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1 Introduction

Our research program was concerned with the synergy betwcen the variational partial differential
equation and the statistical approaches to problems in visual control. Moreovcr, we have given a
completely stochastic interpretation of curvature driven flows for tracking.

Vision is a key sensor modality in both the natural and man-made domains. The prevalence of
biological vision in even very simple organisms, indicates its utility in man-madc machines. Morc
practically, cameras arc in general rather simple, reliable passivc sensing devices which arc quitc
inexpensive per bit of data. Furthermore, vision can offer information at a high rate with high reso-
lution with a wide field of view and accuracy capturing multi-spectral information. Finally cameras
can be used in a more active manner. Namely, one can include motorized lenses mounted on mobile
platforms which can actively explore the surroundings and suitably adapt their sensing capabilities.

For some time now, the role of control theory in vision has been recognized. In particular, thc
branches of control that deal with system uncertainty, namely adaptive and robust, have been proposed
as essential tools in coming to grips with the problems of both biological and machine vision. These
problems all become manifest when onc attempts to use a visual sensor in an uncertain cnvironment,
and to feed back in some manner thc information. Thesc issucs were a key thrust in our proposed
research program.

Specifically, we have considercd the following problems:

(i) Dynamic Geodesic Active Contours for Tracking: Visual tracking using active contours is usu-
ally accomplished in a static framework. The active contour tracks the object of interest in a
given frame of an image sequencc, and then a subscquent prediction step ensurcs good initial
placement for the next frame. This approach is unnatural; the curve evolution gets decoupled
from the actual dynamics of the objects to be tracked. True dynamic approaches exist, all being
marker particle based, and thus prone to the shortcomings of such particle-based implementa-
tions. In particular, topological changes are not handled naturally in this framework. The now
classical” level set approach is tailored for codimension one cvolutions. However, dynamic
curve evolution is at least of codimension two. We have proposed a natural, efficient approach
for dynamic curve evolution which removes the artificial separation of segmentation and prc-
diction, while retaining all the desirable properties of levcl set formulations. This is based on
a new energy minimization functional which for the first time puts dynamics into the geodesic
active contour framework.

(1)) Knowledge-Based Tracking. Onc of the key themes of our work has been the combination
of geomctric partial differential equation methods with global statistics for tracking and con-
trolled active vision. We have developed a way of combining statistical and anisotropic dif-
fusion methods is via a process we call knowledge-based segmentation which seems to give




some reasonable results for several key applications. Since noise is in general non-additive,
anisotropic diffusion and related techniques directly applied to the image do not produce satis-
factory results. Moreover, these techniques do not introduce prior information about the number
of objects present in the scene when directly applied in the image space. 1n our approach, we
combine Bayes’ rule with either anisotropic or isotropic diffusion, introducing a priori knowl-
edge into the segmentation process and solving the non-additivity problem of the noise. We also
extend this approach to the segmentation of video data, incorporating basic learning capabilities
to the knowledgc.

(iii) Stochastic Methods for Curvature Driven Flows: Many PDE’s in image processing and com-
puter vision are based on curvature driven flows from interfacial physics. Such curvature flows
have been extensively considered from a deterministic point of view. They have been shown
to be useful for a number of applications including crystal growth, flame propagation, and
computer vision. In recent work, we have described a random particle system, evolving on
the discretized unit circle, whose profile converges toward the Gauss-Minkowsky transforma-
tion of solutions of curvature driven flows. Our computational research program employs this
methodology as a new way of evolving curves and surfaces for a powerful alternative to levcl
set methods. It is a cornerstone in our computational program of combining PDE’s and statistics
in imaging.

2  Summary of Work

In this section, we outline some key concepts from dynamic contour tracking, and knowledge-based
segmentation methods upon which our new research program is based.

2.1 Dynamic Contour Tracking

Typical level set tracking techniques only make use of static models of active contours. In this section
based upon our previous work in [18], we review how dynamics may be put quite naturally into this
geometric framework giving us a novel modcl of dynamic active contours.

2.1.1 Parametrized Dynamic Curves

We consider the evolution of closed curves of the form C : S! x [0,7) — R? in the plane, where
C =C(p,t) and C(0,t) = C(1,¢) (6], with t being the time, and p € [0, 1] the parametrization of the
curve. The classical formulation for dynamic curve evolution is derived by mcans of minimization of

the action integral
4

L= Ll oG dts (1)

t=tg

where the subscripts denote partial derivatives. The Lagrangian L = T — U is the difference between
the kinetic and the potential energy. The potential energy of the curve is given by

1
U = / Uet + Urig + Upy dp
0
: 1 2 1 2
=, FWillGll” + Sw2llCopll” + 9(C) dp,
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where g is some potential function (with the desired location of the curve forming a potential well);
Uet, Urig, and U,y are the elasticity, rigidity and potential field contributions, with their (possibly
position-dependent) scalar weights wi, and wy. A common choicc for the potential function is

1
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where £ = [z, y]T arc the image coordinates, I is the image, r is a positive integer, and G is a
Gaussian of variance o>, The kinetic energy is

11

7= [ Julca? dp, 3)

0
where p corresponds to mass per unit length. The Lagrangian used is then
1 o il S | .
L= | qulCl? = quilleol? = walCl® - 9(C) dp. )

Computing the first variation 6L of the action integral (1) and setting it to zero yields thc Eulcr-
Lagrange equations for the candidate minimizer in force balance form:

3] &°
pCtt = a—p(wlcp) = 8—1)2(1L’2Cpp) . Vg. (5)

This formulation is not intrinsic with respect to the geometry of the curve, since it is dependent upon
its parametrization, p.

2.1.2 Geometric Dynamic Curves

Minimizing equation (1) using thc Lagrangian

LAl
L= [ (zuci-a) 1k dv ©

instead rcsults in

1
HCit = =p(T - Cus)Co = p(Cr - Cis)T = (GHIC® = )N = (Vg - NN, (7

which is intrinsic and a natural extension of the geodesic (conformal) active contour approach {10].
Here /N is the unit inward normal, and 7 = %g— the unit tangent vector to the curve. k = Cys - N
denotes curvature and s is arclength.

Equation (7) describes a curve evolution that is only influenced by inertia terms and information
on the curvc itself. To increase robustness, region-based terms could be included in the formulation.




Normal Geometric Dynamic Curve Evolution

To be able to interpret the behavior of the curve evolution equation (7) it is instructive to derive the
corresponding evolution equations for the tangential and normal velocity components of the curve.
We can write

Ct bt (N(p, t)T Ea ﬁ(pa t)Na (8)

where the parametrization p is independent of time and travels with its particle, and « and 3 corre-
spond to the tangential and the normal speed functions respectively. By substituting equation (8) into
equation (7), we obtain the two coupled partial differential equations:

o = —(a?)s +2kap, 9

~(af)s + |58 — 50%) + 29| K~ =Vg - N.
2 2 7 Iz

3{

Clearly, —(a?), and —(«/3), are the transport terms for the tangential and the normal velocity along
the contour, and gk — Vg - N is the well known geodesic active contour image influence term [10].
Note, that in contrast to the static geodesic active contour, this term does not directly influence the
curve’s position, but the curve’s normal velocity. It resembles a force. Finally, the terms 2ka3 and
(%[32 — %oﬂ)n incorporate the dynamic elasticity effects of the curve. If we envision a rotating circle

we can interpret the term (%ﬁ2 = %oﬂ)r; as a rubberband (i.e., if we rotate the circlc faster it will
try to expand, but at the same time it will try to contract due to its then increasing normal vclocity;
oscillations can occur). If we restrict the movement of the curve to its normal direction (i.c., if we sct
« = 0) we obtain

1 . 1
By =P+ =gk~ =Vg-N. (10)
2 W °

This is a much simplcr evolution equation. In our case it is identical to the full evolution equation (9) if
the initial tangential velocity is zero. The image tcrm g only influences the normal velocity evolution
(3. It does not create any additional tangential velocity.

If there is an initial tangential velocity, and/or if the image influence g contributes to thc nor-
mal velocity 3 and to the tangential velocity «, the normal evolution equation will not necessarily
be equivalent to the full evolution equation (9). We can always parameterize a curve such that the
tangential velocity term vanishes. Specifically, if we consider a reparametrization

Clg,t) = Ce(g, 1), 1), an
where ¢ : R x [0,T) — R, p = ¢(q,t), ¢g > 0, then

ac _ac  acog

o "ot T apor (1)
The time evolution for C can then be decomposed into
Co=aT + BN = (a(d(q,1),t) + lICp(¢(a, 1), t) |6) T + BN, (13)

where

= a(d(q,t),t) + ICo(e(g, 1), ) ¢r,
B(e(q,t),t).

=l Rl
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If we choose ¢ as

(0(gt),t
)= — , 14
A= e (600, 0 "
we obtain B _
C, = BN, (15)

which is a curve evolution equation without a tangential component. For all times, t, thc curve C
will move along its normal direction. However, the tangential vclocity is still present in the update
equation for (3. After some algcbraic manipulations, we arrive at

1
w(Bpte + 1) = (5/1&52 + g> k= (Vg -N)N, (16)

which depends on the time derivative of the reparametrization function ¢, which in turn depends on
the tangential componcent «. The left hand side of Equation (16) rcprescnts a transport term along the
curve, the speed of which depends on the time derivativc of the rcparametrization function ¢.

2.1.3 Level Set Formulation

There are different ways to implement the derived curvc evolution equations; see for example [15].
We distinguish full and partial Icvel set implementations. In the full case, curves evolvc in a spacc
consistent with the dimensionality of the problem. Geomctric dynamic curve evolution would thus be
performed in R* in the simplest case. Normal geometric dynamic curve evolution would be at lcast a
problem in R3. If n is thc dimensionality of the problem the curve will be implicitly described by the
intersection of n — 1 hypersurfaces or the zero level sct of an n-dimensional vector distance function.
Full level set approaches of this form are computationally expensive, since it is not obvious how to
devise a methodology comparable to a narrow band schcme.

A partial level set approach uses a level set formulation for the propagation of an implicit dcscrip-
tion of the curvc itself (thus allowing for topological changes), but explicitly propagates thc vclocity
information associatcd with every point on the contour by means of possibly multiple transport equa-
tions. It trades-off computational efficiency (a narrow band implementation is possible in this case)
for object separation: tracked objects that collide will be merged.

In what follows we will restrict ourselves to a partial level set implementation of thc normal
geometric dynamic curve evolution. See [17] for a detailed discussion of the full levcl set method in
this context.

Partial Level Set Approach for the Normal Geometric Curve Evolution
The curve C is represented as the zero Icvel set of the function
U(xz(t),t) : R? x Rt — R, (17)

where (t) = (2(t), y(t))7 is a point in the imagc plane. We assume ¥ > 0 outside the curve C and
¥ < 0 inside the curve C. Since the evolution of the curve’s shapc is independent of the tangential
velocity we can write the level set evolution equation for an arbitrary velocity x; as

U, + |VI|N -z = 0. (18)




In our case x; = SN, where

AVA'Y
N=-——1 (19)
Ve
Equation (18) then becomes
- BlIve| =0, (20)
where 3 is given by equation (10). Using the relation
\va' >
k=V | +=—=]. (21)
(llV‘I’II
we obtain ] ; -
Br=(50"+=g)k+ Vg (22)
2 p [vel

We need to propagate the normal velocity 3 along w1lh the zero level set of W. This could be accom-

plishcd by the transport equation
vy

vy

which is not natural, since equations (22) and (23) are both first order evolution equations for /3.
Instead of using equation (23) we can:

Pr=p0 VB, (23)

(a) Neglcct equation (23), but compute extension velogities at cvery time step. Since the extensions
are normal to the contours, normal propagation of the levcl sct function will guarantec a constant
velocity value along the propagation direction (up to numerical errors). Specifically V3 1LVW¥
in this case and thus

VVv.vV3=0. (24)

(b) Incorporate equation (23) into equation (22).

To accomplish the latter we change our Lagrangian, and extend it over a range of level sets. For cach
timet,and 0 < r < 1let

C(t) := {(z,y) € R?: U(z,y,t) =r}. (25)

1
=/ /(lluﬁ"’—g> ds dr, (26)
o Je\2
! |
[ / / / (—/LﬁQ—g> ds dr dt, @7
tJo Je \2

1 (T
YA — / / /(—u62 —g)dsdtdr
o Jo Je2
T 1oy
= / (/ /(—/1/32 -g)dH|¢ dr) dt
o \Jo Je 2

76
1
~ [ [Gus - avelas dyar 28)

0

Using the Lagrangian

we obtain the action integral

which is

6




where H! is the one-dimensional Hausdorff measure and we applied the coarea formula. This casts
the minimization problem into minimization over an interval of level sets in a fixed coordinate frame
(z and y are time independent coordinates in the image plane). Using equation (20) we can express 3
as

v,
At (29)
Vel
Substituting (29) into equation (28) yields
14 \Ilt2
= [ [ tgreter — oIVl do dy dt = 5(), (30)
o Ja 2|VY| ]
which is the new W-dependent action integral to be minimized. Then, 45 = 0 if and only if
3 (er) =+ (- o) )
== )=V e el e ) (31)
ot \ VY| po VO IVE
The curve evolution is thus governed by the system:
V¥ g 1 o
B = V. (—('—+—H )), (32)
t V| p 2
v, = j3||VY|.
Expanding equation (32) yields
1 1 1 Vi vy
Bi=(z0*+=g)k + -Vg =——+ VS ——, (33)
2 p po 7 VY IV

which, as desired, combines the velocity update equation (22) with the velocity propagation equa-
tion (23). Naturally, this equation reduces to the result obtained from our original minimization
problem (see equation (22)) if extension velocities are used to tie the evolution of all level sets to
the evolution of the zero level set. Note, that the system of equations (32) constitutes a hyperbolic
conservation law for the velocity v. The propagation of the level set function ¥ is described (as usual)
by an equation of Hamilton-Jacobi type.

2.2 Statistics and Curvature Driven Flows: Knowledge-Based Segmentation

We summarize here some of our results on the synergy of geometric partial differential equation and
statistical methods bascd on knowledge-based segmentation. We combine Baycs’ rule with either
anisotropic or isotropic diffusion, introducing a priori knowledge into the segmentation process and
solving the non-additivity problem of the noise. We also extend this approach to the segmentation of
video data, incorporating basic learning capabilitics to the knowledge.

This has a number of applications including SAR imagery [7] and missile tracking (9, 23]. In
particular, in the case of tracking missiles for the airborne laser (ABL) program, wc are interested in
tracking the location of the nose of the missile. Thus we only need to separate the relevant portion of
the missile from the background. Because of the noisy nature of the images due to atmospheric eftects
simpler thresholding techniques (e.g., histogramming the pixel distributions and trying to separatc
the peaks) do not work very well for the missile videos. On the other hand, we have found that
the knowledge-based approach of [9, 23] gave excellent results in comparison to weighted ccntroid
techniques especially when combined with geometric active contours.




2.2.1 Basic Set-up

Our set-up begins with the assumption that the image is composed of n classes of objects. For sc-
quenccs of images, this value n is assumed constant. For the missile problem [23] , we assume two
classes, corresponding to the missile and the background. Thus in this setting we will see that wc
have a form of adaptive thresholding. This is the case wc will describe herc. The tcchnique however
is gcneral and can be applied to any number of classes. (In [7] for SAR data, the number of classes
was three.) The goal of our segmentation is to determine to which class each pixel in each image
belongs. Our basic model assumes that the value of each pixel in a given class can be thought of as
a random variable with a known distribution, and that these variables are independent across pixels
(this just simplifies the exposition, but any distribution can be used). Thus, for example for the case
of normal distributions the likelihood of a particular pixel ¢ having a certain value v given that it is in
class ¢ € {missile, background} is:

1 1 (v — pe)?
Pr(V; = v{Ci = ) = ——oxp <—§%) : (34)

where 7 is an index ranging over all pixels in the image, V; is the value of the pixel, and C; is its class.
As usual, s and o, denote the mean and standard deviation of class c. In practice, thcse parameters
are estimated from a set of sample images or learned from past frames for video data.

Next, we assume that there is some known prior probability that a particular pixel will belong to
a ccrtain class. For single-image data sets, we assume a homogencous prior, i.e., that Pr(C; = ¢) is
the same over all spatial indices 7. It is, however, possible to incorporate a priori knowledge about the
image here, for cxample if it were known that thc missile is more likely to be near the center of the
image than near the edge. For sequences of images, we have used a learned prior, as described below.

Given a set of intensity distributions Pr(V; = v|C; = ¢) and priors Pr(C; = c¢), we can apply
Bayes’ Rule from elementary probability theory to calculate the posterior probability that a given
pixcl belongs to a particular class, given its intensity:

Pr(V; = v|C; = ¢) Pr(C; = ¢)
>, Pr(Vi =v|C; = 1) Pr(Ci = 7)’

Our approach is to calculate the postcriors Pf := Pr(C; = ¢|V; = v) using the given distributions
and (35) abovc, and then to apply either isotropic or anisotropic smoothing to each P¢ (note that thc
denominator is just a normalization constant that can be “ignored”). Specifically, we have chosen to
smooth by evolving P¢ according to a discretized version of the partial differential equation

op¢
ot
This equation defines the affine geometric heat flow, under which the level sets of P¢ undergo affine
curve shortening. This particular diffusion equation was chosen because of its affine invariance, be-
causc it preserves edges well, and because of its numerical stability and ease of computation. The
goal of this process is to diffuse information from onc pixel to the other, making then a region-bascd
(adaptive) decision and not just a local pixel-wise one.

The segmentation is then obtained using the maximum a posteriori probability estimate after

anisotropic smoothing. That is,

PRl — |tk =)= (35)

= ()PP — 2B5 PP, - (FE)PRE )M, (36)

Cr = BIEMAX pr(C; = c|V; = v) (37)

= r
K CE {minile, backgmund}

where Pr*(C; = ¢|V; = v) is the smoothed posterior probability.



2.2.2 Application to Visual Tracking

When segmenting scqucnces of images, we have extended the model so that information from onc
frame is used in thc segmentation of the next, and in this way have introduced a kind of learning
into the method. Thcre are a number of ways in which this can bc done. By far the most effcctive
way we have found is to modify our assumption of homogeneous priors. In particular, we havc
uscd the smoothed posteriors P¢ from one frame as priors Pr(C; = ¢) in the segmentation of the
next frame. Thus this scheme fits into a Bayesian tracking framework. We have also tested rclaxing
our assumption that the pixel intensities are distributed according to fixed normal distributions. We
estimated the distribution parameters of the normal distributions from frame to frame by calculating
new sample means and variances bascd on the segmentation of earlier images. Finally, we completely
removed the assumption that the intensities are normally distributed. This was donc by calculating
the sample distribution of intensities within each class as images were segmented, and then using this
distribution as Pr(V; = v|C; = ¢) in (34) when segmenting succeeding frames.

This type of approach combined with active contours was found to be extremely effcctive for ABL
missile tracking [23]. For other scenarios, it is possible to introduce multi-scale texture modcls for the
likelihood of the background. Another possible extension would be to consider that n, the number of
classes in the image, is not given and needs to be cstimated as well. This can be done for example via
expectation maximization (EM) type algorithms. Note though that since the scheme hcre described is
extremely fast, especially for video data where the number of smoothing steps is dramatically reduced,
a brute-force search for n in a given range might be good enough for a number of applications.

This knowlcdge-based approach has a very strong connection to Markov random field (MRF)
techniques. Indced, the prior smoothing of the posterior probabilities gives the MAP solution to a
discrete MRF with a non-interacting, analog discontinuity ficld. The combination of a discontinuity
field with a discrete MRF can have some important consequences since it allows the disabling of
clique potentials across discontinuitics. This is in contrast to the isotropic (linear) smoothing of the
posterior probabilities, which corresponds to computing thc MAP solution of a singlc discrctc MRF
using continuous relaxation labeling. Thus we see that the random field, anisotropic diffusion, and
curvature driven flow approaches to segmentation and tracking are intimately related.

2.3 Interacting Particle Systems and Approximate Flows

In typical methods such as those described above for knowledge-based segmentation for combining
statistics with PDE’s, the underlying PDE model remains detcrministic and is implemented as such,
for example using level sets. Wc have dcveloped a very diffcrent class of algorithms in which the
PDE is eliminated and the evolution takes place using a random process. We should note that this
methodology first proposed for curvature driven flows in [2, 3] is mathematically well founded, and
may be justified using the theory of hydrodynamical limits.

The new class of algorithms is very much connected to scale in physical systems. The typical way
of modelling a physical system is on a macroscopic scalc, that is via a continuous partial differential
cquation. Level set computational methods fall into this category of algorithms. Here wc arc looking
at a microscopic approach: collcctions of discrcte particles undcrgoing random walks. What we arc
doing then is replacing the PDE by an underlying microscopic interacting particle system.

The theory of intcracting particle systems goes back at Icast to [22] who studied ncw types of
random walk models with interactions among the particles. There are many examples including ex-
clusions processes, branch processes, and contact processes. Therc arc several advantages to this type
of methodology including:




1. PDE’s and continuous analysis become unnecessary.

2. No discretizations arc nccessary. The interacting particle system is already constructed on a
discrete fixed lattice.

3. Increased robustness to noise, and ability to include processcs into the given system.

In summary, this framework gives a completely stochastic way of modelling the key flows used in
controlled active vision will all the possible benefits just described.

2.3.1 Basic Definitions of a Particle System

In the theory of interactive particle systems, particles are distributed on a d-dimensional discrete
integer lattice . The nodes of the lattice represent sites where particles reside. The state of the lattice
is the distribution of particles over the sites. This state can evolve over time due to events such as
births and deaths of particles, as well as jumps of particles to neighboring sitcs. The probability of an
event happening at a particular site can be influenced by the number of particles at neighboring sites,
therefore adding interaction betwcen particles. If the rate of events at a site is only influenced by the
number of particles at that site, then the process is called a zero range process. For our purposes, we
are interested in zero range processes where particles only interact with particles sitting on the same
site.

2.3.2 Geometric Interpretation of a Particle System

In our AFOSR sponsored research, we were able to construct an interacting particle system that
evolves microscopically on a 1D lattice according to the macroscopic behavior of the mean curva-
ture flow PDE. This is a fundamental result that links the microscopic scale (particles evolving inde-
pendently of particles at neighboring sites) to the macroscopic scale (curve evolving according to a
macroscopic PDE).

Before we detail our particle system, we explain its geometric interpretation. This interpretation is
fundamental for the use of particle systems as a tool for stochastic curve evolution. What we want to
do is to be able to represent the particle systcm graphically as a curve. As the particle system evolves,
the corresponding curve is updated, resulting in a stochastic curve evolution.

Our particle system is a 1D linc of sites with connected ends, that we call a discrcte torus where
cach sitc is a point space evenly on the unit circle. Therefore each site is parameterized by an angle.
Each site contains a certain positive number of particles, denoted with the positive function m(6)
where 0 parameterizes cach sitc. In order to map our particle system to a curve, we can connect
segments oriented according to the angle of each site and scaled by thc number of particles at that site.

2.3.3 Birth and Death Zero Range Particle Systems
We first set-up some notation.Let
C(p,t): St x [0,T) — R?

be a family of embedded curves wherc p paramctrizes the curve and ¢ the family. Then we consider
curvature-driven flows of the form

— = V(x(p,t))N, (38)




where x denotes the curvaturc and A the inward unit normal. Using the standard angle parametriza-
tion 6, we interpret m(6, t) := 1/k(8, t) as a density, and computc it evolution to be:

Im(o.1) _ V(m(o.1)

ot ot?

- V(m(6,1)), (39)
Viz):= V(1/z).

Note that V(x) = 1/z corresponds to the Euclidean curve shortening flow. In Equation (39), the
first term on the right hand side is called the diffusion term and the second term the reaction term.

Our 1ntcrest is in constructing stochastic approximations to the solutions of the Equation (38) or
cquivalently Equation (39). Approximations corresponding to polygonal curves have becn discusscd
in the literature under the name “crystalline motion.” Our approach is different and can be thought of
as a stochastic crystalline algorithm: we construct a stochastic particle system whose profile defines an
atomic measure on S! , such that the corresponding curve is a polygon. Applying standard tools from
hydrodynamic limits, it is proven in [2] that the (random) evolution of this polygonal curve converges,
in the limit of a large number of particles, to curve evolution under the curve shortening flow.

The approximations we usc are based on so-called birth and death zero range particle systems.
To get a flavor of the simplicity of the algorithm, we write down this system down in some detail. Let
Ty = Z/NZ denote the discrete torus. Let g : N — R, (the jump rate, with g(0) = 0),b: N - R,
(the birth rate), d : N — Ry (the death rate, with d(0) = 0) be given, and define the Markov
generator on the particle configuration Ey = NIV by

(LN £)(n) = N*(Lof)(n) + (L1£)(n), f € Cy(EN),

where

(Lof)m) = 3 3 o) [FGF*) + 7a*~) = 25(n)]

€T

(L1f)(m) =
Y b)) [ft) = Fm)] +d@@) [f() - F@)]]
€T

and
s n(7)+1, j=ix1n(i)#0,
"= () = n) -1, j=14,n()#0,
n(7), clse

1, . n(])+17]=77
) = { n(j),else

R .
() = { o D Cligl

Note that the zero-range part L approximates diffusion tcrm of equation (39) while the birth-death
part £; approximates the reaction term of (39).
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2.3.4 Example: Approximate Euclidean curvature flows

As an example, in this section we give the stochastic approximation of the Euclidean curvature flow.
For thc general curve shortening case; see [2, 3] for the details. We now prescnt candidates for
the functions b, d, g defining the particle systems. Indeed, for curve shortening (V(z) = 1/z in
Equation (39) above) one may show that the rates are

gy=€?,  gk)=e¢Tkf/(k-1), k22,
b(2) =2¢72, bk)=0,k#2,
d(l)=¢2% dk)=0k#1. (40)

This mcans that as the number of cites IV goes to infinity and as € gocs to zcro, the stochastic
particlc system converges to the solution of curve shortening.

2.3.5 Stochastic Snakes

Wc have formulated a gcometric active contour model stochastically, and dcrived a complcte stochas-
tic snake formulation. In this research program, we plan to derivc fully stochastic versions of all
thc scgmentation results describcd above. For the geometric active contour model casc which we
considered in this preliminary study, the density function evolvcs according to

my = —(m™")ged — 2(m g — m (g9 + @), (41)

where ¢ is the (conformal) stopping term, and subscripts indicate partial dcrivatives. The correspond-
ing birth-death zero range process is defined exactly as above with the addition of the following for
the first-order drift term on the right hand side of (41):

N3 gm@)(F @ = fn)).

1€TN
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