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Abstract

In this paper we develop a high order explicit finite difference weighted essentially non-
oscillatory (WENO) scheme for solving a hierarchical size-structured population model with
nonlinear growth, mortality and reproduction rates. The main technical complication is
the existence of global terms in the coefficient and boundary condition for this model. We
carefully design approximations to these global terms and boundary conditions to ensure high
order accuracy. Comparing with the first order monotone and second order total variation
bounded schemes for the same model, the high order WENO scheme is more efficient and
can produce accurate results with far fewer grid points. Numerical examples including one in
computational biology for the evolution of the population of Gambussia affinis, are presented

to illustrate the good performance of the high order WENO scheme.
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1 Introduction

In this paper we develop a high order finite difference weighted essentially non-oscillatory
(WENO) scheme for a hierarchical size-structured population model given by the following

equations

u + (9(z, Q(z,t)) u), + m(z, Q(z,t)) u =0, (x,t) € (0,L] x (0,T]
g(0,Q(0,t)u(0,t) = C(t) +/0 Bz, Q(x,t)) u(z, t)dz, te (0,7 (1.1)

u(z,0) = u’(z), z €0, L]

where u(z,t) is the density of individuals having size x at time ¢, and the non-local term

Q(z,1) is defined by

Q(z,t) = &/Oxw(ﬁ)u(ﬁ,t)dﬁjL/ w(&u(&, t)dg, 0<a<l (1.2)

for some given function w. Q(x,t) depends on the density u in a global way and is usually
referred to as the enwvironment. This global dependence makes the design of a high order
WENO scheme complicated. Another complication is the boundary condition at size x = 0,
which involves the function g representing the growth rate of an individual, and a global
dependency on the density u(z,t) for all x € (0, L]. The function m in (1.1) represents the
mortality rate of an individual. The function (3 in the boundary condition of (1.1) represents
the reproduction rate of an individual, and the function C' represents the inflow rate of
zero-size individual from an external source. We assume that the functions g, m and (3 are
functions of both the size x and the environment (), which in turn depends globally on the
density u, hence the problem is highly nonlinear.

The hierarchical structured population model (1.1) describes population dynamics in
which the size of an individual determines its access to resources and hence to its growth
or decay. This dependency is based on the environment which is a global function of the
density for all sizes. We refer to, e.g. [5] for a more detailed discussion of the background

and application of the hierarchical size-structured population models. These models are used
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extensively in biological applications. For example, in [2], the model is applied to study the
evolution of a population of Gambussia affinis.

Hierarchical structured population models have been studied in the literature in, e.g.
[4, 5,6, 7,10, 12, 19], usually with more restrictive assumptions on the functions g, 5 and
m. For example, in [5] the model (1.1) was considered for the special situation g = ¢(Q),
B =0(Q), m=m(Q) and C = 0. In [4], the model (1.1) was studied with the functions g
and ( depending linearly on the size x, m independent of x, and C' = 0. In [12], (1.1) was
investigated with o = 0. The model (1.1) with the complete generality as stated above was
studied in [1] and [14]. In [1] an implicit first order finite difference scheme was analyzed and
its stability and convergence, as well as the existence, uniqueness and well-posedness (in L'
norm) of bounded variation weak solutions for (1.1) were proved. In [14] we developed and
analyzed two explicit finite difference schemes, namely a first order upwind scheme and a
second order high resolution scheme, for solving (1.1). Stability and convergence were proved
for both schemes in [14].

Even though the second order high resolution scheme developed in [14] is significantly
more accurate than first order schemes, the performance can be further improved by an
even higher order scheme. Of course, since the solution of this model can be discontinuous,
a nonlinearly stable high order scheme which can maintain high order accuracy in smooth
regions and have sharp, monotone discontinuity transitions would be desirable. In this
paper we develop an explicit finite difference WENO scheme for solving (1.1), following
the successful class of WENO schemes for computational fluid dynamics and for general
conservation laws [11, 15, 16, 17]. The main technical complication for this development is
the existence of global terms in the coefficient and boundary condition of this model. We
carefully design approximations to these global terms and boundary conditions to ensure
high order accuracy. We then provide numerical examples to demonstrate the capability
of the scheme in solving smooth and discontinuous solutions. For a smooth solution, we

verify that the complicated global boundary condition and coefficients are all implemented



accurately and the designed high order accuracy can be achieved. The numerical examples
also include one in computational biology for the evolution of the population of Gambussia
affinis, for which our results with the fifth order accurate WENO scheme have a comparable
resolution as the second order accurate scheme used in [2] with far fewer grid points.

We recall ([1] and [14]) that the following assumptions are made on the model functions:

(H1) g(z, Q) is twice continuously differentiable with respect to x and @, g(z,Q) > 0
for x € [0,L), g(L,Q) =0, and gg(z,Q) < 0.

(H2) m(z, Q) is nonnegative continuously differentiable with respect to = and Q.

(H3) B(x, Q) is nonnegative continuously differentiable with respect to = and Q. Fur-

thermore, there is a constant w; > 0 such that sup(, g)ep0,1)x[0,00) B(7, @) < wi.

(H4) w(x) is nonnegative continuously differentiable.

(H5) C(t) is nonnegative continuously differentiable.

(H6) u° € BV]0, L] and u°(z) > 0.

In section 2, we present the detailed construction of an explicit, fifth order accurate
finite difference WENO scheme for solving (1.1). Section 3 contains numerical examples

demonstrating the capability of this WENO scheme. Concluding remarks are given in section

4.

2 A fifth order accurate finite difference WENO scheme

First we briefly describe the notations that we will use. We assume the spatial domain [0, L]
is divided into N cells with cell boundary points denoted by x;, for 0 < j < N, 29 = 0 and
xy = L. For simplicity of presentation we will assume that the mesh is uniform of size Az,
namely x; = jAxz. Our scheme can also be designed on a smoothly varying non-uniform

mesh. We denote the time step by At. In fact, this time step At = At" = "1 — " could



change from one step to the next, based on stability conditions, but we use the same notation
At without the superscript n since we will only consider one-step time discretization (Runge-
Kutta). We shall denote by u? and Q7 the finite difference approximations of u(x;,t") and

Q(z;,t"), respectively. We also denote

97 = 9(a;, QF), B} = B(x;,QF), mj =m(z;,QF), w;=w(z;), C"=C({")
and we define the standard discrete L' and L* norms of the grid function u" by

N
I = D280, e = g o
Z

For semi-discrete approximations the superscript n referring to the time level is absent.

We now describe our development of a fifth order finite difference WENO scheme for
solving (1.1), following the construction of finite difference WENO schemes in [11, 15, 16].
Notice that we choose fifth order accuracy since it is the most often used WENO scheme,
however our scheme can also be designed for other orders of accuracy along the same lines,
see, e.g. [3]. The semi-discrete fifth order high finite difference WENO scheme is defined by

the following conservative approximation
d 1 /. . '
%uj—f-E(fjerg—fj,l/Q) + mju; =0, 1<75 <N, (2.1)

where the fifth order accurate numerical flux fj+1 /2 is defined by a weighted average of three

third order accurate fluxes

fiv12 = wlfj1+1/2 + w2f32+1/2 + wgff+1/2, j=0,1,---,N.

The coefficients wy, ws and ws are called the nonlinear weights.

A

1 f}i1)o and f 711/2 are obtained following the

The three third order accurate fluxes fj 12

procedure in [11, 16] and are given explicitly by

¢ 1 7 11

e =3fie—glin T 50

Aj2+1/2: _éfj—l""%fj"‘%fjﬂ j=2,---,N-2
f33+1/2 = éfj + %fﬁrl - %fj+2

>



in the middle of the computational domain. For the two points from the left boundary, these

fluxes are given by

Jill/Q =sfo+8h—5f Ji?}/2 =—sfotofi+3f
Ji12/2=%f1_%f2+%f3 Jig/?:%fl_}_%h_%f?)
f13/2 = %fQ - %fg-l- %f4, fg/Q = %fg _ %f3+%f4-

Similarly, for the two points from the right boundary, they are given by

f]{/'_l/Q = %fo4 - %fog + 13—3fo2 f]{[+1/2 = %fozl - %7fo3 + %fNﬁ
Ji]%/'_l/Q = %fozs - %foz + %fol ]i]%prl/g = %fo:s - 3?61fo2 + %fol
f]%/'fl/Q = _%fN72 + %fol + %fNa f]%prl/z = %fN72 - %fol + 1TclfN

In all the formulas above, f; = gju; are the point values of the flux function g(z, Q(z,t)) u.

The nonlinear weights are defined by

o Gr 1,2,3 (2.2)
Wr = 3 Qp = 7775 r=1,49. .
Zi:l Qs (e +5,)?

Here d, are the linear weights which can guarantee fifth order accuracy, and ¢ is a small
positive number introduced to avoid the denominator to become 0 and is usually taken as
e = 107% in numerical tests. 3, are the so-called “smoothness indicators”, which measure
the smoothness of the function in the relevant stencils. We adopt the smoothness indicators

introduced in [11]

- pemy [TV [ df ’
@:ZA$ _/ (Wpr@)) dz

(=1 Tj-1/2

where p,.(z) is the relevant quadratic reconstruction polynomial to yield the flux fjr+1 /2
Notice that, since the coefficient g(z, Q(z,t)) is positive, upwinding is biasing the stencil to
the left, and the measurement of smoothness is for the interval [z;_4 /25 Tjt1 /2] which is to the
left of the flux location x;1/2. We can work out the explicit formulas for these smoothness
indicators. These explicit formulas, together with the linear weights d,., are listed below. For

the points inside the computational domain, with 1 < 7 < N — 2, we have

s = 15 (fi = 2fim + fi2)® + 13 — 4fi1 + fiz2)?

A= 15(fire— fim+ fi)? + 3(fi—2 — 4fj-1 +3f;)?
P = ﬁ(fj,l =2fj + fin1)* + 3 (fim1 = fin)?



and
d, = 1/10, dy = 3/5, ds = 3/10.

For j = N — 1, we have

o=+ SR s+ 2R — P n-afns + B fn-afn—2 — B fnv_sfno
Bo=35fh s+ %f]%f72 + %f]%/'fl - %fo:stfz + %fozstf - %foQfol
3 = §f12v72 + ?fz%ul + gfz%r - ?foQfol + %fN72fN - %folfN

and
d, = —3/110, dy = 47/110, ds = 3/5.

For 7 = N, we have

pr = %zfj%[—zl + %fJQV—B +2;l§0f12v_2 _4;%fN—4fN—3 ‘Zg%fN—4fN—2 _73%fN—3fN—2
B = Efz%_g, +25§f1%;_2 +10§f1%;_11; ?fN—3UN—21T ?fN—?)ngll — ZIn—2fna
[ = gfz%ug + §f12v4 + ?f]QV — S finounaa + S fy — S v

and

dy =3/65,  dy=—417/1430  dy = 137/110.

Notice that some of the linear weights for j = N — 1 and ;7 = N are negative. We have
used the technique introduced in [15] to treat these negative weights. We refer to [15] for
the details and will not describe them here.

For the two points from the left boundary, we could also use the smoothness indicators
and nonlinear weights as those for the right boundary, in a mirror symmetric fashion. Our
computational experience however indicates that it is better to use simply the linear weights
for these two points, which is the practice that we have adopted in the numerical experiments
in next section.

The global boundary condition at the left is implemented by a fifth order composite rule
N

JoUg = C + Z ! ﬂjUjAJZ', (23)
§=0

where the special summation notation is defined by

Z., 251 299 211 739
jzj A = oon@ T gt T o %t T oan Gk T
=J1
739 211 299 251 =
750 %23 T 5p0%22 T %1 T mog s T Z a;
Jj=ji+4



if jo — 71 > 7. The environment is computed also by the same fifth order composite rule,
except for the integrals with j, — 7; < 6 and the integral over the first interval which is
computed avoiding the usage of ugy. Letting A = ( Twit — giwqu + 24w3u9, 2 w4u4)Ax be

the fifth accurate approximation to fxol w(z)u(x,t) dx, we have
J N
Q; = A—l—ozZ’wiuiAx—l—Z'wiuiAx, 8<j<N-T,
i=1 i=j

N N
Qo = A—i-zlwiuiAl“, 1 :@A+Z/wiuiA33, Qn = aQy,

=1 i=1

8 5 4
Q, = alzx (gwlul —Wally + wgug——w4u4) Z wu; A,

3 3
N
21 15 3
Q3 = alAzx (g Wiy, — —CUQUQ + §W3U3 - §W4U4) + Z ! wiuiAx,
=3
N
21 29 1 1
Q, = alzx (—w1u1 —Wally + —wWsly + —wWyltly — w5u5) + Z "wul A,
g 12 6 24 -
N
21 7 19 17 1 1
Qs = alx (gwlul G2 + g s + Spt + Wslis — ﬂwf;u(;) + Z "wiu A,
i=5
0 A 21 7 n 19 4 2 4 25 n 1 1
= oAz | —wiU] — —Wally + —w3lg + —Wally + —Wsls + —Wellg — — Wyl
6 g Wit — pWally + WUy F Wity + o7 Wstls + SWells — o Wrlis

+E ’wiuiA:I:,
=6

0 A 21 7 +19 +2 + +25 +1 1
= alAz | —wiug — —waolly + —wsls + —wally + WsL Well Wrlly — —Wsl
7 g Wil — gty F sy + SWitly + Wslls + oo Wetls + Wity — oo Wl
N
—l—Z'wiuiAx,
=7
19 5 1

9
Qn-1 = Az (24WNUN + 24001\/ 1UN—1 — ﬂWN 2UN_2 + 24WN3UN3)

N-1
+« <A + Z 'wiuiA:z:> s

=1

N-2
1 4 1
QN72 = Ax (ngUN + ng,luN,l + ngguNg) + « <A+ ;:1 /wiuiAJ/‘) s
0 A 1 + 31 n + 13 1
_ = | zwWNU —WN_1UN— —WN_2UN_ —WN_3UN_3 — —WN_4qUN_—
N-3 3N]\f 24N1N18N2N2 24N3N3 24N4N4



N-3
+a <A + Z ’wiuZAx) ,

i=1

Qn-y = Az (—WNUN + EwaluNfl + §C«JJ\LQUNJ + EwN,guN,g + EWN74UN74
3 24 6 12 2
1 N—4
—ﬂng)uNg)) + (A + Z ’wiuiAzz:> ,
i=1
On—s = Ax (EWNUN + EuJN—1UN—1 + §uJN—2UN—2 + §uJN—?,UN—3 + §uJN—4UN—4
3 24 6 24 24

N-5
1 1
+§wN,5uN,5 - ﬂwNﬁuN(g) + « (A + ZZI ’wiuiA:z:> s

Q A ! +31 + +25 +
— = | —WNU —WN_1UN— —WN_2UN_— —WN_3UN— WN_qUN—
N—-6 3 NWN 24 N—-1UN-1 6 N—-2UN-2 24 N-3WN-3 N—-4UN—-4

12 . ! + A+J§’ A
24WN—5UN—5 QWN—GUN—fs 24WN—7UN—7 « 2 Willi AL | .

Notice that these approximations to ); are all fifth order accurate. The initial condition is

taken as

u?:uo(xj), j=1,2,---,N.

Using the notation \ = ﬁ—;, we can write the Euler forward time discretization of the semi-

discrete scheme (2.1) as

A~ ~

wi T =l = N(fe — fiage) — Atmiuf, J=12- N (24)

This, together with the boundary condition (2.3) for uy, provides a complete description of
the explicit time marching fifth order finite difference WENO scheme. In order to obtain
higher order accuracy in time without compromising the nonlinear stability of the WENO
scheme, we use the total variation diminishing (TVD) high order Runge-Kutta time dis-
cretization in [18], see also [8, 9]. If we denote the ordinary differential equation system (2.1)
by

d

auj' — L(U,t)] = 0,

then the third order TVD Runge-Kutta method in [18] that we use in next section is given



u = ut + AtL(u", ")

3 1
W =t () AL, 1+ A)) (2.5)
n+1 Ln, 2( @ @ g L
u = gu —|—§ u'” + AtL | u't +§At .

Clearly, this is just three Euler forward time discretizations with suitable coefficients, hence

its implementation does not introduce any difficulty.

3 Numerical examples

In this section we perform numerical experiments to demonstrate the performance of the
fifth order WENO scheme developed in the previous section. We use the third order TVD

Runge-Kutta time discretization (2.5) with a CFL condition
At = 0.6Az/||g(x, Q") + m(z, Q") Az||s

unless otherwise stated.

In our first example, we use the initial condition v’(x) = —2* + x + 1, and take the
parameters and functions in (1.1) and (1.2) as L = 1, a = 0.5, w(z) = 1, ¢g(z,Q) =
1-—2)6—x+2*/2-Q), m(z,Q) =4+2Q + (1 —x)*/2, and B(z,Q) = (1 +2)(2 — Q).
The purpose of this example is to show that the WENO scheme is non-oscillatory in the
presence of solution discontinuities. For this purpose we take C(t) = 3, which causes an
incompatibility of the boundary data and the initial condition at the origin and generates
a discontinuity in the solution which moves from the left boundary into the computational
domain. The numerical solutions using N = 100 uniformly spaced grid points for the first
order monotone scheme [14], the second order high resolution scheme [14], and the fifth order
WENO scheme are plotted in Fig. 3.1. We can see clearly that our fifth order WENO scheme
can resolve the discontinuity sharper than the first order monotone scheme and the second

order high resolution scheme, without introducing spurious numerical oscillations.
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1st order solution
o 2nd order solution
5th order WENO solution

0.75

0.7

0.65

o
of
o
a
o
)
of
-
o
-

Figure 3.1: Numerical solutions with N = 100 uniform grid points, using the first order
monotone scheme in [14] (triangles), the second order high resolution scheme in [14] (circles),
and the fifth order WENO scheme (solid line).

The second example is chosen to demonstrate that our fifth order WENO scheme can
achieve its designed accuracy for smooth solutions. For this purpose we take g(x,Q) =
—2¢1 42, B(x,Q) = 2, m(z,Q) =1, L = 1, w(x) = 1, a = 0.5, the initial condition
u(x) = e *, and C(t) = 0. For these choices the equation (1.1) has a smooth exact solution
u(x,t) = 7. The L* and L' errors and orders of accuracy of our fifth order WENO
scheme are listed in Table 3.1. We can see that the designed order of accuracy is obtained
for this smooth solution in the L! norm. The order in the L® norm is reduced by one order
because near the boundary, the cancellation of the neighboring numerical fluxes to generate
an extra order of accuracy is no longer valid. For this test case we further reduce the time
step to ensure that the spatial error dominates in the solution.

Our third example is from computational biology [2], for the simulation of the population

11



Table 3.1: L* and L! errors and numerical orders of accuracy of the fifth order WENO
scheme using N uniformly spaced mesh points.

N | L™ error order L' error order
10 | 0.21E-03 0.25E-04

20 | 0.95E-05 4.46 0.64E-06 5.28
40 | 0.52E-06 4.20 0.19E-07 5.07
80 | 0.30E-07 4.10 0.59E-09 5.03
160 | 0.18E-08 4.08 0.18E-10 5.02
320 | 0.10E-09 4.12 0.49E-12 5.20

evolution of Gambussia affinis. This model is given by the equation (1.1), written in a slightly

different form as

w + (g(z, t)u), + m(z, Q(t),t)u =0, (x,t) €19,63] x (0,T]
g(9,t)u(9,t) = Bz, t) u(z, t)dz, t € (0,7T] (3.1)

u(z,0) = u’(), z € [9,63]

The non-local term Q(t) is defined by
63
Qt) = / w(z)u(x,t)dx (3.2)
9
The initial condition and the functions in (3.1) and (3.2) are defined as in [2]. In particular,
Bla,t) = Bx)Ts(t), g(x,t) = g(x)T(t), m(z, Qt),t) = m(x, Q())Tn(t),

where () is a smooth spline function to fit the data in Krumholtz [13] by using a MATLAB

function called csaps (see Fig. 1 in [2]), T(t) is defined by

(5)P(1— 520+ (50 0<t<30
1 30 < ¢t < 90
Ts(t) =4 <t<
0 —(I120y3(1 4 90 U290 1 g0 < ¢ < 120
0, 120 < t < 365

and it is periodically extended thereafter

Tﬁ(t+365n) :Tg(t), n = 1,2,"'

12



The function g(x) is defined as

63
= — 1——) <r<
9(x) 80.2( 63) 9ST=03

and the function T,(t) is defined as

T,(t) = 0.2 + 0.8T(t).

The function m(z, Q) is given by

0.1exp(=C/Q),
m(z, Q) = 0.1exp(—C/Q) — (0.023 — 0.1 exp(—C/Q))
! x(x — 31)3(1 — 3(z — 32)(65 — 22)),
0.023,

31 <x <32
32 <z <63

where the constant C' will be prescribed later. The function 7;,(t) is given by

T,a(t) = 2 — Ty(),

and finally the function w(z) is given by

2,
w(r) =< —2(x —31)3(1+ 3(z — 30)(2x — 59)),
0.

The initial condition is given as

07
5(1 + ac—438)3’
up(w) = {5+ 15(%) + 15(25%)? + 30(45)°(451),
5(2 o 17438)3’
0.

9<z<30
30 < x <31
31 <z <63

9<xr <34
34 <z <38
38 <z <42
42 < x <46
46 <z <63

We note that not all the assumptions (H1)-(H6) outlined in the introduction are satisfied in

this example. However, our fifth order WENO scheme performs nicely and gives accurate

results with far fewer grid points than the second order schemes in [2] and [14]. In Fig. 3.2,

we plot the population density v at ¢ = 365 using the fifth order WENO scheme with

N = 135 uniformly spaced grid points. In this simulation the constant C' in (3.3) is taken as

2000 as in [2]. For the purpose of comparison, the simulation result using the second order

high resolution scheme in [14] with N = 540 uniformly spaced grid points is also plotted in

13



Fig. 3.2. We can observe that the WENO scheme gives better resolution than the second
order scheme even though the latter uses fourfold as many grid points. Comparing with the
second order box method using N = 730 grid points in [2], Fig. 4, we can see that the second
order box method in [2] performs similarly as the second order high resolution scheme in

[14], and the fifth order WENO scheme clearly outperforms both of them.

—_ =
o o N

t=365

[ N U O —
[« SRS I

I_H\I\\\\I\\\\I\\\\I\\\\I\\\\I\\\\I\\\\I\\\\I\\\\I\\\\I\\\\I\\HIHHIHHIHHIHHI

©
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u(x,t)

0 0O 0 0 <

00 O
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O = N W H» OO N ©

20 30

—_
o

Figure 3.2: Population density u as a function of the length at ¢ = 365. Solid line: solution
of the fifth order WENO scheme with N = 135 uniformly spaced grid points; Circle symbols:
solution of the second order high resolution scheme [14] with N = 540 uniformly spaced grid
points.

In order to fully assess the resolution power of the high order WENO scheme for long
time simulation with coarse meshes, we simulate this model for 10 years and plot the total
population (the integral of the density u over the length) in Fig. 3.3, for two different values
of C'in (3.3), namely C' = 2000 for the left picture and C' = 200000 for the right picture,

as in [2], Figures 7 and 12. For this test problem, we perform numerical tests with different

number of mesh points and report the results using the coarsest meshes of different numerical
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methods to obtain the visually satisfactory resolution. We are pleasantly surprised to observe
that the WENO scheme with only N = 20 uniformly spaced grid points is enough to yield
the satisfactory resolution as shown in Fig. 3.3, while the second order high resolution scheme

in [14] needs N = 108 points to achieve comparable resolution.
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Figure 3.3: Evolution of the total population for ten years. Left: C' = 2000; Right: C' =
200000. Solid line: solution of the fifth order WENO scheme with N = 20 uniformly spaced
grid points; Circle symbols: solution of the second order high resolution scheme [14] with
N = 108 uniformly spaced grid points.

4 Concluding remarks

We have developed a fifth order explicit finite difference WENO scheme for solving a hierar-
chical size-structured population model with nonlinear growth, mortality and reproduction
rates, which contains global terms both for the boundary condition and for the coefficients in
the equations. Numerical results are provided to demonstrate the capability of this WENO
scheme in resolving smooth as well as discontinuous solutions. For smooth solutions the fifth
order WENO scheme achieves its designed order of accuracy. For discontinuous solutions,
the WENO scheme gives sharp and non-oscillatory discontinuity transitions. An application
of the scheme to a problem in computational biology for the evolution of the population of

Gambussia affinis indicates that the WENO scheme can achieve good resolution for long
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time simulation with very coarse meshes, hence it is much more efficient than lower order

schemes for such simulations.
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