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Abstract 

 

A comprehensive mechanism-based crystallographic constitutive model has been developed for 

L12-structured Ni3Al-based intermetallic single crystals.  This model represents the unusual 

thermo-mechanical behaviours of Ni3Al, such as the anomalous temperature dependence of both 

the flow stress and strain-hardening rate (SHR), the strain dependence of these anomalous 

behaviours, and an orientation-dependent tension-compression asymmetry.  The model 

framework was based on two major contributions to plastic flow, namely the repeated cross-slip 

exhaustion and athermal defeat of screw-character dislocations, and the motion of macro-kinks 

(MKs).  The contribution of irreversible obstacle storage was incorporated into the constitutive 

formulations as a resistance against the glide of MKs.  The model was implemented in a finite 

element method numerical framework, and the simulation results showed qualitative agreement 

with experimental observations. 

 

Keywords: Ni3Al; L12 intermetallics; Constitutive model; Yield anomaly; Kear-Wilsdorf lock; 

Macro-kink 
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1. Introduction 

 

The most striking feature of Ni3Al-based (L12) intermetallic single crystals is their positive 

temperature dependence of the flow stress over a range of temperature, typically from 200 K ∼ 

300 K to 600 K ∼ 1000 K, which is dependent on a number of factors including alloy chemistry 

and the crystallographic loading direction.  In particular, it is remarkable that this and other 

anomalous mechanical properties are merely the byproducts of the unique behaviour of the 

superlattice dislocations.  Experimental studies have determined that the screw-character 

superdislocations readily cross-slip from the {111} octahedral plane to the {010} cubic plane, 

where their complete core never rests on the cubic plane [1,2].  This results in the immobilization 

of screw-character dislocations by forming so-called Kear Wilsdorf locks (KWLs) [3,4].  Such 

unusual dislocation behaviours are responsible for a host of anomalous thermo-mechanical 

properties, including the positive temperature dependence of the flow stress and the strain-

hardening rate (SHR), the offset-strain dependence of these quantities, an orientation-dependent 

tension-compression (T-C) asymmetry, unusually high SHRs in the micro-strain regime, a 

partially-to-fully reversible flow behaviour during successive two-step (T1 and T2) deformation 

sequences, and a relatively low strain-rate sensitivity and its temperature dependence. 

 

There have been significant efforts over the past few decades to clarify the micro-mechanisms 

responsible for these anomalous thermo-mechanical features, and various mechanistic models 

have been proposed based upon this body of research.  Throughout the 70’s and mid 80’s, much 

effort was focused on predicting the flow-stress anomaly using models that examined the 

processes of KWL formation.  Takeuchi and Kuramoto (TK) initially proposed a cross-slip-

pinning point-obstacle model in order to explain the temperature and orientation dependence of 
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the yield stress for Ni3Ga, which is also an L12 intermetallic [5].  Lall, Chin and Pope modified 

the TK model to incorporate the influence of the non-Schmid behaviour to the yield stress [6].  

Paidar, Pope and Vitek (PPV) derived the activation enthalpy for octahedral-to-cubic cross-slip, 

which incorporates the anti-phase boundary (APB) energy and resolved shear stresses (RSSs) on 

octahedral- and cubic-slip systems.  This model demonstrated that a T-C asymmetry and its 

orientation dependence arise from differences in the sign and magnitude of RSS for the 

constriction of the leading Shockley superpartial before and after the cross-slip event [7].  Yoo 

extended the models for the driving force for cross-slip pinning by incorporating the elastic 

interaction torque between superpartial dislocations [8].  Thus, by 1986 all of the essential 

elements of cross-slip locking (KWL formation) were understood, but these findings were not  

yet reconciled with TEM observations of dislocation structures, and a reasonable model of slip 

propagation in the presence of such a potent dislocation locking mechanism did not yet exist. 

 

From the late 80’s to mid-90’s, considerable advancements were made through developing 

analytical models that linked the anomalous flow behaviour to more-realistic dislocation glide 

processes.  One model for slip propagation was based on the microscopy studies of Mills et al. [9] 

and Sun et al. [10], which is called the macro- or super-kink model (MK).  In this model, a 

distribution of edge-character kinks is primarily responsible for dislocation motion through the 

lateral sweeping of these segments along the mostly-KWL screw-character dislocation lines. 

Couret et al. [43] measured that MK distribution has an exponential form, and that was later 

verified by Shi [52].  Hirsch proposed a MK bypass model and derived a corresponding strain-

rate formulation that involves activation enthalpies for locking and unlocking KWL 

configurations [11,12].  Ezz and Hirsch extensively investigated the strain-rate dependence of the 

flow stress, the strain-hardening behaviour and the two-step (two temperatures T1 and T2) 
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deformation behaviour of Ni3(Al,Hf)B, proposing a flow-stress expression that consists of two (or 

three) contributions [13-15].  A different model for slip propagation was proposed by Caillard, 

who interpreted the yield-stress and SHR anomalies as resulting from the temperature-dependent 

‘exhaustion’ of mobile dislocations through the formation and defeat of KWLs [16].  Based on 

this interpretation, he proposed an exhaustion-hardening model for plastic flow at small strains 

[16].  Louchet proposed a different model, called the ‘extended locking-unzipping’ (ELU) model 

[17], where the strain-rate sensitivity and the flow stress anomaly were expressed as a function of 

the dislocation exhaustion and multiplication rates, which in turn were dependent on the 

temperature-dependent distribution of mobile MKs. 

 

In addition to analytical modeling, discrete dislocation-dynamics (DD) simulations have also 

helped to identify the source of plastic flow at either the single dislocation or dislocation-

ensemble scale.  Mills and Chrzan first performed 2-D DD simulations of individual dislocation 

motion using a point-pinning criterion for an expanding dislocation loop, where the probability of 

pinning was dependent upon the local orientation of the dislocation line [18].  The dislocation 

configurations resulting from their DD simulations were somewhat consistent with experimental 

observations and, suggested that the primary consequence of local cross-slip pinning is the self-

exhaustion of mobile dislocations.  More advanced DD simulations (2-D) were performed by 

Devincre and Veyssière et al. for two different simulation configurations [19,20].  The first was 

an ‘in-plane’ configuration similar to the Mills-Chrzan simulations.  This simulation showed that 

MK motion is the dominant source of plastic flow at low temperatures in the anomalous flow 

regime, which is strongly influenced by the mobility of cross-slip jogs (CJs) on the cubic planes.  

The second type of simulation examined small ensembles of screw-character dislocations using 

an ‘end-on’ configuration, which allowed cross-slip (KWL formation) of screw-character 
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dislocations between octahedral and cubic planes, but did not account for the glide (or 

multiplication) of MKs [20].  Based on examination of the SHRs and the evolution of the KWL-

height distribution from these ‘end-on’ simulations, they concluded that large SHRs in the 

anomalous temperature regime stem from “the preferential exhaustion of the weakest locks and to 

some extent the shape of their distribution” [20].  However, the positive temperature dependence 

of SHR was not observed in their ‘end-on’ DD simulations. 

 

In contrast to the extensive dislocation-level modeling of these materials, only a few attempts 

have been made to develop a crystallographic constitutive model for L12 alloys.  Unfortunately, 

nearly all of these are rooted in the early concepts of point pinning.  Qin and Bassani developed a 

yield function that incorporated the non-Schmid yield behaviour of L12 alloys [21].  The basic 

structure of their yield function originated from the mechanistic model for cross-slip activation 

enthalpy proposed by PPV [7].  They placed this yield function within the framework of a ‘rate-

independent’ constitutive law, and successfully simulated the T-C asymmetry behaviour of L12 

alloys [22].  Cuitino and Ortiz developed a more elaborate constitutive model [23], where strain 

hardening for octahedral slip consisted of a contribution from both random forest obstacles and 

cross-slip pinning.  The obstacle-generation rate was proportional to the rate of cross-slip pinning, 

and the rate of cross-slip pinning was expressed using the PPV model [7].  Bassani [24] pointed 

out a physical inconsistency of their model in that they used a point-pinning-obstacle-based 

hardening model incorporating non-Schmid effects, while the driving force for slip followed the 

Schmid stress.  Allan utilized an expression similar to that of Cuitino and Ortiz in order to 

determine the obstacle density due to cross-slip pinning [25].  Kameda and Zikry proposed a 

constitutive model that involves separate evolution equations for mobile and immobile 

dislocation densities [26]. Both evolution equations also incorporated the rate of cross-slip 
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pinning using the PPV activation enthalpy [7].  Most of these constitutive models incorporated 

strain-hardening descriptions via point-obstacle pinning, which is inconsistent with the current 

models of slip processes and the physical evidence that supports them.  Recently, new efforts 

were made for constitutive modeling such that the whole mechanistic event was accounted for as 

delocalized locking under a dislocation loop-expansion configuration.  This approach was 

motivated by modern understanding of dislocation mechanisms for Ni3Al-based intermetallics.  

Yuan and Parks [27] developed a constitutive model based upon Hirsch’s MK-bypassing model 

[11] and Caillard’s self-unlocking model [36].  Finally, the present authors also proposed a 

constitutive model that utilized the concepts of exhaustion hardening suggested by Caillard [16] 

and flow-stress partitioning proposed by Ezz and Hirsch [13-15], which qualitatively represented 

both the anomalous yield stress and SHR behaviours [28]. 

 

The present study is aimed at developing a comprehensive constitutive model that encompasses 

all of the major thermo-mechanical features of Ni3Al-based single crystals; but, one that is also 

based on experimentally-observed dislocation behaviours and the corresponding insights into 

mechanisms that they provide.  The model presented here differs from the previous study [28], 

which was not able to accurately represent thermally-reversible flow as observed in Cottrell-

Stokes (C-S) two-step deformation experiments.  In the present study, the constitutive model has 

been completely restructured by incorporating two major contributions to plastic flow—MK glide 

and the athermal defeat of incomplete KWL—that occur during dislocation-loop expansion.  The 

new model was used to simulate the thermally reversible flow behaviour for C-S type two-step 

deformation, and the results are presented in a subsequent paper [59].  Since the ‘microscopic’ 

dislocation behaviours for this class of alloys are at least as complicated as many of their 

‘macroscopic’ thermo-mechanical features, this paper starts with identification and discussion of 
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the fundamental issues affecting L12 alloy flow behaviour.  Additionally, our interpretation of 

these issues is presented within the context of developing the new constitutive descriptions.  

Finally, simulation results from the new constitutive model are presented and the physical 

implications of these findings are discussed. 

 

2. The dislocation behaviour in L12 alloys 

 

Identifying the dislocation mechanisms responsible for plastic flow is probably the most debated 

issue in understanding the deformation behaviour of Ni3Al-based single crystals.  There is general 

agreement that the mobile dislocation density is repeatedly and progressively exhausted due to 

the formation of KWLs in the small strain regime (typically less than 1% strain).  An increase in 

the applied stress is required to re-mobilize these locked dislocation configurations, which 

eventually gives rise to a high SHR [16,20,29].  Due to the dominance of the KWL formation, the 

dislocation configurations consist of long, straight screw-character dislocations that are three-

dimensionally connected by CJs on the cubic planes and MKs in a series of parallel octahedral 

planes (see [30] for a comprehensive review).  Here, one needs to understand how plastic strain 

can proceed from this common dislocation origin. 

 

Hirsh’s work emphasized the contribution from bypassing (hence unlocking) of KWLs by 

wrapping-around MKs through a thermally activated process [11,12].  Ezz and Hirsch corrected 

Hirsch’s original model by incorporating an ‘athermal’ MK process [13,14].  Their model 

suggested that the major source of mobile dislocations for plastic flow is from the operation of 

MK-based Frank-Read (FR) sources.  These sources were described as having an initial critical 

configuration which derived from the combination of repeated cross-slip locking of screw-
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character dislocations as well as the interactions of moving edge- (or near-edge) character 

dislocations with obstacles, both as integral parts of dislocation loop expansion (see Fig. 11 in 

[14] for details).  However, their model did not explain the source for plastic flow in the 

microstrain regime (typically less than 0.5% strain) [29], nor did it quantitatively explain the 

thermally-reversible nature of the yield stress [15]. 

 

Alternatively, Caillard proposed an exhaustion-hardening model by which the plastic strain 

proceeds through athermal cross-slip unlocking of KWLs [16,31].  The issue of complete 

dislocation loop expansion was not quantitatively treated in this model.  Thus, Devincre and 

Veyssière et al. [19] criticized Caillard’s model because they had previously observed that MK 

motion contributed significantly to the total plastic strain for their 2-D ‘in-plane’ DD simulations.  

However, the yield-stress anomaly predicted from their ‘in-plane’ DD simulations was found to 

be comparable with the one predicted from their later ‘end-on’ DD simulations (see Fig. 3 in [20] 

for details), which did not incorporate MK glide.  This seems to imply that screw-character 

dislocation glide, which is accomplished by either athermal unlocking of KWLs or MK glide, 

leads to almost equivalent stress-strain responses in the microstrain regime.  It is also possible 

that models are equivalent only to the degree that they have been represented in simulation. 

 

Caillard later extended his theory after investigating the difference between the peak temperatures 

for yield stresses and those for SHRs (TP(τmax) and TP(θmax), respectively).  It is generally 

observed that TP(θmax) is lower than TP(τmax) by a few hundred degrees Centigrade, depending 

upon the alloy stoichiometry and the loading direction [13,32,33].  Caillard proposed that the 

occurrence of TP(θmax) is closely related to the onset of athermal unlocking of incomplete KWLs, 
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for which the cross-slip distance (w) in the cubic plane (i.e. the CJ height) is about the magnitude 

of a Burgers vector b [34,35].  The threshold stress, τi, for this unlocking was expressed by 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ +
Γ
Γ

−
Γ

=
3
/211

111

100111 A
biτ ,                                                                        (1) 

where Γ111 and Γ100 are APB energies in the octahedral and cubic planes, respectively, and A is 

the elastic anisotropy factor (2C44/(C11-C12), where Cij are the elastic constants).  Experimental 

results showed that the stress τ(θmax) corresponding to the maximum SHR for different types of 

Ni3Al-based alloys reasonably follows a linear relationship with Γ111 (τ(θmax) = (0.24/b)⋅Γ111), 

which is equivalent to equation (1) when A and Γ100/Γ111 are approximated to be 3.3 and 0.8, 

respectively [34,35].  Note that these values reasonably represent the experimental measurements 

[7,8,37].  This result strongly supports the relationship between the SHR peak and the initiation of 

unlocking of incomplete KWLs. 

 

The contribution (if any) of cubic slip to anomalous plastic flow is perhaps the least known 

contribution.  It is generally believed that the monotonic stress decrease above TP(τmax) is related 

to significant levels of slip on the cubic planes [5].  However, the dislocation behaviour on the 

cubic plane, particularly the CJ behaviour in the anomalous temperature regime, is virtually 

unknown.  Ezz, Sun and Hirsch suggested that a SHR decrease after TP(θmax) is ascribed to the 

increased mobility of CJs [29,32].  Based on the results from ‘in-plane’ DD simulations, Devincre 

and Veyssière et al. concluded that a yield-stress anomaly can be captured only when the mobility 

of CJs is restricted in order to control the free glide of MKs [19].  A similar suggestion was also 

previously made by Dimiduk [58].  Conforto, Molénat and Caillard suggested that screw-

character dislocations can glide substantial distances in the cubic plane for L12 intermetallics 

having high complex stacking fault (CSF) energies because of a reduced dissociation width for 
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the superpartial dislocations on the octahedral planes [37].  However, they also suggested that the 

mobility of near-edge segments on the cubic plane is restricted by strong local pinning [37].  Note 

that no mechanistic model has been proposed for the gliding behaviour of CJs, especially as a 

function of their height and the deformation temperature.  Yet, such information is ultimately 

necessary for quantitative results in all of the models 

 

From the discussion to this point, one may notice that the prior models suggest that the plastic 

strain can proceed by two major contributions, either by screw-character dislocation glide through 

the repeated locking-athermal unlocking process, and/or by MK glide on the octahedral planes.  

Strictly speaking, these two processes are not mutually separable because once a critical-height 

MK propagates, a new set of locked screw-character dislocations (along with a new set of MKs) 

is generated from this event.  Likewise, athermal unlocking of KWL segments may lead to curved 

dislocations that behave like mobile MKs in bulk samples.  However, it is often argued that one 

micro-mechanism dominates over the other for separate ranges of temperature (or stress).  For 

example, under a circumstance that all screw-character dislocations are exhausted by forming 

KWLs, but at a stress still too low to allow athermal defeat, plastic flow likely depends upon MK 

motions in the octahedral plane to sustain a mobile dislocation density.  This situation can apply 

to the low-temperature (i.e. low stress) domain of the anomalous regime, especially for high CSF-

energy alloys.  For conditions when the stress is high enough to athermally unlock KWLs, the re-

mobilized screw-character dislocations will dominate the mobile dislocation density and 

contribute to plastic flow. This ‘bifurcated’ approach was already suggested by Caillard [34,35], 

Devincre and Veyssière et al. [19,20], and Hirsch and Ezz [29,32], although slightly different 

interpretations were made by each of them.  It is also important to note that every model of 

anomalous flow that has been introduced since the early 90’s, together with virtually all of the 
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experimental data, support the notion of delocalized KW locking rather than point-pinning 

obstacles.  However, this physical feature has only been recently incorporated into constitutive 

models [27,28]. 

 

3. Structuring constitutive descriptions 

 

The construction of a new constitutive model begins with the incorporation of the two major 

dislocation glide processes (MK motion and screw dislocation glide after the athermal defeat of 

KWLs) into corresponding constitutive formulations.  A framework for the strain-rate description 

was developed from the following simple dislocation configuration.  Suppose that a dislocation 

having a line length l in a given volume V travels a distance λ on a slip plane.  The plastic shear 

strain produced by this event can be expressed by γ = b(A/V), where A is the area (l⋅λ) swept by a 

dislocation.  The time derivative of this expression provides the resulting strain rate, 

)/( VAb=γ .  Now, consider a simple rectangular dislocation loop (le×ls) that expands outwards 

with velocities ve and vs for edge and screw-character dislocations, respectively.  The time rate of 

the increment of the area swept by a dislocation loop can be written by )(2 ssee vlvlA += .  Here, 

this expression assumes that pairs of edge- (or screw-) character dislocations glide in opposite 

directions with a uniform velocity ve (or vs for screw-character dislocation), hence the factor 2.  

Coupling the two rate expressions yields 

ssee vbvb ρργ += ,                                                                                    (2) 

where ρe and ρs are dislocation densities for edge- and screw-character dislocations, respectively.  

Equation (2) represents an Orowan [38] relation generalized for edge- and screw-character 

dislocations, which is often used both for a framework of constitutive descriptions [39,40] and for 

dislocation modeling [41]. 
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In the present constitutive model, the behaviours of edge- and screw-character dislocations (ρeve 

and ρsvs, respectively) in equation (2) were linked to those for MKs and KWLs, respectively.  The 

edge-character dislocations were assumed to follow the kinetics of the MK glide, and the screw-

character dislocations were assumed to be dictated by the model of locking/unlocking KWLs.  

This assumption may not be entirely satisfactory.  However, it offers a significant improvement 

over prior models in terms of being comprehensive, and captures all important attributes of 

Ni3Al's thermo-mechanical behaviour.  Even though the configuration of a dislocation loop for 

Ni3Al-based single crystals is distinguishable from that for ordinary FCC crystals, we believe that 

the generalized Orowan description is still applicable to MKs and KWLs if both edge- and screw-

character dislocation behaviours are fully described by MK and KWL behaviours, respectively‡.  

Toward this end, equation (2) may be rewritten as 

wmwKmK vbvb ρργ += .                                                                                   (3) 

In equation (3), ρmK and ρmw are the mobile dislocation densities tied to MK motion, and repeated 

locking and athermal unlocking of KWLs, respectively, and vK and vw are the corresponding 

average dislocation velocities for these segments, where the subscript w indicates the cross-slip 

distance in the cubic slip plane by the screw-character dislocation.  In the subsequent subsections 

we describe how these are linked to the physical dislocation structures. 

 

3.1 Descriptions for ρmK and vK 

                                                 
‡ Note that Ni3Al-based single crystals have a three-dimensional dislocation configuration for 
which both locked screw-character dislocations (KWLs) and edge- or near-edge character 
dislocations (MKs) reside on different but parallel octahedral planes.  These dislocation segments 
are linked by CJs of various heights on cubic planes.  However, since the regime of the yield-
stress anomaly is dominated by octahedral glide and, since the kinetics of the CJs are completely 
unknown, this model approximates the real behaviour through 2D planar loop expansion and 
variations in segment velocities that essentially represent the effects of the CJs. 
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The present model links the quantity ρmK to the MK-height distribution.  The experimentally 

measured probability distribution function (PDF), P(h), of MK heights, h, at steady state is known 

to follow an empirical relation [42,43]; 

⎟
⎠
⎞

⎜
⎝
⎛−=

h
hPhP o exp)( ,                                                                                       (4) 

where Po and h  are the pre-exponential normalization constant and the average MK height, 

respectively.  Since h  tends to evolve with strain and temperature, P(h) also depends upon those 

parameters.  During straining, the current stress mobilizes some portion of the MK population and 

this can be linked to ρmK.  Referring back to equation (3), we express ρmK by 

),( TfmKKtotmK γρρ ⋅= .                                                                                    (5) 

This equation states that the mobile density of MKs (ρmK) is the total MK density (ρKtot) 

multiplied by a fraction of those mobilized (fmK) for a given temperature and the cumulative strain.  

Here, ρKtot represents all edge- or near-edge character dislocations in the octahedral planes.  It is 

difficult to determine the evolution and the temperature dependence of ρKtot.  In the small strain 

range (typically less than about 3% strain) the evolution of ρKtot is expected to be almost 

negligible relative to some starting state.  Unfortunately, no experimental data are available for 

the estimation of ρKtot(γ,T). 

 

The fraction of mobile MKs is simply that fraction which has MK heights above a critical value, 

which depends on the resolved stress.  Accordingly, in equation (5), fmK was determined using the 

following expression; 
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where hc is the critical MK height, above which MKs are mobilized by bowing out.  Louchet 

utilized a similar expression in his ‘ELU’ model [17].  By writing equation (6) MKs are assumed 

to have distribution P(h) upon plastic straining, and those having heights larger than hc are 

mobilized, where the fraction mobilized is linked to the mobile dislocation density.  It now 

remains to describe the strain-dependent evolution and temperature dependence of hc and h .  We 

expect these parameters to gradually decrease with increasing strain (i.e. increasing stress), thus 

shifting the PDF curve P(h) to the left: but the detailed evolution behaviour has not been reported 

and is a priori unknown.  We assumed that both parameters start from some initial values (hco and 

oh ) and evolve towards final saturation values (hcs and sh ).  Further, as both of the parameters 

eventually evolve from strain hardening, we assume that they decay asymptotically between these 

two limits during plastic straining.  Accordingly, we assume the following formalism for the 

evolution between the two bounds; 
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where θhc and hθ  are initial decay rates for hc and h , respectively.  We believe that the 

asymptotic evolution toward a saturation limit is a common phenomenological nature of major 

physical (or mechanical) quantities involved in dislocation-based crystal plasticity.  One notices 

from equations (7) and (8) that the evolution of hc and h  depends upon the initial decay rate (θhc 

and hθ ) and the decay range ((hco–hcs) and )( so hh − ).  The initial and saturation values of hc in 
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equation (7) were determined by the following expressions that tie them to the physical stress 

acting on dislocation sources; 
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where α, μ and τo are the geometric parameter in a Taylor-type relation, the shear modulus 

(temperature dependent) and the CRSS in the octahedral plane at the onset of plastic slip, 

respectively.  At saturation, the stress corresponding to hcs was tied to τi of equation (1) that sets a 

lower limit of the activated MK height through the stress for athermal KWL defeat.  Such a limit 

basically assumes that the contribution of MK glide is only significant in the regime prior to the 

onset of athermal breakaway of incomplete KWLs. 

 

From equations (9) and (10) the temperature dependence of hc was incorporated through the 

temperature dependence of μ, τo and τi.  In equation (8) an initial value of the mean MK height 

( oh ) was determined, based on a relation that h  is inversely proportional to the probability of 

cross-slip locking [20,30]; 

⎟
⎠
⎞

⎜
⎝
⎛=

kT
Gk

cTh KPod
fo exp)( ,                                                                                   (11) 

where GKPo is the activation energy for cross-slip (GKP) [16] (by a kink-pair mechanism [44]) at 

the onset of plastic slip, and k and cf are the Boltzmann’s constant and the proportionality 

constant, respectively.  The parameter kd is a damping constant that is introduced to obtain better 

fit with experimental results, while retaining all the physics contained in prior derivations of GKPo.  

A more detailed discussion of kd is given later.  In equation (11) GKP is given by [16] 
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where K, α′ and r are the energy factor (= [0.5C44(C11-C12)]1/2), the geometric factor for line 

tension and the recombination-energy factor, respectively.  In equation (12) τCS and Uc are the 

stress projected on the cubic plane in the slip direction [45] and the constriction energy for the 

superpartial dislocation (PPV model [7]), respectively.  These terms are given by 
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where τpe and τse are the resolved shear stresses for the primary and the secondary octahedral slip 

systems, respectively, and τcb is the resolve shear stress on a corresponding cubic slip system.  

One can find a list of primary and secondary slip systems for τpe and τse and the corresponding 

cubic slip system for τcb in [21] and [25].  In equation (14), h′ is a non-dimensional constant, and 

κ′ and κ are the parameters that determine the relative magnitude of a T-C asymmetry and the 

orientations for which the T-C asymmetry vanishes in a stereographic triangle, respectively.  

Unfortunately, despite the physical basis for the derivation of these expressions, the magnitude of 

the theoretical activation energy (GKPo) as determined from equations (12) through (14) usually 

produces an unusually high temperature dependence of oh  through equation (11) compared with 

experimental data, which is unacceptable.  Thus, we introduced a damping constant kd in the 

exponential term of equation (11).  Caillard already pointed out this issue [16].  This seems to be 

related to the large discrepancy between the theoretical value of the activation energy from 

mechanistic models and the apparent value of the activation energy from experimental yield-

anomaly data [14].  The former is based upon equations (12) to (14) that were driven from force 
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balances on a single-superdislocation configuration viz., a pair of superparitial dislocations, while 

the latter is based upon the generalized “collective” behaviour of dislocations in a deforming 

crystal. 

 

The average velocity (vK) corresponding to ρmK in equation (5) was expressed in our model by a 

dislocation-drag based form; 

b
B

v K
K

ττ −
= ,                                                                                                      (15) 

where τ, τK and B are the applied stress, the resistance (i.e. strength) against MK gliding and the 

drag coefficient, respectively.  Note that a similar form of the velocity description for MKs was 

also used in DD simulations [19].  To define τK, the concepts introduced by Ezz and Hirsch 

proved useful.  In their model the flow stress (τflow) was partitioned into several contributions [13-

15]; 

),,()( TT hpflow γγτττ +=  or ),()()( TT tfp γτγττ ++ .                                        (16) 

In equation (16), τp is the temperature-dependent contribution that is primarily responsible for the 

yield-stress anomaly.  This means that it carries a thermally “reversible” part of the flow stress.  

They set this term to provide a critical configuration for the operation of Frank-Read (FR) sources 

[14].  The second term τh in equation (16) is the contribution from the formation of dislocation 

forests and obstacles that can be overcome with aid from thermal activation.  This term is 

dependent upon the plastic strain, its rate and temperature.  A part of this term is thermally 

“irreversible”, which means that it is stored and persists between steps during two-step (T1 and 

T2) deformation [15].  Partially based on equation (16) τK in equation (15) was expressed as 

foK τττ += .                                                                                                         (17) 
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Here, τo was already determined by equation (9) and τf is our definition of the contribution from 

forest obstacles.  In Ezz and Hirsch’s original model, the mechanism for the formation of forest 

obstacles was described by the multiplication of FR sources and their interactions with cross-slip 

locking and bypass-unlocking events [14,32].  However, in the present model since the screw- 

and edge-character dislocations are treated separately, all mechanisms contributing to τK, such as 

dipole debris, antiphase-boundary-tube formation, cubic-plane glide debris, etc., are 

phenomenologically gathered into this term.  These processes are accounted for in a collective 

phenomenological way by considering them irreversible hardening and, the resulting SHRs from 

these processes are treated similarly to forest hardening in ordinary metals.  Therefore, τf was 

written as an ‘ordinary’ FCC-like hardening contribution and the carrier of the irreversible part of 

the flow stress during two-step deformation.  The evolution of τf was set to follow Voce-type 

parabolic-hardening law, that is typical for forest hardening; 
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where θf and τfs are the initial hardening rate and the saturation value of τf, respectively.  In 

equation (18) τf is probably almost negligible at the onset of plastic slip for well annealed crystals, 

but its influence is expected to increase gradually after the initial stage of plastic slip. 

 

3.2 Descriptions for ρmw and vw 

 

The previous section described the treatment of the evolution, and strain-rate contribution of 

edge-character dislocations in the present model (the first term in equation (3)).  As mentioned 

earlier, the flow behaviour of screw-character dislocations was tied to that of locking/unlocking 
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of KWLs (the second term in equation (3)).  We utilized the concept of Caillard’s exhaustion-

hardening model [16] and the athermal defeat of incomplete KWLs [31,35] in order to describe 

this behaviour.  According to Caillard’s model, at the early stage of the plastic deformation 

(almost at the onset of plastic slip) all screw character dislocations are rapidly and ‘effectively’ 

instantaneously exhausted by forming KWLs having various cross-slip distances (w’s) from b to 

mb, where mb is the maximum CJ height allowed.  While KWLs are defeated through MK 

motion, they may also be defeated athermally in the absence of MKs under the sufficient stress.  

Thus, as the stress (or equivalently the temperature) increases, this athermal breakaway process 

gives rise to increments of plastic strain and the corresponding SHR.  Here, we assumed that the 

stress required to unlock KWLs of w=b is equivalent to the unlocking stress for incomplete 

KWLs [34,35], which was given by τi in equation (1).  Note that Saada and Veyssière made an 

independent analysis of the KWL-breaking stress that gave different values [57].  This point is 

not yet reconciled.  Caillard’s exhaustion hardening can be expressed by 
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where τw is the strengthening contribution from locking and athermal unlocking of incomplete 

and complete KWLs, and GCS is the activation energy for cross-slip over distances of w > b, 

which is given by [16] 
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Here, τw* is the stress required to unlock the KWLs having w = w +b, where w  is the average w 

at a given temperature.  Also, θ10 is the pre-exponential factor.  In equation (19) the first and 

second factors of the RHS are related to the probability of locking for all KWLs having b < w ≤ 

mb.  The third factor on the RHS in equation (19) corresponds to the fraction of the KWLs that 
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remain locked under the stress τw, where these KWLs correspond to those having w > wc (wc is 

defined in equation (21)).  Note that this factor decays exponentially with increasing τw.  Thus, 

equation (19) represents the formation and gradual defeat of KWLs with increasing applied stress, 

independent of MK motion.  This results in a change in SHR by controlling the exhaustion rate of 

the mobile dislocation density. 

 

Formulating ρmw is a real challenge.  No experimental data have been reported for the distribution 

of cross-slip distances, N(w), even though this distribution was approximated as a Gaussian form 

in the DD simulations done by Devincre and Veyssière et al. [20].  Similar to equation (6) it can 

be roughly estimated by 
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where N(w) and wc are the PDF of w and the critical height below which KWLs (w ≤ cb) are 

athermally defeated, respectively.  According to the results of DD simulations by Devincre and 

Veyssière et al. [20], as the strain (or the temperature) increases, both N(w) and wc tended to shift 

toward the higher w range.  We interpreted this behaviour as a relatively constant value of ρmw 

during plastic deformation, which leads to the approximation of dρmw/dγ ≈ 0.  This can be 

understood in a physical sense by defining the nature of screw-character dislocation locking and 

defeat (and the associated length scales) as insensitive to the prior deformation history. 

 

During plastic deformation, the KWLs remain locked until the driving stress becomes high 

enough to athermally break the locks.  Once unlocking occurs, the dislocations travel short 

distances in the octahedral plane until they cross-slip again forming new KWLs.  This athermal 

breakaway-relocking process is repeated throughout the plastic deformation and consequently 
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contributes to plastic flow.  The process also sets a limit on stress and the SHR.  This behaviour is 

phenomenologically comparable to the ‘stop-and-go’ jerky glide behaviour of ordinary FCC 

metals [46].  Since the latter can be expressed in a form of thermally activated plastic flow 

proposed by Kocks, Argon and Ashby [46], we also adopted the similar form for the 

representation of the average velocity vw corresponding to ρmw; 
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where p and q are parameters determining the nature of obstacle profiles [46], and vo and Fo are 

the free-flight velocity and the total free energy required to overcome short-range obstacles 

without assistance of external work, respectively.  In equation (22), all braces, [ ], were defined 

such that [x] ≡ x if x > 0, otherwise [x] ≡ 0, where x is the quantity inside the inner braces.  

Following the interpretation by Balasubramanian and Anand [47], τA and τT in equation (22) are 

the strengthening contributions from the athermal (long-range character) and the thermally-

activatable (short-range character) obstacles, respectively. 

 

Even though the current model utilized the generalized form of the jerky-glide behaviour for the 

representation of the KWL breakaway-relocking behaviour of screw-character dislocations, note 

that there is a subtle (but still meaningful) difference between these two behaviours.  The former 

is usually represented by the glide-resistance profile in the presence of short-range thermally-

defeatable obstacles and long-range athermal obstacles [46,47].  However, it is believed that the 

glide-resistance profile for the latter is represented mainly by athermal barriers for unlocking of 

KWLs.  The contribution of short-range obstacles is expected to be negligible for this case, 

because cross-slip locking of screw-character dislocations is so quick that moving (or unlocked) 
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screw-character dislocations barely have a chance to interact with short-range obstacles prior to 

their cross-slip relocking. 

 

In this sense, the contribution of τA in equation (22) is more significant than that expected from 

the typical jerky-glide behaviour of FCC metals.  Thus, τA of equation (22) was replaced with τw 

of equation (19).  This is because the nature of cross-slip locking in Ni3Al-based single crystals is 

so rapid that it can be modeled as effectively rate-insensitive (for the rates of quasi-static tests).  

Even though the cross-slip frequency is strongly temperature dependent, locking of screw-

character dislocations takes place ‘effectively’ instantaneously at any given temperature (within 

the anomalous temperature regime) so that one can view its behaviour as a rate and time-

independent stress-controlling process.  However, τT in equation (22) was considered as an 

adjustable parameter due to a lack of understanding of the mechanism(s) responsible for τT.  It is 

also unclear whether or not this term is related with τt in Ezz and Hirsch’s framework (equation 

(16)).  The ordinary forest-obstacle contribution τf, which was incorporated in the MK strength 

contribution τK in equation (17), was not considered to be associated with τT in equation (22).  

This is because cross-slip locking is believed to dominate over forest obstacles for the exhaustion 

of screw-character dislocations, as discussed in the previous paragraph.  One should notice from 

equations (19) and (22) that vw becomes influential only when τ > τi.  This means that the 

contribution of the screw-character dislocations stemming from repeated exhaustion-breakaway 

of KWLs becomes important upon unlocking of the weakest KWLs (i.e. incomplete KW locks) 

whose ‘onset’ stress corresponds to τi in equation (1). 

 

3.3 Summary of constitutive descriptions 
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All constitutive formulations described in Sections 3.1 and 3.2 were rewritten for an individual 

slip system, s and, are summarized in Appendix A.  Note that these descriptions are only for the 

twelve octahedral slip systems (equations (A1) to (A19)).  Six cubic-slip systems were also 

incorporated in the present constitutive model as described by equations (A20) to (A23).  

However, negligible strain hardening was introduced for the cubic slip systems, such that cubic 

slip behaves almost perfectly plastic once it is activated.  Under the framework of these 

constitutive descriptions, the flow behaviour of Ni3Al-based intermetallic single crystals can be 

qualitatively described as follows. 

 

Upon plastic straining the screw-character dislocations are ‘effectively’ instantaneously 

exhausted by forming KWLs, and almost simultaneously the dislocation-loop configurations are 

filled with various heights of MKs and CJs that link locked screw-character dislocations.  The 

distribution of MK heights is expressed by P(h), and this distribution is set by the locking 

behaviour of screw-character dislocations because the initial geometry of h  ( oh ) is determined 

by GKPo through equations (A11) and (A13).  Those equations in turn are based on the balance of 

forces acting on the screw-character dislocations ( s
cU  and s

CSτ  from equations (A14) and (A15)) 

controlling cross-slip.  The temperature dependence of P(h) also enters in a similar way through 

equations (A9) to (A11).  Formation of such loop configurations is consistent with a widely 

accepted understanding for anomalous flow suggesting that the lack of mobile dislocation density 

(i.e. rapid exhaustion of mobile dislocations) is responsible for the high SHR and the diffuse 

elastic-plastic transition in the micro-strain regime.  Here, the progress of plastic flow (hence the 

flow stress and SHR) explicitly depends upon the availability of the mobile dislocations from 

kink motion (ρmK vK) or from athermal unlocking of KWLs (ρmw vw).  This means that plastic flow 

is source-controlled in this regime. 
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While both MK motion and athermal unlocking lead to source-controlled flow, the nature of how 

each mechanism contributes to plastic flow has a different interpretation in the present model.  

For the former, evolution of ρmK (equation (A5)) was controlled by evolution of hc and h  

(equations (A7) and (A8)), which means that the source for ρmK is controlled by the activation of 

the “weak” (large) MKs.  This was represented by the fraction of the mobilized MKs through 

equations (A5) and (A6).  Once MKs are mobilized, these dislocation segments glide at an 

average velocity vK.  This velocity is dislocation-drag based and relatively high.  In DD 

simulations [19,20] mobilized MKs travel at this high velocity, and glide is quickly stopped either 

by encountering other obstacles or by cross-slip locking of screw segments that were generated 

from MK motion.  The same concept was applied to the current model.  The MK velocity was set 

to be controlled by the glide resistance due to forest obstacles through τf in equations (A3) and 

(A2).  Since the cross-slip locking was considered as a rapid event, this also implicitly accounts 

for quick immobilization of screw segments generated from MK gliding.  For the screw-character 

glide processes, we focused on two concepts: the quick ‘effectively athermal’ nature of the KWL 

formation, and the resultant jerky glide motion due to the repeated breakaway and subsequent 

relocking process.  These concepts are resolved in the generalized velocity description in equation 

(A17) and the incorporation of τw (equation (A18)) to the athermal strength τA in equation (A17) 

(see also equation (22)). 

  

Strictly speaking, both ρmKvK and ρmwvw are always interconnected.  The multiplication processes 

driven by the MK motion (ρmKvK) or KWL unlocking (ρmwvw) always result in a fresh set of the 

locked screw-character dislocations (KWLs) connected by a fresh set of MKs.  We believe that an 

argument about whether or not these two contributions are separable is of little significance.  It is 
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only important to understand that one mechanism can dominate over the other for the progress of 

plastic flow, depending on the level of the applied stress and the temperature.  For instance, 

locking of screw-character dislocations tends to be so rapid that their contribution to plastic flow 

is less significant unless the applied stress becomes high enough to athermally unlock KWLs.  

This is the regime over which MK motion contributes significantly to plastic flow, whereas at 

higher stresses the motion of unlocked screw-character dislocations is the dominant mechanism. 

 

4. Simulation outline 

 

The constitutive formulations described in previous sections were used to predict the flow 

behaviour of Ni3(Al,0.25%Hf) single crystals over a temperature range from 300 K to 1100 K for 

three different loading orientations in both tension and compression at a strain rate of 5×10-5/sec.  

All constitutive formulations were implemented into the finite element software ABAQUS 

through a User MATerial subroutine (UMAT).  A tangent modulus method [48] was used for the 

time integration.  Preliminary parametric studies were performed in order to identify the physical 

nature and reasonable ranges for the values of the major input parameters that were used in the 

current constitutive formulations.  Input parameters can be categorized into temperature-

dependent and -independent parameters, and further into adjustable (ad-hoc) parameters and non-

adjustable parameters that were determined from chemistry and physical property measurements.  

The elastic constants of Ni3(Al,0.25%Hf) and their temperature dependence were determined by 

fitting Neveu’s data for RT elastic constants of Ni3(Al,0.25%Hf) [49] to Yoo’s data for the 

temperature dependence of elastic constants of Ni3Al [50].  The anisotropy factor A, energy factor 

K (hence μ) and their temperature dependence were determined from the elastic constants.  The 

values of other major temperature-dependent input parameters are summarized in Table 1.   
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[Insert table 1 about here] 

The CRSS for the octahedral slip system (τo(oct)) was set to 33 MPa at 300 K and to decrease with 

temperature rise by 0.8 MPa per an increment of 100 K.  The temperature dependence of CRSS 

for the cubic slip system (τo(cubic)) followed the data from Allan [51].  The initial decay rate for the 

critical MK height (θhc in equation (7)) was set as 1.35 μm (per strain) at 300 K and assumed to 

linearly increase (0.19 μm/100K) with increasing temperature.  The threshold stress (τi) for 

athermal unlocking of incomplete KWLs (w ≈ b) was determined based on equation (1).  The 

stress (τw
*) for athermal unlocking of KWLs having w = w +b was set to have a similar 

temperature dependence with τi (refer to [16] for details about τw
*).  The temperature dependence 

of hco and hcs was determined from equations (9) and (10), respectively, and is plotted in figure 1. 

Both quantities were found to mildly decrease with increasing temperature. 

[Insert figure 1 about here] 

 

Other input parameters were divided into three groups, the ones tied to ρmKvK, ρmwvw, and 

parameters related with cubic slip, respectively, and are summarized in Table 2.  A constant total 

MK density (ρKtot = 1.6×1012/m2 in equation (5)) was assumed for the current simulations.  The 

initial decay rate for h  ( hθ ) was also set as a constant throughout the deformation and the 

magnitude of sh  was determined by setting a constant difference between oh  and sh  ( oh - sh = 60 

Å), after the magnitude of oh  was calculated from equation (11).  The mobile screw-character 

dislocation density (ρmw) due to athermal unlocking of KWLs was assumed to be 4×1012 /m2, 

which is comparable to experimental data for screw-character dislocation densities of 

Ni3(Al,Hf,B) measured by Ezz et al. [32].  From the parametric study it was found that the 

magnitude of the 0.2% offset strength is influenced by the values of hco, oh  (hence cf and kd in 
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equation (11)), ρKtot and ρmw, while the SHR after the microstrain regime (> 0.5% ∼ 1% strain) 

tends to depend mostly on the values of hcs, sh , θhc, hθ , θ10 and τw
*. 

[Insert table 2 about here] 

 

5. Simulation results and discussion 

 

Simulated temperature dependences of [ 1  2 3]-compression flow stresses at different offset 

strains from 0.001% to 0.5% are plotted in figure 2 along with experiment 0.2%-offset data for 

[ 1  2 3] compression of Ni3(Al,0.25%Hf) from Shi [52].  The simulation results captured general 

trends of the flow-stress anomaly for this alloy class.  The flow stress was almost independent of 

temperature at extremely small offset strains (0.001% offset for the current case) [53].  However, 

the flow-stress anomaly was significant at higher offset strains (0.1% to 0.6% strains in figure 2).  

In particular, 0.2%-offset stresses exhibited a quantitative agreement in temperature dependence 

with those from Shi’s data [52].  The simulation result indicated that the formation of the peak 

stress at about 1000 K was related with the activation of cubic slip systems.  After 900 K, the 

CRSS for cubic slip that was adopted from Allan’s data [25] rapidly dropped to 285 MPa for 

1000 K and to 220 MPa for 1100 K (Table 1).  This is believed to facilitate the activation of cubic 

slip at high temperatures (see figure 5). 

[Insert figure 2 about here] 

 

Figure 3 shows the temperature dependence of normalized SHRs measured at 0.9% axial strain 

( ]231[ε ) from simulated compression flow curves for the [ 1  2 3] orientation.  Experimental SHR 

data measured at 2% shear strain ( ]110)[111(γ ) for Ni3(Al,0.25%Hf) [52] are also plotted in this 
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figure for comparison.  The simulation result well captured the detailed temperature dependence 

observed in the experimental data.  Both predicted and experimental SHRs peaked around 700 K 

~ 800 K and decreased over the range 800 K ∼ 900 K.  However, a discrepancy between 

simulation and experimental results was found at around 1100 K in figure 3.  The simulation 

predicted the monotonic decrease in SHR even after 900 K, which contradicted the experimental 

observations.  This is probably because 1100 K is above the positive temperature-dependent flow-

stress regime (referred to as domain B by Veyssière and Saada [30]), and the framework of the 

present constitutive model may not completely cover detailed mechanisms that are feasible at 

such a high temperature range. 

[Insert figure 3 about here] 

 

Formation of the SHR peak in the simulation turned out to be closely related with the initiation of 

athermal unlocking of incomplete KWLs, which indicates that vw in equations (22) and (A17) 

becomes active as the applied stress τ is larger than the stress τi to unlock the weakest incomplete 

KWLs.  The relative contribution of screw-dislocation motion is shown more clearly in Figure 4, 

which plots the volume-averaged shear rate for the screw segments (the second term of the RHS 

of equation (3) viz., wmww vbργ = ), with the axial strain for [ 1  2 3] compression at temperatures 

of 600 K, 700 K and 800 K.  Here, one can see the initiation (or activation) of wγ  at around 0.7% 

strain for 800 K and around 1.4% strain for 700 K, which led to the decrease in SHR (for 0.9% 

strain) after the peak at between 700 K and 800 K, as seen in figure 3.  This result is consistent 

with the peak SHR-KWL unlocking relation suggested by Caillard [34] and by Kruml et al. [35]. 

[Insert figure 4 about here] 

The simulated axial stress - axial strain curves for [ 1  2 3] compression are plotted in figure 5 for 

high temperatures from 800 K to 1100 K.  Here, two solid arrows indicate the points at which 
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cubic slip is initiated for simulated stress - strain curves at 1000 K and 1100 K, respectively.  In 

figure 5, all simulated flow curves showed ‘indistinguishably smooth’ elastic-to-plastic transition 

that is typical for Ni3Al-based single crystals at elevated temperatures: the onset of plastic flow is 

indicated by a broken arrow in figure 5.  In a strain range between the onset of plastic flow and 

the initiation of wγ  or cubic slip (usually less than 0.5% ∼ 1% axial strain), simulated flow curves 

showed increasing SHR with increasing temperature from 800 K to 1000 K.  This stems from the 

strong temperature-dependence of Kγ  (= kmK vbρ in equation (3)) through ρmK (equation (5)), 

which was described as ‘source-controlled plastic flow’ and its temperature dependence in section 

3.3.  However, one may notice that the simulated SHR tends to decrease upon activation of cubic 

slip, as indicated by arrows for 1000 K and 1100 K. 

[Insert figure 5 about here] 

 

The simulation results suggest that the competitive (or selective) initiation of wγ  and cubic slip 

influences the SHR variation with temperature in figure 3.  However, whether or not this 

explanation is applicable to understanding the SHR variation around 1100 K is still unknown, 

because the current constitutive model does not treat the hardening behaviour of cubic slip in an 

accurate way.  This was due to the lack of information on the cubic-slip behaviour for Ni3Al-

based single crystals.  Nevertheless, we are convinced from the simulation results that the 

temperature dependence of the SHRs varies dramatically with accumulated strain.  This SHR 

variation seems to be particularly noticeable in the small-strain regime (≤ 1% ∼ 3%) where the 

selective initiation of different plastic-flow mechanisms is expected to occur.  Figure 6 

demonstrates the influence of accumulated strain on the observation of the anomalous SHR 

behaviour, which shows the SHR at two levels of strain (0.9% and 3%) plotted as a function of 

temperature for [ 1  2 3] compression (hence the curve for SHR at 0.9% strain in figure 6 is the 
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same simulation result as shown in figure 3).  In figure 6, the peak-SHR temperature decreased to 

600 K from 700 K ~ 800 K with increasing levels of strain.  Therefore, any correlation between 

the anomalous temperature-dependent SHR behavior (e.g. formation of a peak) and the onset of a 

particular dislocation mechanism must consider whether the accumulated strain at which the 

SHRs are determined is within the range that the intended flow mechanism is expected to be 

active. 

[Insert figure 6 about here] 

 

Simulations were also performed for tension and compression in three different loading directions, 

[ 1  2 3], N[ 1  1 1] (which is just 5 degrees off from the [ 1  1 1] direction) and [ 1  2 12] (which is 

10 degrees off from the [ 1  0 0] direction).  As stated in the previous section the T-C asymmetric 

behaviour is controlled by equation (14) (particularly by κ and κ′) in the present model.  Figure 7 

shows the resulting 0.2%-offset flow stress versus temperature curves for the three different 

orientations and two loading conditions.  The simulation results captured the general trend of the 

T-C asymmetric behaviour of Ni3Al-based single crystals.  The N[ 1  1 1]-oriented simulation 

exhibited the largest T-C difference at the peak temperature (1000 K).  The absolute magnitude of 

the T-C difference for the N[ 1  1 1] and [ 1  2 12] orientations is almost identical in the 

anomalous temperature regime.  However, unlike the [ 1  2 3] and [ 1  1 1] orientations, the flow 

stress in tension was higher than that in compression for [ 1  1 12] simulation.  The simulated 

peak temperature (Tp(τ0.2%)) for the 0.2%-offset flow stress was also found be loading-orientation 

dependent.  The present simulation showed Tp(τ0.2%)’s at about 900 K, 1000 K and above 1000 K 

for N[ 1  1 1], [ 1  2 3] and [ 1  2 12] loading, respectively.  All these qualitative T-C asymmetry 

trends are typical for Ni3Al-based single crystals [54-56]. 

[Insert figure 7 about here] 
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6. Concluding remarks 

 

We have shown that a new constitutive model is capable of capturing many of the major thermo-

mechanical features of Ni3Al-based L12 intermetallic single crystals.  One of the significant 

results from the present simulations is that anomalous flow features of Ni3Al-based single crystals 

can be predicted by monitoring the density of three populations of mobile dislocations—macro-

kinks, athermally-unlocked screw-character dislocations on the octahedral planes, and 

dislocations gliding on cubic planes.  Using this formalism, the limited release (or mobilization) 

of MKs turned out to play a key role in controlling plastic flow for the situation where all screw-

character dislocations are locked to form KWLs, hence controlling the flow stress and the 

consequent SHR.  This situation is expected over the micro-strain regime including the onset of 

plastic flow where ‘effectively’ instantaneous locking of screw-character dislocations dominates 

and the ‘smooth’ elastic-plastic transition is observed in the flow curve.  Since the formation of 

KWLs depends largely upon temperature, the distribution of MK heights and the MK 

mobilization are also influenced by temperature, and so is their influence on plastic flow.  The 

present constitutive model represented this idea by formulating the mobilization (or release) of 

MKs based upon the distribution of MK heights.  That representation also included the evolution 

of MK heights with strain and temperature through a thermally activated cross-slip-locking 

process, and incorporated this evolution into the corresponding mobile density and plastic strain 

rate. 

 

In the present constitutive model, the formulation of the threshold stress τi for athermal unlocking 

of incomplete KWLs (w ≈ b) was adopted directly from that suggested by Caillard and Paidar 
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[34,36].  This stress was used as a saturation stress for setting the limiting minimum active MK 

height.  For the current simulation τi ranged between 255 MPa and 247 MPa in a temperature 

range from 300 K to 1100 K, as shown in Table 1.  However, a disparity was found between τi for 

the current simulation (i.e. Caillard) and the KWL-unlocking stress (τu) adopted by Devincre and 

Veyssière et al. for their DD simulations [20], which was given by τu(w) = 16.5(w/b) + 50 (MPa) 

[57] viz., τu = 66.5 MPa for w = b.  If the present model were to use τu instead of τi for unlocking 

of incomplete KWLs, one would see results that are quite different from those obtained by the 

current simulations.  Our previous constitutive model [28] that utilized Caillard’s exhaustion 

hardening model [16] set the KWL-unlocking stress to have a magnitude comparable with τu 

from Devincre and Veyssière et al.  These simulations were able to accurately represent the flow-

stress anomalies (figure 1 in [28]).  However, that model failed to capture the salient details in the 

temperature dependence of SHRs (figure 2 in [28]). 

 

We have been successful in modeling the anomalous temperature dependence of the SHR by 

introducing the selective initiation of different types of plastic flow mechanisms (both wγ  and 

cubic slip for the current simulation).  However, this does not guarantee that our interpretation of 

the present modeling results is physically applicable to the actual flow behaviour.  Importantly, 

these results can be used to point out deficiencies in the current understanding of the deformation 

behaviour in L12 alloys, and guide future experimental work.  We believe that the present model 

will be more reliable if the flow behaviour of cubic slip (particularly the mobility of edge-, screw- 

and mixed-character dislocations on the cubic plane and the temperature dependence of their 

gliding behaviour) is better implemented based upon an empirically-verified understanding. 
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Appendix A: Summary of constitutive formulations 

 

For octahedral slip systems, 
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For cubic slip systems, 
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Table 1. Major temperature-dependent input parameters 

 300 K 400 K 500 K 600 K 700 K 800 K 900 K 1000 K 1100 K 
A 3.282 3.308 3.336 3.365 3.395 3.427 3.462 3.499 3.539 

K (GPa) 70.7 69.0 67.3 65.5 63.7 61.7 59.7 57.6 55.4 

τo(oct) (MPa) 33 32.2 31.4 30.6 29.8 29 28.2 27.4 26.6 

τo(cubic) (MPa) 350 350 350 350 350 350 350 285 220 

θhc (μm) 1.35 1.54 1.73 1.92 2.11 2.30 2.49 2.68 2.87 

τi (MPa) 255 254 253 252 251 250 249 248 247 

τw
* (MPa) 265 264 263 267 271 275 279 283 287 

θ10 (GPa) 10 15 20 25 30 35 40 40 40 
 

 

Table 2. Input parameters used for the current simulations 

ρmK and vK ρmw and vw Cubic slip 

B 0.002 Pa ρmw 4×1012 /m2 ρmc 4×1012 /m2 

θf 300 MPa vo 1 /sec Fo(cubic) 6×10-19 J 

τfs 200 MPa Fo 3×10-19 J pc 3/4 

ρKtot 1.6×1012 /m2 τT 20 MPa qc 3/2 

hθ  1600 Å p 1/2 τT(cubic) 200 MPa 

so hh −  60 Å q 3/2 θf(cubic) 100 MPa 

α 1/3 h′ 0.083 τfs(cubic) 100 MPa 

cf 83 Å κ′ -0.4   

kd 0.11 κ 0.3   

α′ 0.1 Γ111 0.25 J/m2   

r 0.001 Γ100 0.20 J/m2   

b 2.52 Å ΓCSF 0.32 J/m2   
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<List of Figures> 

 

Figure 1. Plot of the initial and saturated critical MK heights with temperature. 

 

Figure 2. Plot of the flow stress versus temperature at different offset strains for simulated [-1 2 3] 

orientation compression tests.  Experimental data at 0.2%-offset strain (closed circles with a thick 

connecting line) are shown from Shi [52]. 

 

Figure 3. Normalized SHRs measured at 0.9% axial strain from simulated compression flow 

curves for a [-1 2 3] orientation, and experimental SHRs measured at 2% shear strain by Shi [52]. 

Note that SHRs from simulations were determined from axial stress-axial strain curves and 

normalized by elastic moduli ( ]231[E ), while SHRs from Shi’s data were determined from shear 

stress-shear strain curves and normalized by shear moduli ( ]231[μ ). 

 

Figure 4. Change of volume-averaged shear rates ( wγ ) with axial strain for simulated 

compression flow curves for a [-1 2 3] orientation at 600 K, 700 K and 800 K, where 

wmww vbργ = from equation (3). 

 

Figure 5. Simulated axial stress – axial strain curves for [-1 2 3] compression at 800 K, 900 K, 

1000 K and 1100 K.  Solid arrows indicate the points at which cubic slip is initiated for 

temperatures 1000 K and 1100 K.  A broken arrow indicate the onset of plastic flow. 
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Figure 6. Normalized SHRs-temperature plots measured at 0.9% and 3% strains from simulated 

compression flow curves for a [-1 2 3] orientation. 

 

Figure 7. Simulated 0.2%-offset flow-stress anomaly plots for tension and compression in the [-1 

2 3] (squares), N[-1 1 1] (triangles) and [-1 2 12] (circles) crystallographic directions.  Closed 

marks with a solid connecting line and open marks with a dashed line indicate compression and 

tension loading, respectively. 

 

43



0

200

400

600

800

1000

1200

1400

1600

1800

2000

200 400 600 800 1000 1200

hco

T  (K)

hcsh (Å)

Figure 1

44



Figure 2

T  (K)

τ

(MPa)

0

50

100

150

200

250

300

350

200 300 400 500 600 700 800 900 1000 1100 1200

0.2% Offset Prediction - Case A

0.2% Offset Prediction - Case B

0.2% Offset - Shi's Data [47]

45



(d
σ/

dε
) /

 E
(dτ/dγ) / μ

Figure 3

T  (K)

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.1

0.11

200 300 400 500 600 700 800 900 1000 1100 1200
0

0.005

0.01

0.015

0.02

0.025

0.03

0.035
02.0 ]110)[111( =γat

Shi’s DataB Case:01.0 

A Case:01.0 

]231[

]231[

=

=

ε

ε

at

at

Prediction

46



]231[ε

(MPa)

 ]231[σ

Figure 4

0

100

200

300

400

500

600

700

0 0.005 0.01 0.015 0.02 0.025 0.03

800 K

900 K

1000 K
1100 K - Case A

1100 K - Case B

47



Figure 5
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Figure 7
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