.

Part (b). We have seen from Part (a) that A® is a bounded linear operator on the Banach
space L*(Q)3 x L*(Q)3. Also, since b° is in C([0,T]; L*(Q2)3) by assumption, it follows that
B = (0,b°) is in C([0,T]; L*(2)® x L*(Q)?). From these facts, it follows from the theory of
semigroups that]

1. The operator A® generates a uniformly continuous semigroup {e'*"};>o on L*(Q)? x

L#(Q)3, where e is given by (3.11)).

2. The inhomogeneous Abstract Cauchy Problem (3.9) has a unique classical solution
Ue € CH[0,T]; L*(92)? x L*(Q)3) which is given by (3.10)).

It immediately follows from ([2)) that the second order inhomogeneous Abstract Cauchy Prob-
lem (3.8)) has a unique classical solution u € C*([0,T); L*(2)?). It remains to show that u®
is given explicitly by (3.12). To see this, we begin by the following observations which can

be easily shown using mathematical induction. For n = 0,1, 2, ..., we have
o 1\ (45" 0
(o) = (% ) 320
2n+1
0 I B 0 (A=)"
( A€ 0 ) - < (As)n+1 0 ) (3'22)
From (3.11)) and by using these two equations we see that
0 tQTL . oo t2n+1 .
— (A5)" — (A%)"
o FE (LY 2o " L )
- n! A0 - O 42041 o 42n
n—0 eyn+1 e\n
nZ_O (2n+1)! (4% nZ_O (2n)! (4%)

(3.23)

Equation (3.12)) follows from equations (3.10) and (3.23)), and the fact that

W:(Z)
u

Isee for example [20} 12].
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Part (c). We recall that

~—

ug(r) = u’(x,

~—

vi(z) = %z,

M l8m |8

Also by assumption u°(x,y), v (z,y) are in L¥(Q; L, (Y)?). Therefore we see that

per

1/s

L3 (QLge, (Y)3) *= ( / / |u°(:v,y)\sdydx> :
QJY

1/s

L (L5, (Y)3) 7= ( / / Ivo(x,y)lsdydx) :
QJY

Thus uf§ and v§ are uniformly bounded in L*(2)%, which implies that U is uniformly

bounded in L(Q)% x L¥(Q)3. Similarly we can show that for ¢ € [0, 7], b°(¢) is uniformly

bounded in L*(Q)3. Since b°(t) is continuous in ¢, it follows that b° is uniformly bounded in

C([0,T]; L*(Q)3), which implies that B¢ is uniformly bounded in C([0, T7; L*(2)? x L()3).
Next we note that

lugllze@e < [lu’]

W5l < 10"

¢l A%

: (3.24)

e

(&
6tM

IAINA

where in the last inequality we have used the fact that A® is uniformly bounded. Taking the
norm in both sides of (3.10)) and by using (3.24)), we obtain

t
U (1) || s xrsip < Mie™ + / eIM L dr, (3.25)
0

for some positive numbers M, My, and M. This implies that U¢ is uniformly bounded
in L>=([0,T]; L*(Q2)3 x L*(2)?). Therefore the sequences (uf).-q and (i).~¢ are bounded
in L>=([0,T]; L¥(Q)3). Finally, it follows from equation that the sequence (i%).~q is
bounded in L>([0,T]; L*(Q)?), completing the proof. O

4 Two-Scale Convergence and the Two-Scale Limit Equa-
tion

The aim of this section is to identify the two-scale limit of the peridynamic initial-value

problem (L10)-(L12).

4.1 Two-Scale Convergence

We begin by defining two-scale convergence and recalling some results from two-scale con-
vergence. In the subsequent discussion, we will often refer to the following function spaces
K = {$€CPR*xY), ¥(z,y) is Y-periodic in y},
J = {Y € CPR*xY xR"), ¢(x,y,t) is Y-periodic in y},
Q = {weC¥[0,T); L*(2 x Y)?), w(z,y,t) is Y-periodic in y, and 3/2 < s < oc}.
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Let p and p’ be two real numbers such that 1 <p <ocand 1/p+1/p’ = 1.

Definition 4.1 (Two-scale convergence [18],[1]). A sequence (v°) of functions in LP(Q2),
is said to two-scale converge to a limit v € LP(Q2 x Y) if, ase — 0

/Qva(x)w (a:,g) dr — /Qxyv(x,y)w(:v,y) dxdy (4.1)

for all € LP' (2 Cper(Y)). We will often use v° 2 v to denote that (v%) two-scale converges
to v.

If the sequence (v°) is bounded in LP(Q) then L (€; Cye(Y)) can be replaced by K in
Definition (4.1)) (see [19]).

The following are well-known results on two-scale convergence, which can be found in

[9].

Proposition 4.2. If (v°) converges to v in LP(Q2) then (v°) two-scale converges to v(z,y) =

v(z).
Proposition 4.3. If ¢ € K then ¢(x, Z) two-scale converges to 1 (x,y).

Proposition 4.4. Let (v°) be a sequence in LP(§2) which two-scale converges to v € LP(€Q X
Y). Then

[t (e 5) dow [ vlegpote, ) dody,

for every o of the form (x,y) = Y1 (x)a(y), where Yy € L™ (Q) and 1), € L;;I;,'(Y), with
1<r<ooandl/r+1/r"=1.

Proposition 4.5. Let (v°) be a sequence in LP(§2) which two-scale converges to v € LP (€ x
Y). Then ase — 0

V¢ — / v(z,y)dy weakly in LP(Q).
Y
Definition is motivated by the following compactness result of Nguetseng, see [1§].

Theorem 4.6. Let (v°) be a bounded sequence in LP(S)). Then there exists a subsequence
and a function v € LP(Q x Y') such that the subsequence two-scale converges to v.

For the time-dependent problems studied in this work, we slightly modify the above two-
scale convergence definition and results to allow for homogenization with a parameter, see
[5, 8]. Here the parameter is denoted by t.

Definition 4.7. A sequence (v°) of functions in LP(Q2 x (0,T)), is said to two-scale converge
to alimitv e LP(QAxY x (0,7)) if, ase — 0

/ v (e, ty (2. . t) dedt — o(e,y 0@,y 1) dedydt (4.2)
Qx(0,T) € QxY x(0,T)

forally € J.
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Theorem 4.8. Let (v°) be a bounded sequence in LP(2 x (0,T)). Then there ezists a subse-
quence and a function v € LP(2 x Y x (0,T)) such that the subsequence two-scale converges
to v.

The proof of this result is essentially the same as the proof of Theorem [£.6] A slight
variation of Theorem {.8| can be found in [8] and [5].

The following is a direct consequence of Definition [4.7] and the definition of weak conver-
gence.

Proposition 4.9. Let (v°) be a bounded sequence in LP(Q x (0,T)) that two-scale converges
tove P(QxY x(0,T)). Then ase — 0
V" — / v(z,y,t)dy weakly in LP(Q2 x (0,T)).
Y
Finally, we state the following well-known result on the weak limit of oscillatory periodic
functions, which can be found in [6].
Proposition 4.10. Let h € LY(2) be a Y -periodic function, where 1 < q < co. Set h*(x) =
h(%Z) for x € Q. Then ase — 0,
h® — h = / h(y)dy weakly in L(S2), (4.3)
Y
if 1 <q < oo, and B
h® — h  weakly-* in L>(2), (4.4)

if ¢ = o0.

4.2 The Two-Scale Limit Equation

In this section, we use two-scale convergence to identify the limit of (1.10])-(1.12)). We observe
that the loading force and initial data given by equations (2.2)), (2.9)), (2.16)), or (2.23)), satisfy
the following

b (m, g,t) 2 b(x,y,t), (4.5a)
u’ (m, g) A u’(z,7), (4.5b)
v° (m, g) A V(,y). (4.5¢)

We note that from Proposition [3.1fc) and Theorem it follows that, up to some subse-
quences, u° N u, U° EN u*, and 4° EN u**, where u, u*, and u* are in L*([0,T]; L*(Q2 x Y)3).
We shall see later that u(z,y,t) is uniquely determined by an initial value problem. There-
fore u is independent of the subsequence, and the whole sequence (u°) two-scale converges
to u.
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In order to identify the two-scale limit of ([1.10]), we multiply both sides by a test function
Y(x, 2,t), where ¢(z,y,t) is Y-periodic in y and is such that
€ C®(R3 x Y x R)3, and integrate on Q x Rt

/ OXuf (w,t) - 9 <x, E,t) dxdt
QxR+ €
- /§sz+ ((AL AW (2, 1) + b (x §t>> A (x f,t) ddt

3

After integrating by parts twice, we obtain

/Q><R+ u(z,t) - 831/1 <93, g,t) dxdt — /Q@tua(a:,O) ) <x7§’0> dx
+/u5(x,0) O (iﬁ,g,()) dz

=/Z N (AL + A9 (@) + b (2. 5,1) ) -0 (2.2.1) dodt

By letting ¢ — 0 we obtain

[ o) Bt dadydt — [ o) dlo,,0) dedy
QXY xR+

QxY

+/ uo(x,y) '@W%y,o) dxdy
Qxy

= lim (AL + AY)u(z,t) - ¢ <x, g,t) dxdt

=0 Joxr+

OxY xR+

For i =1, 2, 3, we extend u;(x,y,t) by periodicity from Q x Y x (0,7 to
Q xR x (0,7). We will use the following lemma to compute the limit on the right hand

side of (4.6)).

Lemma 4.11. Let w be in L*($2; L3

per

Butey) = [ PECEE G- E-2) ( [ wiaray —w(x,w) i,

Bsu(z,y) = /H ol (w(z,9) — w(z,y)) dj.

(Y)3) and define

Then as e — 0,

(a) Apus(z,t) > Bru(z,y,t).

Moreover, the operator By, is linear and bounded on L*(SY; L3, (Y)?).
(b) Agu(z,t) = Bsu(x,y,t).

Moreover, the operator By is linear and bounded on L*(Q2; L3, (Y)3).

per
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The proof of this lemma is provided at the end of this section.
Using Lemma (4.11]) and Lebesgue’s dominated convergence theorem, it follows that

lim (AL + Au (z,t) - ¢ (x, g, t) dxdt

=0 Joxr+

QXY xR+

Thus (4.6) becomes
/ u(z,y,t) - OFp(x,y,t) dedydt — / 0O (z,y) - P(x,y,0) dedy
QXY xR+ Qxy
+/ UJO($,y) 8{¢(l’,y,0) dl’dy
QxY
= [ (B Boulwt) + be. g, t) - (.. t) dodyd (47
QXY xR+

We shall see from Lemma [4.13, provided before the end of this section, that u has two
classical partial derivatives with respect to t, for almost every ¢, and the initial conditions

supplementing (4.7) are given by
u(@,y,0) = u’(z,y), du(,y,0)="(z,y). (4.8)
Thus by integrating by parts twice, equation (4.7) becomes

/ Ou(x,y,t) - (x,y,t) dedydt
OxY xR+

:/Q . ((Br + Bs)u(x,y,t) + b(x, y, 1)) - ¥(z,y, t) dedydt (49)

Since this is true for any function ¢ € C°(R3 x Y x R)? for which ¢ (x,y,t) is Y-periodic in
y, we obtain that for almost every x,y, and t

Ofu(w,y,t) = Bu(z,y,t) + b(z,y,1), (4.10)
where B = By, + Bg. It follows from Lemma that B is a bounded linear operator on
L€ L5, (Y)?). Therefore, the initial value problem given by (4.10) and (4.8), interpreted
as a second-order inhomogeneous abstract Cauchy problem defined on L*(€2; L:,.(Y)?), has

per
a unique solution v € Q.
The following summarizes the results of this section.

Theorem 4.12. Let (u®) be the sequence of solutions of -[1.19). Then
ut 2w where u € Q is the unique solution of

uent) = [ Mo-nE= BT (/ u(:e,y’,wdy/—u(x,y,t)) di
H.(z) T — x| Y

L W-ye@-y ) )
+/Ha(y)a(y’y> e (u(x,9,t) —ulz,y,t)) dy

(4.11)

+ b(‘,[‘? y’ t)?
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supplemented with initial conditions

u(z,y,0) = u’(z,y), (4.12)
ou(z,y,0) = 1%x,y). (4.13)

Lemma 4.13. Let t € [0,T] and define

g(x,y,t) / / (x,y,0)dldT + tu*(z,y,0) + u(x,y,0). (4.14)

Then g is in L¥( x Y x (0,T))3, twice differentiable with respect to t almost everywhere,
and satisfies

(a) For almost every x,y, and t, g(x,y,t) = u(w,y,t), dg(x,y,t) = u*(2,y,1),
and 92g(z,y,t) = u**(z,y,t).

(b) For almost every x and y

g9(x,y,0) = u(x,y,0) = u’(z,y),
atg(‘rvyao) = U’*<I7y70) - UO('I?y)'

Proof. Part (a). Let ¢1(z,y) be in C°(2xY)? and Y-periodic in y, and let ¢ be in C>°(R™).
Then by using integration by parts, we see that

/QXR+ Opus (z,t) - n <ZL‘, g) o(t) dedt = — /QXR+ us(2,t) - iy ((L’, g) gb(t) dedt.

Sending ¢ to 0 and using the fact that, up to a subsequence, d;u® EN u*, we obtain

[t (o) o0 dody
OxY xR+

— _/ u(z,y,t) -y (x,y) (b(t) dxdydt.
QXY xR+

Since this holds for every 1; we conclude that

/]R+ U*<I, Y t)¢(t) dt = — /]R+ u<$, Yy, t)¢(t) dt, (415)

for almost every = and y and for every ¢ € C°(R™). Similarly, by using the fact that, up to

2
a subsequence, 0?u® = u**, we see that

/]R+ u(z,y,t)p(t) dt = /]R+ u(x,y, t)o(t) dt, (4.16)

for almost every z and y and for every ¢ € C:°(R™). We note that from (4.14)) it is easy to
see that g is twice differentiable in ¢ almost everywhere and satisfies

t
g, y,t) = / (e, 7) dr + (2, ,0), (4.17)
0

g(x,y,t) = u™(z,y,1). (4.18)
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We will use these facts together with (4.15) and (4.16)) to show that 0,g = u* almost every-
where and g = u almost everywhere.
For ¢ € C°(R"), we have

atg(x7y7t)¢(t> dt = — a?g($7y7t)¢(t> dt

R+ R+

= —/R+ u(z,y, t)o(t) dt
= —/]R+ u(x,y,t)é(t) dt
= /R+ u(z, y,t)gzg(t) dt

where (4.18)) and (4.16)) were used in the second and third steps, respectively. Thus we obtain
| @G0~ w..0) dt0) i =0, (1.19)
R+

for every ¢ € CX®(R*"). Since 0ig(z,y,0) = u*(x,y,0), we conclude from (4.19) that
Og(x,y,t) = u*(x,y,t) almost everywhere.
We also have

/wg(x’y’t)é(t)dt = —/Rﬁtg(w,y,t)qﬁ(t)dt
- —/R+ u*(z,y,t)p(t) dt

= /RJr u(z,y, t)o(t) dt

where the fact that 0,g(x,y,t) = u*(x,y,t) almost everywhere was used in the second step
and (4.15)) was used in the third step. Thus we see that

| ot t) = ) d40) dt =0 (4.20

for every ¢ € C°(R™). Since g(z,y,0) = u(x,y,0), we conclude from that g(z,y,t) =
u(z,y,t) almost everywhere, completing the proof of Part (a).

Part (b). Let ¥(x,y,t) be in C*(2 x Y x R)3 and Y-periodic in y. Then by using
integration by parts, we see that

/QX]R+ Oyt (z,t) - (x,f,t) dxdt = _/wa W (2, 1) - Db <$’§’t> dedt
- [ w00 (2.2.0) o

Sending ¢ to 0, we obtain

/ u*(:c,y,t) Y ('xv y7t) dxdydt = _/ U(l‘, y7t) O (CE, yat) dxdydt
Q QXY xR+

XY xR+

QxY
(4.21)
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On the other hand, using Part (a), we see that

Q QXY xR+

xY xR+t

Q

XY xR+t

_/S; g(l‘,y,O) Qﬂ(l’,y, 0) dl'dy

xY

= —/ u(w,y,t) - O (z,y,t) dedydt
QXY xR+

—/Q u(z,y,0) - (z,y,0) dedy.

. (4.22)

From (4.21)) and (4.22) we obtain that
/ (UO(.T,y)—U(J},y,O)) 1/1(13,y,0) d$dy:07
QxY

for every 1. Therefore
u(z,y,0) = u’(z,y),

almost everywhere. Similarly we can show that
@u(x, Y, 0) = UO('I’ y)7
almost everywhere, completing the proof of Part (b). O

Proof of Lemmal[{.11] Part (a). Since A, = Ap1 — Ao, we will compute the two-scale
limits of Ay ;u® and Ay ou®, then combine them to show that as ¢ — 0,

Apuf(z,t) 2 Bru(z,y,t). (4.23)

Let 1 € C°(R? x Y)? such that ¢ (z,y) is Y-periodic in y, and ¢ € C>°(R"). Then from the
definition of Ay, 1, equation (3.1)), we see that

/ Apqut(z,t) -4 (:p, E) o(t) dxdt

QxR+t AE R

- / / Mi— ) EZDOE =) e paa .y <:13 f) (1) dadt,
QxR+ J H, (z) €

@ —af?

(4.24)
. 2 . . .
Since u®(z,t) = u(z,y,t), we obtain using Proposition that, as ¢ — 0,

u® — / u(z,y,t) dy weakly in L¥(Q x (0,T))>. (4.25)
Y
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It follows from (4.25) that, for fixed x,
lim/ / Mo — ) EZDSE =) e pot) didt
R+ J Hy ()

e—0 |z — x|?

_ /R+ /Hm i — )= r;)f@;ﬁ —7) (/Y (@, 1) dy'> 6(¢) didt.

(4.26)
We note that by replacing v(x) with u®(z,t) in (3.17)), we obtain
/ A — )BT ) e s
H,(z) 2 — x|
1 1/s 1/s
S )\max (/ I e—— di’) (/ |u€(j7t)|5 dfif)
Hs(z) 1T — ] Hs(x)
1 1/s
< Amax (/ P dﬂf?) [ |z (0,71, 25 (9)%) - (4.27)
o [T (10,7 1+ (©)?)

From Proposition B.1} [|u®||ze(o,r; L+()2) is bounded. Thus from (#.26)), and [#27) and by
using Lebesgue’s dominated convergence theorem, we conclude that the convergence of the
sequence of functions in (4.26]) is not only point-wise in x convergence but also strong in

L#(Q2)3. Therefore we can use Proposition 4.2 and (4.26)) to evaluate the limit of (4.24)) as
¢ — 0. We find that

lim A (z,t) - (:c f) (t) dadt
=0 Joxr+ €
- [ [ a-ptt=Rels ( [ty dy’) i (2, 2) o) dut,
QxR+ J H, (z) |12 — | Y €
(4.28)
Next we evaluate the two-scale limit of Ay ou®. We recall from (3.2)) that
Ap o (z,t) = / Ai — (F-o)@ (”f,) =) g (), (4.29)
H(z) |2 — |
from which immediately follows that as ¢ — 0,
Ap s 2 i —p)E =)@ <”j; =) g ey t). (4.30)

Combining equations (4.28)) and (4.30]), the result (4.23)) follows.

The fact that the two operators By, and Bg are linear and bounded on the Banach space

L*($Y; Ly, (Y)) can be shown by arguments similar to those used in the proof of Proposition

Part (b). Since A = Ag, — A%,, we will compute the two-scale limits of A% ,u and
AGouf, then combine them to show that as e — 0,

Al (z,t) 2 Bgu(z,y,t). (4.31)
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Let w(‘rv y7t) = 1/12(55)%@)(?)(75)7 where wZ € CSO(R3)7 wl € Cﬁr( ) and
¢ € CX(R*). Then by using (3.13)), replacing v(x) with u®(z,t), we see that
x
/ A (z,t) - (:p, —,t> dxdt
QxR+ ’ €
:/ / a(f,z—l—z)@zﬂx—kéz,t) dz-zb(x,f,t) dxdt.
QxR+ J Hs(0) € ¢ |2 €
(4.32)
We recall that « (f 2+ ) is defined by equation 1} Without loss of generality, we may
assume that o (f, 2+ ) is given by

T x x x
(B2 ()
e e € €
Thus after a change in the order of integration in the right hand side of equation , we
see that
| o (s
QxR+

1 T
o L)
Hs(0) 12> Jaxr+ €

ml%%

) ddt

Xt (g + z) W (@ + ez, t) -2 ¥y (f) 2 by (2)(t) drdtdz.

(4.33)
Now we focus on evaluating the limit as ¢ — 0 of the inner integral in (4.33]). By the change
of variables r = x 4 €z we obtain

/QXIR+ Xt (g) Xt (g + z) u(x +ez,t)-z Uy (f) -2 o () (t) dadt

/}WXR+ Xa(r —ez) x¢ (g — z) Xt (g) ut(r,t)-z U (— — z) 2 o(r — ez)p(t) drdt

(4.34)
a*(z),

where xq denotes the indicator function of 2. We will show that for z € Hs(0)

iy ()=

/Q . Xe(y — 2) xe (v) u(r,y,t)-z 1 (y — 2)-2 Pa(r)o(t) drdydt.

(4.35)
To see this, we approximate yqo by smooth functions ¢, such that as n — oo, ¢, (r) — xa(r)
almost everywhere and ¢, — xq in L{_(Q), with 1/s +1/s' = 1. Then by adding and
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subtracting (,(r — ez) to and from yq(r — ez) in (4.34)), we obtain that

a®(z) = ai"(z) +ay(2), (4.36)
where,
ayt(z) = /R3XR+(XQ(7" —e2) — Gu(r—ez2)) x
Xt (g —z) Xt (g) us(ryt)-z iy <£ - z) -z Po(r —ez)p(t) drdt, (4.37)
ay©(z) = /R3><R+ Co(r —ez) X
Xt (g — z) Xt (g) u(r,t)-z ¢y <£ - z) -z Po(r —ez)p(t) drdt. (4.38)

From (4.37) and by using Holder’s inequality, we see that

r

1< ([ ot - =G —en ar) x
ut(r,t)-z iy (— - z> 2 Po(r —ez)

[ (fC=u@)en=o )"

(t) dt. (4.39)

We note that the second term on the right hand side of (4.39)) is bounded above uniformly in
e. This follows from Hélder’s inequality applied to the inner integral and the fact that (u®).~o
is bounded in L{° (R*; L*(2)?). On the other hand, by the change of variables 1’ = r — ez,

loc

the first term on the right hand side of (4.39)) becomes

, 1/s
( yal) = ()P dr') |
R?)

which goes to zero as n — oo. From these two facts and (4.39)), we conclude that for all
e >0and z € Hs(0),

lim ay"*(z) = 0. (4.40)

n—oo

Now for fixed n, since (, and 1, are smooth functions, we see that as ¢ — 0, (,(r —

e2)o(r — €2) — (u(r)o(r) uniformly. Therefore, we see from (4.38) that

lim a3 (2)
T

— lim G xe (5= 2) xe (2) wilri)-z o (£ = 2) -2 wa(r)o(t) dre

=0 Jraxr+ €

= [ G = ) a0 = 2)o5 ) drdyr,
(4.41)
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where in the last step the fact that (u).~o two-scale converges to u(r,y,t) was used. By
taking the limit as n — oo in (4.41)), we obtain

lim lim ay*(2)

n—oo e—0

= /Q xe (Y — 2) xe (y) w(r,y, t)-z ¥y (y — 2)-2 e (r)o(t) drdydt. (4.42)

XY xR+t

From and ( and since

lima®(z) = lim lim (a}°(2) + a5°(2)),

e—0 n—oo e—0

equation (4.35)) follows.
From (4.33) and (4.35)), and by using Lebesgue’s dominated convergence theorem, we

obtain

: . x
llir(l) - AGqut (2, t) -1 ( ' ) dxdt
1
= / [E / Xe (v — 2) xe (y) ulr, g, t)-z 1 (y — 2)-2 ha(r)(t) drdydtdz
Hs(0) 122 Jaxy «r

= /Q . /H o # /Y Xt (¥ — 2) xe (v) u(r,y,t)-z 1 (y — 2)-z dydz o (r)e(t)drdt,
(4.43)

where we have changed the order of integration in the last step. After shifting the domain
of integration in the inner integral of the right hand side of equation (4.43]), we obtain

/Yxf(y—Z)xf(y)U(T,y,t)-z by —2)-zdy
[ xe@rlor gz b ) dy

_ /Y e () xe ( + 2) ulr,y + 2,8)2 ()2 dy, (4.44)

where in the last step the fact that the integrand is Y-periodic in y was used. Substituting
(4.44) in equation (4.43)), then by changing the order of integration we obtain

- (T
ll_r)% - AG ut(z,t) -1 (x, 6,15) dxdt
zZ2Q z
/ / / 0) Xt (4 2) 220,y + 2, 6)dz - (y)dy o) S()drdt
QxR+ H; (0 | |
[ o) D gy g0 drdyr
QXY xR+ H(;(y 1y — vl

(4.45)

In the last equality the change of variables y = y + z was used.
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Next we evaluate the two-scale limit of Ag,u®. Let ¢ be a test function in J. Then by
using (3.16)), replacing v(z) with u®(x,t), we obtain

T
AS ol (z, ) - 2 t) dadt
/QXR+ S2U (z,1) ¢<m - ) T

:/ / a(z,z—i-z) Z®3Z dz ua(x,t)~¢<a:,f,t> dxdt.
QxR+ J Hs(0) € ¢ 2] €
The right hand side of (4.46)), after changing the order of integration, is equal to

1 T T T
— al—,—+z)u(x,t)z¢ 2z, —,t) zdxdtdz. 4.47
/115(0) |2[? /§sz+ <5 € ) (z, 1) ¢< € > ( )

Using the fact that (u%).s¢ two-scale converges to u(z,y,t), we see that for
ZEEEQ(O%

(4.46)

lim a(f,z+z> ua(x,t)-zw(:v,g,t»zdxdt

e—0 QxR+ g € €

= / a(y,y+z)u(z,y,t) 2z ¢ (z,y,t) 2 dedydt. (4.48)
QxY xR+

From (4.46[), (4.47) and (4.48])), and by using Lebesgue’s dominated convergence theorem, we

obtain

lim AGut(z,t) - (x, E,t) dxdt
=0 Jaxrt €
1
=/ 3 a(y,y+2)u(@,y,t)z ¢ (z,y, 1)z dedydtdz
Hs(0) |Z| QXY xR+
(4.49)
By changing the order of integration and then using the change of variables
1y =y + z, we conclude that
. x
lim Al (1) - (x,—,t) dwdt
=0 Jaxrt £
-y W-y) .
= / / a(y,9) ( A) (3 ) dy u(z,y,t) - ¢ (z,y,t) dedydt.
QxY xR+ J Hs(y) |y - y|
(4.50)
Equation (4.31)) follows from combining (4.45) and (4.50]), completing the proof. O

5 The Macroscopic Equation and Downscaling

The aim of this section is to justify the main results of Section [2]
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5.1 Derivation of the Macroscopic Equation

We begin this section with the following observation. Let ¢ be a function in L, (Y)3. Then

per

NUERI IR P o
/Y/Ha(y) a(y:9) (7 —v)]? (0(y) — o(y)) dydy = 0. (5.1)

To see this, we note that using Fubini’s theorem and the assumption that ¢ is Y-periodic,

the double integral in ([5.1)) can be written as

/Y/H o W09 Z9) (45(5) - o(y)) dyd

(G —y)I?
= —/ / a(,y) w05ty (0(y) — &(9)) dy dy (5.2)
Y JHs(9) ’ |(3/_3))‘3 ’

where in the last equality we have used the fact a(y,y) = a(y,y). Comparing the double
integral in ([5.1)) with (5.2) the result follows.

Now let
UH(x7t)=/U(x,y,t) dy.
Y

Then from Proposition , we have that u?(z,t) is the weak limit of u®(z,t) in LP(Q x
(0,7))3. To identify the equation that ul solves, we integrate (4.11)) over Y to obtain

G0 =0) (11 gy~ (e, 1)) di

Pul (x,t) = /H gE)\(:i"—x)

& —af?

A (@)
-y @-y) . A
+/Y/Hé(y)a(y,y) 7o (u(z, §,t) — u(z,y, 1)) dijdy  (5.3)

+/ b(x,y,t)dy.
Y

Using (j5.1]), the second integral on right hand side of (5.3)) is equal to zero for all z € Q and
t € (0,7). Thus u? solves

O2ut (1) — / i —2)

Hy(x) |z — xf?

(uH(i,t)—uH(x,t))di“—i—/Yb(x,y,t) dy, (5.4)

supplemented with initial data

ut (z, O)z/yuo(:c,y) dy, (9tuH(:c,O):/YUO(:c,y) dy. (5.5)

The initial value problem (5.4)-(5.5) can be written as the following operator equation in
LS(Q)3
Wft(t) = Apuf(t)+0b(t), te][0,T)
u a, (5.6)
w(0) = o

=

—

=)

N~—
I
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where

b(xz,t) = /b(w,y,t)dy,
Y

w(z) = /uo(x,y)dy, and
Y

() = /vo(w,y)dy-
Y

We have seen from the proof of Proposition that Ay is a bounded linear operator on
L*(Q)?, thus w!? € C?([0,T); L*(Q)?) is the unique solution of [5.6]

To complete the proof of Theorems [2.1] 2.3 2.5 and 2.7, we show that u* is in
C%([0,T); C(£)?), when the initial data u° and #° are in C(Q)3, and the loading force b is
in C([0,T); C(Q)?). In fact, it suffices to show that the linear operator Ay, is bounded on
the Banach space of continuous functions C(Q2)? equipped with the uniform norm. So we let
v € C()? and denote the uniform norm on C(Q)* by || - [[¢():. Then, we recall from
that A, = Ap 1 + Ap o, where Ay ; and A, can be written as

Aiva) = [ MOSES et de, 57)
H,(0) €]

£®¢
&1

Avavle) = [ | MO dente), (5.8)

respectively. Taking the norm in (5.7)) we see that

||AL,1U||C(Q)3 = max
€N

coe
/H O e e

1
< (53%) A(f)) max /H IR LCRIL

1
< max A\ —d€ ||lv A3 .
< (&HW(O) (5)) /H o o

Thus Ay is bounded on C(2)3. It is clear that Ay 5 is also bounded on C(2)3, and therefore
Ay is bounded completing the argument.

5.2 Justifying the Downscaling Step

In this section we prove Theorems [2.2] 2.4] 2.6, and [2.8] We begin by showing that for fixed
te(0,7),

= 0.

lim
e—0

u(z,t) —u (:c, z,t)‘
£
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By shifting the domains of integration, equation (4.11)) can be written as follows

2 _ §®£( / /_ )
Bu @y,>—-[;@A@”ag L@m+ay¢ww u(ay, b)) de

+/ a(y, y+z)z ®3Z( (z,y + 2,t) —u(z,y,t)) dz (5.9)
H;(0) ||

+b(z,y,t).

Since u(r,y,t) is in Q and solves (5.9) with initial conditions (4.12)) and (4.13)), then u(z, Z,t)
is in C*([0,T7; L*(22)?) and solves

O%u <x,§,t> = /H.Y(O) )\(f)ﬂjf (/Yu(x—i—ﬁ,y',t) dy' —u (x,%,t)) d¢
+/1{5(0)a <§, g + z) Z‘j; <u (x, g —I—z,t> —u <x, g,t)) dz (5.10)
—i—b(x,g,t),

supplemented with initial conditions

u(z,y,0) = u° (3:, g) , (5.11)
ou(z,y,0) = ° (x, g) ) (5.12)

We let e°(z,t) = u®(x,t) — u(x, £,t). Then by subtracting (5.10) from (.10, we find that
ef € C*([0,T]; L*(2)?) solves

et (x,t) = A% (x,t) +d°(a,1), (5.13)
e(z,0) = 0, (5.14)
oe*(x,0) = 0. (5.15)
where A® is given by ({3.7) and d°(x,t) is given by
d*(x,t) = dj(z,t)+dg(x,t), (5.16)

o fo e .
i) = [ 5 (u(ere T ) < [ue sy
(5.17)

dy(xz,t) = / Q (E,z +z> Z®3Z <u <:1j+ez,E +z,t> —u (:10,E +z,t>) dz.
H;(0) \E € || £ €
(5.18)

Since A® is bounded, the solution of ((5.13)-(5.15)) is explicitly given by

2n+1

“(z,1) / Z 2n+ (A% d (x, 7) dr.
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Thus

le" (- 1)

IN

t_T 2l e\n €
/> A 1) s d

Le(@y? 2n+ 1)

1
< sinh (V M(t — 7')) | (-, 7)|| s )z dT (5.19)
/0 i (@)
where in the second inequality we have used the fact that A° is bounded above by an M > 0
independent of €.
In the following sections we will show that for ¢ € (0,7),

hn’(l) Hda(, t) Ls(Q)3 = O, (520)

for each of the four cases of initial and loading conditions that has been introduced in Section
| On the other hand, from (5.16)-(5.18) and the fact that u is continuous on [0, 77, 1t follows
that d*(-,7) is continuous on [0, ] for t < T. Thus, from equations (5.19) and ( , and
Lebesgue’s convergence theorem, we see that

1‘ (. s 3 =
lim [l (-, £)] s (s = 0,
from which the result follows.
In order to prove ([5.20)), we will make use of the following observation:
The solution of each cell-problem of Section [ has zero average over the unit cell. To see
this, we integrate equation (2.5)) over Y to obtain

y NOG=Y) oy, s
//m G—pp @0y h) dydy = K@), (5.21)

supplemented with initial conditions

r(0) =0, 7(0)=0. (5.22)
Using (5.1)), the integral on the right hand side of (5.21)) is equal to zero for all ¢ € (0,7).

Thus 7 solves
r(t) = —K 7(t), (5.23)

supplemented with zero initial conditions. Obviously the solution of ([5.23) is given by

/Yr(y,t) dy =7(t) =0, (5.24)

for all t € (0,7"). Similarly we can show that
/ ri(y,t)dy =7 (t) = 0, (5.25)
Y
for all ¢ € (0,T), where 7 is the solution of (2.12)), (2.19), or (2.26).
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5.2.1 First Case

In this section we complete the proof of Theorem by showing that equation ([5.20)) holds
true when b, u°, and v° are given by (2.2)). We also prove the error estimate (2.8)).

Using the fact that r(y,t), the solution of the cell problem (2.5)-(2.6|), has zero average
over Y, and by linearity, it is easy to check that u? (x,t) +r(y,t) solves (4.11))-(4.13)), where
ufl is the solution of (2.3))-(2.4). Thus by uniqueness we conclude that

u(z,y,t) = u (2, 1) +r(y,t). (5.26)

Using this representation of wu(z,y,t) and from equations (5.17) and (5.18), we see that
dj (z,t) and dg(z,t) are now given by

. _ E@E (r+¢
E (1) = /HW«)) MO T ( ! ,t) e, (5.27)
dg(z,t) = /H(;(O) a (g, g + z) %")32 (u(z + ez,t) — u"(z,1)) dz, (5.28)

respectively.
Changing variables of integration, equation (5.27)) becomes

0 (1) = /H RIS E-n)slE-o) (gt) dé. (5.29)

| — [?

Since r(y,t) is Y-periodic in y and from Proposition [4.10, we see that for fixed ¢, as ¢ — 0

r (g,t) — / r(y,t)dt =0 weakly in L*(Q)°.
Y

Thus from (5.29)) we obtain that
lir% di(xz,t) =0,

for x € Q and t € (0,7). It follows from Lebesgue’s convergence theorem that

lm |5 (-, )

Ls(Q)S - O, (530)

for t € (0,7). On the other hand, by taking the Euclidean norm of dg(z,t) in (5.28)), we
obtain

1
|d5(z,t)| < Omax / — |u(z + ez, t) — u(x,1)] dz, (5.31)
Hs(0) 2|

where apma. = max a(y,y’). Since ufl € C%([0,T]; C(Q)?) (see Section , it follows that

y,y' €Y
for x € Qand ¢t € (0,7)

lim [d5 (., )] = 0. (5.32)
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Thus using Lebesgue’s convergence theorem, we obtain

lim |5 (-, )]+ oy = O, (5.33)

for t € (0,T). Equation (5.20) follows from equations (5.30) and (5.33).
Now we prove the error estimate (2.8). By setting /\ = 0 in equation ({2.3)), we see that

its solution u* is given explicitly by
¢
u (z,t) = up(w) +t vo(w) + / (t —7)l(x,7)dr. (5.34)
0
By assumption ug, vy, and (-, t) are in C%?(Q). Thus for z € H;(0), we see from (5.34) that
¢
ju (x4 e2,t) —uf (2, 1)] < Clez’ +t Clez|’ + / (t — 7)Clez|’ dr
0
t2
= C (1 +t+ 5) |2|P€P, (5.35)
for some C' > 0. We use this bound in inequality (5.31]) to obtain

t2
ldg(x, )] < C (1 +t+ —) Oémax/ |2|P~tdz €8 (5.36)
2 Hs(0)

Since A = 0 we see from - that d®* = d5. Therefore from ([5.36]), after a simple
calculation, we obtain
5+2

d
L3 (Q)3 < 47T0amax’9’1/86 9

L3 in (5.19), the error estimate ((2.8)) follows.

[d° (-, 1)
By using (5.37)) to bound |d*(-, )

5.2.2 Second Case
In this section we complete the proof of Theorem by showing that equation ([5.20) holds

true when b, u°, and v° are given by (2.9). We also prove the error estimate (2.15)).

Using the fact that r(y, t), the solution of the cell problem (2.12)-(2.13), has zero average
over Y, and by linearity, it is easy to check that u"(z,t) + 377, rj(y, t)hj(x) solves (4.11))-

(4.13), where uf? is the solution of (2.10)-(2.11)). Thus by uniqueness we conclude that

t2
(1 +t+ 5) £°. (5.37)

u(a,y,t) = u(z,t) + > 1 (y,t)h(x). (5.38)

j=1
Using this representation of wu(z,y,t) and from equations (5.17) and (5.18), we see that
d5 (z,t) is now given by

. - §®¢
&5 (2,1) = /H RGE-

<.
w
[y

7 <Ij§,t) hy(x + €) de, (5.39)
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and d5(x,t) can be written as
dg(x,t) = dg, (2, 1) + dg (2, 1), (5.40)

where,

S(z,t) = / a (f’ 4 z) &ij (u(z +ez,t) —u"(z,t)) dz, (5.41)
’ Hs(0) & 2]

d5,(x,t) = /Hé(o) a (f, Ty z) Zﬁj iw’ (g + z,t) (hj(z + £2) — hy(z)) da.
(5.42)

Applying the methods developed in Section [5.2.1] for (5.30]) and (/5.33]), we can show that
for t € (0,7,

i ) = 0, (5.4)
and
lm 15, (&)l s = . (5.44)
It remains to show that for ¢ € (0,7,
lim [d5 (-, )] o3 = 0. (5.45)
From equation ([5.42), we see that
1 o x
|5 (2, )] < / ST (B m )| Il e2) = hyl)dz, (5.46)
’ Hs(0) |2 s €

where apa = max a(y,y’). Since % < s < 00, we can choose s', with % < s < 00, and §”,
yy' ey

with 1 < s” < 3, such that 1/s+ 1/s' + 1/s"” = 1. By Hélder’s inequality we obtain

1 1/s" 3 o o 1/s'
[d5a(x, )] < amax (/ —,,dz) (/ r? (— —|—z,t) dz)
2 1,(0) |21° ; Hs(0) | \E
1/s
X (/ \hj(x +ez) — hj(x)]* dz) : (5.47)
H;(0)

It is easy to see that

(o

Thus from (5.47)) and (5.48)), and by using the triangle inequality in L® we obtain

1 1/51/ 3 '
5201 < e ([ dz) S IOl
H;(0) |2 JZI .

« (/Q /;{5(()) Iy + £2) — hy ()" d2 d:v) " (5.49)

s l/s’ '
&) < IOl (5.43)

r/ (g + z,t)
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Since h; is continuous on ), we obtain from Lebesgue’s convergence theorem that

lim/ / (x +¢ez) — hj(x)|* dzdx = 0. (5.50)
H;s(0

e—0

Equation (5.45) follows from (5.49) and (5.50). This shows that (5.20) holds true for this
case.

Now we prove the error estimate (2.15). By setting A = 0 in equation ([2.10f), we see that
its solution u* is given explicitly by

t
uf (z,t) = / (t —7)F(7)dr h(x). (5.51)
0
By assumption A is in C%#(Q). Thus for z € Hs(0), we see from (5.51)) that
t
|u (x4 ez, t) —u(2,t)] < C’|ez[ﬁ/ (t —7)F(7)dr, (5.52)
0

for some C' > 0. Taking the Euclidean norm in both sides of (5.41]) and using the bound
(5.52)), we see that

t
|d5(x,t)] < Camax/ (t—71)F(7) dT/ |2|Pdz P, (5.53)
’ 0 H;(0)
and it follows that
§8+2 t B

d51 (-, )| Ls s < 47TC’amaX|Q|1/sﬁ 5 (/ (t—71)F(7) d7'> P, (5.54)

On the other hand from (5.49)), after a straight forward calculation, we obtain

53—8” 1/s" (58ﬁ+3 1/s 3
[d52( D)l zs ()3 < Comax (47T3 — S,,) (47T’Q’ B 3> Z |7 oy €

(5.55)

Since A = 0 we see that d* = d5, +d5, Therefore by combmlng and to bound
|d® (-, 7)|| s (s in (5.19)), the error estrmate 2.15) follows.

5.2.3 Third and Fourth Cases

Arguments similar to those presented in Section show that equatlon - holds true
when the loading and initial conditions are given by or . Also, the proofs of the
error estimates (2.22)) and ([2.29)) are similar to the proof of provided in Section |5.2.2|
For completeness, we explicitly provide the functions Mjz(t) and My(t) of Theorems [2.6[ and
, respectively. The function Mj3(t) is given by

My(t) = /0 t\/lﬁsinh (VAL — 7)) folr) dr
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where
) B 56"'2 53_511 1/8” 585+3 1/8 3
f3(t) :CamaX‘Qll/ <4W’F’ﬁ+2 * <47r3—3//) (47r55+3) Z”TJ L@

and 77 solves ([2.19)-(2.20).

The function My(t) is given by

My(t) = /0 t\/lﬂsinh (m(t—ﬂ) fu(r)dr

where

s - 5ﬁ+2 5375// 1/s" 5sﬂ+3 1/s 3 ]
fi(t) = Camanl Q" | 4| Fl o t 4 4mg— o ZH?’ ol [P

and 17 solves (E20)- (29

This completes the proofs of Theorems [2.6] and [2.§|

6 Fluctuating Long-Range Bond Model

In this section, we present a new multiscale analysis method for computing the deformation
of fiber-reinforced composites modeled by the peridynamic formulation This is done for
the Fluctuating Long-Range Bond model described in Section (1.2, The method provides a
computationally inexpensive multiscale numerical method. ThlS is described by Theorem
[6.11 A homogenization result for this model is expressed in Theorem [6.2]

We begin by recalling the peridynamic equation of motion for this model. By expanding
a7 in equation , then collecting the x§ terms, we obtain

et = i /In( )(Cf = Cn) - gfbiﬁ - (u*(2,t) — u*(w,1)) dl;
" /H,;(m)gcm s \?igﬁ —) (u(2,t) — u(z,t)) dz, (6.1)

where the first integral in (6.1 is a line integral over the set
I3 (z) = {2 € Hs(x) such that & — x is parallel to n}.
The initial conditions supplementing this equation are given by

u(2,0) = u’(2),
o (z,0) = °(x).

The well-posedness of equation ((6.1))-(6.3)) is provided in Section (Proposition .
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Theorem 6.1 (Downscaling). Let u € C*([0,T]; LP(Q)3) be the solution
of (6-1)-(6.3), where 1 <p < co. Then fort € [0,T],

lim |u (2, t) — (XF(2)w(z, t) + u’(z) + t°(z)) ||LP(Q)3 =0, (6.4)
where w € C*([0,T]; LP(Q)?) is the solution of
Pw(z,t) = cj(‘”_:ﬁ) = (ﬁ_@ (w(@,t) — w(z,t)) dls
I7() |2 — x|
b [ oIOG8 + )
I3 (x) 1T — |
(6.5)
supplemented with the initial conditions
w(xz,0) = 0, (6.6)
ow(x,0) = 0.
Moreover, fort € [0,T] the error in 15 estimated by
| (2, 1) = (xj(@)w(z, t) + u’(z) + t°(z)) HLP(Q)g < e M;(t), (6.8)

where

1
Ms(t) = (HuOHL,,(Q)s cosh vV Mt + HUOHLP(Q)smsinh \/Mt) :

and where M is a positive constant.

Theorem [6.1] is proved in Section [6.2
The macroscopic peridynamic equation for this model is given by

E=D) S =2 (i 1y (2, 1))dly

O2ull () :/ Ct
I3 (2)

| — a[?
£ 0= ) o= g%ﬁ_ ) (W05 + 10(F) — (1) + +0°(2)) dls,
5@) oo
supplemented with initial conditions
u(z,0) = u°(2), (6.10)
ot (z,0) = 2°(x). (6.11)

Here the macroscopic displacement u'? is the weak limit of the sequence of displacements u°.
This is described by the following theorem.
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Theorem 6.2 (Homogenization). Let u® € C%([0,T]; LP(2)3) be the solution
of (6-1)-(6.3), where 1 < p < oco. Then fort € [0,T], ase — 0,
uf (-, t) — u(-,t) weakly in LP(Q)?,
where uf! € C([0,T]; LP(Q)?) is the solution of (6.9)- . Equivalently, u™ can be com-

puted as follows
u (2,t) = Opw(z,t) + u'(x) + t°(2), (6.12)

where w solves —.
Theorem [6.2] is proved in Section [6.2
Remark 6. We observe that the macroscopic peridynamic equation has a nonzero

loading force, although the original peridynamic equation (6.1)) has no loading force. The
physical interpretation for this phenomenon is not well-understood up to this point.

6.1 Existence and Uniqueness Results
Without loss of generality, we may choose the fiber direction to be parallel to the x;-axis. So
let n = (1,0,0). We note that the matrix multiplying (u°(Z,t) — u®(z,t)) in the first integral
of (6.1)) is now given by

(T—2)® (2 —x)

0 0
= 0 0
o )
| — ] 00 0

S =

for Z; # x1. Thus equation ([6.1]), after shifting the domain of integration in the first integral,
becomes
5

P t) = (Cr—eCh)xi() / (i (1.0.0).0) = ui(a. 1) d

+ / e, =29 (5”2 =) (1) — u (o, 1)) di (6.13)
Hs(z) 12 — x|
Let v = (v1, vg,v3) € LP(Q)? with 1 < p < oo. Then we define the following operators
5
Ap(x) = Cf/ (vi(z+ (1,0,0)) —vi(x))dl, (6.14)
)
Apv(z) = Xi(z) Ap(a), (6.15)
Awo(z) = / Cp T DO Z2) () o)) a, (6.16)
Hs(z) 12 — x|
Chn
A = Af+¢ (Am — —A?) : (6.17)
Cy

The initial value problem (6.1)-(6.3) can be written as the following operator equation in
LP(Q2)3

e (t) = A%us(t), t €[0,T]

u (0) = u°, (6.18)

Existence and uniqueness of solution of (6.18)) is given by the following proposition.
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Proposition 6.4. Let 1 < p < oo. Then
(a) The operator A% is linear and uniformly bounded on LP(2)3.
(b) Equation has a unique classical solution v € C?([0,T]; LP(Q2)*) which is given
by

t2n t2n+1

wit) = > o (AE)“UO+ZW (A%)™. (6.19)

n=0

Proof. Part (a). First, we show that the linear operator A,, is bounded on LP(Q)3. Let
v € LP(Q)3. Then from (6.16)), Ay, can be written as

Am == C1111(*’4m,1 - Am,2)7

where
Ayv(z) = / E-2)0E-2), ) as, (6.20)
Hs(z) |I - x|
Apov(z) = / E-2)® (‘Z ) div(z). (6.21)
Hs(z) \x - x|

From equation (6.20) we see that

p
nitlpe < [ ([ W@lds) as
Q Hy ()

< |9 ”UH]Z;;(Q);%; (6.22)

where the fact that [[v||11()s < ||v]|zr(@)s Was used in the last step. This shows that Ay, ; is
bounded on LP(2)3. The boundedness of A, is clear. Therefore A,, is bounded on L?()3.

Next we note that Ay is bounded on LP(2)3, which is a consequence of Lemma given
at the end of this section. Thus it follows from that Af is uniformly bounded on
LP(Q2)3.

Combining these results with equation 7 it follows that A® is uniformly bounded on
LP(2)3, completing the proof of Part (a).

The proof of Part (b) is similar to the proof of Part (b) of Proposition [3.1]

Lemma 6.5. Let v be in LP(Q)3, where 1 < p < oo, and define

o(z) = / o(z + (1,0,0)) dL.

-0

Then © is in LP()? and

[0lloys < 2 [[olloos: (6.23)
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Proof. From the definition of v it is easy to see that

6 p
/ |o(z)|Pdx < / (/ |v(x1 4+ 1, 29, 23)| dl) dxidxadrs. (6.24)
Q o \J-s

Using Hoélder’s inequality in the inner integral with v € LP(Q)? and 1 € LP(Q)3, where
1/p+1/p' =1, we obtain

0
/|®(m)|pdx < (25)p/p/// |v(xy + 1, o, x3)|P dl dxydzodrs
Q QJ-s

5
= (25)1’/”// /|v(x1+l,x2,x3)|pdx1dx2dx3dl, (6.25)

by Fubini’s theorem. We extend v to R? by setting v = 0 outside 2. Then by the change of
variables #; = 1 + [ in the inner integral of (6.25]), we obtain

/[U(xl—i—l,xg,xgﬂpdxl < /[U(acl,xg,xgﬂpdxl.
Q

Using this estimate in , we conclude that

/|v WPde < (20)P/7(20) /|v )|P de, (6.26)
and ((6.23) follows, completing the proof. O

6.2 Multiscale Analysis Using the Semigroups Approach

The aim of this section is to prove Theorems [6.1] and [6.2] Our approach is summarized by
the following steps:

1. Compute the two-scale limit u(z,y,t) of the sequence (u®) using the explicit represen-
tation of u®, equation ([6.19). We show that for fixed ¢t € [0,T], as ¢ — 0,

u(x,t) N u(z,y,t), (6.27)
where u is given by
(z,y,t) = u’(z)+t°(z) + x¢(y) Z (;:)' (Agp)"u®(z)
) D Gy (A0 (6.29

2. Compute d?u in (6.28)) then use it to identify the two-scale limit equation. We find
that w € C?*([0, T]; LP(2)?) uniquely solves

62 (IL' Y, ) = /IfU(l’,Z/,t) + b(flf,y,t),
u(r,y,0) = u’(x), (6.29)
8u(:c, Y, O) = Uo(x>7
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where b is given by
b(x,y,t) = (xe(y) — DAr(u” + 1) (2).
Here the operator A¢ is defined as follows. For & € LP(2 x V)3,
5

Afﬁ(x7y) - Cf /_6 (61(‘% + (l7 07 0)7 y) - ﬁ1<x7y)) dl. (630)

3. The macroscopic equation is found by integrating (6.29) over Y. We find that the
macroscopic displacement v solves

OPufl(x,t) = At (2,t) + bz, 1),
uf(2,0) = u’(x), (6.31)
oufl(z,0) = %),

where b is given by

b(x,t) = (0 — 1) Ap(u® + t°) ().
Here for fixed t € [0,T], as € — 0,

uf(-,t) — u’(-,t) weakly in LP(Q)>. (6.32)

4. The two-scale limit u can also be computed by the following method. This method is
numerically inexpensive.

u(z,y,t) = vi(y)w(z, t) + u’(x) + t°(z), (6.33)
where w € C*([0,T]; LP(€)?) solves

RPw(x,t) = Ap(x,t) + Ar(u® + t°)(),
w(z,0) = 0, (6.34)
ow(z,0) = 0.

It follows from integrating (6.33) over Y that uf’ can also be computed by

u(2,t) = Opw(z,t) + u'(x) + t°(2). (6.35)

5. Extend u by periodicity from Q x Y x (0,7) to 2 x R3 x (0,7). Then we use the
explicit representations of u® and u, equations ((6.19)) and (6.28)), respectively, to show
that for fixed ¢ € [0, 7],

s~ (6.36)

lim
e—0

u(z,t) —u (:(:, f,t)
5

Now we justify Steps —.
Proof of Step . Let v € LP(Q2)3, where 1 < p < oo. Then we first show that

(Af)"v(z) = x;(x)(Ap)"v(z) for all n € N. (6.37)
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The proof is by induction on n. The formula (6.37]) holds for n = 1 by the definition of A$.
Assume that it holds for n = k. Then for n = k + 1,

)
(A o(z) = Xi(2)Cr / (A0 o+ (1,0,0)) = (49) ()
)
— @G / (@ + (0.0.0)(A) 1o + (1,0.0)
- X?(a:)(Af)kvl(x)) dl. (6.38)

Note that since z lies in a fiber if and only if x 4+ (,0,0) lies in the same fiber, then
Xi(z + (1,0,0)) = x§(z). On the other hand (x§)? = x§, thus (6.38) becomes

(o) = i) (€1 [ (A0 + 0.0.0) = (Aoo(o) al)
= @A o(e).

Therefore (6.37)) follows. Since (Af)"v € LP(Q2), it follows from Propositions and of
Section [4.] that

XE (@) (A)"0(x) = Xel(y) (A" v(@). (6.39)

Next we show that

(A%)"v(2) 2 xi(y) (A v(x). (6.40)

To see this, we note that from (6.17)), the operator (A°)" , n € N, can be written in the
following form

(A%)" = (A})" + €Dy, (6.41)
where the operator D¢ is bounded on LP(2)? and satisfies
| Dyl < M™ (6.42)
for some M > 0 independent of . It follows that for fixed n € N,

limeDiv =0, in LP(Q)%, (6.43)

e—0

and thus by Proposition , the sequence (eD%v).~o two-scale converges to 0. Therefore the

result follows by combining (6.41)), (6.39), and (6.37)).

Now we recall from (6.19)) that u®(z,t) is given by

€ S t2n e\n OO t2n+1 e\n
u(z,t) = ) + t°( +z; )| (A%)™ u’( +22n—+1) (A%)"0°(2).
(6.44)
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Using (6.40)), we will show in Section that for ¢ € K,

i [ 3 gy (40 (5.2

oo t2n "0
— /Q/YnEZI )l xe(v) (Ap)"u’ () - ¥ (x,y) dydez, (6.45)
. = t2n+1 e\n,.0 z
fny 2 s 4 ()0 (v 7) dr

/ / 1t2n+11  Xi() (A" (@) - ¥ (2, y) dyda (6.46)

2n—|—

It follows from and ((6.46) that for fixed t € [0,T], as € — 0,
u(z,t) N u(z,y, ) where u is given by (/6.28]).

Proof of Step (2)). We can see from (6.28) that u € C%([0,T]; LP(2 x Y)?). Then by
taking the second time derivative of both sides ([6.28)), we obtain

0 t2n 0 t2n+1
2 — A n+1 0 n+1 0
= xi(y)Ar(u® + %) ()
OO t2n 0 o0 t2n+1 0
+Xf(y)14f; (2n)! (Ap)"u” (x) +Xf(y)14fnz::1 m (Ap)"v"(z)
(6.47)
From 1) and the definition of Ag, given by 1} we see that
~ 0 t2n
A1) = Adu 4 0°)(x) = Xelw)Ar Y o (40" ()
n=1
o0 t2n+1 0
+ xe(y) At SICTES (Ap)"v"(z) (6.48)
Thus from (6.47) and (6.48) we obtain that
Ofule,y,t) = Az, y,t) + Oaly) — DA’ + 10°)(2), (6.49)

and hence (6.29) follows. The linear operator Ay is bounded on LP(Q x Y)3. Thus u is the
unique solution of ([6.29)).

Proof of Step (3)). From (6.27) and Proposition we obtain that for fixed
te€]0,7],as e — 0,

u (e, t) — / u(-,y,t) dy weakly in LP(Q)®.
Y
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By definition ! = [, u(z,y,t)dy, thus (6.32) follows. It is clear that (6.31) follows
from integrating over Y.

Proof of Step (4]). Define

t2n o0 Z5271,—&—1
n

w(x, t) = ; B ) )"u(x) + nz: 0Tl Ap)"% (). (6.50)

Combining this equation with (6.28)) gives (6.33)). On the other hand, equation (|6.50]) implies
that w € C?([0,T]; LP(©2)?). Thus by taking the second time derivative of both sides of ((6.50))

gives

0o 2n 2n+1
t t

Pw(x,t) = Z o) (A" (z) + Z 2n—+1) (A0 ()
= Ai(u® +t°)(2) + Ag (; (;:)l (Ap)"u® + ; (Qfln—4ir1)' (Af)”vo> (x)
= Ap(u® + t°)(z) + Apw(z, t). (6.51)

Note that from (6.50) it is easy to see that w(z,0) = 0 and dyw(z,0) = 0. Combining this
fact with (6.51)), equation (6.34)) follows. The fact that Ay is linear and bounded on LP(£2)?
implies that w is the unique solution of ((6.34)).

Proof of Step (5). Extend y; from Y to R3 by periodicity. Then by making the
substitution y = £ in (6.28)), we obtain

T o $2n .
u(x,;t) = u'(z) + t'(x) + xi(x Zl )] (Ap)"u’ ()
0 t2n+1 0
+ X (@ Z 2n+ 1) (Ag)" 0" ()
n=1
t2n
= ) + t0°(z) + Z A9 ()
o0 t2n+1 0
Sy (A" (@), (6.52)
— (2n+1)! f

where in the last equality we have used equation (6.37)).
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Now we compute the difference u®(x,t) —u(x, £,t) using equations (6.19) and (6.52). We
see that

oo

ut(,t) —u (x’ g’t> N (;:)! ((A%)" = (AD)") u’(2)
" e t2n+1
+> ) ((A)" = (45)") v’ ()
— i t i (eD5)u’(z) + i t%—H, (eD7) v (@),
(2n)! (2n +1)!

(6.53)

where in the last equality we have used equation (6.41)). By taking the L? norm in (/6.53])
and by using (6.42)), we see that

T o0
u(z,t) —u (x, - >
RECEEICHD] Z
p2n+1

+ ¢ Z BT M”||v I Lo ()3

=¢ <||u0||Lp(Q)3 cosh VMt + ||0°|| 1o (s

nHUOHLP(Q)3

1
sinh v Mt
i)
thus (6.36)) follows, completing the proof.

6.2.1 Proof of (6.45) and (| -

In this section we prove . Equation ((6.46]) can be derived similarly.
We begin by the following observation

t2n

)"l (z) - <x, g)‘ dx < oo. (6.54)

To see this, we use Cauchy-Schwarz inequality to obtain

[y o (.5)] de < el gy o (= 2)]

From Part (a) of Proposition [6.4} the operator A% is uniformly bounded on L*(Q2)3. Also, it
is easy to see that

[ (=2)

We use these two facts in (6.55)) to obtain

. 6.55
£2()? (6.55)

1/2
= 2
s S W20y = ( [ swplvte) da:) |

yey

/ (A @) v (2| do < M e [ 2@y, (6.56)
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for some M > 0. Therefore

th tQTL

<x>'w(w,§>‘ do < [|u”]] 12(q 3||wl|mcpew>>2 e M

from which (6.54)) follows.
Now from (6.54) and by using Lebesgue’s dominated convergence theorem, it is straight-
forward to show that

/Zt% Yul(a) - (2, da:Z/ = (A @) (2, D) da

(6.57)
For n € N, we define
N gon T
— e\n,,0 el
SNE—; 2n) /Q(A) u’(x) 1/)<x, ) dx
Then using ((6.40)) we see that
N 2n
lin e = 30— / i) (A" () - (2, y) dady (6.58)
e=0 7 n=1 (271)' QxYy ’ ’
and hence
0 $2n 0
iy e = 32 | @) v e.y) dody, (6.59)
Below we will show that the order of the limits in (6.59)) can be interchanged, i.e.,
hné A}lm SNe = hm hm SNe- (6.60)
Combining this with (6.57)) we obtain
: t2n s n 0 L
iy [ 3= gy () (1)
> t2n .
= Z ; xe(y) (Ag)"u’ (z) - ¢ (z,y) dzxdy. (6.61)
n=1 (2”) QXY
Applying arguments similar to those used in obtaining (6.57]), we can show that
f: / - Xi(y)(Ap)"u’(x) - ¥ (,y) dwdy
QxY (271)' 7

th

_ /Q D G M AD @) 6 (2,9) ddy (6.62)

n=1
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From ((6.61)) and (6.62)), the result (6.45]) follows.

To complete the proof, it remains to justify . It is sufficient to show the double
sequence (Sy.) is Cauchy. So assume that N, L € N such that N > L. Then

|SNe =S| = 'niz;rl (;:Z)' /Q(Af)”u()(x) ) (x, g) dz

< Zl%/g‘(fls)”uo(:c)~w<x,§>‘ dx

n=L+
N
t2n

< @l gy Il2@cpery Y M (6.63)
n=L+1

where (|6.56|) was used in the last step. We note that the term ZnN:LH %M" in (6.63) can

be made arbitrarily small by choosing large values of N and L. We conclude that for given
¢ > 0, there exists a positive integer K (¢) such that for N, L > K(¢) and all ¢ > 0,

|SN,5 - SL,5| < C (664)

From ((6.58) and (6.64]), and by using Lemma below, it follows that the double sequence
(Sne) is Cauchy.

Lemma 6.6. Let (a,) be a double sequence in R?, d € N, such that
(a) For eachn € N,

lim a,, = a,.
k—o0

(b) Given ¢ > 0, there exists a positive integer N = N(() such that for n,l > N and all
k eN,

|an7k — al,k] < < (665)
Then the double sequence (ay, ) is Cauchy, and hence convergent.

Proof. Let ( > 0 and assume that N € N satisfies Part (b). Then consider the sequence
(ank)ken- It follows from Part (a) that this sequence is convergent, and hence Cauchy. Thus
there exists a positive integer K = K (N, () such that for k,m > K,

lank — anm| < ¢ (6.66)

Let J = max{N, K}. Then from (6.65) and we obtain that for

n,lk,m > J,

lank — arm| < |ang —ang| + lank — anm| + |anm — aim
<

3¢,

and therefore the double sequence (a, ) is Cauchy. O
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