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Abstract: Uncertainty management has been considered essential for real world applications, and spatial
data and geographic information systems in particular require some means for managing uncertainty and
vagueness. Rough sets have been shown to be an effective tool for data mining and uncertainty
management in databases. The 9-intersection, region connection calculus (RCC), and egg-yolk methods
have proven useful for modeling topological relations in spatial data. In this paper, we apply rough set
definitions for topological relationships based on the 9-intersection, RCC, and egg-yolk models for
objects with broad boundaries. We show that rough sets can be used to express and improve on
topological relationships and concepts defined with these models.
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Introduction

Spatial databases and qualitative reasoning about spatial data are active topics of research
encompassing areas such as artificial intelligence, databases and information systems, data mining, and
computational geometry. Results from work on spatial data and reasoning are especially useful in
geographic information systems (GIS), spatial databases containing data that is geo-referenced to specific
locations on the earth, along with mechanisms for reasoning about this spatial data [1,2 ]. As with any
system that attempts to model some aspects of the real world, there must be some mechanism for the
management of uncertainty. It has been continually recognized that uncertainty management is

particularly necessary in resolving a myriad of problems inherent in spatial information systems [3,4].
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A spatial database is a collection of data concerning objects located in some reference space, which
attempts to model some enterprise in the real world. The real world abounds in uncertainty, and any
attempt to model aspects of the world should include some mechanism for incorporating uncertainty.
There may be uncertainty in the understanding of the enterprise or in the quality or meaning of the data.
There may be uncertainty in the model, which leads to uncertainty in entities or the attributes describing
them. And at a higher level, there may be uncertainty about the level of uncertainty prevalent in the
various aspects of the database. An ontology for spatial data has been developed in which the terms
imperfection, error, imprecision and vagueness are organized into a hierarchy [5]. At the lowest level of
vagueness modeling approaches for spatial data are considered including fuzzy set and rough set theory.
Furthermore, in spatial data mining applications, one must not only be aware of this uncertainty, but also
to exploit it in an effort to discover relationships in the data that might not have been discovered
otherwise.

A fundamental aspect of spatial data requiring uncertainty management is topology. Included in
topology are relationships between various spatial data entities. Of particular interest are topological
relations associated with regions having indeterminate, vague, or otherwise uncertain boundaries.

In relational databases it has been demonstrated that uncertainty may be managed via rough set
techniques by incorporating rough sets into the underlying data model [6] and through rough querying of
crisp data [7]. In a previous work [8], we pointed out those areas peculiar to spatial databases and GIS
that are in need of uncertainty management and suggested ways in which rough sets techniques may be
used to alleviate the problems to result in a better overall system.

In this paper we focus on the problem of uncertainty in topological structures in spatial data, and in
particular, to spatial regions with uncertain, broad, or otherwise indeterminate boundaries. An
indeterminate boundary may involve uncertainty related to the position of the object, or it may be an
intrinsic property of the object itself. Consider, for example, “the Midwest” in the United States. Most
people would say that they know where the Midwest is. However, where does the Midwest stop being the

Midwest? It does not have a clear-cut boundary, but rather a somewhat vague boundary.



Several methods have been proposed for managing uncertainty associated with vague spatial regions.
Fuzzy set approaches have been frequently used [9-11 ], and more recently rough sets [12,13 ]. In this
paper we investigate the application of rough sets [14] for expressing binary topological relations of the 9-
intersection model proposed by [15] and extended for regions with broad boundaries in [16]. We also
investigate the application of rough sets for improving the RCC [17,18] and egg-yolk [19,20] models for
regions with indeterminate boundaries. We show that spatial relationships expressed with any of these
methods can be uniformly expressed by rough sets. We further show that rough sets can represent some
types of spatial uncertainty that cannot be expressed using these other methods.

Background: Rough Sets and Uncertainty in Data

Rough set theory, introduced by Pawlak [14] and discussed in greater detail in [21,22], is a technique for
dealing with uncertainty and for identifying cause-effect relationships in databases as a form of data mining
and database learning [23]. It has also been used for improved information retrieval [24] and for uncertainty
management in relational databases [6,7].

Rough sets involve the following:

U is the universe, which cannot be empty,

R is the indiscernibility relation, or equivalence relation,

A = (U,R), an ordered pair, is called an approximation space,

[X]r denotes the equivalence class of R containing x, for any element x of U,
elementary sets in A - the equivalence classes of R,

definable set in A - any finite union of elementary sets in A.

Hence, the approximation space A results when an equivalence relation R is imposed upon the universe
U. This partitions U into equivalence classes called elementary sets that may be used to define other sets

in A. A rough set X is then defined in terms of the definable sets in A by the following:

lower approximation of X in Aistheset RX={x €U | [x]r < X}

upper approximation of X in A is the set RX= XeU | [Xlgn X = S}



We may also describe the set approximations in terms of regions. Given the upper and lower
approximations R X and RX, of X, the R-positive region of X is POSg(X) = RX, the R-negative region of X
is NEGR(X) =U - R X, and the boundary or R-borderline region of X is BNg(X) = R X -RX. X is called R-

definable if and only if RX = R X. Otherwise, the lower and upper approximation regions are not equal, and
X is rough with respect to R. In Figure 1 the universe U is partitioned into equivalence classes denoted by the
rectangles. Those classes in the lower approximation of X, POSg(X), are denoted with the letter P and classes

in NEGR(X) by the letter N. All other classes belong to the boundary region of the upper approximation.
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Figure 1. Example of a rough set X.
Consider the following example:
Let U ={BRIDGE, ROAD, STREET, AVENUE, FACTORY, PLANT,
MALL, SHOPS, AIRPORT, FIELD, MEADOW}.
Let the equivalence relation R be defined as follows:
R* = {[BRIDGE], [ROAD, STREET, AVENUE], [FACTORY, PLANT],
[MALL, SHOPS], [AIRPORT], [FIELD, MEADOW]}.
Given some set X = {BRIDGE, ROAD, STREET, AVENUE, FACTORY, MALL}, we can define it in terms of
its lower and upper approximations:

RX ={BRIDGE, ROAD, STREET, AVENUE}, and

RX= {BRIDGE, ROAD, STREET, AVENUE, FACTORY, PLANT, MALL, SHOPS}.



Rough sets, therefore, provide an indiscernibility relation to partition domains into equivalence classes
and approximation regions to allow the distinction between certain and possible (or partial) inclusion in a
rough set.

The indiscernibility relation allows for the grouping of items based on some definition of ‘equivalence’
as it relates to the application domain. We may use this partitioning to increase or decrease the granularity of
a domain, to group items together that are considered indiscernible for a given purpose, or to “bin” ordered
domains into range groups. In data mining applications, this partitioning of domains is varied in systematic
ways in an attempt to discover relationships or rules in the data.

In order to allow possible results, beyond the obvious certain results encountered in querying an ordinary
spatial database system, we may employ the use of the boundary region information in addition to that of the
lower approximation region. The results in the lower approximation region are certain corresponding to exact
matches. The boundary region of the upper approximation contains those results that are possible, but not
certain. The approximation regions play an important role in the representation of vague regions and
topological relationships discussed in a later section.

Many of the problems associated with data are prevalent in all types of databases systems. Spatial
databases and GIS contain descriptive as well as positional data. The various forms of uncertainty may
occur in both types of data, so many of the issues regarding uncertainty apply to ordinary databases as
well. See [6,7] for in-depth discussion of incorporation of rough set uncertainty in (non-spatial) databases.
These same techniques, including integration of data from multiple sources [25], time-variant data,
uncertain data, imprecision in measurement, inconsistent wording of descriptive data, and the “binning”
or grouping of data into fixed categories, may also be employed for spatial contexts [8].

Often spatial data is associated with a particular grid. The positions are set up in a regular matrix-like
structure and data values are associated with point locations on the grid. There is a tradeoff between the
resolution or scale of the grid and the amount of system resources necessary to store and process the data.
Higher resolutions provide greater information, but at a cost of memory space and execution time. Data

mining applications using high resolution data may sample it at a lower resolution in an effort to improve



performance or to remove “noise” which can sometimes prevent general relationships from being
discovered.

There is always indiscernibility inherent in the process of gridding or rasterizing data. A data item at a
particular grid point in essence may represent data near the point as well. This is due to the fact that often
point data must be mapped to the grid using techniques such as nearest-neighbor, averaging, or statistics.
A spatial data application may have the rough set indiscernibility relation defined so that the entire spatial
area is partitioned into equivalence classes where each point on the grid belongs to an equivalence class,
for example. If this grid resolution is decreased, the granularity of the partitioning is decreased, resulting
in fewer but larger classes.

The approximation regions of rough sets apply when information concerning spatial data regions is
calculated or displayed. Consider a region such as an airport. One can reasonably conclude that any grid
point identified as AIRPORT that is surrounded on all sides by grid points also identified as AIRPORT is,
in fact, a point represented by the feature AIRPORT. However, consider points identified as AIRPORT
that are adjacent to points identified as MEADOW. Is it not possible that these points represent meadow
area as well as airport area but were identified as AIRPORT in the classification process? Likewise,
points identified as MEADOW but adjacent to AIRPORT points may represent areas that contain part of
the airport. This uncertainty maps naturally to the use of the approximation regions of the rough set
theory, where the lower approximation region represents certain data and the boundary region of the
upper approximation represents uncertain data. Spatial database querying and spatial database mining
operations based on rough sets can incorporate this type of uncertainty for improved results.

By forcing a finer granulation of the partitioning (increase the grid resolution) a smaller boundary
region results. As the partitioning becomes finer and finer, the boundary region becomes smaller. When
there is no boundary region, the upper and lower approximation regions are the same, and there is no
uncertainty in the spatial data.

The 9-intersection, RCC, and egg-yolk methods, which we discuss in later sections, are approaches

for handling regions with uncertain boundaries. They use two levels for outlining the vague boundary,



basically corresponding to the approximation regions of rough set theory. These methods, however,
provide no facilities for partitioning the domain into equivalence classes, as done in rough sets via the
indiscernibility relation. In fact, Roy and Stell [26] discuss the shortcomings of the egg-yolk method if it
were to be applied to a discrete rather than a continuous space. They suggest that the egg-yolk method can
be used in a multi-resolution context for a finite level of precision and that an extension to the framework
may be appropriate. By varying the partitioning in rough sets we can increase or decrease the level of
uncertainty present. This results in changes to the approximation regions that define the rough set
representation of a region with indeterminate or vague boundaries. The idea that rough sets can, in fact,
improve on other spatial data frameworks by quantifying the uncertainty in terms of varying levels of
indiscernibility is part of the motivation behind this approach. There are additional benefits gained

through the expressive power of rough set theory and representation over other methods.
Topological Uncertainty in Spatial Data

In GIS or spatial databases, it is often the case that we need information concerning the relative
positions or distances of objects. Is object A adjacent to object B? Or, is object A near object B? The first
question appears to be fairly straightforward. The system must simply check all the edges of both objects
to see if any parts of them are coincident. This yields the certain results. However, often in GIS, data is
input either automatically via scanners or digitized by humans, and in both cases it is easy for error in the
position of data objects to occur. Therefore, we may also want to have the system check to see if object B
is very near object A, to derive the possible result. If so, the user could be informed that “it is not certain,
but it is possible, that A is adjacent to B.”

Assume we are investigating coastal bird feeding habitats and trying to uncover any relationships that
might exist between the number of bird sightings and coastal structures. One species of bird may require
low flat coastal land for feeding on small shellfish. Other types may feed on insects found near their
nesting sites in the sides of cliffs. Suppose that for a particular location the system returns results based on

the possibility that a high cliff is adjacent to the sea where birds have been sighted that feed in areas of



flat coastal land. We may then be led to investigate the influence of the tides in the area to determine
whether low beaches alongside the cliffs are exposed at low tide.

The concepts of connection and overlap can be managed by rough sets in a comparable manner.
Connection is similar to adjacency, but related to vector or line type objects rather than area objects. Two
objects are connected if they have a common meeting point on one end of each of the objects. It is very
easy for spatial data of this type, especially if the data is from different sources, to not align precisely as
may occur in the process of conflation of spatial data [27]. We may then want to also define what would
constitute possible connection, based on perhaps the distance between the objects and the length and
orientation of the linear features. For example, if one road feature varying in curvature, but generally
oriented from west to east, ends at some point A, and we find a second road, also oriented in an east/west
fashion near its beginning at point B a short distance away from A, we may conclude that possibly these
two road features are connected, even though they share no common point.

Overlap can be defined in a manner similar to that of nearness with the user deciding how much
overlap is required for the lower approximation. Coincidence of a single point may constitute possible
overlap, as can very close proximity of two objects, if there is a high degree of positional error involved
in the data.

Inclusion is related to overlap in the following way. If an object A is completely surrounded by some
object B, perhaps we can conclude certainly that A is included in B, lacking additional information about
the objects. Equivalently we can say that B “covers” A. If the objects overlap, then it is possible that one
object includes the other. Approximation regions can be defined to reflect these concepts as well.

Rough sets, 9-intersection modeling, RCC theory, and egg-yolk approaches are useful for managing
the types of uncertainty and vagueness related to topology, a few of which were just briefly discussed.
These include concepts such as nearness, contiguity, connection, orientation, inclusion, and overlap of

spatial entities.



The 9-Intersection Model

In [16], the original 9-intersection model [15] is extended for regions with broad boundaries to result
in the 9-intersection matrix depicted in Figure 2 below. Each of the nine entries in this matrix represents a
possible intersection relationship between regions A and B, each having broad boundaries. In this
extended model, because the boundaries are broad and thereby two-dimensional, certain geometric
conditions that held in the original model are no longer valid due to the nature of the boundaries. These

conditions are replaced by a set of less restrictive geometric conditions discussed in greater detail in [16].

A° N B° A° N 4B A°N B
AA N B° AA N 4B AA N B
A N B° A N 4B A NB

Figure 2. A° denotes the interior of a region A, AA denotes the boundary and the interior of some region
A, and A denotes the exterior of a region.

Of the 2° possible matrices that could be generated by the 3 x 3 matrix, only 44 of the 2° are possible,
considering the geometric conditions. Many of these matrices correspond to the eight relationships
defined [15] for regions with sharp boundaries depicted in Figure 5: disjoint, meet, overlap, coveredby,
covers, inside, contains, and equal. Figure 3 depicts a sample of these matrices, along with their graphic

representations.

a 001 c. 001 d 010
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Figure 3. A sample of 9-intersection matrices for relationships between regions A (dashed line) and B (dotted line).

The relationship between two vague regions A and B is represented by placing a ‘1’ at each of the
locations in the 3 x 3 matrix where the condition is true, and by placing a ‘0’ at each matrix position
where the condition represented for that position is false. We can also say that a one is placed where each
of the nine operations given in Figure 2 produces a nonempty region and a zero if the result of the

intersection operation is empty.



Examine the first position in the matrix of Figure 2, for example. This position is denoted by
A° N Be. If the inner boundaries of A and B, denoted A° and B®, have no points in common, they do not

overlap at all, and a zero is placed in the top left position of the matrix. This is the case for each of the
four sample relationships shown in Figure 3.

Now consider the second position of the 9-intersection matrix, which denotes the relationship
A° N 4B. This relationship produces a nonempty result whenever the interior of A and the boundary of B
share some point or points in common. In Figure 3 we can see that for the first three samples the
relationship A° N 4B results in empty regions. There are no points in common, so the 9-intersection

matrix for each of these samples contains a zero in row one, column two. The fourth sample, however,
has overlap between A° and 4B, so a one is placed in that same position for its 9-intersection matrix.
Clementini and di Felice [16] develop a conceptual neighborhood graph based on clustering the
relationships together that are geometrically similar. Each node in the hierarchy depicts a 9-intersection
configuration for a relationship, and is connected by an arc to those that differ by only one value in the 9-
intersection matrix. These 9-intersection techniques, along with clustering are very useful for managing

uncertainty involving regions with indeterminate boundaries.
Rough Set Representation of 9-Intersection Model
Rough sets can also be used for expressing spatial relationships via an extended 9-intersection

model as shown in Figure 4 below. Here, the lower and upper approximation regions for rough sets A and

B defined on universe U are used to define relationships that are equivalent to those in Figure 3.

RA N RB RAN (R B - RB) RAN (U- RB)
(RA—RA) N RB (RA-RA)N (RB - RB) (RA-RA)N (U - RB)
(U- RA)NRB (U- RA)N (RB - RB) (U- RA)N (U- RB)

Figure 4. The 9-intersection matrix expressed in rough set terminology.
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Considering Figure 4, we can determine in the rough set representation the 9-intersection matrix
values by placing a one at every matrix location where the intersection results in a non-empty region and
a zero otherwise. We see that the lower approximation regions of A and B do not intersect for any of the

four samples shown. So for each of these, a zero is placed in the 9-intersection matrix for the condition
RA N RB. The row 1, column 2 matrix location will again contain zeroes for each of the first three

samples since the lower approximation of A and the boundary region of B do not intersect. For the fourth

sample, however, RA N (RB - RB) is not empty due to overlap between the lower approximation of A

with the boundary region of B. Therefore, a one is placed in this position of the 9-intersection matrix for
the fourth sample.

The relationships defined by rough sets in Figure 4 are equivalent to those found in Figure 3. Rough
set approaches have mathematical simplicity and elegance, ease of implementation for spatial databases,
and a complete and well-elaborated theoretical formulation. Additionally rough sets can provide
enhancements to the 9-intersection model in that they also model the uncertainty that arises from
indiscernibility, gridding, or partitioning. There is a formal structure in which the partitioning can be
varied in order to increase or decrease the level of uncertainty present, which results in changes to the

approximation regions.
RCC-8 Theory of Spatial Regions

RCC-8 theory [17,18] is a qualitative reasoning technique for spatial data based on regions rather than
points. For any two simple regions, relationships are defined that may hold between them. The eight base
relationships that may hold between two given simple regions in the regional connection calculus
(RCC-8) are depicted in Figure 5 below, one and only one of which is valid at any given time for a pair of
vague regions. These include: PO (Partially Overlapping), TPP (Tangential Proper Part), NTPP (Non-
Tangential Proper Part), EQ (Equal), NTPPI (Non-Tangential Proper Part Inverse), TPPI (Tangential

Proper Part Inverse), EC (Externally Connected), and DC (DisConnected).
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PO(X,Y) TPP(X,Y)  NTPP(X,Y) EQ(X,Y) NTPPI(X,Y) TPPI(X,Y) EC(X)Y)  DC(X)Y)
Figure 5. RCC-8 relations.

In [20] the RCC method is extended to apply to regions with vague boundaries rather than simple
regions. In that work, only five of the above RCC-8 relations are applicable (called RCC-5). These
include PO (Partially Overlapping), PP (Proper Part, when TPP and NTPP are combined), EQ (Equal),
PPI (Proper Part Inverse, when NTPPI and TPPI are combined), and DR (Distinct Regions, when EC and
DC are combined).

There are a large number of relationships that can occur between two vague regions, since each
vague region has two boundaries. The development of [20] lists all the possible relationships and clusters
them into a hierarchy based on RCC relations and the effects of “crisping”. A vague region X is a
refinement, or crisping, of another vague region Y if it can be formed by reducing the imprecision in Y.
There are various and incompatible ways of crisping such a vague region. If the imprecision is reduced
further, a point will eventually be reached where a crisp, rather than vague, region results. This is called a
complete crisping. A sample of the some of the 46 relationships that may exist between two vague regions

is depicted in Figure 6.

1 2 3 5 6 7
D T D (D 6 D €D O
8 g 10 nm 12 30 22 46

Figure 6: A sample of the 46 possible relationships between regions X (dashed line) and Y (dotted line). A solid line
indicates coincidence of an X and Y region boundary. See [11] for the complete listing.

Rough Set Modeling of RCC Relations
Recall that a rough set is comprised of two crisp regions, with each of these regions defined in terms
of the underlying equivalence relation. There are many relationships that can hold between two rough

regions, each having crisp lower and upper approximation regions.
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Distinction between a Single Rough Set and RCC Regions

In relating the approximation regions of a single rough set separately with the two regions in an RCC-
8 relation, it is easy to see that only five of the RCC-8 relations are possible: TPP(X,Y), NTPP(X,Y),
EQ(X,Y), TPPI(X,Y), and NTPPI(X,Y). This follows since in a rough set the lower approximation region
must be a subset of the upper approximation region. This condition does not hold true for the relations
PO(X,Y), EC(X,Y), or DC(X,Y). Also, note that for the EQ(X,Y) relation, the upper and lower
approximation regions are equal, resulting in a crisp set having no uncertainty. We are not interested,
however, in simply combining two crisp regions in a relationship and expressing those as a single rough
set. What we are interested in are the spatial relationships occurring between two vague regions, each
represented as a rough set.

RCC Spatial Relationships Modeled as Relationships of Two Rough Sets

Let us now consider the RCC-8 relations in terms of two vague regions denoted by rough sets X and
Y defined on some approximation space. The determination of whether or not a relationship holds for
these two rough regions can also be expressed in rough set notation. In the discussion that follows, the
RCC-8 relations will be expressed in terms of rough set approximation regions. In [20] the 46
relationships are listed along with “possible” representation of each of the RCC-8 relationships. The word
“possible” is used here because there is more generality present than when using rough sets to express the
relationships. This is because the approximation regions of rough sets, and therefore the vague
boundaries, are each precisely defined based on some precisely defined equivalence relation. Vagueness
in the egg yolk model includes uncertainty even in the specification of the boundaries of the egg and yolk.
These boundaries “represent conservatively defined limits on the possible ‘complete crispings’ of a vague
region” [20]. In addition to defining vague regions, rough sets can be used to describe RCC relationships.
These relationships can be expressed in terms of which properties certainly hold and which possibly hold.

Recall the DC relationship represents DisConnected in RCC-8 theory. In rough set terms, the

DC(X,Y) relationship holds when the rough sets X and Y are disconnected. This is certainly true when

13



RXNRY = &, Figure 6, case 1. However, it is possible that the relation holds when RX N RY = @
and RX N RY # @. This occurs in several cases, some of which may also be found in Figure 6.
For the EQ(X,Y) relationship to hold certainly, RX = RY and RX = RY.The EQ relationship

possibly holds when RX = RY and either RXCRYorRYC EX, which includes the two additional

relationships that each have the two lower approximations equal and one upper approximation contained
within the other. There are about 18 possibilities because the restriction on the inner boundaries being
equal is relaxed. For rough sets, where this inner boundary is defined by the lower approximation region,
equality must hold.

The relations TPP(X,Y) and NTPP(X,Y) are indistinguishable in rough set theory since the regions
can be related by the subset relationship, but not quantified for intersection at one and only one point. Nor
do we separate those points on the outer edge enclosing a region from those points in the interior of a

region. They all equally belong to the region. TPP(X,Y) and NTPP(X,Y) together denote inclusion of

rough set X in rough set Y. In rough set terms, X < Y when RX < RY and RX c RY. The relations
TPPI(X,Y) and NTPPI(X,Y) are analogous to TPP(X,Y) and NTPP(X,Y). One may simply exchange the X
and Y in the relation and discussion for TPP or NPP to obtain the same results. Grouped together these four
relations certainly hold for 9 samples and possibly hold for Sample 46. All but five of the pairs may be
categorized as having this relationship, which makes sense if we consider that we are looking at how two
vague regions might relate to each other, this relationship basically interpreted as one region being “covered
by” another.

Partial overlap PO(X,Y) implies that X and Y are not equal, but that they have some part in common.

Rough set expression of this relationship involves both intersection and equality. This relationship will

certainly hold whenever RX N RY =+ . It will possibly hold when RX N RY # @. These results are

identical to the 41 samples in [20] that meet the requirements for partially overlapping.
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Because rough set theory does not allow us to specifically denote that two rough sets intersect at
exactly one point, the EC(X,Y) relationship does not apply. It expresses the same relationship as those
belonging to the possible region for the PO relationship discussed previously.

It is evident from the discussion above that rough sets can be used to model relationships for vague
regions defined by the RCC-5 method. By allowing the expression of belonging to the relationship to be
either certain or possible, however, we gain greater insight into the relationship, therefore greater
knowledge. Rough sets also provide the indiscernibility relation, which aids in quantifying the uncertainty

through the approximation regions. We now consider another approach for vague regions.

Egg-Yolk Approach

If we are only concerned about the vagueness of boundaries, we may be inclined to use the egg-yolk
approach. In this approach concentric subregions make up a vague region, with inner subregions having
the property that they are “crisper,” or less imprecise, than outer subregions. These regions indicate a type
of membership in the vague region. The simplest case, is that of two subregions. In this most common
case, the center region is known as the yolk, the outer region surrounding the yolk is known as the white,
and the entire region, as the egg. Although the boundaries of these subregions are also vague, the yolk and
egg represent limits on the boundary of the vague region, which actually contains an infinite number of
regions falling between these yolk and egg borders.

Consider how the yolk and egg compare to the boundary regions of rough sets. The rough set theory
has only these two approximation regions, unlike the possible numerous subregions that may make up a
vague region in the egg-yolk method. However, because of the indiscernibility relation in rough sets, one
can vary the partitioning in order to increase or decrease the level of uncertainty present, which provides
us with a formal mechanism to tune changes to the approximation regions. A finer partitioning results in a
crisper region, one having less imprecision.

Let us now consider specifically the results of Cohn and Gotts [20]. In their paper they delineate 46
possible egg-yolk pairs (see Figure 3 for a representative sample), showing all of the possible

relationships between two vague regions. They then relate the egg-yolk configurations to dyadic relations
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of the type C(X,Y), meaning “C connects X with Y”, of their RCC-5 theory of spatial regions. Pairs of
relations are called “immediate conceptual neighbors” if “each can be transformed into the other by a
process of gradual, continuous change that does not involve passage through any third relation.” Recall
that the RCC-5 relations include DR (Distinct Regions with no overlap), EQ (Equal: the regions are the
same), PO (the regions Partially Overlap), PP (Proper Part: the first region is entirely contained within the
second), and PPI (Proper Part Inverse: the first region entirely contains the second). For egg-yolk pairs a
yolk is a PP of its own egg.

The 46 configurations of egg-yolk pairs were then clustered into 13 groups based on RCC-5 relations
between complete crispings, or relations that are “mutually crispable” (see Figure 7). A complete crisping
results when imprecision is reduced in some fashion until it reaches a point where there is no longer any
imprecision. The clusters each relate to one or more additional clusters via a crisping relationship or a
subset relationship between a set of complete crispings. Each configuration of a cluster can be crisped to
the cluster pointed to by the arrow via one of these relationships. Notice the symmetrical nature of the
figure. This results when X and Y are “reversed” in a relationship, such as the relationships grouped in

clusters B and D, or in | and J.

A
RCC-5 Relations for Cluster
A DR
B: DR, PO, PP
C: DR, PO
D: DR, PO, PPI
E: PO, PP
F: PO
G: PO, PPI
n DR, PO, PP, PPI, EQ
I. PP

J PPI
K: EQ, PP
L EQ, PO, PP, PPI

20, 27, 29, 31, 32, 33, 35, 36, M: EQ, PPI

38, 39, 40, 41, 43, 44, 45, 46

Figure 7.
Clustering of the 46 relations using RCC-5 relations between complete crispings of the configurations.
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Rough Set Approach to Egg-Yolk Clustering

We will now re-examine the clustering of egg-yolk pairs, this time noting the relationships for each
cluster based on formal definitions involving rough sets. Recall that “crisping” from the egg-yolk theory
can be related to forcing a finer partitioning on the domain for rough sets.

We first review a few of definitions from rough set theory to be used in categorizing the clusters:
Two rough sets X and Y are equal, X = Y, ifRX = RYand RX = RYY.
The intersection of two rough sets is defined by the approximation regions as follows:
R(XNY)=RXNRY,and R(XNY)=RXNRY.
The subset relationship, X C Y implies that RX ¢ RY and R X C RYY.

Rough Set Characterization of Clusters

Now look again at Figure 7, but this time approach the clusters in terms of rough sets instead of
RCC-5 relations. Let X denote the first egg (shown by dashed line) and Y denote the second egg (denoted
by dotted line) in each egg pair, as shown in Figure 6. We then have the following characterizations for

the clusters:

XNY=4d.

RXNRY=@ A RXNRY=#Q A RXC RY.

RXNRY=@ A RXNRY=0.

RXNRY=@ A RXNRY=@ARYCRX

RXNRY+#@ A RXNRY=@ARXNRY=@ A RXNRY=@ A RXCRY.

RXNRY+=@D A RXNRY#*@ A RXNRY+#D A RXNRY#@ A RXCRY
ARXZ RY A RY ¢ RX

RXNRY+#@ A RXNRY=@ ARXNRY#Q A RXNRY#J A RYC RX.

H:  RXC RYARYCRX ARXNRY =

R X C RY.

RY C RX.

R X = RY.

RXNRY#@ ARXCRYARYCRX A RXNRY=®.

RY = RX.

mmoow>

@

T A =
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We can obtain the above results by examination of each case. Also we can express the relation

between RCC relations and rough sets. Consider the result for cluster B. Examining again instance 6 of

Figure 6 we have

Clearly RX and RY do not overlap, so we have the first condition RX N RY = . Also note that R X

and R Y do overlap, and that RX is completely contained in R Y and so we then have the last two

conditions RX N RY # & and RX C R'Y. These three conditions suffice to describe the configuration of

instance 6 (Figure 6). They are the most general conditions that all the cases in cluster B satisfy. We shall
discuss further properties of this cluster in more detail shortly. We can obtain all the results by examination of
each case in clusters A through M as above. Also we can derive the results by considering the relationships
between RCC relationships for each cluster and rough set relationships.

Consider, for example, cluster M. This cluster contains only the egg/yolk pair sample 30, which can
be found in Figure 6. This cluster is based on the RCC relations EQ and PPI, which means that the
regions might be equal or that region X entirely contains region Y. In rough set terminology, this
relationship is defined through the use of the approximation regions. The relationship holds true whenever
the upper approximation region of Y is equal to the lower approximation of X. We know certainly then,
that Y is contained in X. It is also possible, however, that X and Y are the same (equal).

Let us consider our example of cluster B, which includes the egg-yolk pair relationships shown in
Figure 8 below, also in this manner. The RCC-5 relations corresponding to this cluster include DR, PO,

and PP. We can see that for these relationships it is always the case that the two lower approximation

regions do not intersect (RX N RY = @), DR, but that the two upper approximation regions do intersect

(ﬁ XN RY # @), PO. These properties also hold true for the relationships in cluster D, which is
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symmetric with cluster B in terms of X and Y. For cluster B, it is also true that the lower approximation

region of X is contained in the upper approximation region of Y (RX C R Y), PP. In D, the relationship

is reversed, with RY C R X, PPI.

T i3

Figure 8. Relationships between regions X (dashed line) and Y (dotted line) found in cluster B of Figure 7.

SubClustering Characterizations

Let us now examine cluster B in more detail. We shall see that the structure of the cluster and others
can be refined by a rough set analysis. In both the clustering for egg-yolk and 9-intersection methods [20],
we can have the group arranged hierarchically as depicted in Figure 9a. This cluster denotes the
relationship Close, “X is close to Y. Notice that in a sense sample 6 is the most general and “least close,”
whereas sample 13 is the “most close”. To transform the relationship from sample 6 to sample 8, one of
the upper approximation regions is increased or decreased so that the upper approximation of X is entirely
contained in the upper approximation of Y. To transform the relationship from sample 6 to sample 11, we
can either change the upper approximation of X or the lower approximation of Y so that these two
intersect. However in order to obtain the relationship in sample 13 from that of sample 6, we must

proceed through both of these operations, and so 6 and 13 are not contained in the same subcluster.

<> S

Figure 9. (a.) Hierarchical property of cluster B. (b.) Clustering B1, B2. (c.) Clustering B3, B4.
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Subclusters for B and D
As discussed previously, the rough set terminology for representation of the particular cluster B can

be expressed by the following:

B: RXNRY=O A RXNRY#2 A RXCRY.
With rough sets, however, this cluster can be further decomposed into two smaller clusters in two different

ways. The first subclustering groups together 6 and 8 into subcluster B1 by including the additional property

RY N R X = @ valid for both:
Bl: RXNRY=@O A RXNRY#*@ A RXCRY A RYNRX=0,
and 11 and 13 into another cluster B2 having the complementary property RY N RX#Q (Figure 9b):

B2 RXNRY=@ A RXNRY#Q A RXCRY A RYNnRX = .

We might say that the two regions, because of the non-null intersection, are in a sense “closer” in the
subcluster B2 than in B1.

We can form yet another subclustering of cluster B by grouping together 8 and 13 in subcluster B3

and 6 and 11 in subcluster B4 (Figure 9c). In B3, the property R X C RY is added:

B3: RXNRY=O A RXNRY+Q@ A RXCRYA RXCRY.
Here Y possibly “surrounds” X. In B4, however, we add the property RX ¢ RY.

B4 RXNRY=@ A RXNRY+#D A RXCRYARX ¢RY.
Both subclusters retain the original properties of B as well.

Because the cluster D

D: RXNRY=O A RXNRY+Q A RYCRX
contains 5, 7, 10, and 12 which are the mirror images of 6, 8, 11, and 13, with X and Y reversed, we can

likewise form 2 possible subclustering of this group denoting “Y is close to X”. The first subclustering groups
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5 and 7 together (D1) since RX N RY= ©, and 10 and 12 together (D2), with the complementary property
yielding:

D1: RXNRY=O A RXNRY=Z A RYCRXA RXNnRY=0Q and
D2: RXNRY=O A RXNRY=Z A RYCRXA RXNRY =T

The second subclustering groups 7 and 12 together (D3) by containment, (ﬁ YCR X) and then 5 and

10 by using the complement:
D3: RXNRY=O A RXNRY+Z A RYCRXA RYCRX and
D4t RXARY=@ A RXNRY+@ A RYCRXA RY¢ZRX
We see, therefore, that rough sets can be used to naturally express a grouping of relationships that are not
expressed in the original clustering of B and D found in [11].
Subclusters for Hand C; E and G

Now we can see that subclusters can be formulated for several other original clusters as shown in the
previous section for B and D. Note that the general approach was to first identify a subclustering property
P. Then P and its complement P* were used to define subclusters, and this will be the general approach
for the following discussion. Finally we will provide an overall summarization of the subclustering results
in Table 1.

First let us consider the cluster H whose instance are shown in Figure 10. These relations are grouped
together for egg-yolk relations, but are not included at all in the clustering scheme based on the 9-
intersection model since the assumption was made that the indeterminate region was very small in
comparison with the entire region. We can arrange the four relations hierarchically as shown in Figure 11
and subcluster through additional rough set properties. As with the hierarchical subclustering done for
clusters B and D, note how sample 42 of cluster H appears to be the “least imprecise” and sample 19, the
“most imprecise,” with samples 28 and 34 having some level of precision between 19 and 42, all based on

the relationships between upper approximation regions only for this cluster.
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Figure 10. Relationships between regions X (dashed line) and Y (dotted line) found in cluster H of Figure 7.

We may again form subclusters of this group in two ways. The first subclustering groups together relations

34 and 42 in one cluster (H1) and 19 and 28 in one cluster (H2). The rough set property P defining these

subclusteris R X € R'Y producing:

Hl: RXC(RXNRY)A RY € (RXNRY)A RXCSRY.
H2 RXC(RXNRY)A RY C (RXNRY)A RXZRY, and

Notice that in contrast to the conditions for subclusters in B and D in which we used the stronger condition of
a proper subset, here we use < . The reason is that in fact, for sample 42 we have R X = R Y asseen in

Figure 10.

A different clustering may be obtained analogously by interchanging X and Y in P giving:

H3: RXC(RXNRY)A RY € (RXNRY)A RY €RX and
H4: RXC(RXNRY)A RY € (RXNRY)A RY¢ZRX

<>

Figure 11. (a.) Hierarchical property of cluster H. (b.) H1 and H2. (c.) H3 and H4
We may use similar techniques on cluster C (contains relations 2, 3, 4, and 9) to transform it into two

different subclusterings of two relations each. The first partitioning clusters 2 , 3, 4 and 9 based on the

property RX N R Y. So the subclusters C1 and C2 have properties of C along with those below:

Cl: RXNRY=O A RXNRY#@ A RXNn RY=0, and
C2: RXNRY=O A RXNRY#@ A RXN RY = .
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As in the second subclustering for H described above, interchanging X and Y in the first

subclustering property yields a new subclustering. So here there is another subclustering of C, based on

the property RXNRY =0, forming subcluster C3 with 2 and 4, and a second subcluster C4,

containing 3 and 9.

Finally let us consider Cluster E

E:RXNRY#+# D ARXNRY+*O ARXNRY#@ ARXNRY+=Q A RXCRY
containing 16, 18, 22, and 26 and depicted in Figures 12 and 13 below, (and likewise its mirror image cluster

G) which can also be divided into subclusters in two ways. The first grouping places 16 and 18 into one

cluster (E1), based on the relationship between the upper approximations of X and Y, RXZR Y, and

22 and 26 in the other cluster (E2) with the property RXCRY.

Figure 13. (a.) Hierarchical property of cluster E. (b.) Clustering E1, E2. (c.) Clustering E3, E4.

A different clustering of E is obtained based on the subset relationship of the lower approximations of X,

grouping 16 and 22 in one cluster (E3) and 18 and 26 in the other (E4). For E3, RX & RY, and for E4, RX

C RY.
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Cluster E denotes the spatial relation “covered by”. The hierarchy in Figure 13 arises because in 26
this “covered by” relation is “more certain” and in 16 it is “less certain” than the others. Relations 18 and
22 fall somewhere between 16 and 26 in their level of certainty. Cluster G can be analyzed and
subclustered analogously to cluster E by simply exchanging X and Y, 16 with 15, 22 with 21, 26 with 25,
and 18 with 17 for similar results.

Let us provide a summary of these results. There are four distinct properties producing subclustering:

P,RYNRX=0Q
P, RXSRY
P,: RX C RY

P. RXCRY

For each property P; ( X, Y ), the property P; (Y, X) represents the property with X and Y interchanged,
e.g. P,(Y, X): RY S R X. Now we can develop Table 1 which provides the results for the subclustering

relative to their defining properties.

Table 1. Summary of Subclusters.

PROPERTY P(X,Y) P.(Y, X)
P, B1-2, C3-4 D1-2, C1-2
P, B3-4, E1-2 D3-4, G1-2
P, H1-2 H3-4
P, E3-4 G3-4

The previous discussion illustrates the expressive power of rough sets and the generality of the
approximation regions of rough set theory in formalizing relationships for vague regions. We have shown
that rough sets can be used to express all the spatial relationships defined for 9-intersection, RCC, and

egg-yolk methods. In addition we have given several examples of subclustering that can be expressed in
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terms of rough set properties. Recall that rough sets offer the additional capability of partitioning through
the use of the equivalence relation. Rough set techniques for information retrieval and data mining in
spatial databases and geographic information systems (G1S) may be applied to models incorporating
vague regions expressed by the egg-yolk and RCC models, as well as those based on the 9-intersection
method. Rough set theory provides a comprehensive mathematical foundation for vague regions that is
compatible with other spatial data theories and methods, yet offers the added ability to refine the
indiscernibility.

Conclusion

Spatial and geographical information systems will continue to play an ever-increasing role in
applications based on spatial data. Uncertainty management will be necessary for any of these
applications, and rough sets, 9-intersection, RCC, and egg-yolk methods are appropriate for the
representation of vague regions in spatial data. Rough sets, however, can also model indiscernibility and
allow for the change of granularity of the partitioning through its indiscernibility relation. Changing the
indiscernibility relation has an effect on the boundaries of the vague regions because the lower and upper
approximation regions are defined in terms of this indiscernibility.

As discussed in [7], extending the 9-intersection model to relations between objects with broad
boundaries maintains all the properties of the original 9-intersection model, giving a mutually exclusive
set of relations, and providing an algebraic basis for spatial reasoning. It can easily be implemented in a
GIS since each region of a broad boundary can be expressed as two sharp boundaries with ordinary
polygons. An equivalent rough set representation has similar benefits.

Rough set techniques can also be used to define the spatial relationships themselves. In this manner,
there is a distinction between those combinations that certainly meet the RCC-8 relationship requirements
and those that possibly meet the requirements. The rough set approach, therefore, is very useful in
defining vague spatial regions with indeterminate boundaries, and in defining the spatial relationships that

hold between two vague regions.
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We have also shown how the clustering of egg-yolk pairs by RCC-5 relations can be expressed in
terms of operations using rough sets. We believe that rough set techniques can further enhance the egg-
yolk approach and are investigating the interrelationships between rough set, egg-yolk, RCC, complex
objects (region having holes and multiple components) [28] and other spatial models [29]. We are also
investigating impact of vagueness and uncertainty expressed with these theories on the querying and

mining of spatial data [30,31], and the feasibility of implementing such approaches [32].
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