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Algoritmes voor het fuseren van twee sets
(sonar) data

Bij het combineren van meerdere sensoren is bet belangrijk
de informatie van dle verschillendle sensoren zo goed
mogelijk samen te voegen. Dit kan grote impact hebben op
de prestatie van het gecombineerde systeem. In dlit rapport
wordlen verschillendle manieren onderzocht om dle informatie
van de verschillendle sensoren (in ons geval sonars) te
combineren.
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Abbreviations

JRP Joint Research Project
ML Maximum Likelihood (estimate)
NURC NATO Undersea Research Centre
pdf probability density function
ROC Receiver Operating Curves
SNR Signal-to-Noise Ratio
TNO Netherlands Organisation for Applied Scientific Research
TNO-DenV TNO Defence, Security and Safety
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List of symbols

Theory, general

N(u, 02) Normal distribution with mean ,u and variance o0
R Receiver system 1
S Receiver system 2

P{A1 v A2 } Probability of event A1 or A2

P{A1 A A2 B} Probability of event A, and A2 under the condition of event B

P{a 0 A} Probability of event that a is not an element of the set A

E{x} Expected value of the statistic x

Theory, one-dimensional case

T True target position
T, Stochastic variable of target position

ML estimate of target position

WR Stochastic variable of position of detection by receiver R
a* Observation of WR

UrR Standard deviation of WR

W, Stochastic variable of position of detection by receiver S

Ns Observation of W,
Ors Standard deviation of Ws

Theory, two-dimensional case

T = (XT, YT) True target position
Te Stochastic variable of target position
te = (rx, ZTO) ML estimate of target position

WR Stochastic variable of position of detection by receiver R
fOt = (XR, YR) Observation of WR
CR Covariance matrix of WR

W, Stochastic variable of position of detection by receiver S
O0s = (Xs, Ys) Observation of W,
Cs Covariance matrix of W,
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List of symbols (continued)

Simulations

C Sound speed in water [m/s]

0( ,y, i) (x, y)-position sonar i (i = 1,2) [m]
(Ax., i, Avy,. a..i) Error in (x, y)-position sonar i [m]
Ai Error in receiver heading sonar i [deg]
Acoi Error in bearing estimate with sonar i [deg]
Ati Time-synchronisation accuracy sonar i [s]

SNRj,I Target signal-to-noise ratio of targetj relative to sonar i [dB]
(xt, i , y, i) (x, y)-position of target as observed by sonar i [m]

AT Amplitude threshold [dB]
AAT Increase in amplitude threshold [dB] due to data fusion

Nji,p(AT) Number of detections by sonar i for ping p
Nf., jp(AT) Number of false alarms by sonar i for ping p
pdJ(AT) Probability of detection by sonar i
pf.,i(AT) Probability of false alarm by sonar i

C1  Set of threshold crossings from sonar i
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Summary

In this report we have focussed on the topic of multistatic sensor and data fusion.
First, we have established a theoretical foundation for the probability that two contacts,
as observed by two separate systems, are due to the same target.
This derivation includes the position errors in the observations that are expected for
both systems. Apart from the association probability, the most-likely target position is
obtained. The theory is derived for the one- and two-dimensional cases.

To test the above theory, and to assess the benefit of data fusion, realistic simulations
have been carried out. These simulations are based mainly on common Rayleigh
statistics, both for the background and the target amplitudes. They take into account
position errors in the observations (to mimic the fact that any sensor will not yield
infinitely accurate contact positions), finite sampling (in time and bearing) of the
sonars, and can include targets of different signal-to-noise ratios and at different
positions.

The following definitions are used throughout the report:
"* 'Combining': All contacts identified by the two separate systems are stored in a

single set of contacts.
"* 'Fusing': As in 'combining', but for each pair of contacts from both systems

it is checked if they originate from the same target. If so, this pair
of contacts is merged into a single contact.

"* 'OR' fusing: All contacts that have formed after 'fusing' are taken into account.
"* 'AND' fusing: Only those contacts that have formed after 'fusing' and that

originate from two contacts, one from each system, are taken into
account.

The main conclusions from the simulations are as follows:
"* Combining two data sets of independent sonars, the total detection performance of

the system improves significantly in comparison to a single sonar. This is due to the
enhanced probability of detection, despite the increase (by a factor of two) of the
number of false alarms.

"* Fusing the two data sets with the 'OR' rule, the total detection performance
(as evaluated from the ROC curves) of the system is equal to the (improved)
performance of the combined system. Although it was expected that fusing two data
sets would give a better performance than combining them, this is not the case.

"* Fusing the two data sets with the 'AND' rule, the total detection performance of the
system decreases relative to that of the single sonars. The reason for this decrease is
the inaccurate positions of the original contacts, which cause only few pairs of
target-originated contacts to actually fuse. Without position errors included, it has
been shown by others that the performance after 'AND' fusion would be equal to
that of the original sonars.

"* After 'OR' fusion, the standard deviations of the observed contact-position errors
decrease with threshold AT, especially at higher thresholds, AT > 16 dB.
The standard deviations have roughly reduced to one third of their original value
between AT = 10 and AT = 20 dB. This is because at higher threshold relatively more
fused contacts are present, that have a higher position accuracy.

ONGERUBRICEERD
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* After 'AND' fusion, the standard deviations of the observed contact-position errors
also decreases with threshold AT, the decrease being more profound at lower values
of AT than after 'OR' fusion.

The following conclusions from the simulations hold for all fusion algorithms:
"* Applying a small increase in the threshold AAT as part of the fusion algorithmn,

results in a slightly lower ROC curve and is therefore not a good idea.
"* The performance results of the different fusion algorithms do not change noticeably

with the number of targets in the simulations, at least in the range 1 - 30.
"* For high mean target SNR (= 20 dB), some fusion algorithms show relatively high

false-alarm probabilities at high amplitude thresholds (AT > 16 dB), due to the
fusion of target-originated contacts and false contacts.

"* A single simulation, where the target-amplitude follows a one-dominant-plus-
Rayleigh distribution rather than a Rayleigh distribution, suggests that the results
quoted above do not depend very much on the target-amplitude distribution.

The above results indicate that combining or 'OR'-fusing two datasets gives a
considerable increase in performances in comparison to a single sonar.
However, 'AND' fusion is not a good option in terms of detection performance,
especially not in the case of large contact-position errors. 'OR' fusion does not add
detection performance (compared to just combining the two data sets), but it does yield
more accurate position information to the fused data set. This can be important if the
resulting data sets are fed to a tracking algorithm, especially in heavy cluster areas.
where many contacts may occur in a small volume.

ONGERUBRICEERD
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Introduction

1.1 Background

Multistatic operations can have great advantages: they can lead to larger detection
ranges and a better coverage of a possible submarine operations area. Also, such
operations can be less dangerous for the participating units as only one source is needed
and all other units can operate passively and thus remain covert. Apart from tactical
advantages, also acoustical advantages may be obtained (e.g. less reverberation).
In addition, significant gain is expected from the combination of mono- and bistatic
detections. Combining the information of multiple
(either monostatic or bistatic) sonar systems should in theory provide enhanced
detection performance, more clues towards classification [2], and increased localization
accuracy. For the latter, positioning issues play an important role.
In [1] [3] [4] it was shown that the uncertainty of the position of a detection by a
receiver depends in general on the errors in:
"* Sound speed.
"* Receiver heading.
"* Bearing estimate.
"* Accuracy of time of reception.
"* Source- and receiver-position errors.

The combined effect of all these components can, in some cases, generate quite large
uncertainties in the target-contact position, up to several hundred metres.
The relative importance of these parameters depends on the target position itself, and on
the receiver being monostatic or bistatic.
For an overview of the current status of multistatic research, see the excellent overview
in [5].

1.2 Motivation for current research

The current research is carried out in the context of the project 'LFAS Netcentric', part
of the programme 'Onderzeebootbestrijdingscapaciteit in ondiep water'.
The main themes of this project are:
1 Data fusion.
2 Multi-sensor target tracking.
3 Including submarine sensors in multistatic operations.
4 Netcentric underwater communication.
5 Including dipping sonars and sonobuoys in multistatic operations.

This report focuses on the first theme: Data fusion.

Trying to fuse two data sets, originating from different receivers, one has to deal with
the position errors as target contacts are in general not perfectly aligned.
The question that arises then is: How to combine in an optimal way the contacts from
the different receivers? This question is relevant, e.g., for multistatic tracking
algorithms: if multiple sonar systems are executing a joint operation, their identified
sonar contacts can be combined and fed to a so-called centralised tracker.
This tracker receives all sonar contacts of all sonars and from these tries to form

ONGERUBRICEERD
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consistent tracks by associating contacts at different time stamps. For such algorithms
the quality of the input is very important: the position accuracy of the input contacts
should be as good as possible, and the number of input contacts should not be too large.
For both purposes it is important to combine the contacts of the different sonars
optimally.

1.3 Outline of report

This report is organised as follows: Chapter 2 describes the theory of how to associate
two contacts, as observed by two sonar receivers. This gives an association probability
for these contacts to be due to the same target, as well as a most-likely position of the
combined contact. In Chapter 3 this theory is illustrated using a simple example.
Chapter 4 presents the simulations that are used to assess the performance of the data-
association algorithms, as well as an evaluation of the improvements to be expected due
to data association.

ONGERUBRICEERD
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2 Theoretical analysis

2.1 Statistical concepts

Consider a sonar system with two independent observation systems: one receiver S, and
a second receiver R. For example, for a simple bistatic system. S can be collocated with
the source position, while R is assumed to be at a certain distance from the source.
However, the exact operating mode of S and R does not change the algorithms below.
A signal transmitted by the source reflects on the target and may cause a contact by

each of the two independent observation systems. The position Ws of the contact by
receiver S is assumed to be a normally distributed stochastic variable, centred at the
target position T with its (co)variance Cs determined by this position. The position WR

of the contact by R has its own normal distribution, also centred at the target position
but with (co)variance CR. That is,

W, -N(T,Cs) and WR -N(T,CR)

with N(g, C) representing a normal distribution with mean p and (co)variance C.
Since both contacts are assumed independent, the probability density function (pdf) for
a combination of both contacts is the product of their individual probability density
functions. However, given the event of combined detected positions ((Os. WOR) which
come from the same target, this target position T is unknown and must be estimated
from this given combination. This can be realised with the concept of the maximum
likelihood (ML) estimator, by estimating the target position T by that value 'r, that
maximises the probability density of the (eos, 1OR)-combination.

For any event of combined detected positions (OS, (R) - no matter how far apart - an
estimated target position T, can be calculated in this way. The question remains how
likely it is that both contacts result from the same target. This can be addressed by
calculating the total probability of combinations (WS ,WR) that are equally or less likely
than the actual observed combination ((os, (OR), assuming that they represent the same
target at the estimated position T,.

Both concepts - the maximum likelihood estimate of the target position and the
probability of the observed contact combination - will be applied first in a one-
dimensional space to increase our understanding. Thereafter they will be implemented
for two-dimensional localisation in the plane.

2.2 One dimensional case

2.2.1 Probability-density functions

Suppose the target has to follow a very narrow sea lane. As a result the detection
problem becomes one dimensional, making the analysis rather simple. The position of
the contact Ws by receiver S and of the contact WR of receiver R are independent
normally-distributed stochastic variables, both centred at the target position T but each
with their own variances, as2 and C'R2 respectively.

ONGERUBRICEERD
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That is,
Ws - N(T, crs)2

and

WR - N(T, R

The probability-density function (pdf) for the observed combination of contacts
(COS, JOR) becomes

1 exp(_lA (3.1)
( 2 gaSaR 2-A

with

A= Ts 2+ R -T (3.2)
.ors O"R

Remark that Ws and WR are stochastic variables, while cOs and (OR represent observed
values.

2.2.2 Maximum-likelihood target position
For a given realisation (cOs, COR) the value of p(cos, (OR) in Equation (3.1) depends on
the (unknown) true target position T. Maximising p(os, , (OR) by varying T is equivalent
to minimising A. This is realised if T is equal to r,, the ML estimate for the target
position, which is obtained by differentiating Equation (3.2) and is given by

R + S (3.3)SOrs + o"r 2 or2 + o"r2

re is thus a linear combination of the observed contact positions (Os and O)R and is
closest to the observation with the smallest variance.

2.2.3 Probability of contact association
Derivation of the probability of association is slightly more demanding. It is equal to the
probability of combinations of contact positions (Ws;, WR) that are equally or less likely
than the actually observed combination (@os, (R), under the assumption that the
distributions of the contacts Ws and WR are both centered at re. In the following we
assume that oR_2 cOs, but in case (OR < (Os a similar reasoning can be followed.

To work out the consequences of the assumption that T = rT, we define the stochastic
variable T, as follows

TtLR+ 'R 2 + (3.4)

re, the ML estimate for T, is derived from the contact event ((Os, (OR) and therefore is the
outcome of a stochastic process. Taking this outcome serious imposes a restriction on
the stochastic contact combinations (Ws, WR) taken into consideration to determine the
association probability. Only those combinations are allowed that yield the same value
r, for T. The assumption is thereby transformed into the condition Te = r,, imposing a
relation between the stochastic variables Ws and WR.

ONGERUBRICEERD
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With this, the probability of contact association P,, becomes equal to the total
probability of combinations of contact positions (Ws, WR) that are equally or less likely
than the actually observed combination (os, WR), under the condition that

PJ,, = P{WR > oŽ R A Ws •-,Os IT =r ,} PIWR -(O'R A Ws •O ATe = e}

(3.5)

T, = re imposes the following restriction on the (Ws, WR) combinations:

T, = ( ._.R+( (3.6)

Only combinations of Ws and WR that satisfy this relation can result in the estimated
target position. Therefore Ws is linked to WR via

Ws (• +a0.)re 2 sWR (3.7)

Consequently
p{WROR,,,W- < ^ = = wW • • __ ( U+;);r-, WR }(3.8)
and

P }> ^ (0s + .Or )rC --. WR
IT, T =PJWR>TAWS2 (3.9)

Substituting Equation (3.7) for Ws into Formula (3.1) for p(Ws,WR) and integrating
over WR > COR and over WR > r,, finally gives the probability of association of the
observed combination (COs ,COR):

P, =1-erff -- s2 (3.10)• • X20". + 20.2

where erfi.) denotes the error function, and the argument of the error function is equal
to the so-called Mahalanobis distance between (OR and cos. In fact, it can be shown that if
(Ws , WR) are randomly drawn from Ws - N (T, ,O2) and WR - N (T,, or2 ),

respectively, then P,,,,, as given in (3.10) is equal to the fraction of such (W5 , WR)

combinations that are more distant from each other than kos - CORI.
Figure 2.1 shows the effect of an increasing distance between the observed contacts on
their association probability. We will give some numerical examples later on in
Table 2.1.

1 The notation is given in the list of symbols, under 'theory general'.
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Figure 2.1 Association probability versus distance (1)R -
0

s between two observations OR and ws, in case

os = l and OR = 2.

2.3 Two-dimensional case

In the case the target is located in a two-dimensional plane, the target position T, and
the contact position Ws and WR all have two coordinates. We introduce the following
notation

WS =(Xs,Ys) WR =(XR,YR) and T=(xT,yT)

In this case the probability distributions of the two detection devices become bivariate
normal distributions, both centred at the target position T, but with their own covariance
matrices, Cs resp. CR, i.e.

Ws - N(T,Cs) and WR - N(T,CR)

This looks rather complicated, but it is not if it is presented in a proper way.
Therefore we first present multivariate normal distributions and then go back to the
simpler bivariate case.

2.3.1 Intermezzo: Multivariate normal distribution
Suppose v is an n-dimensional vector with an n-variate normal distribution.
Then the pdf of v = (v, v2 . . . , v,) is

p(Y) = 1 ei -- P,-)' C'- (vp I, (3.11)
p (2,)" Det(C,) -2 )

with It, the vector of expected values of v, C, the covariance matrix of v

CV 4721 o r 22  "'" 2

S... ... o... .

t'nl 6n2 ... a,,
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with

Orkm = E{(k Yv )(V. )I= O mk

and Det(C,) the determinant of C,.
We define

=Or O

and

(Tk (Tm

For the case n = 1 the well-known pdf of the one-dimensional normal distribution
results.

2.3.2 Probability-density functions
The positions Ws detected by receiver S have the following bivariate normal
distribution (n = 2):

(Xs , Y s) N((xT , YT), Cs)

with

~~~(7 'OS CyXSs7y OjjYSj

aL U12 PS

There is a change in notation here: the dimensions 1 and 2 are relabelled by X and Y
respectively.
Inserting the covariance matrix Cs into the pdf-Formula (3.11) results in

2(rsr • exp -- I s (3.12)
2;rux5 as 1-s Ks 2 )

with

AS __ =______-XT)2- p XS -XT IYS -YT YS YT )2 (3.13)
p2 OXorOy. O+ys l

For the positions WR observed by receiver R each subscript 'S' must be replaced by an
'R'. Since the stochastic contact positions Ws and WR are assumed to be independent,
the pdf for a combination of both contacts is the product of their individual pdf s.
For the measurement (ios, (OR) = ((Xs ,Ys) , (XR ,YR)) the probability density becomes

p(Xs, Ys, XR, y R) 2 1oex+ I (As +AR) (3.14)
2,.oxsOY lpys 2

1Tc(RU'YR lI-PR

Remark that the assumption that both contacts come from the same target is already
incorporated in the A = As + AR part of this formula. The target position (xT,yT),
however, is yet unknown and must be estimated.

ONGERUBRICEERD
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2.3.3 Maximum-likelihood target position
For a given combination (os, OR) the value of p(ws , (OR) depends on T = (XT, YT).
Maximising p(os, OR) by varying T is equal to minimising A. Making both partial
derivatives of A with respect to XT and YT equal to zero, results in the ML estimate for
the target position re = (rx , Ty), which can be shown to be equal to

T, = O)s +M-(t -OR s) (3.15)

with

M=(a (3.16)

and

2 2 2 _ C 2S

a=~ 4 a p -Y i) - + PRPASOXSOYS aXR aYR
B

2 2 (,0 2 _)- CR a +_ XS YS R YS + PR AsCXSOYsCxR CY

B

P XRCYR2- PSOXSO YSO aR

B

CXCR7 =S - X CsYsO a 2
4=PROXaRY PSYS S YR

B

2 2 2 2 (p

CxsO7 - OxRQ". + 2
psPRaxsOrsOYxRa

Usually r, will not just be a linear combination of the observed contact positions (Os and
(OR, because M • a.I. If a = fP and y = 5 = 0, (rx, ry) will be on the line between
(Xs , ys) and (xR , YR). In this case

Oxs - OXR and Ps = PR

and the pdf-contours of Ws and WR will have exactly the same shape and orientation,
but can have a different scaling factor. This is demonstrated in the upper panels of
Figure 2.2, where the target position is on the line between the two observed contacts.
The fact that the ML estimate of the target position 1Te is usually not on the line between
the two observed contact positions 0 s and (OR, is an unexpected result that is important
for target localisation. This is illustrated in the lower panels of
Figure 2.2. By plotting the probability density contours of the contacts, these panels
give an impression of how the probability distributions of Ws and WR can influence the
ML target position. In Table 2.1 the input and output of Figure 2.2 is presented
numerically. Note that, in each panel, the contours shown for 0 s and OR do in general
not correspond to the same pdf-value, but are the ones that pass through r,.
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Table 2.1 Numerical inputs and outputs used to generate the fbur panels of Figure 2.2 (arbitrary units).

upper left upper right lower left lower right

input

Xs 2000 2000 2000 2000

Ys 3000 3000 3000 3000
axs 15 15 20 20

ays 20 20 40 40

Ps 0.4 0.8 0.4 0.8
xR 2030 2030 2050 2050

YR 2960 2960 3000 3000
0 XR 30 30 40 40
OaYR 40 40 60 60

PR 0.4 0.8 -0.4 -0.8

output
XT 2006 2006 2011.4 2016.5

YT 2992 2992 3013.5 3030.7
association 0.24 0.02 0.59 0.60
probability

a 0.2 0.2 0.23 0.33
A 0.2 0.2 0.34 0.46

y 0 0 0.09 0.20

6 0 0 0.27 0.61

". (WO*e), * (red,. (black) *,f(89a), .s (r•1). h*(l~ck)

3060 3060 .-*

3O40 3040
3020 .... 3020 ,"

2M 209,/

.2940 ' 2M9

2920 ~.2920

2360 2880
2460 2M..

1900 19w 2000 2050 2100 2100 190o 1960 2M 2060 2100 2180
X X

.(Walue .(044 -. (black) .ROblwue .lIMl4 .fbkw~k)

3pp ... 3•oe

3040 3060

..300O o 30200- ./

.3000 " 2=-

2940" 240

1940 1980 2002 0•0 264 0 206 2102021020 IM 19M 0 iN 0 2OW 060 a 1 2100 2120

Figure 2.2 Example pdf contours of contact positions Ws and WR centred at (as (red dot) and WR (blue
dot), with maximum likelihood target position T, (black dot). Upper panels: target 'r, on line
between (as and (2) ; lower panels: target T, not on the line between (Os and (Ot. Parameter
values given in Table 2.1.
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2.3.4 Probability of contact association
As in the one-dimensional case, the probability of association is set equal to the
likelihood of getting the observed contact positions wos and (OR (or less likely values)
from the distributions of Ws and WR, under the assumption that these distributions are
both centred at Te. Let us define the stochastic variable T. as

T. =WS+M.(WR -WS) (3.17)

Following the same reasoning as in the one-dimensional case, the assumption that
T = re is transformed into the condition Te = , , which imposes the restriction on the
stochastic contact combination (Ws, WR) that each combination should yield the same
ML estimate Te for T as the observed combination (os, (OR) does.

With this the probability of contact association becomes equal to the total probability of
combinations of contact positions (Ws , WR) which are equally or less likely than the
actually observed combination (os , OR) under the condition that T, = Te .

In the two-dimensional case, however, the definition of "less likely" has to be adjusted.
Here we call positions Ws less likely than the observed value Cos
if pdfs(Ws) < pdfs(os), with pdfs(os) the probability density at cos. So less likely
positions Ws are all points outside the probability density contour going through 0s,
which can be shown to be an ellipse. We denote all vectors inside this ellipse by E(Os).
The same can be done for the R system, by replacing all subscripts 'S' by 'R'.

With all this background the association probability P,•,,, is defined as

P I=P{WR E(O R)V WS E(os)I T. =T.}=

P{WR e E(WR)A Ws E E(os)AT, = T} (3.18)

P{Te = T,}

The condition Te = Tre is equivalent to the following expression for Ws

Ws = (I-M)Y'• (T. -M. WR) (3.19)

With this we get

P{WRE E(R)A WsE E(o5s)A T, =TI}=

P{WR E E(CoR) A Ws - E(Wos)A WS = (I-M)-' (T, -M. WR)}

and

P{T=T}= P{WR E R' AWs =(I-M)-' .(e -M.WM )}

where R2 denotes the entire two-dimensional plane.
Given the value of Te = (rx , ry) we redefine (XT , YT) = (rx, ry). Making (XR YR) the
integration variable running over E(0fR) and setting

(Xs, Ys )=(IJ- M) ((xT, YT )T _ M(xR' yR)T) (3.20)
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Equations (3.12 - 3.14) can be used to get

P{WM E E(0F)A)W E E(:,)AT. } =Tr=

fX X J)E(O) s exp(- -1(AR (XRI YR ) + A, (x,, , V S ))xdý VS )Rt'Rxqy E(..R)((Xs,,Ysj E(ws)2

flf~ J ex -1KtAR (XR I R) exp~ 2 s(S S S ý'S R
(XR yR)1EE(R) 2x Y(S )EAE(xa,

(3.20)

where

1

PiR (3.21)

and a similar expression for us, and where As and AR are defined in Section 2.3.2.
Remark that (Xs , ys) depends on (XR , YR). Although the fact that CR and Cs are
symmetric matrices allows for several nice tricks (such as applying basis
transformations), the second integral results in a complicated error-function expression.
Instead of setting out on the heroic task of analytically integrating this error function
(certainly prize winning if successful), we have chosen to determine this probability in a
numerical way.

2.3.4.1 Alternative definition of probabiliry of contact association
Remark that an alternative definition of the association probability in Equation (3.18)
would be possible. It could also have been defined by

P{WR 9 E(oR)AWS 9 E(ws)) T, =Tel

what leads to an equal or smaller association probability. This choice cannot be made in
one-dimensional situations, where a less likely value WR ? COR can only be combined
with a value Ws < ws (also less likely than the actual observed value Cos) if the condition
T, = r, must be met. For contacts in a 2-D plane, however, it is possible that a less likely
R-contact position (WR outside the ellipse E(WR)) has an associated value

Ws = (1- M)-'('r, - M. WR )

that is inside the ellipse E((os) and is therefore more likely than ws5 . Here we have
chosen to define a contact combination (WR, Ws) less likely if at least one of those
values is outside its pdf ellipse. This choice gives the highest association probability.
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3 Understanding the association probability

All the relevant Equations presented in Chapter 2 are implemented in Matlab® to solve
them numerically. It is worthwhile to analyse some outcomes to understand the
processes that determine the association probability. First the successive steps for
calculating the association probability are illustrated in Figure 3.1.
Thereafter the results of a carefully chosen set of contact situations are presented and
compared with the one-dimensional solutions.

3.1 Visual presentation of the association probability

For the situation given in the lower right-hand panel of Figure 2.2, the upper left-hand
panel of Figure 3.1 shows the contacts (OR = (2050, 3000), ws = (2000, 3000) with the
estimated target position re = (2016.5 , 3030.7) and the ellipses E(WR) and E(wos).
For all WR values inside E(OR) with XR = 1990 the coupled Ws values are calculated.
Some of these Ws values, however, are outside their E(ws) ellipse.
In the upper left-hand panel only those 27 combinations of WR and Ws values are
shown that are both inside their respective ellipses. For this reason some WR and Ws
values seem to be missing.
Each WR has a pdf value according to its bivariate normal distribution. Its coupled Ws
value has its own pdf value. The logarithm of these pdf values and the logarithm of their
product are shown in the upper right-hand panel of Figure 3.1 for each of the 27
(WR, Ws) combinations.
In the lower left-hand panel of Figure 3.1 for each possible WR position in the plane
(whether inside or outside E((OR)) the coupled Ws value is determined and the product
of their pdf values is assigned to the WR position. This shows the conditional
probability densities for this specific case.
In the lower right-hand panel of Figure 3.1 all probability-density values for which the
(WR , Ws) combination is inside E(oR), respectively E(wOs), are set equal to 0. The total
probability density present in this panel (viz. 3.5e-5) divided by the total probability
density present in the lower left-hand panel (viz. 5.8e-5) gives a probability of
association of 0.60 for the contacts (OR = (2050, 3000) and
os = (2000, 3000) (for the numerical input values used: 7,,5 = 20, nras = 40, p = 0.8, (T7R

= 40, avR = 60, pR = -0.8 ).
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Figure 3.1 Upper left: the dots show the observations 0 0
R (blue) and os (red) and the most-likely target

position Tr. (black). The arrows show the coupling of WR and Ws positions inside the ellipses
E(WR) respectively E(ws). Upper right: probability density values of (WR , Ws) combinations
around r. Middle and lower panels: colour maps of pdf-values contributing to probability of
association: the probability equals the sum of the pdf-values in the right-hand panel divided by
the same sum of the left-hand panel. The middle panels are a zoom of the lower panels, at the
same scale as the upper left-hand panel.

3.2 Practical way to calculate the association probability

The above illustration suggests the following steps for the calculation of the association
probability.
I For a pair of observed contacts (WR, (oS) determine the ML target position T., using

Equation (3.15).
2 Calculate the ellipses E(0R) and E(ws) from (OR, Ins and T.

3 Choose a sufficiently large integration area around 1 in the two-dimensional plane.
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4 For each point WR in this integration area determine the accompanying Ws position
that combines with WR to Te = T,

5 For each (WR, Ws) combination calculate the probability-density values pdf(WR)
and pdf(Ws), using Equation (3.12) and their product p(WR) = pdf(WR). pdf(Ws).
In this way a 'probability density' value p(WR) is assigned to each point WR in the
integration area.

6 Integrate p(WR) over the integration area.
7 Integrate p(WR) over that part of E(teR) for which the accompanying Ws values are

also inside E(tes).
8 The association probability for the observed contact combination (tO , O)s) is

1 minus (outcome of 7) divided by (outcome of 6).

3.3 Analysis of association probability

To study the mechanisms of the association process, a set of mutually comparable
situations is considered. The contact positions are chosen as follows: In all cases
xs = 2000, ys = 3000 and vR = 3000. Only the XR coordinate is varied, from
XR = XS + oXR/ 4 (via xR = Xs + oTXR/ 2 , XR = XS + 3 axR/4 , XR = XS + UXR ) to

XR = XS + 2 (YXR.

For the distributions of the contacts the following choices are made:
I GXR = 2Oxs

2 GYR = 2Oys
3 either:

a PR = Ps = 0.8 (so y = 6 = 0 and re on line with (OR and tes)
b PR = -ps and Ps = 0.8 (so y6 * 0 and Te is off line with (OR and Os)

The values of axs and ary, are varied (see Table 3.1). The first two choices mean that
a = fl, see Section 2.3.3.
Table 3.1 summarises the results of this investigation. From this Table the following
conclusions can be drawn:
1 The three cases (axs = 20, ays = 40), (axs = 200, rys = 4) and (axs = 2, 7y5 = 400)

only differ by a scaling factor in both coordinate directions, but all calculated
probabilities are exactly the same. Therefore it suffices to limit our attention to the
first case (axs = 20, rys = 40).

2 The association probabilities for differently oriented contact distributions
(that is when PR = -Ps and so , is not on the line between (OR and ws) are much
higher than for distributions with the same orientation.

3 For distributions with a different orientation (PR = -ps) the association probability is
considerably higher than could be expected on the basis of a one dimensional
analysis. But if both contact distributions have the same orientation (PR = ps) then
the association probability is higher than the one-dimensional probability for two
near contacts, but lower for two distant contacts. Further, ps = 0.8 is a high value.
For lower values of ps the association probabilities in case both distributions have
the same orientation (PR = Ps) increase, but remain lower than for differently
oriented distributions (PR = -Ps).

To conclude, the more the distribution of the S contact differs from the distribution of
the R contact, the more important the contribution of the two-dimensional analysis
becomes.
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Table 3.1 Results of associating two contacts with different parameters. See text above Table for details.

Te on line between (
0

R and 0 s (PR = ps) I ; not on line between O)R and cus (PR = -Ps)

xR- xc,4 qxR/2 3oq. 14  a. a2 O/4 a x2 3qx./ 4  1 a2o,.

axs = 20, uys = 40

ý 2 2010 2020 2030 2040 2080 2010 2020 2030 2040 2080

XT 2002 2(X04 2(X16 2(X18 2016 2003.6 2(X17.2 2010.8 2014.4 2028.8

Y" 3000 3000 3000 3000 3000 3006.7 3013.3 3020 3026.6 3053.2

ass prob 0.93 0.76 01.54 0.33 0.01 0.98 0.91 0.82 0.69 0.24

1-dim prob 0.82 0.65 0.50 0.37 0.07 0.82 0.65 0.50 0.37 0.07

Oxs = 200, oys = 4

X 2 2100 2200 2300 2400 2800 2100 2200 2300 2400 2800

x7 2020 2040 2060 2080 2160 2036 2072 2108 2144 2288

Yr 3000 3000 3000 3000 3000 3000.7 3001.3 3002 3002.7 3005.3

ass prob 0.93 0.76 0.54 0.33 0.01 0.98 0.91 0.82 0.69 0.24

1-dim prob 0.82 0.65 0.50 0.37 0.07 0.82 0.65 0.50 0.37 0.07
axv = 2, ars = 400

X 2 2001 2002 2003 2004 2008 2001 2002 2003 2004 2008

XT 2(X)0.2 2(XX).4 2000.6 20(00.8 2(X)1.6 2000.4 20((,.7 2001.1 2001.4 2002.9

YT 3000 3000 3000 3000 3000 3066.5 3133 3199.5 3266 3532

ass prob 0.93 0.76 0.54 0.33 0.01 0.98 0.91 0.82 0.69 0124

1-dim prob 0.82 0.65 0.50 0.37 0.07 1 0.82 1 0.65 1 0.50 0.37 0.07
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4 Performance estimation by means of simulations

4.1 Introduction

In order to study the consequences of the theory exposed in Section 2.3, and to evaluate
different data-association rules, we have simulated two data sets, corresponding to the
outputs of the two receiver systems S and R. The detection performance of S and R
separately can then be compared to that of the combined system. This comparison is
done using classical ROC curves.
Section 4.2 describes the simulations that are used for this analysis. In Section 4.2.3 the
data-fusion algorithm is described in detail. Section 4.3 presents the simulated scenario.
In Section 4.4 the results for the single sonars will be given. Sections 4.5 to 4.10 present
the results after combining or fusing both data sets.

Before describing the simulations and their results, it is important to explain a few
terms:
"* 'detection' or 'contact': General threshold crossing.
"* 'target': 'real' target inserted in the simulations.
"* 'target detection': Threshold crossing corresponding to a 'real' target.
"* 'false alarm': Threshold crossing not corresponding to a real target, but

due to a statistical fluctuation of the background.
* 'combining' data sets: The contacts in the (two) original data sets are gathered in

one list.
0 'fusing' data sets: The contacts in the (two) original data sets are gathered

by applying a fusion algorithm to them and then making a
list containing all contacts after this fusion.

'Combining' the data sets can thus be seen as 'fusing' them without any fusions to
occur.

4.2 Simulations

4.2.1 Data-simulation procedure
In the simulations we have assumed two sonars to be present, a monostatic one
(sonar 1) and a bistatic receiver (sonar 2). Both sonars are characterised by their
position, and by a set of uncertainties in the following relevant quantities: sound speed,
position, receiver heading, bearing estimates, time stamps.
These uncertainties represent the errors that are likely to be present in real sonar
systems, as described e.g. in [1].
The simulations, used to assess the benefits of the data-association algorithm presented
in the previous Chapters, are set up as follows:
1 General:

a Define the uncertainty in the sound speed (;c). This value is assumed to be
equal for both sonars and constant over pings, and can be estimated from
experience with sea-trial experiments.

b Two-dimensional propagation is assumed, i.e., no depth information is
included.
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2 Sonars:
a For sonar i (i = 1, 2) define its position (x,i , yi).

b For each sonar, define the sampled beams.
c Define the sample frequency (assumed equal for both sonars) and the ping

repetition rate. The latter defines the covered area for both sonars.
d For each sonar, generate sonar signals for each (range, bearing) cell.

The sonar signals are intended to represent real sonar signals after
beamforming and matched filtering, as in practice detection is applied after
these two processing steps. The signals in the simulations are drawn
randomly from a Rayleigh distribution, as this is the distribution that is
most-often assumed to characterize real data.

e For sonar i (i = 1, 2), define the errors in:
i Position (axs,1 , avi ,x yi).
ii Receiver heading ((TO,).
iii Bearing (oaq).
iv Time synchronisation (ati).

3 Targets:
a Define a number of targets n, at fixed positions (x,j y. j = 1. nt.
b Define the target signal-to-noise ratios SNRj, of target j with respect to

sonar i. These signal-to-noise ratios relative to both sonars can be different
due to the fact that both sonars see the target at a different aspect angle, for
example.

c Determine the theoretical uncertainties (axj, a•tj, ax~yj) in the target
positions, based on (ac , axY,, vy,,i , myx , Y, o , qý , ati). For this, the
Equations of [3] are used. Note that the expected uncertainty in the target
position will in general be different for sonars I and 2, as the parameters
(ax.,, , oyv , Yxy,.,i , (TO, ,aq, ati) themselves can be different for both
sonars. In addition, the target will in general be at a different relative
position relative to the sonars.

d For sonar i and for each ping p, generate an 'observed' target position
(Xt,j,ip , Ytji,p) based on the true target position (xj , ytj) and ((Yxti , Yt,

4 Data:
a For both sonars and for each target, find the (range, bearing) cell Cjip that

is closest to the 'observed' target position (x,,j.ip, yji.p).
b At the cells Cjp, generate new sonar signals with signal-to-noise ratio

SNRj,i.
c Take the logarithm of the data in every (range, bearing) cell.

4.2.2 Single-sonar detection procedure
After generating the data, as described in the previous Section, the detection
performance of both single sonars is evaluated in the following way:
For both data sets i, apply amplitude thresholds AT running from some low number
(e.g. 9 dB) to some high number (e.g. 30 dB).
For each threshold AT, count the number of threshold crossings in all cells Cjp.
This number represents the number of target detections Naip (AT) for sonar i.
For each amplitude threshold AT, count the total number of threshold crossings outside
cells C, p. This number represents the number of false alarms, Nfa, ip (AT) for sonar i.
The probabilities of detection and false alarm are determined by measuring, for each
ping p, the number of detections Ndip(AT) and false alarms Nf.ip(AT) as described
above. These numbers are then summed over all pings, which gives the total number of
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detections and false alarms over all pings. These total numbers are then divided by their
respective number of opportunities to have a threshold crossing. For the number of
detections, Ndip(AT), the number of opportunities is equal to the number of targets per
ping times the number of pings. For the number of false alarms, Nfa,ip(AT), the number
of opportunities is equal to the number of (range , bearing)-cells minus the number of
targets, times the number of pings.
In summary, the probabilities of detection and false alarm for sonar i (i = 1, 2) are
determined via

I 1 N

pdji(AT) = #Ndi,p(AT (4.1)
gpings #targets P=1

= 1 1 Npings

N pings #(range, bearing)cells - #targets p=1
(4.2)

Plotting pdJ (AT) versus Pfa,i (AT) generates a so-called ROC curve [6]. This is a

well-known and well-accepted measure for estimating the sonar performance.

4.2.3 Data-fusion procedure
After having identified the two sets of threshold crossings, for every amplitude
threshold, these two sets are fed to the fusion process. In practice, this fusion algorithm
is implemented as follows:
1 The input data sets CI and C2 consist of all contacts, above the relevant threshold,

observed by sonar 1 and 2, respectively. Each contact in the data sets has seven
labels:
a (x, y), denoting the contact position (in metres).
b (ax, y, aixy), indicating the expected uncertainty in the contact position

(see Section 4.2.1).
c SNR, containing the mean contact signal-to-noise ratio.
d ID, a label that specifies if the contact is a false alarm (ID = 0), or

corresponds to any of the targets (ID = 1 .... n,).
To simplify things in the algorithm implementation, C1 is assumed to
contain not more elements than C2. If it does, C1 and C2 are interchanged.

2 Calculate the association probability between any pair of contacts from both data
sets. The algorithms developed in Section 2.3 are used for this.

3 For each contact cl in data set C1 , find the contact C2 in data set C2 for which the
association probability P,, is largest.

4 Check association by drawing a random number between 0 and 1. If this number
is smaller than P,,, the two contacts Cl and c2 are fused
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5 Each contact that exists after the fusion process is passed to the output data set
and has the following four labels:
a (xf, yf), the ML contact position (in metres), as derived in Section 2.3.
b SNRf1, the mean contact SNR. For fused contacts it is the maximum of the

two SNRs of the original contacts. For non-fused contacts it contains the
SNR of the original contact.

c IDf, a label that specifies the status and origin of the contact. The status
can be:
i I'not fused'
ii 'fused'

6 For non-fused contacts the contact can originate from
i a true target
ii a false alarm

7 For fused contacts the contact can originate from:
i twice the same true target (e.g., target 2 as observed with

sonar 1 and target 2 as observed with sonar 2).
ii two different true targets (e.g. target 3 as observed with

sonar I and target 5 as observed with sonar 2).
iii a true target and a false alarm.
iv two false alarms.

It is necessary to keep track of all these possibilities to make sure that the data-
fusion process does connect only valid pairs of contacts and not spurious close
pairs.

There is one free parameter in the fusion process as we have implemented it: the size
and shape of the covariance ellipses around the contact positions are used
(see Section 2.3.2) to calculate the association probabilities. In principle, these ellipses
should be the same as those that are used to generate the 'observed' target positions
(see Section 4.2.1). However, we have allowed the ellipses used for the fusion process
to be Fellipse times larger. The larger FeIlipe , the easier targets are associated.
The introduction of this free parameter FeIuip,, seems somewhat ad hoc, but will turn out
to be useful later on.

4.2.4 Detection procedure after combining data sets
After combining the two original sets of contacts, one data set remains that contains all
contacts of the two original data sets. In this data set:
"* True detections are identified as the true detections of the original data sets.
"* False alarms are identified as the false alarms of the original data sets.
It should be ensured that, if a target is observed by both receivers, it is not counted
twice as a true detection. That is, per ping the number of true detections can never
exceed the number of targets present in the simulations.

This way of combining the data sets will be referred to as 'option 1' hereafter.

4.2.5 Detection procedure after fusing data sets
After fusing the two original sets of contacts, one data set remains. For this data set, we
have defined different options which each have a different 'definition' of true detections
and false alarms. These definitions are summarised in Table 4.1.
For example, in option 3 a contact after fusion is labelled a true target if it consists of
either:
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"* A fused contact that originates from two identical true targets (TiTi).
"* A (non-fused) contact that consists of a true target (Ti).
"* A fused contact that originates from a true target and a false alarm (TiF).
"* A fused contact that originates from two non-identical true targets (TiTk).

Options 2 and 3 can be seen as variants of the 'OR' rule: if one of the receivers detects
the target it is taken into account. Options 4 and 5 can be seen as variants the 'AND'
rule: both receivers have to detect the target, and these two detections should fuse with
each other.

For the labelled data, and for each amplitude threshold AT, the numbers of true targets
and false alarms with SNR > AT are then counted. For options 12 - 15 the numbers of
true targets and false alarm with SNR > AT + AAT are counted.
Here AAr is the increase in threshold that is applied, which is equal to the mean
difference of the SNR of the fused contacts and the SNR of the original contacts that are
fused. It serves to give non-fused contacts a lower detection probability relative to fused
contacts. (Note that there is no physical justification for this, it is merely a heuristic way
to try and improve the overall sonar performance after fusion).

Table 4.1 Different options to define true detections and false alarms after fusion. TT, denotes a fused
contact that originates from two identical true targets. T, denotes a true target that does not fuse.
F denotes a false alarm that does not fuse. TiF denotes a fused contact that originates from a
true target and a false alarm, TTk denotes a fused contact that originates from two non-identical
true targets. FF denotes a fused contact that originates from two false alarms.

Option True targets False alarms Amplitude threshold

data combining

1 Ti F T
data fusing

"2 TiTi.Ti FF, F, TF, TITk T
3 T1TI ,TI, TIF, TITk FF, F T
4 TiTi FF, TiF, TiTk T
5 TiTI, TIF, TiTk FF T
12 TiT, Ti FF, F, TiF, TITk T + AT
13 TIT , Ti, TiF, TiTk FF, F T +AT
14 TiTi FF, TiF, TiTk T + AT
15 TIT,, TiF, TITk FF T + AT

4.2.6 Presentation of results
For the single sonars 1 and 2, and for the combined data sets both with and without
fusion, the ROC curves are generated and shown by plotting pdi (AT) versus pf,.i (AT),
and pdj (AT) versus pfaj (AT).
For the combined data set after fusion, the statistics of the fusion process are shown, i.e.
the fraction of true detections and false alarms that are fused. Furthermore, the position
parameters of the true detections are given, both before and after fusion, as this gives
information on the improvement in target-position accuracy due to the fusion process.

4.3 Parameters of simulation scenario

For the simulations the following parameter values are chosen:
* Number of pings: Npings = 1000
* Sample frequency: 100 Hz
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"* Ping-repetition rate: 10 s
"* Sampled beams: -90 - 90 degrees, in steps of 2 degrees
"* Sound speed: c = 1500 m/s
"* St.dev. sound speed: Tc = 2 m/s
"* Position sonar 1: (x,/ , Y,1) = (0, 0) m
"* Position sonar 2: (X,,2, Ys,2) = (1000, 0) m

"* St.dev. sonar positions: (ax,, i, , ax-y,i ) = (20 , 20, 0) m
"* St.dev. receiver heading: a0, = 0.5 degree
"* St.dev. bearing estimate: aqi = 0.5 degree
"* Time error: ati = 0.001 s

"* True position targets: random in observed area around both sonars
"* Mean target SNR: 10 dB

Due to the non-zero beamspacing, and the low sample frequency (to save computation
time), identified target detections will in general not be exactly at the true position of
the target, but can be offset by up to 1.0 degree and about 7.5 m.

4.4 Single-sonar results

4.4.1 Checks on simulations
Before going into the possible benefits of data fusion, we check the data generation and
the method to measure the ROC curves by calculating these curves for
sonars 1 and 2 separately, and comparing these to the theoretically expected ROC
curves.

Figure 4.1 shows the generated 'observed' target positions taken from bivariate normal
distributions, using the true target position and the position covariances for both sonars.
By comparing both panels in this Figure it is clear that the generated target positions are
oriented differently due to the different shape and size of the covariance ellipses of both
sonars. In this particular example, where only one true target is inserted, the positions
are generated using the following covariance ellipses around the true target position:
"* sonar 1:

axti: 33.8 m
yyg: 30.1 m

"* sonar 2:
axF,2: 23.1 m
GY12: 24.3 m

The measured standard deviations of the 'observed' positions are:
* sonar 1:

x-direction: 35.0 m
y-direction: 29.1 m

* sonar 2:
x-direction: 23.7 m
y-direction: 24.8 m

The measured standard deviations are on average slightly larger than the standard
deviations of the generated positions. This is because the 'observed' position of a target
is the centre of the (range, bearing)-cell in which the generated position lies. As the
generated position is usually not exactly in the centre of such a cell, this introduces a
(small) extra scatter.
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Figure 4.2 shows an example of the generated target positions if 10 targets are inserted
in the simulations. This example serves to illustrate the fact that the size and shape of
the covariance ellipses depend on the position of the target itself, as well as on the
relative positions of the source and receiver sonars. The association probability will also
depend on the position of the two contacts.

1020 1020
M100

o060

o- "W00

840
800-

020-

400 -8-0 4;0 -ý 0 4ý 0 360 .300 _200 4;02 -• . 00o
X [.) X In'

Figure 4.1 Example of generated erroneous target positions for sonar I (positioned at (x,y) = (0,0) m,
assumed monostatic, left-hand panel) and sonar 2 (positioned at (xy) = (1000.0) m, assumed
bistatic, right-hand panel). One target is inserted in the simulations. Its true position is shown in
black.
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Figure 4.2 Example of generated erroneous target positions for sonar 1 (positioned at (x, y) = (0, 0) m,
assumed monostatic, top panel) and sonar 2 (positioned at (x, y) = (1000, 0) m, assumed
bistatic, bottom panel). Ten targets are inserted in the simulations. Their true positions are
shown in black.
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4.4.2 Detection performance
The detection results are shown in Figure 4.3 to Figure 4.5. Figure 4.3 shows the
probabilities of detection, for both sonars, versus amplitude threshold. The measured
values correspond very well with theory (black dashed curve). The theoretical curves
are given by

SlOaf/10 "

Pdet = exp 2+--n- (4.1)

(see e.g. Equation [9.4-14b] of [7]). Figure 4.4 shows the probabilities of false alarm
versus amplitude threshold. Again, the measured values correspond very well with
theoretical ones (black dashed curve), given by

Pf. =expf_ 2 (4.2)

Figure 4.5 shows the ROC curves, i.e. the probability of detection versus the probability
of false alarm. These also agree very well with the theoretical curves (black dashed
lines), given by

Pde a pl/(l+snr)de (4.3)

Note that the 'detection threshold' DT, i.e. the signal-to-noise ratio for Pd = 0.5, can be
derived from the amplitude threshold AT according to

DT = 1010log"o10- ge OAT/10aIO (4.4)

Or

AT =010l 'og4 1 0 oDTIO + 1(4.5)
( = loge

giving AT = 11.83 dB ifDT= 10.
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Figure 4.3 Simulated probability of detection for sonar 1 (blue) and 2 (red), for a mnean target signal-to-
noise ratio of 10 dB (relative to both sonars). The black dashed lines show the theoretical
curves for different assumed SNRs (labels near curves, in dB) and Rayleigh statistics.
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Figure 4.4 Simulated probability of false alarm for sonar 1 (blue) and 2 (red). The black dashed line shows
the theoretical curve for Rayleigh statistics.
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Figure 4.5 Simulated ROC curves for sonar 1 (blue) and 2 (red), for a target signal-to-noise ratio of 10 dB
(relative to both sonars). The black dashed lines show the theoretical curves for different
assumed SNRs (labels near curves, in dB) and Rayleigh statistics.

4.5 Statistics of fusions

Before showing the detection performance after fusion, we will first illustrate the fusion
process itself by looking at its statistics. Figure 4.6 to Figure 4.11 show six examples of
the fraction of detections that fuses, versus threshold. The difference between the
examples is the following parameter values:
"* Figure 4.6: target SNR: 10 dB, multiplication factor for position-error ellipses

(Fetipse): 1, number of targets: 1.
"* Figure 4.7: target SNR: 10 dB, Feijp,: 1, number of targets: 10.
"* Figure 4.8: target SNR: 10 dB, FIjipe: 1, number of targets: 30.
"* Figure 4.9: target SNR: 10 dB, multiplication factor for position-error ellipses: 2,

number of targets: 10.
"* Figure 4.10: target SNR: 20 dB, Fellipse: 1, number of targets: 10.
"* Figure 4.11: target SNR: 20 dB, Fttiijp: 2, number of targets: 10.

In all Figures, we have made a subdivision into five classes:
"* Fraction of false alarms that fuses with other false alarms (blue line).
"• Fraction of false alarms that fuses with true detections (red line).
"* Fraction of true detections that fuses with false alarms (green line).
"* Fraction of true detections that fuses with true detections of other targets

(e.g. a true detection of target 2 fuses with a true detection of target 5, black line).
"* Fraction of true detections that fuses with true detections of the same target

(magenta line).

From all Figures the following observations can be made:
* The fraction of false alarms that fuses with other false alarms (blue lines) decreases

strongly with threshold. This is because the number of false alarms decreases
strongly with threshold, and thus their mutual separation increases strongly,
resulting in fewer fusions.
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"* The fraction of false alarms that fuses with true detections (red lines) is small, at
most 1%. It is smaller than the fraction of false alarms that fuses with other false
alarms. This is, of course, as there are fewer true detections than false alarms to fuse
with.

"* The fraction of true detections that fuses with false alarms (green lines) is about
equal to the fraction of false alarms that fuses with other false alarms (blue lines).
This is logical: these fusions are spurious fusions and their fraction is dominated by
the density of false alarms.
(Note that this fraction is in principle the same as the previous one [fraction of false
alarms that fuses with true detections], only scaled with the total number of true
detections instead of with the total number of false alarms.)

"* The fraction of true detections that fuses with other (but different) true detections
(black lines) is very small, <1%. This is good news: it shows that, even if multiple
targets are present in the data, fusions between target i in the first data set with
target j * i in the second data set are expected to occur not too often.

"* The fraction of true detections that fuses with their counterpart in the other data set
(magenta line) decreases with threshold. The reason for the decrease is that it is less
likely that both sonars will 'detect' the target for higher threshold, and it is thus less
likely that two observations of the same target will fuse.

In Figure 4.7 (mean target SNR = 10 dB, 10 targets) the fraction of true detections that
fuses with their counterpart in the other data set is quite low, about 15%, even at low
threshold. Apparently, the distance between the two observations of one target is too
large to allow for a fusion fraction that is, say, more than 20%.
One 'solution' for this is to increase the size of the position-error ellipses for fusion
with respect to that for the generation of the position errors (see Section 4.2.3).
This is illustrated in Figure 4.9, where the size of the position-error ellipses for the
fusion process is twice as large as that for the generation of the erroneous target
positions. The fraction of true detections that fuses with their counterpart in the other
data set has increased to 25% at low thresholds.
The same observation can be made by comparing Figure 4.10 (multiplication factor for
position-error ellipses: 1) and Figure 4.11 (multiplication factor for position-error
ellipses: 2). In both Figures the target SNR is 20 dB, and 10 targets are inserted in the
simulations. The maximum fraction of true fusions increases from 30% (Figure 4.10)
to 50% (Figure 4.11).
From Figure 4.6 and Figure 4.8, which both have a target SNR of 10 dB and a
multiplication factor for position-error ellipses equal to 1, it can be observed that the
number of targets in the simulation (1 respectively 30) does not change significantly the
fraction of true fusions, although this fraction increases slightly with the number of
targets. It is to be expected that, only if the number of targets is similar to the number of
false alarms, the number of spurious fusions between true targets and false alarms will
increase, and the number of true fusions will thus decrease.
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Figure 4.6 Fraction of detections that fuses, versus threshold. A target SNR of 10 dB is used, and I tar2et
is inserted in the simulations. The size of the position-error ellipses for the fusion process is
equal to that for the generation of the erroneous target positions. Solid and dashed lines denote
the mean values and standard deviations over all pings.
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Figure 4.7 Fraction of detections that fuses, versus threshold. A target SNR of 10 dB is used, and 10
targets are inserted in the simulations. The size of the position-error ellipses for the fusion
process is equal to that for the generation of the erroneous target positions. Solid and dashed
lines denote the mean values and standard deviations over all pings.
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Figure 4.8 Fraction of detections that fuses, versus threshold. A target SNR of 10 dB is used, and 30)
targets are inserted in the simulations. The size of the position-error ellipses for the fusion
process is equal to that for the generation of the erroneous target positions. Solid and dashed
lines denote the mean values and standard deviations over all pings.
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Figure 4.9 Fraction of detections that fuses, versus threshold. A target SNR of 10 dB is used, and 10
targets are inserted in the simulations. The size of the position-error ellipses for the fusion
process is two times larger than for the generation of the erroneous target Positions. Solid and
dashed lines denote the mean values and standard deviations over all pings.
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Figure 4. 10 Fraction of detections that fuses, versus threshold. A target SNR of 20 dB is used, and 10
targets are inserted in the simulations. The size of the position-error ellipses for the fusion
process is equal to that tor the generation of the erroneous target positions. Solid and dashed
lines denote the mean values and standard deviations over all pings.
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Figure 4.11 Fraction of detections that fuses, versus threshold. A target SNR of 20 dB is used. and 10
targets are inserted in the simulations. The size of the position-error ellipses for the fusion
process is two times larger than that for the generation of the erroneous target positions. Solid
and dashed lines denote the mean values and standard deviations over all pings.

4.6 Increase in amplitude threshold after fusion

As was mentioned in Section 4.2.5, we allow the option to increase the amplitude
threshold based on the statistics of the fusion process. That is, when two contacts are
fused, the SNR of the fused contact is set equal to the maximum of the two original
contacts. This means that the mean SNR assigned to all fused contacts will be higher
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than the mean original SNR of all contacts that are fused. This increase is denoted by
AAT. In order to give higher confidence to the fused contacts in the detection process,
we can increase the amplitude threshold by AAT, so that fewer non-fused contacts will
pass the new threshold AT +AAT.

Figure 4.12 shows AAT versus AT for the case where there are 10 targets, each with a
mean SNR of 10 dB. It is clear from this Figure that at low thresholds (AT < 15 dB)
the increase in threshold is quite large, sometimes more than 1 dB. This means that
instead of applying the nominal threshold of e.g. 11 dB, a threshold of 11.5 dB is
applied. This will only occasionally affect the number of fused contacts that are
detected, but it will decrease the number of non-fused contacts for that threshold.
It should be remarked that:
"* AAT is significantly larger for the fusion of true contacts than for the fusion of false

contacts. This is because the mean SNR of the true contacts is 10 dB larger than the
mean SNR of false alarms. With this higher mean SNR, the spread will also be
larger.

"* AAT decreases with AT for both categories. This is because the difference in SNR
between both original contacts will decrease with AT. Both contacts have to have an
SNR larger than AT, and the higher AT, the smaller the difference in both SNRs.

The mean AAT (blue line) increases between AT = 10 and AT = 13 dB, because the
relative ratio of true - true and false - false fusions increases with AT.
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Figure 4. 12 Increase in amplitude threshold, calculated from the mean difference in SNR before and after
fusion (see text above Figure for details). Solid lines: mean increase in threshold over all pings,
dashed lines: standard deviation. Red lines: only using false-alarm - false-alarm fusions. green
line: only using true-detection --true-detection fusions, blue ine: using all fusions.

4.7 False-alarm probability after fusion

Figure 4.13 shows the false-alarm probabilities after fusing the two data sets.

The number of targets inserted in the simulations is 10, and their mean SNR is
10 dB. The size of the position-error ellipses for the fusion process is equal to that for
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the generation of the erroneous target positions. The different options correspond to
those in Table 4.1.
The following observations can be made from Figure 4.13:
"* The false-alarm probabilities of the combined data set and for options

2, 12, and 3, are a factor two larger than that of the two separate sonars (as shown in
Figure 4.4). This is because the total number of false alarms is not scaled with the
total number of false-alarm opportunities in both data sets, but with the total
number of false-alarm opportunities in one data set.

"* The fall-off of the false alarm probability is the same as the theoretical curve (black
dashed line) that is based on Rayleigh statistics. There is no reason for the fused
contacts to follow this curve, but as there are more non-fused than fused contacts,
the non-fused contacts dominate the statistics.

"* The false-alarm probabilities for options 4, 14, 5 and 15 (i.e., only considering
fused contacts) are a factor of 10 - 30 smaller than those for options
2, 12, 3 and 13 (which consider all contacts after fusion).

"* The false-alarm probabilities for options 12 and 13 (i.e., above AT +AAT ) are
roughly a factor of two smaller than those for option 2 and 3 (i.e., above AT).
The number of false alarms is thus decreased significantly by raising the amplitude
threshold by AAT.

"* The false-alarm probabilities for options 14 and 15 (i.e., above AT +AAT ) are only
slightly smaller than those for option 4 and 5 (i.e., above AT). That is, the number of
false alarms is not decreased significantly by raising the amplitude threshold if only
fused contacts are considered.

For the influence of the number of targets inserted in the simulations, their mean SNR,
and the size of the position-error ellipses on the false-alarm probabilities,
see Section 4.10.
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Figure 4.13 False-alarm probability for sonars I and 2 combined (blue solid line) and sonars 1 and 2 fused
(other lines). The different options are explained in Table 4.1 (solid lines: 'OR' fusion, dashed
lines: 'AND' fusion). The results fur options 2 and 3 overlap, as well as those for options 12
and 13, for options 4 and 5 and for options 14 and 15. The black dashed line shows the
theoretical curve for Rayleigh statistics.
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4.8 Probability of detection after fusion

Figure 4.14 shows the probability of detection after fusing the two data sets. In both
examples, the number of targets inserted in the simulations is 10, and their mean SNR is
10 dB. The size of the position-error ellipses for the fusion process is equal to that for
the generation of the erroneous target positions. The different options correspond to
those in Table 4.1. The following observations can be made from Figure 4.14:
" The probability of detection of the combined data set (blue solid line) is nearly

equal to the theoretical value after 'OR' fusion,

Po, =1-(1-P1X1-P2) (4.6)

where Pi is the probability of detection of sonar i separately (black dotted lines).
This is expected from theory, for two independent observations.

"* The probabilities of detection for options 2, and 3 are almost equal to that of the
combined data set. Those for options 12 and 13 are slightly smaller, about 0.02.

"* The probabilities of detection for options 4, 14, 5 and 15 (i.e., only taking into
account fused contacts) are much smaller than those of the combined data set, and a
factor 2 - 3 smaller than the theoretical curves (black dashed lines). The latter is
due to the small number of fusions that occurs (see Section 4.5), which results from
the position errors on the single-sonar contacts. Without such position errors, more
fusions would occur and the results would follow the theoretical lines much better.

"* Including the increased threshold AT+AAT instead of AT decreases the probability of
detection by about 0.02.

For the influence of the number of targets inserted in the simulations, their mean SNR,
and the size of the position-error ellipses on the probability of detection,
see Section 4.10.
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Figure 4.14 Probability of detection for sonars I and 2 combined (blue solid tine) and sonars I and 2 fused.
The different options are explained in Table 4.1 (solid lines: 'OR' fusion, dashed lines: 'AND'
fusion). Black dotted lines: theoretical curves for 'OR' fusion and different assumed SNRs.
Black dashed lines: theoretical curves for 'AND' fusion and different assumed SNRs.
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4.9 ROC curves after fusion

Figure 4.15 shows the ROC curves after fusing the two data sets. In both examples, the
number of targets inserted in the simulations is 10, and their mean SNR is
10 dB. The size of the position-error ellipses for the fusion process is equal to that for
the generation of the erroneous target positions. The different options correspond to
those in Table 4.1.
The following observations can be made from Figure 4.15:
"* The operational SNR 2 of the combined data set (blue solid line) is significantly

higher than that of the separate data sets (see Figure 4.16). This is a considerable
performance improvement.

"* The operational SNRs of the fused data sets with options 2, 12, 3 and 13 is also
1 - 5 dB higher than that of the separate data sets, and similar to that of the
combined data set.

"* The ROC curves for the combined data set and of the fused data sets with
options 2, 12, 3 and 13 closely follow the theoretical ROC curves for the 'OR'
fusion (black dotted lines). The theoretical ROC curves are obtained by plotting
1-(-P•ef)2 versus 1-(1-Pfa) 2 , where Pdet and Pfa are given by Equations (4.1) and
(4.2), respectively.

"* The operational SNRs of the fused data sets with options 4, 14, 5 and 15 are much
below that of the combined data set. The main reason is the small number of fusions
that occurs (see Section 4.5), which is due to the position errors on the single-sonar
contacts. Without such position errors, more fusions would occur.

"* The ROC curves of the fused data sets with options 4, 14, 5 and 15 are reasonably
close to the theoretical ROC curves for the 'AND' fusion (black dashed lines).
The theoretical ROC curves are obtained by plotting Pd,2 versus Pfa2, where Pdt

and Pja are given by Equations (4.1) and (4.2), respectively.

For the influence of the number of targets inserted in the simulations, their mean SNR,
and the size of the position-error ellipses on the ROC curves, see Section 4.10.

2 The operational SNR is usually defined as the SNR of the theoretical ROC curves that corresponds best

to the data
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Figure 4.15 ROC curves for sonars I and 2 combined (blue solid line) and sonars I and 2 fused. The
different options are explained in Table 4.1 (solid lines: 'OR' fusion, dashed lines: 'AND'
fusion). 10 targets with mean SNR = 10 dB are inserted. Black dotted lines: theoretical curves

for 'OR' fusion and different assumed SNRs. Black dashed lines: theoretical curves for 'AND'
fusion and different assumed SNRs.
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Figure 4.16 Comparison between single-sonar ROC curves (black lines) and ROC curves after combining
or fusion the contacts (all other colors). 10 targets with mean SNR = 10 dB are inserted.

Summary
The above results can be summarised as follows:
Combining or 'OR' fusing two data sets, with a Rayleigh distribution for the target
amplitudes, gives a considerable improvement of performance over using a single
sonar. In hindsight this is to be expected and it can be derived from a proper theoretical
analysis.
Using only the fused contacts ('AND' fusion), the false-alarm probability is very small,
and reduces to almost zero for amplitude thresholds > 12 dB. However, the probability

ONGERUBRICEERD



ONGERUBRICEERD I TNO report I TNO-DV 2006 A518 44/51

of detection also reduces from about 0.6 to 0.1. This may be due to the low mean SNR
of the target (10 dB in this case).
Using both the fused and non-fused contacts after fusion ('OR' fusion), the probability
of detection and false alarm are roughly equal to those if the data sets are 'just'
combined (i.e., with no fusion applied). 'OR' fusion thus does not seem to give much
benefit over combining the two data sets. However, in Section 4.11 we will show that in
some cases it may still be desirable to apply the fusion.
Before showing the benefits of fusion in Section 4.11, the next Section shows the ROC
curves for different values of the input parameters of the simulation.

4.10 ROC curves for different simulation parameters

To study the dependence of the fusion on the input parameters of the simulation, we
have varied the following parameters:
"* Number of targets: 1, 3, 10, 30.
"* Mean target SNR: 10, 15, 20 dB.
"* Size of error ellipse used for fusion (see Section 4.2.3): 1, 2, 3 times larger than size

of error ellipse used to generate the erroneous target positions.

Each of these three variations is treated in one of the following three Sections.

4.10.1 Number of targets
Figure 4.17 shows the ROC curves for different numbers of targets (1 and 30).
The mean target SNR is set to 10 dB, and the size of the error ellipses is equal to that
used for generating the erroneous target positions. It is found that the number of targets
inserted in the simulations does not significantly influence the false-alarm probabilities
or the probability of detection, as is expected. A larger number of targets only leads to
better statistics, but does not significantly increase the number of fusions between
contacts that originate from different targets.
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Figure 4.17 ROC curves for sonars I and 2 combined (blue solid line) and sonars I and 2 fuased. The
different options are explained in Table 4. 1. Left: I target. Right: 30 targets. Black dotted lines:
theoretical curves for 'OR' fusion and different assumed SNRs. Black dashed lines: theoretical
curves for 'AND' fusion and different assumed SNRs.

4.10. 2 Target SNR
It is found that the target SNR does influence the false-alarm probabilities if the mean
SNR is quite high, e.g. 20 dB (see Figure 4.18). The reason for this is the fusion of
target contacts with false alarms (TiF option in Table 4. 1). In fact, only about one such
fusion in 100 simulations is enough to account for this.
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The target SNR does influence the probability of detection quite strongly, as expected
(see Figure 4.19). In this Figure the number of targets is 10, and the size of the error
ellipses is equal to that used for generating the erroneous target positions. The curves
for options 2, 12, 3, and 13 follow nicely the theoretical curves for 'OR' fusion.
The curves for options 4, 14, 5 and 15 are much lower than the theoretical curves for
'AND' fusion, due to the position errors in the original contacts.
Figure 4.20 shows the resulting ROC curves for different mean target SNRs
(10 and 20 dB). The ROC curves for all options improve if the target SNR increases.
For higher target SNR, the ROC curves deviate more and more from the theoretical
curves and some of the curves show peculiar patterns. The reason for this is the
relatively large false-alarm probabilities at high thresholds (see Figure 4.18).
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Figure 4.18 False-alarm probabilities for sonars 1 and 2 combined (blue solid line) and sonars I and 2
fused. The different options are explained in Table 4.1. Left: mean target SNR = 10 dB.
Right: mean target SNR = 20 dB. Black dotted line: theoretical curve for Rayleigh statistics.
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Figure 4.19 Probability of detection for sonars 1 and 2 combined (blue solid line) and sonars I and 2 fused.
The different options are explained in Table 4.1. Left: mean target SNR = 10 dB. Right: mean
target SNR = 20 dB. Black dotted lines: theoretical curves for 'OR' fusion and different
assumed SNRs (see labels). Black dashed lines: theoretical curves for 'AND' fusion and
different assumed SNRs (see labels).
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Figure 4.20 ROC curves for sonars I and 2 combined (blue solid line) and sonars I and 2 fused.
The different options are explained in Table 4.1. Left: mean target SNR = 10 dB. Right: mean
target SNR = 20 dB. Black dotted lines: theoretical curves for 'OR' fusion and different
assumed SNRs (left: 8 - 12 dB, right: 15 - 20 dB). Black dashed lines: theoretical curves for
'AND' fusion and different assumed SNRs (left: 5 - 10 dB, right: 10 - 15 dB).

4.10.3 Size of error ellipse used for fusion

It is found that the size of the position-error ellipses for the fusion process does not
significantly influence the false-alarm probabilities. Increasing the size of the position-
error ellipses by a factor of 3 roughly doubles the probability of detection for
options 4, 14, 5 and 15 (see Figure 4.21). In this Figure the number of targets is 10, and
the target mean SNR is set to 10 dB. Figure 4.22 shows the corresponding ROC curves
for different sizes of the error ellipses (factor 1 and 3 larger than error ellipse used to
generate target positions).
The ROC curves only improve for options 4, 14, 5 and 15 (which all only include fused
contacts), and mainly at lower amplitude thresholds. The reason for this is that it

becomes easier for contacts to fuse.
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Figure 4.21 Probability of detection for sonars 1 and 2 combined (blue solid line) and sonar'% I and 2 fused.
The different options are explained in Table 4.1. The size of the error ellipse used for fusion is
a factor I (left) and 3 (right) larger than the size of the error ellipse used to generate the
erroneous target positions. Black dotted lines: theoretical curves for 'OR' fusion and different
assumed SNRs. Black dashed lines: theoretical curves for 'AND' fusion and different assumed
SNRs.
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Figure 4.22 ROC curves for sonars I and 2 combined (blue solid line) and sonars I and 2 fused. The
different options are explained in Table 4. 1. The size of the error ellipse used for fusion is
a factor 1 (left) and 3 (right) larger than the size of the error ellipse used to generate the
erroneous target positions. Black dotted lines: theoretical curves for 'OR' fusion and different
assumed SNRs. Black dashed lines: theoretical curves for 'AND' fusion and different assumed
SNRs.

4.10.4 Target amplitude distribution
So far, a Rayleigh distribution was assumed for the background and for the target
amplitude. This basically means that the fluctuations in the amplitude of both are
random in nature. An alternative distribution, used for radar targets containing a strong
highlight, is known as the one-dominant-plus-Rayleigh (ID+R) distribution [7].
We have evaluated the benefits of fusion with this 1D+R distribution as well, and
compared it to the benefits of a Rayleigh distribution, see Figure 4.23. Although the
ROC curves for both distributions are different, and the quantitative change due to
fusion is different for both statistics, the overall improvement or decrease between the
single-sonar performance (black lines) and that after fusion (lines in other colors) is
similar for both situations.
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Figure 4.23 Comparison between single-sonar ROC curves (black lines) and ROC curves after combining
or fusion the contacts (all other colors), using 10 targets with a mean SNR of 10 dB.
Left: Rayleigh distribution of target amplitude.
Right: One-dominant+Rayleigh distribution of target amplitude.

4.11 Improvement in localisation after fusion

The target detections with one sonar are usually observed at inaccurate positions
(see also Section 4.4). Due to (small) errors in the sonar position, receiver heading,
sound speed and time, the detections deviate from the true position of the target
(see Figure 4.1 and Figure 4.2 for an illustration). Apart from the increase in detection
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performance after fusion (see previous Sections), another benefit of fusing two
(or more) data sets is the increased position information that one obtains for the targets.
For the simulations with 30 targets inserted, this is illustrated in Table 4.2.
For sonars I and 2, 'Theory' gives the parameters of the covariance ellipses according
to which the target positions are generated. 'Generated positions' refers to the positions
where targets are placed in the simulations, given the errors in some fundamental
parameters. These agree well with the theoretical values.
'Observed positions' refers to the position where the targets are observed, given the
beam spacing and time sampling of the sonars. As explained in Section 4.4.1, these are
slightly larger than the theoretical errors. This is because the observed position of a
target is the centre of the (range , bearing)-cell in which the generated position lies.
As the generated position is usually not exactly in the centre of such a cell, this
introduces a (small) extra scatter.
The following remarks can be made from this Table:
"* The mean offsets of the generated and observed positions of sonars 1 and 2 are

always small, I - 3 metres.
"* Using a fixed threshold of 10 dB, and evaluating fusion options 2, 12, 3 and 13, it

can be witnessed that the standard deviations of the observed positions after fusion
are similar to those before fusion. Most contacts included in these cases are
non-fused contacts, which have the same position accuracy as those before fusion.

"* Using a fixed threshold of 10 dB, and evaluating fusion options 4 and 14 (and to a
lesser extent options 5 and 15), it can be witnessed that the standard deviations of
the observed positions after fusion are smaller than those before fusion: the position
estimate of contacts that originate from the fusion of two true contacts have a
position accuracy that is roughly a factor 1.5 times better than that of the original
contacts. This is an important observation that will, e.g. provide better input
parameters for a tracking algorithm.

"* For options 2 and 3 ('OR' fusion), the standard deviations of the observed positions
decrease with threshold AT, especially at higher thresholds, AT > 16 dB.
The standard deviations have roughly reduced to one third of their original value
between AT = 10 and AT = 20 dB. This is because at higher threshold relatively more
fused contacts are present, that have a higher position accuracy.

"* For options 4 and 5 ('AND' fusion), the standard deviations of the observed
positions also decreases with threshold AT, the decrease being more profound at
lower values of AT than for options 2 and 3.

These results are found to be independent of the size of the error ellipses used for the
fusion.
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Table 4.2 Summary of position errors of generated and observed target positions relative to true target
positions. All values are in metres and are mean values over 10 targets and 10X) pings. N is the
total number of contacts used in calculating the position errors.

x-direction y-direction

Mean I St.dev. Mean St.dev.

Sonar 1

Theory 0 40 0 48

Generated positions 2 41 -2 49
Observed positions 2 45 1 54

Sonar 2
Theory 0 33 0 39
Generated positions -1 31 1 37
Observed positions -2 35 3 44

After 'OR' fusion (AT= 10 dB)

Option2(N=1116) 0 43 2 55
Option 12 (N= 1078) 0 42 3 56
Option 3 (N= 1154) 0 42 2 56
Option 13 (N= 1116) 0 42 3 56

After 'AND' fusion (AT = 10 dB)

Option 4 (N= 128) 0 23 1 34
Option 14 (N = 128) 0 23 1 34
Option 5 (N = 193) 0 30 -4 48

Option 15 (N= 193) 0 30 -4 48
After fusion (Option 2, 'OR')

AT= 10 dB (N= 1116) 0 42 2 55
AT= 12 dB (N-- 869) 0 40 3 52
AT= 14 dB (N= 589) -1 40 4 51
AT=16 dB (N= 259) -1 36 5 47
AT= 18 dB (N= 85) 0 28 4 30
AT= 20 dB (N= 24) -2 15 2 19

AT= 22 dB (N= 1) -1 0 1 0
After fusion (Option 3, 'OR')

AT= 10 dB (N= 1154) 0 42 2 56
AT= 12 dB (N= 869) 0 39 3 51
AT= 14 dB (N= 589) -1 39 4 50
At= 16 dB (N= 259) -1 35 5 45

AT=l1dB(N=85) 0 25 3 27
AT=20dB(N=24) -1 13 2 17
AT= 22 dB (N= 1) -1 0 0 0

After fusion (Option 4, 'AND')

AT= 10 dB (N= 128) 0 23 1 34
AT= 12 dB (N= 106) 0 21 0 32

AT = 14 dB (N= 46) 2 23 -2 27
AT= 16 dB (N= 9) -3 15 4 26
AT= 17 dB (N= 5) -5 12 5 21

After fusion (Option 5, 'AND')

AT= 10 dB (N= 193) 0 30 -4 48
AT= 12 dB (N= 106) 0 21 0 32
AT= 14 dB (N= 46) 2 23 -2 27
AT= 16 dB (N= 9) -3 15 4 26
AT= 17 dB (N= 5) -5 12 5 21
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