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ABSTRACT

In this paper we proposea new approachto wavelet-basedle-
corvolution. Roughlyspeakingthe algorithmcomprised-ourier
domainsysteminversionfollowed by wavelet-domainmnoisesup-
pressionOurapproactsubsumeanumberof otherwavelet-based
decomolution methods. In contrastto other wavelet-basedap-
proacheshowever, we emplo/ a regularizedinversefilter, which
allowsthealgorithmto operateevenwhentheinversesystemsiill-
conditionedor non-invertible. Using a mean-square-erranetric,
we strikeanoptimalbalancéetweerFourierdomainandwavelet-
domainregularization.Theresultis afastdecowolutionalgorithm
ideally suitedto signalsandimageswith edgesand othersingu-
larities. In simulationswith real data,the algorithmoutperforms
the LTI Wienerfilter andotherwavelet-basedieconolution algo-
rithmsin termsof bothvisualquality andMSE performance.

1. INTRODUCTION

Decowolutionis arecurringthemein awide variety of signaland
imageprocessingroblems from channelequalization1] to im-
agerestoratiori2]. Often,thedistortionintroducedby a measure-
mentdevice canbe modeledasa corvolution of the desireddata
with theimpulseresponsef thedevice. Decowolution, then,cor
responddo inverting the effectsof the distortions.Unfortunately
themeasuredignalis usuallyalsocorruptecdby noise whichcom-
plicatesthe procesof decowolution.

In its simplestform, the 1-d decowolution problemruns as
follows. The desiredsignal z is input to a known linear time-
invariant(LTI) systemhaving impulseresponsé:r. White Gaus-
siannoisen of variances? corruptsthe outputof the system.We
measuraheresulty(t) := (h * z)(t) + n(t). In the Fourierdo-
main,wehaveY (f) = H(f) X(f) + N(f). Giveny, we seekto
estimater.

If the system frequeng response H(f) has no zeros,
then we can obtain an unbiasedestimateof =z as X(f) :=
H Y)Y (f) = X(f) + H '(f) N(f). However, if H(f) be-
comessmallat ary frequeng, thenenormousioiseamplification
resultsyielding aninfinite-variance uselesestimate.

In situationgnvolving suchill-posedsystemssomeamountof
regularizationbecome®ssentialRegularizationreduceghevari-
anceof thesignalestimatgnoisereduction)n exchangeor anin-
creasen bias(signaldistortion). Whenz is wide-sensetationary
(WSS),theLTI Wienerfilter providesthe optimalregularizationin
theminimummean-squared-err@fMSE) sensg2].

Unfortunately the signalsandimagesappearingn mary im-
portantapplicationsontaininformation-bearingdgesandridges.
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TheLTI Wienerfilter is inappropriatdor suchnon-stationangig-
nals,for sinceit reducesoiseby smoothingall signalcomponents
uniformly; it cansmearocal featuressuchasedges.The root of
this problemliesin thefactthatwhile theunderlyingFourierbasis
of theLTI Wienerfilter matcheanLTI systent, it doesnotmatch
anon-stationargignalz.

Wavelets, on the other hand, provide a basismatchedto a
large classof non-stationarysignals[3, 4]. Unlike the strict fre-
queng localizationof the Fourierbasis,a waveletbasislocalizes
in both time and frequeny, and so can effectively track signal
non-stationaritiesThis matchingpropertyhasbeenleveragednto
powerful algorithmsfor noisereductionthat simply thresholdthe
waveletrepresentationf the noisy signal[5, 6]. Waveletdenois-
ing is a spatiallyadaptve processindit smoothesnorein smooth
regionsof thesignal)ideally suitedto signalswith edgesandother
singularities.

Thefactthat LTI systemsarematchecby onebasis(Fourier)
but non-stationarysignalsby another(wavelet) inspiresa hybrid
approactto decowolution: (i) invert the corvolution operationin
theFourierdomainandthen(ii) regularize(denoise)n thewavelet
domain. Suchan approachhasbeenfollowed by Donoho([7],
Nowak [8], andMallat [3, pp.456-461)with considerablsuccess.

However, currentwavelet-basedlecowolution schemesan-
not dealwith ill-conditioned systemsh, sincethey entrustall of
theregularizationto their waveletdenoisingpost-processingtep.
Systemswith zeroedn the frequenyg responsevill presenioise
of infinite varianceto thedenoisingstep,destrging the signales-
timate.

In this paperwe proposeanimprovedhybrid Fourier/wavelet
decorolution algorithmsuitablefor usewith ill-conditionedsys-
tems. The basicideais simple: emplg/ both Fourierdomain
(Wienerlike) and wavelet-domainregularization. With this tan-
dem processingwe can keepthe Fourierdomainregularization
(andits correspondingmearingdistortions)to the minimum re-
quiredto malke the systemtransferfunction well-posed;the bulk
of thenoiseremaoval comesin the waveletdenoisingstage.Using
the MSE metric,we will strike anoptimalbalancebetweerglobal
andlocal processinglnterestingly oneextremeof the balances
to performno Fourierdomainregularization andthis coincidesto
theapproachesf [3,7,8]. Extensionto multi-dimensionatatais
trivial.

After discussingegularizationin moredepthin Section2 and
previous Fourier/wavelet decomwolution approachein Section3,
we presentour improved schemean Section4. lllustrative exam-
pleslie in Section5. We closewith conclusionsn Section6.

2. REGULARIZED INVERSE FILTERS

Considera zero-meanWSSsignalx with powver spectraldensity
(PSD)P:(f). Giventhe generaldecowolution problemfrom the
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Introduction,ageneraform for a Fourierdomain-rgularizedsig-
nal estimatds givenby [9]

Xa(f) = Galf)Y(f) @)
with

69 = (715) (mpin L) @

Theregularizationparameter: controlsthe tradeof betweenthe
amountof noisesuppressiomndthe amountof signaldistortion.
Settinga = 0 gives an unbiasedbut noisy estimate. Setting
a = oo completelysuppressethe noise,but alsototally distorts
the signal (T = 0). Fora = 1, (2) correspondgo the LTI
Wienerfilter, which is optimal in the MSE sensefor a Gaussian
inputsignalz.

Since the Fourier basisfunctions underlyingary LTI filter
have spatialsupportover the entiresignal, G will tendto smear
non-stationaritiegn the desiredsignal, suchasedgesandridges.
While for non-stationargignalswe couldjust solve themoregen-
eral MSE signal estimationproblem(time-varying Wienerfilter-
ing), suchanapproactwouldhave nospeciaktructureandfurther
morewould requirepreciseknowledgeof the non-stationaritiem
xZ.

3. WAVELETSAND DECONVOLUTION

The joint time-frequeng analysisof the wavelet basisefficiently

capturesion-stationargignalfeaturesThediscretewavelettrans-
form (DWT) represents 1-d signalz in termsof shiftedversions
of a low-passscalingfunction ¢ andshiftedanddilatedversions
of a prototypebandpassvavelet function ¢ [3, 4]. For special
choicesof ¢ andep, thefunctionsy; x (t) := 277/2 (277t — k),

$ik(t) =277 (277t — k), j, k € Z form anorthonormaba-
sis,andwe have therepresentatiof, 4]

2(t) = Y g diok(t) + Y D wirtix), ()
k
with Uj ke = fz(t) qﬁ;’k(t) dt andwj,k = fZ(t) I[J;,k(t) dt. For

j=—o0 k
brevity, we will collectively referto the setof scalingandwavelet
coeficientsas{0; .} := {ujq,x, wj,x }. MultidimensionalDWTs
areeasilyobtainedy alternatelywavelet-transforminglongeach
dimension3,4].

TheDWT enjoys anerviableenegy compactiorproperty:the
enepgy of mary real-world signalscompactdnto just a few large
wavelet coeficients, while white noiseremainsdistursedover a
large numberof smallcoeficients. This disparitycanbeexploited
to distinguishsignalfrom noiseandhasgivenrise to a numberof
powerful denoisingtechniqueshasedon simple thresholding/4—
6] that cansuppressoisewhile preservingime-localizedsignal
structures.

Waveletdenoisingfiguresprominentlyin a numberof recent
adwanceddecorolution algorithms[3, 7,8]. All threemethods
have the sametwo basicstepsin common:

Inversion: Computethe noisy estimateXo = H'(f) Y (f).
This inversion necessarilyamplifies noise componentsat
frequenciesvhereH( f) is small.

Regularization by Wavelet Denoising: Compute the DWT of
Zo, andthenthresholdandinvert the DWT to obtainthe
final signalestimatez. Note thatthe Inversionstepcolors
thewhite corruptingnoisen; hencescale-dependettiresh-
olds[6] shouldbeemplged.

Wavelet
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— T
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Figurel: Wavelet-basedegularizeddecomwolution (WaRD): par
tially regularizedinversefiltering following by waveletdenoising.

4. IMPROVED WAVELET-BASED DECONVOLUTION
WITH REGULARIZED INVERSE

The currentFourier/waveletdecowolution approachesf [3, 7, 8]
completelydecouplethe inversionand regularizationprocesses.
Unfortunately whenthe systemh is very ill-conditioned(or sim-
ply non-invertible), ary attemptatinversionwill amplify the cor
rupting noiseto anextentthatit will obliteratethe desiredsignal.
No amountof waveletdenoisingcanrescueusin this case.

Note,however, thesensitvity of theinversionprocesgo regu-
larization. A minuteamountof regularization(smalla in (2)) can
leadto a hugereductionin the degreeof noiseamplification- all
this attheexpenseof only aslightincreasean thesignaldistortion.
Thisrealizationrmotivatesusto replaceheInversionstepof theal-
gorithmsof [3,7,8] with a Reggularizedinversionstep(seeFigure
1)} We call the resultingalgorithmwavelet-domairregularized
decomwolution(WaRD).

But how to pick theright valuefor the regularizationparam-
etera? Thetradeof is clear: On onehand,sinceregularization
smearsnon-stationarysignal featureslike edgesand ridges, we
would prefera assmallaspossible. On the otherhand,large «
preventsexcessie noiseamplificationduringinversionwhich aids
thewaveletdenoising.

To be more precise,we will determinethe optimal regular
ization parametefor the WaRD systemby minimizing the over
all MSE. Thedeconolution MSE consistof the signaldistortion
dueto Fourierdomainregularizationandthe errordueto wavelet-
domaindenoising:

MSE(a) = / [L - Gu(f) H(H) Pa(f) df
+ ) min(|6;(), 03 (). (4)

gk

Here 6, . (Z) denotesthe wavelet coeficients of Za, o7 (a) is
thevarianceof thewavelet-domaimoiseat scalej, and P, (f) =
1X ().

Thefirst termin MSE(«) is an estimateof the distortionin
theinput signaldueto theregularizedFourierdomaininverse[9].
This distortionis anincreasingunctionof «. Thesecondermis
an estimateof the errordueto ideal waveletdomainhardthresh-
olding [5]. Idealthresholdingconsistof keepinga noisy wavelet
coeficient only if the signal power in that coeficient is greater
than the noise power. Otherwise,the coeficient is setto zero.
(Ideal thresholdingassumedhat the signalsunderconsideration
areknown.) This erroris a decreasingunctionof a. Theoptimal
regularizationparameterdenotedby a*, correspondso the min-
imum of MSE(«). Notethata™ dependwn the signal, system,
andnoisepower.

The existing Fourier/mavelet decowolution algorithmsof [3,
7,8] canbe interpretedas specialcasesof WaRD with o = 0.

INote thatthe Fourierdomain-rgularizedinverse(2) wasderied for
WSSsignalsz only. With non-stationaryz, we replaceP, by thetime-
averagedspectrunof . In practicewe setPx(f) = | X (f)|2.



However, asmentionedearlier thesemethodsarein generalnot
applicablewhen i is not invertible. Evenwhenh is invertible,
WaRD will outperformthesemethodssincethevaluea = 0 is
includedin the search-spac®er theoptimala*.

The computationalcost of decowolving an M-point signal
will be dominatedby the O(M log M) costof the FFT inverse-
filter implementation. The second,wavelet denoisingstep con-
sumeonly O(M) computations.

Thewaveletdenoisingstepof the WaRDalgorithmcanbe ex-
tendedn severalways.First, sincethe standardWT is not shift-
invariant,shiftsof y will resultin differentestimateg. Employing
aredundantshift-invariantDWT will bothyield a shift-invariant
algorithmaswell asimprove the denoisingperformancesubstan-
tially [4], all atno significantincreasen theoverallcomputational
cost. Therecentlyproposeccomple and“almostshift-invariant”
DWT of [10] would yield similar resultsat a reducedcomputa-
tional cost. Finally, insteadof a thresholdwe canapplya Wiener
filter to the waveletcoeficients[11,12]2 Suchprocessinchas
beenshavn to outperformsimplethresholdindor denoisindinite
samplesf data.

Finally, notethatWaRDextenddtrivially to higherdimensions
usingtheappropriatd~ourierandwavelettransforms.

5. EXAMPLES

To illustratethe performancef theWaRDalgorithm,we will per
form simulationsn 1-d and2-d.

We first comparethe WaRD with other methodsfor the 1-d
decorvolution problempresentedn the Introduction. In orderto
obsere the behaior of eachmethodfor both smoothand edgy
regions, we take for z a concatenatiorof Donohos Blodks and
Heavisinesignals[13] (normalizedto be zeromeanand unit en-
emgy). We employ Daubechie$ength-8waveletsthroughout.Fig-
ure 2(a) depictsthe signal. For the system,we take the example
of [3, pp.459]

[, |f| € [0,0.25]
Hf) = { 2-4lfl, [fl € (0.25,05] ©)

with frequenyg f normalizedo (—0.5, 0.5] (seeFigure2(b)). The
corruptingnoisevariancewasa? = 4 x 10~%. Figure2(c) plots
theblurred,noisysignal.

The Wienerfilter estimatg(Figure2(d)) wasimplementedis-
inga = 1andP.(f) = |X(f)|? in (2). TheWienerfilter basests
decomolution onthesignal-to-noiseatioateachfrequeng. How-
ever, this is inappropriatefor non-stationarysignals,sincetheir
frequenyg contentchangeswith time. The decowolution suffers
in response.

The methodsof [7, 8] fail in this case,dueto the null in the
frequenyg responsef thesystemat H(0.5) = 0.

Since H(f) decaysto zeroat f = 0.5 so slowly, the
waveletpadet decowolutionmethodof [3, pp.458—-461remains
applicable€® This methodadaptsa waveletpaclet basisto the col-
orednoisein theinverteddataX (f) = H () Y(f). Thefre-
queng splits of the wavelet paclet basisfor H are shavn with

2Do not confusewavelet-domainWiener filtering with the Fourier
domainWienerfiltering discusse@bore.

3EventhoughH (f) is notinvertible,thewaveletpaclet decowolution
methoddoesnot fail, becausehe location and the order of the zero of
H aresuchthatonly a few, high-frequeng signalwaveletcoeficientsare
obliteratedby theinfinite noiseamplificationat f = 0.5. Thismethodwill
fail when H( f) haszerosof arbitrarylocationandorder however.

dashedinesin Figure2(b). Thedenoisingstepwasimplemented
by hard-thresholdinghe coeficientsof a shift-invariantDWT us-
ing the bestwavelet paclet basis.This algorithmoutperformshe
methodof [7, 8] typically, aswell asthe standardVienerfilter in
this case(seeFigure2(e)).

Figure 2(f) plots the WaRD obtainedusing o* = 0.06.
Wavelet-domainWiener filtering was appliedto the coeficients
of a shift-invariantDWT for the denoisingstage.The WaRD out-
performsthe otheralgorithmsin termsof bothvisual quality and
MSE performance.

Next, we consideiimagerestoratiorusingWaRD (ReWARD).
Theinputz isthe256 x 256 Lenaimage(normalizedo zeromean
andunit enegy) andthe discrete-timesystemresponsé is a 2-d,
4-pointsmootherfl 1 1 1J¥[1 1 1 1]. Sucharesponsds
commonlyusedasa modelfor blurring dueto a squarescanning
aperturesuchasin a CCD camera[2]. The noisevariancewas
setto o2 = 4 x 10~ 7. Figure3 illustratesthe desiredz, the ob-
senedy, theWienerfilter estimater;, andthe WaRD estimatefor
o* = 0.27. Themethodf [3,7,8] arenotapplicablein this situ-
ation,dueto themary zerosin H(fz, fy). (The Wienerfilter out-
performedthe waveletpaclet methodin this case.)WaRDclearly
outperformsiienerfiltering in bothvisualquality andMSE.

6. CONCLUSIONS

In this paper we have proposedan efficient multi-scaledecowo-
lution algorithmthat optimally combinesFourierdomainregular
izedinversionandwavelet-domaindenoising.For non-stationary
signals,the WaRD outperformsthe LTI Wienerfilter and other
wavelet-basedlecowolution algorithmsin termsof both visual
quality and MSE performance.Furthermorejt continuesto pro-
vide a good estimateof the original signaleven whenthe system
responsés ill-conditioned. All of thisin analgorithmof compu-
tationalcompl«ity no greatethananFFT.

For a given problemsetup,the optimal value of the regular
ization parameterx dependon the signal, the systemresponse,
andthe noiselevel. Fortunately final performancevasobsered
to bequiteinsensitve to the exactvalue,aslong aswe chooseal-
phasuficiently positive. As aguide,in simulationsspanningnary
real-world imagesandconvolution systemsa* wasalmostalways
lay in therange[0.2, 0.3]. In the 1-d exampleabore, the optimal
« turnedoutto besmall(a* = 0.06) becaus¢hetestsignalcom-
pactedvery well in the waveletdomain. However, choosinga a*
in therange[0.2, 0.3] gave nearoptimalresults.

Thereare several avenuesfor future WaRD relatedresearch.
We aredevelopingmethodgo estimatehe WaRD MSE, andthus
the optimal o*, without prior knowledgeof the signaland noise
power. Further we are investigatingthe gainspossibleusing a
“bestbasis”adaptedo thesignalinsteadof thenoiseassuggested
in [3, pp.458-461].
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