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MotivationMotivation

• Particle-solidification front 
interactions play a crucial role in 
predicting microstructures of metal-
matrix composites (MMCs)

Industies: Automotive, aerospace
Properties: lightweight, good wear resistance

MMCs: Micron-sized particles embedded in a 
metal matrix – acts as reinforcement



Directionally solidified Al-17Cu/SiC. 21x

As-cast Al-2Mg/20 wt pct graphite. 31x

Processing of Processing of MMCsMMCs

Want: Uniform distribution of particles
Need: Understand particle-front interactions



What happens when a solidification front interacts What happens when a solidification front interacts 
with a particle?with a particle?

VS
particleparticle

solidsolid

liquidliquid

dd

• As solidifying front approaches a particle it will either be 
– Engulfed
– Pushed
– Pushed, then engulfed 

• Critical velocity, VCR

– Solidification velocity, Vs ≤ VCR particle pushing
– Vs > VCR particle engulfment

Challenge: A multiscale model that couples the dynamics in the gap with the 
overall thermal/fluid transport



Physics of particle-solidification front   
interactions



Dynamics of the particleDynamics of the particle

• Force balance on the particle

• FI is the repulsive interaction 
force

• FD is an attractive drag force
• Balance determines whether 

the particle will be 
engulfed/pushed VVss

FId

Vp

FD

m
dV
dt

F Fp
p

I D= −



Fluid mechanics and thermal transportFluid mechanics and thermal transport

• In addition, thermal conditions affect the critical velocity.  Large scale effects 
(thermal conductivity differences between the particle and the solidification front), 
and small scale effects (premelting film).

FId

Vp

FD

VVss

ParticleParticle

solidsolid

liquidliquid
Flow in Flow in Drag Drag inceasesinceases

VVpp

Disjoining Disjoining 
pressurepressure



♦kp/kl has a significant impact on whether a particle is pushed/engulfed

♦In fact, experimental observations have shown that:
♦ Engulfment 100% of the time for kp/kl > 1.0
♦ Pushing for kp/kl < 1.0

♦Why does the kp/kl have such a significant impact?

kp kl

The thermal conductivity issueThe thermal conductivity issue



kp/kl< 1.0 kp/kl > 1.0

How does the How does the kkpp/k/kll influence the interface shape?influence the interface shape?



Summary:  The thermal conductivity ratio, kp/kl, has a significant impact
on whether a particle is pushed/engulfed this is a micro-scale 
phenemenon (scale of the particle)

What about nano-scale phenomena?



PremeltedPremelted filmsfilms
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PremeltingPremelting film theory effect on interface film theory effect on interface 
temperature of a solidification fronttemperature of a solidification front

mmi T
d

TT
υλ
⎟
⎠
⎞

⎜
⎝
⎛−=

Ti is the interface temperature
Tm is the melting temperature

ν= 3 for van der Waals
λ is an interaction length scale (nanometer scale)



Disjoining pressure theoryDisjoining pressure theory

• Disjoining pressure 
– Nano-scale force
– Molecular in nature

• Van der Waals?

36 d
A
π

=Π

)( lslpsp γγγγ +−=Δ

A = Hamaker constant ~ Δγ
Δγ > 0 repulsive
Δγ < 0 attractive

VS
particleparticle

solidsolid

liquidliquid

dd



Previous work on thermal effects of premelted layers on particle-
solidification front dynamics

(Garvin and Udaykumar, Journal of Crystal Growth (2005))



PremeltingPremelting film theory effect on interface film theory effect on interface 
temperature of a solidification fronttemperature of a solidification front

• For Δγ > 0 – repulsive, premelting system kp/kl = 1.0

mmi T
d

TT
νλ
⎟
⎠
⎞

⎜
⎝
⎛−= mi TT =

VVss VVss

solidsolid solidsolid

particleparticle particleparticle
liquidliquid

liquidliquid



The The premeltingpremelting effect on Veffect on VCRCR

– 2 approaches when modeling
1) Not to include premelting in the interaction

– Requires setting a gap thickness cut-off value for engulfment 
(ad hoc)

2) Including premelting (Rempel and Worster)
– Linear stability analysis, steady-state and kp/kl = 1.0
– No need for ad-hoc cut-off for gap thickness

Vmax = VCR

Vp

dmin

~100 molecular diameters

Engulfment Pushing



Summary of physicsSummary of physics

• kp/kl ratio greatly affects the critical velocity (micro-scale effect)
– Alters the interface shape

• kp/kl < 1.0, bump forms that promotes pushing
• kp/kl > 1.0, trough forms that promotes engulfing (higher 

drag)

• Premelting film 
– Liquid layer wants to exist between the front and the particle

• Also alters interface shape
• If no premelting is assumed, gap thickness cut-off value is 

needed
The kp/kl effects act on a larger (microscale) whereas the 
premelting/disjoining pressure effects act on a “nano”-scale



PROBLEM:  How to model particle-solidification 
front interactions?



In the past In the past ……

– Theoretical research relied on…
1) All-simplified models for the forces acting on the particle
2) All-qualitative explanations/models based off of thermal 

property considerations
3) Most on steady-state analysis
4) Most- Do not assume a premelting layer in the gap
5) All-assumed stable (non-dendritic solidifications front)

ALL MODELS ATTEMPT TO FIND CRITICAL VELOCITY

VS
particleparticle

solidsolid

liquidliquid

dd



OUR APPROACH…

Lubrication Model for the flow in the gap between the 
front and particle and NS for outer flow – match 
solutions (matched numerics)



AdvantagesAdvantages

1. Capture dynamics (i.e. not a steady-state solution)

3. kp/kl effects will be captured from the governing equation

4. Do not have to rely on simple force models as the lubrication
equation will contain a repulsive body force

2. Premelting effects will be included

5. Can be generalized for a variety of problems involving solid 
body interactions (including dendrite+particle)



Modeling of particle-front interactions

Main Ingredients:

1. Solidification front and the particle are tracked using a sharp-interface level-
set method with transport variables solved via NS equations

2. Solution in the gap in treated as a lubrication layer, so a different set of 
equations are needed 

3.  The solution of the “inner” and “outer” regions are coupled through BCs.

solid

particleliquid

“outer region”

“inner region”

“matching region”



Outer transport equationsOuter transport equations

–

• Navier-Stokes Equations (with mass and energy conservation):

0=
∂
∂

+
∂
∂

y
v

x
uContinuity equation:

x-Momentum equation:
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+
∂
∂

+
∂
∂

−=
∂
∂

+
∂
∂

+
∂
∂

2

2

2

21
y
u

x
u

x
p

y
uv

x
uu

t
u

ρ
μ

ρ

y-Momentum equation: ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+
∂
∂

+
∂
∂

−=
∂
∂

+
∂
∂

+
∂
∂

2

2

2

21
y
v

x
v

y
p

y
vv

x
vu

t
v

ρ
μ

ρ

Energy equation: ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+
∂
∂

=
∂
∂

+
∂
∂

+
∂
∂

2

2

2

2

// y
T

x
T

y
Tv

x
Tu

t
T

plsα

Interface conditions:
l

l
s

sNsl n
Tk

n
TkVH

∂
∂

−
∂
∂

=ρ



Level-Set Method

0. =∇+ φφ
rr

Vt

Level-set function (φ) - Signed normal distance from the interface

Level-set Advection

φφ ∇∇=
rrr

N

N
rr

.∇−=κ Curvature

Normal

φ = 0
φ+

φ-

Interface
(0-levelset)

Interfacial Points

Bulk Points



Using a Lubrication Model for Using a Lubrication Model for ““innerinner”” regionregion

• Lubrication Model
– One direction of the fluid flow and the heat flow is assumed to 

have negligible effects compared to other directions

– The need for a mesh in one direction is eliminated
• Interaction in the gap (disjoining pressure included) can be 

accounted for in lubrication model

particle

solid

η

ξsolid

particle

y

x



di=ФI,i

Xp = Xcp – Фp ncp
Yp = Ycp – Фp ncp

Δξ = sqrt((XI,i+1 – XI,i)2+(YI,i+1 – YI.i)2)

di+1=ФI,i+1

Particle

Solid

y

x

Using a Lubrication Model for Using a Lubrication Model for ““innerinner”” regionregion

η

ξ
TRANSFORM

η

ξ

d, Up, Vp, Tp

d, Ui, Vi, Ti



Transformed NS equations from Transformed NS equations from x,yx,y ξξ,,ηη
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u-momentum (v-momentum and Energy equation are very similar):

Disjoining 
Pressure 

terms treated
as body force

Continuity:

Where:  u,v x,y velocities;
U,V ξ, η velocities,
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Orthogonal coordinates (qOrthogonal coordinates (q22=0) and do scaling analysis=0) and do scaling analysis

L
ξξ =*Scaling:

d
ηη =*

By assuming small curvatures in the interfaces and using the fact that:

ηη vxuyU −=
ξη uyvxV −=

( ) 02*

*2

*

*

*

*

*
3

*

3*

=
∂
∂

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
Π∂

+
∂
∂

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−

ηξξ
Up

qJ
J

NO

To get:
0*

*

*

*

=
∂
∂

+
∂
∂

ηξ
VU

0*

*

*

*

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
Π∂

+
∂
∂

ηη
p

02*

*2

=
∂
∂
η
T

Mass:

U-mom:

V-mom:

Energy:

Notice that p* and Π* only
depend on ξ*



Pressure Equation in the gapPressure Equation in the gap
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BCs: At ξ=0, p=pouter,0
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Temperature Equation:



Coupling the outer flow equations to the inner 
lubrication equations



How are the Boundary conditions applied to the How are the Boundary conditions applied to the 
lubrication model?lubrication model?

BCs: At ξ=0, p=pouter
At ξ=L, p=pouter

Edge of the lubrication layer is 8 mesh pts. enough resolution for 
outer flow

particle

solid

liquid

Vp

Vi

Solved via
Navier-Stokes

solid

particle

Solved via lubrication equation

pouter pouter



How are the Boundary conditions applied to the How are the Boundary conditions applied to the 
outer flow (solved via NS)?outer flow (solved via NS)?

BCs: at the edges of lubrication layer, find a parabolic velocity profile 
that satisfies mass conservation (treated as outlets)

solid

particle

particle

solid

liquid

Vp

Vi

Lubrication eq.

NS eqs. 
solvedVp

0=
dn
dp



Forces acting on the bodiesForces acting on the bodies

OUTERINNER FFF
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+=∑
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INNERINNER SdpF
rr

The forces acting on the bodies can now be obtained from the 
outside flow and the inner lubrication flow, so:

∫−=
A

OUTEROUTER SdpF
rr



The temperature of the interfaces?The temperature of the interfaces?
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Temperature of the solidification front is found via:

The d-distribution is found from the level set information
The particle interface temperature is found from:

solid

particle

premelting

mi TT = No premelting



Flowchart of calculationFlowchart of calculation

Evolve using Δτ
inner

Compute Vp via

Compute new

Go to next outer time step

Inner Model

OUTERINNER
p

p FF
dt

dV
m +=

ip VV
dt
dd

−=

Advect level-set

Solve for u,v,p, and T in 
outer domain

Find the d-distribution, 
d = d(ξ)

Find pressure/force in the 
inner and outer regions



Results for particle+stable (non-dendritic) 
solidification front



VVpp

Validation of coupled modelValidation of coupled model

--Compare model solution to an analytic solution for a simplified Compare model solution to an analytic solution for a simplified casecase
--Particle approaching flat stationary interface (no disjoining prParticle approaching flat stationary interface (no disjoining pressure)essure)11

--d/Rd/Rpp = 0.02, Particle velocity = 500 microns/sec, = 0.02, Particle velocity = 500 microns/sec, RRpp = 1 micron= 1 micron

1.   1.   Gary L. Leal, Gary L. Leal, Laminar flow and convectiveLaminar flow and convective
transport processes :transport processes : scaling principlesscaling principles
and asymptotic analysisand asymptotic analysis (1992).(1992).
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Validation of coupled modelValidation of coupled model

--Compare model solution to an analytic solution for a simplified Compare model solution to an analytic solution for a simplified casecase
--Particle approaching flat stationary interface (no disjoining prParticle approaching flat stationary interface (no disjoining pressure)essure)11

--Particle velocity = 500 microns/sec, Particle velocity = 500 microns/sec, RRpp = 1 micron= 1 micron

1.   Gary L. Leal, 1.   Gary L. Leal, Laminar flow and convectiveLaminar flow and convective
transport processes :transport processes : scaling principlesscaling principles
and asymptotic analysisand asymptotic analysis (1992).(1992).

F vs. dmin/Rp
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Planar Solidification front + particlePlanar Solidification front + particle

Solidification velocity = 500 microns/sec, Solidification velocity = 500 microns/sec, RRpp = 1 micron, = 1 micron, HamakerHamaker = = --8E8E--19 J,19 J,
kkpp/k/kll = 1.0 (planar), no = 1.0 (planar), no premeltingpremelting

Vs

Vt

Vp



Velocity vs. t and d vs. t plots Velocity vs. t and d vs. t plots –– premeltingpremelting

Solidification velocity = 500 microns/sec, Rp = 1 micron, Hamaker = -8E-19 J,
kp/kl = 1.0 (planar), premelting

kp/kl ≥ 1.0 ALWAYS ENGULFS!
time (s) time (s)

V
p

, V
t
, V

s
(m

/s
)

d 
(m

)



What about What about kkpp/k/kll < 1.0< 1.0

Solidification velocity = 245 microns/sec, Rp = 1 micron, Hamaker = -8E-19 J,
kp /kl = 0.01 , premelting

This one is engulfed!

time (s) time (s)

V
p

, V
t
, V

s
(m

/s
)

d 
(m

)



What about What about kkpp/k/kll < 1.0< 1.0

Solidification velocity = 230 microns/sec, Rp = 1 micron, Hamaker = -8E-19 J,
kp /kl = 0.01 , premelting

This one is Pushed!

time (s) time (s)

V
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, V
t
, V

s
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)

d 
(m
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PhasePhase--Space Plots Space Plots ---- engulfmentengulfment
V

p
(m

/s
)

V
p

(m
/s

)
dmin dmin

NOTE:  
• Similarity to Rempel and Worster – steady-state
• kp/kl = 1.0 Rempel and Woster claim pushing at certain        

values, current claim is always engulfment

kp/kl = 1.0 kp/kl < 1.0

time
time



PhasePhase--Space Plots Space Plots –– engulfment/pushingengulfment/pushing

V
p

(m
/s

)
dmin dmin

• 2 “attractors” in phase-space – engulfment/pushing
• Slightest change causes drastically different path to different region
• Reason:  Interface never gets a chance to “bend”

kp/kl < 1.0 kp/kl < 1.0

V
p

(m
/s

)

time time



Conclusions of results section:

1) For kp/kl ≥ 1, engulfment always occurs

2)    For kp/kl < 1, the critical velocity can be found from dynamical 
considerations and occurs the moment the solidification front 
velocity is such that the particle “outruns” the tip velocity 

Main Contributions:
1. Developed a multiscale numerical approach to solve particle-

solidification front problems in a general manner

4.  Model can be generalized to solve a variety of problems involving
interacting interfaces

3.  First to look at the physics from a nonlinear dynamics point-of-
view (i.e. phase-space point of view)

2.  Model captures essential physics that past research has neglected



A. Multiscale method was developed
1.  Capturing the interaction dynamics between two arbitrary 
solid objects
2.  Coupled two distinct regions (“inner” and “outer”) using a       

‘matched numerics approach’

B. Application of interest
1. Particle-solidification front interactions

a. Engulfment occurs for kp/kl ≥ 1.
b. For kp/kl < 1, the critical velocity is found using 

dynamical considerations
c. No assumptions are made as to the force equations or 

the way in which the critical velocity is obtained (i.e. no 
cut-off gap thickness value), etc…

Overall ConclusionsOverall Conclusions
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