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A computationally efficient microstructure characterization technique is presented that separately identifies morphological texture and any 
orientation dependence of second-phase clustering via a concise visual representation. This technique, the Vector Multi-Scale Analysis of 
Area Fractions (VMSAAF), is then applied to computer-generated microstructures to understand the effects of second-phase area fraction, 
aspect rat io, a lignment propensity, variant orientation, and degree of microstructure banding on the homogenous length scale—a metric 
used to quantify clustering—as well as the extent of representative volume elements for a microstructure.  
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1.) Introduction 1 
 

The effect of second-phase inhomogeneity (clustering) 
on tra nsport properties an d me chanical beha vior in 
heterogeneous m aterial sy stems has necessitated the 
development of metrics for quantifying this characteristic 
so th at g eneralizations can b e made about it s effect on 
properties. O ne w ay of c haracterizing homogeneity is 
through statistically re presentative le ngth scales or  
volume e lements (RVEs) desc ribing th e e xtent o f a 
microstructure [1-5]; suc h techniques based o n area or 
volume frac tion o f t he se cond p hase ar e n ot on ly use ful 
for determining t he mini mum si ze of acc urate 
microstructure repr esentations (m odels), but als o show 
strong sensitivity to clustering and, i n fact, are excellent 
metrics for c haracterizing in homogeneity s ince uniform 
microstructures a re una mbiguously desc ribed b y sma ller 
representative elements than those that are clustered [1].  

Numerous researchers have illustrated the influence of 
variations i n s econd-phase homogeneity a nd a ssociated 
representative le ngth-scales o n ma terial properties, 
particularly w ith re gard t o me chanical beha vior in  
discontinuous composite systems.  For example, Borbély 
et al [6] m easured short-length sc ale v olume fraction 
fluctuations in  a 20 %-Al2O3 (by vo lume) a luminum-
matrix composite via microtomography in order to derive 
a micr ostructure correlation l ength a nd, conse quently, a 
geometric RVE. Accompanying simulations revealed that 
the RVE nec essary t o o btain acc urate effective plastic 
behavior was on the order of tw ice the size of t he RVE 

——— 
*Corresponding author. Tel.: +1-937-255-5007; fax: +1-937-255-3007; 

e-mail: garth.wilks@wpafb.af.mil. 

necessary t o ca pture the co rrect el astic resp onse. 
Likewise, t hrough f inite element analysis of  a ctual 
microstructures obtained from a 30.0%- SiC a luminum 
matrix composite, Spowart [7] showed tha t clustering of 
reinforcement h ad a sign ificant eff ect on th e yi eld 
strength and strain-hardening of the material even though 
the effect on elastic behavior was relatively minor.  Faber 
and Evans a nalyzed a nd experimentally ve rified that 
second-phase clustering in a ceramic matrix composite—
as defined by a deviation from a uniform distribution for a 
given volume fraction—resulted in a si gnificant increase 
in toughness due to crack deflection and twist [8,9]. Using 
deformation processing to  b reakdown reinfor cement 
clusters i n a  27.5 %-SiC a luminum m atrix com posite, 
Wilks manipulated the extent and anisotropy of the RVE 
for t he material, and o bserved t hat a s maller RVE 
correlated w ith (i) an increase in nearest-neighbor 
separation, (ii) a larger length scale for the ductile fracture 
process, and (iii) a su bstantial incr ease in  the frac ture 
toughness regardless of orientation [10]. 

Absent fr om ma ny s tudies on properties and m etrics 
for characterizing homogeneity t hough is the ab ility to 
quantify cl ustering an d its effec ts in th e presence of 
morphological texture (alignment) of the second phase. In 
such ma terial c onfigurations, p referential directions of 
clustering that ca n ca use significant a nisotropy in  
transport per colation or l ocalization of m echanical 
response are expected and worth identifying in addition to 
simpler scalar quantities that measure inhomogeneity like 
a representative length scale or RV E. Understanding and 
quantifying clustering in anisotropic materials is therefore 
the subject of this particular work. 
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2.) Background 
 

Consider the  multi-scale a nalysis of ar ea frac tions 
(MSAAF) technique [1], which identifies a representative 
length scale for a two-phase microstructure by measuring 
the v ariance (σ) of second-phase are a fra ction be tween 
different micr ostructure sub -regions as a fu nction of 
length-scale/size of the su b-region ( Q). As an  e xample, 
the isotropic form of the MSAAF technique is a pplied to 
a sy nthetic m icrostructure i n Fig. 1,  where an  arr ay o f 
square su b-regions (of edge- length Q) is used to sub-
divide the material domain. Expressed as a c oefficient of 
variation (ψ), this variance of second-phase area fraction 
over a ll m icrostructure s ub-regions has been s hown t o 
obey the relationship [11] 

 ( ) ( ) ξασψ 2111 −−+−== QAAA fff  (1) 

where Af is the second-phase area fraction, ξ is a “cl uster 
parameter” sensitive t o t he distribution of the  second 
phase and the shape of the measuring sub-region (~ -1.0 
for square sub-regions),  and α i s a “t exture p arameter” 
which is mainly se nsitive t o second-phase morphology 
and a lignment. S ince ψ dec reases as Q increases, any 
two-phase microstructure ca n be c haracterized by that 
length scale at which a specified minimum variation in Af 
is attained. This homogeneous length scale1 (Q = LH) is a 
practical metric for  quantifying homogeneity in isotropic 
materials since clustered microstructures are described by 
larger values of LH than a homogeneous microstructure of 
equal second-phase area fraction. This is illustrated in Eq. 
1, by the fact that—when all other microstructure features 
are held constant—clustering is manifested by an increase 
in ξ, and a corresponding increase in LH [1]. 

Quantifying h omogeneity in anisotropic m aterials is  
more complicated, b ut ca n be a ssessed b y a directional 
MSAAF technique [11] that decomposes a microstructure 
image into l ineal (s trip) e lements o f length Q (Fig. 1). 
Since t he vari ation of Af in s uch an  en semble of su b-
regions also o beys Eq. 1 (with ξ ∼ -0.5), this technique 
can be used to determine directional homogeneous length 
scales2, LHi. Three orthogonal values of LH-i (i = 1,2,3) can 
be used to define a representative volume element (RVE) 
for a microstructure the volume of which is described by 

 321 −−−= HHHRVE LLLV  (2) 

The e xtent and an isotropy of such a n RV E has been 
shown to be  strongly se nsitive to second-phase 
——— 

1 While the magnitude of the uncertainty depends on the application, in 
this work, LH  refers to the length scale (Q) at which ψ  = 0.01  

2 Caution should be used when comparing values of LH and LHi due to 
the strong dependence of ξ on the dimensionality of the measuring sub-
region. For this reason, directional length scales like LHi refer to the 
value of Q at which ψ = 0.1 

characteristics (aspec t rat io, a lignment propensity, etc. ) 
which are  manifested primarily thro ugh variation i n th e 
“texture parameter” α for each LH-i [11]. 

 
3.) Technique 

 
The principal dra wback of RV Es co nstructed using 

three o rthogonal rep resentative l ength scales is t hat such 
an element, by itself, ca nnot dec onvolve t he se parate 
effects of seco nd-phase a lignment a nd c lustering, or the 
directional dependence of e ither qua ntity. Moreo ver, if 
such an element is not aligned with principal directions in 
a microstructure (e.g. an axis of al ignment), variations in 
the extent of the RVE could be misleading regarding the 
level of clustering in the material under study. Therefore, 
in this work, we introduce a Vector MSAAF (VMSAAF) 
technique in wh ich microstructure images a re 

(a) Isotropic MSAAF

Q = 2 Q = 64 Q = 256 Q = 1024 

(b) Directional MSAAF 

Q = 2 
 

Q = 64 
 

Q = 256 
 

Q = 1024 
 

(c)

Fig. 1. Illustrations of the (a) isotropic and (b) directional MSAAF 
technique and (c) the resulting multi-scale behaviour of variation in 
area fraction for a synthetic microstructure containing Af  = 20% of 
randomly oriented 16:1 aspect ratio particles—gray level is scaled to 
indicate local second-phase area fraction. 
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incrementally rotated prior  to th e application of the 
directional MSAAF tec hnique s o t hat th e m ulti-scale 
behavior o f se cond-phase a rea fractions as  a fun ction of  
the an gle of r otation/microstructure d irection ( θ) can  be  
determined. Results of this technique are presented (e.g., 
fig. 2) as pol ar-contour pl ots of ψ(θ) where t he ra dial 
direction is identical to Log10(Q). Color is scaled such that 
LH is denoted by black. Least-square fits to ψ(θ) are used 
to determine the texture and cluster parameters (α and ξ, 
respectively) as functions of θ, and these fits are plotted in 
conjunction w ith V MSAAF re sults. A software tool for  
applying this a nalysis to m icrostructure im ages has 
recently been made available [12]. 

 The e fficacy o f the VMSAAF t echnique i s 
demonstrated in th is work by  its application to synthetic 
two-dimensional m icrostructures ge nerated by random 
sequential adsorption (RSA) without simulated annealing 
[11]. Pa rticle cha racteristics w ere varie d to produce 
microstructures with permutations of chosen factor levels, 
including: se cond-phase a rea f raction ( Af = 10%,  20%, 
30%), a spect ratio (AR =  4, 8, 16), and the  alignment 
propensity of par ticle ma jor-axes—randomly oriented, 
fully aligned, or semi-aligned. The semi-aligned 
conditions being w here the  orie ntation o f all particle 
major axes is normally di stributed about the  di rection of 
alignment ( θ = 0o) w ith a  stan dard deviation of 20o. 
Synthetic m icrostructure ge neration began by spe cifying 
particle d imensions3 (in p ixels) for ea ch aspect ratio and 
calculating the number of particles necessary to obtain the 
prescribed a rea f raction. To  minimize any effect o f 
particle size (area), this factor was kept constant through 
all c onditions. P article orientation w as t hen ra ndomly 
sampled from t he pre determined orie ntation di stribution 
while coordinates of particle centroids were subsequently 
selected via r andom n umber generator. Periodic 
boundaries w ere used to mitigate edge e ffects w hile 
geometric criteria re jected o verlapping part icles. 
Resulting microstructures contained at least 4000 particles 
and were 4096x4096 pixels in extent4. 

Additional conditions were cre ated to e xplore t he 
multi-scale behavior o f m icrostructures c ontaining two 
distinct orie ntation va riants w ith a fi xed misorie ntation 
(30o, 45o, 60o, and 90o) between the particle major axes of 
each var iant. These c onditions c ontained Af = 20 % of  a 
8:1 as pect ra tio second-phase, and were ge nerated i n a 
manner s imilar t o t hat previously de scribed e xcept the  
sampled orientation dis tribution c ontained on ly the tw o 
variants with each variant equally weighted. 

——— 
3Though absolute length scale is arbitrary in these synthetic 

microstructures, since features dimensioned in pixels may seem 
unphysical, the reader may wish to consider a scale of 1 pixel = 1μm. 

4 Although sub-regions (sized ~LH) are used to illustrate subsequent 
results, analyses were performed on original (full-size) images. 

Banded microstructures were also created to assess the 
interaction of second-phase clustering and alignment. The 
character of the clustering was somewhat arbitrary, being 
based on t he microstructure easies t to g enerate. Such 
microstructures were generated by applying a meso-scale 
mask t o rem ove par ticles and thereby c reate r arefied 
bands in a previously generated (aligned) microstructure 
containing Af = 30% of 8:1 aspect ratio particles. Particles 
were re moved from  the de nse and rar efied reg ions at 
different rat es un til a  global a rea f raction o f 20 % wa s 
obtained; the w idth of dense (d) to rarefied ( r) r egions 
was controlled to be d/r = 0.0, 0.5, 2.0, and contained area  
fractions in  t he dense/rare regions of 20%/20%, 
28.5%/15.0%, and 27.4%/3.8%, respectively. 

 
4.) Results & Discussion 
 
The effects of basic m icrostructure factors on VMSAAF 
results are  con gruent w ith results from ot her m ulti-scale 
analyses. For example, in Fig. 2 the VMSAAF technique 
concisely illustrates t he general i nverse rel ationship that 
exists between the homogeneous length scale, LH ,and Af 
for randomly aligned microstructures—as Af increases, LH 
decreases [1]. The compound effect of variation in aspect 
ratio and alignment propensity on the anisotropy of  LH is 
captured in Fig. 3, which confirms the observation that an 
increase in par ticle as pect ra tio i n a n a ligned 
microstructure sim ultaneously increases LH in  the 
direction of alignment and decreases LH in the transverse 
direction [ 6]. More s ignificantly, F ig. 3 a lso de picts t he 
variation in α(θ) and ξ(θ) for e ach microstructure 
condition, b oth of w hich se em to st rongly c ontribute t o 
variations in LH. As can be seen from the evolution of the 
texture parameter α(θ) in Fig. 3, random microstructures,  

   

 
(a) (b) (c) 

 

ψ(θ) 

Fig. 2. Randomly oriented microstructures (top) containing  Af  = (a)  
10 % (b) 20 %, and (c) 30 % second-phase with an aspect ratio of 8:1 
as well as the corresponding VMSAAF/ψ(θ) plots (bottom). 
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Fig 3. Synthetic microstructures containing Af = 20% second-phase and corresponding  VMSAAF/ψ(θ) plots that illustrate the compounded effect of 
second-phase aspect ratio (AR) and major-axis alignment propensity; least squares-fits for the texture and cluster parameters, α(θ) and ξ(θ), respectively,  
are depicted below each microstructure. 
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regardless of aspec t rat io display n o dir ectional 
dependence. H owever, with i ncreasing alignment 
propensity of the second phase, deepening cusps appear in 
α along the direction of alignment (θ = 0). We recognize 
these as analogs t o th e rose-plots u sed t o characterize 
oriented microstructures by Saltykov [13] which, using  
Underwood’s notation [14], are described by 

  ( ) ( ) b
a

PL +⎟
⎠

⎞
⎜
⎝

⎛
== )sin(1 θθθα

  
(3) 

where PL(θ), the probability of intercepting a particle as a 
function of microstructure angle, can be expressed as the 
sum o f the symmetric (or iented) and isometric (r andom) 
components of the microstructure—the (1/a) and b terms, 
respectively—which are  repor ted for a ll microstructure 
conditions in Table 1. 

The behavior of t he cluster para meter, ξ(θ), as a  
function of aspect ratio and alignment propensity can also 
be seen in Fig. 3, and i n all conditions depicted is nea rly 
uniform (~ -0.5), except at angles very close to the axis of 
alignment; a  fa ct qualitatively m anifested by the 
consistent gradients in ψ(θ) plots at  larger l ength scales, 
again w ith the e xception o f an gles near the axis of 

alignment. Although the general character of these curves 
is described by an epitrochoid given by 

  ( ) ( ) ( ) ⎟
⎠

⎞
⎜
⎝

⎛+−++= θθξ
d
cdchhdc cos222

  
(4) 

where the parameters c, d and  h—also reported in  Table 
1—are linked to the shape of this family of curves [15], 
trends in ξ(θ) with aspect ratio and al ignment propensity 
are not obvious, and will be the subject of future work. 

The b ehavior of ξ(θ) at ang les near the  axis of 
alignment ( θ  = 0ο) in the a ligned microstructures is of 
particular in terest since a representative l ength-scale 
measured i n the direction of al ignment c an s ignificantly 
affect t he e xtent of a n RVE cons tructed from t hree 
orthogonal le ngth-scales, and a s a con sequence, th e 
perception o f clustering in a  par ticular microstructure. 
The deviations from ξ = 0.5 in the aligned microstructures 
suggest that, from a multi-scale perspective—even though 
particle ce ntroids w ere p laced ran domly—there is a  
propensity fo r partic le clustering in that direction. 
Evidence of  su ch clu stering is ob served in th e c enter of  
the microstructure sub-region depicted in the aligned 16:1 
microstructure of fig. 3, w here a large cluster of p articles 
can be seen in the vertical direction. Tracking this cluster 
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Fig 4. Synthetic microstructures containing  Af =  20 % second phase of aspect ratio 8:1 with specific orientation relationships between 2 equal-fraction 
variants and corresponding  VMSAAF/ψ(θ) plots for each condition; (a) 90o between major particle axes, (b) 60 o, (c) 45 o, (d) 30 o, (e) 0 o; least squares-
fits for the texture and cluster parameters, α(θ) and ξ(θ), respectively,  are depicted below each microstructure. 
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parameter dur ing m icrostructure generation algorithms 
like RSA, w hile c umbersome, m ay be  a w ay of  
preventing m icrostructure c lustering w ithout re sorting to 
hard-sphere-type potentials [16]. Deviations from ξ = 0.5 
in the tra nsverse direction of the semi-aligned conditions 
suggest t hat t he m aterial is less clustered. H owever, in 
actuality this is a result of a higher effective area fraction 
of the second-phase in that direction. 

Figure 4 shows the synthetic microstructures with two 
orientation variants along with their multi-scale behavior. 
For each condition the variants are distinct and the exact 
direction of  their al ignment is clear in the corresponding 
VMSAAF/ψ(θ) pl ots. The pr esence of more than one 
variant c learly i nfluences LH anisotropy in  t he material, 
and in particular, the or ientation o f the minimum 
representative ele ment re quired to c haracterize the  
microstructure. A lthough the pl ots of ψ(θ) for eac h 
condition d o no t qualitatively rese mble w hat w ould be  
expected from the superposition of VMSAAF results for  
each un derlying var iant, t he pl ots of ξ(θ) and α(θ)  
resemble the superposition of their constituent variants.  

Table 1: Coefficients for describing studied microstructre conditions via 
the texture ξ(θ) and cluster α(θ) parameters using eqs. 3 and 4.  
 

Condition a b c d h 
      
Random-AR-4 * * * * * 
Random-AR-8 * * * * * 
Random-AR-16 * * * * * 
      
Semi-Aligned-AR-4 * * * * * 
Semi-Aligned-AR-8 * * * * * 
Semi-Aligned-AR-16 * * * * * 
      
Aligned-AR-4 * * * * * 
Aligned-AR-8 * * * * * 
Aligned-AR-16 * * * * * 
      
Banded-d/r-0.0 * * * * * 
Banded-d/r-0.5 * * * * * 
Banded-d/r-2.0 * * * * * 
 

That is, if there are n variants in a microstructure and each 
variant is described by an ang le o f orie ntation θi, t hen 
ξ(θ) and α(θ) appear to be given by the relationships 

  ( ) ∑ +−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

n

i
ii

i

b
a

)sin(1 θθθα
  

(5) 

 
 ( ) ( ) ( ) ( )∑ ⎥

⎦

⎤
⎢
⎣

⎡
−+−++=

n

i
i

i

i
iiiiii d

c
dchhdc θθθξ cos222

  
(6) 

In c onjunction w ith the  p revious re sult tha t part icles 
cluster ve ry e asily a long the d irection of al ignment in 
aligned microstructures with a single variant, the primary 
implication of t his s uperposition is that w hen there ar e 
several di stinct orientation variants, the re wi ll be 
predetermined directions of clustering for microstructures 
generated with RSA-like algorithms.  

Sample regions of  th e banded m icrostructures are 
depicted i n F ig. 5 a long with the V MSAAF r esults for 
these conditions. From these microstructures, the effect of 
particle clustering can be di stinctly observed even in the 
presence o f s econd-phase a lignment by noticing t he 
shallower gradients in th e t ransverse di rection ( θ  = 9 0o) 
of the ψ(θ) plots as the level of banding is increased (as 
d/r is increased). The behavior of the texture parameter is 
similar f or al l conditions. Interestingly, a s the second 
phase is more strongly segregated into bands, the cluster 
parameter is reduced re gardless of direction ( LH is  
increasing in  ev ery d irection), i ndicating t hat RVE si ze 
would increase si gnificantly be cause of contributions 
from all principal axes in the microstructure, not just the 
components t ransverse t o the b and orientation, again 
suggesting t hat t his ma y be a ve ry use ful parameter for 
characterizing clustering, especially in oriented materials. 
 
5.) Conclusions 
 

In c onclusion, t hrough ap plication t o synthetic 
microstructures with co ntrolled features, i t ha s be en 
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Fig. 5.  Effect of microstructure banding on multi-scale behavior in 
synthetic microstructures containing Af =  20 % second-phase with an 
8:1 aspect ratio with (a) no banding, d/r = 0.0 and banding with (b) d/r 
= 0.5 and (c) d/r =2.0. 
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shown t hat the V MSAAF technique presented i n this 
work pro vides a ra pid tool for char acterizing ke y 
microstructure features, including:  

 
1. Representative length scale (LH) anisotropy. 
2. The presence and orientation of distinct 

morphological variants through variation in the 
parameter α(θ). 

3. The presence and orientation of anisotropic 
clustering through variation in the parameter ξ(θ).  
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