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A numerical study of vortex dynamics of flexible wing propulsors

Abstract

The dynamic properties such as time dependent pressure loading, speed, free stream
velocity, and local acceleration of the hydrofoil determine the instantaneous deformation
of the hydrofoil, which has effect on the propulsive characteristics of the aquatic animal.
A potential flow analysis is done on the flexible hydrofoil, to evaluate the both inertial
and elastic effects on propulsive characteristics such as efficiency and thrust coefficient.

Thrust coefficient and efficiency are characterised with respect to various non-dimensional
parameters such as mass ratio and characteristic frequency for heaving, pitching and
combined heave-pitch motions. Results are explained with respect to change in shape
of the foil and the dynamics of fluid-structure interaction for various values of mass
ratio and characteristic frequency. Thrust coefficient and propulsive efficiency increases
with increased mass ratio whereas thrust coefficient and propulsive efficiency increases
as characteristic frequency decreases. The flexibility is decreased to a lower value such
that the ratio of excitation frequency is equal to the second mode natural frequency and
the propulsive parameters are plotted with respect to the flexibility parameter charac-
teristic frequency. It is found that the hydrodynamic output obtained is higher than the
hydrodynamic input, thus giving propulsive efficiencies more than one for comparatively
low characteristic values.

Results of variation propulsive parameters of flexible foil with and without inertial ef-
fects with characteristic frequency are presented. There is considerable difference between
the propulsive parameters of flexible foil with and without inertial effects.
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A numerical study of vortex dynamics of flexible wing propulsors

1. Introduction

The time dependent pressure loading, free stream velocity, and local displacement,
velocity and acceleration of the foil, determine instantaneous response. The dynamic
coupling between the hydrofoil and surrounding fluid determines the final lift and thrust
force acting on it. Owing to the complexity in modeling the fluid-structure interaction of
the flexible airfoil, many researchers have carried the analysis by prescribing the motion
of the flexible wing based on experiments (see Mittal et al. 2006) or predetermined motion
of the flexible wing (see Liu & Bose 1997) to study the flexible effects on the propul-
sive performance. Pederzani & Haj-Hariri (2006) have analysed the effect of chordwise
flexibility on the heaving airfoil.

First and foremost in the study of the propelling hydrofoils is the work of Lighthill
(1960). Lighthill (1960) worked out the slender body theory for an aquatic animal, whose
dimensions and movements at right angles to its direction of motion are small, while its
cross section varies along it only gradually. The flow of the slender body theory consists of
the steady flow around the stretched straight body and the flow due to the displacements
of the body perpendicular to the direction of motion. The important conclusions of his
theory were that the traveling wave down the flexible body is 5/4th of the desired forward
speed and the amplitude increases from zero over the front portion to a maximum at the
tail so that the angular recoil is minimised. The boundary layer effects were considered
but found to not qualitatively alter the efficiency.

Lighthill (1970) made a quantitative analysis on the locomotion of aquatic vertebrates
using slender body theory. He showed how a series of modifications of basic undulatory
mode found in aquatic vertebrates tends to improve speed and efficiency. The modifica-
tions he found are necking of the anterior to the caudal fin, yawing axis along the trailing
edge, and large depth of cross section near the mass center which is needed for low recoil.
He used the 2-D inviscid theory based on the acceleration potential for analysing the
caudal fin.

Wu (1971a,b) found the efficiency of a flexible plate more compared to that of a rigid
plate. Chopra (1974) considered the incompressible flow generated by an oscillating thin
rectangular wing with stream-wise and span-wise vortex sheet shed to trail behind the
body. The thrust and the propulsive efficiency were characterized with respect to the
physical parameters such as aspect ratio, reduced frequency, feathering parameter, and
the pitching axis. Chopra (march, 1976) worked out the large amplitude motion of the
lunate tail motion using a bound vorticity distribution. He considered both heave and
pitch motions such that the effective angle of attack is low. The forces and moments
on the airfoil were evaluated based on the theory of impulses. The thrust coefficient and
propulsive efficiency were characterized based on the path amplitude, angle of attack and
reduced frequency. Chopra (1977) applied the lifting surface theory to small amplitude
motion of thin plates with general planform similar to the actual lunate tails of the fast
marine animals. The propulsive parameters were characterized with tail aspect ratio,
reduced frequency, the feathering parameter, the position of the pitching axis and the
curved shape of the leading and trailing edges. The variation of the propulsive parameters
were discussed to arrive at an optimal shape.

Katz & Weihs (1978) applied incompressible inviscid irrotational theory to a flexible
foil undergoing large amplitude oscillations without inertia effects included. The foil was
assumed to be fixed at its leading edge and the flexibility effects were included by allowing
the cantilever beam to deform under the fluid dynamic forces. They found that flexibility
would increase efficiency by 20%, while causing small decrements in thrust coefficient.

Smith (1995) modeled the effects of flexibility on the aerodynamics of moth wings. They
used the aerodynamic panel method for evaluating the potential flow loads on the wing
and finite elements for structural model. Liu & Bose (1997) used unsteady inviscid panel
method to study the flexible propulsor. The span-wise and chord-wise deformation were
predetermined in terms of shape functions. It is shown that passive span-wise flexibility
reduces propulsive efficiency, but that propulsive efficiency of these planforms can be
increased, over the value for an equivalent rigid foil, by careful control of the phase of
the span-wise flexibility relative to other motion parameters.

Jones & Platzer (1997); Tuncer & Platzer (2000); Lewin & Haj-Hariri (2003); Read
et al. (2003); Young & Lai (2004); Sarkar & Venkatraman (2005) worked on oscillating
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rigid airfoils placed in an incompressible viscous flow. They characterized the behav-
ior of the oscillating airfoil with respect to various motion parameters. Jones & Platzer
(1997) used 2-D inviscid potential analysis coupled with boundary layer algorithm for
analysing propulsive characteristics of heaving, pitching and combined heaving-pitching
aerofoils. They found that propulsive efficiency increases with decrease in reduced fre-
quency and increase of amplitude of flapping with Strouhal number kept constant. For
combined heave-pitch case, the condition of maximum propulsive efficiency is associated
with minimum thrust coefficient.

Tuncer & Platzer (2000) solved the thin-layer, Reynolds-averaged, compressible Navier-
Stokes equation at a Mach number of 0.3 for heaving and flapping airfoil. They char-
acterized the propulsive performance with respect to reduced frequency, amplitude of
oscillation, and the phase between heaving and pitching. They found that for attached
flows the propulsive efficiency was optimum.

Read et al. (2003) experimentally studied the effect the of heave amplitude, Strouhal
number, angle of attack, and phase angle between heave and pitch on propulsive perfor-
mance. They found that for large values of Strouhal number which is characterized by
distorted angle of attack profile, there is a decrease in thrust value. To get the smooth
profile for angle of attack, they introduced higher harmonics of heave motion and found
higher thrust values. They found that by introducing pitch bias and having a suddenly
started harmonic motion induces substantial amount of transverse forces for maneuver-
ing.

Lewin & Haj-Hariri (2003) solved the incompressible viscous flow over heaving elliptic
airfoil.They analyzed a heaving airfoil for different values of heave frequency and ampli-
tude. Periodic, aperiodic flow patterns were observed with respect to the various values of
Strouhal number and heave frequency. Behaviour of propulsive thrust and efficiency were
explained with respect to the leading edge interaction with trailing edge vortex. The high
efficiencies are found for a intermediate heaving frequency, whereas in a inviscid analysis
the efficiency increases as the heaving frequency decreases.

Young & Lai (2004) solved the 2-D unsteady compressible flow for plunging airfoil. The
effect of Strouhal number and reduced frequency on the wake structure and propulsive
performance was studied. They found leading edge separation to play a major role in
evaluating the pressure loads which also depends on the the reduced frequency.

Sarkar & Venkatraman (2005) worked on the problem of a heaving airfoil in a viscous
flow. They studied asymmetric sinusoidal heave motion, constant heave rate in upstroke
and downstroke and sinusoidal pulse train by solving the incompressible viscous flow using
a random discrete vortex method. Results were produced for the three cases comparing
with that of pure sinusoidal motion both in terms of wake patterns and loads. Asymmetric
sinusoidal motion was shown to produce better thrust and lift compared to pure sinusoidal
motion.

Prempraneerach et al. (2003); Heathcote et al. (2008) experimentally analyzed chord-
wise and span-wise airfoils respectively. Prempraneerach et al. (2003) experimentally eval-
uated the propulsive parameters of different airfoils characterised by a non-dimensional
flexible parameter. They found that the efficiency of a two dimensional flexible flapping
airfoil increases 36% relative to a rigid flapping foil. Heathcote et al. (2008) experimen-
tally evaluated the effect of span-wise flexibility on the propulsive parameters. They
performed experiments on three types of rectangular wing, first being rigid, second being
intermediate flexible and third being overly flexible. For intermediate flexible foil, the
thrust coefficient and propulsive efficiency are found to be increased whereas for overly
flexible foil, the thrust coefficient and propulsive efficiency are low.

Pederzani & Haj-Hariri (2006) analysed a heaving flexible airfoil in a viscous flow with
inertial effects. The efficiency of the rigid and flexible heaving airfoil is characterised with
respect to the density of the membrane as well as reduced frequency. They varied the
density of the membrane and studied its effect on the propulsive efficiency and found
that lighter airfoils are more efficient then denser airfoils. The airfoil is considered 50%
flexible from the trailing edge and the flexibility is modeled as springs attached to the
airfoil surface from a rigid support.

Mittal et al. (2006) studied the hydrodynamics of the pectoral fin, modeled using
the finite difference based immersed boundary methodology. Unsteady incompressible
Navier-Stokes equation is solved along with continuity equation for the pectoral fin whose
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kinematics is derived from the experimental results of Lauder et al. (2006). Wake topology
and hydrodynamic forces are evaluated for the pectoral fin.

The literature reviewed above points to the fact that flexibility of the foil together with
its inertia and its effect on propulsion has not been studied in its entirity. The present
work incorporates the inertial loading due to prescribed motion of the foil, and more
importantly, includes the flexible body dynamics in computing the unsteady fluid forces.
A non-dimensional governing equation of the dynamics of fluid-structure interaction is
derived. For structural analysis of the foil, a cantilever beam model is analysed by making
the leading edge fixed. An implicit Newmark method is used for computing the structural
response of the fluid-structure interaction. The airflow over the foil is modeled as unsteady
two dimensional incompressible inviscid flow using discrete vortex elements. An implicit
coupling is developed for the fluid-elastic coupling.

2. Fluid-structure interaction model

The fluid part is modeled using inviscid airfoil theory as well as incompressible viscous
flow. The results for fluid structure interaction is presented in this document uses the
inviscid airfoil theory for modeling fluid. Viscous incompressible flow is discussed in
Section 2.2 and validation is done for this fluid model for cylinder and plunging elliptical
airfoil.

2.1. Unsteady inviscid two dimensional airfoil theory

Figure 1. Schematic description of model

X

Z

U(t)

x

z

h
Sz

Sx

θ

Consider a thin foil flapping in a inviscid flow, whose amplitude of oscillation is more
than its length L. Initially the airfoil is at the origin of the inertial coordinate system
X,Z and the airfoil moves along a predetermined path S(SX , SZ) as shown in Figure 1.

A body fixed coordinate system x, z for convenience, is defined such that the origin
is placed on the path S and the x-axis is always tangent to the path. The airfoil shape
is defined in x − z coordinate system by h, which is considered to be small( h

L � 1).
The governing equation for the unsteady incompressible potential flow in the x− z plane
using thin airfoil theory Katz & Plotkin (2001) is given by

∇2Φ = 0, (2.1)

The disturbance potential Φ is modeled using the discrete vortex element which inher-
ently satisfies the Kutta condition. The wake is modeled as a distributed set of vortices
on a deforming sheet. The boundary conditions for equation 2.1 are that there is no flow
through the plate surface Z = h(X, t) and the disturbance decays far from the plate.
The instantaneous strength of the vortex sheet leaving the beam’s trailing edge can be
calculated by Kelvin’s theorem. The fluid dynamic pressures and loads generated by the
foil is calculated using unsteady Bernoulli equation.

2.2. Unsteady incompressible viscous flow

Immersed boundary method developed by Mittal et al. (2008) is adopted where the mesh
grid is kept stationary and the body is moved in the mesh. The boundary condition
is applied by sharp interface method. The flow field is solved for the incompressible
Navier-Stokes equation and continuity equation. Initially the modified velocity field is
obtained by solving the discretized Navier-Stokes equation, where the convection terms
are discretised using the Adams-Bashforth scheme and diffusion terms are discretised
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Figure 2. Wake patterns after three cycles of heaving motion for flexible foil.

using the Crank-Nicholson scheme. The modified velocity field is corrected using the
pressure correction term obtained from pressure poisson equation.

The code developed is in the process of validation. Figure 2 shows the streamline plot
of the cylinder for Reynolds number of 40. The coefficient of drag and blob length is
calculated to be 1.49 and 2.2, respectively, matches well with the literature (see Tseng
& Ferziger (2003)). For unsteady cases, the validation is under process.

2.3. Structural Model

A finite element model of foil wing has been constructed, which incorporates the flexibility
and mass properties into the structural model. The foil is assumed as a cantilever beam
which is fixed at its leading edge. The equation of motion of beam that governs the
transverse deformation due to the forces acting on it is

m
∂2η

∂t2
+

∂2

∂ζ2

[
EI

∂2η

∂ζ2
+ a1

∂3η

∂2ζ∂t

]
= Ff (t) + Fi(t), (2.2)

where η, EI, m, Ff , Fi are the transverse beam deflection, flexural rigidity, mass per
unit length, unsteady hydrodynamic force per unit length, inertial force per unit length
respectively. The constant a1 is the stiffness proportionality factor (see Clough & Penzein
1993). The non-dimensional form of the above equation is

ω̄2
c

∂4η̄

∂x̄4
+ ā1ω̄

2
c

∂5η̄

∂x̄4∂τ
+
∂2η̄

∂τ2
= µ

(
Γ̄ +

∫ 1

0

∂

∂τ
Γ̄dζ

)
− ∂2h̄

∂τ2
. (2.3)

The structural response of the cantilever beam model is defined in orthogonal system
coordinate system with abscissa along the instantaneous undeflected foil direction. The
finite element modeling is done by using the 2D beam element, which uses the Euler-
Bernoulli beam theory. Structural response is evaluated by direct integration which uses
Newmark’s linear acceleration method (see Cook et al. 2002). The unsteady fluid force
due to fluid-structure interaction is obtained from the solution of potential flow field.
Fully implicit coupling (see Pederzani & Haj-Hariri 2006; Bharadwaj et al. 1998; Katz
& Weihs 1978) is used for the fluid structure interaction of the flexible airfoil.
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Table 1. Non-dimensional parameters
non-dimensional parameter expression

ω̄c

√
EI

mL4 L

U
η̄ η

L

ζ̄ ζ
L

F̄ FL
mU2

ā1
a1L
U

τ U
L
t

µ ρL2

m

Γ̄ Γ
LU

3. Results and Discussions

Inertial and elastic effects are studied on the hydrofoil exhibiting heaving, pitching
and large amplitude undulatory motion. The hydrofoil is fixed at its leading edge and it
moves with velocity U parallel to its length in undeformed state. The thrust coefficient
of the foil is

CT =
2

ρcU2

1

T

∫ T

0

(∑
Fx cos θ −

∑
Fz sin θ

)
dt. (3.1)

The propulsive efficiency, defined as the ratio of output power to input power, is given
by

ηp =

1
T

∫ T

0

(∑
Fx cos θ −

∑
Fz sin θ

)
dSx

dt
dt

1
T

∫ T

0

(∑
Fx sin θ −

∑
Fz cos θ

)
dh

dt
dt+

∫ T

0

My
dθ

dt
dt)

. (3.2)

Forces Fx, Fz are the instantaneous forces along the x, z directions respectively. Mo-
ment My is the moment about axis y due to forces acting on the foil. The non-dimensional
parameters mass ratio µ, characteristic frequency ω̄c are used to characterize the propul-
sive performance of the flexible hydrofoil.
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Figure 3. Effect of ωcL/U on propulsvie parameters, H
L

= 0.1, a1L/U = 0.000586, µ = 10.

Airfoil in heaving motion is known to produce thrust for all frequencies of heaving
where as airfoil in pitching will produce thrust above a certain threshold frequency of
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Figure 4. Influence of inertia and elasticity on instantaneous lift
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Figure 5. Effect of ωcL/U on propulsive parameters, α0 = 5o, a1L/U = 0.000586, µ = 10.
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Figure 6. Wake patterns after three cycles of heaving rigid foil.

oscillation (see Garrick 1936). Characteristic frequency ωc
L
U represents the flexibility

parameter. Higher the value of characteristic frequency the foil is rigid and for lower
values of characteristic frequency the foil is flexible. Figure 3(a) shows the variation
of the thrust coefficient with respect to ωcL

U for heaving case. The variation of thrust

coefficient is shown for different values of ΩL
U . As ωcL

U decreases, the thrust coefficient

increases. At lower values of ωcL
U , the foil deforms due to the fluid pressure acting on it.

The deformed foil produces a force component along the forward velocity direction as
shown in the Figure 4. Thus higher thrust coefficient is achieved for lower ωcL

U .

Figure 3(b) shows the variation of efficiency with respect to ωcL
U . As ωcL

U reduces,
more thrust is produced at the cost of decreased input effort. Thus higher efficiencies are
achieved for lower values of ωcL

U . For higher frequency of heaving, the efficiency is low
compared to lower frequency of heaving at larger values of ωc, eventhough the thrust co-
efficient is high. This is due to the fact that more effort is spent in high frequency heaving
for little improvement in thrust. But as the value of ωc decreases, the higher pressure
produces more thrust effect due to deformation of the foil. Thus the efficiencies are more
for high frequency heaving at lower values of ωc. Figure 5 shows the effect of character-
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 H/L = 0.1, Ω L/U = 3.14, ω
c
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1
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Figure 7. Wake patterns after three cycles of heaving flexible foil.

istic frequency on the propulsive performance for pitching case. Similar explanation as
that of heaving case holds good for the results shown in Figure 5.

Figure 6 shows the wake patterns at the end of three cycles of heaving motion for
a rigid airfoil. Figure 7 shows the wake patterns at the end of three cycles of heaving
motion with ω̄c = 1. Clearly we can see the reverse Karman vortex street characterizing
thrust producing system. For flexible foil, the strength of the vortex strength in the wake
is less compared to the rigid case. And also the vortex roll up is not significant for the
flexible foil.
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Figure 8. Effect of µ on propulsive parameters, H
L

= 0.1, a1L/U = 0.000586, ωcL/U = 10.

Figure 8(a) shows the variation of thrust coefficient with respect to mass ratio for
different plunging frequencies. Figure 8(b) shows the variation of propulsive efficiency
with respect to mass ratio for different plunging frequencies. Larger the mass ratio,
greater the fluid forces causing the foil to bend. Thus greater propulsive performance is
observed for larger values of mass ratio. Figure 9 shows effect of mass ration on propulsive
parameters for pitching motion. Similar explanation as that of heaving holds good for
pitching also.

3.1. Large amplitude undulatory motion

The kinematics of the large amplitude undulatory motion with respect to Figure 1 is
given by
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Figure 9. Effect of µ on propulsive parameters, α0 = 5o, a1L/U = 0.000586, ωcL/U = 10.

Sx = −U
L
t,

Sz =
H

L
sin(Ωt),

α = α1 + α0 sin(Ωt− ϕ),

θ = tan−1

[
dSz

dt
/
dSx

dt

]
,

ω =
dθ

dt
.

(3.3)

In this case the foil follows almost tangent to the sinusoidal path shown in Figure 1
thus maintaining the angle of attack low. Figure 10 shows the effect of characteristic
frequency on the propulsive parameters for the large amplitude oscillatory motion. Due
to distortion of the flexible foil, the thrust coefficient decreases for the lower values
of characteristic frequency. On the contrary the propulsive efficiency increases as the
characteristic frequency decreases as the pressure forces orient more towards the thrust
direction. But below a certain characteristic frequency, the propulsive efficiency decreases.
Due to distortion of the foil, the pressure forces are too low compared to the inertial loads.
As the inertial loads contribute to the input of the system dominates the output obtained,
there is a dip in the efficiency evaluated at low characteristic frequencies. Figure 11 shows
the effect of inertia on the propulsive parameters for the foil undergoing large amplitude
undulatory motion. The case where there is no inertia effects, the efficiency is increased
with decreased characteristic frequency. When the inertia effects are added, the inertial
loads add to the the input of the system. For flexible foil the net output has low value
due to distortion of the foil, thus leading to low values of propulsive efficiency.

4. Concluding remarks

Although most of the literature on aquatic propulsion uses potential flow models, the
low Reynolds number flow regime, large amplitude motion and high frequency oscillations
of the flexible hydrofoil would lead us to believe that viscous flow simulation would be
important from the point of flow separation and viscous drag considerations. Viscous
flow simulations of flexible hydrofoil using immersed boundary and finite difference (see
Mittal et al. 2008) based numerical simulation on a cartesian mesh is underway.
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