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Abstract-Nano-electr o-mechanical resonators used for sensing,
data storage, and nano-fabrication applications are often oper ated
as feed-back control systems. To determine the transfer function
of silicon cantilevers with a width of 5.0 pm, a thickness of 800
nm, and lengths of 10, 15, 30, and 45 pm, the damping in air and
liqguid was simulated numerically using an integrated fluid-
structure solver. Bode diagrams and Nyquist plots of the
cantilever transfer function indicate that the resonator will
behave as a heavily damped system in liquid, and a lightly
damped system in air. After experimental validation, ths
computational method is expected to allow prediction of
frequency response prior to fabrication of NEM Sresonators.

I. INTRODUCTION

As the applications of cantilever-based nano-systems [1]
expand to include chemica sensing [2], medical
instrumentation [3], data storage [4], atomic-force microscopy
[5], and nano-fabrication [6] the need for sophisticated
actuation and control will also increase. [7] This requires
determination of the frequency response of the system, which
will be heavily influenced by the damping. [8] When
cantilevers operate in gas or liquid, the damping of the system
is dominated by viscous losses. These losses can be computed
using the Navier-Stokes equations on the cantilever cross-
section. [9]- [12]

Navier-Stokes solvers have been successfully integrated with
simplified structural models to estimate the frequency response
of AFM cantilevers in liquid in the low kHz range. [13] The
present work uses this computational approach to examine the
frequency response of silicon NEMS cantilevers with natural
frequenciesin the high kHz range vibrating in air and water.

II. COMPUTATIONAL METHOD

The cantilever geometry, with width b, thickness d, and
length I, is shown asfig. 1:

Fig. 1. System Geometry.

The natural frequency of the system w, will be given by

fn (ko) [EI
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where k, is the vibrational mode constant, E is the Elastic
modulus, | is the moment of inertia, and m is the cross-
sectional mass. For a cantilever in the first mode if vibration,
k, is equal to 1.875. [14] The cross-sectional mass and the
moment of inertia are given by:

m= pshd 2
E=bd3/12 A3)

where ps isthe density of the cantilever.

This geometry can be simplified to the 2-dimensional
lumped-parameter model shown in fig. 2. The system consists
of a cross-sectional effective mass attached to a spring with
effective spring stiffness:

Fo Fs = kafAy

keff

Fig. 2. Lumped-Parameter Model.

The equation of motion is then given by:

d2y_
mdt_z_ F(t)~Fp — ket (Y= Yo) 4)

where Fp is the viscous drag force, and F(t) is the actuation
force. Thissystem will have a natural frequency given by:

wn=\/k€ﬁ/m€ﬁ : ©)

For a thermally actuated cantilever, the actuation force is
assumed to be uniformly distributed across the cantilever
length. Based on beam theory [15], the effective stiffnessis:

ket =8EI/14. (6)
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The effective mass of the system is obtained by Rayleigh's
method of setting the natural frequency of the lumped
parameter oscillator given in (5) equal to the natural frequency
of the cantilever givenin (1). [16]

The actuation force is given by a sinusoid with magnitude F,
and freguency o:

F(t) = Fg sin(at) . (8)

The viscous drag force is computed by solving the time-
dependent Navier-Stokes equations on a 100 by 120 mesh
around the cantilever, using a marker-and-cell CFD code. [17]
The complete computational procedureis given by:

1. Solution of the velocity and pressure using a time-
dependent Navier-Stokes algorithm.

2. Computation of the fluid force, spring force, and actuation
force on the cantilever.

3. Computation of the acceleration, velocity, and position of
the cantilever

4. Updating of fluid boundary conditions based on the new
cantilever cross-section velocity.

The system time step is set by the maximum allowable time
step for the fluid solver. The system achieves equilibrium
within 5 to 10 cycles. For each cycle, the maximum
displacement, and the phase difference between the maximum
displacement and the maximum force are recorded.

Ill. RESULTS

A.  Maximum Displacement

The frequency response of three silicon cantilevers was
simulated. All cantilevers simulated have a width of 5 um and
athickness of 800 nm. The cantilever lengths were 10, 15, 30,
and 45 pm. These cantilevers dimensions are of the same
order as those proposed for integration into nano-electro-
mechanical systems for bio-detection. [1], [18] The elastic
modulus used was 160 GPa, and the density was 2400 kg/m®.
[19] This yields natural frequencies of 6.63 x 107, 2.95 x 10’
7.36x 10°, and 3.27 x 10°s™.

The cantilever damping was simulated using two fluids:
water at 293 K, and air at 103 kPa and 293 K. For water, this
corresponds to a density p; of 999.4 kg/m?®, and a viscosity p of
1.007 x 10° kg/m-s. For air, this corresponds to a density p; of
1.22 kg/m?®, and aviscosity p of 1.81 x 10° kg/m-s. [20]

Because of the small scale of the system, a dip boundary
condition was used in the CFD computation, with a momentum
accommodation coefficient of 0.85. [21] This incorporates the
continuum break-down effects encountered in nano-systems at
atmospheric pressure. For the given cantilevers, the system
was swept using a force with magnitude F, of 10 uN/m, with
values of w/w, ranging from0.10to 7.0 inliquid, and 0.5t0 5.0
inair.

B. Smulation resultsfor cantileversin water

The peak displacement versus frequency is shownin fig. 3. These
results show that the smulaion predicts digolacements in the nm
range, indicating that the physcd parameters chosen for the
smulation are physicaly redidtic.
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Fig. 3. Displacement versus Frequency for Cantileversin Liquid.

The displacement results can be normalized to obtain the
system gain using (9):

G(w) =20-10g10 (Keft Ymax / Fo) - )

A plot of the gain as a function of the normalized frequency
sisshown asfig. 4:
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Fig. 4. Gain versus Frequency for Cantileversin Liquid.

Fig. 4 shows that the cantilever operating in liquid is a
heavily damped system, with a large shift in the resonant
frequency away from the natural frequency of the system. This
is confirmed by computing the quality factor of the system, as
shown in table (1). The quality factors of less than one are
similar to previous experimental results for long cantilever
resonatorsin liquid. [5]

Table (1) shows a large gain the quality factor as the
resonator natural frequency increases. This is consistent with
previous experience operating cantilevers at higher frequencies
[5] and higher-order modes. [22] These results show that the
quality factor is proportiona to the natural frequency of the
system raised to the 1.4, which suggests that the damping is
frequency dependent.



RESONANT FREQUENCY AND QUALITY FACTORSFOR CANTILVERSIN LIQUID

TABLEI

Natural Natural Resonant @ on Q
Frequency f, Frequency on Frequency o,
(MHz) (sh (sh
10.6 6.63x 10’ 6.62 x 10’ 0.9985 | 10.15
4.69 2.94x 10’ 2.85x 10’ 0.969 4.56
1.17 7.37 x 10° 1.67 x 10° 0.226 0.58
0.521 3.74x 10° 7.88x 10° 0.211 0.23

A plot of the phase difference between the peak force and
the peak displacement is shown as fig. 5. Together, fig. 4 and
fig. 5 conditute the Bode plots of the resonators when
operating in liquid.
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Fig. 5. Phase versus Frequency for Cantileversin Liquid.

The data in fig. 4 and fig. 5 can be used to prepare the
Nyquist diagram of the system. This result, shown in fig. 6,
can be used to evaluate the stability of proposed control
algorithms for the system.
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Fig. 6. Nyquist Diagram for Cantileversin Liquid.

C. dmulationreultsfor cantileversin air

The analysis performed for the resonators using water as a
working fluid is repeated using air as a working fluid. The
maximum resonator displacements obtained through numeric
simulation are show asfig. 7:
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Fig. 7. Displacement versus Frequency for Cantileversin Air.

These results can be used to obtain the gain, as shown in fig.
8
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Fig. 8. Gain versus Frequency for Cantileversin Air.

The frequency shifts and the quality factor obtained are
shown in table (2). The quality factors in air are typically
orders of magnitude higher than the estimated quality factorsin
water for the same resonator, which agrees with experimental
results. [4], [23]

TABLE I
RESONANT FREQUENCY AND QUALITY FACTORS FOR CANTILVERSIN AIR
Natural Natural Resonant @ on Q
Frequency f, Frequency on Frequency o,
(MH2) &Y Y
10.6 6.63x 10’ 6.62 x 10’ 0.9992 19.9
4.69 2.94x 10’ 2.93x 10’ 0.9985 15.8
1.17 7.37 x 10° 7.32x 10° 0.9937 10.8
0.521 3.74x 10° 3.71x 10° 0.9916 10.4

These results show that the quality factor is proportiona to
the natural frequency of the system raised to the 0.23, again

indicating frequency-dependent damping.

However,

the

relative resolution of this technique for determining quality
factor is less than other techniques that compute Q directly by
computing the energy loss at resonance. [12]

A plot of the phase difference between the peak force and
the peak displacement is shown as fig. 9. Together, fig. 8 and
fig. 9 condtitute the Bode plots of the resonators when
operating in air.
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Fig. 9. Phase versus Frequency for Cantileversin Air.

The large computational cost of performing simulations of
cantilevers vibrating in air prevented reconstruction of the
entire Nyquist diagram. Selected points of the Nyquist
diagram for the system operating in air are shown as fig. 10:
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Fig. 10. Nyquist Diagram for Cantileversin Air.

IV. CONCLUSIONS

For cantilevers operating in air, the frequency response is
relatively unaffected by the natural frequency of the system.
For cantilevers in water, there is a large difference in the
frequency response at higher frequencies, due to increased
damping. However, the high computational cost of simulating
resonators operating in air limited comparisons off behavior
away from the resonance frequency.

These results predict the dynamic response and the
frequency shift from resonance without use of empirica
expressions such as added mass. If the results for the
frequency response are experimentally validated, then
capturing the dynamic response by simulation will allow
optimization of NEMS for integration with feed-back control
without trial-and-error experimental design.
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