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ABSTRACT

In this paper, we proposea new approachto wavelet-basedde-
convolution. Roughlyspeaking,thealgorithmcomprisesFourier-
domainsysteminversionfollowedby wavelet-domainnoisesup-
pression.Ourapproachsubsumesanumberof otherwavelet-based
deconvolution methods. In contrastto other wavelet-basedap-
proaches,however, we employ a regularizedinversefilter, which
allowsthealgorithmto operateevenwhentheinversesystemis ill-
conditionedor non-invertible. Usinga mean-square-errormetric,
westrikeanoptimalbalancebetweenFourier-domainandwavelet-
domainregularization.Theresultis afastdeconvolutionalgorithm
ideally suitedto signalsand imageswith edgesandothersingu-
larities. In simulationswith real data,the algorithmoutperforms
theLTI Wienerfilter andotherwavelet-baseddeconvolution algo-
rithmsin termsof bothvisualqualityandMSEperformance.

1. INTRODUCTION

Deconvolution is a recurringthemein awidevarietyof signaland
imageprocessingproblems,from channelequalization[1] to im-
agerestoration[2]. Often,thedistortionintroducedby a measure-
mentdevice canbe modeledasa convolution of the desireddata
with theimpulseresponseof thedevice. Deconvolution,then,cor-
respondsto invertingtheeffectsof thedistortions.Unfortunately,
themeasuredsignalis usuallyalsocorruptedby noise,whichcom-
plicatestheprocessof deconvolution.

In its simplestform, the 1-d deconvolution problemrunsas
follows. The desiredsignal � is input to a known linear time-
invariant (LTI) systemhaving impulseresponse

�
. White Gaus-

siannoise � of variance��� corruptstheoutputof thesystem.We
measuretheresult ���
	���
 ��� ��� � ���
	��������
	�� . In theFourierdo-
main,wehave ��������� �!�����#"$�������$%$����� . Given � , weseekto
estimate� .

If the system frequency response �!����� has no zeros,
then we can obtain an unbiasedestimateof � as &"!�����'
 ��$(*)+�����,�������-�."!�������/�$(�)+�����,%$����� . However, if �!����� be-
comessmallat any frequency, thenenormousnoiseamplification
results,yieldinganinfinite-variance,uselessestimate.

In situationsinvolvingsuchill-posedsystems,someamountof
regularizationbecomesessential.Regularizationreducesthevari-
anceof thesignalestimate(noisereduction)in exchangefor anin-
creasein bias(signaldistortion).When � is wide-sensestationary
(WSS),theLTI Wienerfilter providestheoptimalregularizationin
theminimummean-squared-error(MSE)sense[2].

Unfortunately, thesignalsandimagesappearingin many im-
portantapplicationscontaininformation-bearingedgesandridges.
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TheLTI Wienerfilter is inappropriatefor suchnon-stationarysig-
nals,for sinceit reducesnoiseby smoothingall signalcomponents
uniformly; it cansmearlocal featuressuchasedges.Theroot of
thisproblemlies in thefactthatwhile theunderlyingFourierbasis
of theLTI Wienerfilter matchesanLTI system

�
, it doesnotmatch

anon-stationarysignal � .
Wavelets, on the other hand, provide a basismatchedto a

large classof non-stationarysignals[3, 4]. Unlike the strict fre-
quency localizationof theFourierbasis,a waveletbasislocalizes
in both time and frequency, and so can effectively track signal
non-stationarities.Thismatchingpropertyhasbeenleveragedinto
powerful algorithmsfor noisereductionthatsimply thresholdthe
wavelet representationof thenoisysignal[5,6]. Waveletdenois-
ing is aspatiallyadaptive processing(it smoothesmorein smooth
regionsof thesignal)ideallysuitedto signalswith edgesandother
singularities.

Thefact thatLTI systemsarematchedby onebasis(Fourier)
but non-stationarysignalsby another(wavelet) inspiresa hybrid
approachto deconvolution: (i) invert theconvolution operationin
theFourierdomainandthen(ii) regularize(denoise)in thewavelet
domain. Suchan approachhasbeenfollowed by Donoho[7],
Nowak[8], andMallat [3, pp.456-461]with considerablesuccess.

However, currentwavelet-baseddeconvolution schemescan-
not dealwith ill-conditionedsystems

�
, sincethey entrustall of

theregularizationto their waveletdenoisingpost-processingstep.
Systemswith zeroesin the frequency responsewill presentnoise
of infinite varianceto thedenoisingstep,destroying thesignales-
timate.

In this paper, weproposeanimprovedhybridFourier/wavelet
deconvolution algorithmsuitablefor usewith ill-conditionedsys-
tems. The basic idea is simple: employ both Fourier-domain
(Wiener-like) andwavelet-domainregularization. With this tan-
dem processing,we can keepthe Fourier-domainregularization
(and its correspondingsmearingdistortions)to the minimum re-
quiredto make the systemtransferfunctionwell-posed;the bulk
of thenoiseremoval comesin thewaveletdenoisingstage.Using
theMSE metric,wewill strikeanoptimalbalancebetweenglobal
andlocal processing.Interestingly, oneextremeof thebalanceis
to performnoFourier-domainregularization,andthiscoincidesto
theapproachesof [3,7,8]. Extensionto multi-dimensionaldatais
trivial.

After discussingregularizationin moredepthin Section2 and
previous Fourier/wavelet deconvolution approachesin Section3,
we presentour improved schemein Section4. Illustrative exam-
pleslie in Section5. Weclosewith conclusionsin Section6.

2. REGULARIZED INVERSE FILTERS

Considera zero-mean,WSSsignal � with power spectraldensity
(PSD) 0�12����� . Giventhegeneraldeconvolution problemfrom the
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Introduction,ageneralform for aFourier-domain-regularizedsig-
nalestimateis givenby [9]&"43������$
 �6573������,������� (1)

with 5 3 �����$
 � 8:9�!�����<; 8 = �!����� = �>0 1 �����= �!����� = � 0 1 �������'?�� � ;$@ (2)

The regularizationparameter? controlsthe tradeoff betweenthe
amountof noisesuppressionandthe amountof signaldistortion.
Setting ?A�CB gives an unbiasedbut noisy estimate. Setting?D�FE completelysuppressesthenoise,but alsototally distorts
the signal ( &��G �6B ). For ?H� 9 , (2) correspondsto the LTI
Wienerfilter, which is optimal in the MSE sensefor a Gaussian
inputsignal � .

Since the Fourier basisfunctions underlyingany LTI filter
have spatialsupportover theentiresignal, 5 3 will tendto smear
non-stationaritiesin the desiredsignal,suchasedgesandridges.
While for non-stationarysignalswecouldjustsolvethemoregen-
eral MSE signalestimationproblem(time-varying Wienerfilter-
ing),suchanapproachwouldhavenospecialstructureandfurther-
morewould requirepreciseknowledgeof thenon-stationaritiesin� .

3. WAVELETS AND DECONVOLUTION

The joint time-frequency analysisof the wavelet basisefficiently
capturesnon-stationarysignalfeatures.Thediscretewavelettrans-
form (DWT) representsa 1-d signal I in termsof shiftedversions
of a low-passscalingfunction J andshiftedanddilatedversions
of a prototypebandpasswavelet function K [3, 4]. For special
choicesof J and K , thefunctionsK>LNM O#�
	��P
 �RQ ( LNS ��K4TUQ ( L 	WVYX,Z ,J,LNM O#�
	��[
 �FQ ( L J T Q ( L 	WV$X Z , \<]^X!_ ZZ form anorthonormalba-
sis,andwehave therepresentation[3,4]I`�
	��a�cb Oed LgfhM OWJ`LgfhM O,�
	��i�

LgfbLNj ( G b Olk LNM O�K>LNM O#�
	��N] (3)

with d LNM Oa
 �nmWI2�
	��#J*oLNM O �
	��,pq	 and k LNM Or
 �sm�I`�
	��tKuoLNM O �
	��tpq	 . For
brevity, we will collectively referto thesetof scalingandwavelet
coefficientsas vhwNLNM Otxi
 �yv d LgfzM O#] k LNM Oqx . MultidimensionalDWTs
areeasilyobtainedby alternatelywavelet-transformingalongeach
dimension[3,4].

TheDWT enjoysanenviableenergy compactionproperty:the
energy of many real-world signalscompactsinto just a few large
wavelet coefficients,while white noiseremainsdisbursedover a
largenumberof smallcoefficients.Thisdisparitycanbeexploited
to distinguishsignalfrom noiseandhasgivenriseto a numberof
powerful denoisingtechniquesbasedon simplethresholding[4–
6] that cansuppressnoisewhile preservingtime-localizedsignal
structures.

Waveletdenoisingfiguresprominentlyin a numberof recent
advanceddeconvolution algorithms[3, 7, 8]. All threemethods
have thesametwo basicstepsin common:

Inversion: Computethe noisy estimate &"|{R�}� (�) �����#�r����� .
This inversionnecessarilyamplifiesnoisecomponentsat
frequencieswhere�!����� is small.

Regularization by Wavelet Denoising: Compute the DWT of&� { , and then thresholdand invert the DWT to obtain the
final signalestimate~� . Note that the Inversionstepcolors
thewhitecorruptingnoise� ; hencescale-dependentthresh-
olds[6] shouldbeemployed.

�RV�� �����<�`���z�������+����#� ������� 573 V�� &� 3 V�� �!� � �������� � �2� ����� � � V���~�
Figure1: Wavelet-basedregularizeddeconvolution (WaRD):par-
tially regularizedinversefiltering following by waveletdenoising.

4. IMPROVED WAVELET-BASED DECONVOLUTION
WITH REGULARIZED INVERSE

ThecurrentFourier/waveletdeconvolution approachesof [3,7,8]
completelydecouplethe inversionand regularizationprocesses.
Unfortunately, whenthesystem

�
is very ill-conditioned(or sim-

ply non-invertible),any attemptat inversionwill amplify thecor-
ruptingnoiseto anextent that it will obliteratethedesiredsignal.
No amountof waveletdenoisingcanrescueusin thiscase.

Note,however, thesensitivity of theinversionprocessto regu-
larization.A minuteamountof regularization(small ? in (2)) can
leadto a hugereductionin thedegreeof noiseamplification- all
thisat theexpenseof only aslight increasein thesignaldistortion.
Thisrealizationmotivatesusto replacetheInversionstepof theal-
gorithmsof [3,7,8] with a RegularizedInversionstep(seeFigure
1).) We call the resultingalgorithmwavelet-domainregularized
deconvolution(WaRD).

But how to pick the right valuefor the regularizationparam-
eter ? ? The tradeoff is clear: On onehand,sinceregularization
smearsnon-stationarysignal featureslike edgesand ridges,we
would prefer ? assmall aspossible.On the otherhand,large ?
preventsexcessivenoiseamplificationduringinversionwhichaids
thewaveletdenoising.

To be more precise,we will determinethe optimal regular-
ization parameterfor the WaRD systemby minimizing the over-
all MSE.Thedeconvolution MSE consistsof thesignaldistortion
dueto Fourier-domainregularizationandtheerrordueto wavelet-
domaindenoising:���`� ��?��c� � � 9 V!573������`�!�����U  � 0 1 �����#pg��¡b LNM O!¢ � � T = w^LNM O,� &� 3�� = � ]2� �L ��?�� Z @ (4)

Here w LNM O � &� 3 � denotesthe wavelet coefficients of &� 3 , ���L ��?�� is
thevarianceof thewavelet-domainnoiseat scale\ , and 0 1 �����£�= "!����� = � .

The first term in
���,� ��?�� is an estimateof the distortionin

theinput signaldueto theregularizedFourier-domaininverse[9].
This distortionis anincreasingfunctionof ? . Thesecondtermis
an estimateof theerrordueto idealwaveletdomainhardthresh-
olding [5]. Ideal thresholdingconsistsof keepinga noisywavelet
coefficient only if the signal power in that coefficient is greater
than the noisepower. Otherwise,the coefficient is set to zero.
(Ideal thresholdingassumesthat the signalsunderconsideration
areknown.) This erroris a decreasingfunctionof ? . Theoptimal
regularizationparameter, denotedby ?W¤ , correspondsto themin-
imum of

���`� ��?�� . Note that ? ¤ dependson the signal,system,
andnoisepower.

The existing Fourier/waveletdeconvolution algorithmsof [3,
7,8] canbe interpretedas specialcasesof WaRD with ?F�¥B .) Note that the Fourier-domain-regularizedinverse(2) wasderived for
WSSsignals ¦ only. With non-stationary¦ , we replace§�1 by the time-
averagedspectrumof ¦ . In practice,weset §�1,¨�©#ª>«D¬ ­r¨
©,ª�¬ � .



However, asmentionedearlier, thesemethodsare in generalnot
applicablewhen

�
is not invertible. Even when

�
is invertible,

WaRD will outperformthesemethods,sincethe value ?l�HB is
includedin thesearch-spacefor theoptimal ?W¤ .

The computationalcost of deconvolving an ® -point signal
will be dominatedby the ¯|��® � � � ®.� costof the FFT inverse-
filter implementation. The second,wavelet denoisingstepcon-
sumesonly ¯|��®.� computations.

Thewaveletdenoisingstepof theWaRDalgorithmcanbeex-
tendedin severalways.First,sincethestandardDWT is notshift-
invariant,shiftsof � will resultin differentestimates~� . Employing
a redundant,shift-invariantDWT will bothyield a shift-invariant
algorithmaswell asimprove thedenoisingperformancesubstan-
tially [4], all atnosignificantincreasein theoverallcomputational
cost. Therecentlyproposedcomplex and“almostshift-invariant”
DWT of [10] would yield similar resultsat a reducedcomputa-
tional cost.Finally, insteadof a threshold,we canapplya Wiener
filter to the waveletcoefficients [11,12].� Suchprocessinghas
beenshown to outperformsimplethresholdingfor denoisingfinite
samplesof data.

Finally, notethatWaRDextendstrivially to higherdimensions
usingtheappropriateFourierandwavelettransforms.

5. EXAMPLES

To illustratetheperformanceof theWaRDalgorithm,wewill per-
form simulationsin 1-dand2-d.

We first comparethe WaRD with othermethodsfor the 1-d
deconvolution problempresentedin the Introduction. In orderto
observe the behavior of eachmethodfor both smoothandedgy
regions, we take for � a concatenationof Donoho’s Blocks and
Heavisinesignals[13] (normalizedto be zeromeanandunit en-
ergy). Weemploy Daubechieslength-8waveletsthroughout.Fig-
ure 2(a) depictsthe signal. For the system,we take the example
of [3, pp.459]

�!�������±° 9 ] = � = _Y� B#]^B @ Q<²+ Q³VY´ = � = ] = � = _Y�µB @ Q<²t]�B @ ²h  (5)

with frequency � normalizedto �gV�B @ ²#]^B @ ²h  (seeFigure2(b)). The
corruptingnoisevariancewas ���¶�n´�· 9 B (�¸ . Figure2(c) plots
theblurred,noisysignal.

TheWienerfilter estimate(Figure2(d)) wasimplementedus-
ing ?Y� 9 and 0 1 ������� = "!����� = � in (2). TheWienerfilter basesits
deconvolutiononthesignal-to-noiseratioateachfrequency. How-
ever, this is inappropriatefor non-stationarysignals,sincetheir
frequency contentchangeswith time. The deconvolution suffers
in response.

The methodsof [7, 8] fail in this case,dueto the null in the
frequency responseof thesystemat �!�µB @ ²¹�º� B .Since �!����� decaysto zero at �»�¼B @ ² so slowly, the
waveletpacket deconvolutionmethodof [3, pp.458–461]remains
applicable.½ Thismethodadaptsawaveletpacket basisto thecol-
orednoisein the inverteddata &"!�����¾�¿� (*) �����,������� . The fre-
quency splits of the wavelet packet basisfor � areshown with� Do not confusewavelet-domainWiener filtering with the Fourier-
domainWienerfiltering discussedabove.½ EventhoughÀ�¨
©#ª is not invertible,thewaveletpacket deconvolution
methoddoesnot fail, becausethe locationand the order of the zero ofÀ aresuchthatonly a few, high-frequency signalwaveletcoefficientsare
obliteratedby theinfinite noiseamplificationat ©¾«!Á<Â Ã . Thismethodwill
fail when Ài¨�©#ª haszerosof arbitrarylocationandorder, however.

dashedlinesin Figure2(b). Thedenoisingstepwasimplemented
by hard-thresholdingthecoefficientsof a shift-invariantDWT us-
ing thebestwaveletpacket basis.This algorithmoutperformsthe
methodsof [7,8] typically, aswell asthestandardWienerfilter in
thiscase(seeFigure2(e)).

Figure 2(f) plots the WaRD obtainedusing ? ¤ �ÄB @ B<Å .Wavelet-domainWienerfiltering was appliedto the coefficients
of a shift-invariantDWT for thedenoisingstage.TheWaRDout-
performstheotheralgorithmsin termsof bothvisualquality and
MSE performance.

Next, weconsiderimagerestorationusingWaRD(ReWaRD).
Theinput � is the Q¹²¹Åº·7Q<²zÅ Lenaimage(normalizedto zeromean
andunit energy) andthediscrete-timesystemresponse

�
is a 2-d,

4-point smoother� 9'9Æ9'9  ÈÇ�� 9'9Æ9'9   . Sucha responseis
commonlyusedasa modelfor blurring dueto a squarescanning
aperturesuchas in a CCD camera[2]. The noisevariancewas
setto ���¶�n´�· 9 B (�É . Figure3 illustratesthedesired� , theob-
served � , theWienerfilter estimate&� ) , andtheWaRDestimatefor? ¤ �ÊB @ Q<Ë . Themethodsof [3,7,8] arenotapplicablein thissitu-
ation,dueto themany zerosin �!��� 1 ]^�hÌq� . (TheWienerfilter out-
performedthewaveletpacket methodin this case.)WaRDclearly
outperformsWienerfiltering in bothvisualqualityandMSE.

6. CONCLUSIONS

In this paper, we have proposedanefficient multi-scaledeconvo-
lution algorithmthatoptimallycombinesFourier-domainregular-
ized inversionandwavelet-domaindenoising.For non-stationary
signals,the WaRD outperformsthe LTI Wiener filter and other
wavelet-baseddeconvolution algorithmsin termsof both visual
quality andMSE performance.Furthermore,it continuesto pro-
vide a goodestimateof theoriginal signaleven whenthesystem
responseis ill-conditioned. All of this in analgorithmof compu-
tationalcomplexity nogreaterthananFFT.

For a given problemsetup,the optimal valueof the regular-
ization parameter? dependson the signal, the systemresponse,
andthe noiselevel. Fortunately, final performancewasobserved
to bequiteinsensitive to theexactvalue,aslong aswe chooseal-
phasufficientlypositive. As aguide,in simulationsspanningmany
real-world imagesandconvolutionsystems,? ¤ wasalmostalways
lay in therange � B @ Q#]NB @ Í   . In the1-d exampleabove, theoptimal? turnedout to besmall( ?W¤7�ÊB @ B<Å ) becausethetestsignalcom-
pactedvery well in thewaveletdomain.However, choosinga ?�¤
in therange� B @ Q#]^B @ Í   gavenear-optimalresults.

Thereareseveral avenuesfor future WaRD relatedresearch.
We aredevelopingmethodsto estimatetheWaRDMSE,andthus
the optimal ?W¤ , without prior knowledgeof the signalandnoise
power. Further, we are investigatingthe gainspossibleusing a
“bestbasis”adaptedto thesignalinsteadof thenoiseassuggested
in [3, pp.458–461].
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