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Chapter 1

Introduction

The potential of sustained hypersonic flight to revolutionize military and commercial activ-
ity is well recognized, and is reflected in recent initiatives such as the National Aerospace
Initiative. High-speed vehicles will substantially impact military strategy by providing new
defensive options such as a rapid on-demand global strike capability with much shorter re-
sponse times than currently possible. Furthermore, the development of new technologies
based on air-breathing propulsion can be leveraged to considerably reduce the cost of access-
to-space, the benefits of which are both military as well as commercial.

However, daunting technical challenges remain in realizing such vehicles. The harsh
environment imposed by the envelope of such future missions is manifested in the severe
anticipated thermo-mechanical loads and various propulsion-related requirements. Although
the diversity of the physical phenomena encountered is broad, several key limiting issues have
been identified as primary challenges, including both local and global constraints such as,
for example, cowl lip loading and airframe balance. A scrutiny of the problems identified
reveals the pervasive importance of several basic fluid dynamic phenomena. One of these,
and possibly the least understood, is that of high-speed transition.

The impact of hypersonic boundary layer transition on airbreathing propulsion design,
on extended range re-entry systems, and on tactical missile design has been outlined by
Dr. Key Y. Lau and Dr. Kevin G. Bowcutt (Phantom Works, The Boeing Company)
in their talk at AFOSR Contractors Meeting in Unsteady Aerodynamics and Hypersonics
(September 10-11, 2002). Particularly, in the summary of the talk, they pointed out that
there is a need of a better understanding of roughness-induced transition and boundary layer
trip design. The latter is associated with the requirement of robust, turbulent boundary layer
flow for inlet operability on missiles and on small-scale flight test vehicles. The boundary-
layer transition on small vehicles is dominated by bypass mechanisms because the forebody
of tactical missiles and small vehicles is too short to cause natural transition, and tripping
is required. This outline illustrates the manifold role of roughness-induced perturbations as
the cause of the transition and a means for flow control.

In the present report, the main results stemming from research supported by AFOSR
grant are presented. The theoretical and computational studies of stability, transition and
flow control have been carried out in close contact with AFRL at WPAB with an emphasis



on the roughness-induced transition prediction due to the transient growth mechanism, and
on the roughness-induced flow control.

The principal investigator is thankful to Prof. E. Reshotko, Prof. X. Zhong, Dr. E.
Forgoston, Dr. S. Zuccher, Dr. X. Wang, Mr. C. Chiquete, Mr. P. Gaydos, Mr. 1. Shalaev,
and Mr. M. Veirgutz for their significant input into this three-year project.

The results have been published in 9 journal papers and in 17 conference papers.
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Chapter 2

Biorthogonal eigenfunction system
and its application to the receptivity
problem and to the multimode
decomposition

2.1 Introduction

The conventional linear stability theory of boundary layers deals with the quasi-parallel flow
approximation when the characteristic scale of the perturbations, A\ (wavelength), is much
smaller than the longitudinal scale of the mean flow, L: i. e. A < L. In this approximation,
the solution of the linearized Navier-Stokes equations is considered in the form of normal

modes
q(z,y,2,t) = 4(y) exp(i(az + Bz — wt)), (2.1)

where x,y, and z are the Cartesian coordinates, and coordinate y stands for distance from
the wall; ¢ is the time; « and 3 are the z- and 2-components of the wavenumber, respectively.
The analysis can be carried out within the scope of the temporal or spatial approach.

In the case of temporal analysis, the wavenumber of the perturbation is considered as
a real parameter and the complex frequency has to be determined. For incompressible
boundary layer flow, [GS78] showed that there are normal modes of discrete and continuous
spectra. Later on, [SG81] proved that the solution of the initial-value problem [Gus79] can
be presented as an expansion into these normal modes. Their weights can be found from
the initial data with the help of the eigenfunctions of the adjoint problem. There is an
orthogonality condition between the eigenfunctions of the direct and adjoint problems, and
the sets of eigenfunctions are called a biorthogonal eigenfunction system. Recently, this
result was extended to the cases of two- [FT03] and three-dimensional [FT05] perturbations
in compressible boundary layers.

In the case of a spatial framework, frequency is prescribed as a real parameter. For two-
dimensional mean flow with coordinate z in the downstream direction, /3 is a real parameter,



and the complex wavenumber, «, has to be found. The corresponding biorthogonal eigen-
function system for spatially growing disturbances was introduced independently by [ZST80]
and [SG81] for two-dimensional perturbations in incompressible boundary layers. In addition
to discrete modes (Tollmien-Schlichting-type modes), there are four branches of continuous
spectra. The modes of two branches have arbitrary large growth rates in the downstream di-
rection (they may be interpreted as upstream decaying modes). This indicates that a spatial
Cauchy problem is ill-posed. [TF83b] suggested considering spatial initial-value problems
having finite growth rates in the downstream direction. In the case of incompressible flow,
the initial data require velocity and pressure perturbations, together with some of derivatives
with respect to z. The constraint on the initial data providing finite growth rates in the
downstream direction means that the short-scale upstream perturbations are not presented
in the initial data. Under this condition, the Laplace transform with respect to z can be
utilized. When additional a priori information is available, the spatial initial-value problem
can be solved with partial inflow data. For example, [Tum03] illustrated by an example that
when the downstream boundary is far away (in the length scale of the upstream perturba-
tions) one can assume that the solution can be expanded into downstream modes only, and
the spatial initial-value problem is solvable with only velocity perturbations as the initial
data. Apparently, recovering the whole flow field from one velocity component is impossi-
ble, even under the assumption that only downstream modes are involved in the solution.
However, if it is known that the main input into the perturbations is associated with a finite
number of specific modes, one can still find their amplitudes. For example, two unstable
discrete modes coexist in a laminar wall jet. Therefore, [TACZ96] assumed that experimen-
tal data were comprised of the unstable modes only and found their amplitudes and phases
from experimental data for one velocity component only. Afterwards, the quality of the de-
composition could be checked by comparing the experimental data with data obtained with
the help of the utilized normal modes and their recovered weights. [GT04] illustrated this
approach by an example of two-dimensional perturbations in a compressible boundary layer.
One can recognize that decomposition of experimental data should depend on the quality
of the assumptions. In compressible boundary layers, results of measurements could be con-
taminated by acoustic perturbations that can penetrate into the boundary layer. Therefore,
in order to provide a reasonable accuracy of the decomposition aimed at a discrete mode,
one also needs data for the external acoustic field [Gay04].

An analysis of compressible [TF83b] and incompressible [ZT87] boundary layers using the
Laplace transform with respect to the streaming coordinate, z, demonstrated the complete-
ness of the biorthogonal eigenfunction system for two-dimensional perturbations. Three-
dimensional spatially growing/decaying perturbations in an incompressible boundary layer
were considered by [Tum03]. A biorthogonal eigenfunction system for three-dimensional
perturbations in compressible boundary layers was formally introduced by [Tum83] without
analysis of the spatial initial-value problem, which is necessary to establish an expansion of
the solution into normal modes of discrete and continuous spectra.

The biorthogonal eigenfunction system turned out to be a powerful tool for solving recep-
tivity problems for boundary layers and for internal flows [ZST80, Fed82, TF83a, Tum83,



TF84, Fed84, ZF87, Fed88, Hil95, Tum96, TA97, Tum98, FK02, Fed03a, Fed03b]. Orig-
inally, the method was utilized for analysis of discrete modes (Tollmien-Schlichting-like
modes) only. After clarification of uncertainties associated with the continuous spectra
[Tum03], the method was also applied to the analysis of roughness-induced perturbations
[TRO4b, TR05, Tum06b). It was proven [TA97, Tum06a] that the receptivity solution based
on the biorthogonal eigenfunction expansion is equivalent to the method used by [AR90],
whereas in the triple-deck limit the method leads to the results by [SSB77] and [Ter81].

Another emerging application of the biorthogonal eigenfunction system is associated with
the progress being made in computational fluid dynamics (CFD), which provides an oppor-
tunity for reliable simulation of such complex phenomena as boundary layer receptivity and
laminar-turbulent transition [MZ01, MZ03a, MZ03b, MZ05, ZM02, EFN04, EFS05, WZ05,
WZ07]. In addition to experimental observations, CFD provides complete information about
the flow field that cannot be measured in real experiments. However, this increase in available
information does not furnish a physical insight to the problem because the leading mech-
anisms still remain hidden behind a messy disturbance field. Sometimes a flow possesses
several discrete modes that are equally significant in the transition process, and it might
be desirable to distinguish the dynamics of each mode in the complex non-steady flow field.
Consequently, the problem of flow fields decomposing into normal modes arises. [GT04]
demonstrated how the biorthogonal eigenfunction system could be applied to an analysis
of CFD data for two-dimensional perturbations in a compressible boundary layer. In order
to find the amplitudes of the normal modes comprising the perturbations, it is necessary
to provide velocity components, temperature, pressure, and some of their derivatives at one
crossection only. The orthogonality relation for the eigenfunctions of the direct and adjoint
problems provides a straightforward tool to filter out amplitudes of the modes. [TWZ07]
applied the technique to analyze perturbations generated in a high-speed boundary layer
by blowing-suction through a slot on the wall. Amplitudes of stable and unstable discrete
modes were filtered out from the CFD results and compared with the solution of the recep-
tivity problem. Their work illustrates how the biorthogonal eigenfunction system could be
used to gain insight on the details of the flow field that would have remained hidden without
the advanced analysis. Future progress of the computational efforts will be associated with
three-dimensional perturbations (WZ07], and an extension of the multimode decomposition
method is required.



2.2 Three-dimensional normal modes in a compress-
ible boundary layer

The objective of this section is to solve the spatial initial-value problem for three-dimensional
perturbations in a compressible boundary layer, and to establish decomposition of the solu-
tion into the normal modes of the discrete and continuous spectra.

Spatial Cauchy problem

We consider a compressible two-dimensional boundary layer in Cartesian coordinates, where
z and 2z are the downstream and spanwise coordinates, respectively, and coordinate y cor-
responds to the distance from the wall. We write the governing equations (the linearized
Navier-Stokes equations) for a periodic-in-time perturbation, ~ exp (—iwt), in the matrix

form
& (. DA oA OA .. OA
B g et B g g 0 g T 2.2
6y(08y)+ el i T "L el

where vector A has 16 components

A (z,y,2) =(u,0u/dy,v,n,0,00/dy, w, dw/dy, du/dz,dv/dx,

23
06/0x,0w/dx,0u/dz,0v/0z,00/0z,0w/0z)T. (9)

Lo,L;,H;,H;, and Hj are 16 x 16 matrices (their definitions are given in Appendix A.1);
u,v,w, T, and 0 represent three velocity components, pressure, and temperature perturba-
tions, respectively; and the superscript 7" in (2.3) and in what follows stands for transposed.
The mean flow is assumed to be parallel (quasi-parallel approximation). Solution of (2.2) is
subject to the following boundary conditions

g =0z w=yg=w=0=0, (2.4)
y —oo: |A]—>0, (j=1,...,16). (2.5)

We consider the spatial Cauchy problem for (2.2) assuming that the initial data, A(y, 2), at
z = 0 corresponds to the solution having a finite growth rate in the downstream direction.

After Fourier transform with respect to the coordinate z and Laplace transform with
respect to z,

) = [ [P A@y, ) dzds, (2.6)
0 —00

we arrive at the following system of ordinary differential equations:

d dA dA :
@ (LO dypﬂ) + L1 dypﬂ =% HIApﬁ —pHgApﬁ L ’LﬁApﬂ — —H2A0B7 (27)

10



where
[0 o]

Aos(y) = /e‘iﬁon(y,z) dz. (2.8)

—00

The homogeneous part of (2.7) can be recast as an equation for vector z comprised of the
first eight elements of vector A,z as follows:

d—z = Hoz, (29)
dy

where Hy is 8 x 8 matrix.
There are eight fundamental solutions, z, ..., zg, of the homogeneous system of equations
(2.9). Outside the boundary layer (y — o0), Hy is a matrix of constant coefficients, and

thus each fundamental solution has an exponential asymptotic behavior ~ exp()\;y), where
A1, ..., Ag are determined from the characteristic equation

det ||Ho — MI|| = 0, (2.10)

that can be recast as follows:
(b2 — A% x [(bza — A?) (bss — M%) — bysbsz] =0, (2.11)

where

b]] = Hgl, (212&)
bos = H"HE* + HP HY + HEHS + HPP HY*, (2.12b)
b = Hy’ Hy® + H  HY® + He® HY® + He® HE®, (2.12c)
b32 = Hg4, b33 = Hgs, (212d)

with Hy' denoting the (4, ) element of matrix Hy. The roots of (2.11) are (we substitute
p=ia)
My=Mg=bu=0ao’+F +iRe(a—w),

1
Ny = (bas + bua) /2+ 5/ (baa — bis)? + dbaghiz, (213
A2 = (b2 + bs) /2 — ‘21'\/(b22 — baz)” + dbagbs,.

The root branches are chosen to have Real(\;, A3, As, A7) < 0, and we define a matrix of
fundamental solutions,

m = “Zl,...,Zgll. (214)

We use a lower case z for vectors having 8 components, whereas vectors having 16 components
will be denoted by a capital Z. By the definition of the components in (2.3), one can find all
the components of the fundamental solutions Z if the fundamental solutions z are known.

11



The non-homogeneous system given by (2.7) has a solution expressed in the form

A, =MQ(y) + G, (2.15)
where M is the matrix of fundamental solutions comprised of vectors Z; (j =1,...,8), and
the vector of coefficients Q(y) has to be found. Vector G(y) is defined as follows:

fri= .=l =0,
! a (2.16)
Gy = —Fy;...,Gr6 = —Fs,
where F; are components of the vector F(y) = — (HyAop). After substituting (2.15) into
(2.7), we arrive at the following equations for Q
dM d
L L I
dy dy dy?  dy dy dy
o (2.17)
L]E = H]G —szG = ZﬁHaG =¥,

Let us consider the individual equations of Eq. (2.17). Denoting z;; to be ith component
of vector z;, @; to be the jth component of vector Q, and F; to be the jth component
of vector F, then the first, third, fifth, sixth, and seventh equations of Eq. (2.17) are
respectively,

215 dff =0, (2.18a)
z3jddQ = F3, (2.18b)
255 ddQJ =0, (2.18¢)

df — pFy, = F, (2.18d)
z-,]%% =0, (2.18e)

where the index summation rule is imposed, and the explicit form of the matrix elements
(see Appendix A.1) is taken into account. Using Eq. (2.18b), and the definitions Zo; = pz3;
and Zy4; = if3235, the second and eighth equations of Eq. (2.17) are, respectively,

dG
2 dQ Lt (m+ 1)— 2 + (m+ pFs + pHFy —if(m + P2 = Fy, (2.19a)
Zgj—(E = Fg. (219b)
The fourth equation of Eq. (2.17) is recast as
dzg; dQ; dQ; d@;
Ly’ dyJ dy ' dy (Lo i dy L)+ 2= dy —= —pHy"G1o = Fy. (2.20)

12



The third equation of Eq. (2.9) yields
dzg;

d‘(j = Hglzlj =l Hg323j + H34Z4j =+ H8525j G H37Z7j. (221)
After substitution of Eq. (2.21) into (2.20) and taking into account Eqgs. (2.18), we arrive at

dQ; LEF. e
zM% - |F - Lom®R, - 45 ;y ) | pHEG, (1+ LEH) . (2.22)

Therefore, we have the following algebraic system of equations for dQ;/dy:

iQ
s, /P 2.23
T (2.23)
where vector ¢ has the following eight components
@Y1 = 0, (2243.)
dG .
pa=Fp—(m+1) Wm — (m+1)pF3 — pH2Fy + i (m + 1) Fya, (2.24b)
903 — F31 (2.24C)
L3F. .
o= |Fy= LY HPER - %l +pHIGy| (1+ LEHY ™, (2.24d)
ws =0, (2.24¢)
we = Fg + pFy, (2.24f)
w7 =0, (2.24g)
: dGha

ps = Fg—(m+1)ifF; — (m+1) — pGha. (2.24h)

dy
One can solve the algebraic equations (2.23) and write down the solution of (2.7) for the
first eight components as follows

8 de
AP3=Z aJ+/—‘ﬁdy Zj, (225)

-
2 i

where the constants a; and y; are determined using the boundary conditions. Using proper-
ties of determinants, we obtain the following solution:

Yy Yy
dQ dQ dQ
A= a1+/d—yldy z1+/d—y2dyz2+ l13+/gy—3dy Z3
0 0

o <]

Yy



where

CoEn3s7 + c4Eusst + ¢ Egsst + s Egast

Qa3 = )
Ei3s57
C2Eva257 + caEvss7 + ce Erest + cs Ergst
as = )
Es357
C2Er327 + ¢4 Eh3ar + Ce Erser + cs Erzst
as = )
Ei357
C2E352 + C4 1354 + C Ei3se + s Eisss
ar = )
Ei357

g = g
d
, Y

R1i 215 Rk Ru
23i R3; R3k 23l
R5i R5j Rs5k R5l
27i 215 21k 21

Eijkl = det
y=0

Although the result (2.26) formally looks the same as in [FT05] (see Section 3.2), the deriva-
tives dQ; /dy are found from a different set of algebraic equations.
The inverse Laplace transform,

Po+ioco

1
Asw i) = 5 [ Apaluip ) dp, (2.27)

Po—100

will be determined by the poles corresponding to the roots Ej35; = 0, and by the branch
cuts associated with the equations Real(A1, A3, A5, A7) = 0. The structure of the branch-
cuts is the same as in the case of two-dimensional perturbations (Section 2.5.2). They
represent perturbations of the continuous spectra: vorticity, entropy, and acoustic modes.
The constraint on the initial data ensures that there is such pp that the solution is analytic
at Real(p) > po and the path of integration in (2.27) lies in the domain of analyticity of A .
The result (2.27) is recast as a sum of integrals along the sides ¥+ and vy~ of each left-
hand-side branch in the complex plane p that represent input from the continuous spectra,
and a sum of the residue values corresponding to the input from the discrete spectrum,

1
Aﬂ = —% Z(/ Apﬁep" dp + /Apﬁ(;‘pz dp) + Z Res, (Apﬂe”’). (228)
™k Tm %

The three-dimensional character of the perturbations leads to overlapping of the two
branches corresponding to the vorticity modes, similar to the cases of spatial [Tum03] and
temporal [FTO05] analysis of three-dimensional perturbations. The latter is reflected by the
double root in (2.13).
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In principle, the assumption about a finite growth rate of the solution (2.28) admits
inclusion of a portion from the upstream modes into the initial data [TF83b, Tum03].
However, the typical applications of the method are associated with downstream modes
only, and the upstream modes are excluded from the consideration.

Similar to the analysis of the initial-value problem, the integrals along the branch cut
sides can be written as one integral of the difference A;ﬂ — A5, where superscripts + and
— indicate values evaluated at sides y* and 7™, respectively. Although the coefficients c; in
(2.26) are different from those defined in the Section 3.2, all formulas for At~ A, remain
the same for the spatial Cauchy problem under consideration. Particularly, for branch cuts
corresponding to the acoustic waves, A3 4 = +ik, where k > 0, we find

+ —_
Aca=A— A=
eF kb ol e s B
( 21275 3.L41753 Ao, SETATee . CATTISS ) (2.29)

+
E1753E1754 E1753E1754 El753E1754 El753E]754 E1753El754

X (Es73421 + Ei7s423 + Enissza+ Enzazs + Eiszazz) .

All functions on the right-hand side (2.29) are evaluated at the % side of the branch cut,
where z3 ~ exp(+iky).

In the region of overlapping vorticity modes, we can use the result for the initial-value
problem to represent A;,Lﬂ — A_; as a sum of stand-alone modes corresponding to ;2 =
A7,8 = +ik (k > 0)

A:ﬁ — P—ﬂ = Ac,l + AC.5) (2.30)
where
[ ( c1E7s3 c2Eo753 3 CaEyrs3 £ 6 Eers3 s Egrs3 )
1 =
. Eris3sEarss  EnrsaEarss  ErrssEarss EvrssEarss  EnrsaEarss (2.31)
X (Ezrs321 — Erzs3za + Erarszs+ Eireszs + Ergsazy)
and
T ( c1FE12s3 5 C4Fs934 e Fiase3 " 7 Er2s3 s Eigosa )
“ EorssEosss  EarssFagss  FarssEasss FEorssFEosss  Earsz Easss (2.32)

X (E785322 + E78523 — Eors3zs— Eagszzr + E2753ZS) .

We call modes (2.31) and (2.32) vorticity modes A and B, respectively. Here notation y*
corresponds to the branch—cut side where z; and z; have asymptotics as ~ exp(+iky).

In the case of steady supersonic perturbations, there is an overlapping of two vorticity
modes and the entropy mode with Asg = +ik (k > 0). For this case, we can also use the
result for the initial-value problem,

A:ﬂ = A;ﬁ =R+ A+ A5, (2.33)
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where A.; and A 5 are given by (2.31), (2.32), and

i ( ¢1E1283 CaFog34 5 5 Eogs3 n s Eagea ¢7E783 )
c,2 = = -
Eoss3Fages  EasszFagss  EassaFases  EasssEoses  EasssEoses
x (Egse3z2 + Eagsez3 + Eageszs— Eassaze — Foseszs) -

(2.34)

In (2.34), the side y* also means that zs ~ exp(+iky).
In the case of steady subsonic perturbations, there is an overlapping of four modes. This
case has not been considered yet elsewhere. Similarly to the other cases, one can derive

Al — Ap=AcitAnt+AgtAg, (2.35)

where A, ; is defined as follows

- ( C1Ees  c3Fases n caFaes  CsBgsss  Crlgras )
' FEosesEases  FoseaEoses  FasesEasss  FasesFosss  EosesFases (2.36)
X (E634822 — Fases23 — Fage3za— Fogsaze + E2463z8) .
In addition, we should address the discrete spectrum, which is associated with poles
originating from zeros, py, of the equation Fj357(p,) = 0. Their input into (2.28) is presented
by the residue values

- epnz
Res, (A,eP?) = ——— (21 (2 Eass7 + ¢4 Eussy + ¢6 Eossr + cs Egasr)
9E
(=)
+ 23 (c2E1257 + c4Fras7 + o Erest + Cs Fisst) (2.37)
+ 25 (C2E307 + ¢4 Ersar + o Erser + 3 E13sr)
+ 27 (coEisse + ¢4Ehssa + e Ersse + s Eiass)],
where the right-hand side is evaluated at p = p,. Taking into account that Fi35; = 0, one
can derive from (2.37)

(c2Er257 + c4Erast + csErres + €3 Fists)
(%ﬁl) Ehas7 . (2.38)
X (21E4357 + 23 E1457 + 25 E1347 + 27 E1354) -

Res, (Apef®) = ePr®

The result (2.38) represents a discrete mode that is comprised of four fundamental solutions,
z1, Z3, Zs, and 2z, decaying outside the boundary layer. This result and the results for the
continuous spectra were verified with the help of Mathematica [Wol99].

One can see that input into the inverse Laplace transform (2.28) from the integrals along
branch cuts [(2.29), (2.31), (2.32), (2.34), (2.36)], and the residue values evaluated at the
poles (2.38) are written as stand-alone modes (vector functions) with coefficients depending
on the initial conditions Ag(y, 2),

As(z,y) =) dAq e+ / d; (k) A, (y)e*®= dk. (2.39)
v g 0

16



Here, 3, and }_; denote sums over the discrete spectra and branches of the continuous
spectra, respectively. The coefficients d, and d; also can be found from the initial data,
Ao(y, 2), using the biorthogonal eigenfunction system {A,s, Bag} defined in Appendix A.2.
The solution (2.39) provides the background for the multimode decomposition that will be
discussed later in this section.

Recapitulation of spectra
Continuous spectra

Although one can find properties of continuous spectra for perturbations in compressible
boundary layers elsewhere [TF83b, BM92, GT04], for the sake of clarity, we briefly recapit-
ulate these properties.

The structure of the 3D continuous spectra is similar to the 2D case discussed in [GT04]
(see Section 2.5.2). As in the 2D case, there are 7 branches. Three-dimensionality leads to
two vorticity modes, A and B (see the previous subsection with the spatial Cauchy prob-
lem formulation) stemming from the vector character of the quantity. There are branches
associated with the upstream modes that are of no interest to the present work. Figure
2.1(a) shows branches of the downstream modes in the complex plane « = —ip (p is the
Laplace variable in the previous subsection) at Mach number M = 5.95, Reynolds number
Re = 1500, # = 10~*, and frequency parameter F = wp,/p.U? = 1074, where the subscript
e stands for the flow parameters at the edge of the boundary layer. In what follows, we
use the specific heat ratio 7 = 1.4, and assume that viscosity is a function of the temper-
ature in accordance with Sutherland’s law. Results in figure 2.1 were obtained at Prandtl
number Pr = 0.72, the free-stream stagnation temperature Ty = 470K, and bulk viscosity
parameter e = 0.8 (see Appendix A.1). One can see two horizontal branches representing
the slow (SA) and fast (FA) acoustic waves. In the limit of high Reynolds numbers, the
branch points correspond to phase velocities ¢ = 1+1/M. The vorticity and entropy modes
are indistinguishable in the scale of figure 2.1(a), but they are not identical, as one can see
from figure 2.1(b). However, there is an overlapping of the modes at w = 0. In the limit of
high Reynolds numbers, the branch points of the vorticity and entropy modes are a ~ w.
One can find more details about the branch points for 3D perturbations in [BM92].

In the case of 3D perturbations, the modes of continuous spectra are comprised of five fun-
damental solutions. Some of them are oscillating outside the boundary layer as ~ exp(=iky),
whereas the others are decaying. Figures 2.2(a,b) and 2.3(a,b) show real, u,, and imaginary,
u;, parts of the streamwise velocity perturbations of the vorticity, entropy and two acoustic
modes in the case of a boundary layer over a flat plate with temperature factor T, /T,4 = 0.1,
where T,, and Tq4 are the wall temperature and the temperature of the adiabatic wall, respec-
tively. We use the length scale H = (pez/peU.)"/?, where z is the distance from the leading
edge. The continuous spectrum parameter in these examples is k = 1. The other parameters
are the same as in figure 2.1, except the spanwise wavenumber, which is # = 0.16. The
solutions are normalized by the wall condition du/dy(0) = 1. One can see that the vorticity
and entropy modes do not penetrate the boundary layer at these parameters, whereas the
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Figure 2.1: Branch cuts in the upper half-plane, a. M = 5.95, F = 10~* , Re = 1500,
Ba 1074,

acoustic modes have velocity perturbations significantly larger than outside the boundary
layer. This phenomenon is the reason why the quality of perturbation measurements in
high-speed boundary layers depends on the level of the acoustic perturbations originated in
boundary layers over wind—tunnel walls.

Figure 2.4 shows branches of the continuous spectra in the complex plane, «, for a
subsonic boundary layer at Mach number M = 0.5, Re = 1500, F = 10~%, and 8 = 10~4. In
the limit M — 0, the branch cuts corresponding to the acoustic modes degenerate into the
imaginary axis of . In the limit Re — oo, the acoustic branch cuts form a cross with the
midpoint at @ = —M?w/(1 — M?) [Fed82, ZT87].

Slow and fast discrete modes

As was found by [Mac69], the discrete spectrum of perturbations in supersonic boundary
layers is more complicated than in the subsonic case. [FKO01] noticed that at high Mach
numbers (when the so-called second Mack’s mode exists) there are two discrete modes (stable
and unstable) that could be synchronized at some downstream coordinate, 1, depending on
the flow parameters and the perturbation frequency. Because at small Reynolds numbers
one discrete mode is synchronized with the slow acoustic mode, whereas the other mode
is synchronized with the fast acoustic mode, [Fed03a] suggested calling them slow and fast
discrete modes, respectively. The synchronization means that these discrete modes could be
generated by acoustic waves interacting with the leading edge of a flat plate.

Both the slow and fast discrete modes could be involved in the laminar-turbulent transi-
tion scenario. For example, the decaying mode could be generated by the entropy or vorticity
modes of the continuous spectra. At the point of synchronism between the fast and slow
modes, the decaying mode can give rise to the unstable mode (switching of the modes),
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Figure 2.4: Branch cuts at M = 0.5, F = 107* , Re = 1500, §# = 107*4.

which may lead to the transition. The scenario suggested by [FK01] means that both the
stable and unstable modes are of interest for understanding transition mechanisms. Later
on, switching of the modes was observed in direct numerical simulations of perturbations in
high-speed boundary layers [MZ03b).

In order to clarify the terminology and to illustrate the motivation for analysis of stable
discrete modes, we provide an example of slow and fast discrete modes in a boundary layer
of a calorically perfect gas over a flat plate. The free-stream stagnation temperature Tp=
470K, the edge Mach number M = 5.6, the Prandtl number Pr = 0.71, and we employ
Stokes’ hypothesis (e = 0 in the matrix elements of Appendix A.1).

Here is an example of a boundary layer on an adiabatic wall. In the limit of two-
dimensional perturbations, we choose a small spanwise wavenumber, 3 = 5.7 x 10~5. The
local Reynolds number, Re = 704. Figure 2.5 shows the map of eigenvalues obtained with the
help of the spectral collocation method. The frequency parameter is F' = 150 x 10~5. One
can see the discretized continuous spectra. There are two horizontal branches corresponding
to the slow and fast acoustic modes, and a vertical branch corresponding to the vorticity
and entropy modes. Also, one can see fast (F') and slow (S) discrete modes. Figure 2.6(a,b)
illustrates real, a,, and imaginary, s, parts of the downstream wavenumber a versus the
frequency. Lines SA and FA in figure 2.6(b) represent slow and fast acoustic modes with
phase velocities ¢ = 1 F 1/M, respectively. Figure 2.6(b) also shows the line corresponding
to the phase velocity ¢ = 1 that represents vorticity and entropy perturbations moving with
the free stream. One can see that at w — 0 the discrete modes S and F are synchronized
with the slow (SA) and the fast (FA) acoustic modes. This synchronization means that there
is a channel of coupling between the acoustic and discrete modes.
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Figure 2.5: Eigenvalue map. M = 5.6, F = 150 x 107%, Re = 704, 3 = 5.77 x 1075

At w =~ 0.12, the mode F is synchronized with the vorticity mode (¢ = 1). This synchro-
nization is accompanied by discontinuity in ;. As was discussed by [FTO03], the discrete
mode coalesces with the continuous spectrum from one side of the branch cut and reappears
on the other side at another point. Mathematically, the pole associated with mode F ap-
proaches one side of the branch cut on the complex p plane. At the same time, another pole,
located on the lower Riemann sheet, approaches the branch cut from the opposite side. As
the pole on the plane coalesces with the branch cut, it moves to the upper Riemann sheet
while, simultaneously, the pole that was on the lower Riemann sheet moves into the complex
p plane at another point. The discontinuity of «; at the point of synchronism between a
discrete mode with the vorticity /entropy modes could also be noticed in plots published by
other authors [Mac69, EB93]. Usually, the discontinuity looks like a wiggle on the plots,
and it has not been interpreted as a discontinuity. [BM92] reported coalescence of discrete
modes with the vorticity/entropy branch cut in the complex plane a, but they did not report
the reappearance of a discrete mode from another side.

There is a synchronism between mode F' and mode S at w ~ 0.13. However, there is
no coalescence of the eigenvalues. A model of two-mode synchronism considered in [FK91]
and [FKO01] explains branching of the modes at the point of synchronism. At this point, one
of the modes becomes unstable, whereas the other one moves toward positive ;. Although
in this example the modes have the same value of ¢, ~ w/a, at w ~ 0.13, the minimum
of |ap — ag| exists in the vicinity of w a2 0.11, and this is actually the point of the modes’
branching. The synchronism between mode F' and the vorticity /entropy modes accompanied
by the synchronism between modes F' and S suggests that there is a scenario associated
with excitation of mode F' by vorticity/entropy modes, and mode F can give rise to the
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Figure 2.6: Imaginary (a) and real (b) parts of the wavenumber. M = 5.6, Re = 704,
F=150% 1079, f = 577 % 167%.

unstable mode S at the point of their synchronism. The aforementioned properties of discrete
spectrum are typical for high Mach number (M > 4) and an adiabatic wall.

Effect of three-dimensionality on the discrete modes can be depicted as follows. Figure
2.7(a,b) illustrates «, and ¢; for mode S as functions of frequency at three wavenumbers
B = 5.77 x 1075, 4.62 x 102, and 9.24 x 10~2. One can see from figure 2.7 that there is
no significant effect on ., and that «; has two minima. The first minimum (at lower w)
demonstrates that the mode is more unstable in the case of three-dimensional perturbations,
whereas the magnitude of the second minimum decreases with an increase of 3. Usually, these
two peaks are associated with Mack’s mode 1 and mode 2, respectively. This terminology
originated from Mack’s analysis of inviscid perturbations [Mac69]. He found that an increase
of Mach number is accompanied by an increase of distinct unstable discrete modes. Using
asymptotic analysis, [GF89] showed that each amplified inviscid mode represents a separate
solution. At finite Reynolds numbers, the structure of the discrete spectrum is different.
Results in figure 2.7 correspond to one discrete normal mode, and the minima in «; are only
the footprints of Mack’s mode 1 and mode 2.

Decomposition of three-dimensional perturbations

Examples when all components of the vector A, are available

Recently, the multimode decomposition was successfully applied by [TWZ07] to an analysis
of CFD data in the case of two-dimensional perturbations (see Section 2.5.3). The results of
the spatial Cauchy problem subsection and the orthogonality relation (A.6) provide a tool
for decomposition of three-dimensional perturbations into normal modes of discrete and con-
tinuous spectra. To illustrate application of the method to three-dimensional perturbations,
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we emulate the ‘CFD’ data by superposition of modes from discrete and continuous spectra,
and use the orthogonality condition in order to decompose the perturbation and to recover
weights of the modes.

In the first example, we consider superposition of mode S, mode F, and a vorticity mode A
in the boundary layer over a flat plate at M = 5.95, T,,/T,q = 0.1. The frequency parameter
F = 1074, the Reynolds number Re = 1895, and the spanwise wavenumber 3 = 0.16. The
parameter k of the vorticity mode is equal to one. The eigenfunctions of these modes are
normalized by the wall condition du/dy(0) = 1.

Figure 2.8(a) shows superposition results of two discrete modes with weights Cg = 1
and Cp = —1 for the slow and fast modes, respectively. Decomposition with the help
of the orthogonality relation (A.6) leads to the restored values of the coefficients Cs =
0.999996 + 5.55698 x 10~7 and Cr = —1.00001 + 7 1.78601 x 10~°.

Figure 2.8(b) shows results when, in addition to the discrete modes as in figure 2.8(a),
there is a vorticity mode with weight Cy = 2. For this case, the decomposition with the help
of the orthogonality relation (A.6) leads to the coefficients Cs = 0.999999 + 5 1.21594 x 10~
and Cp = —1.00002 — 7 3.90897 x 1078,

Examples of decomposition when the perturbations were composed of the mode S (Cg =
1), mode F (Cr = —1), and an acoustic wave are shown in figure 2.9(a,b). Figure 2.9(q)
illustrates the case when the fast acoustic wave was used with Cp4 = 2, k = 1, while the
example with the slow acoustic wave (Cs4 = 2, k = 1) is shown in figure 2.9(b). Results of the
decomposition for the case corresponding to figure 2.9(a) were Cs = 0.999966 — i 4.79233 x
107 and Cr = —1.00008 +¢6.22089 x 10~°. For the example corresponding to figure 2.9(b),
we found Cs = 0.999948 — 31.70326 x 10~* and Cr = —0.999860 + 7 1.87548 x 10—,
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Figure 2.9: Superposition of mode S, mode F, and acoustic modes (k = 1). a) Two discrete
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An example with partial data available

Similarly to the analysis of two-dimensional perturbations in Section 2.5.2, one can consider
decomposition of three-dimensional perturbations when only partial information is available,
as happens when experimental data are used. To proceed with the decomposition, one has
to make an assumption about the modes that had input into the measured function. The
accuracy of the assumption can be checked a posteriori by comparing the measured function
to that constructed with the weights found from the decomposition.

Decomposition of steady three-dimensional perturbations into modes of continuous spec-
tra is a more complicated problem because there are overlapping vorticity, entropy, and
pressure (subsonic flow) modes of the continuous spectra. In the case of incompressible flow
[Tum03], the expansion into vorticity modes of the continuous spectra was approximated by
a sum of the finite number of the modes with unknown coefficients that were found from
a system of algebraic equations. The same algorithm, in principle, could be utilized for
decomposition of perturbations into the vorticity modes of the continuous spectra in a com-
pressible boundary layer. To illustrate the application, we consider a steady perturbation
corresponding to optimal transiently growing disturbances at Mach number M = 3. We
emulate the ‘measured’ velocity components and temperature perturbations by the solutions
of the linearized boundary layer equations over a flat plate with an adiabatic wall [TR03].
The Reynolds number is based on the free-stream velocity and the Blasius scale H is equal
to 301.64. The spanwise wavenumber, [3, is equal to 0.45.

For the purpose of this analysis, we assume that there is no influence from the upstream
modes, and we carry out the decomposition only into two vorticity modes, A and B [see Eqgs.
(2.31) and (2.32)] and entropy modes. For this type of perturbations (counter-rotating
streamwise vortices), we assume that input from the acoustic branch cuts is negligible,
and they are not included in the decomposition algorithm. For the present example, the
continuous spectrum is discretized by 400 modes on the interval k € (0,4).

Overlapping of the entropy and vorticity modes leads to significant complication of the
algorithm. In order to avoid the overlapping, we used eigenfunctions of the continuous
spectra at small w. Figure 2.10(a) shows weight, |C|, for mode A obtained at w = 1074,
107, and 5 x 107 to illustrate convergence as w — 0. For the numerical decomposition into
modes of the continuous spectra, in what follows, we use w = 5 x 107%. The magnitudes
of the weights for modes A and B and for entropy modes are shown in Figure 2.10(b).
Figures 2.11(a,b) and 2.12 demonstrate a comparison of the z-, y-, z-velocity components,
and temperature ‘measured’ and composed with the found weights for the vorticity and
entropy modes. Similarly to the incompressible case [TumO03], one can see that there is a
discrepancy between the ‘measured’ and composed data of order 1/Re.

Discussion of the results

The spatial Cauchy problem was solved for three-dimensional perturbations in compressible
boundary layers. Although the numerical examples and the matrix elements in Appendix
A.1 were given for two-dimensional boundary layers, all the results of the spatial Cauchy
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problem section are valid [after minor adjustments in (2.24)] for three-dimensional boundary
layers when the mean flow profiles are independent of the spanwise coordinate, z. These re-
sults provide a tool to decompose perturbations given only at a local station, z, into modes
of continuous and discrete spectra. In order to be able to distinguish the modes, one needs
amplitude and phase distributions for pressure, temperature, and velocity components, to-
gether with some of their derivatives with respect to the coordinate z. This is possible in
computational studies of perturbations introduced into boundary layers. The latter might
be helpful to elucidate underlying mechanisms that are important in laminar-turbulent tran-
sition scenarios. For example, we discussed the synchronism of discrete modes F and S. One
of them might be unstable, and it could be responsible for transition to turbulence. The
other decaying mode might be synchronized with vorticity and entropy modes. It means
that there exists a channel: ‘vorticity/entropy modes’ — ‘decaying discrete mode’ — ‘un-
stable discrete mode’ — ‘transition to turbulence’ [FKO01]. In conventional computational
studies, one could observe the generation of the instability mode only in the far field, where
the unstable mode dominates the other modes of discrete and continuous spectra. However,
the significant element of the scenario - the decaying mode - could not be attained in the
analysis. The present method allows evaluation of the amplitude of the decaying modes in
order to provide a more rigorous background for interpretation of CFD results (see Section
2.53).

Decomposition of perturbations when only partial information is available is an ill-posed
problem. Nevertheless, one can apply a regularization procedure to recover the flow field.
Actually, the assumption that the flow field is composed of downstream modes only is an
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example of regularization leading to decomposition based on measured velocity components
and temperature only. We expect that developed methods of regularizations for ill-posed
problems [TA77, TGSY95] may allow a further reduction of measured data under reasonable
assumptions.

Although the considered examples are associated with the cases when the solution is com-
prised of the downstream modes only, the orthogonality condition (A.6) allows distinguishing
upstream modes in the initial data as well. The main constraint on the initial data is that
it must be orthogonal to short-scale upstream modes in order to provide finite downstream
growth rate for the solution, and to carry out the inverse Laplace transform.

The solution in the present work is based on the parallel flow approximation. This ap-
proximation is valid when the length scale of interest is much smaller than the characteristic
scale of the unperturbed flow in the downstream direction. Results of the present work
are also based on the assumption that the normalization constant T' in (A.6) is not equal
to zero. [FKO02] showed that the constant is equal to zero at the branching point of two
discrete modes, and the nonparallel flow effects are to be taken into account in order to re-
solve the singularity. Analysis of discrete and continuous spectra by [TWZ07] demonstrated
that the normalization constant tends to zero also in the case of synchronism between the
discrete mode and the continuous spectra (Section 2.5.3). Therefore, an extension of the
theoretical model by [FKO02] is required when one needs to resolve the mode close to a point
of synchronism with the continuous spectra.

Another issue that we find worthwhile to address in this discussion is the terminology
used for discrete modes in high-speed boundary layers. Historically, the terminology was
introduced by [Mac69]. In his inviscid analysis of perturbations, Mack discovered the
existence of new instability modes. At finite Reynolds numbers (see our example in the
spectra recapitulation part, there is only one unstable mode having signatures of Mack’s
mode 1 and mode 2 (see figure 2.7a). Mathematically, this is a single mode associated with
a pole in the solution (2.26), and the pole is moving around the complex plane in such
a way that one can see two peaks in the imaginary part of a. [[BM92] also emphasized
that there exists only one unstable eigenvalue, @, for a given .] These two peaks are
associated with Mack’s mode 1 and 2. The first peak demonstrates that three-dimensional
perturbations grow faster than two-dimensional, whereas the second peak has the opposite
trend. One should keep in mind that the terminology based on Mack’s modes addresses
different behaviors of the same unstable mode at low and high frequencies.
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2.3 Receptivity to 3D actuators placed on the wall

2.3.1 Roughness-induced perturbations in incompressible bound-
ary layer
This section is based on the paper published in collaboration with E. Reshotko [TRO05].

Tiny roughness elements might be responsible for laminar-turbulent transition associated
with the transient growth mechanism of perturbations introduced into the boundary-layer
flow [Res01, RT00]. Extensive theoretical analyses of optimal disturbances in incompressible
and compressible flows [TR01, TR03] led to correlations for transition Reynolds numbers con-
sistent with the available experimental data [RT04] related to roughness-induced transition.
From the theoretical studies, optimal transient growth is associated with streamwise vor-
tices. To investigate the transient growth mechanism experimentally, an array of roughness
elements was used in [Whi02, WE97]. Although the experimental results agree qualitatively
with the theoretical ones, there are quantitative differences that will be discussed later. In
order to resolve the discrepancy and to complete the transient growth scenario, one has to
solve the receptivity problem, i.e., find the flow perturbation generated by an array of humps.

Boundary-layer flows in the presence of three-dimensional (3D) humps have been investi-
gated extensively with the help of asymptotic methods [SSB77, BL85, Bog86, Bog87, Bog88]
in the limit € = Rzl/ ® 0, where R is the Reynolds number based on the characteristic
length of the oncoming boundary layer, L, and the freestream velocity, U,,. The asymptotic
methods are very helpful for an overall understanding of flow structure and for the purpose of
deriving the governing parameters, whereas the quantitative results might be questionable at
finite Reynolds numbers. Therefore, it would be preferable to solve the receptivity problem
with the help of a method that is applicable to the case of finite Reynolds numbers.

The flow response to a small roughness element on the wall is a particular example of
the general receptivity problem. Usually, the term “receptivity” is used for the generation
of instability modes only. Because the method applied in the present work originated as a
method for solving receptivity problems in boundary layers at finite Reynolds numbers, we
would like to outline its origin and how it was verified by comparison with other methods
(we do not present a review of the receptivity problem, and the list of references includes
only some of the earliest papers and the papers relevant to the verification of the method
used in the present work).

[Mor69, Res76] clarified the important role of receptivity in the laminar-turbulent tran-
sition process. These papers motivated intensive investigations of various mechanisms re-
sponsible for excitation of unstable Tollmien-Schlichting (TS) waves. A partial listing of the
vast bibliography on the topic is presented in [Cho98, SRK02, Fed03a].

Theoretical models may be categorized according to their underlying principles as fol-
lows: (i) the asymptotic analysis of the linearized Navier-Stokes equations at large Reynolds
numbers (R, — o0); (ii) the finite Reynolds-number approach based on a combination of
analytical models with numerical representation of normal modes; and (iii) direct numerical
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simulation. In what follows, we shall address only (i) and (ii).

The first results on the generation of TS waves within the scope of asymptotic methods
(the triple-deck theory) were obtained by Terentev [Ter81, Ter84, Ter85] for an actuator
on the plate surface. The first theoretical model on the generation of spatially growing
TS waves at finite Reynolds numbers was suggested by Gaster [Gas65]. He considered a
localized periodic-in-time forcing on the wall and outlined how to evaluate the TS wave
amplitude. [AP79] published experimental data on the excitation of TS waves by acoustic
waves interacting with a roughness element and suggested a theoretical model, which in-
corporated simultaneously solving of the direct and adjoint Orr-Sommerfeld equations. In
succeeding years, this approach led to the formulation of the biorthogonal eigenfunction sys-
tem [ZST80, TF83a, TF83b, TF84, Fed84], which turned out to be a powerful technique in
solving receptivity problems for spatially developing perturbations. The bulk of the results
obtained with this approach were presented by [Fed82].

However, the aforementioned results at finite Reynolds numbers suffered due to uncer-
tainty in the path of integration in the inverse Fourier transform at supercritical frequencies
of the forcing, and the hypothesis by [BR82] was adopted in order to include the unstable
discrete mode into the downstream solution. Using the triple-deck theory, [Ter84] justified
the hypothesis of [BR82]. [AR90] revisited the problem of a vibrating ribbon in a boundary
layer at finite Reynolds numbers and resolved the question concerning the contour in the
inverse Fourier transform. The result provided a rigorous basis for the analysis of receptivity
problems at finite Reynolds numbers. Later on, [Cro92, CS92] extended the analysis to the
problem of acoustic waves scattering into TS waves on localized irregularities.

Up to the point where the solution of the problem is presented as an inverse Fourier trans-
form, the finite Reynolds number approach [AR90, Cro92, CS92] and the method based on
the biorthogonal eigenfunction system [TA97] are identical. The difference is only in evalu-
ation of the contributions from the poles and from integrals associated with the continuous
spectrum. In [AR90, Cro92, CS92), the pole contribution was evaluated in a straightforward
manner, whereas solution of the adjoint problem in [ZST80, TF83a, TF83b, TF84, Fed84]
served as a convenient filter to evaluate the contribution. It was proved in [TA97] that re-
sults of the receptivity problem solution for a localized actuator on the wall obtained within
the scope of the biorthogonal eigenmode expansion and with the finite Reynolds-number
approach [AR90] are identical.

In this section, the biorthogonal eigenfunction system is applied to the problem of flow
perturbation due to a three-dimensional hump (an array of humps) placed on the wall. Due
to some obstacles in the extension of the biorthogonal eigenfunction technique to the 3D
stationary perturbations, the method had not been applied yet to this type of problem.
Recently, however, these issues were resolved in [Tum03]. This makes it possible to revisit
the problem of the 3D humps with the help of the biorthogonal eigenfunction expansion.

Problem formulation

We consider a steady two-dimensional incompressible boundary layer in the parallel flow
approximation. The coordinate z corresponds to the distance along the surface, y is the
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distance from the wall, and the coordinate z represents the distance in the spanwise direction.
A localized hump of shape y,(z,2) = hf(z, z) is placed on the wall, where h stands for the
height of the hump and max, .(f) = 1. The value of h is assumed to be small enough (less
than the viscous sublayer thickness [SSB77], h.,, = €°L) to employ the linearized Navier-
Stokes equations and the linearized boundary conditions on the wall

y=0: w==hflz,2) U, v=w=0 (2.40)

where (u,v,w) are the perturbation velocity components, U (y) is the undisturbed flow
velocity profile, and U, = (dU/dy),_,- Far from the hump (y — o0), the perturbations are
assumed to be decaying.

Formal solution

We introduce the vector-function A = (u,du/dy,v,p, w,0w/dy,du/dz,dv/dz,0w/dz)T
comprised of nine components, where p stands for the pressure perturbation. The superscript
T stands for “transposed”. After Fourier transform with respect to z and z, the linearized
Navier-Stokes equations are written in the form [TumO03]

dA,
dy

where E, Hy, and H, are 9 x 9 matrices (their definitions are given in [Tumo03]); «, is the
Fourier transform variable corresponding to the coordinate x; and A, is the Fourier transform
of A. Actually, Eq. (2.41) represents the continuity equation and three momentum equations
supplemented by the definitions of du/dy, dw/dy, du/dz, Hv/dz, and Bw/dz via the other
components. The boundary conditions are the following:

E— = HiA, +ia, HzA, (2.41)

Y = 0: Avl = 'aw (av7 ﬁ) ) Av3 = AvS =0 (242)
Yy — 00 : |A,i| — 0
where
o (@, B) = —hU,,p (o, B) (2.43)
1 +00 +00
g —tayz—ifz
Q,, =— T,2)e dzdz
pend) = [ 1@

The system of ODE (2.41) has six fundamental solutions, Z;(y), ..., Z¢(y). Their asymp-
totic behavior outside the boundary layer can be easily found as ~ exp(\;y), with complex
numbers X;, j =1,...,6

M ==+ 3, =2+ R
d35 = —+va2+ 2 +iRa, (2.44)
/\4,6 = \/a3+ﬁ2 + iRa,
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Figure 2.13: The integration path in an evaluation of the inverse Fourier transform with
respect to .

where R is the Reynolds number.

In the general case, three fundamental solutions are decaying outside the boundary layer,
whereas the other three solutions are exponentially growing. To be specific, we choose Z; (),
Z3(y), and Zs(y) as the decaying solutions. Therefore, the solution of system (2.41) satisfying
the boundary conditions (2.42) can be written as follows:

(!
A, (y; a0, 8) = ﬁ; (233255 — 235253),,.__0 Z, (y)
Ty
- Z
+ B (235251 — 231255) =0 Z3 (¥)
.
+ = (231253 — 233251) —0Zs (y) (245)
Es3s5 Y

211 213 215
Eiss =det | 231 233 235

%51 23 255 |

where 2;; stands for ith component of the jth vector. Finally, the formal solution corre-
sponding to the spanwise wave number 3 will be written as

+00
Ag(z,y) = / A, (y) € da, (2.46)

After the inverse Fourier transform with respect to 3, one can find dependence on the
coordinate z, as well.

Up to this point, our analysis is equivalent to the finite Reynolds-number approach [AR90,
Cro92, CS92]. The inverse transform (2.46) can be evaluated numerically in a straightforward
manner, or one can use an integration path over the upper half of the complex a, plane,
(z > 0), as is shown in figure 2.13. The result will be recast as a sum of integrals along
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the branch-cuts (only one branch-cut exists for stationary perturbations) and the residue
values originating from the pole singularities (there are no pole singularities in the stationary
perturbation case). In the present method, we employ the result in [Tum03] that solution
(2.46) can be recast as a sum of normal modes of the continuous spectrum (pressure and
vorticity modes), and the coefficients can be determined with the help of the orthogonality
condition between the direct and adjoint eigenmodes.

Biorthogonal eigenfunction system

For the sake of clarity, the definition and properties of the biorthogonal eigenfunction system
are briefly recapitulated. We introduce the following biorthogonal eigenfunction system

{A.(y),Ba(y)}:

Ed::ya == HlAa + iaHzAu
Y= 0: Aal = Aa3 = 1405 =0 (247)
y—Eoo: |Ayl<oo, (=1,..,9)
= EdZ" = H{B, + iaH] B,
(2.48)

y=05 Bd2=Ba4=Baﬁ=0
y— too: |Baj| <00, (j=1,..,9)

where « is a complex number and the subscript ‘«’ indicates the corresponding solution.
With the help of the analysis of the fundamental solutions from [TumO03], we arrive at the
conclusion that the eigenvalues a belong to the discrete or continuous spectrum. In the case
of the continuous spectrum, a are found from equations )\;‘7 = —k?, j=1,...,6, where k is
a real parameter (k > 0) and );, j = 1,...,6 are defined in Eq. (2.44). The corresponding
solutions, a(k), represent the branch-cuts in the complex plane on figure 2.13.

Actually, Eq. (2.48) defines the complex conjugate of the conventional adjoint problem
(in the numerical implementation, we use only the complex conjugate solution). The system
of equations in the direct problem (2.47) can be recast as follows:

dz
g = (2.49)

whereas the adjoint problem (2.48) can be recast as

dY
st il
dy ¥
gy B=YiaH=D

y—oo: |Y|<oo, (j=1,..,6)

(2.50)

Elements of the matrix Hj are given in [Tum03]. One can find the following relationship
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between the solutions of (2.48) and (2.50):

Bal = Yh Ba2 = )/27 Ba3 = }/37
Ba4 = Y4’ BaS = )/57 Baﬁ = )/6’
B, 2.51
Ba7 = iaBa2, Bag = —‘T—‘l, ——
R
Bag = iaBas

Modes of the continuous spectra outside the boundary layer have asymptotic behavior
~ exp(=iky). There are downstream and upstream modes [Tum03]. Because we are going
to consider perturbations downstream from the hump, only downstream modes will be taken
into account. Among these downstream modes, one can recognize pressure modes with the

streamwise wave number
a=ivk:+ 3, k>0 (2.52)

The pressure modes have a pressure perturbation not equal to zero outside the boundary
layer, whereas the vorticity perturbation is equal to zero. As a result of the 3D character of
the problem, there are two types of vorticity modes with the streamwise wave number

a=—§ (1—\/1+%Jf2)) (2.53)

The vorticity modes have a zero pressure perturbation outside the boundary layer and a
non-zero vorticity perturbation. In order to distinguish between the two types of vorticity
modes, they were referred to as modes “A” and “B”, respectively, in [Tum03]. The following
orthogonality relation is valid [Tum03]:

® 9
(HyAa,Bo) = | D Hi"ApjBumdy = QAgw (2.54)
0 7.m=1

where A, o is the Kronecker symbol if o or o/ belongs to the discrete spectrum; A, o =
d(a — ) is a delta-function if both « and «’ belong to the continuous spectrum. Coefficient
@ on the right-hand side of (2.54) depends on normalization of A,(y) and B,(y).

Contribution of the modes in the formal solution

It was shown in [TumO03] that the eigenfunction system is complete, i.e., a spatially grow-
ing/decaying solution of linearized Navier-Stokes equations can be presented as an expansion
into the eigenfunction system. In the case of steady perturbations, it means that solution
(2.46) can be presented as follows:

Ag = Z/cj(k)Aa(y)e‘“f(k)’dk (2.55)
70
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where Ej stands for summation over the downstream pressure and vorticity modes and «;
corresponds to the downstream pressure or vorticity modes from Egs. (2.52) and (2.53),

respectively.
With the help of the orthogonality condition (2.54), one can find from Eq. (2.55) at some

distance z
(H2Ap,B.,)

Qj
If we consider the dot-product of Eq. (2.41) and B,, and integrate with respect to y over
the interval [0, 00), we arrive at the following relationship:

¢i(k)e® = (2.56)

(Aleajl)y=0 _ ﬁ’w (av) ﬂ) Bajl,w

(o B = ] oy )

(2.57)

where Ba;1,w 18 the first component of vector B,; evaluated at y = 0.
Substitution of the formal solution (2.46) into Eq. (2.56) together with Eq. (2.57) leads
to the following result
400 | A
Bajlfw / et(a”—a‘? zuw (amﬁ)

Qj ( (av = aj)

—00

c;(k) = — da, (2.58)

By closing the path of integration in the upper half-plane, one can find the coefficient as the
residue value at a, = «;

27 27h

C(k) = ——1 (a'aﬂ) Ba' W =

¢ Qj w ¢} 51 Qj

Finally, substitution of coefficients c;(k) into Eq. (2.55) provides the solution of the recep-
tivity problem.

Uwp (5, 8) Bajiw (2.59)

Numerical examples

For the purpose of illustration, we consider an array of humps (figure 2.14). In this case, we
use a Fourier series instead of the Fourier transform with respect to the spanwise coordinate,
z. In the first example, the parameters are chosen in accordance with experimental conditions
[WE97] in a boundary layer over a flat plate. The roughness strip was placed at Z,ougn = 300
mm. The distance between the centers of the dots was equal to L, = 19 mm. The unit
Reynolds number was equal to Uy /v = 627 x 10> m™!. It was found that the base flow
parameters fit the Blasius solution, with the virtual origin at o = 58 mm. Therefore, the
Blasius length scale is H = \/V(Zrough — T0)/Us = 0.621 mm. The corresponding Reynolds
number, R = U, H/v, is equal to 390. The roughness strip was composed of dots of diameter
D = 6.35 mm (D/H = 10.23) and having a height of h = 0.47 mm. One can recognize that
the height (h/H = 0.757) is too large to use the linearized boundary conditions (2.40).
Therefore, the linearized analysis can only qualitatively approximate the experiment.
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Figure 2.14: The array of humps.

Because 2rH/L, = 0.205, we are considering the following spanwise wave numbers:
Bn = n x 0205, n = 1,2,...,12. For the purpose of illustration, we exclude input from
f = 0. This allows exclusion of the pressure modes from consideration because they have
Im(a) > £, and one can choose a distance £ downstream from the hump where the input of
the pressure modes will be small in comparison with the input from vorticity modes “A” and
“B”. Integrals with respect to the parameter k were evaluated numerically on the interval
0 < k < 12 (similarly to [Tum03]) with 250 modes on the interval. The number of modes
was chosen after convergence tests with up to 500 modes on the interval.

Figures 2.15 and 2.16 demonstrate the results of the summation of the first 12 terms
of the Fourier series for the velocity perturbations downstream from the roughness strip
at a distance equal to 5.51D (corresponding to 35 mm). Figure 2.15 shows contours of the
streamwise velocity perturbation in the y —z plane. One can see the wake region downstream
from the hump and high-speed streaks aside the hump. Velocity perturbation in the high-
speed streaks is above 10~3, whereas the velocity perturbation in the wake region is about
—4 x1073. A vector plot of the flow field in the y — z plane is shown in figure 2.16. One can
see that there is a pair of counter-rotating streamwise vortices. This topology of the flow
field is associated with very small humps represented by the linearized boundary conditions
(2.40), and it is in agreement with the result obtained within the triple-deck asymptotic
analysis [TR04b]. Recently, [FC04] carried out a numerical simulation of the flow accurately
resolving the shape of the hump. Their results revealed that there is a pair of two coun-
terrotating streamwise vortices in the near field. The difference between the linear solution
and the numerical result is attributed to the nonlinear character of the receptivity problem.

Energies of the first six spanwise Fourier harmonics, E, = [ 2 (y) d (y/H), evaluated with

the streamwise velocity perturbation at z = 0 are shown iI(l) figure 2.17. At the end of the
interval, (& — Zrougn) /H = 120, harmonics n = 1, 2, 3, and 5, as one can see from figure
2.17, are the dominating ones, whereas the experimental [WE97] and computational [FC04]
data demonstrate that the harmonics are ordered as 3, 4, 1 and 2.
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Figure 2.15: Contours of the streamwise velocity perturbation downstream (Az = 5.51) from
the hump (dot) in steps of 0.558 from -3.91 to +1.11 (the values are multiplied by 10%). The
length scale is equal to H = 0.621 mm.
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Figure 2.16: The vector plot corresponding to figure 2.15 in the y — z plane. The length
scale is equal to H = 0.621 mm.
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Figure 2.17: Energies of the spanwise Fourier harmonics versus the downstream coordinate
(T — Trougn) at parameters corresponding to [WE97].

Another example is associated with the numerical simulation of flow behind an array
of roughness elements by Joslin and Grosch [JG95]. They solved nonlinear equations for
perturbations, but the boundary conditions were linearized as in Eq. (2.40). The goal of
[JG95] was to simulate the experimental conditions of [GGJ94], where a hump was located
in a boundary layer over a flat plate at 400 mm from the leading edge. For purposes of the
numerical simulation, the array of humps was chosen with a spanwise period of L, = 50 mm.
The local Reynolds number based on the displacement thickness, Rs», was equal to 1200 and
the local displacement thickness, 4*, was equal to 1 mm. The shape of the hump chosen for
the computations was defined by the following equation [JG95]

h(z,z) = acos® (WJAT) cos® (wlAz) (2.60)

where Az and Az are measured from the center of the hump, amplitude ¢ = 0.1, I, = 15.9,
and [, = 13 (all these parameters are scaled with the displacement thickness, §*, as it was
chosen in [JG95] in order to simplify comparisons). In this example, 276*/L, = 0.126,
and, similarly to the previous example, we include only the first 12 harmonics with 8, =
n x0.126 (n = 1,2,...,12). Because the closest velocity field in the y — z plane was reported
at dimensionless z = 503 (Az = 103 downstream from the hump), we solve the receptivity
problem and find the flow field at this distance in accordance with the method described
above. Although for this distance (about 100 displacement thicknesses) nonparallel flow
effects have to be taken into account, our results are based on the parallel flow approximation.
The height of the hump (0.14*) is still large for the linear receptivity problem, and it should
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Figure 2.18: Contours of the streamwise velocity perturbation downstream from the hump
(Az = 103) as in [JG95] in steps of 0.362 from -2.83 to + 0.431 (the values are multiplied
by 10*). The length scale is equal to §* = 1 mm.

be taken into account in the following comparisons with computational results.

Figure 2.18 shows contours of the streamwise velocity perturbation in the y — 2 plane.
One can see the wake region downstream from the hump and high-speed streaks aside the
hump. Velocity perturbation in the high-speed streaks is about 4+0.5 x 10~¢, whereas the
velocity perturbation in the wake region is about —3 x 10~%. These values are different from
those reported in [JG95] (+0.48 x 1073 and —1.69 x 103 respectively). Contours of v/v2 + w2
in the y — 2 plane are shown in figure 2.19. Our results correspond to a maximum value about
9x107°%, whereas the authors of [JG95] report 2.62x1075. A vector plot of the flow field in the
y — z plane is shown in figure 2.20. The linear theory gives only a pair of counter-rotating
streamwise vortices, whereas the vector plot in [JG95] has a more complicated structure.

oo
Energies of the first six spanwise Fourier harmonics, E, = [ 42 (y) d(y/é*), evaluated with
0

the streamwise velocity perturbation at z = 0 are shown in figure 2.21. In this case, one can
see that harmonics n = 2 and 3 overcome the first one at (z — Brough) = Bl

In the following example, we consider the same flow parameters corresponding to figures
2.18-2.21, but the shape of the hump is replaced by a rectangle having I, = 15.9 and [, = 13.
The height of the hump is the same, a = 0.1. Figure 2.22 shows contours of the streamwise
velocity in the y — 2z plane at Az = 103. One can see that there are two relatively high-speed
streaks in the wake region. Comparison of the results in figures 2.18 and 2.22 illustrate the
hump geometry effect.
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Figure 2.19: Contours of v/v? + w? in the y—2z plane downstream from the hump (Az = 103)
as in [JG95] in steps of 0.837 from 0.837 to 8.37 (the values are multiplied by 105). The
length scale is equal to §* = 1 mm.

Figure 2.20: The vector plot corresponding to figures 2.18 and 2.19 in the y — 2 plane. The
length scale is equal to * = 1 mm.
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Figure 2.21: Energies of the spanwise Fourier harmonics versus the downstream coordinate
(& — Trougn) at parameters corresponding to [JG95].

Figure 2.22: Contours of the streamwise velocity perturbation downstream from the rectan-
gular hump (Az = 103) in steps of 0.731 from -4.18 to +2.4 (the values are multiplied by
10%). The length scale is equal to §* = 1 mm.
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Discussion

The linear receptivity of the boundary-layer flow to a 3D hump has been solved with the
help of the biorthogonal eigenfunction system. This approach provides a convenient tool
to filter out the amplitude of a normal mode representing the flow field. Only the formal
solution (2.55) of the elliptic boundary value problem for the perturbations had to be found
in order to filter out the modes of interest. As a result, the flow field in the y — z plane could
be computed locally on a conventional computer.

The triple-deck asymptotic analysis [SSB77, BL85, Bog86, Bog87, Bog88] of perturba-
tions in the vicinity of a three-dimensional hump revealed that the linearized boundary
conditions are applicable only when the height of the hump is much smaller than the viscous
sublayer thickness, i.e., h << he, = € L. For example, h./§* is 0.13 and 0.11 in [FC04] and
[JG95], respectively. If the height is comparable with the viscous sublayer thickness A, or
larger, the governing equations in the vicinity of the hump are also nonlinear (boundary-
layer equations), whereas in the main and the outer decks (the main and the outer parts
of the boundary layer, respectively) the governing equations are linear. In the considered
examples, we compared the results of the linear theory with the computational results at
heights, h/é*, equal to 0.44 and 0.1 (heights of roughness elements considered in [FC04] and
[JG95], respectively). As expected, these heights are too large to be treated within the scope
of the linear theory, and our results illustrate the discrepancy between the linear theory and
the computations stemming from the nonlinear character of the receptivity problem.

In both cases [FC04, JG95], the choice of parameters was motivated by available exper-
imental data [WE97, GGJ94] that were limited by the desirable accuracy in measurements
of small velocity perturbations. Because the numerical simulations [FC04, JG95] require
supercomputing, we do not have parametric studies of flow past roughness elements in or-
der to explore effects of the roughness shape. One should expect that the results can be
strongly affected by the geometry. For example, [AS87] observed a pair of counter-rotating
streamwise vortices (standing vortices in their terminology) behind a hemisphere placed on
the wall, whereas they were not observed behind a half teardrop obstacle. The theoretical
model developed in the present work may serve as a tool to explore the geometry effects at
the limit of small heights.

In order to incorporate the influence of roughness-induced perturbations into the tran-
sition prediction theory [RT04], effects of roughness geometry, compressibility and temper-
ature factors should be included. For this purpose, the developed theoretical model has to
be extended to the case of compressible boundary layers, and the initial amplitude of the
perturbation has to be derived from the receptivity analysis.

The flow field behind the hump possesses a pair of streamwise vortices that bring down
the high-speed fluid, whereas the streamwise velocity perturbation in the wake is negative.
One can expect that far away from the hump, the velocity perturbation may change its sign
due to the downwash motion induced by the streamwise vortices. We have solved linearized
boundary layer equations with inflow obtained from the linear receptivity problem [TR04b]
in order to explore the possibility of the velocity sign reversal. However, observed weak
transient growth was caused by a mismatch in the inflow data, and the corrected results

42



did not demonstrate the effect, and the perturbation decayed gradually with the distance
from the hump. Numerical results [FC04, JG95] and experimental data [WE97] revealed
that transient growth can be observed downstream from an array of humps for some span-
wise Fourier harmonics. It might be that the effect is associated with the strong nonlinear
receptivity mechanism responsible for the near-field perturbation in the computations and
the experiment.

43



2.3.2 Roughness-induced perturbations in a compressible bound-
ary layer

Recently, formulation of the biorthogonal eigenfunction system was extended to the case of
three-dimensional perturbations in compressible boundary layers in Ref. [TumO6c]. This
extension allows revisiting the receptivity problems with a three-dimensional source of per-
turbations placed on the wall when a continuous spectrum is of interest as well. It might
be an oscillating membrane installed on the surface, a three-dimensional roughness element,
periodic-in-time blowing and suction through a hole, wall-temperature perturbations, etc.

At the present time, there are only some limited results on the receptivity to three-
dimensional perturbations in compressible boundary layers at finite Reynolds numbers. Tu-
min [Tum83] considered the vibrating surface of an infinite swept wing. Fedorov [Fed88]
applied the biorthogonal eigenfunction technique to crossflow receptivity with a roughness
element placed on a swept wing wall. Manuilovich [Man89], Crouch [Cro93], Choudhari
[Cho94b], and Ng and Crouch [NC99] analyzed crossflow receptivity in three-dimensional
incompressible boundary layers within the scope of the finite Reynolds number approach.
Balakumar and Malik [BM92] analyzed the receptivity of supersonic boundary layers to a
point source of blowing and suction on the wall. In addition to the discrete modes, they also
included input from the continuous spectra in the consideration.

The objective of the section is to solve the receptivity problem when three-dimensional
perturbations in a compressible boundary layer are generated by an actuator (periodic-
in-time or stationary) placed on the wall by using the biorthogonal eigenfunction system
considered in T06.

Problem formulation and formal solution

We consider a steady two-dimensional compressible boundary layer in the parallel flow ap-
proximation. The coordinate z corresponds to the distance along the surface, y is the dis-
tance from the wall, and the coordinate z represents the distance in the spanwise direction.
We consider two problems: blowing-suction through the wall with the amplitude function
vy (z,2), and a localized hump y,(z,2) = f(x,z) placed on the wall. The height of the
hump and the intensity of the blowing-suction are assumed to be small enough to employ
the linearized Navier-Stokes equations and the linearized boundary conditions on the wall.
We introduce the vector-function

A (z,y,t) = (u,0u/dy,v,,8,00/0y,w,0w/dy,

2.61
ou/dz,0v/dx,00/0x,0w/dx,Ou/dz, 0v/dz,00/0z, 0w/dz)T (261)

comprised of 16 components, where (u, v, w) are the perturbation velocity components, # is
the temperature perturbation, and 7 represents the pressure perturbation. The superscript
T stands for ‘transpose’. The linearized Navier-Stokes equations for a periodic-in-time per-
turbation, ~ exp (—iwt), are written in the form [Tum06c]

0 ( BA) 0A 0A 0A

Lo— Li—=H;A+H,— + H;— 2.62
an ot lay 1A+ 23:1:+ 352" ( )

Oy
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where Lo, L;,H;,H,, and H3 are 16 x 16 matrices (their non-zero elements are presented in
Appendix A of [Tum06c]). Solution of (2.62) is subject to the following boundary conditions
on the wall and outside the boundary layer

g=0¢ a==4f@ 20, i=qu(5.2),; w=0 0=0 (2.63a)
y—oo: |Aj]—0, (2.63b)

where U,, = (dU/dy),_, is the derivative of the unperturbed flow velocity profile. For the
case of a hump, ¢, = 1, ¢, = 0, and w = 0, whereas for blowing—suction on the wall, ¢, = 0,
g =1, andw=#0.

Because the boundary layer is assumed independent of the coordinate z, one can employ
the Fourier transform with respect to z. For simplicity, we assume that the perturbation
frequency is subcritical, i.e. the perturbation decays downstream from the actuator. In this
case, one can employ the Fourier transform with respect to « as well:

+00 +00

A, (ay,y,B) = / /A(x,y,z)e‘ia”’_iﬁzdzdx. (2.64)

—00 —00

In the case of a supercritical frequency, one has to employ the Briggs method in order
to include the unstable (exponentially growing downstream mode) into the inverse Fourier
transform [AR90, BM92].

Vector-function A, (o, y, f) satisfies the following equation and the boundary conditions

d dA, dA, . .
@ (Lo W ) + L dy = H,;A, + ia,HA, + {fH3A,, (2.65)

Y= 0z Avl = —lth,’u<P (avne) ) Av3 = Gqup (av’ﬁ) ) AUS = Oa Av7 = 0, (2663‘)
y—o00: |Ay| — 0, (= 1,.:.08)3 (2.66b)
where

+00 +00

o (ay,f) = / /f(:c,z) e tav—ifz gl (2.67a)

—00 —00
+00 +00

p(ay, ) = / /vw(x,z)e“‘“"""ﬂzdzdx. (2.67b)

—00 —00

Equation (2.65) has four fundamental solutions decaying outside the boundary layer
[TumO6¢]. One can solve the inhomogeneous boundary-value problem as follows:

A, =CZ,+ C3Z5 + CsZs + C7Z7, (2.68)
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where Z,,Z3,Zs, and Z, are the decaying fundamental solutions. The coefficients C; in
(2.68) are found from the boundary conditions (2.66a) on the wall. The formal solution for
the Fourier harmonic, Ag(z,y, ), can be written as follows:

Ap(z,y,0) = / A, (,y,B) e*da, (2.69)

The original problem for perturbations of a prescribed frequency w is an elliptic one. It
was shown in [Tumo03] and [TumO6c] that if the downstream boundary is located far away,
and one can neglect its upstream influence, the solution of the linearized Navier—Stokes
equations can be expanded into the normal modes of continuous and discrete spectra.

(z,9,8 Z / C;(k)Aos(y, k "’J(")"dk+ZC A, (y) €2, (2.70)

The first term in (2.70) represents summation over the modes of the continuous spectrum,
and the second term represents input of the discrete modes. A, s in (2.70) are solutions
of the direct eigenvalue problem. Together with the solution of the adjoint problem, B,g,
they represent the biorthogonal eigenfunction system {A,s, Bas} (see [TumO06c]). There is
the following orthogonality relation:

i6 %
<H2Aaﬁ7 Ba’ﬁ - Z / (H2Aaﬂ)j Ba’ﬂjdy = QAa,a’7 (2'71)
j=1 0

where A, » is the Kronecker delta if « or ¢ belongs to the discrete spectrum, and A, o =
d(a — o) is the delta function if both a and o belong to the continuous spectrum. The
coefficient @ on the right-hand side of (2.71) depends on the normalization of A,z(y) and
B.s(y). The orthogonality relation (2.71) provides a tool to find coefficients C; and C,, in
the formal solution (2.69).

Contribution of the modes to the formal solution

With the help of the orthogonality relation (2.71), one can find the input of a mode to the

formal solution
<H2Aﬁ ) B af )

Qj
If we consider a dot product of B,s and (2.65), and integrate with respect to y over the

interval [0,00), we arrive at the following identity (we take into account explicit forms of
matrices Lo, L;):

e = (2.72)

dB d dB
Tl o A e & (1595
[ w3 7 dy 3 B3 le £1 . + Av) dy 0 dy

<Ava LTd];;y > <Av7H Baﬂ) =5 2av <Av7 HTBaﬂ) 25 Zﬂ (Ava HTBaﬁ)

(2.73)
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where L3 stands for the element of matrix Ly having indices (4,3). Taking into account the
adjoint equation and the boundary conditions (2.66), one can derive

43 dBaga
[LU dy BaﬁS] y=0 4 qrp (avv ﬁ) [Baﬁl]y=() Ullu

H AmBa = Uy vy . - 2.74
( 2 ﬂ) qp(a ﬁ) 'l(a,,—a) z(av—a) ( )
We substitute (2.69) into (2.72) and utilize (2.74) to find
. dBag
C toxr ]' qv ¢ 10y T ( 6) |:L(4)3 dy - Baﬂ3:| y=0d
Q@ #it iy — ) e
e (2.75)
. thqlu T oo ( ,B) [Baﬂl]y=0 d
21 Q /e i i(ow — Q) S

By closing the path of the integrals in the upper half-plane, we find the coefficient as the
residue value at the pole a, = «

C= va(aa ﬂ) G, + qnp (a7 ﬁ) Gha (2763)
i dB,
G == | HP—22 B, } : 2.76b
Q[ °dy o iy
Gy = Uy B,
5= 6[ aB1)y—o - (2.76¢)

The coefficients G, and G}, in (2.76a) are independent of the blowing-suction distribution or
the hump shape.

Receptivity to an array of roughness elements

For the purpose of illustration, we consider an array of humps placed at distance z, from the
leading edge of a flat plate (in this case, the Fourier transform with respect to z is replaced
by the Fourier series). The geometry of the humps is the same as in [JG95]:

f (z,2) = acos® (WlAw) cos® (WIAZ) . (2.77)

where Az and Az are measured from the center of the hump, amplitude a = 0.172, I, = 27.36,
and [, = 22.37. The spacing between the humps is L, = 86.04. All lengths are scaled with
the Blasius scale. The local Reynolds number is Re = 697.37. In this example, 27 /L,
= 0.073, and we include only the first 12 harmonics with 8, = n x 0.073. Recently, this
configuration was analyzed theoretically by Tumin and Reshotko [TRO05] (see Section 2.3)
within the scope of the receptivity theory for incompressible flow. In this section, we repeat
the results of 2.3, assuming that the Mach number was equal to 0.02.
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Figure 2.23: Convergence test for the streamwise velocity perturbation at M = 0.5 and
Tw/Tea=1at w— 0, 2z —xo = 6.48,.

Flat plate, M=0.5. In the case of subsonic steady perturbations, there is an overlapping
of the two vorticity modes A and B, similarly to the incompressible flow case [Tumo03].
In addition, at w = 0, there is an overlapping of the vorticity modes with the entropy
mode. These three modes overlap with the pressure mode at Im (&) > |3| (see [Tum03] and
[TumO6c]). Because all these modes decay downstream, one can choose a distance where
the pressure modes could be neglected. A numerical evaluation of the integrals in (2.70)
associated with the vorticity and entropy modes was done with the help of the trapezoidal
formula on a finite interval [0, kyqz] with 500 steps and kg, = 5. Overlapping of the vorticity
and entropy modes complicates the problem because it requires special treatment. In order
to avoid the complication, the eigenfunctions were computed at a small non-zero frequency
w. Figure 2.23 shows the convergence test for the streamwise velocity component at w — 0.
One can see that the real parts of the streamwise velocity component, u, = Real(u), are
indistinguishable at w = 107, 107°, and 5 x 107%. The imaginary part, u; = Im(u), is very
small at w = 5 x 107% (at w = 0 it has to be equal to zero). Frequency w = 5 x 1078 was
used in the following examples at M = 0.5.

A vector plot of the perturbation in the (y, z) plane at distance z — 2o = 6.48l, for the
case of an adiabatic wall is shown in figure 2.24a, and contours of u x 10° are shown in figure
2.24b. One can see that the flow structure is similar to the one obtained in Section 2.3: there
is a pair of counter-rotating streamwise vortices, there is a wake region downstream from
the hump, and there are high-speed streaks on both sides of the hump.

Figure 2.25 illustrates levels of the velocity and temperature perturbations at £ — z, =
6.481, when the temperature factor, T,, /7,4, is equal to 0.5. One can see that the temperature
increases in the wake region, there are cold streaks at the both sides of the hump, and there
is a cold streak above the hump. We attribute this cold streak to the displacment of cold
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Figure 2.24: a) Vector plot of v and w at z — zo = 6.48l,. b) Contour plot of u x 10° at
T — o = 6.48[, with step 2 from the starting level -24. Adiabatic wall. M = 0.5.

a) b)
8 8
6 6
>4 2
2

Figure 2.25: a) Contour plots of u and # at z — zo = 6.48[,; a) u x 10° with step 4 from the
starting level -46; b) 6 x 10° with step 5 from the starting level -7. T,,/T,q = 0.5, M = 0.5.
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Figure 2.26: Convergence test for the streamwise velocity perturbation at M = 2 and
Tw/Tea=1at w— 0. £ —x9 = 6.481, .

gas by the hump.

Flat plate, M=2. In the case of a supersonic boundary layer, in addition to the vorticity
and entropy modes, we have to include also input from the acoustic branch cuts. In what
follows, we use interval [0, kmqz] with 1000 steps and kpqz = 10. As in the previous example,
we consider a small nonzero frequency in order to avoid overlapping of the vorticity and the
entropy modes in the numerical implementation. Figure 2.26 illustrates the convergence test
for the streamwise velocity component when w — 0. The imaginary part of the streamwise
velocity perturbation is very close to zero at w = 1075. This value was chosen for the
numerical evaluations.

Temperature perturbation in the (2,y) plane at  — zo = 6.48(, is shown in figure 2.27.
One can see the Mach waves generated by the roughness element located at 2 = 0 and by the
neighboring elements. In order to show more detail, streamwise velocity and temperature
perturbation profiles at 2 = 0 and z = 40 are shown in figure 2.28. One can see that there
are three regions at z = 0 where the amplitudes of the perturbations are relatively large. The
first region is located inside the boundary layer. The second region, at y ~ 110, is associated
with the Mach wave generated by the roughness element. The other region, at y ~ 60,
is associated with the Mach waves generated by the left and right neighboring roughness
elements in the array. The streamwise velocity and temperature perturbations inside the
boundary layer are shown in figure 2.29.
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Figure 2.27: Contour plot of 8 x 10° at z — 2o = 6.48l,. M = 2, TolTlea =1

150 , 150 = !
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150 <100 -50 0 50 100 -100 100

Figure 2.28: Temperature and streamwise velocity perturbations at  — zo = 6.481,, M = 2,
Tella=1 5l 2=0,b) 2=40.
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Figure 2.29: a) Contour plots of u and 6 at x — x¢ = 6.48, a) u x 10° with step 2 from the
starting level -22; b) 6 x 10° with step 1.5 from the starting level -2. T, /Toq = 1, M = 2.
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2.4 Nonparallel flow effects on roughness-induced per-
turbations in boundary layers

The non-parallel flow effects on receptivity are important when the source of the disturbances
is distributed on a scale larger than the boundary-layer thickness. Choudhari [Cho94a] and
Bertolotti [Ber00] developed methods that can be used for analysis of the receptivity when
the nonparallel flow effects are to be included. The nonparallel flow effects on development
of unstable discrete modes on a length scale that is much larger than the boundary-layer
thickness have been studied within the scope of the method of multiple scales [Bou72, Gas74,
SN75, SN77, PN79, Gap80, Nay80, EH80, TF82]. Another method that allows inclusion of
the nonparallel flow effects on TS waves is based on the parabolized stability equations
[Her97]. To our knowledge, nonparallel flow effects on modes of the continuous spectra have
not been addressed yet.

Governing equations

We consider a compressible two-dimensional boundary layer in the Cartesian coordinates,
where z and z are the downstream and spanwise coordinates, respectively, and coordinate y
corresponds to the distance from the wall. We write the governing equations (the linearized
Navier-Stokes equations) for a periodic-in-time perturbation (the frequency is equal to zero
in the case of a roughness-induced perturbation), ~ exp (—iwt), in the matrix form

0A 0A 0A

0 0A
B i P — = o e :
ay ( 0 6y) +L1 3y H1A+ H2 6.’1,‘ o H3 82 + H4A, (2 78)

where vector A has 16 components

A (z,y, 2) =(u,0u/dy,v,n,0,00/3y, w, dw/dy, du/dz,dv/dz,

2.
86/0z,0w/dz,0u/8z,0v/0z,00/0z,0w/dz)T. e

Lo,L,,H,,Hy,H3, and H, are 16 x 16 matrices (their definitions are given in Appendix of
[TumO08]); u, v, w,w, and @ represent three velocity components, pressure, and temperature
perturbations, respectively; and the superscript T in (2.79) stands for transposed. Matrix
H, originates from the nonparallel character of the flow.

We utilize the Fourier transform with respect to the coordinate z

o0

Ag(z,y) = /e"ﬂ‘A (z,y9, 2) dz. (2.80)

—00

In the quasi-parallel flow approximation, the solution of the linearized Navier-Stokes
equations can be expanded into normal modes of the discrete and continuous spectra [Tum07]

Ag(z,y) = Z dvAa,p (y) gs Z[J d; (k) Aa;p(y) etk (2.81)
v 5
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Here, ¥, and ¥; denote sums over the discrete spectrum and branches of the continuous
spectra, respectively. The coefficients d, and d; are to be found from the receptivity problem
solution [TumO6b].

The following biorthogonal eigenfunction system {A s, B,s} was formulated in [Tum07]:

% (Lod*;;ﬂ ) e le‘;‘;ﬂ =HA.p + iaH,A o5 + ifH3A o, (2.82)
y=0: Aapl = Aaps = Aaps = Aapr =0,
Y — 00 : | Aagj| < o0,

% (LOT d‘;;ﬁ) =18 dg;f’ = HIB.s + iaHIB,; + ifHI B,s, (2.83)
Yy=0:  Bap = Baps = Baps = Baps =0,
Yy — 00 : | Bagj| < 0.

Actually, (2.83) defines the complex conjugate of the conventional adjoint problem.
The eigenfunction system {A,s, Bas} has an orthogonality relation given as

(o <]

<H2AaﬂaBa’ﬁ) = /(H2Aaﬂ,Ba’ﬂ)dy — FAaa’, (2'84)
0

where I' is a normalization constant; A, is a Kronecker delta if either a or o’ belongs to the
discrete spectrum; A, is a Dirac delta function if both a and o belong to the continuous
spectrum. Because Eq. (2.83) represents the complex conjugate of the conventional problem,
the dot product (,) in (2.84) does not involve complex conjugation.

Weakly nonparallel flow analysis
Discrete mode

For the purpose of clarity, we begin with an outline of analysis for a discrete mode in a
weakly nonparallel boundary layer (see, for example, [Nay80]).

In a weakly nonparallel flow, one can employ the method of multiple scales by introducing
fast (z) and slow (X = ez,e < 1) scales. The mean flow profiles depend on y and X only,
whereas the perturbation will depend on both length scales. In the case of a discrete mode,
solution of the linearized Navier-Stokes equation is presented in the form

Ap(z, X,y) = [D, (X) Aup (X, y)etf XMz 1 eAD (X, ) et/ av<X>dz+...], (2.85)

where A, s is an eigenfunction satisfying Eq. (2.82), and function D, (X) has to be de-
termined. After substitution of Eq. (2.85) into Eq. (2.78), we arrive in order O(¢) at an
inhomogeneous equation for Afxlu)ﬂ having the same leading operator as in Eq. (2.82) (the
terms associated with matrix Hy have order of magnitude O(¢)). Taking the dot product of
the equation with the adjoint solution, B, 4, satisfying Eq. (2.83) and evaluating integral
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of the result with respect to y from 0 to oo, we arrive at an ordinary differential equation
for' D,

, dlin D, . 0A,, s
e = H,oof g HAu.5,Bas)| - 2
1Qnp 7 r K 250 B uﬁ>+< 1A, 5,Bo,5) (2.86)

Continuous spectrum

Eigenfunctions of the continuous spectra oscillate at y — oo as exp(+iky), and the analysis
requires a modification. Instead of a single mode, we consider a narrow wave packet of width
Ak around k = k;. Therefore, solution for the narrow wave packet is considered in the form

ki+Ak/2 )
Ap(z,X,y) = / D; (X, k) Aayp (X, y) €' @ (Xkdzgp (2.87)
ki—Ak/2

ki+Ak/2 )
+e / A, (X, y) et esXbdzgg |
ki—Ak/2 4

where A, 4 is an eigenfunction of the continuous spectra satisfying Eq. (2.82). We substitute
Eq. (2.87) into Eq. (2.78) and consider the equation in order O(¢). Evaluation of the dot
product with adjoint eigenfunction Ba; p satisfying Eq. (2.83) at o} = a;(k;) and integration
of the result with respect to y from 0 to oo lead to the ordinary differential equation for D;,
as follows

dln D; (X, k) =1 5 e OAasp
np = (]j—x et lAlllcr—I»lo ki—Ak/2 Hza_x]’B"ﬁ-ﬁ i <H4A"jﬁ’B°§f’> oF.

(2.88)
In the limit Ak — 0, the integrals in Eq. (2.88) lead to evaluation of terms like

Jo exp (i (k— k) y)dy = 76 (k — k) (see [Tum03]), and the result can be evaluated using

asymptotic solutions outside of the boundary layer.

Multimode solution in a weakly nonparallel flow

In the case of a multimode solution, we are presenting our result as

Ap(z, X,y) = Y Dy (X) Anp(X,y) e vXriy

§ : / Dj (X, k) Ao, (X,y) e/ 5X®2dk 4 O (e), (2.89)
= Jo
3

Bl =4,
D; (0, k) = d; (k).

One should keep in mind that the multi-mode form of solution, Eq. (2.89) admits a mecha-
nism of inter-modal exchange due to the weakly nonparallel flow effect. An example of this
phenomenon was illustrated by Zhigulev and Fedorov|ZF87], who considered generation of
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an unstable discrete mode by an acoustic wave. Although the effect is weak when the wave
numbers of the modes are different, the exponential amplification of the unstable mode leads
to its relatively large amplitude. In the present work, we neglect such inter-modal exchange.

The initial values d, and d; in Eq. (2.89) are to be determined from the receptivity
problem solution[Tum06b]. In the case of a roughness element, the linearized wall-boundary
condition for the streamwise velocity component may be written as follows:

=10 u=—f(z,2)U,, (2.90)

where U, = (0U,/0y),=o is the derivative of the unperturbed flow velocity profile. For
a localized hump, the nonparallel flow effects on the receptivity problem solution can be
neglected in the leading approximation, and one can find[TumO06b]

dj (k) = ASO (aja ﬂ) ) (291)
A= [Bopl]

y=0’

+00 +00
o= [ [ i@ner i,
—00 —00
where B, p1]yo is the first component of the adjoint eigenfunction evaluated at the wall.
The nonparallel flow effects may be incorporated into the receptivity problem solution
along the lines of the distributed receptivity model proposed by Choudhari[Cho94a]. It
was shown in [Cho94a] that the cumulative effect of distributed wall perturbations can be
evaluated using the parallel flow approximation for each piece of the actuator and integrating
the result over the distributed actuator. In our case, the result (with the reference point at
z = 0) will be written as follows:

+o00 +oo
d; (F) = / A (k,3) £ (2, 2) =I5 @stkada'~ibz g, qn (2.92)

where A (k, z) is defined in Eq. (2.91).

One should keep in mind that the linearized wall-boundary condition, Eq. (2.90), could
be rigorously derived within the triple-deck asymptotic analysis when the height of the hump
is small in comparison with the thickness of the viscous sublayer. At finite Reynolds numbers,
we do not have criteria for height and length of the hump in order to specify limits when
the linearized boundary conditions can be used. The results should be compared with direct
numerical simulations and/or experiments in order to establish validity of the boundary
condition.

Numerical results
Verification: discrete mode at M=4.5
In order to test the new block of the code, we repeated results of [Gap80] for a two-

dimensional TS wave in a compressible boundary layer over a flat plate at the Mach number
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4.5, at the local Reynolds number (based on the Blasius scale) 1550, and at the frequency
parameter 130 x 10~°. Figure 2.30 shows the local growth rate of the mass flux perturbation
as a function of the dimensionless coordinate 7 = 1/ p.z/p.U.. Comparison of the mass-flux
perturbation corresponding to the discrete mode is shown in figure 2.31.

Roughness array. M = 0.02

In the case of roughness-induced perturbations, there are no discrete modes; and only steady
normal modes of the continuous spectra represent the perturbation. There are two vorticity
modes (‘A’ and ‘B’), entropy modes, and the acoustic modes (representing Mach waves in
the limit w — 0) [TumO07].

In the present work, we consider the same array of roughness elements as in [Tum06b]. An
array of humps is placed at distance x, from the leading edge of a flat plate. The geometry
of each hump is defined by the function:

f(x,2) = acos’ (WIA'T) cos’ (WIAZ), (2.93)

where Az and Az are measured from the center of the hump, amplitude a = 0.172, [, =
27.36 and I, = 22.37 (in \/pexo/peU, units). The parameters correspond to a hump having
a length scale of about 5 times the boundary layer thickness. Therefore, one may expect
that the receptivity of the flow can be analyzed within the quasi-parallel flow approximation.
This issue will be addressed later. The local Reynolds number is Re= 697.37. The spanwise
period of the array is L, (2m/L, = 0.073). In what follows, we include only the first 12
harmonics with 3, = n x 0.073.

In order to evaluate the most significant interval of the parameter k in the present ex-
ample, we show in figure 2.32 the amplitude factor,

IA(K)p (at; () , B) iR a=0)], (2.94)

for two vorticity modes at Zgpyn =  — o = 6.48l,, B = 1, and M = 0.02. One can see that
the main input at these parameters is associated with a k of about 2.

Figure 2.33 shows variation of normalized |A| along the roughness element for two vor-
ticity modes at k = 2, § = (3;, and M = 0.02. The variation of the coefficient is about 1%,
and one can consider the receptivity problem within the parallel flow approximation.

Figure 2.34 illustrates contours of the streamwise velocity perturbation, u, at Tidzim =
6.481; in the boundary layer at M = 0.02 obtained including the nonparallel flow effects and
using the vorticity modes only. The continuous spectrum was discretized at 0 < k < 5 using
500 intervals. One can see that there is a wake region downstream from the hump, and there
are high-speed streaks on both sides of the hump.

Figure 2.35 shows the difference between two contour plots: Uparallel = Unonparallel- ONE
can see that the difference is about 10% in the wake.
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Figure 2.30: Local growth rate of the mass flux perturbation in the boundary layer over a
flat plate.

In order to understand the source of the difference shown in figure 2.35, we plot real and
imaginary parts of the integral,

N () = / O e Rt ] (2.95)

o

in figure 2.36 for two vorticity modes together with the result stemming from the parallel
flow approximation (in the parallel flow approximation, N, = 0). One can see that the
nonparallel flow effects do not have a significant effect on the integral. The latter means
that the main source of the difference in figure 2.35 is associated with different shapes of the
eigenfunctions evaluated at z = zo (parallel flow model) and at 2 = o 4+ Tgown (nonparallel
flow consideration).

Roughness array. M = 0.5

In order to illustrate the nonparallel effects on the receptivity problem at M = 0.5, we present
results at the temperature factor T, /T,q = 0.5 that are similar to the case M = 0.02.

Figure 2.37 shows the amplitude factor defined in Eq. (2.94) as a function of the param-
eter k.

Figure 2.38 shows variation of normalized |A| along the roughness element for two vor-
ticity modes and the entropy mode at k = 2, § = 8;, M = 0.5, and T,,/T,q = 0.5. The
variation of the coefficient is about 1%, as in the previous case, and one can consider the
receptivity problem within the parallel flow approximation.

Figures 2.39 and 2.40 demonstrate the streamwise velocity contour plots in the case of
an adiabatic wall at M = 0.5. The nonparallel flow effect on temperature perturbations at
M = 0.5 (adiabatic wall) is illustrated by figures 2.41 and 2.42. Figures 2.43 through 2.46
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Figure 2.32: Amplitude factor [Eq.(2.94)] at ZTaown = 6.48l,. M = 0.02, adiabatic wall.
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Figure 2.33: Variation of normalized |A| along the roughness element for two vorticity modes.
M = 0.02, adiabatic wall.
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Figure 2.34: Contours of u x 10* at Zgown = 6.481,. M = 0.02, adiabatic wall.
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Figure 2.35: Difference (times 10°) between streamwise velocity perturbations obtained
within parallel and nonparallel flow models. M = 0.02, adiabatic wall.
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Figure 2.36: Integral N for two vorticity modes at M = 0.02, adiabatic wall.
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Figure 2.37: Amplitude factor [Eq.(2.94)] at Zaown = 6.48l,. M = 0.5, T\, /T,q = 0.5. A and
B - two vorticity modes, E - entropy mode.
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Figure 2.38: Variation of normalized |A| along the roughness. M = 0.5, T,,/T,q = 0.5. A
and B - two vorticity modes, E - entropy mode.
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Figure 2.39: Contours of u x 10* at Zgou, = 6.481,. M = 0.5, adiabatic wall.

Figure 2.40: Difference (times 10°) between streamwise velocity perturbations obtained
within parallel and nonparallel flow models. M = 0.5, adiabatic wall.
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Figure 2.41: Contours of § x 108 at Zaown = 6.48l,. M = 0.5, adiabatic wall.

10 T T T T T

7 —0.277
61 4
> 5 1

.277

No

Figure 2.42: Difference (times 10°) between temperature perturbations obtained within par-
allel and nonparallel flow models. M = 0.5, adiabatic wall.
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Figure 2.43: Contours of u x 10* at Zgpn = 6.48l,. M =05, T,,/T,q = 0.5.

Figure 2.44: Difference (times 10°) between streamwise velocity perturbations obtained
within parallel and nonparallel flow models. M = 0.5, T,, /T,4 = 0.5.
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Figure 2.45: Contours of § x 10* at Zypn = 6.481;. M = 0.5, T,,/T,q = 0.5.
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Figure 2.46: Difference (times 10°) between temperature perturbations obtained within par-
allel and nonparallel flow models. M = 0.5, T,, /T,q = 0.5.
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Figure 2.47: Integral N for two vorticity modes and the entropy mode at M = 0.5, T, =
0.5.

illustrate the nonparallel flow effect at M = 0.5 and the temperature factor 0.5. In these
examples, the results were obtained using the vorticity and entropy modes. In order to avoid
overlapping of the vorticity and entropy spectra and to simplify the computations, we use a
small non-zero frequency (w = 1075) as was described in [Tum07].

Similarly to the example at M = 0.02, we plot in figure 2.47 integral N for two vorticity
modes and the entropy mode at M = 0.5 and T,,/T,4 = 0.5. One can see that in this case
the nonparallel flow effects also do not have a significant effect on the integral.

Conclusion

To our knowledge, this is the first example when the weakly nonparallel flow effects are con-
sidered for modes of the continuous spectra. Although the results obtained with nonparallel
flow effects included are quantitatively different (up to 10% in the wake velocity perturbation)
from the results obtained in [TRO5] and [TumO06b] within the parallel flow approximation,
the qualitative structure of the flow field downstream of the roughness element remains the
same. Analysis of the nonparallel flow effects in subsonic boundary layers over a flat plate
revealed that one can take them into account just by evaluation of the eigenfunctions at the
local Reynolds number downstream from the hump.
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2.4.1 Periodic-in-time actuators placed on the wall
Receptivity to periodic-in-time blowing-suction through the wall

As an example of a periodic-in-time actuator, we consider a point blowing-suction through
the wall. For the purpose of illustration, we choose the two examples of flow past a flat plate
analyzed by Balakumar and Malik [BM92]. In the first example, Mach number M = 2 and
dimensionless angular frequency w = 0.02. In the second example, M = 4.5 and w = 0.2.
The free-stream stagnation temperature of 311 K, adiabatic wall conditions, and Prandtl
number, Pr, equal to 0.72 were used for both cases. Viscosity was computed in accordance
with Sutherland’s law. The free-stream velocity, density, and viscosity were used as the
characteristic scales, together with the Blasius length scale, (Vsoo/Us)'/?, where 1o stands
for distance from the leading edge.

Balakumar and Malik [BM92] evaluated the integral in (2.69) by closing the path in the
upper half-plane «, in order to represent the result as a sum of the residue values (input
from the discrete spectrum) and integrals along three branch cuts representing input from
the continuous spectrum. In the present method, we use (2.76) in order to find amplitudes
of the discrete and continuous spectra and substitute them into (2.70). Because the shape
function vy, (z, 2) in equation (2.63a) was chosen as & (z — z0) 6 (2), p(a,8) =1 and C =G,
in (2.76).

Flat plate, M = 2. Balakumar and Malik [BM92] found the receptivity coefficients of
the least stable discrete modes when the eigenfunction was normalized so that the maximum
amplitude of the streamwise velocity component was equal to one. Their results for discrete
modes and comparisons with the present method are presented in tables 2.1 and 2.2 for # = 0
and 3 = 0.08, respectively. One can see that results of the present work and of [BM92] agree
well, except for the second discrete mode in table 2.2.
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Table 2.1: Flat plate. M =2, T, = 311 K, Pr = 0.72, Re = 1000, w = 0.02, 5 = 0.

Balakumar and Malik[BM92] the present work
a |G| o |Gy
(3.733 x 1072, -3.696d x 107%) 2.2079 x 10~2  (3.733 x 1072, -3.696d x 10~4) 2.2096 x 102
(2.841 x 1072,2.619 x 10~2) 1.1448 (2.844 x 1072,2.617 x 10~2) 1.1242
(—9.670 x 1072,4.206 x 10~2) 0.7527 (—9.671 x 102,4.206 x 10~2) 0.7535

(4.366 x 1072,4.495 x 1072)  4.7175x 102 (4.366 x 1072,4.495 x 10~2)  4.7259 x 10~2

Table 2.2: Flat plate. M = 2, T, = 311 K, Pr = 0.72, Re = 1000, w = 0.02, 8 = 0.08
Balakumar and Malik[BM92] the present work
o |G, « G|
(4.077 x 1072, —2.384 x 10%)  0.2333 (4.078 x 1072, —2.384 x 1073)  0.2335
(2.035 x 1072,1.751 x 1072)  11.9667 (2.062 x 1072,1.699 x 10~2)  4.67364
(4.382x 1072,4.453 x 1072)  0.2193  (4.383 x 1072,4.453 x 1072)  0.2191
(—6.637 x 1072,7.634 x 1072)  0.7404 (—6.638 x 1072,7.634 x 10~2)  0.7406

Figure 2.48 shows the real and imaginary parts of the eigenvalue, a, (8) and «;(f3),
respectively, together with the receptivity coefficient G, (3) for the unstable mode at Re =
1000. One can compare the results with figure 6 of [BM92] to conclude that there is a good
agreement. The method of the Section 2.3.2 is also convenient for parametric studies. Figure
2.49 shows the contour plot of the receptivity coefficient for a perturbation having frequency
parameter F' = w/Re = 20 x 10~%. The contour plots of ¢, and «; in the (Re, 8) plane are
presented in figure 2.50.

It is interesting to compare the results for continuous spectra obtained within the present
work with the results of [BM92]. The eigenmodes of the continuous spectrum are oscillating
outside the boundary layer. Their asymptotic behavior is ~ exp (Fiky), where k is a real
parameter. Figure 2.51 shows the branch cuts in the complex plane «a associated with the
continuous spectrum. Branch cuts 1 and 3 in figure 2.51 represent the fast (FA) and slow
(SA) acoustic modes, respectively. Branch cut 2 actually represents (indistinguishable in the
plot scale) two branch cuts associated with the entropy and vorticity modes [Tum06c].

Numerical evaluation of integrals in (2.70) associated with the acoustic modes was done
with the help of the trapezoidal formula on a finite interval [0, kpqz] with 320-640 steps. The
parameter k,,,, was varied up to 6 to verify independence of the results from the interval and
number of steps. Figure 2.52 shows inputs from the fast and slow acoustic modes (branch
cuts 1 and 3, respectively) to the real part of the normal velocity component, v,, at distances
z — xo= 250, 500, and 750. The peaks in the velocity distributions correspond to the Mach
wave. One can compare the results of figure 2.52 with the results in figures 19 and 21 of
[BM92] and conclude that they are in agreement. One can also notice from figure 19 of
[BM92] that there are oscillations of the solution above the Mach wave, whereas our results
in figure 2.52 demonstrate a quiet region above the Mach wave. We attribute the oscillations
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Figure 2.48: Eigenvalues « and receptivity coefficient |G,| at M = 2, w = 0.02, Re = 1000.
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Figure 2.49: Contour plot of the receptivity coefficient, |G,|, at M = 2, F = 20 x 10~.
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Figure 2.50: Contour plots of real (a) and imaginary (b) parts of the eigenvalue, «, at M = 2,
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Figure 2.51: Branch cuts in the complex plane a at M = 2, w = 0.02, Re = 1000, 3 = 0.
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Figure 2.52: Real part of the normal velocity component resulting from the fast (a) and slow
(b) acoustic waves at & — z locations 250, 500, and 750. M = 2, Re = 1000, w = 0.02, and

B=0.

Table 2.3: Flat plate. M = 4.5, Tp = 311 K, Pr = 0.72, Re = 1000, w = 0.2, 3 =0

Balakumar and Malik|[BM92] the present work
a Gl a G|
(0.220, —3.091 x 1073) 1.7537 x 1072 (0.220, —3.091 x 1073) 1.7537 x 102
(0.221,1.569 x 1072) 9.9071 x 1072 (0.221,1.569 x 1072)  4.8394 x 102
(—0.565,5.559 x 10~2) 0.3878 (—0.565,5.560 x 10~2) 0.3880
(0.560,5.659 x 107!) 6.5089 (0.561,5.659 x 10~1) 6.5166

in [BM92] to not long enough pieces of the branch cuts being included in the evaluation
of the integrals. As it was pointed out in [BM92], the main input to the perturbation is
assoclated with the fast acoustic modes. Figure 2.53 shows the receptivity coefficients of the
fast and slow acoustic modes as functions of the parameter k. The coefficients correspond
to the normalization when the streamwise velocity derivative on the wall is (Ou/ ay)..=1,
One can see that the receptivity coefficients are higher for the fast acoustic mode.

Inputs from the entropy modes and vorticity modes are shown in figure 2.54. Note that
the perturbations have maxima in the vicinity of the boundary layer edge, and they are very
small. These results are different from those reported in [BM92]. They obtained input from
branch cut 2 as a standing-wave-type pattern in the y-direction spreading far away above
the Mach wave (figure 20 of [BM92]). The result is, probably, also attributed to the short
piece of the branch cut used in evaluating of the integrals.

Flat plate, M = 4.5. In this example, we consider perturbations having the frequency
parameter F' = 200 x 107%. Tables 2.3 and 2.4 provide comparisons of the receptivity
coefficients of the least stable discrete modes obtained in [BM92] and in the present work.
The agreement is also good, except for the second mode in table 2.3.
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Figure 2.53: Receptivity coefficients of the fast, FA, and the slow, SA, acoustic modes.
M =2, w=0.02, Re = 1000, 8 = 0, (Ou/dy), = 1.
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Figure 2.54: Real part of the normal velocity component resulting from the entropy and
vorticity modes at £ — zo location 750. M = 2, Re = 1000, w = 0.02, and £ = 0.

Table 2.4: Flat plate. M = 4.5, Ty = 311 K, Pr = 0.72, Re = 1000, w = 0.2, # = 0.12
Balakumar and Malik[BM92] the present work
a |Gl a |Gl
(0.2181,2.969 x 10~%) 1.5405 x 1072 (0.2181,2.974 x 10™4)  1.5413 x 102
(0.2124,1.288 x 1072) 6.1334 x 1072 (0.2124,1.288 x 1072)  6.1341 x 102
(—0.5498,5.684 x 1072) 0.3862 (—0.5499, 5.685 x 1072) 0.3864
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Figure 2.55: Eigenvalues « and receptivity coefficient |G,| at M = 4.5, w = 0.2, Re = 1000.

Figure 2.55 shows the real and imaginary parts of the eigenvalue, «, (3) and «; (f),
respectively, together with the receptivity coefficient G, () for the unstable mode at Re =
1000. One can compare the results with figure 7 of [BM92] to conclude that the results are in
good agreement. Figures 2.56 and 2.57 show the contour plots of the receptivity coefficient
and the eigenvalues, a, and o;, in the (Re, (3,) plane, respectively.

Figure 2.58 shows inputs from the fast and slow acoustic modes at M = 4.5 (branch cuts
1 and 3, respectively) to the real part of the normal velocity component, u,, at distances
z — zo= 250, 500, and 750. The receptivity coefficient of the fast acoustic mode is shown
in figure 2.59. One can compare the result with figure 2.53 to see that in this case, the
maximum is shifted toward the higher values of the parameter k.

Inputs of the entropy and vorticity modes to the velocity perturbation at z = 500 are
shown in figure 2.60. Similarly to the case of M = 2, the inputs are small and the maxima
are located at the edge of the boundary layer.

Discussion of the results

The receptivity of compressible boundary layers to three-dimensional wall perturbations was
solved with the help of the biorthogonal eigenfunction system. The method allows finding
amplitudes of the discrete and continuous spectra. The main result of the present work is
associated with inclusion of the continuous spectra in compressible boundary layers into the
receptivity analysis within the scope of the biorthogonal eigenfunction expansion. In the
case of a periodic-in-time actuator or an array of roughness elements, the continuous spectra
provide correct representation of the Mach waves in supersonic flows. Although each mode
of the continuous spectra is oscillating at y — oo, their sum represents zero perturbations
above the Mach wave. The example with an array of roughness elements in Section 2.3.2 at
M=0.5 illustrates how the modes of the continuous spectra (vorticity and entropy modes)
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Figure 2.56: Contour plot of the receptivity coeficient, |G, |, at M = 4.5, F = 200 x 1076.
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Figure 2.57: Contour plots of real (a) and imaginary (b) parts of the eigenvalue, «, at
M=435, F =200 x 10~%,
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Figure 2.58: Real part of the normal velocity component resulting from the fast (a) and slow
(b) acoustic waves at £ — zo locations 250, 500, and 750. M = 4.5, Re = 1000, w = 0.2, and
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Figure 2.59: Receptivity coefficients of the fast acoustic mode. M = 4.5, w = 0.2, Re = 1000,
B=0, (8u/dy), = 1.
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Figure 2.60: Real part of the normal velocity component resulting from the entropy and
vorticity modes at £ — zo location 500. M = 4.5, Re = 1000, w = 0.2, and = 0.

represent streamwise vortices localized inside the boundary layer. It is also worthwhile to
mention that the results demonstrate that a roughness element on a cold wall creates a
low-speed streak above the wake region. To our knowledge, this phenomenon has not been
addressed in asymptotical or CFD studies. This phenomenon might be associated with a
secondary instability mechanism, and it has to be addressed in the future.

The solution in the present work is based on the parallel flow approximation. This ap-
proximation is valid when the characteristic scale of the perturbation (wave length) is much
smaller than the characteristic scale of the unperturbed flow in the downstream direction.
This condition is violated when the actuator is located close to the leading edge. Tumin,
Wang and Zhong [TWZ06] analyzed results of a direct numerical simulation when pertur-
bations were introduced into a hypersonic boundary layer by periodic-in-time blowing and
suction through a slot. Comparison of theoretical and numerical results for amplitudes of dis-
crete modes generated by the actuator revealed their discrepancy when the slot was located
close to the leading edge.

In the case of three-dimensional boundary layers, roughness elements may generate a
crossflow instability mode (see [RS89, Bip99, SRW03]). Comparison of the receptivity pre-
diction for the discrete mode within the scope of the parallel flow approximation with the
Navier-Stokes solution revealed that nonparallel flow effects reduce the initial amplitude
[CL99]. In order to take into account the nonparallel flow effects, Bertolotti [Ber00] sug-
gested an approach based on the Taylor series for the mean flow in the vicinity of the
roughness element. Comparison of the receptivity coefficients obtained with the help of
the model with the values obtained from the solution of linearized Navier-Stokes solutions
demonstrated their good agreement. In principle, this approach can be incorporated into
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the method discussed in the present work.

Results of the present work are also based on the assumption that the denominator in
(2.72) is not equal to zero. Fedorov and Khokhlov [FK01] showed that the denominator is
equal to zero at the branching point of discrete modes. They also showed [FKO02] that it
might be of practical importance in high-speed boundary layers on a cold wall. In this case,
the nonparallel flow effects are to be taken into account in order to resolve the singularity.

In the present method, an adjoint solution serves as a filter to find the amplitude of a mode
(see equation 2.72). Hill [Hil96] and Herbert [Her97] suggested using adjoint parabolized
stability equations (APSE) for receptivity prediction when the nonparallel flow effects are
essential. Luchini and Bottaro [LB98] used the same idea for analysis of the receptivity of
the Gortler instability. They calculated Green’s function from the solution of the parabolic
adjoint problem by marching upstream. Later on, a number of publications (see [AWBO0O0,
CD00, DCO00, Air00, PAHH00, AWB02]) demonstrated how the APSE can be used to predict
the receptivity of boundary layers to a variety of forcing. The method is suitable to determine
the amplitude of an instability mode (the leading mode) that is usually of interest. However,
as was discussed by Fedorov and Khokhlov [FK01], decaying modes in high-speed boundary
layers may be an important element of the laminar-turbulent transition scenario as well.
At the present time, it is not clear how accuratly the APSE approach can determine the
amplitudes of the decaying modes. In addition, the APSE method in its present formulation
does not provide a tool for the prediction of amplitudes of modes belonging to continuous
spectra, whereas the adjoint method in the parallel-flow approximation has the capability to
address decaying modes of discrete and continuous spectra. The local parallel approximation,
together with the extension suggested by Bertolotti [Ber00], probably will be an adequate
tool to analyze the decaying discrete modes and modes of the continuous spectra when the
nonparallel flow effects are significant.
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2.5 Multimode decomposition of perturbations in a
compressible boundary layer

This section is based on the paper published in collaboration with P. Gaydos [GT04].

2.5.1 Introduction

The progress being made in computational fluid dynamics (CFD) provides an opportunity
for reliable simulation of such complex phenomenon as laminar-turbulent transition. The
dynamics of flow transition depends on the instability of small perturbations excited by
external sources. CFD provides complete information about the flow field, which would be
impossible to measure in real experiments. However, this increase in available information
does not furnish a physical insight of the transition because the leading mechanisms still
remain hidden behind a messy disturbance field. Sometimes, a flow possesses a few instability
modes that are equally significant in the transition process, and it might be desirable to
distinguish the dynamics of each mode in the complex non-steady flow field. Figure 2.61
illustrates the dependence of the real parts of wave numbers of the first and the second
discrete modes on the local Reynolds number, R = /p.Uz/p,, in a hypersonic boundary
layer over a sharp cone, where pe, p, and U, are density, viscosity, and mean velocity at
the edge of the boundary layer. The coordinate z is measured along the surface of the
cone, and the wave numbers are dimensionless with the help of the length scale \/ju.z/p.U..
In this example and what follows, the boundary layer solution was obtained with Mangler
transformation from a planar to a conical configuration. The frequency parameter is F =
150 x 107%, and the Mach number is equal to 5.6. One can see that there is a synchronism
of these two modes in the vicinity of R = 1600. The synchronism is not absolute because
the eigenvalues, «, have small but different imaginary parts. Nevertheless, the complex
wave numbers are very close, and figure 2.62 demonstrates that the mode shapes are very
close as well. In simple words, one has to recognize these modes in the presence of acoustic,
vorticity and entropy modes and separate them from one another. Consequently, the problem
of decomposing the flow fields into normal modes arises. Because CFD provides complete
information about the flow field, one can expect that the decomposition may be formulated
as a rigorous procedure.

79



Cone. M_= 56 Adiabatic wall F = 150:10°

040

€354

G 30~

025~

(53

028 4

015 +4

010

€05 4

¥ T T T T L T T ¥
200 400 B0C 800 1000 1200 1400 160C 1800 2000
R

Figure 2.61: Wave numbers of two discrete modes.
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Figure 2.62: Profiles (normalized to 1) of the discrete modes at R = 1600. Eigenvalues of
the first and the second modes are a; = 0.2627 + 0.02269 and oy = 0.2603 — 70.00494,

respectively.
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2.5.2 Outline of the method
Governing equations and formal solution to the spatial Cauchy problem

We analyze two-dimensional perturbations in a two-dimensional compressible boundary
layer, and the boundary layer is considered in the parallel flow approximation. After Fourier
transform with respect to time, the linearized Navier-Stokes equations are recast in the
following matrix form:

0 0A 0A 0A
L i e .
81/ ( 0 ay) + In 61/ H,A + H, oz (2 96)

where Lo, L1, Hy, and H; are 9 x 9 matrices. Their non-zero elements are presented in A.4.
The vector-function, A(z,y), is defined with the help of the streamwise and normal velocity
perturbations, u and v, respectively, pressure perturbation, 7, and temperature perturbation,
0.

A = (u,0u/dy,v,,0,00/dy, du/dz,dv/dx,d0/0z)" (2.97)

The boundary conditions are a no-slip condition on the wall and decaying perturbations
outside the boundary layer.

For the purpose of clarity, we briefly recapitulate the main ideas of [TF83b]. The Cauchy
problem for (2.96) with initial data at © = 0 is ill-posed. The latter is associated with
possible upstream influence of the downstream boundary of the domain. However, if there
is no evidence of the upstream impact, one can assume that the solution has a finite growth
rate along the coordinate z.

Assuming that the solution has a finite growth rate, we apply the Laplace transform with
respect to :

Asly) = /A(x,y)e"’"dx (2.98)
0

As a result, we arrive at the following inhomogeneous system of ordinary differential equa-
tions:

d dA dA

|| Tar——P =lled N o =F

dy( "y )*Ll e ats (2.99)
F = —-HA,

where vector-function Ag stands for the initial data at z = 0. A homogeneous system of
equations corresponding to (2.99) can be recast in the form

— = H, :

dy 0Z (2 100)
where Hp is a 6 x 6 matrix (see A.4) and z is a vector-function comprised of the first
six elements of vector-function A,. The system of equations (2.100) has six fundamental
solutions, z1(y), 22(¥),---, z6(y). Because their properties will be used in further analysis, we
shall discuss them in detail.
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Classification of the fundamental solutions stems from their behavior outside the bound-
ary layer, where U,(y) = 1, T,(y) = 1, and derivatives of the mean flow profiles are equal to
zero. Solutions of (2.100) outside the boundary layer have an exponential form as 2 exp();y).
For y — 00, the characteristic equation

det||Ho — AI|| =0 (2.101)
can be written in the explicit form

(bu = )\2) X [(bzz = )\2) (bsa == )\2) = b23b32] =0,
bll = Hgla
by = H?H3* + HEEH3* + HiSHE,

2.102
bas = HHy® + Hy*Hy® + H HY, L
bs2 = Hp*,
bss = Ho"

where elements of matrix Hp are evaluated at y — oco. The roots of equation (2.102) are

/\?,2=b11 =a2+iR(a—w),

bae + b, 1

Ny = % -3 (baz — bss)” + 4basbsa, (2.103)
b2 + b 1

Mg = iz_as + 5\/(1)22 — bg3)” + 4basbsy

Solution of the inhomogeneous system of differential equations (2.99) can be expressed in
terms of the fundamental solutions z,(y), z2(y),..., ze(y) with coefficients depending on the
initial data Ag. The inverse Laplace transform could be presented as a sum of residue
values at poles corresponding to the modes of discrete spectrum and a sum of integrals along
branch-cuts in the complex plane p. These branch-cuts are associated with the continuous
spectrum, and they can be found from equations

N=—k, j=1,.,6 (2.104)
where k is a positive parameter. In the case of the spatially growing disturbances, there
are seven branches of the continuous spectrum. This number stems from the fact that the
characteristic equation represents a polynomial of seventh order with respect to the wave
number, « = #p (the continuity equation has the first derivative with respect to z, the two
momentum equations and the energy equation have second derivatives with respect to ).
Particularly, indices j = 1 and 2 correspond to the vorticity modes, whereas the others
correspond to the acoustic and entropy modes [depending on the branch of the square root
in Eq. (2.103)]. The classification of the modes follows from their properties outside the
boundary layer (one can find discussion of the properties of vorticity, entropy and acoustic
modes in [Pie89]).
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Figure 2.63: Branches of the continuous spectrum in the complex plane a.
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Figure 2.64: Branches of the continuous spectrum in the complex plane a.

Figure 2.63 demonstrates branches of the continuous spectrum at local Mach number
M, = 0.5 in the complex plane a@ = ip. Figure 2.64 shows the branches in the case of
a supersonic flow (M, = 2). In both examples the dimensionless frequency was chosen
equal to 1. The relatively small Reynolds numbers are chosen for purpose of the illustration
only (the Mach numbers on the illustrations are the same as in [TF83b]). One can see
that there are three modes having negative imaginary parts of . They are associated
with upstream perturbations. The other four modes correspond to the downstream modes.
One of the branches has a limiting point as parameter k tends to infinity. Although the
limiting point exists at significantly high positive values of «; that are usually not of interest,
we demonstrate the structure of the branches for completeness of the illustration. The
branches can be interpreted as acoustic, entropy, and vorticity modes in accordance with
their properties outside the boundary layer. Note that the branch having a limiting point
in the upper half-plane was calculated incorrectly in [TF83b]. The correct behavior of this
branch was found by D. E. Ashpis (private communication, 1993). However, the error was
associated with strongly decaying modes, and it did not affect the main result and conclusions
of [TF83b].

Biorthogonal eigenfunction system

It was shown in [TF83b] that the formal solution of the spatial initial-value problem could
be represented as a sum of the continuous and discrete spectra. The direct and the adjoint
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problems corresponding to these modes (A, and B,, respectively) are the following:

i (Lo‘m—a) + L1 dAa o H]Aa + iaHgAa

dy \ " dy ay (2.105)
y=0: Ag1 = Az =Aos =0

y—o00: |Agjl <o0

& (Lgﬁ@> - L,TdB" = H{B, + iaH; B,

dy ay ay (2.106)
y=0: Ba=Bu=Bsxs=0

y—00: |Bgj| <o

In the definition of the adjoint problem, we do not introduce the complex conjugate due to
the convenience associated with a numerical realization. The subscript « indicates that the
mode is associated with the wave number.

The system of equations (2.105) can be recast in the form of Eq. (2.100), whereas Eq.

(2.106) can be recast as
Y _.r
—=HY 2.107
dy 0 ( )
We have found relationships between components of vectors B and Y with the help of
Mathematica [Wol99] (see A.5).

The following orthogonality condition exists:
9 oo
(HiAoBa) =Y [ (HiAo), Busdy = Qo (2.108)
j=l 0

where A,  is the Kronecker symbol if « or o’ belongs to the discrete spectrum, and A, o =
d(a — ') is the delta function if both o and ¢ belong to the continuous spectrum. The
coefficient @ on the right-hand side of (2.108) depends on normalization of A ,(y) and B,(y).

If we have a vector function Ag(y) (for example, from a computational study), we can
find the amplitude of a mode as follows:

Co = (H2A0,B,) / (H2A0,B,) (2.109)

An example of two discrete modes is given in figure 2.62. Examples of the acoustic modes
in the boundary layer over a cone R = 1600 and F' = 150 x 10~ are shown in figure 2.65.
The parameter k in these examples is equal to 1 and the normalization of the modes was
defined by the equation du/dy = 1 on the wall.

Examples of the multimode decomposition

We consider two examples. The first one is an emulation of the analysis of a flow field
obtained by means of a computational method, i.e. all parameters of the flow are assumed
to be known at a prescribed station z. The second example will be an emulation of the
decomposition of ‘experimental’ data. Details of the numerical methods are presented in
[FT03].

85



M, = 5.6; R = 1600; F = 150<10"; k = 1

1.04 / e e -
,\' SR S urk
054/~ 1\ S
¥ 7% g
0.0 A% o UDr Ll W IR
N A/
-0.5 il ,
] b o Fast Acoustic Mode
1.0 h
S B e e T SRS
0 5 10 15 20 25 30
y

Figure 2.65: Streamwise velocity component of acoustic modes.
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Figure 2.66: Real and imaginary parts of the combined flowfield (two discrete modes, vor-
ticity and acoustic).

‘CFD’ Flow Field

Figure 2.66 gives an example of a flow field, Ao(y), comprised of two discrete modes (figure
2.62) with amplitudes C; = 1 and C; = —1, acoustic and vorticity modes, respectively.
The sum of the discrete modes only is shown in figure 2.67. It is very difficult to imagine
presence of the discrete modes in the total flow field. The phase shift between the modes
was chosen to illustrate how interpretation of the flow field might be complicated. The
decomposition procedure, Eq. (2.109), leads to the coefficients C; = 1.0018+ i1.58¢ —03 and
Cy = —0.9997 — 1.59¢ — 04. The negligible discrepancy with the actual values is attributed
to the accuracy of the numerical evaluation of the integrals.

Evaluation of the coefficient Q in Eq. (2.108) in the case of the discrete spectrum is
straightforward: numerical integration on the interval [0, ymax] and analytical calculation
on the interval [ymax,00). In the case of the continuous spectra, the coefficient Q can be
found with the help of the asymptotic solutions outside of the boundary layer. An outline
of the evaluation is given in [Tum03]. We would like to point out that the coefficient Q and,
therefore coefficients C;, depend on the normalization of the biorthogonal eigenfunction
system. However, the product of the coefficients and the eigenfunctions A, is invariant with
respect to the normalization.

‘Experimental’ Flow Field

In the previous example, all components of the vector Ay(y) were known. If, for some reason,
one can expect that only a few modes are responsible for the total signal measured in the
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Figure 2.67: Real and imaginary parts of the combined flowfield (two discrete modes only).
Compare magnitudes of the functions in figures 2.66 and 2.67.

experiment, this a priori information also can be helpful in decomposing the experimental
flow field. The assumption about the main input from specific modes actually allows recovery
of the other components in the vector Ag(y) with unknown coefficients. For example, we
have ‘experimental’ data for the z-velocity component as in figures 2.68 and 2.69 (amplitude
and phase of the streamwise velocity perturbation corresponding to figure 2.67). If there is a
priori information that the data are comprised of two discrete modes associated with wave
numbers «; and «y, one can represent the vector Ag(y) as follows:

Ao(y) = (u,C1Aq, + CrAq;1,CiAns + CoAnya, C1Ags + CoAg,s,
ClAa14 + CzAc,24, C]Aal5 + CzAa25, ClAalﬁ + CzAa26, (2110)
C1Aa7 + CoAn,7,C1Aq 8 +C2Ans, CrAg e + CaAgys)
where A,;m stands for the m-th component of the vector By At the same time, the a

priori information suggests that the vector Ag(y) can be represented also as a sum of these

two modes
Ao (y) = C1A,, (y) + CrA,, (y) (2.111)

From the orthogonality condition, one can obtain

<H2A0, Boq) = C'l (H2Aaz1 ) Bal)

2.112
(B B, By = O (B ) &l

Substitution of Ag(y) from Eq. (2.110) into Eq. (2.112) leads to a system of algebraic
equations for C; and Cz. This decomposition procedure has been applied to data in figures
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Figure 2.68: Experimental streamwise velocity disturbance amplitude distribution across the
boundary layer.

2.68 and 2.69 and the coefficients C; and C, were found as 1.00002 + 71.16e — 04 and
—0.999996 +i1.65e — 06, respectively. Because the experimental data might be contaminated
by noise or by other modes that were not included into the decomposition, one has to carry
out a posterior: comparison of the measured and recovered profiles in order to estimate
consistency of the decomposition with the a priori information/assumption.

Conclusion

The formulated method of multimode decomposition might be very helpful for the analysis
of computational results related to laminar-turbulent transition in compressible boundary
layers. Although the present formulation deals with two-dimensional disturbances and two-
dimensional boundary layers, the orthogonality relationship can be easily extended to a
general case of three-dimensional perturbations when the boundary layer flow is indepen-
dent of the spanwise coordinate (for example, infinite swept wing flow). In this case, the
Fourier transform with respect to the spanwise coordinate can be employed and the orthog-
onality condition can be formulated for the modes having the same spanwise wave number.
The method might be also useful in the analysis of real experimental data when a priori
information about the modes is available.
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Figure 2.69: Experimental streamwise velocity disturbance phase distribution across the
boundary layer.

90



2.5.3 Application of the decomposition to DNS results

This section is based on the paper published in collaboration with X. Wang and X. Zhong
[TWZ07).

Introduction

The objective of the present section is to demonstrate how the multimode decomposition
may serve as a tool for gaining insight into the computational results and to validating them
as well. As an example, the direct numerical simulations (DNS) of high-speed boundary layer
receptivity to wall blowing-suction are chosen for the analysis [WZ05]. The perturbation flow
field obtained in the DNS is projected onto the spatially growing/decaying modes of discrete
and continuous spectra at a prescribed frequency. In addition, the filtered-out amplitudes of
two discrete normal modes and of the fast acoustic modes are compared with ones predicted
by the linear receptivity theory.

Numerical approach

A numerical simulation was carried out by Wang and Zhong [WZ05] to determine the re-
ceptivity of a Mach 8.0 flow over a sharp wedge to wall blowing-suction through a slot on
the wedge surface. The wedge had a half-angle of 5.3°. The freestream parameters were: ve-
locity U, = 1181.7 m/s, density po = 0.0247 kg/m®, and temperature To, = 54.78 K. Such
a hypersonic boundary-layer flow had been numerically studied by other researchers. Malik
et al. [MLS99] solved the linearized Navier-Stokes equations to investigate the responses of
the flow to three types of external forcing. Ma and Zhong [MZ03c] studied receptivity mech-
anisms of the same flow to various freestream disturbances by solving the two-dimensional
compressible Navier-Stokes equations. In the current simulation, we extend the study to
the receptivity mechanism of the hypersonic boundary layer to wall blowing-suction distur-
bances.

In our simulation, the Mach 8 flow is assumed to be thermally and calorically perfect.
The governing equations for the simulation are the two-dimensional Navier-Stokes equations
in the conservative form, i.e.,

ou

0 0
T EE(FH +F1) + a—zz(in +F3,) =0, (2.113)

where U is a vector containing the conservative variables of mass, momentum, and energy,
i.e.,

U = {p, pu1, pua, e}. (2.114)

The flux vector in (2.113) is divided into its inviscid and viscous components, because the
two components are discretized with two finite difference schemes: F,; and F,; are inviscid
flux vectors, whereas F,, and F,, are viscous flux vectors. The flux vectors can be expressed
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pu;
puit; + poy;
j DT , 2.115
g Purt; + poa; ( )
uj(e +p)
0
= =13
Fj = T : (2.116)
ar
—TnjUn — K‘B_::j
with j,n € {1,2}. In the perfect gas assumption, pressure and energy are given by
p= pRT, (2.117)
e = pc,T + B(uf + u3), (2.118)

2

where ¢, is the specific heat at constant volume. For compressible Newtonian flow, the
viscous stress tensor can be written as

Ou; Ouj, 2 Ou,

Ty = +=2) — S

= “(axj 6.7:,~) 35z,

for 4,5,m € {1,2}. In the simulation, the viscosity coefficient, u, and the heat conductivity
coefficient, x, are calculated using Sutherland’s law together with a constant Prandtl number,
Pri=072,

The fifth-order shock-fitting method of Zhong [Zho98] is used to solve the two-dimensional
Navier-Stokes equations in a domain bounded by the bow shock and the wedge surface. The
bow shock is treated as a boundary of the computational domain, which makes it possible
for the Navier-Stokes equations to be spatially discretized by high-order finite difference
methods. Specifically, a fifth-order upwind scheme is used to discretize the inviscid flux
derivatives. Meanwhile, the viscous flux derivatives are discretized by a sixth-order central
scheme. The Rankine-Hugoniot relation across the shock and a characteristic compatibility
relation from the downstream flow field are combined to solve the flow variables hehind the
shock. By using the shock-fitting method, the interaction between the unsteady perturba-
tions and the bow shock is solved as part of the solutions, with the position and velocity of
the shock front being taken as unknown flow variables. A three-stage semi-implicit Runge-
Kutta method is used for temporal integration, where the time step size is obtained based
on CFL number and grid size.

The steady base flow is computed by solving (2.113) with a combination of the fifth-
order shock-fitting method and a second-order TVD scheme. In the leading edge region, there
exists a singular point at the tip of the wedge, which will introduce numerical instability if the
fifth-order shock-fitting method is used to simulate the flow. Therefore, the computational
domain for the shock-fitting simulation starts from a very short distance downstream of
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the leading edge. A second-order TVD scheme is used to simulate the steady base flow
in a small region including the leading edge to supply inlet conditions for the shock-fitting
simulation. The steady base flow simulation is advanced in time until the last pair of solutions
separated by a finite time interval can be considered as identical within a specified tolerance.
For unsteady simulations, blowing-suction disturbances are introduced in a downstream
region where the shock-fitting method is used. The subsequent responses of the hypersonic
boundary layer are simulated with the fifth-order shock-fitting method to achieve a periodic-
in-time flow field (large time asymptote of perturbation calculations).

For the simulation of steady base flow, the wall is adiabatic, and the physical boundary
condition of velocity on the wedge surface is the non-slip condition. When periodic-in-time
blowing-suction disturbances are enforced on the steady base flow, the isothermal temper-
ature condition is applied on the wall. This temperature condition is a standard boundary
condition for theoretical and numerical studies of high-frequency disturbances. Meanwhile,
a non-slip condition is applied on the wall, except for the forcing region. Inlet conditions
are specified, while high-order extrapolation is used for outlet conditions because the flow is
supersonic at the exit boundary, except for a small region near the wedge surface.

In the current study, the coordinate z is defined as the distance measured from the tip
of the wedge, whereas the coordinate y is the normal distance from the wall. The blowing-
suction slot is simulated by the periodic-in-time boundary conditions for the perturbation
of the mass flux on the wall, which can be written as follows:

15

pv = qog(l) ZSin(wnt), (2.120)

n=1
where ¢p is an amplitude parameter and w, is the circular frequency of multi-frequency
perturbations. In (2.120), g (I) is the profile function defined as

20.2505 — 35.437504 + 15.18750 <1):
g(l){osl 35.437504 + 15.18752, (1<1); o)

—-20.25(2 — 1)° + 35.4375(2 - 1)* —15.1875(2 = )2, (I>1).

The variable [ in (2.121) is a non-dimensional coordinate defined within the blowing-suction
slot:
2 (.’L = .’L',')

gl e

y  mEuEng (2.122)
where z; and z. are the coordinates of the leading and the trailing edges of the slot, re-
spectively. The amplitude distribution, g (), is shown in figure 2.70. Numerical simulations
reveal that there is no difference in the results if surface blowing-suction is specified by the
perturbation in the y-velocity only. This is due to the fact that the weak perturbation is in
the linear region. The corresponding velocity perturbation at y = 0 is

15 15
v(2,1) = vul(z) 3 sin(wat) = p"" (1) S sin(wnt), (2.123)
n=1 W n=1
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Figure 2.70: Amplitude distribution of the blowing-suction slot.

where p,, is density of the unperturbed flow on the wall. In the theoretical analysis we
utilize (2.123) as the boundary condition simulating the actuation.

As had been mentioned above, the steady base flow is simulated with a combination
of a fifth-order shock-fitting finite difference method and a second-order TVD scheme. In
the leading edge region, there exists a singular point at the tip of the wedge, which will
introduce numerical instability if the fifth-order shock-fitting method is used to simulate the
flow. Therefore, the computational domain for the fifth-order shock-fitting method starts
at = 0.00409 m and ends at £ = 1.48784 m. In actual simulations, the computational
domain is divided into 30 zones, with a total of 5936 grid points in the streamwise direction
and 121 grid points in the wall-normal direction. Forty-one points are used in the buffering
region between two neighboring zones, which proved to be sufficient to make the solution
accurate and smooth within the whole domain. An exponential stretching function is used
in the wall-normal direction to cluster more points inside the boundary layer. On the other
hand, the grid points are uniformly distributed in the stream-wise direction.

For the first zone of the shock-fitting calculations, the inlet conditions are obtained from
the results of the second-order TVD shock-capturing scheme, which is used to simulate the
steady base flow in a small region including the leading edge. For other zones, inlet conditions
are interpolated from the results of the previous zone. Figure 2.71 shows the wall-normal
velocity and density contours near the leading edge of the steady base flow obtained by the
second-order TVD scheme and the fifth-order shock-fitting method. The flow field including
the leading edge is simulated by the TVD scheme, while the flow field after z = 0.00409
m is simulated by the shock-fitting method. It shows that wall-normal velocity and density
contours have good agreement within the buffering region, which indicates that the TVD
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Figure 2.71: Wall-normal velocity and density contours near the leading edge of the steady
base flow obtained by a combination of a fifth-order shock-fitting method and a second-order
TVD scheme.

solutions are accurate for use as inlet conditions for the fifth-order shock-fitting simulation
in the first zone.

In our simulations, three sets of grid structures are tested to check the grid indepen-
dence of the numerical results. As an example, figure 2.72 compares the temperature con-
tours of the steady base flow in zone 10, simulated using the three sets of grids. It shows
that the three contours agree well in the domain despite the increases in grid points. This
figure indicates that the simulation results are converged in both the z and y directions.
Figure 2.73 shows the streamwise velocity and temperature profiles in the wall-normal di-
rection at the location of z = 0.62784 m. The current numerical solutions are compared
with the self-similar boundary-layer solutions. In the figure, velocity and temperature are
non-dimensionalized by corresponding freestream values, while the y coordinate is non-
dimensionalized by /%t /pooUs. This figure shows that the properties of the current
numerical simulation agree very well with those of the self-similar boundary-layer solution.
In unsteady simulations, the amplitude of blowing-suction is at least one order of magnitude
larger than the maximum numerical noise and it is small enough to preserve the linear prop-
erties of the disturbances. Figure 2.74 compares dimensionless amplitude along the wedge
surface of a pressure perturbation at the frequency of 149.2 kHz. The solid line and trian-
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Figure 2.72: Comparison of temperature contours of the steady base flow in zone 10 simulated
using the three sets of grids.

gular symbol represent the numerical results simulated using grid structures of 241 x 176
and 241 x 121, respectively. The agreement between the two distributions of perturbation
amplitude indicates that the grid independence of unsteady simulation is achieved. All these
three figures show that the grid structure of 241 x 121 used in the current simulation is
enough to ensure grid-independent numerical simulations.

For the purpose of the multimode decomposition, fast Fourier transform (FFT) of the
perturbation field is carried out downstream from the slot at distance Zgq,. The time
duration of simulation data used for FFT analysis is one period of the base frequency. Seven
cases with different z;, z., and Zgq, are considered in the present work. In all cases, the
width of the slot, w = z. — x;, is kept equal to 1.2 cm. Coordinates of the slot center, .,
and the coordinates Z4,:, are presented in table 2.5.

Figure 2.75 shows an example of the streamwise velocity amplitude distributions obtained
in the numerical simulation for case 1. The velocity is scaled with the edge velocity, U, =
1167.3 m/s, and the distance from the wall is scaled with H = 0.1251 mm. The length scale
H is defined as v/Zdata oo / PooUso-

The boundary layer thickness dg9 (distance from the wall where the local velocity U =
0.99U,) is given in table 2.5. As follows from the table, the ratio dgg/H is about 19.5 in all
cases.

The contours of the instantaneous pressure perturbation induced by blowing-suction dis-
turbance at frequency 5 x 14.92 kHz are shown in figure 2.76 (case 2). After the blowing-
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Case T
(m)
1 0.10772
2 0.40784
3  0.05784
4 0.15784
5  0.20784
6 0.25784
7 0.30784

Zdata
(m)
0.12784
0.42784
0.07784
0.17784
0.22784
0.27784

0.32784

go X 105
(kg/sm?)
0.125188
0.054453
0.214139
0.096130
0.080666
0.070759

0.063745

H
(mm)
0.1251
0.2289
0.09764
0.1476
0.1670
0.1845

0.2004

dgg
(mm)
2.437
4.452
1.901
2.875
3.250
3.590

3.900

11

11

10

aer

as,»H
+1.07 x 107!
-3.38x 1074
+1.17 x 102
-1.98 x 10—3
+8.54 x 102
+5.77 x 1076
+1.13 x 10!
-1.14 x 1073
+1.14 x 107!
-1.28 x 1073
+1.10 x 10!
—6.05 x 10~
+1.19 x 10!
—2.43x 1073

Ofp,-H
QF.’H
+9.91 x 1072
+2.73 x 1073
+1.15 x 107!
+6.92 x 102
+7.19 x 10~2
+8.16 x 1074
+1.09 x 10!
+6.75 x 1073
+1.10 x 107!
+6.63 x 1072
+1.05 x 107!
+6.89 x 1072
+1.19 x 107!
+7.55 x 103

Table 2.5: Coordinates of the slot center, z., and of the station, Z4q:,, where data were
provided for the decomposition; the amplitude parameter ¢y in (2.120); the length scale H
corresponding to the considered examples; the local boundary layer thickness, dgg; the real
and imaginary parts of the eigenvalues corresponding to the slow and fast discrete modes, g
and «p, respectively. The presented eigenvalues correspond to frequencies (N — 1) x 14.92
kHz, where N is given in the table.
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Figure 2.75: Amplitude distribution of the streamwise velocity component at z = 244, and
frequency (N — 1) x 14.92 kHz for case 1.
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Figure 2.76: Contours of the instantaneous pressure perturbation induced by blowing-suction
disturbance at frequency 5 x 14.92 kHz for case 2.
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suction slot, the excited pressure perturbations are divided into two branches: one branch
penetrates the boundary layer and propagates along the Mach lines (acoustic waves) while
the other branch stays within the boundary layer, which is the instability mode (mode S
in terminology of the results’ part of this section), indicated by the typical wave structures
near the wall.

Theoretical analysis

The theoretical analysis of the numerical results in the present work includes two steps. The
first one is the decomposition of the perturbation field obtained in the computational part of
the work into normal modes (projection onto the basis comprised of the eigenfunctions of the
continuous and discrete spectra). The second step is the receptivity problem solution with
the blowing-suction on the wall defined by (2.123) and comparison of the found amplitudes
with those filtered out from the computational results.

The multimode decomposition of two-dimensional perturbations in compressible bound-
ary layers was introduced by Guydos and Tumin [GT04] (Section 2.5.2), and it can be
utilized for analysis of the present problem. Alternatively, one can use the results for three-
dimensional perturbations [Tum06c] when the spanwise wave number, £3, is very small. Simi-
larly, the receptivity problem solution for three-dimensional perturbations introduced on the
wall (see Section 2.3.2 and 2.4.1) can be utilized for analysis of the two-dimensional prob-
lem by using # — 0. For clarity of the method description, we recapitulate the receptivity
problem solution in a form adequate for two-dimensional perturbations in a compressible
boundary layer [Fed84]. One can find a historical perspective of the method and relevant
bibliography in Sections 2.3.2 and 2.7.

In the parallel flow approximation, we write down the governing equations for a two-
dimensional periodic-in-time perturbation in the matrix notation of Section 2.5.2,

g (. A A oA
= (Loa—y) +Li—— =HA+Hy——

Ay Ay oz’ (2123)

where Lg , L; , H;, and H; are 9 x 9 matrices. Their non-zero elements are given in Section
2.5.2. Vector A is comprised of the perturbation profiles and their derivatives,

A = (u,0u/dy,v,m,0,00/dy, du/dz,d8v/dz,00/0z)" (2.125)

where u and v are z- and y-velocity components, respectively; 7 is the pressure perturbation;
0 is the temperature perturbation; and T stands for transposed. In the case of blowing-
suction through a slot, the boundary conditions in the slot domain are inhomogeneous,
Aj (z,0) = v, (z), and Ag can be found from Az by the definition. The solution of (2.124)
is decaying outside the boundary layer. For simplicity, we assume that the perturbation
frequency is subcritical, and one can employ the Fourier transform with respect to z.

+o0
A, (ay,y) = /A(:z;,y) ¢ ety (2.126)
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In the case of .a supercritical frequency, one has to refer to Briggs’ method in order to
include the unstable mode (exponentially growing downstream mode) in the inverse Fourier
transform [AR90, BM92].

Vector-function A, (a,,y) satisfies the following equation and boundary conditions

d dA, dA, .
— (L L = H);A, + ia,H2A,, 2.127
dy(Ody)+ldy Siande A
Y= 0: Avl = 0, Av3 =@ (a,,) y Avs = 0, (2.1283.)
y—oo: |A,l — 0, Oy (2.128b)
where
+00
o (o) = / vy (7) e~ " dz. (2.129)

Equation (2.127) has three fundamental solutions decaying outside the boundary layer.
One can write down the solution of the inhomogeneous boundary-value problem as follows:

Av = C]Z] + C:;Z3 + 05Z5, (2130)

where Z;, Z3, and Zs are the decaying fundamental solutions. The coefficients C; in (2.130)
are found from the boundary conditions (2.128a) on the wall. The formal solution of (2.124)
satisfying the boundary conditions can be written as follows

+00
A(z,y) = %/Au (aw,y) € da,. (2.131)

It was shown in [TF83b] and [Tum06¢] that the periodic-in-time solution of the linearized
Navier—Stokes equations can be expanded into the normal modes of continuous and discrete
spectra,

A(z,y) = Z]on(k)Aa(y, k)e* ®= gk + Z Colh .. () €7 ™°, (2.132)
] m
where the eigenfunctionsoAa are found as solutions of the following problem:
Ed§ (Loddiy“) + le‘z]" =H;A, +iacH,A,, (2.133)
y=0: Au=Aswz=Aws=0, (2.134a)
y—+eoi: |Agl<ow, (F=1;.,9). (2.134b)

102



The first term in (2.132) represents summation over the modes of the continuous spectrum
(such as entropy, vorticity, and acoustic modes), and the second term represents input of
the discrete modes. Eigenfunctions of the discrete modes decay outside the boundary layer,
whereas eigenfunctions of the continuous spectra have asymptotic behavior ~ ezp(+iky) at
y — 00, where k is a real parameter (k > 0). This parameter also serves as a coordinate
along the branches of the continuous spectra in (2.132).

Vectors A, together with the solution of the adjoint problem, B,,

d dB, dB, .

i (Lg i ) -LT e = HB, + iaHIB,, (2.135)
y=0y Bis=Bau=B.e=0, (2.136a)
gt |[Byl <, (4= Lyus, 9 5 (2.136b)

represent the biorthogonal eigenfunction system {A,, B,}. There is the following orthogo-
nality relation

g
<H2Aa,Ba/ E Z/(HzAa)j Ba:,-dy = QAa,’al, (2137)
Jj=1 0

where A, o is the Kronecker delta if « or o belongs to the discrete spectrum, and Bt =
d(a — ) is the delta function if both & and ¢ belong to the continuous spectrum. The
coefficient @ in the right-hand side of (2.137) depends on the normalization of A,(y) and
B,(y). Evaluation of the coefficient in the case of the discrete spectrum is straightforward.
In the case of the continuous spectrum, the coefficient can be found with the help of the
fundamental solutions outside the boundary layer [Tum03, Tum06c].

The orthogonality relation (2.137) provides a tool to find coefficients C; and C,, in the
formal solution (2.131). With the help of the orthogonality relation (2.137), one can find the
initial amplitude of a mode entering in the formal solution A (z,y):

<H2A (.'L', Z'/) ) Ba (y)) e—-iom:
Q s

If we consider a dot product of B, and (2.127), and integrate with respect to y over the
interval [0,00), we arrive at the following identity (we take into account explicit forms of
matrices Lo and L,):

i

(2.138)

dB d dB,
L43 v, a4_Av a < v _(LT )
roatist - aoms] o+ (i (1055

<A LTdf >= (Av, HIBa) + iay (Ay, Hi Bo),

(2.139)

where L§® stands for the element of matrix Lo having indices (4, 3). Taking into account the
adjoint equation (2.135), one can substitute the formal solution (2.131) in (2.138) and find
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with the help of (2.139) the following result:

+00 L43ngﬁ =
11 g [ 0 “dy a3] 3
s il i(ay—o)z v=0 o, 2.140
1T Q € ' ((1,,) z'(ozv = (X) Qly ( )

By closing the path of the integral in the upper half plane, we find the theoretical coefficient
as the residue value at the pole a, = a:

B g((z)) [Lg‘f ddB;“ = 303} . (2.141)

On the other hand, we have results of the direct numerical simulation (DNS) in the form
of the vector-function Apyg at © = zpys. One can find from (2.138) the initial amplitude,
Cpns, of the mode as follows:

y=0

Co = TS (E.B) s —

According to the definition of coefficients in (2.132), C in (2.141) and Cpns in (2.142)
are the complex amplitudes at = 0. In order to interpret the complex weight C in (2.141)
as initial amplitude and phase of the normal mode generated by the slot, the origin, z = 0,
is chosen at the slot center. Therefore, zpnys in (2.142) means the distance Zguia — Ze,
where Z4,:, and z. are given in table 2.5 for each case. Because the distance zpyg in all
considered examples is less than 11dg9, the nonparallel effects in the growing/decaying of the
perturbations on the interval zpyg are ignored. If one is interested in the local amplitude
of a mode at & = xppng, the origin of the coordinate should be at this point. In other words,
IDNS = 0 in (2142)

Finally, one can compare the filtered-out coefficient Cpys in (2.142) with the predicted
C in (2.141).

Results
Discrete modes

One can find the details of the numerical method used for computation of the eigenvalues
and eigenfunctions of the direct and adjoint problems elsewhere [TumO6c]. In all cases,
eigenvalues and eigenfunctions of the discrete and continuous spectra are computed using the
velocity, temperature, and viscosity profiles obtained from the direct numerical simulation
at' T = Tdata-

Figure 2.77 shows the discrete and continuous spectra at frequency f = 134.28 kHz. One
can see in figure 2.77 slow (S) and fast (F) discrete modes, and branches of the continuous
spectra. There are two horizontal branches representing the slow and fast acoustic modes.
Their branching points correspond to phase velocities ¢ = 1F1/M, where M is the local Mach
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Figure 2.77: Continuous and discrete spectra at 134.28 kHz for case 1.
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Figure 2.78: Imaginary (a) and real (b) parts of the wave number, case 1.
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number at the edge of the boundary layer. At this scale, the vertical branch is comprised of
two indistinguishable branches of entropy and vorticity modes [TumO6c].

Figure 2.78 shows the imaginary and real parts of the wave number « for the discrete
modes as functions of frequency, w. Lines SA and FA in figure 2.78b represent the branching
points (k = 0) of the slow and fast acoustic modes, respectively. One discrete mode (mode
F) is synchronized with the fast acoustic mode at low frequencies, whereas the other discrete
mode (mode S) is synchronized with the slow acoustic mode.

At f ~ 150 kHz, mode F is synchronized with the vorticity and entropy modes (¢ = 1).
This synchronization is accompanied by a discontinuity in @;. The phenomenon may be
illustrated as a sequence of figures 2.77 at different frequencies. When frequency increases,
the vertical branch in figure 2.77 is moving from left to right with speed da,/dw = 1,
whereas the eigenvalue corresponding to the fast discrete mode moves from left to right
with da, /dw > 1. At some frequency, the discrete mode coalesces with the branch of the
continuous spectrum. As was discussed in [FT03], the discrete mode coalesces with the
continuous spectrum from one side of the branch cut and reappears on the other side at
another point. Mathematically, the eigenvalue associated with mode F' approaches one side
of the branch cut on the complex a plane. As the pole on the plane coalesces with the
branch cut, it moves to the upper Riemann sheet while, simultaneously, the pole that was
on the lower Riemann sheet moves into the complex a plane at another point. Actually, one
should interpret these poles as two different modes. Historically, they are discussed as one
mode having the discontinuity.

At higher frequency, f &~ 170 kHz, there is a synchronism between mode F' and mode
S. However, there is no coalescence of the eigenvalues. A model of two-mode synchronism
considered by Fedorov and Khokhlov [FK91, FK01] explained the branching of the modes
at the point of synchronism. At this point, one of the modes becomes unstable, whereas
the other one moves toward positive «;. Although in this example the modes have the same
phase velocity ¢ = w/a, at f ~ 170 kHz, the minimum of |ar — as| exists in the vicinity of
f =~ 150 kHz, and, actually, this is the point where we observe the modes’ branching.

Both the slow and fast discrete modes could be involved in the laminar-turbulent transi-
tion scenario. For example, the decaying mode could be generated by the entropy or vorticity
modes of the continuous spectra. At the point of synchronism between the fast and slow
modes, the decaying mode can give rise to the unstable mode (switching of the modes),
which may lead to the transition. The scenario suggested by Fedorov and Khokhlov [FK01]
means that both the stable and unstable modes are of interest for understanding transition
mechanisms. Later on, switching of the modes was observed in direct numerical simulations
of perturbations in high-speed boundary layers [MZ03b]. These features of the fast and slow
discrete modes explain why we need accurate simulations of the decaying mode as well.

Figure 2.79 shows a comparison of the theoretical receptivity coefficient with the ampli-
tude filtered out from the computational results in accordance with (2.142). Results in figure
2.79 and what follows for the discrete modes correspond to normalization of the eigenfunc-
tions when the maximum of the mass flux perturbation in the boundary layer is equal to
one. Figures 2.80 through 2.85 demonstrate comparisons of theoretical and numerical results

106



8e-07 1.2e-05
7e-07 1e-05
6e-07
5e-07 he il
O 4e-07 O 6e06
3e-07 46-06
2e-07
1e-07 2e-06
0 0
0 50 100 150 200 250 300 350 50 100 150 200 250 300
flkHz] flkH?z]

Figure 2.79: Comparison of the theoretical prediction for the receptivity coefficient in case
1 with data filtered out from the computational results: a) mode S and b) mode F.

for cases 2 through 7, respectively.

One can see from the figures that there is a good agreement between amplitudes calculated
with the help of the receptivity model of the theoretical part of this section and those obtained
from the numerical results as a projection onto the normal modes.

One can also notice that the shape of the function |C(f)| for mode S in case 3 (figure
2.81a) is qualitatively different from the other cases, and agreement between the theoretical
prediction and the numerical results is not as good. Case 3 corresponds to the closest
location of the slot to the wedge’s tip. The slot has a width of about 1.2 cm, whereas the
distance from the tip is about 5 cm, and one should expect nonparallel flow effects, which
were neglected in the present model. The nonparallel flow effects may be incorporated into
the receptivity problem solution with the help of the multiple scales method along the lines
of the distributed receptivity model proposed by Choudhari [Cho94a]. Another approach
to receptivity problems with nonparallel flow effects was suggested by Bertolotti [Ber00].
Because the main objective of the present work was decomposition of the DNS results,
we do not pursue the nonparallel flow effects in the theoretical solution of the receptivity
problem.

The most significant discrepancy between the theory and the computational results is
observed for mode F in case 6 at f = 104.44 kHz (figure 2.84b). This example corresponds to
the eigenvalue a = 0.1047+146.894 x 10~ located very close to the branch cut representing the
vorticity /entropy modes having «, ~ 0.1036. In order to illustrate the qualitative difference
between the mode eigenfunctions when a mode is approaching the branch cut, we show in
figure 2.86 streamwise velocity perturbations of the neighboring discrete modes at 89.52 kHz
and 119.36 kHz (phase velocities, ¢, of the modes in figures 2.86a and 2.86b are equal to 1.059
and 0.926, respectively). The streamwise velocity of mode F at f = 104.44 kHz is shown in
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Figure 2.80: Comparison of the theoretical prediction for the receptivity coefficient in case
2 with data filtered out from the computational results: a) mode S and b) mode F.
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Figure 2.81: Comparison of the theoretical prediction for the receptivity coefficient in case
3 with data filtered out from the computational results: a) mode S and b) mode F.
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Figure 2.82: Comparison of the theoretical prediction for the receptivity coefficient in case
4 with data filtered out from the computational results: a) mode S and b) mode F.
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Figure 2.83: Comparison of the theoretical prediction for the receptivity coefficient in case
5 with data filtered out from the computational results: a) mode S and b) mode F.
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Figure 2.84: Comparison of the theoretical prediction for the receptivity coefficient in case
6 with data filtered out from the computational results: a) mode S and b) mode F.

a) b)

6e-07 2e-05
1.8e-05
5e-07 1.6e-05
1.2e-05
T 3e-07 O 1le05
8e-06
2e-07 66-06
1e-07 4e-06
2e-06
0 0

50 100 150 200 250 60 80 100 120 140 160 180 200

flkH?] flkHz2]

Figure 2.85: Comparison of the theoretical prediction for the receptivity coefficient in case
7 with data filtered out from the computational results: a) mode S and b) mode F.
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Figure 2.86: Streamwise velocity perturbation in discrete mode F: a) 89.52 kHz (¢ = 1.059)
and b) 119.36 kHz (¢ = 0.926).

figure 2.87 (¢ = 0.99). One can see that although the amplitude of the mode decays outside
the boundary layer, as it has to for a discrete mode, there are oscillations in the amplitude
distribution in y typical for modes of continuous spectra. The closer the location of the
eigenvalue is to the branch cut, the more similarity with the continuous spectra should be
observed.

Fedorov and Khokhlov [FK02] considered the receptivity problem when a synchronism
between two discrete modes is possible. They showed that in this case @ = (HyA,,B,) — 0,
and the analysis has to include both modes simultaneously, together with the nonparallel flow
effects. In our example, we have a synchronism between a discrete mode and the continuous
spectrum. Figure 2.88 shows the magnitude |@Q| for modes F and S as functions of frequency.
One can see that in the case of mode F, @ is very close to zero at f = 104.44 kHz. This
means that the theoretical model based on the parallel flow approximation is not adequate,
and the extension of the model [FK02] to the case of a continuous spectrum is required.

Acoustic modes

The biorthogonal eigenfunction expansion also provides a tool for analysis of the input from
continuous spectra in the computational results. Examples of boundary layers at M = 2 and
4.5 considered by Balakumar and Malik [BM92] and Tumin [Tum06b] (see Sections 2.3.2 and
2.4.1) indicate that input from entropy and vorticity modes due to blowing-suction through
the wall is small in comparison to the acoustic modes. Therefore, we are considering the fast
and slow acoustic modes only (the horizontal branches in figure 2.77).

In the case of two-dimensional perturbations, eigenfunctions corresponding to the acous-
tic modes are comprised of four fundamental solutions [TF83b, GT04]. Two of them decay
exponentially outside the boundary layer, whereas the other two fundamental solutions be-
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Figure 2.87: Streamwise velocity perturbation in discrete mode F at f = 104.44 kHz (c =
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Figure 2.88: Magnitude of the denominator in (2.142),case 6.
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Figure 2.89: Streamwise wave numbers of the fast (FA) and slow (SA) acoustic modes, case
1 (134.28 kHz).

have as exp(+iky) at y — oo. One can interpret these fundamental solutions at k # 0 as
incident and reflected acoustic waves.

In the inviscid limit, the wavenumbers of the fast and slow acoustic waves (ar4 and agy4,
respectively), can be found analytically as follows:

wM? k? + ﬁiﬂﬁ
AFA = = y (2.1438.)
=1 M2 -1
w2M?
wM? k? + M2-1
= 2.14

At the finite Reynolds number, the wave numbers arps and asa are found numerically
from the characteristic equation for fundamental solutions outside the boundary layer at
prescribed parameter k [GT04, TumO6c]. Figure 2.89a shows dimensionless real parts of
ara and ass as functions of the parameter k in case 1 corresponding to the frequency
134.28 kHz. Branches of the acoustic spectrum in the complex plane « are presented in
figure 2.89b.

Projection of the computational data onto the eigenfunction system allows evaluation of
the amplitudes of the modes and, therefore, revealation of the underlying physics. Figure 2.90
shows the computational (input) data for the streamwise velocity perturbation corresponding
to the frequency 134.28 kHz in case 1 at T = Z4q4,, the reconstructed input of two discrete
modes (S and F), and the acoustic modes (‘A’ stands for sum of the slow and fast acoustic
modes). In this example, amplitudes of the modes are determined from the computational
results with the help of the orthogonality relation (2.137). Integrals corresponding to the
continuous spectra in (2.132) are evaluated numerically with respect to k from 0 to 4 with
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Figure 2.90: Input DNS data at £ = Z 444, and results of the projection onto modes of discrete
spectrum (S and F), and the acoustic modes, case 1 (134.28 kHz).

the help of the trapezoidal formula resulting from 100 steps on the interval. Computations
with larger number of steps and longer interval of the integration have not revealed a visible
difference on the scale used in figure 2.90.

One can see that the acoustics provides the main input outside the boundary layer. The
wiggles in the computational data (at y/H = 35 — 45) are associated with the acoustic
perturbations emanating from the slot and propagating along the Mach lines outside the
boundary layer. In this case, M = 6.62 and the Mach angle u =~ 8.69°. One can find width,
Ay, of the perturbation strip propagating along the Mach lines as Ay = wtanu ~ 14.7H,
which is in agreement with the results in figure 2.90.

In the inviscid flow, the distance between the wall and the strip is (Tdata — T — 0.5w) x
tanp ~ 17.25H. As follows from figure 2.90, there is the boundary boundary layer flow
effect, and the strip is displaced from the wall a distance of about dgg.

At the parameters corresponding to the results in figure 2.90, the main input into the
perturbation profile inside the boundary layer is associated with the fast (F) discrete mode.
It is also found that the slow acoustic modes have small amplitudes in comparison with the
fast modes, similar to the previous studies [BM92, Tum06b)].

It is interesting to compare the amplitudes of the acoustic modes obtained with the help
of the receptivity problem solution and their amplitudes obtained as a projection of the
computational results. Figure 2.91a shows the theoretical amplitudes of the fast acoustic
modes and the values filtered-out from the computational results. One can see that there is
a discrepancy between them at k &~ 1 —1.5. The discrepancy might be attributed to the grid
in the DNS not being fine enough in the vicinity of the wiggles at y/H =~ 35 — 45 having the
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Figure 2.91: Amplitudes of the fast acoustic modes (a) and predicted velocity perturbation
profiles (b), case 1 (134.28 kHz).

length scale < 27.

Figures 2.92 through 2.95 show comparisons of the theoretical prediction for amplitudes
of the fast acoustic modes and their amplitudes found as a projection of the computational
results, together with the reconstructed profiles of the velocity perturbations in case 1 at
frequencies 149.2 kHz, 164.12 kHz, 179.04 kHz, and 193.96 kHz, respectively.

Discussion of the results

The results of the present work serve as an illustration of how the biorthogonal eigenfunc-
tion system can provide an insight into computations. In order to be able to distinguish the
modes, one needs amplitude and phase distributions for pressure, temperature, and velocity
components, together with some of their derivatives, given at only one station z. The nec-
essary information is always available in computational studies, and the described method
allows finding the amplitudes of the modes from the discrete and continuous spectra. For ex-
ample, the results illustrate how one can find amplitudes of the decaying modes in numerical
simulations that could not be addressed at all in the past (only unstable modes dominating
the perturbation field in a numerical simulation could be compared with predictions of the
linear stability theory).

The solution in the present work is based on the parallel flow approximation. This
approximation is valid when the characteristic scale of the perturbation (wave length) is much
smaller than the characteristic scale of the unperturbed flow in the downstream direction.
This condition is violated when the actuator is located close to the leading edge (see case
3 in the results’ part). Results of the present work are also based on the assumption that
the denominator in (2.142) is not equal to zero. Fedorov and Khokhlov [FK02] showed that
the denominator is equal to zero at the branching point of two discrete modes. In this case,
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Figure 2.92: Amplitudes of the fast acoustic modes (a) and reconstructed velocity perturba-
tion profiles (b), case 1 (149.2 kHz).
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Figure 2.93: Amplitudes of the fast acoustic modes (a) and reconstructed velocity perturba-
tion profiles (b), case 1 (164.12 kHz).
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Figure 2.95: Amplitudes of the fast acoustic modes (a) and reconstructed velocity perturba-
tion profiles (b), case 1 (193.96 kHz).
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the nonparallel flow effects are to be taken into account in order to resolve the singularity.
Analysis of case 6 (f ~ 104 kHz) showed that the denominator tends to zero in the case of
synchronism between the discrete mode and the continuous spectra. Therefore, an extension
of the theoretical model of [FK02] to the case of continuous spectra is required.

Decomposition of perturbations when only partial information is available is an ill-posed
problem. Nevertheless, it is still possible to analyze the flow field if some additional informa-
tion about the data is available. Tumin et al. [TACZ96, Tum03, GT04, Tum06¢] discussed
examples where the perturbations could be decomposed into the normal modes when only
partial information was available. Further development of this approach might be especially
helpful in analysis of experimental data in high-speed boundary layers.
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2.6 Biorthogonal eigenfunction system for supersonic
inviscid flow past a flat plate

This section is based on the paper published in collaboration with C. Chiquete [sAT07].

The objective of the present section is to illustrate the main ideas of the multimode
decomposition using a study case where all steps of the method are accompanied by analytical
solutions. The problem of perturbations in inviscid uniform flow past a flat plate provides
the opportunity to formulate the biorthogonal eigenfunction system in analytical form.

Spatial Cauchy problem

The first step in the method is to demonstrate that periodic-in-time solutions of linearized
Euler’s equations can be presented as an expansion into normal modes. This problem is
analogous to analysis of perturbations in boundary layers in [Tum03, TumO06c], and [TF83b].

Consider two-dimensional perturbations in an inviscid uniform supersonic flow past a
flat plate. Axis x is chosen in the flow direction; coordinate y stands for the distance from
the plate. The governing equations for the perturbations are the linearized Euler equations,
which can be written in dimensionless form as follows:

Op Op Ou Ov

% Tttt ey

Ou Ou_ om

ot oz oz

o v on (2.144)
o oz "oy

80 o0

or On
R s i 2 2 — —
TR e e (at +6$>

where u, v, 7, p, and @ are perturbations of the 2 and y velocities, pressure, density and
temperature, respectively. The free-stream velocity U.,, density p.,, and temperature 7.,
are chosen as the characteristic scales in (2.144). The pressure is scaled with the help of
pocU2. The coordinates z and y are scaled with a length scale L, whereas the time scale is
L/Usx. M and 7 in (2.144) are the free-stream Mach number and the specific heats ratio,
respectively. In addition, one can find from the linearized equation of state that

p=YM*n—@ (2.145)

We consider periodic-in-time solutions of the governing equations in the complex form
q(z,y,t) = §(z,y) exp (—iwt). As a result, the equations (2.144) are recast with the help of
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the equation of state (2.145) (we omit ¢ * ):

0 ou Ov

i 2 o 3. il

w (YM*r 0)+ax('yM1r 0)+6z+6y 0
— WU + .a_u — _a_ﬂ-

| gﬁ gj’r’ (2.146)
— WY + a— = _6_y

00 on

— il YR i bt

wl + %% (y—-1)M ( wm + 6$>

The system of four equations can be written in the matrix-vector form with the help of
the vector function A(z,y) = (u,v,0, )T, where T refers to the matrix transpose.

oA oA
Ea—y—HIA"‘HZE
0000 w 0 0 0
g_|0100] 4 0 0 —iw twyM?
0000O0" """ l0 0 dw —iwlry-1)M?
0001 0 iw 0 0 (2.147)
=1 § =
g |-1 0 1 —yM?
2710 0 -1 (y—1)M?
0 =1 @ 0

Solution of (2.147) is subject to the following boundary conditions on the wall (y = 0)
and at y — oo:

y=0: Ay=0 (2.148)
y—oo: |A] >0 (G=1,..,4) (2.149)

At z = 0, the initial data for the amplitude functions are provided:
z=0: A=Ay = (uo(y),vo(y),00(y), mo(y))" (2.150)

where the initial data vector Ag(y) is assumed to decay at y — oo. This defines the spatial

Cauchy problem.
Solution of the problem, (2.147) - (2.150), can be found with the use of the Laplace

transform with respect to x:

&l /0 Az, yle~**ds (2.151)
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The transformation leads to the following boundary-value problem for inhomogeneous ordi-
nary differential equations:

A,
Eddy == HlA_, = SHQA_, =F
gl gD (2.152)
y—oo: |Aj|—0
where F = —H3;A,. A fundamental solution of the corresponding homogeneous system of
(2.152) can be found as o exp(—Ay), where ) is a root of the characteristic polynomial
—(s — W) (=N + M (s—iw)?—s%) =0 (2.153)
There are two distinct roots
A1,2(8) = pu(s) (2.154)

p(s) = VM2(s — iw)? — &2

where the root branch is chosen to have Re(u) > 0. This defines two fundamental solutions

T
$ H 2
s , ——, M3(y-1),1 2.155
zl ( S—iw §—iw (=1 ) ( )

T
§ Y 2
={- ,— — M*(y—-1),1 2.156
Z2 < Fra T Sam f=1) ) ( )

The non-homogeneous system given by (2.152) has a solution expressed in the form

A,(y) = MQ(y) + G(y)

G = (F,/(s — iw),0, F3/(s — iw),0)T (2.157)

where M = [[z; exp(—puy), 22 exp(uy)T]] is the matrix of fundamental solutions, and the vector
of coefficients Q(y) = (Q1(y), @2(y))" has to be found. Applying (2.157) to (2.152), we arrive
at the following reduced 2 x 2 system:
dQ
B = f(y),
(2.158)

T
f=(F2+F3— S. F17F4)
S — W

where m is a 2 x 2 matrix: One can solve the algebraic equations (2.158) and write down
the solution of (2.152) as follows

As(y)=( Aycl(y';s>dy'—cl<s>) +( '3 cz(y';s>dy') 2e™ +Gly)  (2159)
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where

/ Cy(y'; s)d
eMy

Ci(y;8) = = [0 — twug + ([M?(s —iw) — ) mo)
m
e_l‘y i (2160)
Cao(y;8) = 2 [vo + iwuo — ([M?(s —iw) — §) 7o)
: 2 B T
G(y) - (WQ""UQ,O,_M (’Y 1)7(0 00,0>
s —tw s —fw

Finally, the solution of the spatial Cauchy problem can be written as the inverse Laplace
transform

1
Alz,y) = 5~ /F A,(y)e“ds (2.161)

where I' indicates a vertical path in the complex plane of s to the right of any singularities of
the integrand. There is a pole located at s = iw and two branch points, s = iwM/(M +1).
In order to have solution (2.159) decaying at y — oo everywhere in the complex plane s, we
choose two vertical branch cuts (defined by the equation Re(u) = 0) as shown in figure 2.96.

_7\111)

Ca

—feco====

T L

Figure 2.96: A sketch of the complex plane of s.

The path of integration, I', can also be closed, as in figure 2.96. By Cauchy’s residue
theorem, the contour integral over the closed path is equivalent to the residue of the integrand
at s = 1w, i.e.,

%i(/p';*/v_“'*/#“'*/cm---)=ReS<Ase“>s=w —

Because the integral vanishes along the contour C,,, we can represent the contour integral
over I as a sum of residues derived from the poles of the integrand, and two contour integrals
along the branch cuts y* and 7~.
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One can find explicitly the residue of A,(y) exp(sz) at s = tw:

—iw {e™¥[fi(y) + f2(0)] + €V fa(y)} + 7o + uo

Res(Ase")smis = €7 N {e_wy[ét; (3’&2’22“1”55”2“’” (2.163)
0
where
Yy ewy’ ] :
fily) = /0 = [vo — i(uo + mo)] dy (2.164a)
fa(y) = / ' e_; - [vo + i(uo + mo)] dy’ (2.164b)

Then solution of the spatial Cauchy problem is given by

A(z,y) = Res(A,e**) — Zim (/ Ae’ds + /+ A,,e“ds) (2.165)
e g

This defines the formal solution to the initial value problem. However, the branch cut integral
can be simplified by parameterizing the complex variable s along the branch cut contours.
This procedure will facilitate the proof of the equivalence of the formal solution and the
expansion in the biorthogonal eigenfunction system.

In the following the integrals in (2.165) along either path (y* or ¥~) are considered at
once, and denoted as ¥*. Then writing the explicit path along the branch cuts gives

1 1 +ioo s;
—_ e lds = —— ( A, (y)e*ds + A,(y)e“ds) (2.166)

27 Joyx 2mi 3 ST

where % = iwM /(M —1) is the upper branch point of the function u(s) and s* = iwM/(M+
1) is the lower branch point. The vector function A,(y) is discontinuous across the branch
cut, i.e., if we parameterize u(s) = +ik for k > 0 on the right-hand side of the branch cut,
then (s) = Fik on the left-hand side. On each branch cut, we have s = s,,(k) (m = 1,2),
where we solve

w(s) = v/ M2(s —iw)? — s? = +ik

for s. Two solutions for s can be found and are denoted s;2(k),

[ MPw + /(M? — 1)k? + M?w?
s16) = . )

(2.167)
i i(Mzw - /M= + M"’uﬂ)

M?-1

Figure 2.97 illustrates the path of integration and values of u(k) on the sides of the branch
cuts.
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Figure 2.97: The change of variable scheme.

Integrals along the sides of the branch cuts in (2.166) are then recast as integrals with
respect to the parameter k via the transformation s = s,,(k) and so ds = (ds,, /dk)dk:

2mi J, s e B S o7 (/0 [As(W)is i € P dk. ..
0 o8 p=ik sm(k)zdsmdk
+ [ A g e
L (e R
=1 ([As(y)]3=s,,.(k) B [As(y)]s=sm(k)) e = dk

Writing the full solution,

= oz 1 . =ik =—ik sm(k)z dSm
A(z,y) = Res(A,e) + %mgz /0 ([As(y)]f;m(k) e [A,,(y)]g:,,m(k)) et d

Explicitly evaluating the vector valued factor in the integrand,
[A,(y) f:::(k) = [Aa(y)]f:,,:l(ck) = D..(k) [e“‘vz1 (:‘:::(k)) +e "z, (.’::.::(k)) ], (2.168a)

= /Ooo [z’vo sinky — (w:o + i(Mz(Sm(k) —kiw) = Sm(k”m,) cos ky'} dy’ (2.168b)

The final form of the formal solution is therefore as follows:

A(z,y) = Res(A,e*)+

1 = i il ik ik o (k) 05 (2.169
o 21:2/0 D (k) (e 'z (i:;m(k)) te 'z (f=sm(k)) erm® 5k :
It will be shown that this formal solution can be recast as an eigenfunction expansion.
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Biorthogonal eigenfunction system

The idea that any disturbance governed by the linearized Navier-Stokes equations can be
considered as a superposition of vorticity, entropy, and acoustic modes was expressed a long
time ago (see, for example, [Pie89], pp. 519 and 524). A proof for an ideal gas having Prandtl
number 3/4 was given by Wu in [Wu05]. In the case of an inviscid gas without heat conduc-
tion, the acoustic modes have non-zero velocity, pressure, and temperature perturbations,
whereas there are no vorticity and entropy perturbations. The entropy modes have non-zero
entropy and temperature perturbations, whereas the velocity and pressure perturbations are
absent. The vorticity modes have non-zero velocity and vorticity perturbations, and there
are no pressure, entropy, and temperature perturbations.

In the present section, we introduce a biorthogonal eigenfunction system that can serve as
a tool for projection of the perturbation field onto the normal modes, i.e., for decomposition
into vorticity, entropy, and acoustic modes.

We define the following biorthogonal eigenfunction system {A,,B,}

A, .
Eddy -H;A, —iaH,A, =0
S (2.170)
y—o00: |Agjl <00
—E% _HYB, + iHFB, = 0
gy Bag=D (2.171)
y—00: |Bajl <o0

The superscript H in (2.171) stands for the Hermitian transpose.
Fundamental solutions of the equations (2.170) can be found in the form ~ exp(A\y),
which yields the following characteristic equation for A:

—(a —w)*)(N2 + (M? - 1)a® - 2M*wa + M*?) =0 (2.172)

leads to four roots of « at a given A. In order to ensure the boundary conditions at y = 0 and
y — oo are satisfied, we impose A = +ik (where k is a positive real number), and construct
the eigenfunction as a sum of two fundamental solutions o exp(%iky). Therefore, one can
find from (2.172)

M2w £+ /(M2 — 1)k2 + M2w?
M2 -1
34 = W (2.173b)

a2 = (2.173a)
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Each root «(k) corresponds to the following four distinct eigenfunctions representing the
normal modes. The first of these modes we define as the slow acoustic mode, i.e.,

(58 —a
1 )
Aacl (y) k) = | M2(y=1)(w—ay) eiky | _MA(y-1)(w—on) e—tky (2174)
k
w—aj _w—ka]
k k

The phase speed of the slow acoustic mode at k = 0 is equal to ¢ =1 —1/M.
The fast acoustic mode is found similarly,

o2 —o2
I i
Aac2(y; k) = Mzg:z—l!!w—az! eiky = _Mzg'y—-l!!w—az! e-—iky (2175)
w—:ag _w—:az

The phase speed of the fast acoustic mode at k = 0 is equal to ¢ =1+ 1/M.
We define the following as the vorticity mode,

1

1€

A,(y; k) = ek 4 ¢y (2.176)

o Oa—
O OE =

where a, = w. This mode is denoted as the vorticity mode since it produces a non-zero
vorticity.
Finally, the entropy mode is given by

A (y; k) = eV + e kv (2.177)

O = OO
(= = =]

where «, = w. Because the boundary condition on the wall is satisfied for each fundamental
solution corresponding to the entropy mode, both of them can be considered as independent
entropy modes. Instead of dealing with the fundamental solutions as modes, we construct
symmetric and antisymmetric eigenfunctions by choosing + or — in (2.177).

The adjoint solution corresponding to the slow acoustic mode is given by

=i a1
k k
_Q—Tvz; iky w;kax iky
Baa(yik)=| ok | 6™ —| ks | e (2.178)
k k
1 1
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Similarly, the adjoint solution corresponding to the fast acoustic mode is

B4 2
_w—ag " w—ag &
Baa(yik) = | _ oty |e™V =] oty | ™ (2.179)
Tk k
1 1
There is an associated adjoint vorticity mode,
k _k
w w
Bo(yik)= | O |emv— [ O [eivo (2.180)
0 0
1 1

Finally, the adjoint solution associated with the entropy mode is of the form

B.(y;k) = e~y 4 ey (2.181)

O = O O
o = O O

To derive vectors (2.178) - (2.181), we used the theorem [Kam59] about the relationship
between fundamental solutions of the adjoint system (2.171) and the matrix of fundamental
solutions of the direct problem (2.170). The j-th fundamental solution of Eq. (2.171) can be
obtained as a vector comprised of cofactors of the j-th column of the matrix of fundamental
solutions for the direct problem, Eq. (2.170).

One can establish the following orthogonality relation for the modes of the continuous
spectra [Tum03|:

(HoAx (y;K), Ba(y; k) = Qad(k — k) (2.182)

where §(k — k') is the Dirac delta function and @, is a constant, which depends on the
normalization of the eigenfunctions (Q, = 0 if @ and o’ belong to different normal modes or
belong to different symmetries in the case of the entropy modes).

For the particular normalizations of A,(y; k) and B,(y; k) used above, one can find

Qa1 = —47rw — M @ =
acl k dk
Q = —47rw — & d;dz_ -
= k| dk (2.183)
w k
Ll -2 > ==
Q=2 (3+3)
Qe = =27
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The coefficients of the expansion

In the present section, we are going to show that the solution (2.165) can be written as an
expansion into the eigenfunctions so that

Alz,y) =) /0 Cor(K) Ao (y; k)= dk’ (2.184)
o

One can recognize that the input from the residue value in (2.165) is associated with the
entropy and vorticity modes, whereas the integrals along the branch cuts lead to the fast
and slow acoustic modes in (2.184).

Using the orthogonality condition in (2.182) and that A(y) is a given vector function in
(2.150), it follows that

(HaAo(y), Ba(y; k)
Qa

In order to confirm that the eigenfunction system representation (2.184) together with
(2.185) is equivalent to (2.165), we proceed with the discussion of the modes separately.

Calk) = (2.185)

Vorticity modes

The vorticity mode has two non-zero components (u and v) and therefore its contribution
to the solution involves only these two components. Using the definition for the vorticity
coefficient defined in (2.185), we will show that the contribution of the vorticity mode is
equivalent to the residue value of these two components in (2.163). The coefficient of the
expansion for the vorticity mode is given by Eq. (2.185), therefore,

wk = : Vg
Cv(k) -—(k2+—w2/ (u,0+7ro) COS ky dy =+ -WC;IU:-—Q){)-/(; Up SIN ky dy (2186)

The contribution to the solution from the vorticity mode can be evaluated as the following
integral:

A(z,y) = / Co(k)A(y; k)e ™2 dk = = / Co(k)A(y; k)dk (2.187)
0 0

The first component of A, (z, y) is exp(iwz)u,(y) where u,(y) is determined by the following
integral:

Y= 2/ C,(k) cos kydk
0
2

00 1.2(,
%M cos ky'dy’) cos kydk (2.188)
2L Gl

o L
/ (/ g2 Smkydy ) cos kydk
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Since the integrand of both double integrals is a bounded function of k and y’, we can
exchange the order of integration,

2 00 00 k2 | y
uy(y) = ;/0 (uo + o) (/0 mcoskycos ky dk) dy

2 o=, *  wk . / ]
+;/0 1o (/0 mcoskysmkydk) dy

The integrals inside the parentheses can be evaluated explicitly [GRO00]:

(2.189)

©_K wr ) e “Ycoshwy', ¥ <y
————coskycosk dk_— L] : Y, 1 1
/" WA R =) {e““’” coshwy, ¥ >y

(2.190)
—e“¥sinhwy', ¥ <y

© wk wT
————coskysinky'dk = — .
_/0 w? + k? y y 2 {e‘“’y coshwy, 3y >y

Therefore, one can obtain from (2.189)

Yy
uy(Z,y) = (1m0 + ug) — we“"”/ [(uo + o) cosh wy’ + ivpsinhwy/|dy’ . ..
& $ (2.191)
— wcosh wy/ eV [—ivg + (ug + 7o) dy’
Yy

Expanding each of the hyperbolic sine and cosine functions and regrouping terms lead to the
following result:

Y
Uy (Z,y) = (o + up) — iwe ™Y / [vo sinh wy’ — i(up + mo) coshwy'] dy’ ...
0

+ %w cosh wy/ eV [vo + #(uo + mo)] dy’
Yy
i (2.192)
= it (e [ | Sl = it + o)l
0

o0 —wy’ (o o} —wy'
—/ € [vo + i(up + mo ]dy] - e‘””/ : > [vo + #(up + mﬂ]dy’)
0 y
Finally, Eq. (2.192) can be recast as

uy(2,y) = e“*{(uo + m0) —iw [e™Y[f1(y) + £2(0)] + € fa(y)]} (2.193)

where fi(y) and f(y) are defined in (2.164a) and (2.164b), respectively.
The same procedure is used to derive the second component of A, (x,y), which is defined
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as exp(iwz)v,(y). In order to determine v,(y), we write that
== / %C,,(k) sin ky’dy'

/ ( / T 5 sin ky sin ky dk) dy’

2 /
_;/0 i(mo + uo) (/ o ,_,smkycoskydk)dy

The integrals in parentheses can be found explicitely [GR00], i.e

—WY o3 h / ' <
/ —— sin kysin ky'dk = L ,s1.n i yl 4
k? + "2 | e~¥ sinh wy, ¥ >y

(2.194)
& —wy / /
w—ksin kycos ky'dk = g% C?S%lwill y ¥ <y
k2 + w? 2 —eV sinh wy, y, >y
Expanding of the hyperbolic functions and regrouping the terms lead to
_ y ewy’ . ,
'Uv(y) =w|e wy/ T['Uo = 2('u,0 + Wo)]dy _
: (2.195)

0, —wy

Y p—wy’
= e“"”/ - 5 [v0 + i(uo + mo)Jdy’ + ¥ / [Uo +4(uo + mo)]dy’
0

0
Finally, Eq. (2.195) can be recast as

v(2,y) = we™* [e™¥[fi(y) + f2(0)] + € f2(y)]

There are no other non-zero terms in A,, therefore the contribution to the solution from the
vorticity mode is

(4o +m0) —iw [e™¥[f1(y) + f2(0)] + €V fo(y)]
Av(.'l}, y) =5 eiw:: w [e y[fl(y) a5 {)2(0)] & ewyfz(y)] (2196)
0

If we refer to Eq. (2.163), the vorticity contribution is exactly equivalent to the first two
components of the residue value of A,(y)exp(sz) at s = iw. In the following we shall show
that the third component of the residue value is represented by the entropy mode.

Entropy modes

For brevity of the discussion, we assume that the initial data allow expansion only into the
symmetric entropy mode. The entropy mode coefficient is calculated using Eq. (2.185), and
so we obtain

C.lk) = %/0 (60 — M?ymo) cos ky'dy’ (2.197)
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The entropy mode has only one non-zero component, i.e., A.3(y; k) = 2cos ky. Its contribu-
tion, exp(iwz)0.(y), can be evaluated as the following integral:

8.(y) = 2 / Gy coe bk
0

= z/ (/ [Bo — M?(y — 1)mo) cos ky'dy') cos kydy (2.198)

/ (60 — — 1)mo) ( / cos ky cos ky'dk) dy'
0

The integral in parentheses can be found to be proportional to the Dirac delta function,
specifically,

/ cos ky cos ky' = (y y) (2.199)
0

Consequently,
0e(y) = 0 — M*(y — I)mo
Now it is clear that the contribution from the entropy and vorticity modes to the solution
A (z,y) is the same as the contribution from the residue value at s = iw in the formal solution,

Eq. (2.165),
Res(A,(y)e”) / Co(k) Ay (y; k)e™*dk + / Ce(k)Ac(y; k)e*=dk
—tw {e™[f1(y) + f2(0)] + eV fa(y)} + (o + wo)

. w{e™¥[fi(y) + f2(0)] — ¥ f2(y)}
- b My — D, (2.200)
0

Fast and slow acoustic modes

It will be shown the integrals along the branch cut in figure 2.96 that have been parameterized
by k > 0in (2.169), can be represented via the fast and slow acoustic modes. The equivalence
will follow from first expressing the expansion into the acoustic modes, and subsequently
showing the acoustic mode expansion to be equivalent to the integrals that appear in the
formal solution in (2.169). First, the expansion into the acoustic modes using the coefficients
defined in (2.185) for the slow and fast modes is given by

Auc(z,y) Z / Coacm (k) Agem (y; k)™ dk (2.201)
m=1,2
where the coefficients are found from (2.185) as

1 k dap,
Cacm(k) = 2w — ay, dk

00 2 =
Co(k) = / o sin kydy — / (%uo+M G Z’")J“a’"vro) coskydy  (2.202b)
0 0

—Ser B (2.202a)
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The wave numbers «,,(k) (1 = 1,2) in (2.202) are defined by (2.173a).

From (2.167) it is clear that in fact s,,(k) = ia,(k), and the acoustic mode coefficients
is recast as:
.
T 2Miw — Sy dk

00 00 - I — )
Calk) = / 1o sin kydy — / (%uo + M (sm kzw) bmwo) cos kydy (2.203b)
0 0

Coom (k) Con(k) (2.203a)

Also, we can show that the acoustic mode vector can be represented in terms of the funda-
mental solutions of the Laplace transform solution in (2.169),

w—Sm(k)17 ; e " "
Aemtn) =S e () 7 ()

And therefore the contribution of the acoustic modes is equivalent to

Aulzy)= 3 /0 Coaem (K) Ao (; k)= dk

m=1,2

1 e ik =ik = =ik dSm . (k
=5mi 2 [, Onlh) e (imi) + e (k)] G a
Given that D,,(k) = C,,(k) where D,,(k) is defined in (2.168), the acoustic mode component
is exactly equal to the integrals that appear in the formal solution in (2.169). Therefore, it
is concluded that integrals over y* and 7~ can be represented by the fast and slow acoustic
modes, i.e.,

1 o .
- ...d.s-f—/ ...ds) = E / Cocm(k)Agem(y; k)e " dk 2.204
2mi (/,Y_ b S Jo (k) (y; k) ( )

with the coefficients defined from Eq. (2.202). Analysis of the branches corresponding to
the slow and fast acoustic modes ends the proof of the equivalence of the Cauchy problem
formal solution (2.165) and eigenfunction expansion (2.184).

Two examples of BES application
Projection of computational results onto the normal modes

The biorthogonal eigenfunction system can be used to obtain insight into computational
results by decomposition of the perturbations into the normal modes. For the purpose
of illustration, we analyze computational results for the receptivity problem involving a
periodic-in-time actuator placed on a flat plate in uniform supersonic inviscid flow. This
part of the work is similar to the analysis of acoustic perturbations in [TWZ07].

The actuator is emulated by the inhomogeneous boundary condition on the wall:

vz, y=0,%) = vu(z,t) = eg(z) sin wt (2.205)
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For the numerical example the following dimensionless parameters are chosen: freestream
Mach number M = 6.62; angular frequency of the perturbations w = 0.1, the actuator’s
length w = 100, and the specific heats ratio v = 1.4. These parameters are close to the local
parameters in the direct numerical simulation of perturbations emanating from the wall of
a wedge in supersonic flow in [WZ05].

The actuator shape function g(z) is given by

(2.206)

(z) = 20.25[° — 35.43750* + 15.18750%, (1 < 1)
A= —20.25(2.0 — 1)® + 35.4375(2.0 — [)* — 15.1875(2.0 = )2 (1 > 1)

where [(z) = 2z/w. A plot of the shape function is shown in figure 2.98. The actuator
amplitude ¢ is chosen as 1074.

g(z)

Figure 2.98: The shape function g(z).

The nonlinear Euler equations are solved with the help of code based on the Conservation
Element/Solution Element (CE/SE) Euler method introduced by Chang et al. [CWC99].

For the problem at hand, we use the following computational domain: 0 < z < 200 and
0 <y <35 Two grids, N; x Ny, having N, and N, intervals in the z and y directions,
respectively, were used in order to check the numerical convergence:

e Coarse Grid: 250 x 200 ,
e Fine Grid: 500 x 400.

The time steps were 7 = 0.1 and 0.05 for the coarse and fine grids, respectively.

The CE/SE method uses two alternating grids, €; and €2,. These are shown in figure
2.99. The method begins with grid €2, at ¢ = 0, intermediately finds a solution on grid €,
at t = 7/2, and finishes on grid €, at t = 7, and so forth. We notice that at certain z-
coordinates, the grid uses points slightly above and below the wall. The actuator boundary
condition (2.205) is applied at these points in spite of their shift from y = 0 in order to
simplify the algorithm. We can estimate the effect of the simplified boundary conditions by
comparing the fine and coarse grid solutions in the vicinity of the wall. Downstream of the
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Figure 2.99: The alternating grids €2; and 2,.

actuator, the no-penetration boundary condition is imposed at the wall, y = 0, following
[CWC99]. The boundary conditions at the right and the upper sides of the domain are the
non-reflecting boundary conditions used in [CWC99]. On the left-hand side of the domain,
the no-perturbation boundary condition was used.

The CE/SE scheme includes three additional parameters: a and 3 (both related to the
control of oscillations resulting from discontinuities such as shock waves) and ¢, (serving to
control effects of numerical viscosity). In this case, « = @ = 0 and gp = 0.3. The value for &
was chosen after experiments with the parameter and was found to mostly affect the layer
close to the wall.
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Figure 2.100: Coarse grid result for the (a) pressure perturbation (increment of .5 x 107°
between the contours) and (b) streamwise velocity perturbation (increment 1 x 107°)

The numerical results for the pressure field, =, and streamwise velocity field, u, at t = 200,
are shown in figure 2.100. The dashed contours represent negative contours while the solid
lines represent the positive contours. Each contour represents an increase or decrease of
the indicated increment. For example, the outermost positive contour in figure 2.100(a) has
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value 0.5 x 107>, and the innermost positive contour has value 3.0 x 10~3. These results were
produced using the coarse grid.

Comparison of the numerical results with ¢ = 2 x 107 in (2.205) demonstrated that
£ = 107 is small enough that the perturbations can be interpreted as linear.

Figure 2.101 shows the pressure perturbation and streamwise velocity as function of y at
z = 160 for both coarse and fine grids. The results show nearly perfect agreement. In the

T T T T 5e-05 T T T T
3e-05 |~ (a b
05 | (a) ss L ©® j
1.56-05 3e-05 - .
& =
2e-05 = =
0

1le-05 - -1

-1.5e-05 0 1 1 1 1

0 5 10 15 20 25 0 5 10 15 20 25
y y

Figure 2.101: Coarse (crosses) and fine (solid-line) grid comparison for z = 160 and ¢t = 200
for the (a) pressure perturbation and (b) streamwise velocity perturbation

case of the streamwise velocity, there is a relatively larger difference between the coarse and
fine grid solutions in the vicinity of the wall, which we attribute to the inaccuracy in the
application of the actuator boundary condition at the staggered points in the vicinity of the
wall.

As an example of the BES application, one can use the computational results together
with (2.185) in order to find a projection onto the normal modes at a prescribed coordinate
x. Figure 2.102 shows the amplitudes of the slow and fast acoustic modes as functions
of the parameter k. Because there is no dissipation, the amplitude distributions shown in
figure 2.102 are independent of 2. One can see that the fast acoustic mode amplitude is
a magnitude larger than the slow acoustic mode. The BES technique reveals this insight,
which otherwise would remain hidden from view if one knew the numerical solution only.

It is worthwhile to compare the computational results and their projection onto the fast
and slow acoustic modes presented in this section with the results of [TWZ07]. The results
are very close qualitatively. The latter means that the main features of the numerical results
for acoustic modes observed in [TWZ07] have an inviscid character.

Projection of the analytical result onto the normal modes: the receptivity prob-
lem solution

The receptivity problem that was solved numerically in the preceding section has an an-
alytical solution [AL65]. It can be found as a solution of the linearized velocity potential
equation with inhomogeneous boundary condition on the wall. The solution provides the
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Figure 2.102: Projection result for the (a) slow acoustic mode (C,.1) and (b) fast acoustic
mode (Cic2)

perturbation flow field, and it does not reveal anything about the amplitudes of the fast and
slow acoustic modes. Using the BES, one can decompose the analytical solution as was done
for the numerical result. Instead of the decomposition of the available analytical result, we
are going to show how the BES can be used to find the receptivity problem solution as an
expansion into the normal modes directly. (This part of the work is similar to the receptivity
problem solution in [TumO6b], within the scope of the linearized Navier-Stokes equations.)
After that, one can prove that the solution is equivalent to the result of [AL65].

Assuming that the solutions of linearized Euler equations are proportional to exp(—iwt),
the governing equations are identical to (2.147) except for differing boundary conditions on
the wall.

D s P

oy oz
y=0: Ag(z,0) = vy(2) i)
y—oo: |A)]—0

where v, () = €9(z) as defined in (2.206).
To find the formal solution of the problem, we begin with the Fourier transform with

respect to x,
As(y) = / A(z,y)e " *ds (2.208)

As a result, the problem (2.207) is transformed to the following boundary-value problem for
ordinary differential equations:
dA
ETL ~H,A; —ia/H,A; =0
Y
2.209
y=0: Apy = play) :209)
y—oo: |Ag—0
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where

play) =/ vy (z)e " % dx (2.210)
One can find the solution of the problem (2.209) as follows:
s .M2 i _ L _ T
As(y) = pay) (—Z—Cﬁ, e =Ll = o) ; tay w)) e (2.211)
H H e
where
ulay) = \/aﬁ - M?*(a; — w)? (2.212)

and the positive branch of the square root, Re(u) > 0 is chosen.
Finally, one can write the formal solution of problem (2.207)

1 A a5
Az,9) = 5- Aj(y)erday (2.213)

—00

The formal solution can be presented as a sum of the normal modes with coefficients

. = EAG Bl -
fj:: (HzAf, Ba)ei(°f “")xda,

- 27Q.

Using the dot product of Eq. (2.207) and B,, together with integration by parts, one can
derive

(af) Baz(y = 0; k)

(HAf,B,) = — £

i(ay —a(k))
Therefore, .( N
_ _Baly=0k (1 [ plageter—=®
RS Qa(k) (27ri/L o — a(k) daf) (2.215)

The integral in (2.215) can be evaluated explicitly as the residue value at a; = a(k) by
completing the path in the upper half-plane ay. As a result, we arrive at

__pla(k)) -
Ca(k) = N0 Bas(y = 0; k) (2.216)

If we refer to the equations defining the adjoint modes, it is clear from Egs. (2.180) and
(2.181) that the entropy and vorticity mode coefficients are zero since the second component
of both modes is zero, i.e., Bez = 0 and B, = 0. This result explains the observation in
[TumO06b] that amplitudes of the entropy and vorticity modes are very small in the case of
a periodic-in-time actuator placed at the bottom of the boundary layer.
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For the slow and fast acoustic modes, the second component at y = 0 is non-zero for
both modes, i.e., Baemz = —2(w — @) /k, and one can find explicitly amplitudes of the slow,
Cie1(k), and fast, Cye2(k), modes as follows:

_ kp(oa(k))
Cacr(k) = o O D) T3 (2.217)

_ kp(az(k))
Cacalk) = 21/ (M2 — 1)k? + M2.2 e

The Fourier transform p(c«) for the particular case of v, (z) was found the help of Math-
ematica, [Wol99] yielding

Qiseiow/2 . wo
pla) = W(Swa(@ag + azw?o?) cos % — 38404q;, sin w7+

384(5a; — ag)wa — 8(10a; — 6ag + az)w?a® + (a; — ag + as)w’a®)

with a; = 20.25, a; = —35.4375, and a3 = 15.1875.

We are now able to compare the amplitudes, (2.217) and (2.218), with the amplitudes
derived from the projection of the numerical results for the slow and fast acoustic modes (see
figure 2.103). The close agreement of the results serves as validation for the numerical method

7e-05 ——T—T—T—T—T—T—1—T 0.0003 .
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. 0.0001 -
1e-05 5e-05 7

0 0 1 1 I 1 1 1 1 1
0 02040608 1 1.21.41.61.8 2 0 0.20.40.60.8 1 1.21.41.61.8 2
k k

Figure 2.103: Comparison for the projection (crosses) and theoretical result (solid line) for
the (a) slow acoustic mode (Cyc1) and (b) fast acoustic mode (Cae2).

that was employed in solving the Euler equations for the receptivity problem. Figure 2.104
is a comparison of the theoretical and computational results for pressure and streamwise
velocity perturbations at x = 160, ¢t = 200.

Conclusions

The practical use of the BES technique with respect to analysis of computational data
was illustrated by considering the receptivity problem of a periodic-in-time actuator on the
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Figure 2.104: Comparison of the theory (solid-line) with the coarse (circle) and fine (cross)
results for the (a) pressure and (b) streamwise velocity

wall in uniform flow. A numerical method derived from [CWC99] was used to solve the
problem numerically. The computational data were projected onto the normal modes of
the continuous spectra (slow and fast acoustic modes). As a result, it was found that the
slow and fast acoustic modes compose the perturbation field found through the numerical
method. Thus, The BES system helps to reveal the physical structure of the flow.

The receptivity problem was solved analytically, as well. With the help of the BES
technique, it was shown that the actuator does not excite vorticity or entropy modes. We
compared the theoretical and numerical amplitudes of the fast and slow acoustic modes,
finding a close agreement between the predictions derived from our theory and the projection
of the computational results. This type of analysis can be used for validation of numerical
methods in other problems.
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2.7 Biorthogonal eigenfunction system in the triple-
deck limit

Introduction

Many problems in fluid dynamics at high Reynolds numbers are associated with different
length scales. This is an obstacle for computational methods because the resolution of very
different scales imposes heavy demands on computing resources. In this case, asymptotic
methods might serve as an efficient complementary tool for understanding the flow structure.
Modern asymptotic theories are associated with the triple-deck theory introduced in [Nei69],
[SW69] and [Mes70]. One can find a large number of references relevant to the triple-deck
theory in monographs [SRSK98] and [NBDL04], and in a recent review [RS98]. Initially,
theoretical models dealt with steady perturbations like humps or other imperfections of
the surface (see for example [BN71, BN77, SSB77, BL85, Bog86, Bog87, Bog88]). Non-
steady perturbations were considered within the triple-deck theory in [Sch74, Dan75, RT77,
ZR78, Ter78, ZR79, Smi79]. This extension of the triple-deck theory included problems
of stability of boundary-layer flows (Tollmien-Schlichting waves) in the modern asymptotic
framework (one can find the main references relevant to the predecessors of the applications
of asymptotic methods to the hydro-dynamic stability theory in the monograph by [DR81]).

The first results on the generation of TS waves within the scope of asymptotic methods
(the triple-deck theory) for an actuator on the plate surface were obtained by [Ter81, Ter84,
Ter85]. [Gol83] utilized an asymptotic analysis for the problem of TS wave generation by
acoustic waves interacting with a plate leading edge. Using a similar approach, [Gol85]
and [Rub85b, Rub85a] analyzed the excitation of TS waves by acoustic waves scattered by
a roughness element. Publications relevant to the asymptotic analysis of boundary-layer
receptivity in succeeding years can be found in [Cho98] and [SRK02].

The objective of this section is to establish the equivalence between the receptivity prob-
lem solutions obtained within the scope of the biorthogonal eigenfunction system and those
obtained with the help of the asymptotic methods at the limit of high Reynolds numbers.

Receptivity problem solution via biorthogonal eigenfunction system
Problem formulation

For the purpose of clarity, we repeat the main results relevant to the receptivity problem

solution within the scope of the biorthogonal eigenfunction technique. The consideration

will be restricted only by incompressible two-dimensional boundary layer flow and by two-

dimensional perturbations in the parallel flow approximation. The linearized Navier-Stokes

equations after Fourier transform with respect to time are written in dimensionless form as

a system of four partial differential equations
0A (z,y)

T = HlA (.’L,y) + H2

OA (z,y)

2.
= (2.219)
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0 0 0 1 0 0 1 0
0 0 —iw O 0 0 =U =Rel
= 0 9 o o} de=1 g 0 0 0

iwRe 0 URe 0 URe Re 0 0

The vector-function is defined as follows: A = (u,p,v,du/dy —Ov/dz)T, where T stands for
transposed; U(y) is the unperturbed velocity profile; U’ = dU/dy; u and v are the stream-
wise and normal velocity components of the perturbation, respectively; p is the pressure
perturbation; and Re is the Reynolds number. The velocity perturbations in Eq. (2.219) are
scaled with the free stream velocity, Uy; pressure is scaled with pU2 , where p is the density;
and the coordinates z and y are scaled with the scale L having the order of magnitude of
the distance from the flat plate leading edge.

Assuming that there is a localized actuator on the wall, the linearized boundary conditions
are as follows:

TEA u=-U_hf(z); v=iwhf(z)

2.220
y—oo: |Al—=0 (=1,..,4) ( )

where U, = (dU/dy),_,, f(z) is the actuators shape function, max, f = 1, and h is the
amplitude parameter. The linearized boundary conditions on the wall (2.220) are applicable
if the amplitude parameter, h, is very small with respect to the thickness of the viscous
sublayer [Ter84]. For simplicity, we consider a subcritical frequency, i.e. the perturbation
decays downstream from the actuator. In the particular case of steady perturbation, w = 0,
the problem corresponds to the case of a two-dimensional hump placed on the wall.

Formal solution

With the help of the Fourier transform with respect to the coordinate xz, we arrive at the
following system of ordinary differential equations with inhomogeneous boundary conditions:

dA, .
—% — HiA, (3) + iauHhA, (3) (2.221)
=0: Ay = =U.hp(ay); Ays = iwhp(a,
Yy 1 o ‘p(a) 3 = whp (ay) (2.222)
y—oo: |A4;]—-0 (j=1,..,4)
where
1 +o00
Av(y)zﬁ'/A(J’ay)e “*dz
- (2.223)

+00
1 —iQy T
p(av>=§7;/fu)e dz

The system of ODE (2.221) has four fundamental solutions, Z,(y),...,Z4(y). Their
asymptotic behavior outside the boundary layer can be easily found as ~ exp(\;y), with

141



complex numbers \;(w,), 7 =1,...,4

A2 = Fa,; Azq= :F\/Otg + iRe (a, + w) (2.224)

In the general case, two fundamental solutions are decaying outside the boundary layer,
and the other two solutions are exponentially growing. To be specific, we choose Z;(y) and
Z3(y) as the decaying solutions at y — oco. In this case, we choose branch Real(\3) < 0, and
the choice of Z,(y) as decaying at y — oo solution implies that Real(a,) < 0.

Explicitly, the fundamental solutions outside the boundary layer are written as follows

2ol ol
oi+w a+tw
Zi=| o | Zo=| L |e™
m _a+w
0 0
(Re(;+w) —Re(:x+w) (2.225)
Zo=|__ % e z=|_ % [ew
" Re(atw) " Re(atw)
\ 1 1

p=+1/a?+iRe(a+ w)

For Real(a,) < 0, the solution of system (2.221) satisfying the boundary conditions (2.222)
can be written as follows:

hp (a, . hop () ., .
Au(®) = 228 iy — ), 20 )+ P2 Uy 4 i), Za (3)

Es Es

g (2.226)
E,']' = det( - IJ>

R3i 35 y=0

where z;; stands for the i-th component of vector Z;, and the formal solution is obtained as
the inverse Fourier transform

+00
A(z,y) = / A, (y) €*%da, (2.227)

Biorthogonal eigenfunction system

We introduce the following biorthogonal eigenfunction system {A,,B,}:

dA.
dy
y=0: Ap1 = A3 =0

g—+00: [|Aszl<os, (1=1,..,4)

= HiA, + ioHyA,
(2.228)
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Figure 2.105: Branches of the continuous spectrum.

dBa
dy
=105 Bo=B,=0
y—00: |Bgl<oo, (j=1,..,4)

= H{B. + iaH; B,
(2.229)

where a is a complex number, and the subscript ‘a’ indicates the corresponding solution
[actually, Eqs. (2.229) define a complex conjugate of the conventional adjoint problem].

Following the analysis of the fundamental solutions, we arrive at the conclusion that the
eigenvalues « belong to the discrete or continuous spectrum. In the case of the continuous
spectrum, « is found from A2, = —k?, m = 1,...,4, where k is a real parameter (k > 0)
and A\n,(«) are defined in Egs. (2.224). The branches of the continuous spectrum on the
complex plane « are shown in figure 2.105. There are two pressure and two vorticity modes.
The modes associated with the upper half-plane « are the downstream modes, whereas the
other pair of modes represents the upstream ones. For the purpose of further analysis, we
are interested in the downstream modes only.

The pressure modes can be found as follows:

Ae() = 7 (1) + 222 (1) + 222, (y) (2.230)
23 23

where a = ik, (k > 0) and the coefficients E;; are defined in (2.226). At y — oo, the mode
(2.230) has a non-zero pressure perturbation, whereas the vorticity perturbation is equal to
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zero. Similarly, one can find for the vorticity mode

E E
Aa(y) =2 (y) + 23 (4) + =24 (y) (2.231)
E34 Esq

where & = —0.5iR (1 — T+ 4(K + wR) /RZ), (k > 0). Aty — oo, the mode (2.231)
has non-zero vorticity perturbation, whereas the pressure perturbation is equal to zero. In
the case of the discrete spectrum, all characteristic numbers \,, have a non-zero real part
and only two fundamental solutions can be used to represent the mode. In the case of
Real(w,) < 0, one can find the discrete mode as follows:

_ 211 (0)
213 (0)
where subscript ‘a’ means that the solution is evaluated at a as a root of the equation

Ei3(a) = 0. Fundamental solutions of Eqgs. (2.229) outside the boundary layer can be
written as follows

A, (y) =27 (y) Z3(y) (2.232)

( 0 0
1 - 1 -
Y, = ilatw) | € Y, Y= _i(etw) | € )
a a
\ = -
2ia _ Zia (2.233)
( g T
Y; = ("“’6") e, Y,= (a+w)® | omy
2o 2apu
\Re(oz+w) Re(a+w)

One may consider the dot-product of Eq. (2.228) and B, and integrate the result with
respect to y on the interval [0,00). With the help of integration by parts and Eq. (2.229),
the following orthogonality relation may be derived:

(HyAa,By) = / (b B = Ol (2.234)
0

where A,o is the Kronecker symbol if a or o’ belongs to the discrete spectrum, and Ao =
d(x — o) is the Dirac delta function if both @ and o’ belong to the continuous spectrum.
Coefficient @ in the right-hand side of (2.233) depends on the normalization of A,(y) and

B.(y)-
Contribution of the modes in the formal solution

The eigenfunction system is complete (see [Tum03]), i.e., a spatially growing/decaying solu-
tion of linearized Navier-Stokes equations can be presented as an expansion into the eigen-
function system) as follows:

(oo}
Alz,p= Zc,,Aaye""""‘ + Z/o ¢i(k)Aq, (y) ez g (2.235)
v J
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where Zj stands for summation over the downstream pressure and vorticity modes and "
represents summation over the discrete modes.

With the help of the orthogonality condition (2.234), one can find from Eq. (2.235) for
modes of discrete and continuous spectrum at some distance z

(H.A,B,,,)
Qu,j
where subscripts v and j refer to the discrete and continuous spectra respectively. If we

consider, for example, the dot-product of Eq. (2.221) and B, and integrate with respect to
y over the interval [0,00), we arrive at the following relationship:

ey (k)€™ = (2.236)

(Aul Baj 1t Au3 Baj3)

=0
=) v (2.237)

<H2Au1 Baj> =

Substitution of the formal solution (2.227) into Eq. (2.236) together with Eq. (2.237) leads
to the following result

+o00
1 . (AulBa«l i AVSBorB) =
(k) = —— [ eilev—as)z Z kit il 2.238
(k) = —g; [ o T, .

By closing the path of integration in the upper half-plane, one can find the coefficient as the
residue value at a, = «;

27 ( _ 2mhp(a)
Q; oes Q;
The coefficients ¢, corresponding to the discrete modes are obtained from (2.239) with «;

replaced by «,. Finally, substituting the coefficients ¢;(k) and ¢, into Eq. (2.235) provides
the solution of the receptivity problem as an expansion into the normal modes.

¢i(k) = Au1Baj + AysBays) (U, Ba;1 — iwBa3) (2.239)

y=0

The biorthogonal eigenfunction system in the triple-deck limit

In order to derive the triple-deck limit of (2.235), one has to find the eigenfunction system
{A.,B.} and the coefficient @ in the orthogonality condition (2.234) in the limit of high
Reynolds number and scaling corresponding to the triple-deck theory.

Assuming that the dimension of the actuator in the z direction has the order of magnitude
e3L, where ¢ = Re™'/® « 1 is the small parameter, we arrive at the triple-deck structure of
the flow (see figure 2.106). The coordinate y in the outer deck has to be scaled with €3L; the
scale in the main deck is £*L, and the lower deck (viscous sublayer) has a scale of €°L. In the
case of unsteady perturbations, the time is scaled with eé2L/U,,. We are going to consider
the introduced normal modes in the triple-deck limit. The derivation of the asymptotic
governing equations starts with the linearized Navier-Stokes equations (in the triple-deck
theory, the linearization is utilized in the analysis of the lower deck, whereas the equations
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Figure 2.106: Triple-deck structure.

in the leading order of magnitude in the other decks are linear). Because the downstream
vorticity mode has « ~ w/Uy ~ (¢2L)7!, it remains out of the triple-deck scaling and will
be of no interest in the present section. In order to establish the equivalence of the solution
(2.235) and asymptotic solutions of the receptivity problems, we have to find an asymptotic
representation for the pressure and the discrete modes. They could be composed of two
(discrete mode) or three (pressure mode) fundamental solutions. The triple-deck limit of the
fundamental solutions is presented in A.6.

In the triple-deck limit, we obtain with help of the fundamental solutions from the A.6
the following result for Fy3 (@) = Ei3 fe*:

Q
Ey(a) = - (’—“ = wai) (ial,,) " / Ai(¢)d¢
A -, (ial.)"? "o Sa
& EEU‘I"U—Z A’ (Q) —Q/Ai ) d¢

where @ = a/e®, @ = we?, U], = €*U],, and A\ = +a (depending on the sign of Real (@)), and
Q=13 (dU{U)_Z/s. For a discrete mode, it has to be Ej3 (&) = 0, and Eq. (2.240) leads
to the dispersion relation as follows:

AV _ (z‘a_’;,,)‘/ :
I — 1 () (B )
- (2.241)

10=/Ai(<>d<=§; Il(n)=/Ai<c>d<
0 0
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One can find that the dispersion relation is equivalent to the one presented in [Ter81].
With the help of the asymptotic results for vectors Z; and Zs, we can find from (2.232) the
velocity components and pressure perturbations for the discrete mode in the viscous sublayer
as follows

211 (0)

213 (0)

where @ has to be found from Eq. (2.241). Explicitly, the velocity and pressure perturbations
of the discrete mode in the main order of magnitude are recast in the lower deck as follows

Aa'_—zl'_

s (2.242)

¢
7 JAi(Q)d
ly = _% (5, . (2.243a)
| JAi(¢)d¢
) A 2/3 ¢
e~ = Zilllys — % ’(‘;’2’\ Fs(v ) AT (Q)—¢ / Ai(m)dn |,  (2.243b)
JAi
=1 (2.243c)

In the case of flow perturbation downstream from a hump, we need expressions for the
pressure modes at & = ik (k is a positive parameter) and @ = 0 (€2 = 0). In the latter case,
the pressure mode is presented similarly to Eq. (2.230)

Ap =71+ CyZy + C3Z4 (2.244)
where Z; corresponds to A = @ = ik in Bhe outer layer solution, and Z, corresponds to the
asymptotic solution with A = —&@& = —ik. The coefficients C; and Cj are determined from

the no-slip condition. Because we are going to consider the pressure modes in the steady
case, @ = 0, we arrive at the equations

C2U— - Cg— ('c‘v(?{u)‘”3 = —U-“i (2.245a)

a
—Cyia + Cs (zaU,;)” * Al (0) = ia (2.245b)
Particularly, one can find C; as follows:
30, (ia0)"° AV (0) + ia? (ial) ™
- 30, (ia02,) " A (0) — ia? (ial,) "/}
Finally, the pressure perturbation in the viscous sublayer (corresponding to the pressure
mode) can be presented as

(2.246)

2
a [-g -ty A (z’o‘zl'f.',,)_s/s] ’ (2.247)
v = (—3Ai' (0))** = 0.8272

e—zpw=1+c'2=_
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For a discrete mode, the adjoint problem solution can be written as the sum of two funda-
mental solutions
B, = g1 + Dsg3 (2.248)

evaluated at @ = @, as a root of the dispersion relation (2.241); and where g; is the funda-
mental solution having in the outer deck the asymptotic behavior as ~ exp(Ayz) (A = +a),
whereas g3 represents the fundamental solution localized in the viscous sublayer. The coef-
ficient D3 can be found from the boundary conditions on the wall.

In the case of the pressure mode, the adjoint problem solution is a sum of three funda-
mental solutions

B, = g1+ Dgs + Dsags (2.249)
where g; corresponds to A = a = zI_E in the outer deck solution, gy corresponds to the
asymptotic solution with A = —a = —ik, and g3 stands for the fundamental solution localized

in the viscous sublayer. The coefficients D, and Dj are determined from the wall boundary
condition. Because we are going to consider the pressure modes in the steady case, @ = 0,
we arrive at the equations

o) & D) + Dygl™ =0, (2.250a)
984 4 Dyg) + DyglP =0 (2.250D)

where gé and g(3 ) are defined in Egs. (A.60). The superscripts ‘+’ stand for A = +a
respectively, whereas the superscript ‘sub’ stands for the solution (A.61) corresponding to
gs. After substituting the solutions into Egs. (2.250), one can obtain the algebraic system
of equations in the following form:

—%Bi (O a1 1y “’f Bi (0) + D, + D3Ai (0) = 0, (2.251a)

”k; Bi’ (0) — ”k; i’ (0) — DsAi’ (0) = 0, (2.251b)
AR

k3 = W (2.251¢)

It is straightforward to find from (2.251) that

Dy, = -C; (2.252)
where C; is defined in Eq. (2.246).
The receptivity problem solution in the triple-deck limit

Two-dimensional hump

In the case of a hump (@ = 0), there are no downstream discrete modes. The solution will
be represented by the continuous spectrum. Moreover, because the vorticity modes are not
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presented in the triple-deck limit, we have to analyze pressure modes only. For the purpose
of brevity, we consider only pressure perturbation on the wall that can be easily evaluated
within the triple-deck theory.

The pressure perturbation on the wall corresponding to the pressure mode was found in
Eq. (2.247). This result has to be multiplied by the receptivity coefficient

27rhp( 2mhp (@) , 2.253
2; y_opw (2.253)

where h = h/e®, p = p/e3, Baj1 = Baji/€, and Q; = Q;/€?; p, stands for the pressure
perturbation corresponding to the elgenfunctlon of the pressure mode and evaluated on the
wall [Eq. (2.247)]. Therefore, the induced pressure on the wall is recast as follows:

e?p, = - 4mhp (@) Uy Berw e (2.254)

an [—g o a27—4/3 (zaU{u) —5/3]

ol Ay

The next step is to find the asymptotic expressions for Bay,, and @;. One can find from the
fundamental solutions in the lower deck (A.60)
— a a
Biw= 7 — Dy— U' U' (]. -+ Cg) (2255)
The coefficient @; in the orthogonality condition (2.234) for the continuous spectrum can
be found with the help of the asymptotic solutions outside the boundary layer (in the upper
deck) [TumO03].
O; = | Do (HaZy,Y3) + Cp (HyZy, Y )] Cerdek) (2.256)
In the outer deck, one can use the explicit form of the matrix H, and fundamental solutions
to arrive at the following result
Q= QJ = 47iC, (2.257)
Finally, the pressure perturbation on the wa,ll due to the hump is found from Eq. (2.254) as
follows:

" 2ihp (@) €3 1
8_2Pw (CY) = ; pEa) c ~ \—5/3 =, \—5/3
& (oLt ay (1a0,) ] [L+ aty+s (ialy) ]
_ ihp (@) & B ihp (a) €
(-4 + @ ia0L) ][4+ (ial) "]

(2.258)

where a = k. In accordance with the solution (2.235), we have to integrate (2.258) with
respect to k = k/e* = —ia/e3. Therefore, the pressure perturbation in the physical space
may be found as the following integral

a=100

Ty i . LB

o | |5+ (@) ™| . L+ a2y~ (ia0;) "]

(2.259)
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Figure 2.107: Paths of integration leading to transformation of Eq. (2.261) to Eq. (2.259).

This result was found as the triple deck limit of the solution derived with the help of the
biorthogonal eigenfunction system, and we are going to show that it is identical to the result
obtained from the triple-deck theory.

In the case of a 2D hump, one can find from [SSB77] (as the 2D limit of the 3D solution).

2P, (a) = — P - (2.260)
— &+ a2y=4ss (ial,) "

The inverse Fourier transform might be found as the following integral:

+o00 0 i
/ e72P, (a) e da = / gue ™ da
L5 A [é 4+ 52,7—4/3 (,iaUl,U)—S/S]

(2.261)

+o00 i
p(@) e

Ny B
S [-L+arys (1a0,) "]

The two integrals on the right-hand side of Eq. (2.261) can be recast as integrals along
the imaginary axis by closing the paths of integration as shown in figure 2.107, and one can
arrive at the conclusion that (2.261) is identical to (2.259) at h = 1.

Two-dimensional actuator

In the case of an unsteady actuator, we are interested in the amplitude of a discrete mode
(Tollmien-Schlichting wave). The pressure perturbation on the wall follows from Eq. (2.239)

2
= 20 e B e (2.262)
Q y=0
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where p,, stands for the pressure perturbation corresponding to the eigenfunction of the
discrete mode and evaluated on the wall. Taking into account the difference in the definition
of vector A, in Eq. (2.242) of the present work and in Eq. (21) of [TA97], one can derive
from Eq. (2.262) (with the help of Eqgs. (27) and (28) of [TA97]) the following result for
pressure perturbation on the wall

2mihp (« )
_—_aEpm( )lzasU;+zwz13]y=opw (2.263)
da

P, =

After taking into account solutions in the viscous sublayer, we arrive at the following result

% 2mihp (@) .
E 2Pw = _—BL‘:_Q [Z33Uw + Zw213]y=0 (2264)
da
With the help of explicit solutions on the wall,
) D)
211 (0) — __(]2_7 (2265&)
o @ WA
231 (0) = — (U_,’” = —CMT) , (2.265b)
Q
z13(0) = (ia(‘f,’,,)”’/‘* / Ai (n) dn, (2.265¢)
Q
al,)'
Z33(0) = QGU—‘;’)— Ai' () — Q/Ai (n) dn (2.265d)
where eigenvalue @ has to be found from Eq. (2.241), one can find
(20, + iw21s]_, = (iT,) """ AV (Q), (2.266a)
= Q -
oFE v, e g . wU.
a; = o5 (ia0;) wilg / Ai(Q) d¢ — QA (Q) (1 =— ) (2.266b)
Substituting these results into Eq. (2.264) yields
3nhp (@) U, (ial.)*° Ai' (Q

2 (Io — ) + QA (Q) (1 = Miw)

a3

For positive frequency (@ > 0), the discrete mode has Real (@) < 0, and we have to choose
A= a@. One can find that the result (2.267) is the same as in [Ter81].
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Conclusion

By consideration of two examples (two-dimensional actuator placed on the wall and a two-
dimensional hump), we have proved that the receptivity problem solution found with the
help of the biorthogonal eigenfunction system is equivalent to the asymptotic results when
the triple-deck scaling is assumed and the Reynolds number tends to infinity.

The biorthogonal eigenfunction system allows filtering out modes of continuous and dis-
crete spectra, and the present results illustrate how this technique could be extended to
asymptotic solutions of linearized Navier-Stokes equations.
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Chapter 3

Three-dimensional wave packets in a
compressible boundary layer

3.1 Introduction

This section is based on the papers published in collaboration with E. Forgoston and M
Veirgutz [FT05, FVTO06].

The transition process from laminar to turbulent flow in hypersonic boundary layers has
been studied for many years. However, our understanding of this phenomenon is still very
poor compared to the low speed case [Res94]. Several reasons exist for this difference. For
example, experimental conditions are severe in hypersonic wind tunnels. Because of high
levels of free-stream noise, it is difficult to perform experiments with controlled disturbances.
Unlike the low speed case [SS47], it is difficult to design perturbers that can generate high-
frequency artificial disturbances of individual modes. Instead, wave trains and wave packets
are generated. Therefore, interpretation of experimental data is not straightforward, and this
issue leads to the need for close coordination between theoretical modeling and experimental
design and testing [FT03].

Experiments with controlled disturbances could provide insight into the governing mech-
anisms associated with hypersonic laminar-turbulent transition, with a sharp cone being a
good candidate for transition studies due to its relatively simple geometry. Several methods
for excitation of artificial disturbances in a hypersonic boundary layer are available. These
methods could be used to generate either two-dimensional or three-dimensional wave packets
of a broad frequency band.

Additionally, due to advances in computational fluid dynamics, it is possible to perform
reliable simulations of laminar-turbulent transition. Ma and Zhong [MZ03a, MZ03b] and
Zhong and Ma [ZMO02] have performed direct numerical simulations to better understand
the mechanisms leading to hypersonic boundary layer transition.

Accompanying these experiments, both wind-tunnel and numerical, should be theoretical
modeling and studies of the development of wave packets in hypersonic boundary layers.
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Gustavsson [Gus79] solved a two-dimensional (2D) initial-value problem for incompress-
ible boundary layer flows. Fedorov and Tumin [FT03] analyzed a 2D initial-value problem
in a compressible boundary layer. However, the problem for three-dimensional (3D) wave
packets has not yet been considered.

The spatial analysis of the 2D instability modes in hypersonic flows [Fed03a] revealed the
following: (1) in the region of the leading edge, two discrete modes, Mode F and Mode S
(we use Fedorov’s [Fed03a] terminology), are synchronized with fast and slow acoustic waves
respectively; (2) at a downstream location, Mode F is synchronized with the entropy and
vorticity waves; (3) further downstream, Mode F and Mode S could also become synchronized
[FKO01]. It is important to understand these features due to the role they may have in the
transition process. Later on, similar features of Mode F and Mode S were seen in the 2D
temporal problem [FT03].

The objective of this chapter is to solve the initial-value problem for a three-dimensional
wave packet in a compressible boundary layer flow. Additionally, we will use a numerical
example to illustrate features of the spectrum that are associated with the 3D character of
the problem.
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3.2 Initial-value problem for three-dimensional pertur-
bations in a compressible boundary layer

Problem formulation

We consider a three-dimensional parallel boundary layer flow of a calorically perfect gas.
At the initial time, ¢ = 0, a three-dimensional localized disturbance is introduced into the
flow. The problem is to describe the downstream evolution of the perturbation. The hy-
drodynamic and thermodynamic characteristics of the flow are expressed as a superposition
Q.(y) + ¢(z,y, z,t), where @, is a mean-flow quantity and g is its disturbance. The stream-
wise, normal and spanwise spatial coordinates, given respectively by z, y, 2, are nondimen-
sionalized using a length scale L*, and time is nondimensionalized as L*/U?, where U is
the streamwise mean velocity at the upper boundary layer edge. The mean-flow velocity
components are referenced to U}, while temperature, density and viscosity are referenced to
their respective quantities at the upper boundary layer edge. Pressure is made nondimen-
sional using the dynamic pressure, p} (U:)2. We denote u, v, and w to be respectively the
streamwise, normal and spanwise velocity disturbances, and 6, 7, p, and u to be respectively
the temperature, pressure, density and viscosity disturbances. The linearized, dimensionless,
governing equations for the disturbances are:
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W+ pia + Uiget () + 58 + W, = (3.1a)
ou ou oUj ou or 1 ou ov ow

Ps <—8_t+U’8_z+UBy +W35z')= 8x+ { [ ( 6 +m— 62)]

‘G a) o (5] v b (3l a1
ov ov ov or 1 (0 ou oU,

(5O ae) =5 m e 1 (G o) v (7))

SRSl 2ol o
(G G emss) - (e (3 a)]
RTNCIO N ML o
[Z(Z Usg—o +Wa}—( —1)M2[Z U‘; +wg7r %@]
+RePr[ ( ) 2y (g g)*é‘i(“%ﬂ -
v=n (5 5) (5) 2 (G 5) (%))

{(%)" (%)

6
L. S (3.1g)

P T, ps
where Re is the Reynolds number, Pr is the Prandtl number, and 7 is the specific heat
ratio. Additionally, 7 = 2(e + 2)/3, m = 2(e — 1) /3 where e = 0 corresponds to the Stokes
hypothesis. U,(y), W;(y), Ts(y), and u,(y) are mean flow profiles.

Denoting A = (u,0u/dy,v,, 6, 80/6y,w,8w/6y)T as the disturbance vector function,
it is possible to rewrite the system of equations (3.1a-3.1f) in the following matrix operator

form:
0 O0A 0A OA O0A ’A FA
a—y(ow) E-y__H a +H11A+H26 +H3a ay+H4a(L'2 (32)
0A %A OPA O2A '
Tt T Big s T e

where Lo, Hyo, Hy1, Hy, Hs, Hy, H5, Hg, H; and Hg are 8 x 8 matrices, whose non-zero
elements are presented in the Electronic Physics Auxiliary Publication Service (EPAPS) (see
EPAPS Document No. E-PHFLE6-17-005509 for the non-zero elements of the matrices in
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Egs. (3.2) and (3.8); a direct link to this document may be found in the online articles
HTML reference section; the document may also be reached via the EPAPS homepage
(http://www.aip.org/pubservs/epaps.html) or from ftp.aip.org in the directory /epaps; see
the EPAPS homepage for more information). At the initial time, ¢ = 0, the disturbance
vector is denoted as

A(:l:,y,z,O) =A0(m)yaz) (33)

The boundary conditions are

=0: w=v=w=0=10
y U=v=w ‘ (3.4)
y—oo: |A4j—-0, (1=1,..,8)

These boundary conditions correspond to the no-slip condition and zero temperature distur-
bance on the wall, and all disturbances decaying to zero far outside the boundary layer.

Solution of the initial-value problem

The three-dimensionality of both the boundary layer flow and the disturbance adds com-
plexity to the problem. However, the problem can be solved using a similar approach to
the one used in [FTO03] for the two-dimensional wave packet. The problem is solved using
a Fourier transform with respect to the streamwise coordinate, z, a Fourier transform with
respect to the spanwise coordinate, z, and a Laplace transform with respect to time, ¢:

[e e} o]

i T | ‘
Apap(y) = 5 / g g / e P A(z,y, 2,t)dzdzdt (3.5)
0 Z5 e

By applying the transforms given by Eq. (3.5) to the problem (Eqgs. 3.2-3.4), we arrive at a
system of non-homogeneous ordinary differential equations for the amplitude vector A ,g:

d dA dA,.
@(Lo d;aﬂ) 4 d; £ — Hi0pApas — Hi0Aoop + Hi1A pop
; . dA .
+ iaH, A yop + i0H; d;"" — ®H A pop + ifH5A o (3.6)

- dA
— ffHeA pop + ifH; d;“" — f?HsApop

where Ag,s(y) is the Fourier transform (with respect to both z and z) of Ag(x,y, z), the
initial disturbance vector. The solution of Eq. (3.6) satisfies the boundary conditions

y=0: Apapt = Apaps = Apaps = Apapr =0

y—o00: |Apgil =0 (1=1,...,8) (3.7)

The non-homogeneous term in Eq. (3.6) is the term containing the Fourier transform of
the initial disturbance, Agas. The remainder of the terms form the homogeneous part of
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Eq. (3.6). This homogeneous equation can be recast as the following system of ordinary

differential equations:
A A pap

dy
where Hy is an 8 x 8 matrix, whose non-zero elements are presented in EPAPS. There are
eight fundamental solutions, 2y, ..., zg, of the homogeneous system of equations given by Eq.
(3.8). Outside the boundary layer (y — oo), Hy is a matrix of constant coefficients, and thus
each fundamental solution has an exponential asymptotic behavior exp();y), where Ay, ..., Ag
are determined from the characteristic equation

= HoA pop (3.8)

det ||[Hp — M| (3.9)
For (y — o), Eq. (3.9) can be written as
(b — A?) x (bar — A%) x [(baz — A?) (bss — A?) — basbsa] =0 (3.10)
where b = H,

b41 e Hg7 = Hgl = b117
biy = HEH + HEHY + HEHS + HEHY,
bis = Hy’Hy® + Hy Hy® + He°Hy® + Hy Hp,
b32 = H34a
bss = Hg®

with HY denoting the (3, 7) element of matrix Hy.

The roots of Eq. (3.10) are

)\';’,2 = by = a®>+ B> +iRe(a+ W, — ip),

1
= (bgg + bs3) /2 + —\/(bzz — baz)? + 4bagbay,

(3.11)

56 = (bog + b33) /2 — —\/(bzz = b33) + 4b3bs2,
Mg =by =a®+ §*+iRe(a+ W, —ip)

where W, is the mean-flow spanwise velocity at the upper boundary layer edge. The root
branches are chosen to have Real(\;, A3, As, A7) < 0 and we define a matrix of fundamental
solutions

Z= ”zla-"’zell (312)
The non-homogeneous system given by Eq. (3.6) has a solution expressed in the form
Apop = ZQ(y) (3.13)
where the vector of coefficients Q(y) is found using the method of variation of parameters:
dZ dQ ?Q dLy dQ dQ aQ . dQ
2L +LoZ— + — +Z— —icH3Z— —ifH;Z— =F 3.14
“dydy T dr T dy “dy Ty gh o~ 314
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where F = — (H9A o). Since Z is the matrix of fundamental solutions of the homogeneous
system of equations, it follows that dZ/dy = HyZ. Substitution of this relationship into Eq.
(3.14) yields the system of equations

dQ °Q  dL,_dQ ,_dQ dQ Q

2Lo)HoZ— + LoZ—— + —Z—+ Z— —ioH3Z— — ﬁH7Z

3.15
dy dy? dy dy dy (.15}

Let us consider the individual equations of Eq. (3.15). Denoting zij to be the ith component
of vector z;, @; to be the jth component of vector Q, and F} to be the jth component of
vector F, then the first, third, fifth, sixth and seventh equations of Eq. (3.15) are respectively:

aQ; _

1 d (316)
dQ;
= F: 3 Irg
231 d'l/ 3 ( )
dQ;
25, dyJ =0 (3.18)
dQ;
265 dy’ = Fy (3.19)
27 df’ =0 (3.20)
The second and eighth equations of Eq. (3.15) are respectively:
29 dQ’ iaH2 z3; Q’ =F (3.21)
dQ; . dQ-
3"y : zﬁH$3z3jd—y’ = Fy (3.22)
Substitution of Eq. (3.17) into Eq. (3.21) and Eq. (3.22) leads to the following forms:
dO -
224 d?y = F2 Bt zaH§3F3 (323)
dO -
28; dQ = F3 + iBHSF; (3.24)

The fourth equation of Eq. (3.15) is

d? d dL d
2[433173l ij (gj +L0 23; dQZJ + 245 dQ] + dy 235 dQ]

By considering only the non-zero elements of H3', Eq. (3.25) can be rewritten as

= F, (3.25)

d(L43F:
de Fy— LPHPF; — (—3,,32
“idy 1+ LA

(3.26)
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Therefore, the non-homogeneous system (3.15) can be rewritten as

dQ
a9 3.27
A 4 (3.27)
with
Y1 = 07
@2 = — (Hi0Agap), — iaHZ® (H10A00p); ,
w3 = — (H10A0sp)3
1

d (L& (HipAgq
HioAoap), + Lo’ Hp® (Hi10A0ap); + (L8 (Hoo ﬁ)3)}’

= T egg dy
Y5 = 07

P = — (HIOAOQﬁ)G )

Wr = 07

s = — (Hi0Aoap)g — i8H7" (Hi0Aoap);
The formal solution of Eq. (3.27) is expressed as

8 y

dO:
App=)_|ai+ / d%’dy z; (3.28)
Jj=1 v

where the constants a; and y; are determined using the boundary conditions given by Eq.
(3.7). Using properties of determinants, we obtain the following solution:

160



y
d
Apaﬁ= (1,1+/7—Q— / d’l/Z2+ (Jla-i-/di Y Z3+/%dl/24 (3.29&)
(o) 0 o0
y
dQs dQs / Q / dQs
— — + | —d
+ | a5 +/ dy dy Zs+/ dyze-l— a7 + d Z7 dy YZg
0 [e9) 0 oo
e C2Ea3s7 + ¢4 Eyssy + e Eesst + s Figasy ’ (3.29b)
Er3s7
e C2Eha57 + ¢4 Erast + c6Erest + CsElss77 (3.29¢)
Ei3s7
e C2En327 + ¢4 Fr3ar + c6Eser + 08E1387 (3.29d)
Erss7
— C2Ensso + ¢4 Fi3sy + c6Esse + CsElsss (3.2£;e)
Ei3s7
d
& = / Q; —dy, (3.29f)
R1i R1; Rk Ru
23i 23 R3k R3l
FEiin = det 4 3.29
7 g 25i R5j 25k R5l ( e)
i 215 21k 27 =
Inverse Laplace transform
The inverse Laplace transform of Eq. (3.29a) is
Ppo+ioco
A0 ) = 5 [ Apusluip,a, iy (3.30)
Po—100

Figure 3.1 shows a schematic of an appropriate integration contour for the inverse Laplace
transform, which is determined by poles (relevant to the discrete spectrum) and by branch
cuts (relevant to the continuous spectrum).

By integrating along the contour shown in figure 3.1, Eq. (3.30) can be written as a sum
of integrals along the sides, y* and 7~, of each branch cut and a sum of residues resulting
from the poles of Eq. (3.29a) given by the equation Ej3s7(p) = 0, i.e.

A= _2_7r2 /A sePtdp + /A gePtdp | + Z:Resn paf e”‘) (3.31)
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P.

Figure 3.1: Integration contour for the inverse Laplace transform.
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Discrete spectrum

Modes of the discrete spectrum correspond to poles of Eq. (3.29a), which are roots of
Ei35:(p) = 0, where Ej3s; is defined by Eq. (3.29g). Discrete modes arise from the situa-
tion when all the roots of Eq. (3.11) have non-zero real parts and are given by the poles’
contribution to the inverse Laplace transform, i.e. the residues shown in Eq. (3.31). These
residues have the form

Resn (Apap €) = An(y; Pn, @, fem" (3.32)
with =]
6E1357
An - [a1z1 + a3z + 0525 +a7z7] X 6p (pn) (333)

where a4, a3, a5 and a7 are given by Eqgs. (3.29b-3.29¢). If the eigenvalue p, = —iw, belongs:
to the discrete spectrum, then the associated eigenfunction A, decays exponentially outside
the boundary layer (y — 00).

To illustrate features of the spectrum, we consider a boundary layer over an adiabatic
sharp cone at zero angle of attack. The length scale is L* = /(uzz*/ptUZ) and the Reynolds
number is Re = \/(ptUzrx*/uz). Using the Lees-Dorodnitsyn transformation [Jr.89], we solve
the conical problem with boundary layer profiles for a flat plate. Accordingly, all conical
results presented hereafter can be adjusted to the flat plate boundary layer by dividing the
parameters Re, «, # and w by v/3.

The standard form for the direct problem given by Eq. (3.8) was used for the numerical
evaluations. The numerical scheme performs the integration of Eq. (3.8) for four fundamental
solutions (discrete spectrum) or for five fundamental solutions (continuous spectrum). A
fourth order Runge-Kutta integration method with constant step (301 points) was used to
integrate from outside the boundary layer (Ymax = 25) toward the wall using the Gram-
Schmidt orthonormalization procedure.

When analyzing the continuous spectrum, k is a parameter, and the frequency w is
calculated using /\§ = —k?, where ); are given by Eq. (3.11). When analyzing the discrete
spectrum, w is calculated using Newton’s iteration method. This iteration method depends
on the initial approach to w. A two-domain Chebyshev spectral collocation method [Mal90]
was used to determine the initial approach.

To maintain consistency with the 2D problem analyzed in [FT03], we choose the following
parameter values: M = 5.6, Re = 1219.5, Pr = 0.7, v = 1.4, e = 0 with an adiabatic wall
and stagnation temperature Ty = 470K.

Two discrete modes are of interest. One of the discrete modes will be referred to as
“Mode F”, where “F” stands for “fast”; this is the mode whose phase speed approaches that
of the fast acoustic mode as @ — 0 (2D case). Another discrete mode will be referred to as
“Mode S”, where “S” stands for “slow”; this is the mode whose phase speed approaches that
of the slow acoustic mode as @« — 0 (2D case). Even though in the 3D case, synchronism
with the fast and slow acoustic modes as @« — 0 may no longer occur, the behavior of each
Mode curve (3D) is similar to the behavior of the corresponding 2D Mode curve. Thus, it
should not be confusing to refer to the 3D curves as “Mode F” and “Mode S”.
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Figure 3.2: Streamwise velocity disturbance of Mode S.
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Figure 3.3: Normal velocity disturbance of Mode S.
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Mode S: M=5.6, Re=1219.5, «=0.2, }=0.14
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Figure 3.4: Spanwise velocity disturbance of Mode S.

As an example, figures 3.2, 3.3 and 3.4 show the distribution for the streamwise, normal
and spanwise velocity disturbances corresponding to Mode S for a = 0.2, 8 = 0.14, with
complex-valued eigenvalue w = 0.18291 +i3.95 x 10~° (this choice of parameters corresponds
to a disturbance propagation angle of 9 ~ 35°, where tany = (/a). Figures 3.5 and 3.6
show respectively the pressure and temperature disturbances corresponding to this mode.

Continuous spectrum

Modes of the continuous spectrum correspond to branch cuts of Eq. (3.29a). Solutions of
the continuous spectrum arise from the situation when a characteristic number ); given by
Eq. (3.11) is purely imaginary (A\? = —?, k> 0, j = 1,...,8). As in the two-dimensional
case discussed in [FT03], the first pure oscillatory solution corresponds to A7, = —k?. This
equation, along with Eq. (3.11), leads to the following (different from the 2D case) relation:

Per = —i(a+ W) — (K*+o® + ) /Re (3.34)

As in the 2D case, this solution is interpreted as a vorticity branch, where the vorticity
disturbances are propagating with a phase speed of ¢ = 1. The equation

(Baz — A?) (bsg — A?) — bagbsy = 0 (3.35)

is a third degree polynomial in p and has three roots at A = —k?. These roots (pc2, Pes,
Pe,4) were computed numerically for the case when W,, = 0 (2D mean flow). Figure 3.7
shows the results for a = 0.2, # = 0.14. The horizontal branch in figure 3.7 has a finite
limiting point and is interpreted as an entropy branch, where the entropy disturbances are
propagating with a phase speed of ¢ = 1. The vorticity branch given by Eq. (3.34) overlaps
the entropy branch. The upper and lower branches in figure 3.7 are associated with fast and

&/ 2 /o2
slow acoustic waves. These waves travel with the respective phase speeds ¢ = 1 + #—
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Figure 3.5: Pressure disturbance of Mode S.
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Figure 3.6: Temperature disturbance of Mode S.
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Figure 3.7: Branch cuts of the continuous spectrum in the complex plane p = —iw.

The fifth pure oscillatory solution is an additional solution not found for the 2D case. The
equation, A2 g = —k?, along with Eq. (3.11), leads to the relation:

Pes = —i(a+ fW,) — (K* + o® + %) /Re (3.36)

Eq. (3.36) is identical to Eq. (3.34). The fifth relation is also interpreted as a vorticity
branch, where the vorticity disturbances are propagating with a phase speed of ¢ = 1. The
existence of two vorticity modes reflects the three-dimensionality of the perturbations.

As in the 2D case, it is possible to find compact forms for the solutions of the various
regions of the continuous spectrum. Using a similar technique to that used in [FT03], we
denote one side of each branch cut as ‘+’ and the other side of the branch cut as ‘-’ in
accordance with the asymptotic behavior of the type of disturbance being considered. By
relating z; to z; and dQ} /dy to dQ; /dy, the integrals along the branch cut sides 4+ and
7~ can be written as one integral of the difference A:aﬁ i

Solutions for the acoustic waves include five fundamental vector functions, three of which
decay outside the boundary layer, and two of which oscillate as e**v. A¥ ; — A~ . can be
written solely in terms of the functions on the ‘+’ side of the branch cut as

At . — A" _( c2E1275 s ¢3Enrs3 + AN + ¢sErse s Ermigs
pop Ry EyrssEvrsa  EwssEirsa EwrssEirss EnrssEirsa  EhrssEirsa

(Es73421 + Ehrsazs + Enissza+ Erizazs + Ers3427)
(3.37)
The horizontal branch cut in the 2D case has a region of overlapping vorticity and entropy
disturbances. The remainder of the branch cut is a region of vorticity disturbances. In the 3D
problem, the entire branch cut contains a region of overlapping vorticity modes, and there
is a region of the branch cut that has entropy disturbances overlapping the two vorticity
modes.
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In the region of overlapping vorticity modes, there is an uncertainty. There are six
fundamental solutions (four oscillating and two decaying) in this region; however, this number
of fundamental solutions is larger than is needed to satisfy the boundary conditions. This
difficulty is resolved using the technique described above in obtaining Eq. (3.37). The
solution can be expressed as a sum of two stand-alone vorticity modes as follows

Al - A s=A1+Acs (3.38)
where
akE e FE e E E, cF,
Ac,l=< 171753 Caliarss 4 Cabarss Co L6753 4 _Celuerss >
ErrssEorss  ErrssEarss  EvrssEorss EirsaEarss EirsaEarss (3.39)
(E27s321 — Eirsazz + Erorszs+ Eir23zs + Frasszr)
and
& _( 11253 i ¢4E5234 o Ease3 i ¢7Er2s3 B Cs Eg2s3 )
N
s EorssEasss  EarssEnsss  EarssEosss  FEarsaEasss  EarszFagss (3.40)

(Erss3z2 + Earssz3 — Earg3zs— Fagsazy + Ears32s)

Both Eq. (3.39) and Eq. (3.40) satisfy the boundary conditions on the wall.

In the region of three overlapping modes (two vorticity and entropy), there also exists
an uncertainty. There are seven fundamental solutions in this region (six oscillating and
one decaying). Again, this number of fundamental solutions is larger than is needed to
satisfy the boundary conditions. This difficulty is resolved using the technique described
above in obtaining Eq. (3.37), and since the region of three overlapping modes has not been
encountered before, we shall show the derivation of the solution. In this overlapping region,
we denote one side of the branch cut as ‘+’ and the other side of the branch cut as ‘—’ in
accordance with the asymptotic behavior:

z7 ~ ™, 27 ~ e, gf N e, (3.41a)
z; ~e*V, g ~ eV g7~ Y, (3.41b)
2] ~ MY 7] ~ MY ZF ety (3.41c)
z5 ~e R gt o emhY o | gihuy (3.41d)
27 ~ ™, 27 ~ ezt N eV go Y (3.41e)

where k and k; are real, positive parameters, and )3 4 are given by Eq. (3.11). It is possible
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to obtain the relations

2, =123, 2; =21, 23 =723, Z; =2, (3.42a)
By =R B e B Sy s =2 (3.42b)
dQ:”  dQyt dQ,”  dy*
= = .42

dQs~  dQst dQi”  dQs*
T S = (3.42d)
dQs~  dQst dQs~  dQs”
W Wt ¢ (3.42¢)

= # = %
dQ;~ dQ;" dQs~ dQs (3.421)

dy dy ' dy  dy

The integrals along the branch cut sides y* and 4~ can be written as one integral of the
difference

’ do,t 4 dQ G ’ dQ 58
B R + 1 + 2 + + / 3 <
Als - a3 +0/ ay dy | z] +/ 7 dyz; + | a3 + J T dy | z3

rdot . . fd@st. \ .. [dQet, ., [ dQ
+ [ —— dyzy + a+/——d z+/——-dz+ ++/—d 7
/y Yz, 5 dy Y] 25 Y Yzg Gy y Y]z
00 0 oo 0
[ dQs* {dQ.~ [ dQs~ f dOs~
s = 1 2 _ 3 _
+ ——dz—u+/—d —/——d - +/—d
/'U Yzg 1 Y Ylz Y Yz, ("'3 Y Y2z
(o) 0 oo 0
de_ de_ de‘ de"
4 . 5 - 6 = - 7
= -——dz—a+/—d z+/—dz— +/—d,
/dy Yz, (5 y "/)5 Y Yzg (0'7 y Y|z,
(o) 0 oo 0
de_
8 _
— [ —— dyz
/y Yzg
(3.43)

After substitution of the relations given in Egs. (3.41a-3.41e) and (3.42a-3.42f), simplification
leads to the following expression

Al s—A_ o= (af +ef) 2zt — (cF +a7) 25 + (af —a3) 25 + (af + ) zf

3.44
— (a5 + )z + (aF + &) 27 — (¢f +a7) 28 (3:44)

Equation (3.44) can be expressed in the compact form
A:aﬂ =1 A;Otﬂ = Ac,l 5 AC,2 G Ac,5 (3.45)
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Figure 3.8: Streamwise velocity disturbance of the acoustic mode - (a) slow (b) fast.

where A, and A s are given by Egs. (3.39) and (3.40) and with

A _( c1E1283 c4E2s34 T CsEagss | CoEages c7Eo783 ) y
C2 = L =
EasssFoses  EnssaFoses  EasssFasss EosssEases  Eosss Eoses

(Ess63z2 + Eagsezs + Eageszs— FEosszze — Faseazs)

(3.46)

Each term in Eq. (3.45) satisfies the boundary conditions on the wall and can be inter-
preted as a stand-alone mode.

As an example, figures 3.8 and 3.9 show the distribution of the streamwise and spanwise
velocity for both slow and fast acoustic disturbances.
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Figure 3.9: Spanwise velocity disturbance of the acoustic mode - (a) slow (b) fast.
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Summary

We can now express the inverse Laplace transform given by Eq. (3.31) as

1

5 oo

dp,

R Pcm(k)t c,m Pnt

Aap(y,t;0,f) = —5— Z/Acm (v k, o, Be = dk+ZA (4 Pn, @, Be
0

m=1
(3.47)
where 7n = 1 corresponds to one vorticity wave, with p.; and A.; given by Eqs. (3.34)
and (3.39) respectively; m = 2 corresponds to the entropy wave, with p.2 and A, given by
Eqgs. (3.35) and (3.46) respectively; 7n = 3,4 correspond to slow and fast acoustic waves,
with p.34 and A 34 given by Eqgs. (3.35) and (3.37) respectively; 7 = 5 corresponds to the
second vorticity wave, with p.s and A s given by Eqgs. (3.36) and (3.40) respectively; p, is
a root of Ey3s7(p) = 0, and A,, is given by Eq. (3.33).

Biorthogonal system of eigenfunctions

Following [SG81], it is possible to express a solution of the initial-value problem (Eq. (3.47))
as an expansion in the biorthogonal eigenfunction system {A,,B,}, where the vector A,
is a solution of the direct problem and the vector B, is a solution of the adjoint problem.
There is an orthogonality relation associated with the biorthogonal eigenfunction system.
This orthogonality relation, along with the Fourier transform of the initial data, can be
used to compute the coefficients associated with each of the discrete and continuous modes.
Further details can be found in B.1.

Synchronism of Mode S and Mode F with acoustic waves

In the 2D problem, Mode S and Mode F are synchronized respectively with the slow and
fast acoustic modes for a wave number ¢ — 0. Figure 3.10 shows numerical results for
eigenvalues w, of Mode F for a fixed choice of spanwise wave number 3. Included in figure
3.10 are lines of constant phase speed. One of these is a line of phase speed ¢ = 1, the speed
at which the entropy and vorticity disturbances travel. The other lines are associated with
fast acoustic modes (FA Mode) and slow acoustic modes (SA Mode) for # = 0.0001 (2D)

and # = 0.1601. The fast/slow acoustic waves travel with phase speed ¢ = 1 + 3@
Figure 3.10 shows that Mode F for both 4 = 0.0001 and 3 = 0.1601 is a subsonic dlsturbance
relative to the free stream for a < 0.37 and is a supersonic disturbance relative to the free
stream for a > 0.37. Furthermore, although it is not shown in any figure, these disturbances
are everywhere decaying. To obtain a clearer picture of what is occurring at the lower wave
numbers, figure 3.11 shows a section of figure 3.10.

As can be seen in figure 3.11, just as Mode F at # = 0.0001 is synchronized with the
f# = 0.0001 fast acoustic mode at a wave number @ < 0.1, Mode F at # = 0.1601 is
synchronized with the 3 = 0.1601 fast acoustic modes at a wave number a < 0.1.

Figure 3.12 shows numerical results for eigenvalues w, of Mode S for a fixed choice of
spanwise wave number. Also included in figure 3.12 are lines of constant phase speed for
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Figure 3.10: Eigenvalues for Mode F for # = 0.0001 and 5 = 0.1601.
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Figure 3.11: Figure 3.10 at low wave number.
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Figure 3.12: Eigenvalues for Mode S for 4 = 0.0001 and 8 = 0.1601.
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Figure 3.13: Figure 3.12 at low wave number.
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the FA Mode and SA Mode for # = 0.0001 and 8 = 0.1601. The two Mode S curves are
virtually overlapping. In order to gain a clearer view of what is occurring at the lower wave
numbers, figure 3.13 shows a section of figure 3.12.

In contrast to Mode F, figure 3.13 clearly shows that Mode S for both choices of 3 is
asymptotically approaching the SA Mode for # = 0.0001. We have observed this behavior
at every choice of 3 that we have checked. Even though Mode S for various choices of 3
(3D) approach the SA Mode for 3 = 0.0001, there is no synchronism between the two. The
primary synchronism of Mode S with acoustic waves for a < 0.1 is two-dimensional (2D
Mode S with the 2D SA Mode).

Synchronism of Mode F with entropy and vorticity waves

Figure 3.14 shows eigenvalues of Mode F for 9 = 0° and 9 = 60°. One can see that for
1 = 0°, Mode F is subsonic relative to the free stream for a < 0.35 and is supersonic relative
to the free stream for a > 0.35. However, for ) = 60°, Mode F is subsonic relative to the
free stream for this entire range of . It can also be seen that Mode F for both angles of
disturbance propagation is everywhere decaying.

Furthermore, figure 3.14 shows the synchronism between the 2D Mode F and the entropy
and vorticity modes of the phase speed ¢ = 1. In the 2D case, as the discrete mode coalesces
with the continuous spectrum from one side of the branch cut, it reappears on the other side
at another point. Mathematically, the pole associated with Mode F approaches one side of
the branch cut on the complex p plane. At the same time, another pole, located on the lower
Riemann sheet, approaches the branch cut from the opposite side. As the pole on the plane
coalesces with the branch cut, it moves to the upper Riemann sheet, while simultaneously,
the pole that was on the lower Riemann sheet moves into the complex p plane at another
point [FT03]. This leads to a jump in w;. As the angle increases, the synchronism continues,
but the jump-size decreases, until it is seen that for 1) = 60°, there is neither a synchronism,
nor a jump in w;, at least for this interval of wave number «. Figure 3.15 shows contours of
w; in the a — @ wave number plane. One can see the jump location for choices of a and f.
Also plotted in the figure is a small region bounding the branch cut. This region is denoted
by the dashed lines. We have done this in lieu of plotting the branch cut, since the branch
cut plot obscures the jumps in w;. It is clear that the discontinuity of w; is associated with
the synchronism of Mode F and the entropy and vorticity waves. For large values of 3, it
appears that no jump is seen in figure 3.15 at the location of the branch cut. A jump does
in fact exist, but the size of the jump is small enough so that it cannot be seen on the scale
of this figure.

By plotting lines of constant angle, it is seen that the synchronism between Mode F and
the entropy and vorticity waves vanishes for large enough angles.

Synchronism of Mode S with Mode F

Figure 3.16 shows the eigenvalue curves for Mode S and Mode F for ¢ = 30°. The Mode
S curve given by the imaginary part of the eigenvalue w; contains two regions of instability.
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Figure 3.14: Eigenvalues for Mode F for ¢ = 0° and 9 = 60°.
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Figure 3.15: Contours of w; in the o — /3 plane.

The unstable region located at @ = 0.12 is equivalent to Mack’s first mode. The unstable
region located at & = 0.26 is equivalent to Mack’s second mode. Further details regarding
the relation between Mode S and Mode F and Macks acoustic modes can be found in the
Discussion paragraph. The range of « is extended to & = 0.5 in order to show the decaying
behavior of both Mode S and Mode F for larger values of «.

In the 2D case, Mode F is synchronized with Mode S. This synchronism is indicative of
the fact that the discrete spectrum has a branch point at a* in the complex a plane. True
synchronism (Mode S and Mode F have the same value of w; as well as the same value of
w,) occurs at a*, which may have a different real part from where Mode S’s value of w, is
equal to Mode F’s value of w,. At values of @ > o}, the disturbance spectrum branches
out: Mode S becomes unstable while Mode F becomes more stable (the topological pattern
may be sensitive to the mean flow parameters, such as Mach number, Prandtl number and
temperature factor; further details can be found in [FK01]).

As seen in figure 3.16, this Mode S instability continues for a disturbance propagating at
% = 30° (near a =~ 0.23). For larger angles, though, even though there is still synchronism
between Mode S and Mode F, the synchronism is no longer accompanied by a Mode S
instability. This behavior can be seen for a disturbance propagating at 3 = 45° in figure
3.17. Even though it cannot be seen in figure 3.17, plots of the pressure disturbance indicate
that there is a switch from the Mack first mode to the Mack second mode. However, for this
disturbance propagation angle, there is no amplified Mack second mode.
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Figure 3.17: Eigenvalues for Mode F and Mode S for ¥ = 45°.
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Figure 3.18: Eigenvalues for Mode F and Mode S for 9 = 60°.

In figure 3.18, one can see that at even higher angles of disturbance propagation, there is
no synchronism between Mode S and Mode F. Additionally, at this angle, the Mode S curve
consists entirely of the Mack first mode.

Discussion

In order to avoid confusion, we now discuss Mack’s [Mac69, Mac84] results and how they
relate to Mode S and Mode F. Mack first considered inviscid perturbations and computed
eigenvalue curves or families for various choices of parameters. Each of these families contains
an unstable region corresponding to one of the higher Mack modes (first mode, second mode,
third mode, etc.), and each amplification rate curve represents a distinct discrete mode.
Using asymptotic analysis, [GF89] also captured the feature that each amplified first mode,
second mode, etc. represents a separate solution.
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Mack then considered viscous perturbations and computed families of eigenvalues for
finite Reynolds numbers and compared the eigenvalue curves with the inviscid ones. For
one of Mack’s choices of parameters, there were two “separate inviscid amplification rate
curves for the first and second modes” (page 12-24 of [Mac69]) (i.e. two inviscid normal
modes), but “only a single amplification rate curve at the finite Reynolds number shown”
(page 12-24 of [Mac69]) (i.e. one viscous normal mode). This one viscous solution was
comprised of both the first mode and the second mode. This viscous family is analogous to
the Mode S mentioned in prior sections. Mode S in our analysis is a single discrete mode
that corresponds to a single pole in the complex p plane. Furthermore, Mode S is comprised
of Macks amplified first, second and possibly higher modes.

Additionally, Mack explained how “the inviscid solutions are to be the Re — oo limit
of the viscous solutions” (page 12-25 of [Mac69]) through “the existence of multiple viscous
solutions” (page 12-25 of [Mac69]). For the Reynolds number of his example, this additional
viscous solution is damped, and it is analogous to the Mode F mentioned in prior sections.
We would like to point out that [MZ03a, MZ03b] and [ZMO02] refer to Mode F as Mode I
and refer to Mode S, not as a single family, but rather to the parts that comprise the family
(Mack’s first mode, second mode, etc.).

Mack used a nomenclature for these viscous families that was based on his inviscid nomen-
clature. However, at the time, the receptivity problem was not understood, and the decom-
position of the solutions of the linearized Navier-Stokes equations had not been developed.
We therefore suggest keeping the terminology corresponding to the normal mode analysis.
The normal modes, Mode S and Mode F, are represented by separate poles in the complex
plane, and they may be synchronized with slow and fast acoustic waves at a wave number
a— 0.

Conclusions

In this Section we solve the three-dimensional initial-value problem for disturbances propa-
gating in a compressible boundary layer in the parallel flow approximation. After resolving
the issue with overlapping branch cuts, we showed that the solution can also be expressed as
an expansion in a biorthogonal eigenfunction system. A numerical example that is used to
investigate the spectrum of three-dimensional disturbances in a two-dimensional high speed
boundary layer flow leads to the following conclusions:

1. Mode S and Mode F are eigenvalue curves that correspond to separate solutions.
Mathematically, each curve is the trajectory of a single pole in the complex p plane.

2. Mode S contains regions of Mack first and second modes. Our results are consistent
with Mack’s [Mac69, Mac84] in so far as the Mode S region comprised of Mack’s second
mode is most unstable to 2D disturbances, and the Mode S region comprised of Mack’s first
mode is most unstable to a 3D disturbance.

3. The discrete spectrum can change dramatically depending on the angle of the distur-
bance propagation.

4. Eigenvalue plots for choices of fixed spanwise wave number, 3, show that the synchro-
nism of Mode S with the slow acoustic mode is primarily two-dimensional.
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5. At a sufficiently high angle of disturbance propagation, Mode F ceases to synchronize
with the entropy and vorticity modes.

6. At a sufficiently high angle of disturbance propagation, the synchronism of Mode S
and Mode F is no longer accompanied by a Mode S instability. At even higher angles, there
is no synchronism between Mode S and Mode F.

The synchronism observed in the example means that the phase velocities of the modes
are the same. However, their complex eigenvalues are different. When the parallel flow
assumption is used, as it has been for this analysis, the normal modes are orthogonal to
one another and therefore do not interact with each other. However, this analysis may be
extended to the case of non-parallel flow through the use of multiple scale methods. There
will be a slow and a fast scale. At the level of the fast scale, the analysis shown here for
parallel flow will be valid. At the level of the slow scale, the normal modes will interact and
hence, one mode may be generated by another mode at the point of synchronism. Analysis of
a non-parallel boundary layer flow was performed by [FKO01] for the spatial stability problem.
They showed that Mode F may be generated by the vorticity/entropy modes. This decaying
Mode F may then effectively generate an unstable Mode S. Additionally, this behavior has
been seen in numerical studies for the spatial stability problem. Therefore, the features of
the 3D spectrum found in our analysis of the initial-value problem might have a significant
impact on the transition scenario in high speed boundary layers. All the features discussed
must be taken into account when designing transition experiments in hypersonic flows.
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3.3 Three-dimensional wave packets

This section is devoted to the application of the developed solution of the initial-value prob-
lem.

Receptivity to a Temperature Spot

As an example of an initial disturbance, we consider a temperature spot localized at a
distance Y, from the wall. For the 3D initial-value problem, this disturbance will have the
form

0(z,y,2) = 6(z)d(y — Yo)d(z) at t=0. (3.48)

The orthogonality condition given by Eq. (B.15) allows one to determine the weights of
the modes generated by the temperature spot. For Mode F and Mode S, the weight is given
by

H,y A3, B,
c(o, f) = s B
where w (a,f) corresponds to the eigenvalue for the mode of interest. For a temperature
spot of the form given by Eq. (3.48), it is possible to use the definition of H;, to obtain from
Eq. (3.49) the expression

(3.49)

Hig (Yo) Bus (Yo) + Hig (Yo) Bus (Yo)
F )
with Hy denoting the (4, ) element of matrix Hjs.

The coefficient ¢ (a, 3) depends on the normalization of the eigenfunction A,. However,
the product ¢(a, 3) A, is independent of the choice of normalization. We would like to
normalize the eigenfunction so that the maximum value of u is 1. However, for our choice of
parameters, there are two local maxima. We therefore choose to normalize the eigenfunction
so that the value of the inner maximum is 1 (i.e. we normalize A, as Upax = inner maximum
of u(y) = 1). The normalized value of the outer maximum may be greater than 1. With
this normalization, ¢ is the amplitude of the maximum streamwise velocity component .y
associated with the appropriate mode.

As a limiting case, as # — 0, one obtains the receptivity coefficient associated with the
2D initial-value problem [FT03].

ela, ) = (3.50)

Inverse Fourier Transform - 2D

The solution (before application of the two inverse Fourier transforms) is denoted as Ayp
and is given by Eq. (B.16). In the 2D case, the solution (before application of one inverse
Fourier transform) is denoted as A, and will have a form similar to that of the 3D case.
The 2D inverse Fourier transform is given by

/ ¢(a) Aq (o, y) €@ 4o (3.51)

—00
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As an example, we consider the streamwise velocity component, u, of the disturbance vector,
A. The transform we are therefore interested in is given as

/ c(a) u(a,y) e 4o (3.52)

where the coefficient ¢ («) is, for this example, the amplitude of the maximum streamwise
velocity component um.x. Expression (3.52) is transformed using a symmetry argument.
Using the direct and complex conjugate matrix operator equations, when « is replaced by
—a, i.e., when @ — —¢, it can be shown that w — —@, ¢ — ¢, and u — %, where the overbar
stands for complex conjugate. Therefore, (3.52) can be rewritten as

00

[ c(a)u(a,y) =@ do = (3.53a)
27 Real {¢(a) u(a,y) e*=“(D} dq. (3.53b)

0

In the computation, we ignore the factor of 2. For the purpose of analysis, the Mode F and
Mode S wave packets are considered separately.

Mode F

Figure 3.19(a) shows the imaginary part of the eigenvalue w; for Mode F. Figure 3.19(b)
shows the maximum streamwise velocity amplitude, Umay, at ¢ = 0 for Mode F, which is
generated by « components of the temperature spot located at varying normal distances Y,
from the wall. One can see from figure 3.19(b) that there is little to no receptivity to a
temperature spot located at Yy < 5 and Yy > 11.

The integral given by (3.53b) is numerically computed from a = 0.1 to a = 0.5. We were
unable to calculate the Mode F eigenvalues below a ~ 0.08 (figure 3.19(a)). However, for
a finite time, the input into the integral for @ < 0.1 is not significant since the receptivity
coefficient, umax, is close to 0 for this range of a (figure 3.19(b)). Beyond this finite time,
the main input into the integral will come from the piece of Mode F with the largest values
of w; (as @ — 0), and this range of « should be considered.

Figure 3.19(b) also shows that the largest values of 4y, occur near o =~ 0.27. This fact,
coupled with the fact that Mode F is everywhere decaying, suggests that there will not be
much input into the integral for a > 0.5 if a sufficiently large time, ¢, is chosen.

There is a synchronism between Mode F and the entropy and vorticity modes. As the
discrete mode coalesces with the continuous spectrum from one side of the branch cut, it
reappears on the other side at another point. This leads to the jump in w; seen in figure
3.19(a).

Figure 3.20 shows contours of w; in the complex a plane. One can see the jumps in
w; along a nearly vertical line. As (3.53b) is integrated from a = 0.1 to a@ = 0.5, we must
consider the continuous spectrum along with Mode F at the point of coalescence. To make the
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Figure 3.19: (a) Imaginary part of the eigenvalue for Mode F and (b) contours of wu,,, at
t = 0 generated by « components of the temperature spot located at Y. The contour levels
in (b) range from 0.0026 to 0.0156 in increments of 0.0026.
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Figure 3.20: Contours of w; in the complex a plane. The contours range from —0.0298 at
the bottom of the figure to 0.0028 at the top of the figure in increments of 0.0015.

analysis less complicated, we analytically continue the path of integration into the complex
a plane in order to avoid the discontinuities associated with the coalescence of Mode F with
the continuous spectrum. Therefore, the computed result is obtained using only Mode F.
However, had we considered the sum of Mode F and the continuous spectrum and integrated
along the real o axis, we would obtain the same result. Figure 3.21 is a schematic of an
appropriate integration path. Due to the analyticity of the function being integrated, the
result should be independent of the path of integration.

Using Yp = 8.9 (the edge of the boundary layer is located at y = 10), ¢t = 50 and the
integration path, Path 1, (3.53b) is integrated. Using the letters found in figure 3.21 (with
points A, B, E and F located on the real axis), Path 1 is given explicitly as the following:
At point A, a = 0.1. At point B, @ = 0.17. At point C, « = 0.17 — 0.015i. At point D,
a=0.2—0.015¢. At point E, @ = 0.2, and at point F, a = 0.5.

The result is shown in figure 3.22(a) as contours of u in the z — y plane. To better
illustrate the Mode F wave packet, figure 3.22(b) shows a slice of figure 3.22(a) taken at
y=2.02.

To illustrate the decay of the wave packet in time, (3.53b) is integrated again using Path
1 and Y = 8.9 for ¢ = 200. Figure 3.23 shows the result taken at the slice y = 2.02. When
figure 3.23 is compared to figure 3.22(b), one sees that u is an order of magnitude smaller
for t = 200 than for ¢ = 50. This order of magnitude decrease in amplitude is consistent
with w; &~ —0.015 (figure 3.19(a)). Additionally, the wave packet is seen to have moved
downstream with the increase in time. By comparison of figure 3.23 to figure 3.22(b), one
can also estimate the Mode F wave packet group velocity to be dw,/0a = 0.65. One can
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Figure 3.21: Schematic picture of an integration path around the branch cut.

see from figure 3.10 (Mode F eigenvalue curve for # = 0.0001 (2D)) in Section 3.2 that the
group velocity estimate is very reasonable.

For the two times considered, we expect the main input into the integral to come from
the receptivity coefficient. Figure 3.24 shows the amplitude spectrum for Mode F for both
t = 50 and ¢ = 200. This figure shows that the main input for both ¢ = 50 and ¢ = 200
occurs at an a value that corresponds favorably with the maximum values of Uy, for a
temperature spot located at Y, = 8.9 (figure 3.19(b)). As time increases, the main input to
the integral will no longer come from the receptivity coefficient, but rather from the e~*(=)t
component of the integrand at low a. Therefore, we expect the amplitude peak to be located
at low values of a for large times. For ¢ = 200, figure 3.24 shows that the amplitude peak
has begun this shift to lower values of a. Also, figure 3.24 clearly shows the decay of Mode
F in time.

To ensure that these results are independent of the choice of path of integration, the
results shown for Y, = 8.9 at ¢ = 50 using Path 1 are compared with results found using
three other paths of integration. Using the letters found in figure 3.21, Paths 2,3 and 4 are
given as follows:

Path 2 - At point A, a = 0.1. At point B, @ = 0.15. At point C, @ = 0.15—0.015¢. At point
D, a=0.2 —0.015:. At point E, & = 0.2, and at point F, a = 0.5.

Path 3 - At point A, & = 0.1. At point B, @ = 0.15. At point C, & = 0.15 —0.015¢. At point
D, a =0.21 — 0.015¢. At point E, a = 0.21, and at point F, a = 0.5.

Path 4 - At point A, @ = 0.1. At point B, @ = 0.17. At point C, a = 0.17 — 0.0317. At point
D, a = 0.2 —0.031z. At point E, a = 0.2, and at point F, a = 0.5.

To compare the results, figure 3.25 shows the wave packet at the slice y = 2.02 for each
choice of integration path.

There is good agreement between the results obtained using the four different integration
paths. A portion of each path of integration passes through a region of the complex « plane
where «; < 0. This leads to numerical error associated with growth from the ¢'** term in the
integrand. Since Path 3 has a longer portion of its path in the negative complex « plane, this
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Figure 3.22: (a) Contours of u in the z — y plane and (b) streamwise velocity disturbance,
u, at y = 2.02 for ¢ = 50. The contour levels in (a) are spaced in increments of 0.0001. The
solid contours are positive; the dashed contours are negative; the bold contours are 0.

188



0.0001 . ; . .

5e-05
S 0
-5e-05
0000, 55 1120 1110 1160 1;30 200
x

Figure 3.23: Streamwise velocity disturbance, u, at y = 2.02 for ¢ = 200.
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Figure 3.24: Amplitude spectrum of Mode F for ¢ = 50 (solid line) and ¢ = 200 (dashed
line).
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Figure 3.25: Streamwise velocity disturbance, u, at y = 2.02 for ¢t = 50 for 4 paths of
integration. The Path 1 result is denoted with “cross” markers; the Path 2 result with
“square” markers; the Path 3 result with “circle” markers; the Path 4 result with “triangle”
markers.

phenomena explains why the Path 3 result differs from the other three results (this deviation
is difficult to see at the scale used for figure 3.25).

Mode S

Figure 3.26(a) shows the imaginary part of the eigenvalue w; for Mode S. Figure 3.26(b)
shows the maximum streamwise velocity amplitude, %max, at ¢ = 0 for Mode S, which is
generated by « components of the temperature spot located at varying normal distances Y,
from the wall.

The integral given by (3.53b) is numerically computed from « = 0.1 to & = 0.5. The
greatest input into the integral will be from the region of & ~ 0.2 to @ =~ 0.3. It is in this
region that the receptivity coefficient, umax, is the highest, and it is also in this region where
w; attains its largest value. Beyond a = 0.5, Mode $ is decaying, so that for sufficiently large
times, there will not be significant input into the integral for a > 0.5.

Unlike the Mode F case, there is no need to deform the path of integration to compute
the Mode S inverse Fourier transform. The result for Y, = 8.9 at ¢t = 500 is shown in figure
3.27(a) as contours of u in the £ — y plane. To better illustrate the Mode S wave packet,
figure 3.27(b) shows a slice of figure 3.27(a) taken at y = 2.02.

We expect that the main input into the integral will come from the Gaussian shaped
growth portion of the Mode S eigenvalue plot (figure 3.26(a)). Figure 3.28 shows the
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Figure 3.26: (a) Imaginary part of the eigenvalue for Mode S and (b) contours of ., at
t = 0 generated by « components of the temperature spot located at Y,. The contour levels
in (b) range from 0.0005 to 0.0025 in increments of 0.0005.
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Figure 3.27: (a) Contours of u in the z — y plane and (b) streamwise velocity disturbance,
u, at y = 2.02 for ¢ = 500. The contour levels in (a) are spaced in increments of 0.0001. The
solid contours are positive; the dashed contours are negative; the bold contours are 0.
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Figure 3.28: Amplitude spectrum of Mode S for ¢ = 500.

amplitude spectrum of Mode S for ¢ = 500. This figure shows that the main input occurs at
an « value that compares favorably with the location of the Gaussian peak (figure 3.26(a)).

Asymptotic approximation with Taylor series expansion of w («)

Because the eigenvalue plot for Mode S contains a region where w; > 0, the Mode S wave
packet, unlike the Mode F wave packet, will grow in time (and downstream). It is useful to
compare the Mode S computed inverse Fourier transform with an asymptotic approximation
of the Fourier integral.

The development of 2D and 3D wave packets comprised of spatially growing discrete
modes for incompressible boundary layer flows (parallel and non-parallel) has been considered
previously by Gaster [Gas81, Gas82, Gas68]. In particular, Gaster used the method of steep-
est descent to find the asymptotic representation of integrals of the form given by (3.53b).
Starting with (3.53b), we have the following:

[ c(a)u(a,y) e do =
[ c(@)u(e,y) eit(aF (@) 4o (3.54)
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Assuming that the saddle point lies near the point (., we approximate w () as

w(a) X Wnax+ (@ — Qmax) (Z—Z) +

1 o Pw
(= aw) (5) -

where (Ow/0a),,, is real valued. To find the saddle point, «*, at a prescribed z/t, we let
¢ (a) = az/t — w («) and derive the following:

o\ =z Ow Pw
o W QI i 3.56
(50)=5-(5) m-omm (55).. o
Solving for o*, one obtains
z _ (8w
o = B t az&@a)max (357)
(528 max
Equation (3.57) can be rewritten as
B = g e (3.58)
(53%) max
where Zmax =t (0w/0a),, .-
Expression (3.54) can now be rewritten as
c(a)u(ar,y) /eit(¢(a‘)+%(a—am.x)ztﬁ"(a'))da = (3.59a)
E
c(@)ulat,y) 4/ ——aeitha") (3.59D)
e ite” ()
2 itg(a”)
cla*)u(at,y) o T . (3.59¢)
% (3a2) max

where L is the contour of integration that has been deformed to pass through the saddle
point, the prime (/) symbol denotes differentiation with respect to @, and ¢" = —8%w/da?.

After substitution of a* into (3.59c¢), the asymptotic representation of the original Fourier
integral is given as:

2T

c(a) w(a,y) 4 [ —mr— ¥
1t (5#) ma
5 i(Z — Tmax)® .
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Actually, the use of a 2nd order Taylor series expansion of w («) within the framework of the
method of steepest descent is equivalent to Gaster’s Gaussian model for a Fourier integral
[Gas81, Gas82].

Using numerical results, the various quantities found in (3.60) can be determined. They
are

O = 0.254, Wi = 0.2342 + 0.00393
(), =086, (Z%) = -0.2034 - 364314

Additionally, ¢ (a*)u(a*,y), the receptivity coefficient multiplied by the eigenfunction at
the saddle point for the slice y = 2.02 is 0.00174 — 0.00113.

These values can be used to compare the computed inverse Fourier transform with the
asymptotic approximation of the transform. Because we have used (3.53b) without the
factor of 2 to compute the inverse Fourier transform, we will compare the computational
result with the Real part of the asymptotic approximation given by (3.60). Though we
expect good agreement between the two methods, especially for large times, there may be
some differences between the “exact” result found numerically and the “approximate” result
found with the method of steepest descent.

Figure 3.29(a) compares the wave packet found for ¥, = 8.9 and ¢t = 500 at the slice
y = 2.02 with the asymptotic approximation at t = 500 given by (3.60) using the values
given above. Figure 3.29(b) shows a similar comparison for t = 1000. One can see that as
the time increases, the wave packet spreads out as it moves downstream. Furthermore, the
amplitude of the perturbation increases with time. By comparing figure 3.29(a) to figure
3.29(b), one can estimate the Mode S wave packet group velocity to be dw, /da ~ 0.8. This
estimate is consistent with the group velocity value (0w/0a),,,, = 0.86.

Overall, the asymptotic representation provides a good approximation to the computed
wave packet. However, the “tails” of the two wave packets do not agree very well. This is
particularly true for the front edge of the wave packet.

Asymptotic approximation with numerical computation of the saddle point

In an attempt to improve the asymptotic approximation of the wave packet at the “tails”
of the wave packet, we numerically compute the location of the saddle point. To find the
saddle point, o*, at a prescribed z/t, we let ¢ (@) = az/t — w () and derive the following:

0d\* = Ow
(%> S (3.61)
Therefore, the following relationships must be satisfied at a*:
& Oup Ow;
—= d 0=—. ;
t~ Ba O Oa 5452}
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Figure 3.29: Comparison of computed integral (solid line) with the asymptotic approximation
(using 2nd order Taylor series expansion of w ()) (dashed line) for (a) ¢t = 500 and (b)
t = 1000.
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Using the method of steepest descent, the asymptotic representation of the inverse Fourier
transform is given as:

= 27
cla®) wla® ¥ 4| g ¥
it (5#)
exp (ia*x — iw*t) (3.63)

(Note that (3.63) is the same as (3.60) with £ = Z ., and all of the “max”-values replaced
by “saddle point (*)”-values).

Using Eq. (3.62), o*, w* and (8°w/8a?)" are calculated. Figure 3.30(a) compares the
“exact” computed wave packet found for ¥, = 8.9 and ¢ = 500 at the slice y = 2.02 with
the asymptotic approximation at ¢ = 500 given by (3.63) using the saddle point values.
Figure 3.30(b) shows a similar comparison for ¢ = 1000. There is now excellent agreement
across the entire wave packet for both choices of time.

Inverse Fourier Transform - 3D for Fixed Spanwise Wave Number

For the streamwise velocity disturbance, u (of A,z given by Eq. (B.16)), the 3D inverse
Fourier transform is given by

/ / ¢(e B) u(a, B,y) A=D1 o, 43, (3.64)

—00 —00

Integration with respect to a for a prescribed 3 leads to
P / c(a, B) u(a, B,y) €= @P g (3.65)

As for the 2D case, the integral of (3.65) can be transformed using a symmetry argument
to an integral over the positive a half-plane. As before, for the purpose of computation, we
ignore the factor of 2.

Figure 3.31(a) shows the imaginary part of the eigenvalue w; for Mode S for £ = 0.1001.
Figure 3.31(b) shows for Mode S at t = 0 the maximum streamwise velocity amplitude,
Umax, multiplied by the value of the eigenfunction at y = 2.02, which is generated by « and
 components of the temperature spot located at the distance Yy = 8.9 from the wall.

The inverse Fourier transform given by (3.65) is numerically computed from « = 0.1 to
a = 0.5 with # = 0.1001 and z = 0. Even though w; > 0 for a < 0.1, the receptivity
coefficient (figure 3.31(b)) is near O in this region. The greatest input into the integral will
be from the region of a ~ 0.2 to a ~ 0.3. It is in this region that the receptivity coefficient,
Umax, 18 the largest, and it is also in this region where w; attains its largest value. Beyond
a = 0.5, Mode S is decaying, so that for sufficiently large times, there will not be significant
input into the integral for ao > 0.5.
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Figure 3.31: (a) Imaginary part of the eigenvalue for Mode S for 4 = 0.1001 and (b) contours
of c(a,B)u at y = 2.02 at ¢ = 0 generated by @ and # components of a temperature spot
located at Yy = 8.9. The contour levels in (b) increase in increments of 0.0002, beginning
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0.0026.
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t = 1000.

Using the method of steepest descent, the asymptotic approximation of the inverse Fourier
transform for a prescribed spanwise wave number /3 is given as

* * 2T
c(a*,B) u(a*,B,y) @X
exp (162) exp (ia*x — iw*t) . (3.66)

By numerically computing the saddle point quantities a*, w*, and (8°w/da?)", and using
the fact that c(a*, 3) u(a*, 3,y), the receptivity coefficient multiplied by the eigenfunction
at the saddle point for the slice y = 2.02 is 0.00159 — 0.001267, one can use (3.66) to find
the asymptotic representation of the Fourier integral (as with the 2D case, the Real part of
(3.66) is taken for the purpose of comparison with the computed result).

Figure 3.32 compares the wave packet computed for # = 0.1001, z = 0, Y, = 8.9 and
t = 1000 at the slice y = 2.02 with the asymptotic approximation at ¢ = 1000 given by (3.66).
There is good agreement across the entire wave packet.

Inverse Fourier Transform - 3D

It was shown in Section VI that it was necessary to deform the path of integration of the
2D inverse Fourier transform for Mode F, but not for Mode S. Each inversion of the Fourier
integral must be accompanied by an analysis of the spectrum to find a suitable integration
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path. In order to perform the double integration of the 3D inverse Fourier transform, it is
again necessary to understand the features of the spectrum so that an appropriate path of
integration is used. Due to the complexities associated with the 3D spectrum, we will use
an asymptotic approximation of the Fourier integral to compute the 3D wave packets.

For the streamwise velocity disturbance, u, the 3D inverse Fourier transform is given
by (3.64). As in the 2D case, (3.64) can be transformed using a symmetry argument. Using
the direct and complex conjugate matrix operator equations, when « is replaced by —q, i.e.
when @ — —a, it can be shown that f —» —f3, w —» —@, ¢ — ¢, and u — U, where the
overbar stands for complex conjugate. Therefore, (3.64) can be rewritten as:

o ol o]

/ / ¢(a, B) u(a, B,y) =P+~ do df = (3.67a)

—00 —00

2//Real{c(a,6)u(a,ﬂ, y) eile=rPr—u(f do df

0 0
+ 2//Real{c(a, —B) u(a, —B,y) e Pz (@=AN1 dq dp. (3.67b)
0 0

As before, the factor of 2 will be ignored.

At a first glance of (3.67b), it is tempting to think that there are two saddle points.
The first saddle point, associated with the first double integral, must satisfy the following
relations:

T Owr(a,p) _ Owi (o, B)
i and 0= B
z _ 0w (a,f) _ wi(a,f)
e 95 and 0= ET (3.68)

The second saddle point, associated with the second double integral, must satisfy the fol-
lowing relations:

T Ow(a,—p) _ Ow; (o, —P)
e — and 0= ——
2 _ Ouwr (@, —f) _ Ow;i (o, —P)
.= —3ﬂ and 0= ——-——aﬁ . (3.69)

Using the symmetry transformations along with properties of complex conjugation, it can
be shown that Eq. (3.69) can be rewritten as

T 0w (a,f) _ 0w (a,p)
? — ——aa and 0= T,
8 T ) a i )
§= % - %. (3.70)
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However, it can be shown numerically that no saddle point satisfies the relations given in
Eq. (3.70), unless = 0 and 2 = 0. Therefore, there is only one saddle point, and it is
associated with the first double integral of (3.67b).

We follow Gaster [Gas68] to find the asymptotic representation of the 3D inverse Fourier
transform. For a fixed 3, the Fourier integral becomes

oo oo

/ gibe / ¢t(eE @) 4o dg. (3.71)

The asymptotic representation of the inner integral in (3.71) is known from the 2D case, and
substitution of this representation leads to the following:

(a*(B)F+B2—w(a*(B).B))
\/ﬂ/ dg. (3.72)
%% (a*, B)
If we let . 5
b B =i’ (BT +85-w(@(8).8), (3.73)
and expand ¢ about 3* so that
b(a,) ~i [¢(a‘,ﬁ‘) + O o ,ﬁ‘)] (3.74)
then (3.71) can be written as:
\/ﬁeit(a‘z+ﬂ‘z—w(a‘,ﬁ‘))
B
/e'tg_L(g—:sz 58+ %7(8°)2)‘dﬁ= (3.75a)
it(a*z+pB*z—w(a*,B*))
iy B (3.75b)

T —
%wdw _ [ BPw
(Wa—ﬁf (aaaﬁ) )

The asymptotic representation of the inverse Fourier transform given by (3.75b) can be
derived more generally using a transformation of variables [BH86, Won01]. Starting with
(3.64) with ¢ given as ¢ (o, 8) = az + 2z — w(a, f) t, we approximate ¢ as:

(@ —a*)’
2

(=) (B—F") bap +

¢(a,f) ~¢" + Poat

M¢ﬂﬁ1 (3.76)
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where the « and [ subscripts refer to first and second partial derivatives.
Using the change of variables

g=(a—a"), h=(6-4F"),

E=g+3%2h,  p=h, (3.77)

(3.64) is transformed to the following:

[o <l <] ¢a"52+ ¢aa¢:aﬁa ¢aﬁ 1])
/ / e dédn. (3.78)

The integral given in (3.78) is an iterated integral where each integral is Gaussian. Eval-
uation of the iterated integral results in the asymptotic representation of the Fourier integral
given by (3.75b).

The saddle point (a*, 3*) and the various derivatives at the saddle point used in (3.75b)
are numerically computed. Using the asymptotic approximation of the 3D inverse Fourier
transform, the Mode S wave packet is calculated for ¢ = 1000. Figure 3.34(a) is a surface
plot of the streamwise velocity disturbance, u, taken at the slice y = 2.02 for Y, = 8.9 and
t = 1000. Figure 3.34(b) is a rotation of figure 3.34(a) in order to see the underside of the
wave packet. To have a clearer sense of the amplitude values, figure 3.34(c) shows contours
of u for y = 2.02, ¥y = 8.9, and ¢ = 1000. It is clear from these figures that the wave packet
is essentially 2D. Furthermore, it is possible to compare figure 3.34(a)-(c) with figure 3.33
(3D Mode S wave packet for t = 500) and see that the 3D Mode S wave packet group velocity
is very similar to the 2D Mode S wave packet group velocity.

Conclusions

The previously solved 2D and 3D initial-value problems were used along with features of
the discrete and continuous spectrum for one set of parameters to study the evolution of
wave packets for two discrete modes, Mode S and Mode F. The biorthogonal eigenfunction
system provides a method for the determination of the weights of individual modes given a
specific initial disturbance. Using the specific disturbance of an initial temperature spot, we
computed the 2D inverse Fourier transform for both Mode F and Mode S. Additionally the
3D inverse Fourier transform was computed for a fixed value of spanwise wave number 3.
As shown in [FT03] and [FTO05] (see Section 3.2), Mode F and Mode S are eigenvalue
curves that correspond to the trajectory of poles in the complex p plane, while continuous
modes correspond to branch cuts in the complex p plane. It is possible for various modes to
be synchronized, and therefore it is crucial to fully understand the behavior of the spectrum
before computing the inverse Fourier transform. For the 2D case, due to the synchronism
between Mode F and entropy/vorticity waves, the path of integration is deformed around the
branch cut associated with this synchronism. This allows us to compute the inverse Fourier
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Figure 3.33: Surface (view 1) (a), surface (view 2) (b) and contours (c) of u for y = 2.02,
Yo = 8.9, and ¢t = 500. The contour levels in (c) are spaced in increments of 0.000025. The
solid contours are positive; the dashed contours are negative; the bold contours are 0.
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Figure 3.34: (a) Surface (view 1), (b) surface (view 2) and (c) contours of u for y = 2.02,
Yo = 8.9, and ¢ = 1000. The contour levels in (c) are spaced in increments of 0.0001. The
solid contours are positive; the dashed contours are negative; the bold contours are 0.
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transform using only Mode F. The result is equal to that found by considering Mode F and
the continuous spectrum together and integrating along the real « axis. Since the integrand
associated with the sum of Mode F and the continuous spectrum is analytic, the choice of
the integration path should not affect the result, and in fact, the numerical results for four
choices of integration path agree very well.

For the 2D and 3D (fixed ) cases, the results for Mode S were compared with an asymp-
totic approximation of the Fourier integral. The first approximation used a Taylor series
expansion of w. Generally, this approximation compared favorably with the computed re-
sults. However, there is a significant discrepancy at the wave packet “tails”. The asymptotic
approximation was improved using numerically computed saddle point values. From a com-
putational point of view, it is much faster to compute the wave packet using the asymptotic
approximation with numerically computed saddle point values than it is to compute the
inverse Fourier transform.

Additionally, the full 3D inverse Fourier transform was found for Mode S. Since the 3D
spectrum is so complex, rather than compute the inverse Fourier transform, we have used an
asymptotic approximation of the Fourier integral, with numerically computed saddle point
values. A key feature of the 3D wave packet is its 2D nature. As discussed in Section
3.2, Mode S is a single discrete mode that corresponds to a single pole in the complex p
plane. This single mode is comprised of Mack’s first and second modes, and for this set of
parameters, the most unstable section of Mode S is associated with Mack’s second mode,
whose maximum growth rate is associated with 2D disturbances. Thus, it is not surprising
that for sufficiently large time, the 3D wave packet will have a 2D appearance. One should
note that a comparison of figure 3.26(a) and figure 3.31(a) shows that the spanwise wave
number has little effect on the growth rate. This is a hint of the two-dimensionality of the
3D wave packet.

The previous analysis has been performed under a parallel flow assumption. However,
this analysis may be extended to the case of weakly non-parallel flows through the use of
multiple scales methods. Discussion of this extension may be found in Section 3.2. For
strongly non-parallel flows, one should consider a BiGlobal stability problem formulation
[The03]. Unlike the present analysis, the BiGlobal stability problem deals with a 2D PDE
based generalized eigenvalue problem. However, it should be noted that the biorthogonal
eigenfunction system formulation can be used in the analysis of BiGlobal instability problems
(e.g. separated flow), and that we believe this is a worthwhile area of exploration.
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Chapter 4

Transient growth of perturbations in
compressible boundary layers

This section is based on the papers published in collaboration with E. Reshotko, S. Zuccher,
and I. Shalaev [ZTR06, ZSTRO07].

4.1 Introduction

The problem of optimal disturbances, in the context of bypass transition to turbulence, has
been of great interest during the last decade. This interest is motivated by the fact that there
are many applications where transition to turbulence occurs without the classical exponential
growth, allowing a large transient growth of the disturbance energy in flows that are stable
to wave-like perturbations (Tollmien—Schlichting waves).

Today it is clear that transient growth arises from the coupling between slightly damped,
highly oblique Orr-Sommerfeld (OS) and Squire modes. This can lead to an algebraic growth
followed, in viscous flows, by exponential decay in subcritical regions outside the Tollmien-
Schlichting (TS) neutral curve. A weak transient growth can also occur for two-dimensional
modes since the OS operator and its compressible counterpart are not self-adjoint, and
therefore their eigenfunctions are not strictly orthogonal [Res01, SHO1].

Historically, the first approach to nonmodal disturbances was in the inviscid limit. [EP75]
found that the streamwise disturbance velocity amplitude may grow algebraically in time,
even though the basic flow does not posses an inflection point. This growth mechanism was
labeled “lift-up” [Lan75]. Later on, [Lan80] showed that all parallel inviscid shear flows are
unstable to a wide class of three-dimensional disturbances and the result is independent of
whether or not the shear flow is unstable to exponential growth. The temporal analysis
involving resonance between OS and Squire modes was employed for the study of Couette
flow [GH80], Poiseuille flow [Gus81] and boundary layers [HG81, BG81, JBG86), revealing
a viscous decay following initial algebraic growth of the disturbance, otherwise known as
transient growth. Meanwhile, the transient growth phenomenon was intensively studied in
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meteorology [Far82, Far84, Far86, Far87).

[Far88a, Far88b] was the first to use the term optimal perturbations to denote the ini-
tial flow disturbances that produced the maximum gain, defined as the ratio between the
perturbation kinetic energies at the final and initial time. A similar concept had, however,
already been introduced for flow in a pipe by [BB88]. The first quantitative calculation
of three-dimensional optimal perturbations with respect to temporal growth for a paral-
lel approximation of the Blasius boundary layer was performed by [BF92]. Other works
[Gus91, RH93, TTRD93], carried out more than a decade ago, recognized the great poten-
tial of nonmodal growth for explaining bypass transition.

Optimal perturbations in the spatial framework have only more recently been considered.
The spatial Cauchy problem within the scope of the linearized Navier-Stokes equations is,
however, radically different from the temporal one and is ill posed. This is the main obsta-
cle in applying to the spatial analysis the same optimization methods used in the temporal
case. The problem rises from the presence of modes with a negative imaginary part of the
streamwise wavenumber «. These are modes decaying upstream and associated with the
downstream boundary conditions. [TRO1] pointed out that if the downstream boundary is
moved far away, the upstream decaying modes can be neglected and the optimization can
be carried out within the scope of the Cauchy problem, similarly to the temporal analysis.
The ill-posedness of the spatial Cauchy problem was first overcome by considering the (lin-
earized) boundary layer equations [ABH99, Luc00] instead of the Navier-Stokes equations.
In addition, [ABH99] and [Luc00] included nonparallel effects. It was found that the opti-
mal initial disturbance is composed of stationary streamwise vortices whereas the induced
velocity field is dominated by streamwise streaks. For example, in the case of incompressible
boundary layer past a flat plate, the maximum amplification occurs in the steady case (fre-
quency w = 0) and for a non-zero value of the spanwise wavenumber 3 = 0.45 (scaled with
l = \/VL /Uy, v being the kinematic viscosity, U, the freestream velocity and L the longi-
tudinal distance from the leading edge to the location where output energy is maximized).
For the spatial problem, [ZBL06] computed the optimal perturbations in the nonlinear case.

The compressible counterpart of the aforementioned works has also been considered.
Temporal [HSH96, HH98] and spatial [RT00, TRO1, TR04a] analyses of the transient
growth phenomenon have been carried out within the scope of the parallel flow approxima-
tion. [TRO3] developed a model for transient growth including non-parallel effects in the
compressible boundary layer past a flat plate.

Compressible optimal perturbations calculated by including surface curvature effects and
non-parallel growth of the boundary layer are still missing and can actually be of great
importance to explain the long-standing blunt body paradox [RTO00].

Depending on the choice of the norm, which states what quantity will be maximized,
constrained optimization in the framework of optimal perturbation can lead to quite different
results. With reference to the incompressible case, [ABH99] maximized a full energy norm
including all velocity components, whereas [Luc00] considered the energy of the streamwise
component only. On the other hand, the choice of the initial condition (i.e. the choice of the
norm at the inlet) may contribute as well to the result. In the incompressible framework,
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the full inlet energy norm [ABH99] and the energy norm including only the spanwise and
wall-normal velocity components [Luc00] were employed. In [ABH99] both norms at the
inlet and at the outlet depend on the Reynolds number Re. However, in the limit Re — oo
(practically for Re > 10*) results collapse onto those obtained by [Luc00)].

The choice of the energy norm, therefore, can be a delicate issue, especially in the com-
pressible case where effects due to compressibility should be taken into account through the
inclusion of density and temperature. The physics of transient growth is mainly dominated
by streamwise vortices [ABH99, Luc00] and therefore the choice of an initial energy exclud-
ing the streamwise velocity component, in the fashion proposed by [Luc00], is satisfactory.
The choice of an outlet norm including only temperature and the component of the velocity
in the streamwise direction, however, might not represent completely the structure of the
flow field if the flow is not dominated by streamwise streaks. This could be the case of a
blunt body, for which there are some indications that the largest transient growth is located
close to the stagnation point [RT04]. Due to the short interval in the streamwise direction,
a flow field mainly dominated by streaks might not be completely established and thus the
contribution of the wall-normal and spanwise velocity components to the energy norm at the
outlet could be non negligible.
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4.2 Spatial transient growth, problem formulation

Governing equations

Governing equations for the steady, three-dimensional disturbance in a compressible flow are
derived from the linearized Navier-Stokes equations.

A small parameter ¢ = H,e/L.o is introduced for scaling purposes, where H,i =
v/ Vret Liret / Ures is a typical boundary layer length in the wall-normal direction y and L,
is a typical scale of the geometry (length of the flat plate L, radius of the sphere R, etc.),
Ures and Vrer are respectively the reference scaling velocity and kinematic viscosity. In the
case of the flat plate Hyef = | = /UL /U, (the subscript co stands for freestream pa-
rameters, outside the boundary layer), while for the sphere Hyef = 1/Vret R/Uses Where the
reference quantities are the values at the edge of the boundary layer at a certain downstream
location Z.ef, T being the streamwise direction. The scaling parameter € is thus strictly re-
lated to the Reynolds number Re. For the flat plate ¢ = Re~/2, where Re = UL/, is
the Reynolds number based on the length of the plate and freestream conditions, while for
the sphere € = Rer_e;/ 2, where Rere = Uret R/ Ures is the reference Reynolds number based on
the radius of the sphere R and reference parameters.

As it follows from previous works regarding optimal perturbations in both incompressible
and compressible boundary layers [Luc00, CL00, TR04a, ZLB04, ZBL06], the disturbance
flow is expected to be dominated by streamwise vortices and therefore the following scaling
is employed. The streamwise coordinate z is normalized with L..f, whereas the wall-normal
coordinate y and the spanwise coordinate z are scaled with €L,e. The streamwise velocity
component u is scaled with Uy, wall-normal velocity v and spanwise velocity w with €U,
temperature 7" with Tief and pressure p with €2p,sU2;. Density p is eliminated through the
state equation.

Due to the scaling adopted, the second derivative with respect to the streamwise coordi-
nate z is smaller than the other terms, and is therefore neglected. This leads to a change in
the nature of the equations from elliptic (Navier-Stokes equations) to parabolic.

For the flat plate, perturbations are assumed to be periodic in 2, so that a general variable
can be expressed as ¢(z,y) exp(i5z), where ¢(z,y) is the amplitude, which depends on z and
Y, B is the spanwise wavenumber and i is the imaginary unit. Similarly, for the sphere,
perturbations are assumed to be periodic in the azimuthal direction ¢ as exp(imd), where
m is the azimuthal index.

If the vector of perturbations is f = [u, v, w,T,p]T (where the superscript T denotes the
transpose), and w = i (@ being the amplitude of the spanwise velocity component), the
governing equations can be written as follows [TR03]:

(Af):l: = (ny)a: + Bof + Blfy o B2fyy- (41)

This form of the governing equations is general and can be derived for different geometries
such as flat plate, sphere, sharp cone or blunt-nose cone. Nonzero elements of the 5 by 5
real matrices A, Bo, B;, Bz and D for the flat plate are defined in the appendix of [TR03],
while for the sphere they are reported in Appendix C.1.
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As far as boundary conditions are concerned, all perturbations are required to be zero at
the wall except for p, while in the freestream all perturbations vanish except for v:

7=0: w=00=0uw=0T=0 (4.2)
y—oo: u— 0;w—0;p— 0,7 — 0. '
In order to isolate the derivative with respect to z, system (4.1) can be recast in a simple

form as
(H:f), + Hof =0 (4.3)

where operators H; and H, are still 5 by 5 real matrices and contain the dependence on z
and y due to the basic flow:

H,=A- D(')y; H;=-B,— Bl(')y - B2(')yy' (4-4)

System (4.3) is parabolic in nature and can be solved by means of a downstream marching
procedure with initial data specified at the inlet section of the domain z = z;,.

It is worth noting that, due to the normalization chosen, the disturbance equations for
the flat plate are Reynolds-number independent, i.e. the Reynolds number Re does not enter
explicitly in the equations, while for the sphere they are not Reynolds-number independent
due to the parameter € in the scaling, which is associated with curvature effects.

Constrained optimization and adjoint discrete equations

As stated in the introduction, we are interested in finding initial optimal disturbances for
the compressible boundary layer over a flat plate and a sphere. The term “optimal” here
refers to the initial condition that is able to produce the worst possible scenario as far as
transition is concerned. It is clear that the choice of a specific quantity that can measure this
worst possible scenario is neither easy nor unique. In previous works dealing with optimal
perturbations in the incompressible framework [ABH99, Luc00, CL00, ZLB04, ZBL06], the
kinetic energy of the disturbance field has always been the choice.

Once the objective function has been identified, the Lagrangian multiplier technique is
employed in order to solve the constrained optimization problem. In doing so the costate
(or adjoint) equations are derived. If this is applied to the discrete equations, the discrete
version of the adjoint problem is obtained. The procedure is outlined for a general case, as
done in the section with governing equations.

The objective function

In problems related to boundary-layer transition, the quantity that monitors the instability
development is typically the kinetic energy. In optimal perturbation studies the latter is
usually maximized at the outlet of the computational domain, but in other cases the integral
of the kinetic energy over the whole domain has been considered, especially for optimal
control problems [see CL00, ZLB04]. Since one of the goals of the present study is to check
how the use of a “full energy norm” at the outlet can influence the results, the expression
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we choose to maximize is Mack’s energy norm [Mac69] including the perturbation kinetic
energy and temperature in the outlet plane. After employing the scaling in the governing
equations’ section, the latter reads

E = " (uly + €02 + wiy)) + Plow Toont + Towlsout dy (4.5)
out 2 Psout \Uout out out 'Ypsouth ’)‘(’)’ = l)TsoutM2 ‘

Expression (4.5) was derived for perturbations in the boundary layer over a flat plate within
the temporal framework and is here utilized for the spatial one, as done by [TR03] (for the
sphere, the integration generates a slightly different expression for the energy norm, which
can be found in Appendix C.1). After employing the equation of state for the basic flow and
for the perturbation, the norm reads

- i
B e [ 2R oY) ottt 4.6
t /0 [I) out (u'out ( out out)) (7 _ l)ngutM2 Y ( )
and can be more compactly recast in matrix form as
Eout = / (fgltﬁoutfout) dy (47)
0
where the linear operator Mout is a diagonal 5 x 5 matrix
( Psout 0 0 0 0]
0 €psous O 0 0
= 2
My,=| 9 0 €Poou B 28 (4.8)
psout
0 0 0 —— 0
(7 - l)ngutM2
| 0 0 0 0 0

The initial condition for the compressible boundary-layer equations is not arbitrary, but
only three of the five variables can be imposed at z;, [Tin65]. However, in the incompress-
ible case and for Re — oo, [Luc00] observed that the choice wy, = 0, py = 0, v, and
Wiy related by the continuity equation guarantees the maximum gain in an input-output
fashion (in the incompressible case the number of independent initial conditions is two; see
also [LB98, Luc00, ZBL06]). This choice also corresponds to the physical mechanism, ob-
served in transitional boundary layer flows, known as the lift-up effect [Lan80], according to
which streamwise vortices lift low-momentum flow up (from the wall) and push down high-
momentum flow causing streaks that eventually break down to turbulence. Led by these
considerations, here we focus on initial perturbations with only v and w nonzero, which
correspond to steady, streamwise vortices. It should be noticed, however, that in the case of
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finite Reynolds number, for example Re = 1000, and for the incompressible boundary layer
past a flat plate, the choice of a full energy norm at both inlet and outlet guarantees the
largest gain in the optimization [ABH99].

The kinetic energy of the optimal disturbance fi,, if only v;, and w;, are nonzero, is
therefore:

Bo= [ lpan(eh+ w)] dy, 49)
0
or more compactly

Epn= /0 3 (fiimfm) dy (4.10)

where Min is a 5 x 5 diagonal matrix

- -

My,=|0 0 ¢€p,; 00 (4.11)

0 0 0 00

0 0 0 00|

The quantity to be maximized is G = E,y/Ei,, the ratio between the outlet and inlet
norms. However, in order to allow direct comparison with previous works, Ge? will be
presented in the results section. Combining expressions (4.6) and (4.9) leads to

i

)
2 2 9 9 p
G€2 - /0 [psout (Uout +-7€ (vout =1 wom)) I (/7 —ai);;;r gutM2 dy

= sout ; (4.12)
/ [pain(v?n + w?n)] dy
0

which reduces, in the Re — oo limit (¢ — 0), to the expression maximized by [TR03] for the
compressible case and by [Luc00] for the incompressible one. Since the problem is linear,
an arbitrary normalization for the initial disturbance at z;, can be chosen, eg. By, =FEy=
1, so that the maximization of (4.12) turns out to be equivalent to the maximization of
expression (4.7).

From the above discussion it is clear that the whole problem of finding optimal pertur-
bations reduces to a “constrained optimization”, in which we seek the initial conditions
for the disturbance equations (4.3) that maximize (4.7) and that satisfy the constraint
Ei, = Ep at z;, together with the direct equations (4.3) and boundary conditions (4.2)
at each = € (Zin; Tout)-
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Constrained optimization

The classical Lagrange multiplier technique is one of the most known tools to solve con-
strained optimization problems. As applied to optimal perturbations, numerous examples
can be found in the literature regarding the continuous version of such an approach, which
leads to the so-called adjoint equations in a continuous fashion. Rigorously speaking, in
the theory of linear operators the adjoint equations are derived by satisfying an equality
involving an inner product [NS00, Kre89]. Therefore their form is not necessarily related
to constrained optimization problems. On the contrary, when the adjoint equations are de-
rived from a constrained optimization (as in our case) only if the objective function includes
exclusively quantities at the boundaries of the domain then their form is the same as those
derived from an inner product equality. In fact, if we try to maximize the integral of the
energy over the whole domain (as opposed to the outlet energy only), a source term arises
in the adjoint equations [CL00, ZLB04, ZBL06]. As opposed to the continuous version of
the Lagrange multiplier approach, less numerous are the examples where this technique is
applied directly to the discrete equations [LB98, LB01, Luc00, CL00, ZLB04, ZBL06).

The adjoint methodology for the calculation of optimal perturbations, and in particular
its discrete implementation, was introduced by [FM92] in the context of oceanic flows. The
use of the discrete approach has several advantages among which the necessity of an “ad
hoc” adjoint code is avoided and a foolproof test is available by comparing the results of the
direct and adjoint calculations, which must match up to machine accuracy for any step size
and not only in the limit of step size tending to zero [ZBLO06]. This is due to the conservation
of a quantity which depends on z only [LB98, Luc00]. For a thorough discussion on the
issue of continuous versus discrete adjoints the reader is referred to [Gun00].

The numerical discretization of a general parabolic system of partial differential equations
such as (4.3) can always be recast as

Cout.a=BE, (4.13)

where n denotes the n-th grid point in the streamwise direction z, f is the vector of unknowns
(not with only 5 elements but with 5 x N,, where N, is the number of grid points in the
wall-normal direction y) and matrices C' and B depend on z (as the basic flow does) and
account for the discretization in both z and y. The solution is found by marching forward
in space from n = 0 (z,), given the initial condition fy, to 7 = N (Zoy). The boundary
conditions at the wall and for y — oo are already included in the matrices rows. The discrete
objective function we aim to maximize is J = f¥ Myfy, where My is the discrete version
of Jf/.f’(,ut as defined in (4.8) and accounts for the discretization of the integral in y.

The augmented functional £, which contains the objective function J = E,,, the con-
straints (4.13) and E;, = E,, and the Lagrange multipliers, is written as

N-1
L(fo,...,fn) = IAMnEn+ Y [PF (Criifass — Buf)] + Molff Mofy — Eo]  (4.14)
n=0
where py, is the vector of Lagrangian multipliers, which depends on the streamwise location n
and Mo is the discrete version of M;, as defined in (4.11), in the same fashion as My. Only
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the dependence on f,, (n = 0,..., N) has been emphasized in £ because its derivative with
respect to the Lagrangian multipliers (which is needed to impose 6L = 0) would lead to the
constraints, that are already known. The summation between 0 and N —1 in (4.14) involving
P~ reflects the integral along z. The integration by parts (which would be performed in the
continuous case) is here replaced by adding and subtracting p,.;Bn+1f,41 in the summation
so that the terms can be rearranged as

2

N
[P (Crtifnss — Bof,)] = Z [PrCriifass — Pry1 Briifun] +

—

3
Il

=)
23
Nl

-0

W,

[pI+IBn+1fn+l = sznfn]

3
(=]

2

= Z [PZCn+1fn+1 = pz+1Bn+lfn+1] =+

n=0
pyBnfy — pg Bofo,

and expression (4.14) can be rewritten as

N-1
Lfo,...,fx) = fIMpyfy + Z_% [PrCryifnyr — Pr1Buiifu] + (4.15)
p'II\}BNfN — profo e )\o[f(',rMofo — Eo].
As in the continuous case, the stationary condition is found when §£ = 0
8L . <[ 6L 5L
—of, —f, —dfy =0,
5, 0t ; [6fn+16 “] T
which, in order to be satisfied for any arbitrary fy, f,,; and fy, leads to
oL
— = —Ppg Bo + 2Xofy My = 0 (4.16)
ofy
oL
=piCrnt1 —Pry1Bry1=0, n=0,...,N—1 (4.17)
6fn+l
oL
— =2ff My +piBy =0 (4.18)
N

Equation (4.16) furnishes the optimality condition to be satisfied at u;, and equation
(4.17) leads to

PrCnt1 — Pry1Bas1 =0, (4.19)

which is the discrete form of the adjoint equations to be solved by marching backwards from
Zout 1O Zin with the initial condition provided by equation (4.18) solved for py.
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Outlet conditions

From expression (4.18) follows
BITVpN = —2M;fN (420)

where By is the discrete representation of H,,, and is singular due to the fact that the
fifth column in H; is made of zeros as p, = 0 in this approximation (the last column of
matrix A is made of zeros). This implies that the solution cannot be found unless the
solvability condition is satisfied. The singularity of H, is not simply a practical numerical
problem for the solution of (4.20) but contains deeper information and insights regarding the
initial condition for the adjoint variables. The impossibility to determine a unique solution
of (4.20) translates into the fact that at least one out of five adjoint variables is free at
T = Zoy and therefore can be chosen arbitrarily. For sake of simplicity, we set ps (the fifth
adjoint variable) to zero.

Inlet conditions

By imposing §£/6fi, = 0 condition (4.16) was obtained. The operator M, is the discrete
counterpart of M, and is singular (as M,y) so My ' does not exist and (4.16) can not
be solved. However, M, is diagonal and therefore the j-th element of f, corresponding to
M,;; # 0 can be retrieved by

T ;
(pOBO)J if MOjj7éO

2)\Mojj

0 if MOjj =0

The multiplier A is found by imposing the constraint Ey = E;,.

An optimization algorithm

The constrained optimization developed above has enabled us to write a set of equations and
boundary conditions that must be satisfied simultaneously. More specifically, we first need
to solve system (4.13) from z = i, (n = 0) to & = Zow (n = N — 1) with initial conditions
at z;, expressed by (4.21). We refer to this as the direct or forward problem. Then we need
to solve system (4.19) from z = %oy (n = N — 1) to 2 = z;, (n = 0), with initial conditions
derived from (4.20) and provided at & = Zoy. We call this the adjoint or backward problem.

A quite large system of linear equations supplemented by initial and boundary conditions
has to be solved. Instead of doing it in one shot, however, we employ the intrinsic parabolic
nature of the equations to efficiently solve separately the two coupled problems. Such an
algorithm can be outlined in the following few steps:

1. a guessed initial condition fi(,?) is provided at the beginning of the optimization proce-
dure

2. the forward problem (4.13) is solved at the i-th iteration with the initial condition fl(,:)
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3. the objective function J) = E‘(,:,)t is computed at the end of the forward iteration and
compared to the objective function J¢ = E%" at the end of the previous forward
iteration. If |[7®)/J6-1 —1| < ¢ (where ¢, is the maximum tolerance accepted to stop
the optimization) then the optimization is considered converged

4. if |[JD/JEN — 1] > ¢ the initial conditions for the backward problem (4.20) are
assigned at the outlet and derived from the direct solution at & = Zoy,

5. the backward problem (4.19) is solved from & = Zoy to Z = Ty

fi(,f“) is obtained from the solution of

6. a new initial condition for the forward problem
the backward problem at z = z;, employing (4.21)

7. the loop is repeated from step 2 on.

A similar iterative approach was first introduced by [FM92] for obtaining the most
rapidly growing perturbations in oceanic flows.

It should be noted that the above procedure does not necessarily guarantee convergence.
If there is an attractor for the solution, then the procedure will capture it and this happens
quite fast (2-3 forward-backward iterations) when the norm proposed by [Luc00] is used. On
the other hand, it was observed that when the full energy norm is employed the convergence
is generally much slower, depending on the wavenumber £, reaching the fastest convergence
in the proximity of the optimal 3.

Discretization

A finite difference discretization scheme has been implemented to numerically solve equa-
tions (4.3) with boundary conditions (4.2). For sake of generality, grid points in z and y
are not necessarily equally spaced. A staggered grid is introduced in the wall-normal direc-
tion, with variables u, v, w and T known at the grid points, and p known at the mid-grid
(staggered) points. All equations are satisfied at the grid points except for continuity, which
is satisfied in the mid-grid points. The use of the uneven grid in y allows us to cluster
more nodes close to the wall so as to take into account the large gradients of boundary layer
quantities in this region.

The last point of the y-grid is located far enough from the wall to allow us to specify
there the boundary conditions for y — oo.

Fourth-order non-compact finite differences are used for the y discretization, employing
six points so as to allow 4th order accuracy for the second derivative. By using six points,
the first derivative is automatically 5th order accurate and the function (when interpolated
due to the staggered grid) is 6th order accurate.

Also the discretization in the streamwise direction is based on uneven grid. Since the
system of boundary layer equations is parabolic, a second order backward discretization is
chosen, which requires the solution at two previous steps to be known. For the first step,
however, a first order scheme is used because only the initial condition is available.
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After the discretization, the original system of partial differential equations (4.3) can be
re-written in the following form:

[CS+1H711+1 G Hr2;+1] f"+1 == 711+1H111f71 — C:+1Hvlz—1f -1 (4-22)

where coefficients Cy,,, C1,, and C2,, account for the streamwise discretization and ma-

trices H,,, and H?2,, are the discretized version of respectively H; and H, introduced in

the governing equations’ section. The solution is thus completely determined once the initial

condition fy = fi, is given at z;,. Clearly, for the first step in z a first-order approximation

is used for the derivative since data are available only at one point upstream, not two.
Equation (4.22) can be easily rewritten in a form similar to (4.13)

Criifnt1 = Cyll+1ann P C:+1Bn—1fn—1 (4.23)

where C,y1 = [C2, H},, + H?,,] and B, = —H]}

Contrary to the simple form (4.13), which refers to a scheme where the new solution
f.+1 depends on f, only, the discrete equation (4.22) depends on f, and f,_; due to the
second order approximation in z. Therefore, the discrete adjoint system is slightly different
from (4.19). More specifically, by repeating the same steps as in constrained optimization
section, the constraint Cpy1fn1 — Chy Bof, — C2, By 1f,_1 = 0 is left multiplied by the
vector of Lagrangian multipliers p,, and then all terms are included in the summation on n
(in the streamwise direction) to form the functional for the constrained optimization. Within
this summation, we first add and subtract the quantity pL,, [C},,Bni1fas1 + CZ,,B.f,]
and rearrange the summation as 3 py [Cri1fns1]— 2. Pryy [ChiaBniifas1 + C2,,B,f,] and
then we add and subtract the quantity pz+2 [C’,{ +3B,,+1f,,+1] so that the final form of the
summation is ) pT [Cri1fat1] — Y PL,, [Cfl.+2Bn+1fn+1] -y pl, [C’?‘HB,.anH]. In this
way, all terms are right multiplied by f,,; so that the derivative of the functional £ with
respect to f,;; leads to the adjoint discrete equation in the form

pICn+l = p3+1c,11+2Bn+1 = PLZCL;;B"H =0, (4.24)

where the solution at step m is obtained by marching upstream in space from the outlet to
the inlet and needs two steps downstream to be computed.

The basic-flow model

The basic flow for the flat plate is the same as in [TR03] and is obtained from a conventional
similarity solution.

For the high-speed flow past a sphere, the streamwise velocity U, at the edge of the
boundary layer of the subsonic part of the flow can be approximated by

U= L 0

do |,

218



where dU, /d|, is the derivative of the edge velocity with respect to the meridional coordinate
0 evaluated at the stagnation point. This quantity can be calculated from the modified
Newtonian pressure distribution [Jr.89] as

1 du,
Uy df

o CPmaxp°°

0_ Po

with C, _ (maximum pressure coefficient) and po evaluated at the stagnation point for a
calorically perfect gas with specific heat ratio 7y = 1.4. Flow parameters at the edge of
the boundary layer for the downstream locations can then be found from the isentropic
relationships.

For the compressible boundary layer we consider the local-similarity approximation [Jr.89)
and introduce the Levy-Lees-Dorodnitsyn variables

. U.Rsing [" p
= | opU.R(sing)?do; q=PZeS00 (TP 4
€ /Opu (sin 6) n o7 ¥ n

where 7) = y/H,, y being the coordinate in the wall-normal direction. After substituting
these new variables ¢ and 7}, boundary-layer equations can be recast as

(CFY + F1"+ B [pﬁ - (f’)"’] 0

237 e M[ (_L) a] _
(Prg> +fg+1+’7—1M2 g Pr | =8
2 €

where the prime (‘) denotes the partial derivative with respect to 7, C = (pu)/(pepte) and
Bu = (26/U.)dU, /d¢ is the Hartree parameter. These boundary layer equations are solved
subject to the conventional boundary layer conditions on the wall and in the freestream
[Jr.89]. The flow quantities are then retrieved from functions f(¢,7) and §(¢,7), which are
related to the velocity U(€,7) and total enthalpy I(£,7) according to the similarity laws

U(&v’—l) = Ue(é)f/(& ’_,)a I(é) 77) = Ieg(f,’_l)

As proved in figures 4.1(a) and 4.1(b), for § < 30° Sy lies within the interval [0.5;0.6]
and the Mach number is a linear function of §. Moreover, when the wall-normal distance is
scaled with H(0) = \/2€/(p.U.Rsin ) profiles of U/U, and T /T, are almost independent of
the Mach number M, and Hartree parameter fy, as shown in figures 4.2(a) and 4.2(b).

The dependence on the meridional angle 6§ enters the analysis only through the local
velocity, temperature, density and pressure at the edge of the boundary layer, and through
the local length scale H(6), which is however a slow function of @ as figure 4.3 clearly shows.

For the present study we have chosen the scaled velocity and temperature profiles ob-
tained for M, = 0.6 and Sy = 0.5.
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Shortcoming of the iterative algorithm

As mentioned before, the choice of the norm is not unique. Here we discuss some limitations
of the iterative algorithm due to the choice of the inlet norm and focus on the incompressible
case, for which previously published results obtained with different norms are available.
[ABH99] employed the full norm including all components of velocity. By combining the
continuity equation with the streamwise momentum equation (for the perturbations) and
the continuity equation for the basic flow they derived a constraint that holds for each z > 0

(8% = Vy)u + Vuy — uyy + Uyv — Uv, — BUw = 0, (4.25)

but optimal disturbances were computed at the leading edge of the flat plate, z;, = 0.
In order to avoid discontinuity of the solution at z = 0, [ABH99] required the optimal
perturbation [Uin, Vin, Win] to satisfy the constraint (4.25) also at x = 0~. However, since u, v
and w at z = 07, as resulting from the application of the inlet conditions stemming from the
adjoint-based iterative algorithm, do not satisfy (4.25), [ABH99] needed to solve a further
least square problem seeking [uin, Vin, Wis] that simultaneously satisfy (4.25) and minimize
the distance from the solution obtained by applying the inlet conditions (4.21).

It should be noticed that in [Luc00], where u;, was set to zero, no further constraints such
as (4.25) were required because in that case v and w as resulting from the inlet conditions
already satisfy the governing equations at z;, = 0, and there is no discontinuity in the
solution.

From the point of view of optimization, what was done by [ABH99] corresponds to
adding more constraints to the problem. Because of this, the optimization procedure locates
a maximum with a value of the objective function lower than in the case where the optimal
perturbation is not constrained by an equation at the inlet.

Here we propose a further analysis of this issue.
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Figure 4.4: Profile of u;, as a function of y, no constraints on the initial condition, full
energy norm at both inlet and outlet, Re = 1000. M = 0.02, z, = 0 Zoye = 1.0, Ty, /Toa = 1,
B = 0.55. (a) Outer view. (b) Zoom in the proximity of the wall.

By writing explicitly the inlet conditions (4.21), it is easy to verify that vy, and w;, go to
zero at the wall as long as the streamwise component of the basic flow does, because they
originate from the adjoint solution multiplied by U. Therefore, even if the adjoint field is
not homogeneous at the wall, since U satisfies the no-slip condition, v;, and w;, are zero at
the wall. On the contrary, the expression for u;, does not guarantee v = 0 at the wall and
thus a non homogeneous solution is allowed at the wall by the algorithm. However, this
nonphysical solution guarantees the maximum gain in the optimization procedure.

We consider adiabatic wall conditions, Ty, /Taq = 1, and freestream Mach number M =
0.02. Figure 4.4 shows the streamwise component of the optimal perturbation obtained
without any further constraint and using full energy norm at both input and output (FENI
and FENO). The outer view, figure 4.4(a), indicates that u, does not satisfy the no-slip
condition at the wall. Zooming in on the proximity of y = 0, figure 4.4(b), the behavior
of w;, is clearer, showing a few oscillations. The latter do not originate from the numerical
scheme, as was proven by changing from 4th order to 2nd order finite differences in y. On
the contrary, they originate from the fact that w;, is generated by a component of the adjoint
solution that does not guarantee u;, = 0 at the wall.

Different possible choices are available to render u;, homogeneous at the wall so as to
reconcile the optimization algorithm with the governing equations. Such a “smoothing”, i.e.
forcing wi, = 0 at the wall, avoids the discontinuity at z;, = 0 that would occur due to the
fact that at £ = 0% it must be u = 0 on the wall because of the no-slip condition.

The simplest approach is to substitute v;, and wi, as provided by the inlet condi-
tions (4.21) into (4.25) and to obtain w;, from a boundary value problem where u;, is forced
to be zero at the wall and in the free stream. By doing so, results reported in figure 4.5 are
obtained. The order of magnitude of u is now much smaller than what was seen in figure 4.4,
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Figure 4.5: Profile of w,, v, and w;, as a function of y, physical, constrained solution.
M =002, 2, = 0 Zow = 1.0, T, /Tog = 1, B = 0.55. The constraint (4.25) is used where
Vin and wj, are those originating from the inlet conditions (4.21) and wu;, is calculated from
the linear ordinary differential equation so obtained by imposing homogeneous boundary
conditions at the wall and in the free stream. (a) Uin. (b) vin and wiy.

while vy, and w;, remain on the same order as before. This choice of rendering w;, zero at
the wall so as to avoid the discontinuity at x;,, therefore, leads to an initial perturbation
very far from the one originally computed without additional constraints and generates a
consequently much lower gain.

If the goal is to try to keep u;, on the same order of magnitude as the profile originating
from the inlet conditions alone (the one in figure 4.4) but assuring the continuity at z;, by
imposing the u;, = 0 on the wall, then infinite possibilities are available.

We chose to replace the oscillations in wu;, visible in figure 4.4 with a smooth solution
so as to keep 1, untouched from a certain § to Ymax (Where the boundary conditions for
y — oo are imposed) and to replace u;, with a smooth function that goes to zero with
y for y < §. Both § and the smooth function are arbitrary. For the function we need a
choice that guarantees the continuity of u;, and its first and second derivative in g (to avoid
discontinuities when wu;, is substituted in (4.25)) and such that its second derivative is zero
at the wall. The latter requirement is dictated by the constraint equation (4.25), from which
it is easy to verify that at the wall w = u,,. A 4th-order polynomial is used. The value §
is chosen to be 80% of the position in y where v;, reaches its maximum. After u;, has been
smoothed, the constraint (4.25) is used to compute w;, given u;, and vj,.

This choice of smoothing u;, and constraining it to be zero at the wall produces a small
difference (in the profile of w;,) with respect to the free case reported in figure 4.4 (see
figure 4.6(a)), with the discrepancy localized in the proximity of the wall. On the contrary,
no significant differences are detectable in the profiles of #, and w;, (figure 4.6(b)). Since
the optimal perturbation remains almost unchanged, the difference in the gain between the
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solution computed from the inlet conditions (4.21) and the physical solution obtained by
smoothing u;, and constraining it to be zero at the wall. The constraint (4.25) is used to
compute Wi, given Uiy and vyp. M = 0.02, Tiy = 0 Zoy, = 1.0, Ty, /Toa = 1, B = 0.55. (a) Ujp.
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“free” and “smooth and physical” cases is very tiny. For the smoothened case the gain is
G/Re = 2.52-1073 as opposed to G/Re = 2.54-103 in the free case. This difference is about
0.8%, even smaller than the tolerance (1%) which is required to end the forward-backward
iteration in the optimization procedure presented in the algorithm section.

Such a result offers much better insights regarding the issue of the inlet norm. It shows
that in the constrained case the gain is, as expected, smaller than in the free case but
this difference is extremely tiny and within the tolerance of the scheme. The explanation
resides in the order of magnitude of wi,. If it is kept on the same order as resulting from the
application of the automatic inlet conditions (4.21) then the gain is practically the same as in
the case of unconstrained wj,. On the contrary, when u;, is obtained by solving the ordinary
differential equation (4.25) assuming v, and w;, given, a much smaller u;, is obtained with
a considerable difference in the gain.

A summary of the above discussion is graphically reported in figure 4.7, where different
curves are reported.

Results by [ABH99] (x) were obtained with full energy norm at both inlet and outlet
and show the largest values of the gain. They differ only slightly from those obtained in
the present work for the case of free optimization (0) and for the case of smoothed and
constrained inflow profile (0). The maximum discrepancy is on the order of 3% and it is
believed to be due to different numerical schemes, as the same trend was observed in the
case of infinite Reynolds number limit (figure 4.8). Although it is not clear how the problem
of discontinuity in u, at the wall for z;, = 0 was treated by [ABH99], our results illustrate
that the energy gains are very close for constrained (smoothened ) and free optimizations.
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Figure 4.7: Comparison of G/Re between results obtained by [ABH99] and present work.
x, [ABH99], Re = 1000; O, free optimization, Re = 1000; o, smooth and constrained,
Re = 1000; &, u =0, Re = 1000; o, Re = 00. M = 0.02, zi, =0 Tops = 1.0, T5, /Tos = 1.
Values of the gain are bounded between the free optimization results (upper limit - 0) and
the Reynolds independent ones (lower limit - A). Any constraint on the initial perturbation
produces an energy gain that is within these limits.

Instead of employing a constraint equation, one can simply impose u = 0 at z;, (symbols
A in figure 4.7). This is one of the possible constraints to which the optimal perturbation
can be required to obey. The gain obtained in this way is smaller than the previous ones
(figure 4.7), but is still higher, at Re = 1000, than the Reynolds-independent case (solid
line - A), which represents the lower limit for the gain.

The conclusion is therefore that the values of the gain are bounded between the free
optimization results (upper limit) and the Reynolds independent ones (lower limit). Any
constraint on the initial perturbation produces an energy gain that is within these limits.

Infinite choices are available to constrain the initial perturbation to be zero on the wall.
Among those, we assume u;, = 0 and T, = 0 (in the compressible case). This is more
consistent with the scaling adopted in §4.5, according to which the leading mechanism is
associated with the lift-up effect in the presence of streamwise vortices. Due to this choice,
all results presented in §4.5 refer to partial energy norm at the inlet (PENI), as defined in
expression (4.9).

From this analysis it is clear that the iterative algorithm described in the algorithm
section and proposed as an efficient way to solve two coupled problems, which should be
solved simultaneously, suffers some limitations at finite Reynolds number. The shortcoming
is related to the choice of the energy norms, which change the coupling conditions at the
inlet and/or outlet and therefore the solution of the complete optimization problem. When
energy norms are those employed by [TR03] (i.e. PENI and PENO - the extension to the
compressible regime of the norms proposed by [Luc00] for the incompressible case), which
are Reynolds independent, the convergence of the iterative procedure on the attractor is fast
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and usually does not require more than three forth-back iterations. On the contrary, the
use of full energy norm at the outlet and partial one at the inlet (FENO and PENI), for
Re = 1000, renders the convergence slower, requiring from five to ten iterations. If Reynolds
number is increased so as to emulate the Re — oo limit (e.g. Re = 10°) results collapse
on the Reynolds independent ones, as observed by [ABH99] in the incompressible case, and
convergence is fast. Several iterations are still required at Re = 1000 when the full energy
norm is employed at both inlet and outlet (FENI and FENO), whereas a fast convergence is
restored by smoothing the optimal perturbation at the inlet so as to avoid the discontinuity
at £ = 0, as discussed above. This smoothing, however, is arbitrary and does not guarantee
a solution independent of its choice.

The fact that the algorithm relies on the existence of an attractor, which changes de-
pending on the choice of the norm because the latter affects directly the initial conditions
of the direct and/or adjoint problems, raises the question about a more robust optimization
algorithm.
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4.3 Spatial transient growth in a compressible bound-
ary layer over a flat plate

In the first case the code was verified against incompressible [ABH99] and compressible
[TRO3] published works, in which spectral collocation methods (SCM) were employed.

In figure 4.8 the gain Ge2 = G/Re, where G = E,y/E;,, is shown in the limit Re — oo as
a function of the wavenumber # for the incompressible flow past a flat plate and compared
with previous results available in the literature. The agreement is very good, even though
present values of the gain are very slightly smaller than those obtained by [ABH99]. This
might be due to the different numerical implementations.

In what follows, for the flat plate case, only results regarding the use of the full energy
norm at the outlet (FENO), i.e. norm (4.6), are considered and compared to those obtained
by [TR03], in which partial energy norm at the outlet (PENO) was employed (i.e. only ugy
and 7oy, were nonzero, whereas oy and wey, were excluded from (4.6)). In both cases the
inlet energy norm is the one introduced by [Luc00] and extended to the compressible case
as in (4.9). We refer to (4.9) as partial energy norm at the inlet (PENI), as it considers the
contributions of v;, and w;, only. The choice of this inlet norm is further discussed in §4.2.

For the sphere case, the code for optimal perturbations was verified against [TR04a]
(SCM) and results are later presented for both partial (PENO) and full (FENO) energy
norm at the outlet, keeping the inlet norm fixed (PENI).

Here we consider a perfect gas with a specific heat ratio ¥ = 1.4, Prandtl number Pr = 0.7
and viscosity depending on T only, in accordance with the Sutherland law. The stagnation
temperature Ty is fixed and equal to 333 K.

As described in §4.2, the full energy norm at the outlet (FENO) includes not only u and
T (as done in [TR03]) but also also v and w. At the inlet, PENI includes only v and w.
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Figure 4.9: Objective function J = G/Re: effect of Re and 8 for M = 3, T, /Toq = 0.5,
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Figure 4.9 shows the effect of the Reynolds number Re on G/Re when PENI and FENO
are employed. The plot refers to the case Mach number M = 3, T, /Tog = 0.5 (T}, is the
wall temperature and T,4 is the recovery temperature), initial station for the computation
Zin = 0, and outlet station z,, = 1.0. It is clear that the Reynolds number has quite a
strong influence only for Re < 10%, while for values greater than this limit, results do not
differ significantly from the Reynolds-independent case.

The effect of the norm (PENO versus FENO) for different temperature factors T, /Taa
at M = 0.5 is reported in figure 4.10 (zi, = 0, ZTow = 1.0). The Reynolds number for the
case of full energy norm at the outlet (FENO) is Re = 10%. It can be concluded that at low
Mach number M = 0.5, though large enough to allow compressible effects, the choice of the
norm does not produce a remarkable difference.

The conclusion drawn from figure 4.10 does not extend to larger values of Mach number.
In figure 4.11, a moderate supersonic Mach number M = 1.5 is considered. The effect of
increasing M is clearly to shift the maximum of the curves towards smaller values of 3 and
to enhance the difference between results obtained with different norms. This is particularly
true for T, /T4 = 1.00.

In the supersonic case, M = 3, reported in figure 4.12, a difference up to 17% can be
detected when comparing PENO with FENO. This difference is remarkably higher for low
values of the wavenumber § and is visible also in figure 2 of [ABH99] for M = 0.

It can thus be concluded that for the flat-plate case an energy norm including u, v, w
and T at the outlet (FENO) provides a significant difference with respect to the case where
only v and T are considered and that this effect increases with the Mach number.
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Figure 4.10: Objective function J = G/Re: effect of 3, Ty /Taa and norm choice PENO
(only u? and T? at Zoy) versus FENO. PENI at the inlet (only v? and w? at z;,), M = 0.5,
Re = Y0% o5=02m =10, 0, T/Tu= 100; 0, T /Tua= 0.50; &, Te/Toa= 0:25; full
symbols and solid lines refer to FENO, empty symbols and dashed lines to PENO.
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Figure 4.11: Objective function J = G/Re: effect of 8, Tw/Taa and norm choice PENO
(only u? and T? at &,y,) versus FENO. PENI at the inlet (only v? and w? at z;,), M = 1.5,
Re = 107, &5 = 0 Zos = 1.0. x, PENO; 0, Toy [Toa = 1:00; 0, T [Toa = 0.50: A, Vil =
0.25; full symbols and solid lines refer to FENO, empty symbols and dashed lines to PENO.

229



0.0018
0.0016
0.0014 -
0.0012 |-
0.001 [~
0.0008 -
0.0006
0.0004 -
0.0002 -

G/Re
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4.4 Spatial transient growth in a boundary layer over
a sphere

In the case of the sphere, the solution of the governing equations is assumed to be proportional
to exp (im@), where rm is the azimuthal index and i the imaginary unit (see Appendix C.1).
In order to estimate the values of the small parameter € that might be of interest to the
analysis, we consider two examples at a freestream Mach number M, = 6. The first one
corresponds to typical wind tunnel conditions, T, = 750 K and py = 25 bar. The second
case is chosen as a flight condition, with T, = 217 K and p,, = 0.0253 bar. Figures 4.13
and 4.14 illustrate typical values of € as a function of the sphere radius R (in meters) and
evaluated at the reference parameters corresponding to the edge of the boundary layer at
brer = 30°. One can see that values of € on the order or 10~2 correspond to realistic cases.

In what follows, the edge boundary layer parameters are defined at 6, = 30°. This choice
has an impact on the definition of ¢, but the final result Ge2 = E,y, /Ein is independent of
the reference point 6.

The effect of € on the gain G as a function of 7 (7 = me) is shown in figure 4.15, where
the partial energy norm is used at both inlet and outlet (PENI and PENO). Contrary to the
parallel-flow formulation [RT04] where the Reynolds number and the curvature radius are
independent, here the radius is strictly associated with the Reynolds number and not only
with the curvature. Assuming that all reference parameters are constant, when the radius
increases € decreases (€ = y/Urer/ RUser) leading to an increases of the gain, as reported in
figure 4.15.

The effect of wall temperature T,, /T,q is illustrated in figure 4.16. Similarly to previous
studies [RT00, TRO1, TRO3], the cooling of the wall destabilizes the flow with respect to the
transient energy growth and the difference in G with respect to the adiabatic wall is about
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Figure 4.15: Objective function J = G: effect of € and m = me for 6;, = 10.0°, O,y = 15.0°,
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Figure 4.16: Objective function J = Ge*: effect of wall temperature ratio T, /T.q and
m = me for 6i, = 10.0°, Oy = 15.0°, 6,f = 30.0°, ¢ = 1073. Partial energy norm at both
inlet and outlet (PENI and PENO). g, T, /Toq = 1.00; 0, T, /Toq = 0.50; 4, T, /Taa = 0.25.
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two orders of magnitude.

Figure 4.17 shows the effect of the outlet station 6o, and m for 6;, = 10.0°, 6, = 30.0°,
T Tu = 015 6nd & = 1073, It is clear that the maximum transient growth is achieved for
smallest intervals of the # range, more specifically for 8 € [10°;13°].

The trend observed in figure 4.17 can be found also in figure 4.18, where the same kind
of plot is reported, but for 6, = 15.0° instead of #;, = 10.0°. Again, the smallest range of
meridional angles produces the largest energy growth.

Figure 4.19 provides better insights regarding the dependence of G on the choice of 6;,
and 6,,;. The difference ,,; —60;, is not the only factor that causes a larger energy growth. In
fact, curves with the same 6, —6;, (5°) but with different 6;, clearly show that the strongest
transient growth is achieved close to the stagnation point.

The main outcome from the results presented up to this point and referred to the partial
energy norm at both inlet and outlet (PENI and PENO) is a large transient energy growth
in the proximity of the stagnation point. Moreover, this effect is much stronger when the
difference 0, — 60;, is small. Due to the short downstream development of the flow, one
issue is that maybe the optimal perturbation in the form of counter-rotating vortices still
dominates the flow field and therefore the choice of the partial energy norm at the outlet
could be misleading. On the contrary, the use of the full energy norm (which encompasses
not only « and T but also v and w) at the outlet would clarify this issue.

Figure 4.20 shows the effect of norm choice and €. Quite a number of curves are reported
because comparisons of FENO have meaning depending on the value of €, but results with
the PENO change with ¢ as well. In all cases the inlet energy norm is fixed (PENI). The
constant parameters are 6, = 2.0°, 0oy = 5.0° O,ef = 30.0° and T, /Toq = 0.5. For e = 1073
there is basically no difference between using PENO and FENO. However, it is precisely
in this range of € that it is meaningful to investigate the behavior of the solution, since it
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Figure 4.19: Objective function J = Ge?: effect of interval location and m = me for
bret = 30.0°, Ty, /Toa = 0.5, ¢ = 1073. Partial energy norm at both inlet and outlet (PENI
and PENO).
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corresponds to the estimated values for wind tunnel conditions and flight tests, as reported
in figures 4.13 and 4.14. For higher values of € (2 - 10~ and 3 - 10~®) the difference between
the use of the two norms seems to be more evident.

The conclusion from figure 4.20 is, however, that the maximum appreciable difference is
confined within about 1% of the parameters of interest.

Conclusions

Optimal perturbations in the compressible regime have been considered for both flat plate
and sphere. An adjoint-based optimization technique is employed and the discrete costate
problem is obtained from the discretized direct problem by applying the Lagrangian multi-
pliers technique in the discrete framework. This simplifies the code, reduces the number of
possible errors, and allows the automatic generation of coupling conditions at the inlet and
outlet. The code has been verified against available results [TR03, TR04a].

The main contributions of the present work are the analysis including the full energy
norm at the outlet and the fully discrete approach (including the coupling conditions), which
considerably facilitates its implementation.

In the incompressible limit and for the flat plate (for which comparisons with the full
energy norm at both inlet and outlet are available) it is found that the values of the gain are
bounded by the free optimization results (the upper limit) and the Reynolds independent
ones (the lower limit). Any constraint on the initial perturbation produces an energy gain
that is within these limits.

The norm to be maximized at the outlet, in the compressible case, is extended to the
complete Mack’s norm, including not only %, and T,y in the fashion proposed by [Luc00]
but also Voyt and Woyt-
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Results for the flat plate show that when the Reynolds number is on the order of 103, a
significant difference in the energy growth (up to 17%) is found between the two choices of
the outlet energy norm (full or partial). This is particularly true for supersonic values of the
Mach number. On the other hand, when compressible effects are considerable but the basic
flow is subsonic, the difference between the full and partial energy norms is not a critical
factor. If the Reynolds number is greater than 10%, v,, and w., do not play a significant
role even in supersonic flows.

Results for the sphere are first presented by considering the use of the partial energy norm
only and secondly by comparing them with the full energy norm, in the most interesting case.
The effect of the wall temperature is in agreement with previous finding based on the parallel
flow model with curvature effects [TRO1] and on the nonparallel flow model over a flat plate
[TRO3]. Particularly, the cooling of the wall destabilizes the flow with respect to the transient
growth, with a difference up to two orders of magnitude when the adiabatic wall is compared
to a cold wall (T,,/T,q = 0.25). On the other hand, at fixed wall temperature, it is found
that the energy growth is stronger in the proximity of the stagnation point, reinforcing
what was found in the parallel flow approximation. In contrast with the latter, however,
the present model includes a significant feature, the divergence of the flow. In the parallel
flow approximation, the spanwise wavenumber £ is a fixed parameter, whereas in this work
the azimuthal index is kept constant so that the effective local spanwise wavenumber § is
a function of the streamwise and radial coordinates. This divergence of the flow also leads
to a modification of the energy norm resulting from the integration of the perturbation
over a period in the azimuthal direction. Due to the scaling, the equations governing the
perturbations on the sphere are not Reynolds-independent. This reflects the twofold role
of the radius of the sphere in the transient growth phenomenon. Not only does it enter
into the disturbance equations as the curvature parameter, but also in the Reynolds number
through the small parameter e. The overall effect is an increase of the energy growth with
the sphere radius. The use of the full energy norm at the outlet was also investigated. This
was done close to the stagnation point and for a small range of the meridional angle, since
this is the region where the largest gain is observed for the sphere in the case of partial
energy norm. Results reveal that, in the range of interesting values of Re,¢ (related to the
small parameter € = (Ref) ~/?) that are typical of wind tunnel tests or flight conditions,
no significant role is played by v and w at the outlet. Despite the progress made in the
present paper towards a better understanding of transient growth on blunt (spherical) noses,
the ultimate elucidation of the blunt body paradox would require solving the receptivity
problem, which would explain the origin of the perturbation. This issue will be addressed
in a future work.
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4.5 Transient growth phenomenon in a boundary layer
over a sharp cone

Governing equations

The governing equations for steady, three-dimensional disturbances in the supersonic flow
past a sharp cone are derived from the linearized Navier-Stokes equations, in the same
fashion as in Section 4.2.

A small parameter € = H,ef/L.es is introduced for scaling purposes, where H., =
V/Vret Lret /Uret 1s a typical-boundary layer length in the wall-normal direction y and L,
is a typical scale of the geometry (length of cone L in the present case). The scaling param-
eter € is thus strictly related to the Reynolds number € = Rer_e;/ 2, where Reret = Uref Lref /Vret
is the reference Reynolds number.

As it follows from previous works regarding optimal perturbations in both incompressible
and compressible boundary layers [ZTR06, ZTR05, Luc00, ZBL06, TR04a, CL00, ZLB04],
the disturbance flow is expected to be dominated by streamwise vortices and therefore the
following scaling is employed (Section 4.2). The streamwise coordinate z is normalized with
L., whereas the wall-normal coordinate y is scaled with €L,;. The azimuthal coordinate
¢, being an angle, is not normalized. The streamwise velocity component u is scaled with
Uset, wall-normal velocity v and azimuthal velocity w with €U, temperature T' with T
and pressure p with ezp,er;if. Density p is eliminated through the state equation.

Due to the scaling adopted, the second derivative with respect to the streamwise coordi-
nate z and Op/0x are smaller than the other terms, and are therefore neglected. This leads
to a parabolic system of equations.

Perturbations are assumed to be periodic in the azimuthal direction ¢ as exp(im¢), where
mn is the azimuthal index, so that the general unknown can be expressed as ¢(z,y) exp(img),
where ¢(z,y) is the amplitude, which depends on x and y, and i is the imaginary unit.

If the vector of perturbations is f = [u, v, w, T, p|T (where the superscript T denotes the
transpose), with w = iw (@ being the amplitude of the spanwise velocity component), the
governing equations can be written as follows:

(Af)z = (ny)z + Bof + Blfy o B2fyy- (4.26)

This form of the governing equations is general and can be derived for different geometries
such as flat plate, sphere, sharp cone or blunt-nose cone. Nonzero elements of the 5 by 5
real matrices A, By, By, B; and D are given in Appendix C.2. New terms, relative to
the flat-plate case, arise in the equation due to the geometrical factors introduced by the
half-angle of the cone tip 6.

As far as boundary conditions are concerned, all perturbations are required to be zero at
the wall except for p, while in the freestream all perturbations vanish except for v:

y=0: u=0v=0w=0;T=0

y—o00: u— 0w—0p—0;T—0 (4.27)
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In order to isolate the derivative with respect to z, system (4.26) can be recast as
(Hif), + Hof =0, (4.28)

where operators H, and Hj are still 5 by 5 real matrices and contain the dependence on z
and y due to the basic flow:

Hy,=A- D(')y; H; = —Bg — Bl(')y = BZ(')yy- (429)

System (4.28) is parabolic in nature and can be solved by means of a downstream marching
procedure with initial data specified at the inlet section of the domain z = z;,.

It is worth noting that the disturbance equations are not Reynolds-number independent
(contrary to the flat-plate case) because of the parameter ¢ in the scaling, which is associated
with geometrical effects.

Formulation of the optimization problem

The problem of finding arbitrarily normalized optimal perturbations practically reduces to
performing a constrained optimization. The constraints are the governing equations (4.28)
and the normalization of the initial energy of the perturbation at the inlet, E;,. The objective
function is a particular norm to be identified, and therefore arbitrary. However, it should
be a measure of the flow conditions relevant to the transition process. This choice is neither
easy nor unique. In previous works dealing with optimal perturbations in the incompressible
framework [ABH99, Luc00, ZBL06, CL00, ZLB04], the kinetic energy of the disturbance
field has always been the choice.

In the compressible case, in Section 4.2, we maximized Mack’s energy norm [Mac69] of
the perturbation kinetic energy, density, and temperature (or simply the part containing u
and T) at the outlet plane,

Eou = / ) [P [U2y + (02, + whi)] + PouToow ,__TowPoow dy,  (4.30)
ou : sout [Uout out out MWioM® ~ WY = Doqud2 |

in which the scaling described in the governing equations’ section is employed. Expres-
sion (4.30) was derived for perturbations developing in the boundary layer over a flat plate
within the temporal framework, and is here utilized for the spatial case, as done in [TR03].
After employing the equation of state for the basic flow and for the perturbation, and ob-
serving that in the limit ¢ — 0 v and w can be neglected (Reynolds-independent approach,
see [Luc00]), the norm reads

e Pso tT2 t
Eou = Sou ul it e ) 4.31
‘ /0 [P o (Y= I)ngutM2:l . : )
or more compactly
Eout = / (fg;tj\;ioutfout) dya (432)
0
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where the linear operator Mom is the diagonal 5 x 5 matrix

[ Poowe 0 0 0 07
0 00 0 0
M= & B0 0 4 (4.33)
0 00 — Pt
(’7 ar l)Tszuth
[ 0 00 0 0

The initial condition for the compressible boundary-layer equations is not arbitrary, but
only three of the five variables can be imposed at z;, [Tin65]. However, in the incompressible
case and for Re — o0, it was observed that the choice u;, = 0, pin = 0, v, and w;, related
by the continuity equation corresponds to the maximum gain in an input-output fashion
[Luc00] (in the incompressible case the number of independent initial conditions is two;
see also [Luc00, ZBL06, LB98]). This choice also corresponds to the physical mechanism,
observed in transitional boundary-layer flows, known as the lift-up effect [Lan80], according
to which streamwise vortices lift low momentum flow up (from the wall) and push down
high momentum flow causing streaks that eventually break down to turbulence. Led by
these considerations, here we focus on initial perturbations with only » and w nonzero,
which correspond to steady, streamwise vortices.

The kinetic energy of the optimal disturbance f,, if only v;, and wj, are nonzero, is
therefore:

00
Bn= [ om0+ ul)] d, (4.34)
0
or more compactly

B = /0 ” (6. Mk ) dy, (4.35)

where ]\Zn is the 5 x 5 diagonal matrix

0 0 0 00

- 0 €pg 0 00

M,=|0 0 ¢ep, 00 (4.36)
0 0 0 00
0 O 0 00

The quantity to be maximized is G = Eyy/Fin, the ratio between the outlet and inlet
norms. However, in order to allow direct comparison with previous works, Ge? will be
presented in the results section

= 2 psoutTgut
Sou'ou + d
G€2=/o i - yTaM] "

e sout : (4.37)
| Toantot +ut) ay
0
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Since the problem is linear, an arbitrary normalization for the initial disturbance at z;, can
be chosen, e.g. Ei, = 1, so that the maximization of (4.37) turns out to be equivalent to the
maximization of expression (4.32), i.e. J = FEoy.

It should be clear now that the whole problem of finding optimal perturbations reduces to
a constrained optimization, in which we seek the initial conditions for the disturbance equa-
tions (4.28) that maximize (4.32) and that satisfy the constraint Ej, = FEy at z;,, together
with the direct equations (4.28) and boundary conditions (4.27) at each Z € (Zin; Tout)-

The details of the constrained optimization procedure are reported in Section 4.2. The
classical Lagrange multiplier technique is applied to the discrete version of problem (4.28),
which can be recast as C,11f,+1 = B,f,, leading to the so-called adjoint equations [ZTRO06,
ZTRO5, Luc00, ZBL06, CL00, ZLB04, LB98, LB01] (here n denotes the n-th grid node in
the streamwise direction i, f is the vector of 5 x N, unknowns at each n station, N, being
the number of grid nodes in the wall-normal direction y; matrices C and B depend on z
and y, as the basic flow does, and account for the discretization in both z and y).

The use of the discrete approach has several advantages among which the necessity of an
“ad hoc” adjoint code is avoided and a foolproof test is available by comparing the results of
the direct and adjoint calculation, which must match up to machine accuracy for any step
size and not only in the limit of step size tending to zero [Luc00, ZBLO06, LB98].

The augmented functional £ contains the objective function J = FE,y, the constraints
(4.28) and Ei, = Ey, and the Lagrange multipliers (Section 4.2). The optimization imposes
0L = 0, which leads to the adjoint equations in the discrete form and coupling conditions
between the direct and adjoint problems at the inlet (z;,) and outlet (Zo, ). These conditions
can be written in a matrix form so that their application becomes straightforward. In order
to retrieve the outlet conditions, a system needs to be solved where the coefficient matrix is
singular (due to dp/dx = 0 in this approximation), reflecting the fact that at least one out
of five adjoint variables is free at = z,,; and therefore can be chosen arbitrarily. For sake
of simplicity, we set the fifth adjoint variable equal to zero.

The constrained optimization formulation requires the simultaneous solution of a large,
coupled system of direct equations, adjoint equations, boundary conditions and coupling
conditions. Instead of doing it in one shot, however, we employ the intrinsic parabolic nature
of the equations to efficiently solve separately the two coupled problems. Such an algorithm
can be outlined in the following few steps. (1) a guessed initial condition fi(no) is provided at
the beginning of the optimization procedure; (2) the forward problem is solved at the i-th
iteration with the initial condition f”; (3) the objective function J) = E‘(,:,)t is computed at

the end of the forward iteration and compared to the objective function J¢-1 = E(-1) 4t
the end of the previous forward iteration. If | 7®) /J(-1) — 1| < ¢, (where ¢ is the maximum
tolerance accepted to stop the optimization) then the optimization is considered converged
and the problem solved; (4) if |[7®/J@1 — 1| > ¢, the initial conditions for the backward
problem are assigned at the outlet and derived from the direct solution at z = Z,y; (5) the
backward problem is solved from z = 2z, to £ = Zj,; (6) a new initial condition for the
forward problem fi(:“) is obtained from the solution of the backward problem at z = z;,

employing the coupling condition at the inlet; (7) the loop is repeated from step (2) on until
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it is eventually ended in step (3). It should be noted that this procedure does not necessarily
guarantee convergence. If there is an attractor for the solution, then the procedure will
capture it and this happens quite fast (2-3 forward-backward iterations).

Discretization

A finite difference discretization scheme has been implemented to numerically solve equa-
tions (4.28) with boundary conditions (4.27). For the sake of generality, grid nodes in z
and y are not necessarily equally spaced. A staggered grid is introduced in the wall-normal
direction, with variables u, v, w and T known at the grid nodes, and p known at the mid-grid
(staggered) nodes. All equations are satisfied at the grid nodes except for continuity, which
is satisfied in the mid-grid nodes. The use of the uneven grid in y allows us to cluster more
nodes close to the wall so as to take into account the larger gradients of boundary layer
quantities in this region. The last node of the y-grid is located far enough from the wall to
allow satisfaction there of the boundary conditions for y — oo.

Fourth-order non-compact finite differences are used for the y discretization, employing
six nodes so as to allow 4th order accuracy for the second derivative. By using six nodes,
the first derivative is automatically 5th order accurate and the function (when interpolated
due to the staggered grid) is 6th order accurate.

Also the discretization in the streamwise direction is based on an uneven grid. Since the
system of boundary layer equations is parabolic, a second order backward discretization is
chosen, which requires the solution at two previous steps to be known. For the first step,
however, a first order scheme is used because only the initial condition is available.

Results

The basic flow for the sharp cone is obtained from the flat-plate case by rescaling the wall-
normal coordinate y and its derivatives according to Mangler’s transformation [HP59].
The local Mach number, M, at the edge of the boundary layer was calculated assuming
calorically perfect gas flow at free stream Mach number M, = 6. Since the shock wave is
assumed to be far away from the boundary layer (and perturbation), their mutual interaction
is not considered. The calculations are performed for cone half-angles of § = 15° and 25°.
The main goal in the presentation of the results is to discuss the effects originating from flow
divergence induced by the geometry. The boundary-layer edge velocity,density, temperature,
and viscosity at £ = L,.s are chosen as the reference parameters. All results are obtained at
€ = 0.001 unless otherwise stated.

Figure 4.21 shows the objective function Ge? obtained from the optimization procedure
for § = 15°. Adiabatic boundary conditions are used for the temperature at the wall,
Tw/Taa = 1, and the initial station is kept constant, z;, = 0.2, while changing the outlet
station. Results show that there exists a location, downstream of z;, = 0.2, where the curve
of the maximum energy growth as a function of modified azimuthal wavenumber, m = ermn,
reaches the largest value, after which the maximum of the curve decreases with increasing
Zout- Among the computed curves, this maximum seems to be reached for z,, = 0.3.
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Figure 4.21: Objective function Ge?: effect of 2., and m for 6 = 15°, My, = 6, My, = 4.37,
TolTg = 1; &= 02, O, Tow = 0.25; B, Tow = 0.275; 0, Toe = 0.3 ®, Ty = 0.35; a,
Tout = 0.4.

However, a better estimate can be obtained by performing a parabolic interpolation of the
data corresponding to the maxima for the three cases Z oy = 0.275, Zoye = 0.3 and Zoy, = 0.35.
This leads to the optimal outlet location z,, = 0.32, from which the optimal interval
AL = Ty — Tin = 0.12 is obtained.

The shape of the optimal perturbation at z;, is very similar to what has been found
so far in both incompressible and compressible studies [Luc00, TRO3] and is shown in
figure 4.22 for the largest gain observed in the previous figure, i.e. m = 0.045 and z,,, = 0.3.
The maximum energy growth is determined by streamwise vortices generated by v- and
w-perturbations that extend outside the boundary layer and decay at the same rate as a
function of y. This type of perturbation is consistent with the assumptions employed in the
scaling process.

By moving the inlet location further downstream to z;, = 0.4, results qualitatively similar
to those shown in figure 4.21 are found. The corresponding estimated Z., that causes the
maximum gain is Zoy = 0.64 and the interval Az = zoy — Zin = 0.24 is greater than the
value Az = 0.12 previously observed for z;, = 0.2. The conclusion is that divergence effects
are stronger in the proximity of z;, = 0, as one could argue from geometrical considerations.

Figure 4.23 shows the objective function Ge?> computed for a larger cone half-angle, § =
25°, while keeping i, = 0.2 fixed. The general trend of the results is as in figure 4.21. The
estimated value of ., that causes the maximum gain is Zo, = 0.32, leading to Az = 0.12.
Remarkably, the latter is the same as for § = 15° and z;, = 0.2.

By moving the inlet location to z;, = 0.4 (for # = 25°), the optimal estimated outlet
location is Zoy = 0.64 and thus Az = 0.24, i.e. the same as for § = 15°. This suggests the
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Figure 4.22: Optimal perturbation at z;, for 8§ = 15°, My, = 6, Mj,c = 4.37, Ty, /Toq = 1,
Tin = 0.2, Tous = 0.3 and m = 0.045.

0.00014
0.00012 |-
0.0001 -
8e-05 -
6e-05
4e-05 -
2e-05 |-

0

Ge?

0 0.02 0.04 0.06 0.08 0.1 0.12
m=em

Figure 4.23: Objective function Ge?: effect of oy and m for = 25°, M, = 6, My, = 322
TolTaa = 1, 8 = 0.2. O Tom = 0.225; W, Toge = 0.25; 0, Toue = 0.275; @, Dot = 0.3; &,
Tout = 0.4.

possible insensitivity of Az = Zoy — Zin to the nose-tip angle. However, as can be deduced
by comparing figures 4.21 and 4.23, 6 influences the values of Ge?, which are consistently
higher for larger cone half-angles.
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As opposed to the sharp-cone geometry, the flat-plate case has no effects due to the flow
divergence. Therefore, by analyzing the results from the previous figures together with those
obtained in the same fashion for the flat plate, more insights can be gained regarding the
influence of the geometry. This is done in figure 4.24, where flat-plate results are shown
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o 00015F / .. % -
o HE LAY
O oonf j° % -
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0.0005 - © - g,
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Figure 4.24: Objective function G/ Re, flat plate: effect of zoy and §for M = 3.22, T, /Toq =
1, Zin = 0.4. O, ZTow = 0.45; W, Touy = 0.6; O, Touy = 0.8; @, 2o = 1.0;

for M = 3.22 (the local Mach number corresponding to the 25° cone), adiabatic wall and
ZTin = 0.4. It is clear that moving the outlet location downstream leads to a monotonic
increase in the curve of maximum energy growth. A precise optimal outlet z,, however, is
not found. This is a new finding with respect to previous figures and to previously published
results for the flat plate [TRO3], in which only the inlet location z;, was changed, while
keeping Zou = 1.0. The straightforward conclusion from the comparison between figure 4.24
and the previous ones is that, once the inlet location is fixed, divergence effects result in
the existence of an optimal outlet location Zo, < 1 for which the largest energy growth is
reached. This behavior was also present in the sphere case (Section 4.4), corroborating the
conjecture of being due to the flow divergence only.

Figure 4.25 plots the reverse case to what was seen before. The gain Ge? is shown for
the sharp-cone geometry, keeping the outlet fixed, Zoy = 1.0, and changing the inlet z;,,
for = 25° (the other parameters are My, = 6, Mo = 3.22, and Tw/Taa = 1). An optimal
inlet location is now found. By performing the same type of parabolic interpolation for the
maxima as done before, the largest energy growth is obtained for an estimated z;, = 0.72,
ie. for Az = 0.28. The latter is comparable with the value of Az found for z;, = 0.4 while
changing Z ., for the 25° cone.
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Figure 4.25: Objective function Ge?: effect of z;, and m for § = 25°, My, = 6, My, = 3.22,
LTwa=1, Zous = 1.0. O, 3n = 0.2; B, 2, = 04; O, Zin = 0.6; ®, 21 = 0.8; A, Zin = 0.B5;
A, Tyw= 019

A quantitative comparison between flat-plate and sharp-cone results

Results presented in figure 4.24 certainly shed a new light on the differences between flat-
plate and sharp-cone geometries that can be attributed to flow divergence. However, the
order of magnitude of the gain reported in that figure differs quite remarkably from what
is shown in the figures for the sharp cone. This allows only a qualitative comparison. In
order to compare quantitatively the energy growth for flat plate and cone, both physics and
scaling should be considered.

The physics suggests that the results for the sharp cone should reduce to those obtained
for the flat plate in the limits z;, — Z.w and 1 — oo. The first is dictated by the fact
that divergence effects (which are the main difference between sharp-cone and flat-plate
geometries) are negligible far from the cone tip (in the proximity of oy ). The second limit
is due to the fact that the presence of many vortices in the azimuthal direction forces the
flow to be less sensitive to divergence and, thus, to behave as in the flat-plate case. To
emphasize the effects of divergence in the flow past the sharp cone, therefore, we focus on
the limits Zj, — T,y and m — oo. The outlet location z,,, = 1 is kept constant, as for the
flat-plate case, so as to allow direct comparison.

The scaling is important as well. The fact that the boundary layer thickness over the
cone is 1/v/3 times that of the boundary layer thickness over the flat plate, and the same
length scale Ly is used in the definition of the Reynolds number in both cases, suggests
that G/Re for the flat plate (Section 4.3) must be compared with 3Ge2. On the other
mz s erefoone 4
F B R Hrefcone,

hand, the wavenumber 32/ Hefpiate must be compared with m¢ =
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where z is the transverse coordinate along the cone surface and R is the local radius. The
comparison between [z/Hiefpiae and m@, therefore, reduces to the comparison between
and MmH;efcone/R. However, since Hiereone = Hrefplate/ V3 and R = L,¢sin@, by taking into
account that € = Hiefplate/ Lref, ONE gets

erefcone _ mH, refplate erefplate = me m

R " V3R \/3Lsinf +/3sind - V3siné’
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Figure 4.26: Objective function, comparison between G/Re (flat plate) and 3Ge? (sharp
cone) as a function of £ and m/( V/3sin 0) respectively, effect of z;, and wavenumber. M, =
3, Tu/Taa = 1, Tow = 1.0. 0, § = 15° and T;p = 0.95; 4, 6 = 15°, Zin = 0.95 and € = 0.0001;
o, f = 15° and =, = 0.97113; v, # = 25° and z;, = 0.95; m, flat plate, z;, = 0.913; e, flat
plate, x;, = 0.95.

This rescaling is employed in figure 4.26 for the sharp-cone results in order to compare
them with those for flat plate. Many conclusions can be deduced from these plots, obtained
by changing 6 and Az = Zoy — Zin. First, the scaling is correct in that all the results for
the cone with z;, = 0.95 and z,,. = 1.0 (O, A, v, ©) collapse onto one curve, regardless of .
Secondly, € does not have any effect on the gain function (3Ge?), as is proved by comparison
of the cases for ¢ = 0.001 (0) and € = 0.0001 (a), both referring to z;, = 0.95, Zy = 1.0 and
0 = 15°. Third, the comparison between cone (empty symbols) and flat plate (full symbols)
should be carried out with further care with respect to Az. In fact, because of the difference
in the boundary-layer thickness between flat plate and cone, distances Az having about the
same number of boundary-layer thicknesses should be considered. We suggest comparing
AZcone With AZpae/V/3, implying that the sharp-cone cases z € [0.95;1] and z € [0.97113; 1]
should be compared respectively with the flat-plate cases z € [0.913;1], and z € [0.95;1].
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Figure 4.26 confirms this by showing that results for the sharp cone and flat plate collapse
onto each other for 7 — oo, when the correct intervals Az are considered (see O vs. m and
O vs. ®).
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Figure 4.27: Objective function, comparison between G/Re (flat plate, full symbols) and
3Ge® (sharp cone, empty symbols) as a function of # and m/(v/3sin @) respectively, effect
of z;, and wavenumber. M, = 3, Ty /Toq = 1, Zowe = 1.0. Sharp cone: 0, # = 15° and
Tin = 0.6; 0, # = 15° and z;, = 0.8; A, @ = 15° and z;, = 0.9; v, § = 15° and z;, = 0.95.
Flat plate: m, z;, = 0.30718; ®, z;, = 0.65359; A, z;, = 0.82679; v, z;, = 0.913.

In order to investigate the intuitive idea that the difference in the energy growth between
the two geometries should diminish as zj, — % and m — oo, in figure 4.27 we compare
the sharp cone (empty symbols), § = 15°, and the flat plate (full symbols) at different ;.
The parameter Az is properly rescaled so that O compares with m, © with @, A with A, and
v with v. Results confirm what is expected (see for example the sharp-cone case z;, = 0.95,
v, compared to the flat-plate case z;, = 0.913, v).

Having the correct scaling, further comparisons between the two geometries can be car-
ried out. The effect of wall temperature, which can either promote or delay transition in
supersonic boundary layers, is shown in figure 4.28 in the limit z;, — Z,.. Empty symbols
refer to the sharp cone (8 = 15°) and full symbols to the flat plate. It can be noted that a
cold wall, i.e. Tyw/Taa = 0.5 (0 and v for sharp cone, corresponding to the cases ® and
v for the flat plate) enhances the energy growth, as already pointed out in previous sec-
tions. Moreover, not only is the gain larger for a cold wall, but the wavenumber for which
the optimum is reached is also larger. For very large values of the wavenumber, results for
the two geometries collapse onto each other, as a consequence of the 7 — oo limit previously
described. This behavior is consistent, for every case considered (see also 0 vs. m, and v vs.
v).
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Figure 4.28: Objective function, comparison between G/Re (flat plate, full symbols) and
3Ge€? (sharp cone, empty symbols) as a function of 3 and m/(v/3sin ) respectively, effect of
Tin, wavenumber and Ty, /Toq. Mioc = 3, Zowe = 1.0. Sharp cone: 0, 8 = 15°, Ty, /Toq = 1.0
and z;, = 0.95; 0, § = 15°, T, /Teq = 0.5 and zy, = 0.95; 4, 6 = 15°, T, /Tey = 1.0 and
i = 0.97113; v, § = 15°, T,,/Tag = 0.5 and 23, = 0.97113. Flat plate: ®, ;, = 0.913
and T, /T = 1.0; &, &, = 0913 and T3 /T,y = 0.5; &, @y = 0.95 and Te/Ti = 1.0, ¥,
& =095 and T, /T.a = 0.5

All considered examples demonstrate the growth factor G for the flat plate is larger than
that for the cone leading to the conclusion that flow divergence has stabilizing effect.

Conclusion

Optimal disturbances originating in the supersonic boundary-layer flow past a sharp axisym-
metric cone have been studied, motivated by several factors. Similar studies (Sections 4.2 -
4.4) report optimal perturbations for flat plate and sphere, but a direct comparison between
them was complicated by the many effects present in the case of the sphere (flow divergence,
pressure gradient, centrifugal forces and dependence of the edge parameters on the local
Mach number). The sharp-cone geometry, on the other hand, is simpler than the spherical
one and characterized by flow-divergence effects only, allowing us to identify them more eas-
ily when comparing flat plate, sharp cone and sphere. Moreover, in the development of the
studies towards a more realistic three-dimensional supersonic case, the sharp-cone geometry
is a natural step before the blunt-nose cone.

Equations are obtained from the linearized Navier-Stokes equations by employing a
scaling that assumes the perturbation dominated by streamwise vortices. This leads to
parabolic-in-z equations. The optimization is carried out in an iterative manner, relying on
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the alternate solution of the direct and adjoint problems related by coupling conditions at
the inlet and outlet.

A first set of results, obtained by keeping the inlet location fixed and changing the outlet
location, provides interesting conclusions on flow divergence. An optimal distance Az from
the inlet (AZ = Zouw — Tin) is found at o, < 1, for which the curve of the maximum gain is
the largest. The increase of Az when the inlet location is moved downstream suggests that
divergence effects are stronger in the proximity of the cone tip. On the other hand, increasing
the cone half-angle does not seem to affect Az. When these results are compared with the
flat-plate case, it becomes clear that the presence of an optimal downstream location for
the energy growth is a unique characteristic of flows dominated by geometrical divergence,
such as those on sharp cones and spheres. For the case of the flat plate, in fact, for a given
inlet station zj,, the curve of optimal energy gain reaches larger values monotonically as the
outlet location, Z,,:, is moved downstream.

A second set of results is obtained by keeping the outlet location fixed and changing the
inlet location. The gain, wavenumber and Az are properly rescaled taking into account the
half-cone angle # and the fact that the boundary layer thickness on the sharp cone is v/3
thinner than that over the flat plate. By comparing the two geometries, it is found that both
the gain and the wavenumber scale fairly well and that results for the sharp cone collapse
onto those for the flat plate in the limits z;, — Z,, and m — oo.

Comparisons of growth factors for cones and flat plate demonstrate that the flow di-
vergence has a stabilizing effect on transient growth. Results confirm also that a cold wall
enhances transient growth.
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4.6 Transient growth phenomenon in a boundary layer
past a blunt cone

Despite the efforts done insofar, some issues regarding transition in supersonic flows are still
open. One of them is the long-standing blunt-body paradox [RT00], according to which
transition occurs in supersonic flows behind the detached bow shock, in a region that is
subsonic and characterized by a favorable pressure gradient and therefore stable to TS-
instability-like phenomena. Transient growth seems to be a promising mechanism to explain
such a paradox (see Sections 4.1 - 4.4). However, the ultimate elucidation of the blunt-body
paradox requires solving the roughness receptivity problem, which can explain the origin
of the perturbation. The latter issue has not been addressed yet. The section presents the
equations for analysis of optimal disturbances in the boundary layer over the blunt-nose cone
at the angle of attack. The equations are derived for the stagnation line only.

We begin our derivation with full Navier-Stokes equations for axisymmetric system of
coordinates [HCSP96]. Metric coefficients are the following: h, = 1+ £, h, = 1, h, =
7+ ycosf, where z is a streamwise coordinate, aligned to the envelope curve of the body,
y is a coordinate which is normal to the surface, z represents the azimuthal angle ¢, R is
local radius of curvature in streamwise direction, r is local radius of curvature in spanwise
direction, @ is the local angle between envelope curve and symmetry axis of the body. R,
and @ depend on streamwise coordinate z.

We use the same scaling as in the case of the sharp cone (section 4.5): the small parameter
g = Hyjllvep = Re;lf/ 2, where Reye; = UregLyres/Vres is the reference Reynolds number,
H.,.s is a typical boundary layer length in the y-direction, L,.; is the typical scale of geometry.
The radii of curvature, R and r, and z coordinate are scaled with L,.;, ¥ coordinate is
scaled with L.y, streamwise velocity component w is scaled with U,., normal and spanwise
velocity components, v and w, are scaled with eU,.y, temperature T is scaled with T.; and
pressure p with ep, ;U2 s While density p is eliminated with the help of the equation of state.

We assume that perturbations are harmonic with respect to the transversal variable,
o exp (im¢) with azimuthal index m and use w = i as the spanwise velocity component.

In the vicinity of the spreading line (¢ — 0) we can rewrite the z-component of base-flow

velocity as W = %i% — 0 as ¢ — 0, and so the derivatives of W are zeros except
¢=0
% = % # 0 for  — 0. The terms containing transversal velocity component of the
¢=0

base flow are though neglected.

The form of the equation needed to develop optimal perturbation analysis: (Af) =
(Df,), +Bof +Bif, + B,f,,, where f = (u, v, w, T, p)7, superscript T stands for transpose.
The non-zero elements of matrices A, Bo, B, B, and D are given in the Appendix C.3.
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Chapter 5

Conclusions

A comprehensive study of stability and receptivity of hypersonic boundary layers has been
carried out under the support from the Air Force Office of Scientific Research, USAF under
grant FA9550-05-101 monitored by Dr. J. D. Schmisseur.

The main results of the project:

e Mathematical method of the multimode decomposition for three-dimensional pertur-
bations in compressible boundary layers has been developed. The method provides
analysis of experimental and computational results for modes of discrete and continu-

ous spectra.

e Theory of boundary-layer receptivity was developed for roughness-induced perturba-
tions in incompressible and compressible boundary layers.

e The transient growth phenomenon in compressible boundary layers over flat plate,
sphere, and sharp cone has been studied. The work was accompanied by development
of solvers for these geometries. The solvers are described in Refs. [Zuc06a, Zuc06b,
Zuc06¢).!

1The reports have been delivered to AFRL at WPAFB and to the University of Minnesota
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Appendix A

Appendices to Chapter 2

A.1 The matrix elements, Section 2.2

In what follows, Uy, Ty, and u, are velocity, temperature, and viscosity of the mean flow,
respectively, and they are scaled with their values at the edge of the boundary layer. The
pressure is scaled with p,U?, and u, = du/dT,, Re, Pr, and -y stand for the Reynolds number,
Prandtl number, and specific heat ratio, respectively; M is the Mach number at the edge
of the boundary layer; D = d/dy. The parameters 7 and m are defined as r = 2(e + 2)/3
and m = 2(e — 1)/3, and 2e/3 is the ratio of the bulk viscosity to the dynamic viscosity.
Particularly, Stokes’ hypothesis corresponds to e = 0.
Nonzero elements of the matrices in (2.2) are
43 Tls

i = Re’

Lr'elf=slrelirsir=ll"sL=E"=),

2,1 8,14
Y= =m+1
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2 WRe
i e
HE = _%,
Ihs
HB = ReDU’
Tops
H® — _D(N:DU)
Hs
les = #’;DU7
ks
DT,
33 __ s
Hi* = T,
HY = iwyM?,
35 __ _E
HyY = T
HP =iwp,,
HY =1,
H® = —2(y—1) PrM?DU,,
RePr
8 = DT,
) Tou, ’
H = iw(y - 1) 2202,
RePr Pr aU,\*> D (u.DT,)
P = By ey () DUADT)
1 Totts (¥=1) e K By i
2Dy,
o e
m
AP =1,
g7 WwRe
o=
H?S == _%,
s

9 _ 771000 _ pp11,11 _ 7712,12 _ 771313 _ 714,14 _ 771515 _ 716,16
HP = H™ = H;"" = H, =H""=H""=H""=H""=-1.
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H221 = Tu U87
HE = _%,
R
Ht =
Hfg = -7,
B =i,
H3* = —U,M?,
=,
mDyp,
Hy'= Re '’
= me1) 22
& Re’
=2,
HS = %DUM
H;.IO _ %,
H$ = —2(y-1) PrM?DU,,
P
Hg = —(y-1) 2y,
H265 = };firUa,
HpM = -1,
HE = ReU,’
s T
H28,12 el

HyP=—(m+1),

91 _ 77108 _ zrils . ri3d
Hy =H,” =Hy;” =H,” = 1.
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HY? = —(m+1),

H3® = -1,
H37 = _1’
mDy,
H47 = 3’
8 Re
7
HPE = (m+1) 7;;,
A Hs
2 Re’
HES = 1,
H§3 = _%,
Hs
H§4 = &7
Hs
B} = -,
H313,] - ;4,3 = H;s,s g 316,7 -1

One can also find the nonzero elements of the matrix Hy in (A.3) and (A.4) from [Nay80]
with the spanwise velocity of the mean flow equal to zero, @ = —ip, and

5 Re . 3n -
w=w—al,, X=|—-—-tryM@| .

'8

Hl2 = H56 = H78 =y 1,

Re
H§' = o® + §* —iv—,

s T
Hg2 = _%7
s
. DT, . Du, DU,
HB = —ja(m+1) 7 i = + ReuaTS,
24 _ . Re 1 2 s
Hi* =ia— 4+ (m+ 1) yM*aw,
v D(W.DU,
HP = —a(m+1) % - %,
H2 = _N;DUs’
s
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Hy' = —ixa (r% + 2%) ,

Hg? = —iax,
9Re DT,  Dpu,DT,
H43 - = W 5 s =
0 X[ o =g +ZH3T.:+T T +r o |
H3 = —ixryM? [aDU, = Q;DT’ = (;;D“’] ,
T, s
H45=’LX[T9—S+_§.aDU3_Tw 8 ,
! T; Hs /LST_,
6 _ o W
HO — ZXTTS’
7 = -+ 22),
Hgs = _ZﬂX7
H$ = —2(y — 1) M*PrDU,,
H§® = —2i(y — 1) M*PraDU, + RePr D";’,
Hsts
H§t =i(y-1) M2PrReﬂi,
. " ;
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A.2 The biorthogonal eigenfunction system, Section
2.2

We introduce the following biorthogonal eigenfunction system {A,3,Bas}:

8 aAa aAa & Y
(LO B) + Ll g — HlAaB + 'l,aH2Aaﬁ + ZﬁH3Aaﬂ7

oy \" oy dy AT

y:O: Aa,Bl=Aaﬁ3=Aa,35=Aaﬂ7=0a ( )
Yy — 00: | Agp;| < 00,

0 0B, 0B, ’ 2

=0 Bapz = Baps = Baps = Baps = 0, kel
Y — 00 ; |l?aﬂﬂ < 00

Actually, (A.2) defines the complex conjugate of the conventional adjoint problem. Equation
(A.1) can be recast as a system of eight ODEs,

dzag
dy

= HoZqp, (A.3)

where vector z,4 is comprised of the first eight elements of the vector A,z. The conventional
adjoint problem in three-dimensional stability equations is found from the following system
of ODEs:

dY s

dy

=H,Y,ps. (A.4)
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One can establish correspondence between B, and Y,z similar to the case of temporal
three-dimensional normal modes (FT):

z'aLg"’Yam
Bap1 = Yap1 + (1+L—33H§4)—’ (A.5a)
Bo:B2 = Yaﬂ27 (A5b)
Baﬂ;; = Yaﬂ;; —1Q (’III/ + 1) Yam = lﬂ (’Iﬂ + 1) Yaﬂg
43 7733
-l el | e (A5
(1+ Lg°Hg*) dy | (1+ Lg®Hg*)
Yopa
Baﬂ4 = (1 " L83H34)7 (A5d)
Bags = Yaps + H3"Ya, (A.5e)
BaﬂG = Tap6, (A5f)
10L& Yap4
Ba,B’T = Yaﬁ7 + (1 4 L83H84), (Asg)
BaﬂS = YaﬂSa (A5h)
Baﬂg = —iarBam, (A51)
Ba , .
Bagio = (1 + 1) ¢ dy‘” +iaHy"* Bogs, (A.5))
Baﬂll = —’iaBalge, (A5k)
Baﬁl2 = _iaBaﬂ8 S Zﬂ (m 5 1) Baﬂ2) (ASI)
Bapiz = —ta (m + 1) Baps — i3 Bage, (A.5m)
Bapia = (m + 1) d—gg'/ﬂ + i8H3" Bopa, (A.5n)
BaﬁlS = _iﬂBaﬁS) (ASO)
Baﬁlﬁ = _iﬂrBaﬂ& (A5p)
where r and m are defined in Appendix A.1.
The eigenfunction system {A,g,Bog} has an orthogonality relation given as
(H2Aaﬂ’ Ba'ﬂ) = /(H2Aaﬂ,Ba’ﬂ)dy = FAaa’a (AG)

0

where I' is a normalization constant; A, is a Kronecker delta if either a or o' belongs to the
discrete spectrum; A, is a Dirac delta function if both a and o belong to the continuous
spectrum. Because Eq. (A.2) represents the complex conjugate of the conventional problem,
the dot product (,) in (A.6) does not involve complex conjugation. One can also establish

the following equality:
. /O0H,
<H2A05,Baﬂ> = —1 %Zaﬂ,YQﬁ 5 (A7)
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In our computations of the adjoint eigenfunctions, we find Y .4 from (A.4) and restore
B, with the help of (A.5). Because derivation of asymptotic fundamental solutions of (A.4)
at y — oo is too complicated, we utilize the theorem [Kam59] that fundamental solutions of
the adjoint system (A.4) can be found as vectors §; comprised of cofactors of the jth column
in the matrix of fundamental solution, m, defined in (2.14). Therefore, we don’t derive the
asymptotics, but find them numerically with the help of the known asymptotic result for the
matrix m. Utilizing asymptotics for z; (see Appendix A.3), one can find asymptotics §; as
follows:

Y 0_x 0. 02X
& =§¢", & = §e™, € = &€, £, = &7,

A A
€5 = 626’\61’7 56 = £g€ 5y7 67 = 5(7)6’)‘“, £8 = £g€ 7y.

For each fundamental solution §; having 8 components, one can restore fundamental
solutions ¢; for the adjoint problem (A.2) comprised of 16 components with the help of
(A.5). These steps allow computation of the adjoint eigenfunctions B,z of the discrete and
continuous spectra.

One can find the following presentation of the adjoint eigenvectors B, corresponding to
the continuous spectra:

(A.8)

B.1 = ¢, Ers3 + o Earss + 4 Eurss + g Eersa + (g Esrss, (A.9)
B2 = (1 E1283 — C4Fas3s + (5 Fagss + (g Fages — 7 o783, (A.10)
B.3 = ¢, Fe218 — (32863 + 4 F2468 — 5 Fesos — C7 Feras, (A.11)
B4 = (21275 + C3E1753 + C4Ei7sa + (756 + CgErss, (A.12)
B.s = ¢, E12s3 + 4 Fs234 + g Fases + €7 Erass + (g Egoss- (A.13)

For the discrete modes, we find
B, = (;F1257 + (4 Eras7 + (g Eires + Cg Esms. (A.14)

One can see that the coefficients in (2.29),(2.31), (2.32), (2.34), (2.36), and (2.38), depending
on the initial conditions, are associated with the adjoint eigenvectors, respectively, as follows:

caF1275 + c3Errs3 + c4Bi7s4 + c6Errse + cs Eiss ~ (HaAo,
¢1E1753 + 2 Ears3 + ¢4 Egrs3 + 6 Egrss + s Egrss ~ (HaAg, B 1),

B.4)
B.1)
c1E12s3 + ¢4 Es234 + Co Eases + C1Eq2s3 + s Egass ~ (HaAg, B.s),
B.2)
B.3)

?

A.l15
¢1E1283 — C4Fag3s + 5 Eagss + Cs Eages — CrEarss ~ (HaAy, ( )

¢1Eg218 — ¢3Bage3 + C4Fases — C5 Egsos — ¢ Fgras ~ (Hon,
¢2E1257 + ¢4 Evast + 6 Eres + s Ess ~ (H2Ap, B,).

2

)

K

3

Following [SG81], one can prove that the inverse Laplace transform (2.39) is an expansion
into the biorthogonal eigenfunction system {A,z, Bas}.
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The asymptotic vectors Z? and Cg are used to to calculate the normalization constant,
T, in the orthogonality relation (A.6) for the continuous spectra. Evaluation of the normal-
ization constant I' for the continuous spectra can be found with the help of integrals like
J5° exp(i(k—k')y) dy = 76(k—k’) [Tum03]. For example, one can find for an acoustic mode

0
I'=n[(H:Z3,43) + (H2Z¢,¢3)] - (A.16)

A.3 Numerical method, Section 2.2

Two independent codes were used in the present work. The first one (SCM) was based on the
single-domain Chebyshev spectral collocation method [Mal90]. Solution of the linearized
Navier-Stokes equations for compressible gas is considered in the wave-like form

(u,v,w,m,0) = (ﬁ(y), o(y), w(y), 7 (y), 9(1/)) gilaz+pa—wt) (A.17)
In order to avoid the nonlinearity in @, we introduce the vector
@ = (a,9,,,0, iad, iab, ios, z‘aé)T, (A.18)
and the system of ODEs for the amplitude functions is written in the matrix form
(A1D? 4+ Ay, D + A3)® = aA,®, (A.19)

where D = d/dy; A;, A;, A3, and A4 are 9 x 9 matrices.
Homogeneous boundary conditions for (A.19) are formulated on the wall, y = 0, and at

Y = Ymaaz
y=0 and y—oo: & =0 (j=1,2,305,...,9). (A.20)

In the numerical implementation, the boundary conditions (A.20) were supplemented by the
y-momentum equation at y = 0 and Yy = Ynaz-

An algebraic stretching was employed in order to map interval [0, ¥,mq-] onto the Cheby-
shev interval £ € [—1,+1],
14&
b=¢'
where b = 14 2d/Ymaz and d = Yi¥maz/(Ymaez — 2¥i). The parameter y; is chosen to locate
half of the grid points in the interval (0, y;). The Nth-order Chebyshev polynomials T were
used with the collocation points

§j =cos(mj/N), j=0,...,N. (A.22)

y=d (A.21)

The unknown functions and their derivatives at the collocation points, y;, are presented
as sums of the Chebyshev polynomials, T,,, with unknown coefficients, a,,:

N
Qys) = D anTu(yy), (A.23)

n=0
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As a result of the discretization, we arrive at the generalized eigenvalue problem
Aga = aBga, (A.24)

where A, and B, are 9(N + 1) x 9(N + 1) matrices, and & is the vector comprised of
9(N + 1) unknown coefficients. Because the rows of the matrix By corresponding to the
boundary conditions (A.20) contain only zeros, we replace them by the corresponding rows
of the matrix A, divided by a large number, as was suggested by [HSH96]. This introduces
eigenvalues that are located far away from the domain of interest in the complex plane .
The generalized eigenvalue problem (A.24) was solved with the help of standard routine
DG6CCG from the IMSL FORTRAN Library.

[Mal90] reported eigenvalue o = 0.2534048 — 70.0024921 for a two-dimensional pertur-
bation in a boundary layer over a flat plate with an adiabatic wall. The following parameters
were used: Mach number M = 4.5; the Reynolds number Re = 1500 was based on the Blasius
scale; the stagnation temperature Ty = 611.11 K; and the Prandtl number Pr = 0.70. For
these parameters, we considered three-dimensional perturbations at 8 = 107%. At N = 125,
yi = 5, and Ymaz = 100, our result was a = 0.2534416 — £0.0027743. Variation of y; and
Ymaz did not reveal a difference within six digits. Increasing N up to 175 revealed an effect
only on the last digits of the real and imaginary parts of . This code had an auxiliary role,
and it served for verification of the other code that was based on the 4th-order Runge-Kutta
solver for equations (A.3) and (A.4), and to provide an initial guess for the eigenvalues.

In the second code (RK), the fundamental solutions of equations (A.3) and (A.4) were
found numerically by integration of the equations from y,,,, to the wall with the known
analytical asymptotic solutions outside the boundary layer, z? exp(A;y). One can find the
asymptotic vectors zJ from (A.3) at y — oo. For vectors 29, and z7 g, we have

235 = (1, M2, H'/A1,0,0,0,0,0)" (A.25)

zEI,,S = (OwO) Hg7/A7,8y0,0v 07 17/\7,8)T ) (A26)

where the matrix elements Hy' are defined in Appendix A.1.
The nonzero elements z;; of vectors z? (j = 3,...,6) were calculated as follows:

z?j =1, zgj = Aj, 24;, ()\2 H3') by bz, (A.27a)
25; = — (b2 = A3) (A} — HJ') /biz, 26 = Mizg;, (A.27b)
291 = (H8424_1 H8525]) / (’\2 = H87) ) Zgj = Ajz(;)j, (A.27c)
295 = (H3'2; + HY' 2, + HY 29, + Hy'23;) [\, (A.27d)

where b12 = Hg4b23 = Hgs(bzg = /\?), and b22 and b23 are defined in (212)

Asymptotic vectors ﬁ? for the system (A.4) were found numerically from the matrix of
the fundamental solutions m introduced in (2.14) (see discussion of properties of the adjoint
system in Appendix A.2). The Gram-Schmidt orthonormalization procedure was employed
in the computation of the fundamental solutions z; and §; during integration across the
boundary layer.
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[BM92], 3 =0 the present work, 8 = 1074
(0.220,-3.091 x 10~%) |  (0.220,—3.091 x 1073)

(0.221,1.569 x 10~2) (0.221,1.569 x 102)
(—0.565,5.559 x 10~2) |  (—0.565,5.560 x 102)
(0.560,5.659 x 10~) (0.561,5.659 x 10~1)

Table A.1: Flat plate. M = 4.5, T, = 311 K, Pr = 0.72, Re = 1000, w = 0.2

[BM92] the present work
(0.2181,2.969 x 10~%) | (0.2181,2.974 x 10~4)
(0.2124,1.288 x 1072) (0.2124,1.288 x 1072)

(—0.5498,5.684 x 10~2) | (—0.5499,5.685 x 10-2)

Table A.2: Flat plate. M = 4.5, Ty = 311 K, Pr = 0.72, Re = 1000, w = 0.2, § = 0.12

Finally, the eigenfunctions of the direct and adjoint problems could be obtained as a sum
of the fundamental solutions with unknown coefficients that are to be determined from the
boundary conditions on the wall. In the case of continuous spectra, the eigenfunctions are
comprised of five fundamental solutions. The unknown coefficients could be found from four
boundary conditions on the wall (& = 9 = W = g = 0) and the normalization condition
di/dy (0) = 1. The wavenumbers a corresponding to the modes of the continuous spectra
were found from the equation /\f = —k2. For the problem of the discrete spectrum, the
eigenfunctions are comprised of four fundamental solutions z,, z3, z5, and z;. The unknown
four coefficients were determined from the boundary conditions 4 = ©# = @ = 0 and the
normalization condition d@/dy (0) = 1. The eigenvalue a was found with the help of the
Newton method as a root of the equation #(0) = 0. The convergence criterion was chosen
as |0(0)| < € with ¢ < 1075.

We tested the code with the example discussed above. The outer boundary was chosen
85 Ymaz = 35, with the uniform grid having N = 601 nodes and the convergence criterion
¢ = 107°. The spanwise wavenumber 3 was held at 10~*. The found eigenvalue was « =
0.2534420—10.0027738. The result remained the same for N = 1201, ¢ = 107%, and N = 601,
e=10"".

In another test, we used the eigenvalues reported by [BM92] for a boundary layer over
an adiabatic flat plate at Mach number M = 4.5, Prandtl number Pr = 0.72, stagnation
temperature in the free stream Ty = 311 K, Reynolds number Re = 1000, and dimensionless
frequency w = 0.2. In table A.1, we compare our eigenvalues, «, obtained with help of the
RK solver at # = 10~* and results from [BM92] at # = 0. A comparison of eigenvalues a
corresponding to # = 0.12 is given in table A.2.
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A.4 The non-zero elements of matrices in Eqgs. (2.96)
and (2.100), Section 2.5.2
The velocity, temperature, and viscosity are scaled using their values at the upper boundary-

layer edge; the pressure is scaled using p.U2. Non-zero elements of the matrices in Eq. (2.96)
are

I8 — _THs

°RY

LY =1, (4,5=1,..,6),
LB=m+1,
H? =1,

s WwR

S
H122 = —D(lnus) )

R

H23 o D :

n T Us
o DULDU.)

s :
m® = -Epy,,
DT,

33 _ Uls
HE= T,
HY = iwyM?,
H35 = _E

] n’
ge-w

1 Ts?
HY =1,
H® = —2DU, Pr(y — 1) M2,
H = B (1) M,

8

D (4,DT,) iwRPr
s Lotk

P | =
H165= _Pr(7u )MeH;(DUs)z—

56 — _2N;DTs
It = )
7

Hi77=H188= H‘i)Q s 1’

263



- - JTS’
H223 =-D (ln ﬂs),
L
ths’
}’{227 ==l
Hgl —11
H3* = —yM2U,,
U
35 _ Us
H2 :1'13’
Du
H41 = m S
R b
H2=(m+1) "
2. = (m+1) R’
U
H43 e
2 T;,
' DU,
S = Yatte
R ?
ol
2 R’
H3? = —2Pr DU, (7 —1) M2,
P
Hgt = -2 (- ) M2,
RPr
HP = 27y,
. TsusU’

H269=H;1=H83=H35=—‘1,
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Hi=Hg’=1,

HE' = &® + i (U, — w) R/ psTs,

Hg* = =D/ s,

HZ = —ia (m+ 1) DT, /T, — iaDu,/ s + RDU,/ s T,
H2* = iaR/p, — (m + 1) yMZ?a (aU, — w),

H® = a(m+1) (aU, —w) /T, — D (4, DU,) /a,
ng = —N;DUs//"s,

H3¥ = —ja,

H33 = DTs/Tsa

Hy = —iyM? (aU, — w),

HY® = i(aU, — w) /T,

-1

x = g + iryM? (aU, — w)|

Hg' = —iax (rDT, /T, + 2Dps/ pis)

Hg? = —iay,

HE = x [-o® —i(aU, — w) R/u,T, +rD*T,/T, + rDy, DT, /pT,]
Hg* = —ixryM? [aDU,+ (aU, — w) (DT, /Ty + Dps/ps)] »

Hy® = ix [raDU,/T, + ap, DU, /pts + 7 (aU, — w) Dpts /s T,],

Hy? = iry (aU, — w) /T,

HS = —2(y—1) M2Pr DU,,

HS® = —2a(y—1) M?Pr DU, + RPr DT,/u,T,,

HS$* = —iRPr(y—1) M2 (aU, — w) /s,

Hp® = o +iRPr (aU, — w) /usTy = (v = 1) M¢ Prp (DUL)* /s = Do/ i,
H® = —2Dp, /s
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A.5 Correspondence between solutions of the adjoint
problems, Egs. (2.106) and (2.107), Section 2.5.2

. iarY, :
[:% + iryM2 (aU, — w)]
B2 = }/27
Bz =—ia(m+1)Y;+ Y
- r DT, Yy Ths d Yy
Lo |&+iryM2(oU, —w)] B dy \[L+iF9ME (U —0)] )7
e Y,
. [1+ iy M2 (aU, —w)]’
Bs=Y5+"(aU’_w) Y, :
T, [#ﬁ + iryM? (aU, — w)]
B6 — )/67
B:; = iarB,,

Bg=—(m+1) e iaH, By,
ay

Bg = z'aBG.

A.6 Fundamental solutions in the triple-deck limit,
Section 2.7

Direct problem

The outer deck (2). Introducing the new variables y, = y*/€3L, 2, = 2*/¢%L, and t, =
t*Un /€% L, where ‘*’ stands for dimensional coordinate, the solutions of the linearized Navier-
Stokes equations are considered proportional to exp[i(@z2+@t2)]. One can find the following
expansions for the amplitude functions of the velocities and the pressure perturbation in the
outer deck:

u=u® (1) + &4 (o) + ... (A.28a)
v =20 (1) + 0P (y2) + ... (A.28D)
p =" (1) + P (1) + .. (A.28c)

where the superscript indicates the number of the deck. Because we deal with a linear
problem, the solution can be normalized arbitrarily. However, we keep the triple-deck scaling
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for the velocities and pressure perturbations in Eqs. (A.28) stemming from the general
analysis of nonlinear problems. In the main order of magnitude, the governing equations are
as follows:

(2)

zaugz) + do; =0 (A.29a)

dy,
W@+ pP =0 (A.29b)
o' + dp;” =0 (A.29¢)

dy:

Solution of Egs. (A.29) can be presented as
P (A.30a)
u? = —p?’ (%) (A-30b)
1 dp® A
,(2)=__P_1=__ (2)

U i@ dy, Pl (32) (A.30c)

where A = +a. Because the procedure of finding the asymptotic solutions corresponding
to the direct problem is well known, we skip details of finding the inner limit of the outer
solution at y, — 0, derivation of the matching conditions for the outer limit of the main
deck solution, and other conventional details for the triple-deck analysis.

The main deck (1). In the main deck, the variables are defined as z; = 2, t; = t;, and
y1 = y2/€, and the amplitude functions have the following expansion:

u=eul’ (1) + Eu” (1) + . (A.31a)
v= e () + &) (1 )+ (A.31b)
p= e (1) + €p3° (1) + ... (A.31c)
In the main order of magnitude, one can find
py =1 (A.32)
A
o = —=U (1) (A.32b)
() _ X au
u"l a2 dyl (A32C)
i A dU | dy,
= DU (1) + iU ( yl)/ [a S ] il (A.324d)
. [dUdy, . [[1 y
D= zw dy1 7z za/ [m - 1] dy: +ia (A.32e)
1
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The lower deck (3). In the lower deck, the variables are x3 = x; = @, t3 = t; = t5, and
ys = y1/€. The leading terms only of our interest and one can find their scaling from the
matching condition as follows

= Euf” (y3) + ... (A.33a)
v = () + ... (A.33b)
p=ep{ (35) + ... (A.33¢)

These amplitude function satisfy the following equations

@), Ay
au, +——=0 A.34a
1 dy:i ( )
B B d? (3)
il + iauP U ys + vP0, = —iapl® + dLy; (A.34Db)
3
(3)
L (A.34c)
dys

where U!, = (AU/dy1),, —o-
From the last equation of the system (A.34) and the matching condition with the solution
in the outer deck, we have p{* = 1. Therefore, we derive from Eqgs. (A.34)

@ , dvf’
iau® + 21— 0 (A.35a)
dys
. ) 4@
iwul? + iauUlLys + vP0L, = —ia+ dy; (A.35b)
73

The solution of Egs. (A.35) satisfying the matching condition in the outer limit, y3 — oo,
can be found as

I\
ol = = (A.36a)
@) _ A = A
U =— (;5 wys + U_{u — zw§> (A.36Db)

This result completes the analysis of the fundamental solutions of Egs. (2.228) having
asymptotic behaviors ~ exp (+ay,) outside the boundary layer.

Another fundamental solution [residue of the vector Z3 in (2.230) and (2.232)] can be
found in the viscous sublayer. This solution has p§3’ =0, and u§3)(y3) satisfies the following
equation:

Pul®
dy3

= duﬁs)
—i(al,ys — @) D (A.37)
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With the help of the new variable,
iw "
(=——755+ (al,) "y (A.38)
(ia0)*? )
where the branch is chosen to provide | arg (iaU,’”)l/3| < /3. Equation (A.37) is reduced
to the Airy equation for Q({) = du§3’ /dys

Q'-¢Q=0 (A.39)

The decaying at y3 — oo solution of Eq. (A.39) is the Airy function, Q({) = Ai(().
Therefore, the velocity components and pressure perturbation corresponding to this funda-
mental solution are as follows:

£
o = (al) ™" / Ai (n) dn (A.40a)
» ¢
b)) |, .
v® = LT)_— Ai' (¢) ——C/Al (m)dn (A.40Db)
D= (A.40c)

Adjoint problem

Similar to the consideration of the direct problem, we are looking for the fundamental solu-
tions of Eqgs. (2.229). Because the adjoint problem has not been discussed in the triple-deck
limit elsewhere, more details are included in the following derivations.

We employ the scaling of the streamwise coordinate and the frequency in accordance
with the triple-deck theory, and recast the system of Eqgs. (2.229) as follows

_an

e iae® (-Ys + e°UY,) +iwe %, (A.41a)
ay,

_d_y2 = iae~ 1Y, (A.41b)
dY3_ 7 =8 s ) o g

—Tiy——Ue Y, —iwe*Yo +iae™ (Y1 - UY,) (A.41c)
dY, .

—d—y“ =Y, — ¥iaY, (A.41d)
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The outer deck (2). We are looking for the solution in the outer deck in the following

asymptotic expansion form:

Yi= gg) (y2) + €913 (y2) + ...
Y= 07 (v2) + €95 (32) + ...
Ys = 9 (1) + €053 (32) + ..
Ya = %) (1) + 93 (v2) +

(A.42a)
(

A.42b)
(A.42¢)

(A.42d)

where the first subscript stands for the component of the adjoint vector solution, Y. In the

main order of magnitude, one can find

952 = exp (\ye)

A
o = ~75 &XP (Ay2)

A
i = =5 D (Ay2)

gD =0

where A = +a. At the limit y, — 0

0D S 14 A+ =1+l + ...

(2)

A A
@ . g
931 — = 1+ Aya+ ...] = 1+edy + ..

gy =0

A A

(A.43a)
(A.43b)

(A.43c)
(A.43d)

(A.44a)
(A.44b)

(A.44c)
(A.44d)

Equations (A.44) will serve as the outer matching conditions for the solution in the main

deck.

The main deck (1). We are looking for the solution in the main deck (1) as the following

expansions:
Y1 =g{) (1) + €93 (1) + ...
Ya = g5 (1) + €9 (1) + ...
Ys = g (51) + 9% (1) + ...
Y: =893 (1) + €93 (1) + ...
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In the main order of magnitude, the governing equations are

¢V=0 (A.46a)
g = Ugyy (A.46b)
(1)
dan _ (A.46¢)
dyl
dg:(ill) _ _fiﬂ (1) (A.46d)
dy, dy; 941 -
The solutions of Egs. (A.46) satisfying the matching condition at y; — oo are found as
V=1 (A.4Ta)
(1) A
= — A .47b
9a1 Gl ( )
-8 A.47
931 al (A.47c)
¢dPV=o0 (A.47d)

For the purpose of analyzing the viscous sublayer (lower deck), we need also gg)‘ Thus,
we consider the equations in the next order and arrive at:

dog? _ . )
———== = A .48
dy, 941 ( )
On can find g% (y,) from Egs. (A.48)
n
I A.49
Gao' = Uz Y1+ Co (A.49)
1

where Cj is a constant that has to be determined from the matching condition with the
solutions (A.44)

rd
1
At the limit y; — 0, one can find
gl =1 (A.51a)
1) A A 1
e A ST g e A.51b
(A R (A T .
w_ A1
g — a0 ys € (A.51c)
X A
L (A.51d)

WLy e(Us)%ys
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The lower deck (3). In the lower deck, scaling of the leading terms stem from the match-
ing condition at y3 — oo

Y =gty (y3) + ... (A.52a)
Ya = g (ys) + ... (A.52b)
Ys =e7'g8) (ys) + ... (A.52¢)
Ya = %D (ys) + .. (A.52d)

where the amplitude functions satisfy the following equations

_Cilg,_f e (_gg) v U-Zyagﬁ)) + gy (A.53a)
"(Zq_f = iagly (A 53b)
iig—g =gl (A.53c)
%}‘) = g1y (A.53d)

One can derive from Egs. (A.53) the equation for g5 (ys)

d“gg) _ dg(3) _ dzg(3) dzg(l’-)
—2L = 2iU,a—2- + iaU, 2L 4 i—2 A.54
a U, T +iaU,ys 2 i e ( )
With the help of the variable ( [see Eq. (A.38) at @ = 0], one can arrive at
4 (3) (3)
d*g _ d*(gn i) (A.55)

act d¢?
The integration of Eq. (A.55) with respect to ¢ leads to the inhomogeneous Airy equation
& yz()?) 3)

F— 921 =
GW)=k(+ ke

G (<)

where k; and k, are constants that have to be determined from the matching condition at
ys — 00. The solution of Eq. (A.56) can be written as (see [AS72])

¢ ¢
g (¢) =7 |Bi(Q) / GAid¢ — Ai (¢) / GBid( (A.56)
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where Ai(¢) and Bi(() are two fundamental solutions of the Airy equation [AS72], and their

Wronskian is 1

Ai(¢) x Bi' ({) —Ai"(¢) x Bi(¢) = - (A.57)
One can find that at y3 — oo (( — o)
C
Therefore, the matching conditions lead to the result
ky = -1 (A.59a)
1/
) (A.59b)
(U2)
After substituting G ({) with k; = —1, we arrive at the solution in the lower deck
¢ ¢
) = 1k, | Bi(¢) / Aid¢ — Ai (¢) / Bid¢| +1 (A.60a)
k ¢
9 = —Z22 (ialL) " [B ©) / Aid¢ — A (¢) / Bidc] (A.60D)
U/
g = 22 [yé"i’ ] (A.60¢)
(3) _ A 7 11
= or Bi (C) AldC Aii" (¢) Bld( U’ (A.60d)

Solution (A.60) summarizes the asymptotic analysis of two fundamental solutions having
asymptotic behavior outside the boundary layer exp(+ay,). The third fundamental solution
will be found as a decaying at the { — oo solution of the homogeneous equation (A.52) (Airy
equation). Therefore, we obtain for the third fundamental solution the following result:

9 = Ai(¢) (A.61a)
—T
& = (w%"’)—Ai’(C) (A.61b)

,1\2/3
g = (“’U) el gk oy (A.61c)

g1 = ﬁAi (©) (A.61d)
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Appendix B

Appendices to Chapter 3

B.1 Biorthogonal system of eigenfunctions, Section 3.2

It is possible to express a solution of the initial-value problem (Eq. (3.47)) as an expansion
in the biorthogonal eigenfunction system {A,,B,}. The vector A, is a solution of the direct
problem

A, A, , _ , dA,
i(Lod )+ . iwHoA, + H A, + iaH2A,, + iacH; — o’H,A,,
dy" " dy dy dy (B.1)
dA, ’
+ 2ﬁH5Aw o aﬁHsAw = lﬂH7 dy fani ﬁzHgAu
y=0:Awl=Aw3=Aw5=Aw7=07 (B2)
§ =00 |Ayl €00, =1, 8 )
The vector B, is a solution of the adjoint problem
dB,, dB, . ; : w &
i( o—) — = iwH},B, + H},B, — iaH}B,, + zaH§E - o®H;B,
dy" " dy’ dy dy (B.3)
—ifH:B, — afH;B, + ifH; dZ/“’ - H3B,
=0: Bys=Bys =B, =B, =0,
Y 2 4 6 8 (B.4)

§ =006 5 Byl €00, §=1,+,8

The asterisk in Eq. (B.3) denotes a Hermitian matrix, and the over bar denotes a complex
conjugate value. The direct problem, Egs. (B.1-B.2), can be expressed in the standard form
given by Eq. (3.8). The adjoint problem, Eqs. (B.3-B.4), can be expressed in a similar
fashion as

dY
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y=0: Y2=Y4=Y6=Y8=0,

B.6
y—00: |Y;| <00, j=1,..,8. (B:6)

A correspondence can be found between B, and Y. These relationships are given as

follows:
. iarYy

B=m B.7
LS O Rl — iy M2 (U, + BWe — ) (B.7)
B=Y (B.8)
. r DT, Y,
= (m+1 Y.
Bs=ia(m+1)Y;+ Y3+ T, Re/ps — ity M2 (aU, + BW, — @) -
_”‘si( L +if(m+1)Y; .
Re dy \ 1 —iryM? (u,/Re) (aU, + W, — @) 5
Y
= B.1
Be= {37 (/o) (T, + W, =) R
3 ir (aU, + W, — @) Yy
B T Re/ps — iryM2 (aU, + W, — @) (B
B=T (B.12)
B; =Y; +1ifr Ya (B.13)
SE Re/p, — iryM2 (aU, + W, — @) '
Bs =Ys (B.14)

Solutions of the direct and adjoint problems given by Eqs. (B.1-B.2) and (B.3-B.4)
belong to the discrete and continuous spectrum. Egs. (3.37), (3.39), (3.40) and (3.46) are
modes that satisfy the direct problem with weights (coefficients) that depend on the Fourier
transform of the initial disturbance, Agqp.

The eigenfunction system {A,,B,} has an orthogonality relation given as

Bk B = / (HioAu, B.s) dy = TA, .0 (B.15)
0

where I' is a normalization constant. A, .- is a Kronecker delta if either w or w’ belong to
the discrete spectrum. A, s = § (w — ') is a Dirac delta function if both w and w’ belong
to the continuous spectrum.

The inverse Laplace transform can be expressed as an expansion in the biorthogonal
eigenfunction system as follows:

Aaﬁ(y7 t) = Z cuAa,Bw., (y)e—iwut + Z /cj(k)Aaﬂwj(y)e_in(k)tdk (Blﬁ)
v 9 0
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where 3 denotes a summation over the discrete spectrum and ). denotes a summation
over the continuous spectrum. Using the Fourier transform of the initial disturbance, Ag,g,
as well as the orthogonality relation (Eq. (B.15)), one can find the coefficients ¢, and ¢;.
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Appendix C

Appendices to Chapter 4

C.1 Matrices for compressible flow past a sphere, Sec-
tion 4.4

Assuming that the basic flow is known, let 7,8 and ¢ denote respectively the radial, merid-
ional and azimuthal coordinate and v, u, w be the corresponding velocity field. Temperature
T and pressure p are the other unknowns of the problem, while density p is related to 7" and
p by the state equation and thus is not an explicit unknown. The radial coordinate r = R+y
includes the sphere radius R and the distance from the sphere surface y.

The scaling is as described in §4.2. The unknowns in the disturbance equations are only
five and are assumed to be proportional to exp (im¢), where 7n is the azimuthal index and i
the imaginary unit.

The scaling adopted for the sphere leads to the following relationships between p, p and
T (the subscript -, stands for basic flow), which allow us to recast the equations in five
variables only:

__pT _Ds
p= Tu ’ Ps= Ts.
In what follows viscosity pu, is assumed to be a function of temperature only, and therefore
. stands for the derivative du,/dT.
Transformations of the linearized equations lead to a system of partial differential equa-
tions

(Af)s = Dfy, + Bof + Bif, + Bof,y, (C.1)

where A, By, B;, B; and D are 5 x 5 matrices and 7 = y/H, is the normalized distance
from the wall. System (C.1) can be recast as

(H;f)p + Hof =0, (C.2)

where the parabolic dependence on € should be more clear and operators H; and H, are
still 5 by 5 matrices and contain the dependence on 6 and 7:

H,=A-D(),; H;=-By—[By—Dg|(-)y— Ba)m. (C.3)
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It should be noticed that system (C.1) is written in a different form than (4.1). However, by
rearranging the matrices, the same final forms (C.2) and (4.4) are obtained.

The expression to be maximized is the integral in the wall-normal direction of the kinetic
energy and temperature

= s 2 27,2 2 psoutTozut

Eout - /; (1 + 677) Sln(oout) psOut[uout € (vout + wout)] + (,Y —_— I)Tszuth d’f], (C4)
where the term (1+ €7) sin(6,,;) comes from the integration over the whole domain, i.e. over
the three independent variables.

The nonzero elements of the matrices are here reported. It should be noticed that, for-
mally, in the limit € — 0, the geometric factor (1+ €n) reduces to 1 and thus is automatically
excluded from the denominator. The dependence on ¢ remains only in the terms associated
with the centrifugal force such as B3'. However, in the present numerical implementation,
the outer boundary 7max had to be chosen far away (on the order of 100) and € = O(1073),
leading to en = O(107'). Since en is not negligible, we keep the factor (1 + en) in the
governing equations.

The wavenumber 3 in the following terms is defined as § = o

(1+ en)sing’

Continuity equation:

.-
(1+e€n)’
a __ PUs
Ts(1+€n)’
1m_ P cotf
= (1+en)’
dp
Bl2 ey L
0 67],
363 = —Bps;
Bl — __a_ ps‘/s psUs cot § .
T o\ T, Ty(1+ en)’
3112 = —Ps;
V,
B14 = ps S |
1 Ts )
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f-momentum equation:

2psU.
A21= sUs
(1+en)’
A24= - p8U32 .
T,(1+en)’
0psV, 2psU, cot 0
B i it e (0 o Bl
< on sl (1+e€n)
ap,U.
B22= _;ﬂ_;
on
Bg3= _ﬁans;
a (psV,U d U psU? cot 6
324=_ s¥s\Vsg A 1YY sVg >
. an( T )+3n ("’ 0n>+Ts(1+€77)’
O
Bl22= —pells;
24 _ psUsVs /aUs-
Bl = 713 +/'l’s ana
BF' = ,;
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rT-momentum equation:

% 2 ou
A31 — PsVs S |
(1+en) & 3(1+e€n) on’

A32 — psUs
(1+en)’
A3 = _ psUsVs _ Mg %
T,(1+en) (1+4en) on’
a1 2 Bus  pVicotd  2p,U, 2cot 6 Op,
O T 31+en)omdd (1+en)  e(l+en) 3(1+em) On’
32 0psVs 2 psUs cot 6
By® = _2_677__ﬁ ﬂs—mw
Bga = _ﬂps‘/a - %%ﬁ;;
ot _ 20V Vi | op, [gavs B aUssinG]
: T, dn on [38n 3(1+en)sind 00
.0 [48V, 2 0U, sin @
u’% (58_7] " 3(1+en)sing 90 )
5 Vzé (&) psUsVy cot 6 p.U? 1, cot § dU,
*on \T, T.(1+en) eT(1+en) (1+en) on’

1 Ous s cot§

BBl = “rhs
YU (l4en) 99 T 3(1+en)’
40u
B32 e D) SV’ =Yrs.
1 p. + 3 an )
B33 — Blis .
Y31+ en)’
B:1;4=I~t,', éa‘/s B 2 - OU, sin 6 +p,Vf;
30n 3(1+en)sing 00 T,
B = —1;
4
B32 = — 1
2 3“ ’
L Hs .
3(1+en)’
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¢-momentum equation:

U
T ol
(1+en)
A4 — usBUs
3T,(1+en)’
41 _ W3 Ops _ B Ous B 2Bpus cot 6
O 7 3p,(L+en) 060 (1+ en) 90 (1+en)’
3 0ps Ots
B2 — H, 5_ — gt
3, Ton
0psVs  2psUscot 6
B43 g3 2 e sVs sUsg ;
. p on (1+enm)
B — psU,f3 i Ms\ 2u, U, cot 6
O 7 3T,(1+en) 06 \ p, (1+en)
28 [V, 1 ] ,
I_ N A 0
“Hig [61; t At epemion o rnd)
_ “‘_Sﬁ_i (p.s‘/a _ ugﬂUs cot0_
3ps on \ T, 3T,(1+en)’
By = 4;
ou.
43 _ i
Bl = pS‘/S + 6”7 )
Ao _IB;U'J‘/&_
B] S 3718 k)
B243 = Us;
Energy equation:
-
A51 2 Psls 3
(1+en)’

51 __ 7—1 aps_psTsCOto_
O T Nx1+en) 30 (1+en)’

B3’ = —Bp.T.;
2

Bt = p(y — )M (%Z) - ﬁ;’:’ s Pirain (u’.%) ;
B! =2(y - I)Mifua%§
B? = —p,T,;

2 Ay,
B a/; ;
Bt = £
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C.2 DMatrices for compressible flow past a sharp cone,
Section 4.5

Assuming that the basic flow is known, let z, y and ¢ denote the three independent coordi-
nates, where x is the streamwise distance from the nose tip, y the wall-normal distance and
¢ the azimuthal angle. With this notation, u, v, w are the corresponding velocity field, that
together with temperature 7" and pressure p form the set of problem’s unknowns. Density p
is related to T' and p by the state equation and thus is not an explicit unknown.

The scaling is as described in §4.2. The unknowns in the disturbance equations are only
five and are assumed to be proportional to exp (im¢), where m is the azimuthal index and i
the imaginary unit.

In what follows viscosity u, is assumed to be a function of temperature only, and therefore
., stands for the derivative dy,/dT,.

Transformations of the linearized equations lead to the system of partial differential

equations
(Af)x e (ny)z + BOf + Blfy + B2fyy, (05)

where A, By, B;, B, and D are 5 x 5 matrices, and can be recast as
(H,f), + Hof = 0. (C.6)
Operators H; and H are still 5 x 5 matrices and contain the dependence on z and y:
H, = A —D(-); H; = —By — Bi(")y — Ba(")yy- (C.7)

The expression to be maximized, in the limit ¢ — 0 (i.e. Re — 00), is the integral in
the wall-normal direction of the kinetic energy and temperature. After the transformations
imposed by the geometry, E,,; reads

2

(o o]
. psou T u
Eoue = /0 sin 0(z + €y cot 0) | Paegutiine + +(’Y - 1)"Tg th dy, (C.8)

Sout

where the term sin 8(x + ey cot #) stems from the integration over the whole domain, i.e. over
the three independent variables.

The nonzero elements of the matrices are here reported, with the wavenumber /3 defined
as @ =m/(1+ en), m being m = emn.
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Continuity equation:

All = p "
14 _ _psUs_
BV =it
u_ __ P
¢ (1+en)’
i _Bp,,_
0 ay’
Béa = "5!73;
0 (psV. psU.
Bl4 o, e svs sYs ;
. 83/( T, >+Ts(1+en)
3113 ="=fs;
V.
Bl _ PsVs
1 7‘; bl
z-momentum equation:
A21 e 2psUa;
24— _/)sUz_
A=
0psV; 2p5U.
BZI=_ 33_52_ sa;
¢ Ay Kol (1+en)
2 _ _0pUs.
0 6y )
Bga = _ﬁpsUs;
a (psV.U. 5} U psU?
B24 B s¥sUs it ’ 8 sUsg .
° oy ( T, )+ 9y (u, By) Ts(1 +en)’
O
BZI = > — a‘/a'
1 ay p. )
sz = "psUs;
24 __ psUsVs /8Us_
Bl e Ts +I‘I’s ay )
Bgl = Hs;
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y-momentum equation:

] +
T2 )+

/

20ps
AY —p,V+36
A32=psUs;
U,V oU.
A34=_psss_l s
718 l‘l’say)
w20 Fillh Ef .
0 730z \ 9y +(1+er/) 3 Oy pVs |5
op,V, psUs
Bf==g-t2 8 gy :
. dy . (1+en)
26 0u.
3 _ _ 2P ol
BO = Bps‘/s 3 aya
sa 1 psUsVs 1 ,0U, 2 5
Tty | . T3%8y T3y
oy [49V, _20U,] . [_8 (8U,
ay |30y 30z | M| 5z \ By
31 _ _ Ms 20us.
5 —3(1+en)+36x’
40,
32 2 S |
By = V-+-3a
Bt
B = g;
490V, 20U, psV2 2U,
B34= ] e T s S Vs s
1 “’[33;, 361J+ T, 30 +en
B’ = =
4
B32 =l
3H
it s
8 e — 3
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dy

(

A%
T

4 9%V,

3 dy?

)

18U,

3 dzdy
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¢-momentum equation:

A¥ =l
U
A4 — s s
3T, '
gt _ HsBOps _ ﬂé’us _ 2B
0 7 3y, Oz dr  (1+en)’
a2 _ HsBOps ﬂaus_
© " 3p 0y "oy’
B = g, — e _ 20
y  (1+en)
44 _ ﬂﬂs V % psUsB 0 _ psUs 3
B 3ps Oy 3T, oz 3T,(1 + en)
+ 20w, 9Us 2ﬂn§ v, 4ﬁUsua _
3 Oz 3 0z 3(1+en)’
By’ = f;
o
B43 = sV S,
1 PsVs + By’
44 _B/"’al/s'
Bl == 3Ts )
3243 = [bs;
Energy equation:
A% = PsT5;
B51 = = 1 % _ psfrs i
’ v 9z (1+en)’
52 _ aps
0 ay )
B33 = —5173 sy
oU,\> Fu, 1 0 ( ,0T.
B = M s _ s e ’ s\
0 /‘3(’7 ) ref ( ay ) PT Pr ay (/J‘s 6y) )
oU,
Bfl = 2(7 = l)Mrefp’s 6’(] )
8?2 e psTs;
54 _ 2 6#3
' " Pray’
54 _ He
. Pr’
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C.3 Matrices for compressible flow past a blunt cone

The form of the equation needed to develop optimal perturbation analysis of compressible
flow over a blunt cone: (Af), = (Df,)_ + Bof + B;f, + Bof,,, where f = (u, v, w, T, )7,
superscript 7" stands for transpose. Rewriting equations in this form, we get the following
non-zero elements of matrices A, Bg, By, By and D:

Continuity equation:

AV = prs;
SUS
A _REPTa ;
OR R, Or
Bll e {4 i _E_E s;
. oz " Te oz "
ap.
Bl2 et s .
0 aya
B(}s = —50.9;
pia _ _O9Re psUs &%psUerﬂ PsVs L1ps oW, ‘
0 6$ Ts Te 3:1: Ts 83/ Ts Te Ts a¢ . 0)
B = —p,;
V.
Bl4 — PsVs
1 71.s ’
where R, = R%y, Te =7 +¢€ycosf and =<2, .
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z-momentum equation

A = 2R p,U,;
2
A% — _Rep}[j’ :
iy = —8%]’:
B3® = —p,U,;

B24 = (RE are BRE) anf a (p.!Us‘/s> + 0 (dﬂs BUS)

0 E% T T, oy

4 1oUs (OW,)
e T, \ 09 /, o’

Ops
Bfl = _pSVS = i

oy’
sz = —psUs;
U,V du, 0U,
B24 = PsUsVs s YVs |
e A Tk
B3 = u,.

287



y-momentum equation

3 _ 2p Ol
A —REp3V9+3R€ ay’
= ePsUs;
__pUVe . dp,dU,
A%=—R=p= 5 5 RedT, dy’
R, Or, 20,
g = e 8 2— s s Vs
= rsax(36y ”’V)+ eRepU+36z( a) a"
or 6p 6
332=_& € sVs a2 ; 8_ .
0 re asz 3y Bu 3 —p )
I 23#3
- zR b U, 2, 0 (k) 00, | 40PV,
=3 dT dordy 3 ‘ay 3dT oy?
+46 0 (dus 8 1 ,o_,U2 _dus 8 %)
30y oy \dT,) oy s T, dhdz\ " &y

GREpSUV R6r€ ld
o T, re oz 3d

L (LeVs 218 dus
v T, 371 Oy

20 (dus psUsV,
36y(dT>Us+ T, )

) 1 1 du, 0 6W,)
37 dT 61/ 99 /40

(>

1R, Or, ou.
31 __ 24 OT¢ YHs,
™3 8zﬂ’+R€8z’
32 40U, 33
a =2 s Vs, $)
V,
gy _ _2Reondu 2 (0 _ AN,
3r: 0% dT, 3dT, oy ox T,
_21du, (W,
3redT, \ O¢
B = -
4
Bgl = gﬂs;
1
D3 = §R5u3.

288



¢-momentum equation:

= RepsUs;
4 l Z‘J_,
AY = ReﬁuaT 5
Bgl = R ﬂ“l’s 6p8 - Earfﬁ 3 Reﬁaﬂs
ps Oz re 02
lﬁus Ops  ,0us
B42 = s e 5
" =3, oy
OR, R, Or 0psV,
0 T e S _3_8_ 2
BO a an.s Te axps ,B

it gt 2 (1 )+(8Re L)y,

dus oW,
dT 0

T, % oz Te O

_é&%ﬁ% 1gts 0 (p:Vs
3rE dz dl, ° 3 psay T

dus 0U; 2 du, 0V
% Rfﬂ dT, 3z ' 3" 4T, oy 3r5 (
BY = p;
Bu
43 8 |

1 ,usV,
B44=__ s¥s
1 3ﬂ T

L]

B8 = u,.
Energy equation:
A* = R.p,T,;
OR, R, Or op.
B51= € R 3—_6——5 8718 B At S |
0= Bz P . 0z" 'y R oz’
OpsTs v —10ps
By® = - +——2 By =-0pT,;
0 ay v ay 0 p
dus (0U, 1 (0 (dus
B 2 L
o =iy =Ular (a ) T (ay (dT)
oUj
B = o(y — 1\ M2y 275,
1 (7 )Mrua ay b
3152 = p.sTa;
1 (Ops | dus 0T,
354 5 8 s s\ .
‘ (ay 2T ay)
1
54 _
2 Pr/‘l’3
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where M, is the reference Mach number.
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