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ABSTRACT

The fundamental equations governing the process of isotope
separation by thermal diffusiocn are derived. The equations are applied
to the behavicr of a single column in the cases of equilibrium,
stationary flow and approach to equilibrium.
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INTRODUCTIOHN

le The separastion of iscotopes by the method of thermal diffusion
has assumed a practical significance in connection with the problem of
obtaining concentrated uranium 235, an element which is capable of
releasing large amounts of energys .hile the work on this problem is
primerily of anexperimental nature, theoretical work can play an
important role in guiding the work of the experimenter and in correlating
his results.

2e The present paper deals with the theory of the thermal diffusion
methode In the published literature there are a number of papers on
the theoretical treatment of isotope separation by thermal diffusion,
among which one might single out for mention those of Furry, Jones and
Onsagerl(to be referred to as Fe Jo 0.), Waldmanng, Bardeens, and Debye4.
However, all of these but the last are concerned with gases rather than
liquids. The paper of Debye is not satisfactory because of the rough
approximations introduced, while the papers dealing with gases make
some assumptions which are probably not valid for liquidse (Incidentally
it is interesting tc note that since 1940 mo papers on isotope separation
by thermal diffusion have appeared in German publications, although
there had been numerous papers previously.)

3. Because there exists no satisfactory theoreticel treatment of
isotope separation by thermal diffusion in liquids, it seems desirable
to attempt such a treatments. The purpose of the present paper is to
discuss the case of a single liquid diffusion column, introducing
assumptions and approximations which are appropriate to the type of
column being used, and to obtain results which can be directly applied
to it :

APPARATUS AND PROCESS

4, In order to be able to treat the problem theoretically, we
must first have a clear picture before us of the system to be investi-
gateds Some idealization will be necessary, to be sure, but it is
importent to try to retain the essential features.

5¢ TWe shall consider a column to consist of two vertical

concentric tubes, spaced a distance a apart, each of length L, between
which the diffusing liquid is cmntained, in the annular space of mean
circumference bs The surfaces of the tubes in contact with the liquid
will be referred to as the "walls". One wall is maintained at & low
temperature Tj, the other at a high temperature Tpg. The mass of the
fluid contained between the walls will be denoted by lige At the top
of the column there is a reservoir filled with liquid having a masw
Mps At the bottem of the column there is an outlet which nay be con=-
nected to anothe~ reservoir, or else kept closed,

Ge Because of the temperature difference between the walls, a
con 'ection -current sets in, the liquid near thé hot well, having the
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lower.density, flowing upward,while that near the ccld wall flows down.
At the seame t ime thermal diffusion “takes place, the molecules of the
lighter isotope diffusing from the cold toward the hot walle The result
is that there is an exchange of molecules between the upward convection
streem and the downward one, by which the upward stream acquires an
excess of the lighter isotope and carries it to the top of the column.
The conecentration of the lighter isotope at the top of the column, or

in the reservoir, gradually increases. while that at the bottom decreases,
unless the bottom is connected to a large reservoir or to another

column, so that a constant concentration is maintaineda

Te If this process is allowed to continue, a condition of
equilibrium will be approached, at which there will be a definite
relation between the concentrations at top and bottom. It is possible
to stop the process at some stage, remove the enriched liquid from the
reservoir and start the process over ageine Such a procedure is referred
to as intermittent operation. On the otler hand, it is possible,
beginning at a certain stave, to draw off a continuous stream of enriched
liquid from the top of the column « Th1° procedure is called
continuous operatlon. Under working conditions, the rgte at which the
isotope is drawn off from the top of the column is equal to that at
which it is carried to the top of the column by convecticn, so that one
has a stationary condition within the column.

8¢ In the mathematical treatment of a column such as has been
described, one can teke into account the fact that the distance between
the walls a is very small compared to the circumference b, by neglecting
the curvafire of the walls and treating them as plene surfacess In
discussing the convection and diffusion, one can :simplify the caleulat-
ions considerably by neglecting the small regions near the ends of the
column where the temperatures vary from the values prevailing elsewhere
and where the convection streams curve back to reverse their directions.
These regions can be neglected because their dimensions are generally
very small compared to the usual length of a column. (L.u.O.I)

9¢ FEinelly, since a column in a practical case will produce a
relatively small change in the isotope cbncentration, one can represent
the concentration very often as a power series in the distance up from
the bottom of the column. The series will usually converge so
rapidly that only a small number of terms are required for reascnable
accuracye Such a power series expansion frequently reduces the work
of mathematicel calculation considerably.

10+ Since we are dealing with isotcpes having s small percentage
difference in atomic weight, the two kinds of molecules being separated
are very similar in their properties, and the presence of thermal
diffusion does not alter the behavior of the liquid to any marked
extents Hence one can first treat the convection of the liquid in the
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eabsence of diffusion and afterwards tneat the diffusion as influenced
by the convectione

1l. Let us suppose that we have the liquid between two perallel
vertical walls o distance a-apart, of breadth b and height L. Let us
take o coordinate system with the Xeoxis at right angles to the plates
and the Z-axis vertical, so that s % T4, o83 3/

Since we shall consider the case in which none: of*cuantltles to be
disoussed varies in the direction of the third coordinate axis, the
lattar will not be usede Lot us toke the "cold" wall, as the one at

X = 0, and let its temperature be Ty, while the "hot" wall, at x = 8,

hes & temperoature Tp, so that AT @ T Ty> 0. Letp be the pressure,

g the occceleration of gravity, and § thc heet flow per unit arec of
Plotes Furthe more let o, A and g denote dhe density, thermal conducs
tivity, =nd viscosity of the liquid, as functions of the tomgeratures
Te Dobye® assumed the last three quentities to be constant, corres-
ponding to & smnll valuc of ATe -Howsever, these quantitics may change
rapidly with the temperature and thereforc, for any approciable value

of AT, the depondence on temperature should be token into consideratione
On the other hand, becruse of the similarity of the two kinds of
molscules, we shall nssume that r.,,\ end v do not dopend on their
concontrationss Finally, from the conditions of the problem, we can
toke these quantities independont of Ze

12 To calculate the convection flow, we follow Fe Je Qe in
detcmining the tempersturs distribution on the basis of the hoat
conduction alonee Except nenr the edges of the plate, one can write,

LdT
ory on integrsating,
S '
Q= (2)

whero
e
R
K = ) AdT. (3)

1
13¢ FeJe0Qse showed that the convection flow can be trecnted as

lamellare To & sufficient sccurccy, one can use the hydrodydmical
equation for stoady viscous flow in the form

(v-pw)V = vp =9, (4)

whore v, the Vulcclfy vector, is tsoken in the zedireetion, but inde~
pendent of 2z, wnile g, the grevitational sccelSretion vector is teken
in the (=z) direcction cnd of megnitude ge Eqs (4) gives for the
xecomponent -
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8P _ - (4)
TX - V',

and for the z component:
2 f2v )= 2R 4ise (5)
L (WL 28
DX \!_.;-.".'x ! %% i

Since, in (5), all terms ether thanfap depend only on x, we see that
T

where B is a constant, and the equation can be written by means of (1)
as -

This egquation is to be solved subject to the boundary conditions

v(T1) = V(Tg) = 0 (8)

The solution of (7) canbe obtained by quandr&tures and will depend
linearly upon the constant Be The value of this constant will depend

on the total flow of ligquide It will be seen from (7) that for glven
values of B, ,T1 and Ty, v(T) for a fixed value of T will vary as 1/b4 or
by (1), as a~

DIFFUSION

14, Let the two types of molecules in the liquid be referred
to by subsceripts 1 and 2, sc that, for example, ¢y end ¢, are the
relative particle concentrations, (Gl—f‘cz 1), and let 1 represent
the species which it is desired to concentrate, &+e., the lighter one.
The equation of diffusion can be written in the form

01(31 —.hT?f) - - D\'Zgl “," c7 T, (9)

where the first term on the rightehand side represents ordinary diffus-
ion, while the second term represents thermal diffusions In the case
of ordinary diffusion, the diffusion coefficient D (often denoted by
Dlz) is known to be a function of the temperatureT It will be assumed
that it is independent of the concentrations cy and ¢cp, an assumption
which is justified by the similarity of the two species of molecules.

15 The coefficiként C of the thermal diffusion term must depend
not only on the temperature, but also on the concentrationss Since

there is no thermal diffusion if
can assume ¢ to contain a factor
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€ = qejesp (10)
D

a slowly varying function of the concentrations. In particular, if the
two species are very similar in theip properties, it is reasonable to
believe that q will be very nearly independent of ¢, and ¢_« This is
borne _out by the fact that such is the case for thermal di?fusion in
gasesd, e shall therefore assume, until there is evidence to the
contrary, that q in (10) is a function only of the temperature. What
this function is we do not know at present. 1In the case of gases, it
has been found to be of the form &A/T, where his nearly a constant, and
this is the function used by F.J.0.1 For liquids, very rough thepretical
arguments” have led to eitherq/'r or %/T2, depending on the model
assumede It seems best, in the present state of our knowledge, to
leave open the question of what the dependence of gonTis,

One cen e xpect that q will depend on T and that it will be, in general,

16« From (9) and (10) the flux density of species 1 is
given by

? - CiVy = /,;.W? (- ¢ T 11
} 2PN 2 A0 4 D(-Ver 4 qerezvr) (11)
80 that we can write

, ~>
% «Cl) =-V'J1’ (12)
where t is the time. If we are dealing with a stationary condition,

such as that of equilibrium, or of continuous operation, the left-hand
member is zero, and we have

-
Ved; zo0 (13)

As pointed out by F.J.O.l, the condition will be essentially

stationary even during the gpproach to equilibrium provided the end-

reservoirs are sufficiently large,

STATIONARY CONDITION

17« Substituting (11) into (13), we get

3 dcl Y c
X &‘D(-— X 4 qclcz.%;)} -fyav'Tal ‘f"D%% =0, (14)

or if we replace x by T, by means of (1),

d | 5D C1= Qc,c = APl vae -D’fé » >(15)
1 2 - z. 1 _.4__1
A = ¥ 2 oy
The boundary conditions at the walls are given by

Jix = O (x = 0,a), (16)
SECRET «5w
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or

YLy, s - - = 0
FEEGRT O S (17)
™

184 In = lving thesc equations, woe shall not look for an ex-
flicit solution giving the value of ¢; for cach value of T and z;
rother we shall follow FeJeOs in sceking information about tho average
volue of ¢y seross o section z=constant, for various wnlucs of z,
since this is the quantity which is of the most direct concern to the
oxperimentor, and since the concentrotion varies but little over the
crossesccetion of the column.

1% Lot us therefore integrate eqe (15) over T frdm Ty to T,
Making use of tho boundary conditions (17) we obtein a result which
can be written

SR (18)
L =0,
23
where T is the upward transport of specics 1, given by
a
S om bl aive —,D‘,—r/"*":t
t )~ 4 23
_ b { s (19)
"G Iwdlve-Darjur
<o

Eqe: (18) states the obvious fact, that T is constant elong the tube
for o stationary stote.

20¢ Let us now define o funotion

l svd T (20)

\_._r
1}

e sce that

FIT)=o, FiT)= @f: ) (21)

where ¢ is the total tramsport, given by

&

s —

( fa
" ! A
Q = _bjj_‘\vc/x ped ..Q j ’\'y) V‘/// ‘ (22)

@

'l

Eqe (19) can be written

/T g dT. (%)

Ky

t

K

\‘k_.
r"r:‘
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Integration by parts, with tho aid of (21), gives

-—

,ll ?;
b = 2% y) T op o
7 = 0‘(“ T et —-———5‘} s “—:‘:/T-Tf'\)j)""ldr

21e If one now goes back to oqe (15) and integrates it with
respect to T, one obtains an expression for ¢, /?7T s which
can then be substituted into (24)e Taking into sccount the boundary
conditions (17), one finds

) - T
¢, 1 '
X2 g, + - ;2% _pok
= Y 2 ’,Dq,i (V 53 Dd:}z,)kfd T, (25)

end, substituting this into (24), one obtains

. T ’ -
5= oa (1) B[R ot i, (T
) J J_: 3) (\)3 rFff,(,a_‘/T-(‘):}fZ‘;dT[f\fvé;,dr
- T T 7 3 (26)
.;._Q.j&}d” N b(T& ¢

1/, [

22« 1If one noglects the small variation in eonccntration along
o section ze const., one can write this equation as

—~— i l\ dC, N "‘"ict
C =g +Hc,cl—-l/\?—£ -NJ‘SZ ) R7)
where H , K, end N are positive quantities defincd by
H ; 3
=z - 73- Fid T,
7
K= K: * Kd)
T
b . =2
K = '—3( AP \ 2.3
N
K AJ 2
4 Q TAJJ‘D"’ITJ
& ! T -
N = .é—_ l/\F .
‘ Q 7750/7' Xy.DdT
77 n
SECRET 7w
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ond the concentrations are now rogarded as depending only on ze

23« One can show that in practical cases the term in (27)
involving «%c /4 3* will genorally be small comparcd to the
other quantities presente Hence we shall discard this terms For
convenience we shell write ¢ in place of ¢ , l-c in place of cgp,
and T in place of %, .+ The equation then becomes

. e
T = 570+ H(:(h~¢)‘ K Zé- (29)

() Equilibrium
In the case of equilibrium both ¢ and T are zeroe Eqs (29) then
becomes
i< 37 —H<ll-¢) =o, (30)

If we lot

[

it

'R') | (31)

This can be intograted to give

In *_—L:z_—‘ = ey o+ Comst (32)
-

24e Let the value of ¢ ot the top of the ecolumn be denoted by
¢, » that ot the bottoem by ¢, o It is customary to define the
separation factor by

S = Sl-ay : (33)

If we let S, denote the value of § at equilibrium, then it follows
frem (32) that
R

I a"L
In 53 = x L , D, = 6 (34)
Where L is the length of the columne An important fecture of this
result is that the value of the cquilibrium separation factor is
independent of the concentration at the bottom of the columne

25+ It is desirable to investigate morc closoly the dependence
of 8, on the varizbles of the systome In ‘terms of the inbtegrals
listed in. (28), it cen be writtén

T HL 35
ZPLgf% = TR (35)
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the
or, byAuso of (2), -
s 2
-t 2 Fod T
- Lo e 6
Zn,Ck': = = —_— (36)
o o, 3% 1,
a | A2 +x",/,\.fbdr
TP T

2686 If ono looks 'fér the valuc” of a, denoted by ay, for which
InS, has a maximum valuc, one finds thot it satisfies the relation

—

]
.

| S)D t

The moximum volue of InSe is then given by

T

KA

2 BJ( Fod T
In 3, 5 =

T e r e (%
J[J j"é*d:::] {f_ Aj‘D«'H,
7 - L. -
This depends only on tho wall tempercotures T, and T e The dependence

is rcther compliceted, howevers 1 e

273 - (38)

27« It might be pointed ocut that, on the basis of rough
considerations of the behavior of the various quantitics in (38),
raising T should goncrally increase Sgpe However, this connot be
done indefinitoly, since a high velus of AT will lecd to parasitie,
or local convection, resulting in mixing of the liquid and lowering
of the soparation frctore It appears that the choice of optimam wall

temperatures can best be made on the basis of experiment, rather than
theory,

28+ Roturning to (36),we sec, that, for fixed wall temperaturss
Ty end Tp, the dependence of Se on a can be expressed in the form

In g = kel (39

)
€ I+ k,a”

where k.linnd ks are sonstants degending on the temperature o A similar
rolation was given by Vieldmann? for gosese

29%In plate 1,the crosses indicate experimental values of 1nS

for o number of values of n, as determined by Dre. Philip He Lbelson

n for a particular set of conditionse fThe curve reprosents ln S, as

' glven by (39), ky and having been ckosen to fit the experimentel
detae It will be scen That the agreement is goods However, the
agreemcnt may be fortuitous to some extmnt for, os Dre 4belson
pointed out, in the wxporiments what was kept constant was not the
temperature of tho well in contact with tho diffusing liquid, but
rather the temperature of the hegting or cooling substence in contact
with the othor sido of

SECRET -
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the walle 'then the distance a is varied, the temperature of the
diffusing liquid at the wall Will vary somewhat in spite of the fact
that the heating and cooling agents are kept at fixed temperatures.

GITITSSYTIOND

30. If we wish to have a sclution for the concentration c at
equilibrium, we can obtain it in a convenient form by expanding it in
a power series in z. Substituting into eq. (30) and equating to
zero the coefficients of each power, we get

o) = et < <1~co>I;, + G2z iH o) (40)

provided we take z = O atihe bottam of the column.

»

3le If the solution is desired in a closed fourm rather than as a
power series, it can be obtained from (32). The result is

L3
PRt - '

c(z) =z
1+Co (= &‘47 (402)

(b) Stationary flow

32¢ lie next consider the case in which there is e steady upward
flow of liguid through the column at such a rate that the concentration
at every point remains constant with time, a condition which might be
referred to as "stationary". In this case egqe (29) applies, withg™
and ‘7 both constant,g— being the mass-of liquid flowing upward per
unit time through eny cross-section of the column, while ¥ is the mass
of the desired constituent crossing any section per unit time.
These two quantities are related to each other by the equation

N3 "C-'"‘cm (41)

where cp is the value of ¢ at the point where the enriched material is
withdrawn. If one is operating a single column this will be the same
as C g » but if the column is part of a pyramid, c, will be the
concentration at the top of the pyrwnld, Let us for the present impose
no restriction on c_s :

Eqs (29) can now be written

L~en =er-6 <4 He(l-c) = K dc, (42)
Té,
If we define o as in (31) and let
vIgT
", (43)

the equation beccmes

de - (\0(1-0)+(‘\ V(e =c) = O (44)
3?;- ‘
SECRET L «10-




This can be solved most conveniently by means of a power series in z.
In this way one obtains as the solution

¢ =0 +{- o\l-c(,) - (c -C ‘”j%\? +2 (1-2c, -;-v)r& f (455.

Putting z =1 gives us ¢ + » and £ rom this we get the separation factor
1 + 1{" ‘«C‘z
o ! -

V’+('(1‘~ »~
[ Lt | L«[,’/ (}1/ M;Ft}(%)

33. If weare deallng, with the case in which ¢ = ¢ we can
put the result into a more convenient form. At the ton p# the column,
(45) then becomes

GO+[ 0(1"00) "v(c__,.- 00313\ L 1’!’2(1"20() -“r"V)C\Z L“’]-@a..

(47)

#e solve this equation for ¢, we obtain

+
- , 2
° ¥ co 4 co(l-co)[ O\LJ}% (1-2c -v)of L? g o (48)
and from this we find "
14l +E (L-DAE e (49)
34. It will be seen by a comparison of (49) with (34) that when
ligquid is withdrewn continuously from the top of the column the

separation factor is less than that at equilibrium; the difference
will be very small however if S, is nearly equal to unity (%L small).

APPROACH TO EQUILIBRIUL

35« If one is interested in following the process by which the
column goes from its initial state to the condition of equilibrium,
one must replace eq. (29) by the more general equation involving
the timee This equatibn can be obtained from eq. (12) in much the same
way as (29) was obtained from (13)., Such an equation was derived by
Bardeens! If we egain omit terms which are small in practical cases,
the equation can be written in the form

/ahi_: 4D IC(/‘L)] lf‘af?:g_. (50)

e

- 53/
c/

.‘2-

If we define & as in (31) and J_e{: J

(A I Sl - (51)
. AA* Hey 7
this beqca;ne; 5
X s = - [ el+ee
17 45 A Lol l"“ﬁ*—\ =5 (52)
SECRE_.T_ -11_ o :7"
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36e To solve this equation, we look for a sdlution which is a
power eries in z, with coefficients which are functions of t.
Let us set

\ 2 2
§ o)+ 4 () Ay y2(6)=% Ftees (53)

Substituting this into (52) and equating coefficients of corresponding

powers of z on both sides of the equation, we obtain a series of relat-
ions ga
© (/”(9>+¢> - \

AR / i

4 :~»”’ 0 (-2, 43144, S (54)

JJX/:" 3,r:j(/-5{3(0 )’-- ),‘;»7’}"/«6\( R
where a prime denotes dlfferentzation with gespect to time. It will
be seen that two of the functions, and can be taken
arbitrarily. The others will then ée determlncd by the equations in
terms of these two. One finds, for example,

V(- \M"ﬂ (55)

‘-\;_\"

.

J : /Ky (}«; o) h»/{ /fX z‘,@u ] e,

The upward transport "y glven by

= He (/—~<3)~~ K 3;—— , (56)
is found to be ;T

v B N ' 57
T)'H L‘/ X, ,,._-‘/ % .~ -’»?1 ogw’//f,/ /,}J 3 ‘\) (87)

AR S i A VA ‘;f
37« The functlonssfo and >/ will be chosen in any perticular
problem so as to satisfy the 1n1t1a1 conditions and the boundary
conditions at the top and bottom of the column.

38 This method of solution is mucH simpler than the usual method
involving a Fourier series, and it should work satisfactorily for the
cases encountered in practicee An example of its application will
next be given,

() Fixed concentretion at bottom of columne

39. lie consider the case of a column of the type previously
discussed which is operated by having its lower end conneeted to a
large reservoir or to a stripper column so that the initial concen=-
tration is meintained there at all times. {le have then, by taking
Z“.':,O)

Ko (t)= coneinnt o g, (58)
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whence it follows from (54) that \w
"”( ") |

[ (s9)
‘/"¥ ((‘1‘(;0\" ﬁ]"’yé?\é’ ;3.

/
I4

j,;[: ‘7‘, '{jk\{ 3¢ ,475/“ I"‘/&fﬁ “/;
40+ 1In this case, eqe. (57) gives Tor = 7

7. -
S - o
' /

= H f« s (1) ,’f AL Colia’ 4 3

At the top of the column (z = L) we hava

=H o )X,J s b Lo [y ohy /- Py (61)

or, since
Ms =Fa b L | (62)

we can write

Ml 1) M eal Y (X Patime .

4l On the other hand, at the top of the column, we have the
rate of change of concentrationrelated to the transport,

= My 4 (64)

where ¥M_ is the mess of the liquid in the reservoir, while c+ﬂis
given b

R (%,QG/W,LL%_.” (65)

Substituting (85) and (63) into (64) we get an equation for }(

¢re

-.__//

Hr (-t~ YL.AL X/‘j } [ Hy, - BEN. yH*U/ﬁ talh e )dl (66).

Neglecting higher order terms, one integrates this to get

})(/ :Qu("\rw[} ¢ *t/F } )

where the relaxation time @ is given by

e.i,{;»,([, H = o Qo L VAR A =) L j\ (88)
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to the approximation considerede

42, The solution for the concentration can be written

A , -tV L & 2
(‘Q0+do(/‘Co)(/‘€‘ ///[d‘ ’/)/‘H\VQ“CO)C)\} J"I", . (69)
From this one finds for the separation factor

Sl (1-e " )[oa, Lt (f-coc f/é)fzf +... (70)
) -

~J
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