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Report Title
Quantum Computing with Single Cooper-Pair Electronics
ABSTRACT

This project is for experimental and theoretical investigations on quantum computation using the single Cooper-pair electronics. We
integrate a Cooper-pair box qubit with a high-speed, time-gated quantum readout amplifier, namely the Radio-Frequency Single-Electron
Transistor. The physics of single qubits is being studied, in order to identify and reduce the mechanisms of decoherence. We are developing
techniques for state manipulation and single-shot readout of qubits, with the goal of demonstrating >1,000 coherent single-bit operations,
and to separate errors in control, or measurement-induced dephasing. Another area of investigation is the integration of Cooper-pair boxes
with high-Q superconducting microwave resonators, to realize a solid-state version of cavity QED. These resonators are used for
engineering coherence times, as a means of entangling charge states, as a mechanism for storing quantum coherence, and as a new type of
QND measurement. Devices are fabricated at Yale, and were previously also made under a subcontract to Chalmers University. A
closely-coupled theoretical effort, headed by Prof. Steven Girvin at Yale, is examining the phenomenology of dephasing in the Cooper-pair
box due to 1/f noise and other mechanisms, calculating dephasing and mixing rates for qubits due to the backaction of an RF-SET,
developing the circuit QED approach to quantum computing, and comparing architectures for realizing entanglement and quantum logic
gates with the Cooper-pair box.
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Final Project Report (04/01/02-8/31/05):
Experiments in Quantum Coherence and Computation with Single Cooper-Pair Electronics, (DAAD-19-02-1-0045)
Pls: R.J. Schoelkopf and S.M. Girvin

This is the final report on a grant, started in April 2002, for quantum computing with single Cooper-pair
electronics. The grant is a combined effort consisting of theoretical investigations (under Co-PI Prof. Steve Girvin of Yale),
fabrication of superconducting qubits, and the experimental implementation and testing of qubits and gates. Two different
experimental approaches to implementing a quantum computer using single Cooper-pair box (CPB) superconducting
charge qubits are being pursued. The first, a continuation of a previous effort, employs high-speed radio-frequency single-
electron transistor (RF-SET) electrometers to measure the charge state of the qubit. The second approach, following the
ideas described in our proposal, integrates CPB charge qubits with high quality-factor superconducting resonators to
realize an analog of cavity quantum electrodynamics (CQED) in the solid state. This new approach (called circuit QED)
was developed by the theoretical/experimental partnership during the first months of the current project, and has resulted
in several breakthroughs for superconducting computing during the first experiments from February 2004 to the present.

This report will consist of several sections detailing the work in chronological order. Each period of performance is further
subdivided , into categories describing the development of superconducting qubit fabrication at Yale, experiments on
superconducting qubits coupled to microwave resonant cavities in the circuit QED architecture, experiments on RF-SET
readouts of CPB qubits and measurements of the backaction and fidelity of such readouts, and the collaborative
theoretical work done by co-invesitgator Steve Girvin's group.




Section A: Results from the period 4/1/02-12/31/02
A summary of achievements in this period:

e  Our paper, describing the measurement of T2* and T1 in a Cooper-pair box (CPB) qubit, appeared in Physical Review Letters.
(K.W. Lehnert et al., Phys. Rev. Lett. 90, 027002 (2003). (reference #1)

e A manuscript, describing the first observation of quantum charge fluctuations in the single-electron box, was submitted to
Physical Review Letters. (reference #2)

e Made first quantitative observations of the backaction of an SET, observed in the normal state during measurements of an
electron box. A manuscript describing these experiments is in preparation for Physical Review Letters. (ref #3)

o Developed theoretical treatment of SSET operated in mode used in experiments, including predictions of backaction and signal
to noise ratio in single-shot readouts of CPB. Work published in Physical Review Letters, A.A. Clerk et al., Phys. Rev. Lett. 89,
176804 (2002). (ref #4)

e With Co-I Steve Girvin and student Ren-Shou Huang, devised new architecture for quantum entanglement and readout of qubits
relying on high-Q superconducting resonators. A manuscript is in preparation.

e Published an extensive review article, “Qubits as Spectrometers of Quantum Noise,” R.J. Schoelkopf et al. (cond-mat/0210247)
on state mixing and transition rate calculations for superconducting qubits (ref #5).

e The Pl and postdoc Dr. Konrad Lehnert delivered over 20 lectures and seminars on the observations of coherence and a long
relaxation time in the Cooper-pair box, including 4 invited presentations at international conferences.

e Refined techniques for precision charge measurements, resulting in our ability to measure single charges with signal to noise of
greater than 1,000.

o Developed software for complete computer automation of experiment box plus SET electrometer experiments, including ability

to carry out various protocols for coherent state control.

Separated electric and magnetic components of relaxation rate (T1) of CPB.

Attempted single-shot readout of CPB, yielded signal to noise of approximately one. Improvements in sensitivity are underway.

Found backaction of superconducting SET could be reduced sufficiently to observe 2e periodic Cooper-pair staircase.

Performed spectroscopy of CPB in region approaching the charge degeneracy point where 1/f noise effects minimized.

Attempted Rabi and Ramsey experiments with CPB at degeneracy point, unsucessfully, perhaps due to short T1 during
measurement/readout phase.

Observed extremely low offset charge (1/f) noise drift under certain circumstances in normal state of ~ % millielectron per hour.

e Designed improved CPB qubits with different parameters, redesigned mask.

¢ New devices with these parameters fabricated under subcontract to Chalmers, testing of these devices beginning.

e Co-l Girvin and coworkers began analysis of new readout schemes for CPB qubits based on RF manipulations of large

Josephson junction, as being experimentally developed in group of Michel Devoret at Yale.

Designed two qubit gates based on cavity-QED entanglement using a transmission line resonator.
Fabrication of CPB qubits and readout SETs underway in Yale fabrication lab.
Began fabrication of resonators for cavity-QED experiments.

As listed above, we have had significant progress on the theory, fabrication, and experimental aspects of our project on
guantum computation with single Cooper-pair electronics. Several major publications have appeared and been submitted during this
period. Funds have been used for partial summer salary for Pl Schoelkopf and Co-I Girvin, and for postdoctoral associates Dr. Konrad
Lehnert, Dr. Andreas Wallraff. Two graduate students, Ben Turek and David Schuster, have participated in the project with support from
supplementary ARO student grants associated with this contract. Postdoctoral associate Konrad Lehnert left the project in Dec 2002,
he is now a junior faculty member at Colorado University/ the Joint Institute for Laboratory Astrophysics (JILA). Some funds were
employed for partial payment on a new dilution refrigerator from Cryoconcept, (Grenoble, France), which is due for delivery in May 2003
and will double our experimental capability.

In addition to the publication of our earlier results measuring the T1 and T2* of the Cooper-pair box under continuous
measurement with the SET, we have made steady progress on perfecting quantum state control with this system and attempting to
understand the mechanisms of relaxation and decoherence in these singe qubits. We found that the backaction of the continuous
measurement, which can induce a “short step” feature, probably by inducing out of equilibrium quasiparticles in the box, could be
reduced to a level that allows an observation of the nominally unperturbed, 2e periodic Cooper-pair staircase. This allowed us to
measure much closer to the desired operation point of the box, near the degeneracy of the charge states. At this point, the CPB
becomes first-order insensitive to 1/f charge offset noise, and recent results from Devoret and coworkers at Saclay have shown that this
point can yield coherence times approaching the inelastic relaxation time of a microsecond. We were able to perform CW spectroscopy
down to this degeneracy point, obtaining results in good agreement with our earlier work using two-photon transitions, farther away
from degeneracy. We were also able to extract some evidence of the relative importance of electric and magnetic relaxation
mechanisms in their contribution to T1. Operation at the degerenacy point requires an adiabatic movement away from this point during
the readout phase. Our measurements appear to indicate that the T1 time at the degeneracy point may be less than 200 nanoseconds,
which makes this readout phase highly inefficient. We attempted both Rabi and Ramsey experiments at the degeneracy point, but
without success, probably because of the fast relaxation. The origin of the relaxation is not clear, but would be expected in this sample
due to its strong coupling to the microwave control lines. In our next designs, the box will have a smaller charging energy, and also
weaker capacitive coupling to the environment, hopefully improving the relaxation time.

We have also refined our charge measurement techniques, both to improve the accuracy and sensitivity of the measurement,
and to make the experiment easier to control and more flexible. We invested in a complete computerized control of the experiment, with
all gates controlled by programmable arbitrary waveform generators. This allows one to rapidly switch between different types of
measurements and protocols, with rapid (80 MHz) control of gates and automatic cancellation of cross capacitances. This also allows



the experimenter to think and control the experiment in the relevant units and to explore the behavior on the many adjustable
parameters. We have also perfected the method of calibration and data acquisition, allowing us to measure Coulomb staircases in the
box (i.e the individual charge states) with both a signal to noise and a fidelity of 1 part in a thousand.

We employed these improved techniques to study a well-characterized box plus SET in the normal state, where we observed
several interesting phenomena which add to our understanding of the system and its behavior as a qubit. First, we could observe a
renormalization of the capacitance, or charging energy of the box, due to quantum fluctuations of the charge across the box junctions.
This is the first experimental observation of this phenomenon in a box, though the problem has been extensively treated in the
theoretical literature. The comparison of our observations with the theory of the box could be made with no adjustable parameters,
since we had determined the capacitance and resistance of the box to high accuracy via the spectroscopy of the qubit in the
superconducting state. The results are displayed in Figure 1, and a manuscript describing the results has been submitted to Physical
Review Letters (ref. 2). These measurements point out that the charging energy of the box in the superconducting state can be
significantly renormalized compared to the geometric capacitance, and that the charging energy in the normal state can be significantly
reduced (in this case, by 20%) compared to that inferred from the superconducting state. The excellent agreement of the quantum
fluctuations and the exact shape of the Coulomb staircase also implies that the calibration and fidelity of the SET charge measurement
are now understood.

0.10

Figure 1: Detail of the coulomb staircase
of box in normal state, and comparison
with theory of quantum charge
fluctuations. The vertical axis is charge
on the box, and the horizontal axis is the
gate charge, Q=C4Vg, in units of the
electron’s charge. The agreement with
the theory is excellent, both verifying our
model of the box, and the calibration of
the SET charge measurement.
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Another phenomenon which we observed for the first time in these experiments is the backaction of the SET in its normal
state. We were able to observe the influence of the SET’s operating point on the shape, position, and symmetry of the Coulomb
staircase. Graduate student Ben Turek (supported under a supplementary grant) performed these measurements, as well as
developing the computer control software. In collaboration with Dr. Aash Clerk and Co-I Steve Girvin, a simple model for this backaction
was constructed, which compares well with the observations, again with no adjustable parameters. These observation mark the first
guantitative study of backaction in an SET system, and prove that the dominant influence on the measured system can arise from the
intrinsic noise of the SET, which is coupled to the box via the measurement system. A manuscript describing these results is in
preparation (Turek et al., Ref 3) for Physical Review Letters. Mr. Turek will next extend these measurements into the superconducting
state, where the coherence of the box is important, and one can measure both dephasing due to low frequency backaction, as well as
the positive and negative frequency components of the SET’s noise spectrum. An analysis of this case, and the physics of mixing in
qubits due to backaction or the coupling to a nonequilibrium environment is presented in the review article by Schoelkopf et al.
(reference 5). In order to carry out these measurements of the backaction, Mr. Turek introduced an automatic proceedure by which the
computer could null slow (20 minute) drifts in the offset charges of the box and electrometer. Interestingly, we found that the 1/f noise in
the normal state could be substantially smaller than in the superconducting state, where it limited our qubit coherence time. Specifically,
we found that by reducing the voltages and power dissipated in the measurement, the 1/f was substantially reduced to less than 1
millielectron of drift per hour, as compared to approximately 10 millielectrons in 5 minutes in the superconducting state. We intend to
follow up on these observations with further studies of the 1/f noise and its dependence on power, temperature and past history of the
control voltages. These lessons may imply a method for further improvement of the coherence in superconducting qubits, by reducing
the 1/f noise.

Based on our earlier experiments, and on an understanding of the Hamiltonian of the CPB qubit, graduate student David
Schuster (supported by a supplementary student grant) has undertaken a study of the optimal parameter choices for a Cooper-pair box
charge qubit. These calculations include the effects of relaxation due to the electromagnetic environment, dephasing due to low
frequency noise, and the signal to noise ratio in a single-shot measurement of the qubit using a superconducting SET. The latter
calculation takes advantage of the theoretical work by Dr. Aash Clerk, a postdoc in our collaborator Steven Girvin's group at Yale.
David’s computer code can also include the effects of higher charge states when the charging energy becomes comparable to the
Josephson energy, and can determine all the matrix elements for transistions between states. As we expected, we find that optimal
behavior of the box is obtained for substantially lower ratios of charging to Josephson energy. This change both increases the expected
lifetime of the qubits, for a fixed capacitive coupling to the environment, and reduces the curvature of the energy bands near the charge
degeneracy point, thus reducing the effects of the 1/f charge noise. David has most recently begun extending these calculations to
calculate the coupling energy and gate operation time for boxes coupled to transmission line resonators. In addition, these calculations
can be employed to estimate the efficiency of our new proposed readout using a dispersive QND measurement of the qubit via a
resonator.



Figure 2: Top: measured RF conductance of
a normal SET, as a function of electrometer
gate and drain bias. Bottom: Measured
derivative of the “Coulomb staircase” of a
normal electron box measured at two
different operating points (denoted by the
corresponding symbols in the top panel ) (B.
Turek et al., ref. 3, compared to theory (solid
curves). The effect of the detector back action
causes a shift, a broadening, and an
asymmetry of the curves which cannot arise
due to thermal rounding and which
systematically depends on the operating point
of the SET.
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Using the results of these calculations, we have designed a new set of CPB qubits. These designs have been sent to our
collaborators at Chalmers University in Sweden. The first set of devices following these designs have recently been received, and
testing will begin soon. We have also made progress in refining our fabrication techniques at Yale. Mr. Schuster has learned an
electron-beam fabrication process for producing SETs and Cooper-pair box qubits. He has trained in cleanroom techniques and safety,
passed the cleanroom qualification exam, and become a skilled operator of our electron microscope and the pattern generation
software. Some delays were related to a defective beam-blanking assembly in our microscope, and to the failure of the cryopumping
system in the system used for the double-angle evaporation of junctions. David assisted in repairs of the SEM, and an overhaul of our
evaporation system, including the installation of new pumping system. These facilities are now significantly improved in their
performance and functioning properly. David has produced several initial devices with sub 100 nm features, and is currently fabricating
SETs and boxes for our project. He is now beginning to integrate boxes with the high-Q resonators for our new applications of cavity-
QED techniques to these solid-state qubits.

N

Figure 3: Optical micrographs of superconducting coplanar waveguide resonator for 10 GHz. Devices consist of aluminum films on
oxidized silicon wafer. Left panel shows overall view of chip (5 x 10 mm), and right panel shows a detail near end, depicting the gap in
center strip used to weakly couple in and out of the resonator.

Postdoctoral associate Andreas Wallraff designed a mask for the transmission line resonators, and these were fabricated in
our Yale cleanroom using optical lithography. Images of these devices are shown in Figure 3. Dr. Wallraff has also redesigned a
sample holder and microwave launchers. We have also purchased parts for a complete 10 GHz measurement system which will allow
the testing of the resonators at millikelvin temperatures, and for us to measure qubit states via pulsed measurements of the cavity
transmission. These devices can also allow us to entangle a CPB qubit with a single 10 GHz photon, as well as produce entanglement
between CPB qubits that are separated by ~ a centimeter across a chip. Basic designs for two-qubit gates based on this approach are
being analyzed, and show that gate operation times of 10-100 nanoseconds are possible. Though we must first study single qubits and
their interaction with the resonators, and demonstrate our new readout scheme based on the frequency pulling of the resonant cavity by
the qubit, this approach is scalable immediately to two qubits, and probably to 10’s or 100’s of qubits. It is in principle possible to
readout multiple qubits via frequency multiplexing in this scheme, which would be another highly attractive feature. We hope to test
single qubit devices in the next six months, and to fabricate two-qubit devices on the same timescale.

The theoretical program supported by the ARO consists of Steven Girvin (PI) and Krishnendu Sengupta (postdoc). Additional
group members who are also contributing significantly to papers acknowledging ARO support are: Aashish Clerk (postdoc, primarily
supported by the Keck Foundation), and Renshou Huang (graduate student, primarily supported by the NSF). We also collaborate with
Yale theorist A. Douglas Stone.



Sengupta and Girvin are presently collaborating with Yale experimentalist Michel Devoret and University of Cambridge theorist
Andrew Green on a quantum theory of two new readout schemes proposed by Devoret. Both readout schemes take advantage of the
fact that a Josephson junction obeys the non-linear equations of motion of a physical pendulum in a gravitational field. In the first

scheme, a microwave pulse drives the pendulum into the inverted state of maximum potential energy (phase & = 7). Quantum
mechanically, the pendulum then has equal probability amplitude to fall down both to the left and the right at the same time. A charge-
phase qubit in parallel with this Josephson junction will bias the fall one way or the other depending on the state of the qubit. In the
second proposed readout scheme, a microwave pulse does not invert the pendulum but drives it instead to the bifurcation point
between large and small amplitude response due to the non-linearity. The precise amplitude at which the bifurcation occurs is
modulated by the state of the qubit in parallel with the junction.

We have developed classical Langevin equations to simulate the effect of finite temperature in reducing the readout fidelity.
We have implemented these numerically with a very fast solver which we developed that gives the probability distribution for the time
evolution of the junction phase. We have also developed a quantum Langevin equation that relies on the assumption that quantum
fluctuations are small. We are now in the process of refining our numerical solver for the quantum case so that we can study the
crossover from thermal to quantum limited detection at low temperatures. In addition we are beginning to think seriously about how to
go beyond the quantum Langevin approximation so that we can better describe the quantum tunneling of the junction phase between
the two different readout states. We expect to have preprints completed on this project during the coming year.

In collaboration with Rob Schoelkopf at Yale, Huang and Girvin are studying charge qubits (Cooper boxes) coupled to high Q
resonators. We have recently demonstrated theoretically that various interesting analogs of ‘cavity QED’ effects in atomic physics

should be readily observable in superconducting co-planar wave guide resonators. In particular we have investigated the change in T1
of the qubit due to the change in the spectrum of zero-point voltage fluctuations caused by imbedding the qubit in the resonator. On
resonance T1 is dramatically shortened while off-resonance (dimensionless detuning & > «/Q ), Tl can be greatly enhanced.

Experimental measurement of this effect will allow us to distinguish intrinsic decoherence due to spontaneous photon emission
(fluorescence) from extrinsic effects (quasiparticle excitations, etc.). We have also predicted the existence of a fairly strong pulling of
the cavity resonance frequency that depends on the state of the qubit and may offer a highly efficient, low dissipation readout scheme.

In collaboration with Aash Clerk and Douglas Stone at Yale, we have analyzed the superconducting single electron transistor
(SSET) as a quantum detector. In particular we have studied the operation of the device on the double Josephson quasiparticle
(DJQP) resonance feature that Schoelkopf's group has discovered is very desireable from an experimental point of view. We
developed a new and relatively simple density matrix scheme to determine the measurement efficiency and the strength of the
backaction of the detector. We do this by treating the qubit and the SSET on an equal footing and use the qubit as a spectrum analyzer
for the backaction noise produced by the detector. This is a very physical approach that turns out to be computationally simple and
efficient. It has allowed us to develop an understanding of the role of superconducting coherence in determining both the fano factor for
the shot noise in the detector output and the backaction. We were able to show that operation of the SSET at the DJQP point is nearly
ideal, approaching within a factor of 2 of the quantum limit. We also were able to obtain the full spectrum of the quantum backaction
noise and showed that under some operating conditions, the superconducting coherence of the SSET leads to a novel effect of
population inversion in the qubit. This arises under bias conditions where the work done by the power supply exceeds the charging
energy for putting a Cooper pair in the SSET leads onto the island. In this case, tunneling can proceed only if the qubit absorbs the
excess energy. Thus the spectral density of backaction noise is larger at negative frequencies than positive and leads to qubit
population inversion. This work was published in Physical Review Letters. (Reference #4)

We then extended our results to a general theory of linear response detectors and developed a general information-theoretic
description of the quantum measurement process (Reference # 6). For the special case of normal-state quantum point contact type of
detectors, we were able to push the analysis quite far and give general expressions for the backaction in terms of the rate at which
accessible information about the state of the qubit is obtained at the output of the detector. For the case where one of the contacts is
superconducting, Aash Clerk has shown that the noise is substantially enhanced.

References/Publications During This Period:

1) ‘Measurement of the Excited-State Lifetime of a Microelectronic Circuit,” K.W. Lehnert, K. Bladh, L.F. Spietz, D. Gunnarsson, D.I.
Schuster, P. Delsing, and R.J. Schoelkopf, Phys. Rev. Lett. 90, 027002 (2003)

2) ‘Quantum Charge Fluctuations and the Polarizability of the Single-Electron Box,” K.W. Lehnert, B.A. Turek, K. Bladh, D. Gunnarsson,
P. Delsing, and R.J. Schoelkopf, submitted to Phys. Rev. Lett. (2003).

3) ‘Measuring the Backaction of a Single-Electron Transistor on the Single-Electron Box,’ B.A. Turek, K.W. Lehnert, K. Bladh, D.
Gunnarsson, P. Delsing, and R.J. Schoelkopf, in preparation.

4) ‘Resonant Cooper Pair Tunneling: Quantum Noise and Measurement Characteristics,” A. A. Clerk, S. M. Girvin, A. K. Nguyen, A. D.
Stone, Phys. Rev. Lett. 89, 76804 (2002).

5) ‘Qubits as Spectrometers of Quantum Noise,” R. J. Schoelkopf, A. A. Clerk, S. M. Girvin, K. W. Lehnert, M. H. Devoret, to appear in:
Quantum Noise (ed. by Yu. V. Nazarov and Ya. M. Blanter) e-print: cond-mat/0210247



6) ‘Quantum-Limited Measurement and Information in Mesoscopic Detectors,” A. A. Clerk, S. M. Girvin, A. D. Stone, submitted to
Physical Review B, e-print: cond-mat/0211001.

7) A. A. Clerk, ‘Resonant Cooper-Pair Tunneling: Counting Statistics and Frequency-Dependent Current Noise,” (Kluwer, Proceedings
of 2002 Erice Conference) in preparation.



Section B: Results from the period 1/03-12/03

A summary of achievements in this period:

|. Fabrication:
e Commissioned new fabrication setup (with M. Devoret), students and postdocs have gained expertise in fabrication.

Produced and tested single-electron transistors and CPB qubits at Yale.

Characterized junction areas and energy scales, can now fabricate qubits with specified transition frequencies.

Produced detailed mask design for coupled two-qubit gate using CPB and SET readouts.

Demonstrated fabrication process for qubits and SETs with controlled high-frequency coupling, including chip level
microwave design.

Began fabrication development for qubits with higher transition temperatures and superconducting bandgap
engineering.

Developed fab process for high quality-factor superconducting cavities.

Developed process and fabricated single and multiple qubits integrated to cavities, devices are under test.

Il. SET Readout of Cooper-pair Box Qubits:

e Obtained and tested new set of qubits from Chalmers with decreased charging energy to eliminate parity
problems/quasiparticle generation

Observed full Cooper-pair staircase and performed spectroscopy down to 1/f insensitive charge degeneracy point
of CPB.

Demonstrated controlled tuning of tunnel coupling of qubit Hamiltonian

Remeasured relaxation times (T1) of a Chalmers qubit, and found systematic variation due to SET readout.

Found that cause of fast relaxation in Chalmers coherent oscillation experiments is the SET backaction.

Confirmed theoretical description of qubit relaxation and SET backaction, and observed predicted population
inversion due to measurement.

Observed activation of 1/f noise by SET readout, and very low levels of 1/f charge noise on long timescales.

Two Physical Review Letters on this work appeared this year, one on measurements of relaxation and
decoherence time of CPB as measured by SET, the second on renormalization of charging energy in the box by
guantum charge fluctuations.

[ll. Theory of Superconducting Qubits and Readouts:

Proposed new architecture for solid-state quantum computing using CPB qubits and resonant cavities (SCQED).

A paper on superconducting cQED published on cond-mat archive and submitted to Phys Rev B.

Calculated single-shot signal-to-noise ratios, backaction, and lifetimes for qubits using scQED control and readout,
confirmed by numerical quantum simulations.

Proposed extension scQED/qubit architecture for tagged single photon production.

Published an article (Phys Rev. B) and submitted a second article on general theory of quantum noise and
measurements.

Our review article on quantum noise and its effects on qubits was invited for a Colloquium in Reviews of Modern
Physics.
e Numerical calculations of new RF quantum tunneling (RF-MQT) readout used by M. Devoret group at Yale.

IV. Cavity QED Experiments with Cooper-pair Box Qubits:
e Tested quality factors of both Al and Nb transmission-line resonators, including temperature and magnetic field
dependence.
Obtained high quality factor resonators (Nb) with Q > 500,000 at 250 mK
Assembled and tested 5-10 GHz microwave readout system for cavity-based QND measurement of qubits
Designed both one qubit and two coupled qubit designs for scQED architecture.
Tested signal-to-noise of pulsed cavity readout, found high-fidelity single-shot readout of qubits should be possible.
Testing of single qubits in cavities underway.

As summarized above, there has been significant progress in all areas of fabrication (1), theory (ll1), and
measurements of qubits using two types of readouts, the RF-SET (section Il) and resonant cavities/scQED (section V).
These individual steps are detailed in separate sections below, and are followed by a discussion of future plans (V) and
priorities for the coming year.

There are several landmarks in the progress. First, a state-of-the-art new fabrication facility (shared with Prof. M.
Devoret, also at Yale) was commissioned, and several students and postdocs have been trained to use these facilities.



For the last approximately six months, this facility has worked very well, so that single-electron transistors and
superconducting qubits are routinely produced, with a cycle time of a few days, rather than the timescale of order 6
months to a year when relying on overseas collaborations. In particular, this has allowed us to pursue a novel approach
involving the coupling of CPB qubits to resonant cavities, as described in section V.

Second, we have found that the relaxation time of the CPB qubit can be dramatically affected by the SET readout.
This helps to explain the variability of the relaxation rates (T1 times) seen in our previous experiments, and seen by our
collaborators at Chalmers. In fact, the variation in the relaxation time and in the ground and excited state populations of
the qubit under measurement agrees qualitatively with the predictions made by our theory group for the double-
Josephson quasiparticle (DJQP) process in the SSET. This is encouraging because it means that by properly choosing
the parameters of the qubit and the SET, and by implementing the correct protocols for controlling the measurement and
turning it on and off, we should be able to perform one qubit operations. The issue of understanding how to attain a
reliably long (i.e. > 1 microsecond) relaxation time remains the dominant roadblock both for demonstrating coherent
control and for realizing a good single-shot readout with the SET. It is interesting to note that the irreproducibility of the
relaxation time has been observed and remains an incompletely mastered issue for all superconducting qubits, be they
phase, flux and charge. Saclay has only just recently been able to repeat their long coherence time measurement for the
CPB, for the past 1.5 years they have had an anomalously fast relaxation that has prevented coherence time
investigations. Nakamura et al. (unpublished) have recently reported that they also suffer from fast relaxation (T1 < 10 ns
at the degeneracy point!), and Chalmers has observed T1s in the range 10-100 ns in several devices. Trying to pin down
the actual mechanisms of relaxation and dephasing (at least in the case where the dephasing is not limited by 1/f charge
noise) remains a major hurdle for all superconducting qubits, and will be the focus of our investigations in the next year.

Third, we have proposed a new approach for solid-state quantum computation based on coupling, controlling, and
measuring CPB qubits by embedding them in high-Q resonant cavities. A detailed and realistic engineering study
indicates that it is possible to have strong coherent coupling between a qubit and a single microwave photon. This
approach has several strengths, being able to entangle qubits which are separated, provide a high-fidelity single-shot
readout of the qubit states, and do so within an electromagnetic environment that should strongly enhance the lifetimes of
the qubit. It is also simpler to fabricate, less complex to operate, capable of measuring the qubit at its optimal point for
decoherence, and produces no on-chip dissipation or quasiparticles.

Finally, we have made significant and rapid progress towards implementing this improved scQED architecture for
superconducting qubits. We have mastered the design of the resonators, fabricated cavities in both aluminum and
niobium, measured their losses and observed high quality factors two orders of magnitude better than that required for the
first generation experiments, and built and tested the microwave electronics for the scQED single-shot readouts. Our tests
indicate that the signal-to-noise for single-shot readouts should be easily achievable. We have also fabricated both single
and multiple qubits into resonators, and the first tests are underway (Jan 2004).

A continuing frustration is that the two dilution refrigerators (one for Devoret group, one for the Schoelkopf group)
have still not been delivered, despite being over a year beyond their delivery date. Our single fridge is presently set up to
handle either SET or scQED types of experiments, but the necessity for sharing time on this single apparatus has already
proven a bottleneck. Personnel working on this project include two QuaCGR students, Ben Turek (SETs and backaction)
and David Schuster (fabrication and scQED), and a postdoc, Dr. Hannes Majer. Dr. Majer comes from the Mooij group at
Delft, and has been leading the work on SET readouts and backaction. Other personnel working on this project, with their
primary funding from other sources, include a postdoc, Dr. Andreas Wallraff, who leads the scQED experimental effort,
and a senior research scientist, Dr. Luigi Frunzio. Dr. Frunzio has over a decade of experience in fabrication of
superconducting devices, and leads the effort on fabrication and process development. Significant funds ($60k per
calendar year, equivalent to support of a graduate student) have been used, as planned, in support of the fabrication
collaboration with Prof. Per Delsing’s group at Chalmers University in Sweden. This collaboration continues to provide
CPB box/SET samples for our experiments, albeit with a long lead time.

I. Process Development and Fabrication of Superconducting Qubits at Yale University

This year has seen great progress in our fabrication capabilities at Yale. In collaboration with Michel Devoret’s
group, a robust process for Al/AIOx/Al shadow evaporated junctions has now been realized, so that single-electron
transistors and CPB qubits can be produced, with a typical cycle time of one or two days. Steady progress has been
made in reducing feature sizes to yield devices with appropriately large charging energies for sensitive SETS. An electron
micrograph of such an SET is shown in Figure 1, along with an enlargement showing the actual junction region, consisting
of crossed lines < 75 nanometers in width.

Typically the basic device testing is performed in a Helium-3 refrigerator down to 250 mK. Conventional dc
transport measurements of approximately a dozen SETs and test qubits can be performed in a single cool-down, lasting a
couple of days to a week. At least six such design/fabricate/test cycles have been carried out in the last few months.
Charging energies of the SETs are extracted from I-V characteristic measurements, as well as measurements of the RF
“charging diamonds” of an RF-SET. A typical sample consists of 10 to 20 SETs and a similar number of test CPB qubits,
which are small area SQUIDs configured for |-V curve measurements, rather than being measured as a qubit using an
SET. This allows measurements of the resistance, critical current, sub-gap I-V characteristics, and flux modulation
patterns, each of which are useful for determining important qubit characteristics. Successive iterations of this processing



and testing has resulted in good control of the junction areas, current densities, and resistances, which can be reproduced
to approximately 20% tolerances. This means that we can fabricate CPB qubits with good control over the energy
spectrum of the qubit, in order to minimize problems with quasiparticles and parity, and to yield an optimal set of transition
frequencies.

Figure 1: Electron micrograph of finished SET device fabricated at Yale (by D. Schuster and L. Frunzio). Left
image shows overview of the SET, with the island, drain, source and gate labeled. Such a device has a charging
energy Ec ~ 1-3 Kelvin. Right image shows a detail of one of the small junctions, with linewidths less than 75
nanometers.

We have also designed a new generation of sample holders with the goal of efficiently coupling microwave
signals to qubits, and to present our qubits with a well-engineered, broad-band 50 Ohm electromagnetic environment. We
have used custom-made microwave circuit boards with vias, and developed a coupling scheme using surface-mount SMP
launchers, which can convert from a coaxial input to an on-board balanced transmission line, in a coplanar waveguide
(CPW) geometry. This has the advantage that broadband interconnects to the chip can be made using conventional wire
bonding, also available in our lab. In order to exploit the advantages of this design philosophy, the qubit and SET chip
must also incorporate these CPW lines. These can then be fabricated to make a constant impedance, broadband taper
from the millimeter scale to the micron scale of the qubits. This required a combination of the fine-line electron-beam
lithography and large scale patterning with our e-beam lithography system. This process was developed, and a test
sample using this design is shown in Figure 2. Fabrication of actual qubit/readout chips is underway, and first tests will
measure the capacitive coupling and quality of the junctions configuring them as a pair of coupled SETSs. This fabrication
and testing is underway. The chip-level microwave engineering is important in allowing fast microwave pulses for qubit
control, and in preventing anomalous relaxation due to environmental resonances, and has not so far proven feasible with
samples fabricated at Chalmers.

Figure 2: Pictures of Box+SET samples designed for efficient coupling of microwave pulses and control of the
electrical environment to limit relaxation rates. A) Left panel shows a custom microwave circuit board, with 4
coplanar waveguide (CPW) lines for high frequency signals. The 5 x 5 mm chip containing SET and CPB qubit is
placed in a machined recess at the center of the board. B) Optical micrograph of a test sample, fabricated at Yale,
which incorporates CPW line tapers to match the device to circuit board. C) SEM image of a sample containing
CPB box qubit, and readout SET in this optimized geometry.



Another effort in design has looked at extending this type of design to a coupled qubit system for demonstrating
simple gates. This requires two CPB qubits with capacitive coupling, and two individual RF-SETs for readout of the qubit
states. A mask design for such a circuit is shown in Figure 3, and is intended for use with the same sample holder and
design philosophy as described above for single qubits. Schemes for two qubit control and gate operation with such a
circuit have been investigated by our theory team, as described in section 11l below.

Other fabrication work has investigated a possible process for producing qubits with higher Tc superconductors,
in order to reduce the importance of quasiparticle effects. We have invested in some techniques for etching tantalum
islands (Tc = 4 K), and also experimented with oxygen-doped aluminum films, which can have Tc's up to 2 Kelvin.

Figure 3: Left: Mask design for a two-qubit gate using CPB qubits and SET readouts. All lines are coupled to
CPW transmission lines. Right: a circuit schematic of the two qubit-two SET readout circuit. The boxes have a
fixed coupling by a capacitor. Operation protocols for such a gate have been theoretically investigated and
described below.

The final area of work in fabrication has been in the production of high-Q resonant cavities for the scQED
architecture (see description of the architecture below in Section Ill, and of recent experimental progress in Section V).
Optical lithography is used to produce approximately 30 resonators at a time on a two-inch silicon or sapphire wafer. Two
different generations of optical masks have been designed and tested. Resonators with both aluminum and niobium
superconducting films were made and tested down to 250 mK, showing more than adequate quality factors. We have also
developed several technigques for integrating CPB qubits into the resonant cavities to achieve the scQED architecture.
This uses the standard process for Al shadow-evaporated junctions, described above, and fabricated within the resonator
by direct write, after aligning to the resonator structure to tolerances of about 150 nanometers. An example of both single
and multiple qubits inside one of these resonators is shown in Figure 4. Testing of such qubits at 20 mK is underway.

Figure 4: Electron micrograph of CPB qubits inside transmission line resonators. Shown are a single qubit, with
an island, two junctions, and a small SQUID loop to allow tuning of the Josephson energy. On right is a test
sample with seven qubits coupled to a single resonator.

Il. SET Readout of Cooper-pair Box Qubits




As described above, we now have the capability to fabricate our own CPB qubits and SETSs, but up until now we
have been forced to rely on samples obtained through our collaboration with Chalmers University in Sweden. We found in
our earlier experiments that it was detrimental to have too large a charging energy for the CPB, as this leads both to
relatively strong dephasing due to 1/f noise, and creates problems with excess quasiparticles occupying the island, since
the charging energy can be comparable with the superconducting gap. This second problem is particularly detrimental,
since it means that the CPB cannot be operated near the charge degeneracy point in gate voltage, where the results of
Saclay have shown that 1/f dephasing can be minimized, leading to coherence times approaching one microsecond.
Finally, the large charging energy raises all the energy scales of the box, meaning that much higher frequency (and much
more difficult to generate and couple) microwaves are required for control, and shortening the relaxation times available
for the control and readout of the states. Our goal was therefore to investigate CPB qubits with a more optimal choice of
energies, namely a lower charging energy so that charging energy is equal to the Josephson coupling energy, Ec ~ E.

We obtained such samples this summer from Chalmers University (a turn-around time of about one year). Most of
our expectations for improvement have been borne out by measurements carried out in the fall and winter of 2003. First,
the problem of excess quasiparticles (“poisoning”) was reduced, allowing an observation of the fully two-electron periodic
Cooper-pair staircase. We were also able to observe the modulation of the ground state of the box by tuning the flux
through the SQUID loop, which modulates the Josephson coupling, or the tunnel splitting (sigma-x term) in the
Hamiltonian. A comparison of the charge signals obtained with the previous samples and the improved devices this year
is shown in Figure 5.

We have also performed microwave spectroscopy on these improved qubits, and studied the relaxation times.
This spectroscopy confirmed that the design goal Ec~E; was achieved. Due to the improvements in the qubits, we could
now study the transitions and energy spectrum of the box all the way down to the desired operation point, at the charge
degeneracy point. This is the point where the qubit is minimally affected by 1/f noise. The data in Figure 6 requires
approximately 8 hours to acquire, and indicates the excellent stability of the offset charge and the parity which was
obtained. Because the microwave coupling at the chip level (see discussion in Section | on design of qubits with
microwave coupling) is not possible so far with the Chalmers samples, the power coupled to the qubit, and its expected
lifetime are not yet well controlled versus frequency. We were therefore not yet able to search for spurious resonances or
interactions with impurities suggested by Martinis and co-workers.

Measured Summer 2002 Being Measured (Summer 2003)
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Figure 5: Comparison of charging staircases for two CPB qubits with different charging energies. On left
is the old design with Ec ~ A, causing non-equilibrium quasiparticles to be generated in the qubit, and
obscuring the ground state of the qubit. On right is a recent measurement of a device with reduced
charging energy, showing elimination of the quasiparticle feature, and a good measurement of the qubit,
including at the charge degeneracy point (center of staircase) where 1/f noise effects are minimized.
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Figure 6: Spectroscopy of an improved CPB qubit as measured by an RF-SET. The photoresponse (i.e.
the difference in the Cooper pair staircase with and without CW microwaves applied to the gate) is
displayed as a function of both gate charge and microwave frequency. Shown is a fit to the simple
hyperbolic energy spectrum of the box, which yields the energies of the qubit, Ec = 18.9 GHz and E; =
14.9 GHz, and indicates that the design goal Ec~E; was achieved. Due to the improvement in the parity
described above, the transition between the two lowest states can now be followed down to the
degeneracy point, ng=1, shown at the center of the plot. This is the point where the qubit is minimally
affected by 1/f noise. This data requires approximately 8 hours to acquire, and indicates the excellent
stability of the offset charge and the parity which was obtained.

Following our suggestions for improved qubit parameters, and also using our techniques and experience gained
from extensive spectroscopy of CPB qubits using the SET, the Chalmers team sought to observe coherent oscillations
and repeat the original observation of Nakamura and co-workers. Using one of the improved samples described above,
and the expensive picosecond pulse generator used by Nakamura (not available in our lab) they succeeded in observing
these oscillations. These measurements, however, still used a continuous measurement by the SET, and operated away
from the charge degeneracy point, thus inducing maximal 1/f dephasing, so that the observed coherence times were only
on the order of one nanosecond.

This fall we have made extensive studies of the relaxation times (T1) of the new Chalmers samples. We have
found that the dominant effect on the qubit lifetime can be the backaction of the SSET, and shown that this time can
sometimes be reduced by more than an order of magnitude by the SSET. This observation is very important for our goals
of using the SET as a qubit readout, and also for the superconducting quantum computing community as a whole. Though
not always emphasized, the problem of short and/or variable relaxation times has been observed to be a major challenge
for all groups, working either with charge, flux, or phase qubits. An example of this variability of relaxation times in shown
in Figure 7. The relaxation of two different spectroscopy peaks in the CPB qubit are acquired simultaneously, with the only
difference being the precise biasing point of the electrometer. The transitions of the box which are measured with a higher
current and higher conductance thru the SET are observed to have much faster relaxation, in qualitative agreement with
our model of the backaction of the SET. We have again observed, for appropriate operating conditions, relaxation times in
excess of 1.2 microseconds, which is consistent with our expectations for spontaneous emission of the box into its 50
Ohm electromagnetic environment (here there is no cavity to suppress this decay!). We find that there are many areas of
operation of the electrometer which strongly damp the qubit and cause the state to reset” in times of less than 100
nanoseconds. The theory of the backaction of the SSET, developed by our collaborators Aash Clerk and Steve Girvin
under this project earlier, suggests that this fast relaxation can even occur under conditions in which the SET is nominally
“off,” and very little current flows. It also suggests an explanation for the observation of uniformly fast relaxation in the
experiments at Chalmers using fast pulse generators. Since the fast pulses couple strongly to their RF-SET, they sample
many of the “forbidden” regions of bias where the SET gives fast relaxation. This suggest to us that fast pulses, though
capable of showing basic coherence, are not desirable in the long run for quantum computation, and that one must
carefully control the qubit in order not to perturb the SET too strongly, which will lead to excess dephasing and relaxation
in the control phase before the measurement.
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Figure 7: Measured dependence of relaxation time (T1) on the SET backaction. Top panel shows a
grayscale image of the average charge on the CPB qubit as a function of time (horizontal axis) and gate
charge (vertical axis). Each vertical slice of the image consists of a measurement of the Cooper-pair
staircase, as shown by the line cut in upper left. In this measurement, a microwave pulse at 30 GHz is
applied during the first 5 microseconds, and then switched off with a fall time of ~ 20 nanoseconds. The
streaks in the greyscale image correspond resonant absorption of the microwaves by the qubit, i.e. the
peaks shown in the line cut when the qubit transition frequency match the microwave stimulus. After the
microwaves are switched off, the decay to the ground state of the box is measured using the RF-SET with
a timing resolution of < 50 nanoseconds. The first of the lower linecuts shows the T1 decay of one of the
peaks, with a slow component having a time constant of ~ 2 microseconds. The lower curve shows the
second peak, which decays in a time less than the timing resolution of the experiment, i.e. over an order
of magnitude faster. The only difference in the two decays is caused by the differing backaction of the
readout SSET at the two points, in agreement with theoretical predictions.

Another observation which confirms the importance of the SET’s backaction to the dephasing and relaxation of
the CPB qubit is that the measurement can actually induce a population inversion in our qubits. This effect was again
predicted by our theory collaborators. It comes from the fact that the SSET backaction represents a coupling to a non-
equilibrium noise source, which can preferentially excite, rather than relax the qubit. The population inversion is
manifested as the observation that the system is more likely to occupy the excited state in the presence of a continuous
measurement, and of an average charge greater than electron. Such a measurement is shown in Figure 8. Again, the
qualitative behavior of this effect is in good agreement with theory, and induced only for certain specific qubit parameters
and SET bias conditions. It also gives direct evidence that the interaction with the measurement circuitry can dominate
over the passive portions of the circuitry, and over the intrinsic losses in the qubit. In other words, it indicates that the qubit
may be of high fidelity if the readout is properly operated and optimized.
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Figure 8: Observation of population inversion of the qubit due to SET backaction. Left panel shows the
observed reflected RF power from the SSET within a narrow range of the DJQP resonance used for the
measurement. The dashed line indicates the center of the DJQP resonance. The solid lines indicate the
operating drain-source bias voltage used for two measurements of the Cooper-pair staircase of the box,
shown in the right panel. These measurements are performed with the Josephson energy, E;, tuned to a
small value of about 5 GHz. Under these conditions, the ground state of the box is uniformly observed (in
green, smooth step-like behavior) when the SET is biased below the DJQP resonance, and the SET
tends to mostly absorb energy from the qubit. In contrast, the red trace, obtained with SSET biased above
resonance, shows a prominent extra bump, with a charge greater than 1 electron, i.e. with a higher
probability to be in the excited, rather than ground, state, which would correspond to a population
inversion or a negative temperature of the qubit. This effect was independently predicted by earlier theory
work under this project, and indicates that the SET is the dominant source of relaxation or excitation for
the qubit.

We have therefore confirmed the detailed mechanism of the effect of the readout on the qubit, which was the next
item on our flow chart for the SET/CPB project. This fact, and our detailed understanding, means that we can now design
and fabricate (using device at Yale) a CPB qubit and SET readout which are optimized and capable of providing a single-
shot readout and long coherence times. It emphasizes a continuing theme found in our experiments: one cannot simply
design a qubit and expect to achieve long coherence times, without first understanding in detail the effects of the readout
circuitry and how to operate it.

A final interesting observation regards the 1/f charge noise in our system. We often observe that the level of
charge noise in the qubit seems much lower than that in the measuring SET. By controlling the bias on the SET, we
studied how the low-frequency 1/f noise in the SET varied with the bias and power levels dissipated by the SET. We found
a very striking effect, in which the 1/f noise could be dramatically increased when more power is dissipated. This suggests
that the 1/f noise in superconducting qubits may be in part or in whole an “activated” process. By avoiding all dissipation
on the chip, using for example the scQED measurement techniques described in Section IV, one may hope to reduce the
1/f noise and gain a corresponding increase in coherence times.

Ill. Theory of Superconducting Qubits and Readouts

IIl.LA. Cavity QED

In a joint experiment/theory collaboration we have conceived a new architecture for quantum computation,
adapting the idea of cavity QED (quantum electrodynamics) from atomic physics to superconducting electrical circuits, an
idea that we refer to as sScQED. The essential point of cavity QED is to make the mode frequencies of the
electromagnetic field discrete by confining them inside a resonant cavity. The smaller the volume of the cavity, the more
frequently the trapped photons will interact with atoms inserted into the cavity leading to strong coupling of the two.
There are two interesting limits: First if the atomic transition matches the frequency of the cavity, then the excitation will
flop back and forth between the photon field and the atom forming an entangled state of atom and photon. In the strong
coupling limit where the Rabi flopping rate greatly exceeds the relaxation rates of the both the cavity and the atom, this
entanglement is strong and robust. Second, if the atomic transition is strongly detuned from the cavity frequency, there is
no mode into which the atom can decay. Thus, the spontaneous emission is strongly suppressed and the qubit lifetime
greatly enhanced. A second advantageous feature of the strongly detuned case is that virtual excitations of the qubit by
the cavity photons pulls the resonance frequency of the cavity up or down depending on the state of the qubit. Thus this
effect can be used as a high fidelity quantum non-demolition readout.



The key feature of our proposal is that we use a quasi-one-dimensional ‘cavity’ formed from a coplanar wave
guide resonator (see Fig. 9b), which has a very tiny total mode volume of order 10 cubic wavelengths. This, combined
with the large transition dipole matrix element of the Cooper pair box ‘atom’, gives us a vacuum Rabi rate of order 100
MHz, some 2000 times stronger than can be achieved in the analogous atomic physics experiments which use three-
dimensional microwave cavities. With this strong coupling, a qubit detuned 10% from a cavity with even a modest Q of
only 10%, still pulls the cavity several line widths, making detection of the qubit state very easy and efficient. We have
performed stochastic wave function simulations of the homodyne detection process, and some sample results are
illustrated in Fig. 10.

Figure 9 a) Standard representation of cavity quantum electrodynamic system, comprising a single mode
of the electromagnetic field in a cavity with decay rate x coupled with a coupling strength g to a two-

level system with spontaneous decay rate y and cavity transit time t,, . . b) Schematic layout and

effective circuit of proposed implementation of cavity QED using superconducting circuits. The 1D
transmission line resonator consists of a full-wave section of superconducting coplanar waveguide, which
may be lithographically fabricated using conventional optical lithography. A Cooper-pair box qubit is
placed between the superconducting lines, and is capacitively coupled to the center trace at a maximum
of the voltage standing wave, yielding a strong electric dipole interaction between the qubit and a single
photon in the cavity. The box consists of two small (~100nm x100nm ) Josephson junctions, configured

in a ~1umloop to permit tuning of the effective Josephson energy by magnetic field. Input and output

signals are coupled to the resonator, via the capacitive gaps in the center line, from 50 transmission
lines which allow measurements of the amplitude and phase of the cavity transmission, and the
introduction of dc and rf pulses to manipulate the qubit states. Multiple qubits (not shown) can be similarly
placed at different antinodes of the standing wave to generate entanglement and two-bit quantum gates
across distances of several millimeters.
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Figure 10: Use of the coupling between a Cooper-pair box qubit and a transmission-line resonator to
perform a dispersive quantum non-demolition measurement. To perform a measurement of the qubit, a

pulse of microwave photons, at a probe frequency W, =, , is sent through the cavity. The qubit causes
a state-dependent ‘pulling’ of the cavity frequency, and a phase shift of the transmission. a) (Left) Results
of numerical simulations of this QND readout using the quantum state diffusion method. A microwave
pulse with duration ~1.5u4s coherently excites the cavity to a photon number (n>~100. The intracavity
photon number (left axis, in red), and occupation probability of the excited state, for the case in which the

qubit is initially in the ground (blue) or excited (black) state, are shown as a function of time. Though the
gubit states are coherently mixed during the pulse, the probability of real transitions is seen to be small.



Depending on the qubit's state, the pulse is either above or below the combined cavity-qubit resonance,
and so is transmitted with a large relative phase shift that can be detected with homodyne detection. c)
The real component of the cavity electric field amplitude (left axis), and the transmitted voltage phasor
(right axis) in the output transmission line, for the two possible qubit states. The opposing phase shifts
cause a change in sign of the output, which can be measured with high signal-to-noise to realize a single-
shot, QND measurement of the qubit.

During the past year we have performed a detailed (and conservative) engineering analysis for this new
architecture [1] and designed the first round of experiments that are about to begin. During the coming year, the
theoretical effort will further develop our understanding of what to expect from these experiments and how to analyze
them, as well as develop new ideas for the second round of experiments. In addition, we will build on the initial results we
have for multi-qubit design in which the qubits are coupled via virtual photon exchange through the resonator. We have
begun examining pulse sequence protocols to carry out one and two-bit gate operations.

We are also in the preliminary stages of development of an idea for electrically biasing the qubits in the resonator
to turn on and off their mutual coupling without introducing extra dephasing. Another project now underway with graduate
student Ren-Shou Huang and postdoc Alexandre Blais is the modeling of the effects of 1/f noise. Because dc bias
modifies the high frequency polarizability of the qubit, the cavity pull and therefore the phase shift of the transmitted
microwaves is a direct measure of the 1/f noise amplitude acting on the qubit. This will initially prove useful as a direct
diagnostic of the noise and might ultimately permit feedback control to eliminate the low frequency part of the noise.

[11.B Controlled Not Protocol for Capacitively Coupled Qubits

Devoret and Girvin jointly supervised the senior thesis of Yale undergraduate Kenneth Canfield who explored
pulse sequence protocols to realize the cNOT operation for a pair of capacitively coupled superconducting qubits.
Canfield learned how to using a doubly rotating reference frame for the two qubits, developed numerical routines to model
the effects of different control pulse sequences. Girvin supervised two other senior theses in 2002-3: Aryesh Mukherjee
(now a graduate student at Harvard) who studied cavity QED and Themis Athanassiadou (now a graduate student at
lllinois) who studied the EPR pairs and the Bell inequality. The 2003-4 senior thesis of Clifford Cheung is on the
production of tagged single photons and is described separately below.

[lI.C Tagged Single Photon Production

One offshoot of the scQED architecture we have developed is a theoretical proposal for a device for producing
single microwave photons. Yale undergraduate Clifford Cheung is doing his senior thesis under the supervision of
Professor Girvin analyzing a design consisting of a pair of coplanar wave guide resonators mutually coupled through a
Cooper pair box qubit. The essential idea is that by choosing the frequency of the first resonator to be equal to the sum of
the frequency of the second resonator plus the qubit transition frequency, one can cause creation of a single photon in the
second resonator to be associated with a spin flip of the qubit. This spin flip will change the pull on the first cavity and be
readily detectable by monitoring its output. This will automatically ‘tag’ the photon production event. Cliff Cheung started
work on this last summer and has been doing an excellent job on the analysis. We anticipate being able to write the
thesis up for publication this spring.

[I.D Quantum Noise and Measurements

Mesoscopic electrical devices are commonly proposed and used as detectors. We published this year a detailed
theoretical study of quantum-limited measurements and a general theory of flow of information in mesocopic detectors [2].
Our theory postdoc Aash Clerk (in work separately supported by the Keck Foundation) has recently extended this picture
to provide a theory of how dephasing affects the approach to the quantum limit in mesoscopic detectors [3]. We also
wrote last year a tutorial article [4] on the general theory of quantum noise and its detection which we will be extending
and revising this year for publication as an invited Colloquium in Reviews of Modern Physics.

lILE RF-MQT Readout Scheme

Michel Devoret and his group have developed a remarkable qubit readout scheme based on the elastic scattering
of a microwave pulse from a Josephson junction that acts as a non-linear inductor producing a bifurcation in the phase of
the reflected wave as the drive amplitude is increased. Postdoc Krishnendu Sengupta is working on a quantum theory of
this measurement to supplement the classical simulations performed by Devoret’'s group. We have so far obtained
numerical results for the limit of nearly zero damping and but now need to develop new numerical techniques to allow
solution of the equations of motion in the presence of finite damping and a very large number of states in the Hilbert
space.

IV. Cavity OED Experiments with Cooper-pair Box Qubits:

A major part of our experimental effort has been directed to implementing the cavity QED architecture for
guantum computing with superconductors described briefly above. The concept for this architecture, described above, has
been presented at several international conferences and workshops, and submitted for publication to Physical Review B.



The technology for the design, fabrication, and measurement of these devices has been developed, initial devices have
been fabricated, and the first measurements are now underway. Future plans for this approach are discussed in section
V.

One of the first tasks for implementing the cQED experiments was to master the design and fabrication of the
cavities themselves. These are fabricated in our cleanroom at Yale using optical lithography (see section I). We have
designed and tested resonant cavities from two generations of optical masks, and tested the quality factors of several
different designs in both Al and Nb at temperatures down to 250 mK. These results have been very encouraging, as high
quality factors (in excess of 10°) are routinely observed. Our present designs use Nb resonators, in which we have
attained quality factors of nearly a million (>600,000) at 100 mK. Our proposal and first generation devices only require a
quality factor of about 10,000, which we easily obtain by strongly coupling the resonator to its input and output. We also
studied the temperature and magnetic field dependence of the cavity losses, and found that though affected by large
magnetic fields, the cavities can retain their high Q’s even for fields of 10-100 Gauss, which is large enough to allow the
Josephson energy of the qubit to be widely tuned via the simple application of a global field.

In order to perform such tests, we designed and implemented a new sample holder which allows for good high-
frequency coupling to the resonators, without exciting spurious resonances that can confuse the measurement of a
weakly coupled resonator. A picture of such a sample holder, incorporating a custom microwave circuit board with vias, is
shown in Figure 11, along with a representative measurement of a single resonator transmission spectrum. This setup
has two coaxial inputs, allowing the measurement of the transmission, and also allowing for separate control and
measurement of a two-qubit cQED gate, as described below.

A further advantage of this cQED architecture is that it is trivial to imagine multi-qubit couplings, as the resonator
itself can be used as a quantum bus to make entanglement between different qubits. Since the size of the CPB qubit is
small compared to the dimensions of the resonator a large number of qubits can easily be fabricated inside a single cavity
(see Figure 4). In order to operate multiple qubits inside the cavity, however, their offset charge must be separately
controlled and set to the optimum value at the charge degeneracy point of the box. For the initial step to two qubits, this
can be done without any additional complexity in fabrication or wiring, by placing the qubits within the resonator, but close
enough to opposite ends so that there is a selective coupling from the input and output coaxial port to the individual
gubits. This is shown schematically in Figure 12 below, along with a detailed drawing of the geometry near the end and
the results of a finite-element capacitance simulation for the box and control wiring.
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Figure 11: (left) Sample holder for high-frequency measurements of microwave transmission line
resonators. (right) Measurement of a niobium coplanar-waveguide resonator at 250 mK, showing a
quality factor in excess of 400,000, at a resonant frequency (full-wave resonator) of about 6 GHz.

In the last year we also built up a microwave test setup for measuring the transmission through the cavities and
controlling the qubits within the cavities. A schematic of this apparatus, which includes the possibility to perform both
single and two-qubit operations and measurements, is shown in Figure 13. The resonator has two equivalent ports, one of
which is the transmit arm (on left), and the other the receive arm (right). Each arm has a bias-tee that allows the
introduction of separate dc voltages to control the offset charge and tune the qubits separately into resonance with the
cavity or with each other. The transmit arm connects to microwave generators at room temperature. Microwave pulses at
different frequencies are used to perform one-bit rotations by irradiating at the transition frequencies of the two qubits.
With our theory collaborators, we are also investigating ways in which a third microwave frequency can effective turn the
two-qubit coupling on and off, to effect two-qubit operations and yield a CNOT. Finally, the readout is to be performed by
irradiating on the transmit line near the cavity frequency (typically 6-10 GHz), and measuring the transmitted signal using
a low noise cryogenic HEMT amplifier, located on the receive arm. The phase shift of the cavity is predicted to be as large



as 180 degrees for different states of a single qubit. In the case of a two-qubit sample, two pulses at slightly different
frequencies can in principle yield two bits of classical information, allowing access to the states of both qubits, without
introducing any additional wiring or channels for decoherence. We are optimistic that this minimal approach and relatively
low complexity of this two-qubit setup make it a logical next step that can be attempted shortly after the characterization of
single-qubit cQED samples.

Figure 12: Design for a two-qubit gate in the superconducting cavity QED architecture. Two
Cooper-pair boxes are placed near the ends of a transmission line resonator, so that they are coupled to
the common electromagnetic mode. Two qubit interactions are effected by tuning the qubits into
resonance with one another, via the combination of dc and ac signals on their gates. Center panel shows
a detail of the physical layout of the CPB qubit near the end of the transmission line, and the right panel
shows results of a finite-element electrostatic simulation of the geometry, from which the capacitances of
the circuit are determined. This design shows that it will be possible to individually address two qubits
from opposite ends of the resonator, without inducing a substantial channel for decay into the external
electromagnetic environment.

The apparatus shown in Figure 13 has been tested in our *He refrigerator at 250 mK, and is presently installed in
our dilution refrigerator and being used for tests of our first cQED samples with single qubits. In earlier tests on a cavity
without a qubit, however, we performed several tests of the signal-to-noise expected for the cQED readout. First, we were
able to show that even with the measurement and control lines in place, the photon occupancy of the cavity is small, less
than a few photons, and probably in agreement with the number expected from thermal equilibrium at about 300 mK.
Second, we were able to measure the noise temperature of the new HEMT amplifier, and found it to be as low as about
20 photons (6 K at 6 GHz), about five times better than our estimate used in the design study. To determine whether the
phase shift through the cavity, and eventually the qubit state, can be detected in a single-shot measurement lasting less
than a few microseconds, we made histograms of the measured transmission phase, and inserted a phase shift of pi at
room temperature on the transmitting arm. Histograms showing the probability of occurrence for different measured
phases are shown in Figure 14, for integration times of 300 nanoseconds and 1.5 microseconds, respectively. The fidelity
for distinguishing between these two “classical” bits was greater than 90% and 99%, respectively. In a real experiment
with a qubit, the maximum integration time, and thus the signal-to-noise and the fidelity, are entirely determined by the
observed lifetime (T1) of the qubit. Using the cQED architecture, one may hope for this time to exceed 50 microseconds,
and the readout to be very efficient. However, this lifetime can be limited by many so far unknown processes, and
therefore the determination of the T1 lifetime limits for a box in the cavity remains one of our first priorities.
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Figure 13: Schematic of the microwave apparatus for control and measurement of the cQED
gubits. On left is the transmit arm, which connects the resonator to microwave sources at room
temperature for generating one and two-qubit rotations. The selectivity is accomplished by using different
frequencies, which are coupled to the qubits with some additional filtering by the resonator. Individual
biasing of the gates of the two Cooper-pair boxes is provided by the lines coupled to the two arms via
bias-tees. On the right is the receive arm, with cryogenic circulators and HEMT amplifier for performing
readout via the phase of the cavity transmission.
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Figure 14: Test of the phase sensitive detection technique for the cQED resonators. A phase shift
of 180 degrees was introduced on the transmit arm, and sent through an overcoupled resonator at 250
mK. The readout pulses had a magnitude of about 100 photons, and a duration of 300 ns and 1.5
microseconds, respectively. The fidelity for measurement of this classical bit was greater than 90% and
99% in the two cases, and was consistent with the noise expected from the first stage HEMT.
V. Plans for Future Work:

We conclude by briefly listing the priorities for the project in the next year. For the CPB box readout with an SET,
the main obstacle remains the ability to obtain a reliably long (i.e. greater than 1 microsecond). We are optimistic that the
recent results on the backaction of the SET indicate both that the intrinsic quality factor of the qubit itself is high, and that
we will be able to design and make qubit/SET samples which can attain a high fidelity single-shot readout. We are
presently calculating the optimum parameters for such a sample, based on the theory developed by Aash Clerk and Steve
Girvin within our collaboration. These devices will include control of the RF environment, as described in Section | above.
A major goal remains a careful study of the mechanisms of relaxation and decoherence in a single CPB qubit, as we view
this as a necessary for determining the scalability and allowing a progression to multi-qubit devices and demonstration of



gates and algorithms. Though all of these may not be achievable in the next year, an ordering of the tasks we believe
must be undertaken is given below.
Cooper-pair box with superconducting SET readout:

o Make CPB+SET at Yale with optimized parameters, coupling, and readout SET for long T1.

e Measure T1, T2 dependence on matrix elements and CPB parameters — determine mechanisms and
limits of relaxation and decoherence.
Perform single-shot measurements.
Perform Rabi, Ramsey experiments by operating at charge degeneracy point.
Design and make 2 qubit samples.
Spectroscopy of coupled system, demonstration of CNOT operation.

For the theoretical portion of this project, work will continue on several new directions. First, there will be
continued efforts in support of the experiments using SET readouts, as described above. Another area is investigations of
various entanglement schemes, and techniques and pulse sequences for utilizing fixed two-qubit couplings, either due to
direct capacitive coupling, as in the CPB/SET system, or due to qubit-cavity interactions in the cQED architecture.
Investigations related to detection and generation of single microwave photons within the cQED devices is also
continuing. Finally, we are beginning to investigate the detailed requirements, both in terms on necessary qubit coherence
and control, and in terms of practical pulse sequences, for implementing simple gates or a Deutsch-Josza algorithm. For
example, in the cQED experiments, it may be possible to perform Deutsch-Josza with a single qubit coupled to the cavity,
in analogy to recent experiments by Blatt, Chuang, and coworkers with a single ion in a harmonic trap.

Theory of superconducting qubits and cavity QED:

Further modeling of SET backaction and optimization of readout fidelity.
e Study schemes for single-photon generation and detection with cavities.
¢ Novel methods of generating entanglement, new pulse sequences for utilizing fixed qubit couplings.
e Feasibility studies and pulse sequencing for gate operation and simple (Deutsch-Josza) algorithms.

For the cavity QED implementation of the Cooper-pair box qubits, the first actual experiments are just now
underway. Our first task will be to identify the qubit using the new readout mechanism, i.e. solely via its pulling of the
cavity. Once the qubit can be found and characterized, there are several interesting experiments which can be performed.
First, the basics of the qubit-cavity interaction must be verified, and spectroscopy of the qubit states performed to know its
parameters and what pulse frequencies and sequences will be used to control it. Next, we will determine the decoherence
(T2) and relaxation (T1) times of the qubit. By studying the enhancement of the T1 lifetime predicted in this setup, we
hope to determine what the internal losses in the qubit are. This is a key measurement for CPB qubit designs, and
perhaps for any future superconducting qubits.

Qubit experiments in superconducting cavities:

e Observe cavity pulling, tune box and verify basic physics of box-cavity interaction.
e Observe vacuum Rabi oscillations (resonant case).
o Develop fab process using SiN membranes for better control of capacitive coupling and to allow multiple
qubit lines.
Attempt single-shot QND measurement with cavity.
Measure cavity-enhancement of T1 and intrinsic mechanism of T1 in box.
Perform one-qubit operations, and Rabi and Ramsey experiments on qubit.
Perform swap of qubit state with cavity mode.
Measure two-qubit spectroscopy in cavity, attempt operation of a CNOT or Deutsch-Josza algorithm with
two qubits.

VI. Publications Submitted or Appearing During This Period:

1) “Prospects for Strong-Coupling Cavity Quantum Electrodynamics with Electrical Circuits’, S.M.Girvin,Ren-Shou Huang,
Alexandre Blais, Andreas Wallraff, and R. J. Schoelkopf, cond-mat/0310670, and to appear in Proceedings of the
LXXIX Les Houches Summer School on Quantum Entanglement and Information Processing.

2) "Quantum-Limited Measurement and Information in Mesoscopic Detectors’, A.A. Clerk, S.M. Girvin, and A.D. Stone,
Phys. Rev. B 67, 165324 (2003).

3) ‘Noise and Measurement Efficiency of a Partially Coherent Mesoscopic Detector’, A.A. Clerk and A.D. Stone
(submitted to Phys. Rev. B).

4) ‘Qubits as Spectrometers of Quantum Noise,’ R.J. Schoelkopf, A.A. Clerk, S.M. Girvin, K.W. Lehnert, and M.H.
Devoret, “Quantum Noise in Mesoscopic Systems,” Y.V. Nazarov (ed.), Kluwer Academic Publishers, Dordrecht,
ISBN#1-4020-1239-X, April 2003.

5) ‘Cavity Quantum Electrodynamics for Superconducting Electrical Circuits: An Architecture for Quantum Computation,’
A. Blais, Ren-shou Huang, Andreas Wallraff, S.M. Girvin, and R.J. Schoelkopf, submitted to Phys. Rev A (2004).



6) ‘Measurement of the Excited-State Lifetime of a Microelectronic Circuit,” K.W. Lehnert, K. Bladh, L.F. Spietz, D.
Gunnarsson, D.I. Schuster, P. Delsing, and R.J. Schoelkopf, Phys. Rev. Lett. 90, 027002 (2003).

7) ‘Quantum Charge Fluctuations and the Polarizability of the Single-Electron Box,” K.W. Lehnert, B.A. Turek, K. Bladh, D.
Gunnarsson, P. Delsing, and R.J. Schoelkopf, Phys. Rev. Lett. 91, 106801 (2003).



Section C: Results from the period 1/04-12/04

A listing of milestones achieved in this period: (from August 2004 program review)

1) Observed SET backaction on qubit and effects on qubit relaxation

2) Demonstrated new type of dispersive qubit measurement with cavity QED

3) Tested superconducting charge qubits fabricated at Yale

4) Demonstrated long-lived (T2 > 200 ns) qubit with Q¢ ~ 10,000 at 1/f insensitive point

5) Coherently coupled superconducting qubit to a single microwave photon

6) Observed new source of qubit relaxation, mechanism still unknown

7) Fabricated two-qubit gates, testing can begin with new dilution fridge

8) Developed single photon production/detection schemes & quantum theory of RFMQT

During the period from the last program review (2003), we have therefore achieved all of our predicted milestones, as well
as several of the long-term goals of our effort which we had not expected to reach so rapidly. Numerous publications (see
below) were submitted and/or appeared in print, including a widely-publicized paper in Nature in which we reported the
first coherent coupling of a solid-state qubit to a single photon.

I. RF Single-electron Transistor Readouts for Cooper-pair box Qubits

During the second half of the 2003 calendar year, we made several advances in our understanding of the SET as
a measurement system for superconducting charge qubits. In particular, we observed that the backaction of the SET can
have dramatic effects on both the polarization and relaxation time (T1) of the qubit during the measurement phase
(Milestone 1 above). We succeeded in measuring near-perfect 2e-periodic Cooper-pair staircases, indicating that the
SET need not create quasiparticles in the qubit, and that the qubit can remain in the ground state, even in the presence of
a continuous measurement. However, we also observed, under other conditions, that the SET can dramatically affect the
steady-state population of the qubit, and can even create a measurement-induced population inversion in the qubit, as
previously predicted by the theoretical part of our collaboration.

These results were extensively detailed in the 2003 calendar year interim progress report. During 2004, we have
undertaken a detailed modeling effort in an attempt to determine the optimum parameters for an SSET readout of the
CPB, based on the backaction model. A redesign of the SET-CPB samples was undertaken, and a process which allows
a control of the electromagnetic environment for the qubit on chip was implemented at Yale. Samples for the next
experiments along this approach have been fabricated. SETs with sufficiently large charging energies to realize the
double Josephson quasiparticle feature (DJQP) used for the SET measurements have been made and tested at 250 mK.
Several papers detailing the preliminary results on the SET backaction and its suitability as a quantum readout of CPB
gubits have been submitted for publication (see papers 1 & 2 listed below)

II. Cavity QED with Superconducting Cooper-pair Box Qubits

In a joint experiment/theory collaboration we have conceived in the last two years a new architecture for quantum
computation, adapting the idea of cavity QED (quantum electrodynamics) from atomic physics to superconducting
electrical circuits, an idea that we refer to as cQED or ‘circuit quantum electrodynamics’ (see paper 3 below). During the
past year we successfully implemented this new paradigm of ‘quantum optics on a chip’ and have two significant
publications in Nature (Sept. 9, 2004, see paper 4 below) and Phys. Rev. Lett. (in press, see paper 5) which have
confirmed the predictions in our proposal paper. This work was featured in the Search and Discovery section of the
November issue of Physics Today and has attracted considerable interest within the atomic physics community and the
superconducting qubit communities in the US and Europe. (see our website, www.eng.yale.edu/rslab for more info)

To achieve these cQED results, we employed devices fabricated in our nanofabrication facility at Yale, using a
process for Nb transmission line resonators, patterned with optical lithography, combined with Cooper-pair box (CPB)
qubits using submicron AlI/AIOx/Al made with direct-write electron beam lithography. This process was developed during
the previous year, and testing of the first devices began in January of 2004. An optical/SEM micrograph of such an
integrated device, used for the work reported in Nature, is shown in Figure 1 below.




Figure 1: Micrograph of a superconducting
integrated circuit for cavity QED
experiments in control and measurement
of a CPB qubit (adapted from paper 1).
The Nb resonator (top), on a Si substrate,
is patterned using optical lithography. An
interdigitated capacitor (lower left)
provides relatively strong coupling (Q ~
10,000) of microwave signals in and out of
o 2 B the resonant cavity. A false color image
; (lower right) of the Al CPB qubit (blue),
embedded at the center of the resonator.
Iy A loop allows control of the effective
— R | Josephson energy, and a dc voltage
applied to the center conductor of the
resonator provides the gate bias to control
i the Coulomb energy and allow operation
@) o at the charge degeneracy point.

We were then able to use the combined cavity-qubit system to perform a new type of dispersive measurement
(Milestone 2) of the CPB qubit's ground and excited state properties. Microwave signals, with powers such that the cavity
is typically occupied with 1 to 100 photons, were transmitted through the cavity. When the qubit is detuned in frequency
from the cavity by several MHz to a GHz, these photons do not create any excitation or relaxation of the qubit. However,
the qubit acts as an effective dielectric medium in the cavity, whose sign is positive or negative, depending on whether the
qubit is in its ground or excited state. This creates a frequency shift of the cavity which can be an appreciable fraction of
the cavity’s linewidth, leading to an easily measurable phase shift of the transmitted signal. This measurement is unique
so far amongst readouts for solid-state qubits in that it is a completely dissipation-free: it cannot excite the qubit, nor are
any quasiparticles created or any photons absorbed within the chip. This technique appears to be a significant help in
reducing the coupling to external degrees of freedom, and preserving the coherence and fidelity of the qubit itself.

Figure 2: Spectroscopy of CPB qubit using cavity QED readout. The color
scale shows the phase shift on a probe beam transmitted through the cavity
at 6.0443 GHz, which is proportional to the excited state population. A
continuous wave pump beam, whose frequency is varied from 6.1 to 6.5
GHz (vertical axis), excites the qubit when it matches the qubit transition
frequency. The gate charge applied to the CPB is plotted on the horizontal
axis, and the charge degeneracy point (gate charge of 1) is in the center of
the plot, where the transition frequency is determined only by the Josephson
energy, and the qubit is insensitive to 1/f charge noise.
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We then performed spectroscopy on the qubit, by adding a second microwave tone which was tuned to the qubit
transition frequency. Though this signal is attenuated by the cavity, it can nevertheless be made sufficiently strong to drive
transitions in the qubit, and can further be pulse modulated to produce control of the qubit state. Measuring the change in
the phase shift in response to this spectroscopic signal, we performed spectroscopy on the qubit as a function of
frequency, shown in Figure 2. One notices that this spectrum is extremely clean, displaying none of the spurious junction
resonances seen in larger junctions by Martinis and coworkers. Also, the transition can be followed smoothly down to the
charge degeneracy point (center of Fig. 2), where the energy level separation of the qubit is an extremum, and the qubit is
first-order insensitive to 1/f noise in the offset or gate charge. This point is found to give greatly enhanced coherence
times for the CPB qubit. It can also be seen that the spectroscopic lines are sharp — one can use these linewidths to
obtain a worst-case estimate of the coherence time (Milestone 4) indicating that T2 is greater than 200 ns. These times
have since been confirmed in Ramsey and Rabi experiments, showing coherence times up to 800 ns, corresponding to a
hase quality factor Q,= wo; T2 ~ 25,000, allowing in principle thousands of one-bit operations. This spectroscopy
constitutes the first coherence time measurements on a qubit fabricated at Yale (Milestone 3). Similarly encouraging
results have been obtained by M. Devoret and co-workers, with devices measured at Saclay in France.



Figure 3: Rabi oscillations of a CPB
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To perform coherent control of the qubit in the cavity, we applied pulses of microwaves tuned to the qubit
frequency. Since these are detuned from the cavity by 10 MHz to 1 GHz, their rise and fall times are simply limited to the
inverse of this detuning, or about 1 to 100 nanoseconds. The response of the qubit to a pulse of microwaves, showing
Rabi oscillations, is shown in Figure 3A. The Rabi frequency is observed to depend on the RF amplitude (not power),
doubling for every 6 dB in microwave power, as expected. The fastest Rabi flops performed to date are about 30 ns, but
this is still limited only by the microwave power applied and the pulse modulation electronics. An advantage of the cQED
dispersive measurement, which is a quantum non-demolition (QND) measurement, is that it can be used either as a
strong pulsed measurement, or as a weak continuous measurement, and it is particularly simple to understand. A time
trace, showing the response of a weak continuous measurement (averaged over about 10,000 shots) with a Pi pulse is
applied at ~ 4 microseconds, is shown in Figure 3B. The phase shift of the cavity should be equal and opposite between
ground and excited state, so we know the degree of polarization change induced in the qubit. The decay of the phase
back to the ground state value (-60 degrees), is a direct measurement of the energy relaxation, or T1, time of the qubit,
here about 0.7 microseconds. The measurement rise time is simply determined by the photon lifetime in the cavity (i.e. the

inverse of the cavity decay rate, x * =Q/ @,y )- The observed phase shift indicates at least 50% fidelity for the Pi pulse,

but because of the low-pass filtering effect of the cavity lifetime, the data are also consistent with fidelity of order 100%.
More recent measurements have improved the T1 time of the qubit, and the separation between these two timescales, so
that the fidelity can be more accurately determined.

The relaxation time of 0.7 microseconds observed in Fig 3, is similar to the best results observed with
superconducting charge qubits, namely the earlier Yale/Schoelkopf measurements (Lehnert et al., 2003) using an RF-
SET, and the results of Devoret and co-workers at Saclay. Because the detuning of the qubit from the cavity is predicted
to reduce the spontaneous emission rate of qubit and enhance the T1 time, however, it these cQED measurements
indicate (Milestone 6) that there is an intrinsic, or local, source of dissipation that can limit the ultimate coherence times of
these devices. The cQED architecture is a ideal way to study these mechanisms, and improving the relaxation times, is a
topic for future work in this project. We have already fabricated cQED samples on different dielectric substrates in order to
determine if this affects the relaxation.

Taking advantage of the tunability of the CPB qubit, we were also able to investigate the resonant regime of cavity
QED, where the qubit’s transition matches the cavity frequency, and observe coherent superpositions between our qubit
and a single microwave photon (Milestone 5). This required control of the CPB qubit Hamiltonian to a few parts in 10,000,
so that the transition frequency at the degeneracy point is equal to the 6.044 GHz cavity frequency. In this case, the dipole
coupling between the qubit and the cavity induces vacuum Rabi oscillations, at a rate 2g=12 MHz. This was observed
spectroscopically by measuring the splitting of the cavity transmission into a doublet of peaks, separated by the splitting
2g, as shown in Figure 4 (adapted from Wallraff et al., Nature, paper 4). The two peaks correspond to excitation of the

symmetric and anti-symmetric superpositions (|ir> = |¢, n= 1>1r|T, n= O>) of the qubit in its ground (excited) state

|¢>(|T>) and one (zero) photons in the cavity |n=1)(|n=0)), and are expected to be entangled states, though that has not

yet been demonstrated by correlation measurements. The width of these peaks is due to the combination of qubit and
photon decay, since the states have a mixed qubit/photon character. The separation of the peaks by more than 10
linewidths indicates that our sample is clearly in the strong coupling limit of cavity QED, and that coherent exchange
between qubit and cavity states is taking place. This also indicates that future experiments can use the cavity as an
intermediary “bus” to transport entanglement across a chip to a different qubit, not necessarily a nearest-neighbor.
Performing swap operations of the qubit and cavity, and between two qubits, is planned for the next year's work.



Figure 4: Vacuum Rabi splitting of the cavity mode due to coupling with a
CPB qubit. The transmission through the cavity is plotted as a function of
frequency, for a measurement probe beam of approximately -170 dBm,
corresponding to 0.1 photons of excitation in the cavity. Dashed line shows
the transmission through the bare resonator, when the qubit is strongly
detuned, which has a Lorentzian shape with a Q of 10,000. Blue lines show
the measured data when the qubit is tuned to resonance with the cavity
frequency at the qubit charge degeneracy point. Solid red lines show a
model prediction, based on the vacuum Rabi coupling strength 2g = 12 MHz
extracted from measurements in the dispersive regime, the measured cavity
quality factor, and a single fit parameter for the qubit transition linewidth, T2
= 200 ns. The clear separation of the peaks indicates that we are in the
strong coupling limit of cavity QED, for the first time in a solid-state system.
602 803 004 o5 803 007 (Adapted from Wallraff et al., Nature 2004, paper 4)
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Finally, we have fabricated cQED samples with multiple CPB qubits. Our second dilution refrigerator, already
almost 1.5 years overdue, was further delayed and has only been commissioned in November 2004. We anticipate that
testing of these multi-qubit devices will begin in 2005, when the new fridge has been instrumented and tested for
microwave experiments. We have also observed the AC Stark shift of our qubits due to the measurement probe beam,
and the dephasing that this induces in the qubit, which is described in the theory section below, and has been submitted
to Physical Review Letters (Schuster et al., 2004, see paper 5 below). This means that we have a good understanding of
the measurement—induced backaction of the cQED readout, when it is used as a weak continuous measurement. We
have also performed pulsed measurement experiments with the cQED system, this work is in progress and will be
described later. However, turning off the measurement is observed to enhance the coherence time of the CPB qubit in the
cavity, leading to a record coherence time of 0.8 microseconds, as measured in a Ramsey experiment. The AC Stark shift
can also be used in future as a mechanism for producing a single qubit phase gate, or to shift two qubits into resonance,
as also described in the theory section below.

lll.Theory
Cavity QED

We have continued our close cooperation of theory in Co-PI Steve Girvin's group and the experimental groups of
Schoelkopf and Devoret. Particularly in the area of the cQED work with superconducting qubits, there has been an
alternation of theoretical ideas and experimental results, leading for example to the theory of AC Stark shift and
measurement dephasing, described below and in paper 5. In an effort to further develop theoretical ideas linking quantum
optics to superconducting electrical circuits, we have recently hired with ARO support a new theory postdoctoral fellow,
Jay Gambetta, who was trained in quantum optics and quantum measurement theory.

AC Stark Shift and Measurement Induced Dephasing

In a cavity QED system, the presence of the qubit in the cavity affects the cavity resonance frequency. Because
the electrical polarizability of the qubit depends on the quantum state of the qubit, the cavity frequency is pulled one way if
the qubit is in its ground state and in the opposite direction if the qubit is in its excited state. The result is a term in the
Hamiltonian

2

Hl:{ha)R +%02]ﬁ+%az )

where @y, is the (bare) cavity frequency, &, is the bare qubit energy level difference, g is the coupling strength between

the qubit and the cavity, A is the detuning of the qubit frequency from the cavity frequency, o is the state of the qubit and
gZ
nA
frequency shift leads to a substantial shift in the phase of the transmitted microwaves which can be easily measured.

Because the qubit is detuned from the cavity frequency, the measurement photons do not cause transitions in the qubit
and the measurement is quantum non-demolition.

N is the number of photons in the cavity. The cavity frequency is thus o £ depending on the state of the qubit. This

Because the qubit pulls the cavity frequency, it follows that the cavity pulls the qubit frequency. This effect, known
in guantum optics as the ‘light shift’ or ac Stark effect can be easily understood by rearranging the terms in the
Hamiltonian to read
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This shows us that the qubit transition frequency is shifted by an amount Z%for each measurement photon that is added

to the cavity. The coupling is so strong in our system that this shift can easily exceed 0.6 MHz per photon which is
comparable to the qubit transition linewidth. Fig. 5a shows data for the ac Stark shift from paper 5.
When the cavity is driven by a coherent microwave source, so that it has a definite phase (needed to determine

the phase shift caused by the qubit), the cavity photon number is uncertain and has fluctuations on the scale of 1/<ﬁ> .

These lead to an uncertainty in the qubit transition frequency and hence a broadening of the spectroscopic linewidth. We
have developed a theory of this effect which is in excellent quantitative agreement with the experimental data, as can be
seen in Fig. 5b.

Figure 5: Measurement and theory of AC
Stark shift and measurement induced
dephasing for cQED readout of CPB qubit.
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The resulting random time-dependent fluctuations in the qubit splitting cause the relative phase in a superposition
of ground and excited states to diffuse. This measurement induced dephasing by the quantum fluctuations in the light
shift is precisely the measurement back action required by quantum mechanics. When information is gained about the
state of the qubit, information about the phase of the qubit must be lost. We have shown that the cQED amplifier can in
principle reach the quantum limit in which there is no extra dephasing beyond the minimum required by the Heisenberg
uncertainty principle.

Single Qubit Gate Fidelity and Readout Fidelity

Photons applied to the cavity at the cavity frequency undergo a phase shift which depends on the state of the
gubit. The entanglement of these photons with the qubit is the basis of our QND readout. Remarkably photons applied to
the same input line but at the qubit frequency do not become entangled with the qubit, but rather cause coherent Rabi
oscillations. (This is connected with the fact that most of the photons in the pulse at this non-resonant frequency are
reflected from the cavity with a phase shift which is independent of the qubit state.) Thus by using frequency multiplexing,
a single line serves as both measurement and control. Application of the pi pulse to the qubit flips its state and, according
to Eqg. 1 causes a sudden change in the resonant frequency of the cavity. We have performed detailed theoretical
modeling and numerical simulations to compute the response of the cavity measurement photons to this transient.
Because the quantum dynamics of our measurement process is so well understood, we should be able to do very
accurate quantitative modeling of the measurement signal that results from a pi pulse as shown in Fig. 3b. Postdoc
Alexandre Blais (supported on a different grant) had originally been doing rather expensive stochastic wave function
simulations of this process, but recently has developed an extension of the cavity Bloch equations which yield very
accurate results with very little numerical effort. Postdoc Jay Gambetta has developed a different approximation scheme
and the two are in good agreement. We are currently in the process of using this to determine our state preparation (pi
pulse) fidelity and our readout fidelity.

Theory of Single Qubit Phase Gate and RF Coupling for Two Qubit Gates

Charge based qubits are linearly sensitive to charge offset noise unless they are operated at a special symmetry
point, the charge degeneracy ‘sweet spot’. Restriction to the sweet spot means that we cannot change the qubit



transition frequency by application of gate bias. This is a significant limitation because temporary controlled excursions in
gate frequency are crucial for creation of single qubit phase gates, moving qubits into resonance with the cavity to
entangle the qubit with a photon or moving two qubits into resonance with each other to perform entanglement gate
operations. During the past year we have developed a theoretical protocol (Milestone 8) which overcomes all these
difficulties without introducing extra dephasing. Rather than using a dc gate voltage to move away from the sweet spot,
we apply a high frequency ac dither voltage. This shifts the qubit effective frequency upward but causes phase errors
from low frequency 1/f noise to average out to zero. (Only the small charge offset noise at the high dither frequency
contributes to dephasing.) During the coming year we plan to perform extensive numerical simulations to predict phase
gate fidelity and the fidelity of two qubit coupling operations based on this protocol and design experiments to test these
ideas.

The ac dither technique is complementary to a new RF controlled gate coupling scheme developed by Devoret in
which each qubit is driven at its own transition frequency with a Rabi frequency which causes the Rabi sidebands of the
two qubit dressed states to come into resonance with each other. We may eventually try to combine these techniques
into a highly flexible RF gate coupling scheme.

Theory of Josephson Bifurcation Amplifier and Cavity Bifurcation Amplifier

During the past year, ARO supported postdoc Krishnendu Sengupta (now at U. Toronto), completed initial
calculations on an approximate quantum theory of the Devoret’s Josephson Bifurcation Amplifier (JBA). A rough draft of a
paper has been prepared and we will be submitting it for publication early next year (Milestone 8). Devoret, Schoelkopf
and Girvin have collaborated on the development of a new idea which combines the best features of the JBA amplifier
and the cQED readout. The idea is to use a high Q CPW resonantor as in the present cQED set up, but load the cavity
with a non-linear Josephson junction in such a way that the dispersive cQED read out scheme acquires the latching
feature of the JBA. Theoretical work will be pursued in the coming year to develop a detailed engineering analysis of this
proposed system.

Tagged Single Photon Production

One offshoot of the cQED architecture we have developed is a theoretical proposal for a device for producing
single microwave photons. Yale undergraduate Clifford Cheung recently completed his senior thesis under the
supervision of Professor Girvin analyzing a design consisting of a pair of coplanar wave guide resonators mutually
coupled through a Cooper pair box qubit. The essential idea is that by choosing the frequency of the first resonator to be
equal to the sum of the frequency of the second resonator plus the qubit transition frequency, one can cause creation of a
single photon in the second resonator to be associated with a spin flip of the qubit. This spin flip will change the pull on
the first cavity and be readily detectable by monitoring its output. This will automatically ‘tag’ the photon production event.
Cliff Cheung, who is now a graduate student at Harvard, has written a paper on the subject which is in the final stages of
editing.

Publications submitted or appearing during this period:

1) ‘Backaction Effects of an SSET Measuring a Qubit: Spectroscopy and Ground State Measurements,’ B. Turek, H.
Majer, A. Clerk, S.M. Girvin, A. Wallraff, K. Bladh, D. Gunnarson, T. Duty, P. Delsing, and R.J. Schoelkopf,
submitted to IEEE Trans. on Appl. Superconductivity (2004).

2) ‘Measuring the Backaction of a Single-Electron Transistor on the Single-Electron Box,” B.A. Turek, K. W. Lehnert, K.

Bladh, D. Gunnarsson, P. Delsing, and R.J. Schoelkopf, submitted to Phys. Rev. Lett. (2004).

3) ‘Cavity quantum electrodynamics for superconducting electrical circuits: an architecture for quantum computation’,
Alexandre Blais, Ren-Shou Huang, Andreas Wallraff, S. M. Girvin, and R. J. Schoelkopf, Phys. Rev. A 69,
062320 (2004).

4) ‘Strong Coupling of a Single Photon to a Superconducting Qubit Using Circuit Quantum Electrodynamics’, A. Wallraff,
D. Schuster, A. Blais, L. Frunzio, R.-S. Huang, J. Majer, S. Kumar, S. M. Girvin, R. J. Schoelkopf, Nature 431,
162-167 (Sept. 9, 2004).

5) ‘AC-Stark Shift and Dephasing of a Superconducting Qubit Strongly Coupled to a Cavity Field’, D. I. Schuster, A.
Wallraff, A. Blais, L. Frunzio, R.-S. Huang, J. Majer, S. M. Girvin, R. J. Schoelkopf, Phys. Rev. Lett. (in press)
[cond-mat/0408367].

6) ‘Fabrication and Characterization of Superconducting Circuit QED Devices for Quantum Computation,’ L. Frunzio, A.
Wallraff, D. Schuster, J. Majer, and R.J. Schoelkopf, submitted to IEEE Trans. on Applied Superconductivity,
2004.



Section C: Results from the period 1/05-8/31/05
A summary of achievements in this period:
I. Single-electron Transistor Readouts of Cooper-Pair Box Qubits

During the Aug 2004-Aug 2005 period, we have continued with our efforts to measure the backaction of the RF-
SET on the Cooper-pair box qubit, which is essentially to determining whether this is a viable method for performing
single-shot readout of qubits. The present goal was to fabricate samples with a well-controlled electromagnetic
environment, in order to study the effects of SET backaction on qubit lifetime. These devices turned out to be more
challenging to fabricate than we had anticipated, but we have now been successful and final measurements are
underway. A chip showing the Cooper-pair box qubit and RF-SET readout are shown in Figure 1, along with a
measurement of the current-voltage characteristic of a qubit configured as a SQUID. The measurement of the IV curve
displays resonances corresponding to points where the environment of the qubit changes abruptly, i.e. we are able to use
the Josephson effect as a sort of “network analyzer” which probes the microwave engineering of the wiring. This confirms
that we have succeeded in our goal of controlling the electromagnetic environment, at least up to ~ 30 GHz which is much
higher than the transition frequency (about 6-8 GHz) planned for the qubits and recently measured. Characterization of a
box has shown the desired energy level splittings in the qubit have been achieved, and that a working SET with proper
characteristics to have a DJQP resonance used for readout is obtained. This work will conclude with a final set of
measurements testing the backaction theory of the SET developed earlier in this project by our theory collaborators. A
paper detailing preliminary measurements of the qubit ground state and showing full tunability of the qubit Hamiltonian
have appeared this year in IEEE Transactions on Applied Superconductivity (Paper #1). An earlier paper quantitatively
testing the backaction of the SET in the normal state also appeared in Physical Review B (Turek et al.; Paper #2).
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Figure 1: Left: Optical (top) and zoomed SEM micrographs of a completed CPB qubit —RF-SET readout chip with
controlled electromagnetic environment. Right: Current-voltage characteristic of a “qubit” wired up as a SQUID for DC
transport measurements, showing that, except for resonances seen by the qubit at relatively high frequencies of 30 and
50 GHz, the qubit should see a well controlled electromagnetic environment with 50 Ohm impedance. This sample is in
use to test SET backaction limits on readout fidelity.

Il. Cavity QED Experiments with Cooper-Pair Box Qubits
Achievements during this period:

1) Developed model and guantitative predictions for fidelity of continuous measurements.
2) Performed single-shot cavity QED readout with 40% fidelity.



3) Measured T2 > 500 ns and T1 > 7 us for CPB qubit w/ cQED dispersive readout.

4) Observed Rabi oscillations with > 95% visibility.
5) Performed first experiments on two qubits in a cavity.

We have continued our very successful experiments on a new architecture for quantum computation, adapting the
idea of cavity QED (quantum electrodynamics) from atomic physics to superconducting electrical circuits, an idea that we
refer to as cQED or ‘circuit quantum electrodynamics’. During the past year we have published our work on the AC Stark
shift and the dephasing due to continuous measurements using the cavity as a quantum non-demolition probe of the state
of the qubit (Schuster et al. PRL '05, Paper #3, below), and then concentrated on pulsed measurements and quantum
control of the qubit. We were able to measure the fidelity of single-shot readouts for cQED measurement, perform Rabi
and Ramsey experiments to obtain record values for coherence and excited state lifetimes of a superconducting qubit,
perform the first high-fidelity control of the quantum state of a superconducting qubit as indicated by a visibility of Rabi
flops which approaches unity (Wallraff et. al. PRL '05; Paper #4 below), and begin experiments on two remote qubits

coupled via a single cavity.
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Figure 2: Rabi oscillations of a Cooper-pair box qubit in
cQED architecture, using the cavity as a QND measurement of
the qubit. The right axis shows the phase shift of the transmission
thru the cavity, which can be directly converted into a qubit
population in the excited state. Blue points are the data, and the
red line is a sinusoidal oscillation (at the Rabi frequency) with unit
amplitude. The data are consistent with a visibility of 95% +- 5%,
marking the first demonstration of truly high-fidelity Note that there
is no noticeable decay in the oscillation amplitude, consistent with
the coherence time T2 = 500 nanoseconds measured in a
Ramsey expt. (not shown).

The results of some of the time domain measurements on the qubit are shown in Figure 2. The advantage of the
cQED measurement technique is that the interaction of qubit and measurement can be understood and tested in
guantitative detail. In particular, our work on steady-state spectroscopy and backaction published in Paper 3 verify that we
understand precisely how to convert the measured experimental quantity, the transmission phase shift through the cavity,
directly into an excited state population of the qubit. This allows us to convert our measured Rabi oscillations into a
guantitative qubit population, and to extract a precise measurement, for the first time, of the visibility of Rabi oscillations
for a superconducting qubit. As seen in Figure 2, the Rabi oscillations are consistent with unit visibility, indicating that our
qubit is not interacting strongly with spurious degrees of freedom in its environment, perhaps because it is protected by
the cavity and the dispersive measurement which does not heat or excite quasiparticles or other modes. Using a pulsed
measurement and two Pi/2 pulses on the qubit (i.e. a three-pulse experiment) we performed Ramsey experiments to
measure the true coherence time of the qubit to be about 0.5 microseconds, essentially equaling the previous record
achieved by Devoret and co-workers at Saclay. We also measured a relaxation (T1) time of the qubit of approximately 7
microseconds, which is also a record high value for such qubits, and again encouraging for future work.
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Figure 3: Fidelity of single-shot QND measurements of a qubit with the cavity. Left panel shows histogram of
approximately 10’ individual shots (about 5 minutes of data total) for measuring the qubit in the ground state (blue) or
following a single Pi pulse to create the excited state (red). The probability (vertical axis) of obtaining a particular
measurement value is plotted versus the total signal (horizontal axis, in arbitrary units). The right panel shows the



integrated probabilities for ground (blue) and excited state (red) as a function of the same signal. Around a threshold value
of zero signal, the curves are separated by 30-40%, which indicates the fidelity for performing a single-shot measurement.

We have also studied the fidelity of single-shot measurements with the cQED dispersive measurement, as shown
in Figure 3. This works well, and the measurement and data collection are rapid, making studies of qubit or readout
behavior very efficient. The signal to noise is limited by a combination of the finite measurement time for a given shot (i.e.
the T1 relaxation time of the qubit), the strength of the measurement probe signal (here about 10™° Watts, corresponding
to populating the cavity with about 10 photons at the 5 GHz cavity frequency), and the amplifier noise. The measured
fidelity is about 30-40%, consistent with the expectations for these settings, but it should be possible to significantly
improve this number either with increased qubit lifetime, lower amplifier noise, or stronger measurement signals. We have
also undertaken a theoretical study of the measurement process and the readout fidelity (Braff et. al., in preparation;
Paper 5), which explains both the observed histograms and the fidelity. This work was done by a Yale undergraduate,
William Braff, as part of his senior thesis, and will be submitted to Phys. Rev. A.

Building on these results with the cavity QED architecture for the Cooper-pair box, we have begun experiments
with two qubits coupled and readout via a single microwave cavity. A micrograph of such a sample is shown in Figure 4
below. Relatively simple measurements (see left grayscale plot) show the presence of the two qubits. By employing two
gates and unequal SQUID loop areas for the qubits, the individual qubit properties can be found, and their energies can
be controlled independently. This data also indicates that each qubit can be strongly coupled to the cavity mode. Using
various RF methods (described in the theory section below), the coupling between the qubits via resonant or virtual
exchange of a cavity photon could then be used to experiment with two-qubit gates.
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Figure 4: First experiments with two coupled qubits in a cavity. The schematic of the experiment is shown in the
upper right. Two Cooper-pair box qubits are placed within a superconducting transmission-line resonant cavity, near the
opposite ends, approximately 2 centimeters apart from one another. Gate voltages applied to the input and output ports of
the resonator, respectively, control the gate charge of the two qubits independently. The qubits are fabricated with SQUID
loops of different sizes (see optical micrographs in lower right), so that applying a global magnetic field tunes the
Josephson energies, and thus the transition frequencies, of the two qubits with different periodicities. Measurements on
this system are shown on the left. The gray scale indicates the phase shift through the cavity, which exhibits a sharp jump
(boundaries of the dark ellipses) when one or the other of the qubits is tuned into resonance with the cavity. The figure
shows tuning of the qubits with magnetic field (vertical axis) and one of the two gate voltages (horizontal). This type of
figure allows both the determination of the Josephson and charging energies of the two qubits, and a determination of the
setting which match qubit frequencies. An arrow indicates a point where both qubits may be tuned through resonance with
the cavity (a triple degerneracy), where the qubits should be coupled to one another and entanglement and two-qubit



gates should be possible. Further experiments are in progress, including time-domain control of the individual qubits in
this system.

lll. Theory of Superconducting Qubits

During the past year the theory group of S. M. Girvin has continued to interact closely with the Schoelkopf and Devoret
groups. We made significant advances in our understanding of the measurement process in the cavity QED
archictecture, and of the on- and off-resonant ac stark shift for qubits in driven cavities. With visiting Professor Kyungsun
Moon we developed a new proposal to use a qubit in a cavity to generate squeezed states of microwaves and our
postdoc Alexandre Blais worked with Devoret’s group to develop an analytically tractable approach for the FLICFORQ
gate protocol. Blais and fellow postdoc Jay Gambetta also made considerable progress in developing and analyzing
other two-qubit gates. Gambetta has also undertaken a new study of squeezing and parametric amplification that can be
achieved using the Josephson Bifurcation Amplifier (JBA) and Cavity Bifurcation Amplifier developed by Devoret's group.

Quantum Control and Measurement of a Qubit in cQED

The cavity QED system can be used to detect the state of (one or more) qubits via the phase shift of probe microwaves
transmitted through the cavity. We have developed a detailed understanding of the physics of this process and through
numerical modeling have been able to accurately fit transient response of the microwave phase shift when the qubit is
suddenly flipped by a strong pi pulse. This fit requires no adjustable parameters other than the qubit lifetime T;. From
this quantitatively accurate fit we were able to demonstrate (see Paper #4) that the visibility (fidelity) of our Rabi flopping pi
pulses were consistent with 100% (95 +- 5%). This is the first time that this has been done for superconducting qubits
and is possible because of the simple and well-controlled nature of the cavity QED readout and the fact that it leaves no
energy behind to form quasiparticles.

Paper 3 is a joint experimental/theoretical study of the spectroscopy of a CPB qubit in a cavity being driven by the readout
microwave beam. The RF field from the beam induces a strong (0.5 MHz/photon) ‘light shift’ (ac Stark shift) of the qubit
transition frequency. In addition, because this beam measures the state of the qubit, there is a measurement induced
dephasing of the qubit transition. This is also the first time that this has been observed and accurate agreement with
theory not only confirms our understanding of the physics but is a useful tool for calibrating the number of photons in the
cavity. In separate unpublished work, we have shown that driving the cavity off resonance produces a light shift of the
qubit, but no broadening of the transition (because no measurement is being made). This effect makes for a high fidelity
RF controlled phase gate for the qubits.

A long follow up to our initial Phys. Rev. Lett. on the ac Stark shift is in preparation
(Paper 6). Among other things we are developing an understanding of the inelastic Raman processes that occur in the
cavity when the qubit is suddenly flipped.

During the past year, senior undergraduate Will Braff worked together with Schoelkopf and Girvin to develop optimal
protocols for the cQED readout system using a linear filter on the phase shift measurement record. Postdoc Jay
Gambetta is bringing his expertise in quantum trajectory theory to this problem to understand the full non-linear dynamics
of the time evolution of the system conditioned on the measurement record. This will allows us to model how coherent
Rabi flopping crosses over to incoherent quantum jumps as the measurement strength is increased and allow us to
understand how to optimize the single-shot fidelity of the cQED measurement system. A paper (Paper 5) is in
preparation.

Squeezing and Parametric Down Conversion

Paper 7 represents a continuation of our quest to fully extend quantum optics to the microwave regime. Together with
visiting Professor Kyungsun Moon, we predicted that the cavity QED architecture is well-suited for studying parametric
down conversion. A single photon at the first harmonic of the resonator can be converted to two photons at the
fundamental frequency via three-wave mixing induced by a single ‘atom’ (CPB) in the cavity. Non-linear optics faces two
difficulties in the visible regime. First most optical media have only extremely weak non-linearities. This weak non-
linearity means that large crystals are required which produces the second problem: wave vector matching (momentum
conservation) which is very difficult because of the nature of the material dispersion. Here we use a cavity only one
wavelength long and the non-linear medium is a single point-like ‘atom’ so momentum conservation is not an issue.
Furthermore the coupling strengths available in our system are so large that non-linearities can be enormous. Parametric
down conversion will be strongly driven with relatively small numbers of photons in the cavity. For even modest driving
the parametric down conversion should be so efficient that it becomes coherent leading to production of a squeezed
vacuum state exiting the cavity at its fundamental frequency.

Additional work presently underway by postdoc Jay Gambetta in collaboration with the Devoret group is examining related
non-linear physics in the form of four wave mixing in the JBA and CBA amplifiers. We now realize that this can be



exploited to produce both squeezing and parametric amplificiation. Such effects might lead to higher readout fidelity for
the JBA detector and also lead to new types of ultra-low noise microwave amplifiers that could be used to improve the
cQED readout as well.

Two-Qubit Gates

During the past year Devoret’s group developed a new universal gate protocol, FLICFORQ. Postdoc Alexandre Blais
developed a very simple and efficient analytical scheme which greatly simplified the analysis of this RF controlled gate.
[see Paper 8]. Postdocs Blais and Gambetta have also made considerable progress on a general analysis of many
different types of two qubit gates in the cQED architecture. One of these, inspired by a visit from Peter Zoller in the spring
of 2005, is a phase gate analogous to those used in ion traps. A long paper analyzing the speed and fidelity of different
possible gates is in preparation.
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We demonstrate that a continuously measured microelectronic circuit, the Cooper-pair box measured
by a radio-frequency single-electron transistor, approximates a quantum two-level system. We extract
the Hamiltonian of the circuit through resonant spectroscopy and measure the excited-state lifetime.
The lifetime is more than 10° times longer than the inverse transition frequency of the two-level system,
even though the measurement is active. This lifetime is also comparable to an estimate of the known
upper limit, set by spontaneous emission, for this circuit.

DOI: 10.1103/PhysRevLett.90.027002

Recently, microelectronic circuits have been coaxed
into behaving as quantum two-level systems (TLS) [1-
5]. The TLS behavior of circuits is revolutionary because
it demonstrates the quantum behavior of a macroscopic
degree of freedom composed of many microscopic de-
grees of freedom. Quantum coherence was believed to be
fragile in electrical circuits both because it required the
suppression of the dynamics of the microscopic elements
in a condensed matter system and because the quantum
oscillations of an electric or magnetic degree of freedom
would efficiently radiate energy into the electromagnetic
environment. Discussed in terms of the Bloch equations
[6], familiar from nuclear magnetic resonance, a TLS in a
coherent superposition of states has characteristic times
T, to become an incoherent mixture and 7 to relax back
to its ground state.

In this Letter, we observe that a microelectronic cir-
cuit, the Cooper-pair box, may be measured continuously
while still behaving approximately as a two-level system.
The box is integrated with a radio-frequency single-
electron transistor (RF-SET) measurement apparatus,
which we operate as weak, continuous measurement of
the box’s state. Under these conditions we are able to de-
termine the parameters that appear in the box’s Hamil-
tonian, make a worst-case estimate 75 of the decoherence
time 7,, and measure the excited-state lifetime 7 of the
two-level system. We determine the parameters in the
Hamiltonian through a kind of spectroscopy where we
observe a resonant change in the box’s state when its
transition frequency matches a multiple of the frequency
of an oscillatory excitation. From the width in frequency
of these resonances we can find 75 [7]. We stimulate the
box into its excited state and measure 7 directly by
exploiting the large measurement bandwidth of the RF-
SET to resolve in time the circuit’s decay to its ground
state. Most remarkably, the value of T} that we find while
continuously measuring the state of the box is comparable
to estimates of the excited-state lifetime limited by the
quantum fluctuations of the electromagnetic environ-
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ment. This demonstrates that the Cooper-pair box, when
embedded in a circuit for control and measurement, re-
mains well decoupled from other sources of dissipation.
Based on the observed noise in the readout and the life-
time, we conclude that RF-SET is a promising qubit read-
out because a ‘‘single-shot” measurement, where the box
is observed in its excited state before it has relaxed into its
ground state, is possible.

The Cooper-pair box is a microelectronic circuit com-
posed of an isolated superconducting island, attached to a
superconducting lead through a tunnel junction. An addi-
tional lead, called the gate lead, lies near the island and
changes the electrostatic potential of the island with the
application of a voltage V, to the gate lead through the
gate capacitance C, [Fig. 1(a)]. The island’s total capaci-
tance Cy is small enough to suppress fluctuations of
charge on the island. Because the island and the lead are
superconducting, all of the electrons form Cooper pairs
and participate in the macroscopic quantum ground state
of the island. The only degree of freedom is the number of
pairs n on the island. Because of the large charging
energy E- = ¢?/2Cs, we need consider only two states,
a state |0) with no excess Cooper pairs (n = 0) and a state
[1) with one excess Cooper pair (n = 1), as reckoned
from electrical neutrality. The Hamiltonian of the
Cooper-pair box circuit is
%ox, (1)
where o, and o, are the Pauli spin matrices and n, is the
total polarization charge applied to the gate electrode,
n, = C,V,/2e — nyy, in units of a Cooper-pair’s charge
[10,11]. The offset charge n. accounts for the uncon-
trolled potential arising from charges nearby the box
island. The Josephson energy, ET®™ = hA/8¢’Ry, is the
effective tunneling matrix element for Cooper pairs
across a junction with resistance Ry in a superconductor
with BCS gap A. The junction is, in fact, a composite of
two parallel junctions connected to form a loop with

H=-2E.(1 —2n,)o, —
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FIG. 1. (a) An SEM micrograph of the Cooper-pair box and
SET electrometer. The device is made from an evaporated
aluminum film (light gray regions) on an insulating SiO,
substrate (dark gray regions) by the technique of double angle
evaporation [8], which gives the double image. The aluminum
has BCS gap A/kz=2.4K. (b) A circuit diagram of the box
and RF-SET electrometer. The SET gate voltage V,,, the
500 MHz oscillatory bias, and the dc bias (RF;, +dc) determine
the electrometer’s operating point. The charge on the box is in-
ferred from variation in the amount of applied RF power that is
reflected (RF,,) from the SET electrometer, which is a sensitive
function of SET’s conductance [9]. The tunnel junctions
(crosses in boxes) are characterized by a junction resistance
R; and capacitance C;, which enter the box’s Hamiltonian
through Cy =Cc+2C, + C, and Ry =R;/2 (see text).

1 (wm)? area (Fig. 1). The effective Josephson energy E,
of the pair of junctions is then tunable with magnetic flux
® through this loop, as E; = ET* cos(7®/®P,), where
®, is the quantum of flux (h/2¢). Equation (1) is the
Hamiltonian of a quasispin 1/2 particle in a fictitious
magnetic field that can be decomposed into two orthogo-
nal fields. The z component of this fictitious field which
accounts for the box’s electrostatic energy, E,(V,) =
2E.(1 — 2n,), is tuned with V, and the x component,
which accounts for the Josephson energy E;(®) =
ET* cos(m® /D), is tuned with @ [11]. The box is an
artificial two-level system and both of the terms in its
Hamiltonian are tunable in situ.

In the box, states of definite numbers of Cooper pairs
on the island are states of definite charge. In order to
measure the charge of the Cooper-pair box, we fabricate
the box next to a RF-SET [8,9], an exquisitely sensitive
electrometer, so that the addition of a Cooper pair to the
box’s island causes a small fraction (C¢/Cs = 3.7%) of
the Cooper pair’s charge to appear as polarization charge
on the capacitor C that couples the box and the RF-SET

027002-2

(Fig. 1). The electrometer used here had a sensitivity of
4X 1073 ¢ / \/}ﬂ and 10 MHz of measurement bandwidth.
Because the RF-SET measures charge, its action can be
described as projecting the state of the box into a state of
definite Cooper-pair number. In the formal terms of
Eq. (1), it measures Qp,, = (1 +{(0;))e where QO is
further averaged over the measurement time.

We perform spectroscopy by applying a continuous
microwave stimulus to the gate of the Cooper-pair box
and sweeping n, to tune the parameters of the TLS and
find the resonance condition (Fig. 2). A measurement of
Opox VS n, shows that the box does not remain in its
ground state over a range 0.3 <n, <0.7. This behavior
is caused by backaction [12,13] generated by currents
flowing through RF-SET [14]. We proceed by studying
the box in the range of n, where it does remain in its
ground state.

When a 35 GHz microwave signal is applied to the
gate, we observe clear evidence that the box is a coherent
two-level system. Resonant peaks appear [Fig. 2(b)] in
Opox that are sharp and symmetrically spaced about n, =
0.5. The two features, a peak for n, <0.5 and a dip for
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FIG. 2. (a) The ground and excited state energies versus n, for

Eq. (1), with4E- = 12E; (solid line) and E; = 0 (dotted lines).
Energy eigenstates asymptotically approach charge states (/1)
and |0)) far from ng = 0.5. (b) Qpox VS n,, calculated for the
ground state (dotted line), excited state (dashed line), and
measured (solid line) with 35 GHz microwaves applied to the
box gate. The arrows indicate resonant peaks. Also shown is
Opox measured with no microwaves applied (solid line), with
the y axis shifted down by 2.2 e. (c) Two resonant peaks in
Opox VS 11, on the bottom axis and vs @, on the top axis, with
@ = 38 GHz and where the larger value of Vg¢ (squares) is
twice the smaller value (triangles).
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n, > 0.5, both correspond to the change in Q.. when the
box spends some time in the excited state. Because Oy, is
an average of thousands of repeated measurements, the
peak height indicates the probability of finding the box in
its excited state [Fig. 2(c)].

The resonant peaks permit a spectroscopic determina-
tion of E¢ and EJ*. By tuning n, and ¥ while exciting
the box with a fixed microwave frequency, we find good
agreement between the locations of resonant peaks and
the difference between ground-state and excited-state
energies Eg(n,, ®) =nhw,, expected from Eq. (1). An
independent measurement of E. [15] demonstrates that
these peaks occur when the irradiating frequency w is
half w;, indicating that these peaks correspond to a two-
photon transition [16]. At lower frequencies and for
single-photon transitions, the peaks would appear at an
n, for which the box does not stay in the ground state
while being measured and are therefore not visible. We
find a single value for E¢ and for ET* that account for the
location of the resonant peaks at applied frequencies
between 32 and 38 GHz giving resonant peaks for wg,
between 64 and 76 GHz [Fig. 3(a)]. We are able to extract
the parameters of the Hamiltonian, 4E./h=149.1*
0.4 GHz and E7**/h = 13.0 = 0.2 GHz, which imply Cy =
518 aF and Ry = 12.4k(). Through spectroscopy we have
measured the parameters of an electrical circuit that
could not have been measured with transport [Fig. 1(b)].
Because these measurements were made at a temperature
T <40mK, they are in the limit k37T K E; <E.

Consistent with the behavior of a TLS, the peaks dis-
appear for ® = ®;/2 when E; approaches zero. This
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FIG. 3. Resonant spectroscopy of the box versus the two
control parameters of the Hamiltonian, V, and ®. (a) The
locations of resonant peaks (circles) in n, and &, for w = 32,
35, and 38 GHz and fits (lines), using Eq. (1) for wg; = 2w =
64,70, and 76 GHz to find a single value of E. and of ET**. The
systematic uncertainty in n, is represented by the size of the
open circle symbols. (b) The height, in electrons, of a 76 GHz
resonant peak as a function of @ (squares) and a guide to the
eye (line).
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demonstrates that E; provides the coupling between the
charge states [Fig. 3(b)]. An oscillating gate voltage with
amplitude Vg¢ adds a term to the Hamiltonian in Eq. (1),
which is (C,V§¢/2e) cos(wt)o, and is collinear with the
ground state of the quasispin described by Eq. (1) when
E; = 0. The microwave excitation therefore applies no
torque which could excite the quasispin from its ground
state [6].

The width of the resonant peaks we observe provides a
worst-case estimate of the decoherence time of the two-
level system. We express the width of a resonance dn, as a
width in frequency dwy = (1/h)(dEy /dng)dn,. In the
absence of inhomogenous broadening, the half width at
half maximum inferred for zero power is the decoherence
rate 1/T, of a TLS [6]. From S w(; measured at the lowest
value of V¢ applied, we estimate a time T of about 325 ps
[7]. The resonant peaks have a Gaussian shape, and ng
drifts an amount comparable to on, during the 2 min
required to complete a measurement. Both observations
imply that the width of the peaks expresses not the
intrinsic loss of phase coherence due to coupling the
TLS to the environment, but rather the degree to which
an ensemble of measurements are not identical, due to the
well-known 1/f noise of single-electron devices [17].
This T, is a worst-case estimate because it is extracted
while the system is measured continuously by the RF-
SET and because it represents an ensemble average of
many single measurements that require about 2 min to
complete. Nevertheless, 75 is about 150 times longer than
1/wg; [Fig. 2(c)] and is similar to the times found in [18],
another Cooper-pair box implementation, as well as [5] a
SQUID circuit. Reference [4] demonstrates that this in-
homogenous broadening may be overcome by operating
the Cooper box at n, = 0.5 where Ej; is to first order
insensitive to fluctuations in 7.

In order to measure the excited-state lifetime 7, we
excite the box and then measure the time required to relax
back to the ground state. A 38 GHz signal is continuously
applied to the gate and the box gate is tuned to n, = 0.248
and E; = ET% so that the microwaves resonantly couple
the ground and excited states through a two-photon tran-
sition. Abruptly, n, is then shifted to n, = 0.171 in 30 ns,
slowly enough to be adiabatic but much faster than T7;.
The microwave excitation then no longer resonantly cou-
ples the ground and excited states, and the probability of
being in the excited state decays in a time 7. By averag-
ing many of the transient responses to this stimulus, we
find T} = 1.3 us (Fig. 4). A similar 77 was found in [4]
for a Cooper-pair box with much smaller E and operated
atn, = 0.5. The lifetime is a quantity which is insensitive
to slow drifts in n,; and demonstrates that the TLS,
which oscillates T} X wg; = 6 X 10° times before relax-
ing into its ground state, is well decoupled from all other
sources of dissipation.

We can compare this long lifetime with the spontane-
ous emission rate expected from the quantum fluctuations
of a generic electromagnetic environment. Calculating the
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FIG. 4. A determination of the excited-state lifetime of the
box. Qyox Vs time ¢ (triangles), relative to ¢ = 0, when n, is
shifted from = 0.248 to 0.171 in 30 ns, with 38 GHz micro-
waves applied. The shift in n, brings the box out of resonance
with the microwave excitation. An exponential fit to the data
implies 7| = 1.3 us (line).

rate using Fermi’s golden rule gives

1 CT\2/e\2
7 (C_gg> (E) sin*(0)Sy(vo; = wo1/2m),  (2)
where Sy (v) = 2hv(Re(Z)) is the voltage spectral den-
sity of the quantum fluctuations of an environment with
an impedance Z; at frequency v and sinf = E;/hwy,
[11). The quantity C} is the total capacitance of the box
to nearby metal traces, including intentional coupling to
the gate lead and other unintended capacitive coupling
(Fig. 1). We calculate T, for a 50 () environment to be
between 0.25 and 1 s, extracting C§ = 45 * 15 aF from
an electrostatic simulation of the chip layout [11,12]. We
do not claim to have demonstrated that the lifetime is
limited by spontaneous emission; however, if there are
additional relaxation processes, either due to the elec-
trometer or fluctuations of some microscopic degree of
freedom in the box, their influence is at most comparable
to that of spontaneous emission into a typical (Z, =
50 ) electromagnetic environment.

In these experiments, we demonstrate that a Cooper-
pair box is a coherent two-level system with a long
excited-state lifetime. With spectroscopy, we determine
the box’s Hamiltonian and its spontaneous emission rate
into a typical environment. We measure an excited-state
lifetime of a box that is remarkable for two reasons. First,
it shows that a quantum-coherent microelectronic circuit
can have a T, that approaches the limit set by spontaneous
emission of a photon into the electromagnetic environ-
ment. Second, it is observed by resolving, on submicro-
second time scales, the decay of the excited-state charge
signal while the two-level system is continuously mea-
sured. Given the observed electrometer sensitivity of
4% 1073 e/\/}E, the excited-state lifetime is long
enough that a single measurement can discriminate be-
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tween the box in its excited state and the box in its ground
state. In a coherent superposition of states the box oscil-
lates 6 X 10° times before decaying to the ground state,
demonstrating that the circuit is a promising qubit im-
plementation if, as in [4], the sources of inhomogeneous
broadening can be overcome.
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We measure the average charge on the island of a single-electron box, with an accuracy of two
thousandths of an electron. Thermal fluctuations alone cannot account for the dependence of the
average charge on temperature, on external potential, or on the quasiparticle density of states in the
metal from which the box is formed. In contrast, we find excellent agreement between these
measurements and a theory that treats the quantum fluctuations of charge perturbatively.

DOI: 10.1103/PhysRevLett.91.106801

A general feature of quantum many-body phenomena
is the screening of a single degree of freedom by a bath of
virtual excitations. The Lamb shift and the Kondo effect
are well-known examples, where the discrete states of a
hydrogen atom or a magnetic impurity are renormalized
by the quantum fluctuations of an environment of virtual
photons or virtual spin flips. In single-electron circuits
[1], such as the single-electron transistor (SET) [2], the
charge pump [3], or the single-electron box [4], the same
sort of quantum fluctuations exist in a system which
can be controlled and measured electrically. These fluc-
tuations arise from the virtual tunneling of electrons
between the metal islands and the metal leads that com-
prise single-electron devices. Electron-hole pairs, gener-
ated by the virtual tunneling, partially screen the charge
on the islands and modify the discrete spectrum of
charge states. The single-electron box, the simplest
single-electron circuit, is the ideal system in which to
test the theory of quantum charge fluctuations.

The box has been studied theoretically [S—9] because it
is a model system for understanding electron-electron
interactions and because the quantum fluctuations in the
box are analogous to both the Kondo effect [5] and the
Lamb shift. In spite of the extensive theoretical work, few
experiments have probed the fluctuations described by
Refs. [5-9]. Those experiments that have done so are
mostly in semiconductor dots [10—12]; whereas the theory
of Refs. [6—9] describes metallic systems, such as our box
or Refs. [13,14], in which the tunnel junctions comprise
many nearly opaque channels. Because the quantum fluc-
tuations screen an electron with a polarization charge
much less than one electron, very sensitive charge mea-
surements are required to resolve the fine structure asso-
ciated with these fluctuations.

In this Letter, we measure the time-averaged charge
on the island of a single-electron box with an accuracy
much better than one electron using a radio-frequency
SET (rf-SET) [15]. We observe quantum fluctuations of
charge, and we modify the strength of these quantum
fluctuations by changing the temperature, the external
potential, and the quasiparticle density of states of the

106801-1 0031-9007/03/91(10)/106801(4)$20.00
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metal in which the tunnel junction is embedded. In each
case, we find quantitative agreement between our results
and the theory of quantum fluctuations.

Our single-electron box is composed of an isolated
aluminum island attached to an aluminum lead through
a thin insulating layer across which electrons can tunnel.
A 1 T magnetic field is applied to keep the aluminum in
its normal (nonsuperconducting) state. An additional
lead, called the gate lead, lies near the island and changes
the electrostatic potential of the island with the applica-
tion of a voltage V, to the gate lead through the gate
capacitance C,. The total island capacitance C% is small
enough that the addition of a single electron to the island
requires a large electrostatic energy

U, = EX(n — n,)%, (1

where EY. = ¢?/2CY is the charging energy, n is the
number of excess electrons on the box, and n, =
C,V,/e. The minimum energy is clearly achieved when
n is the integer nearest n,; when n, = 0.5 the two lowest-
energy charge states are degenerate.

Equation (1) ignores the quantum fluctuations, or the
effects of the coupling of island and lead through the
tunnel junction. The junction couples the charge states to
each other and to quasiparticle excitations in the metal on
either side of the junction. This alters the spectrum of
states in Eq. (1) in three ways. First, the charging energy
is reduced (C% is enhanced) from its bare value E{. to a
renormalized value EY. = ¢*/2CY in the normal state or
E{. = ¢?/2C¥ in the superconducting state. Second, when
a pair of states are nearly degenerate their energy differ-
ence becomes temperature dependent. Finally, the elec-
trostatic energy U, of the charge states is no longer
quadratic in n,. The magnitude of these three effects is
calculated with a theory perturbative in the dimension-
less conductance g = Rg/(4mR;) = (h/e*)/(47*R))
[6,7,9], where R; is the box junction resistance. By mea-
suring the average charge on the box island Q,.,/e versus
n, (Coulomb staircase) with an uncertainty less than g,
we can compare all three effects with theory.

© 2003 The American Physical Society 106801-1
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We measure QO as a function of n, by coupling the
box island to an rf-SET electrometer through a capacitor
Cc [15] [Fig. 1(a)]. The quantity that we measure directly
is the charge coupled to the electrometer Q.. versus n,,
which approximates a sawtooth function (Coulomb saw-
tooth). We infer the Coulomb staircase as Qpo =
(ngex — Qeec)/x [Fig. 1(c)], where k = C/CY is the
fraction of the charge on the box that couples to the
electrometer. The value of ex is not an independently
known parameter; rather, it is determined as the slope
of the Coulomb sawtooth at n, = 0, assuming that Qy,, is
independent of n, at n, = 0. Following this procedure,
we extract a value of x = (3.35 = 0.05) X 1072. Our as-
sumption is valid if we interpret C§ (and EY/) determined
in our experiments as a value renormalized by tunneling,
not the bare, geometrical value C%, which is a parameter
in the theory of Refs. [6,7]. While we cannot prevent
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FIG. 1. (a) Circuit diagram of the single-electron box capaci-

tively coupled to an rf-SET electrometer. The tunnel junctions
are represented by boxes divided by a horizontal line. The
junction capacitance C; is the dominant component of the total
box capacitance, C% = C; + C, + C¢. Additional circuit ele-
ments (not shown) apply an rf signal between the SET’s drain
and source and detect the amount of rf power reflected P, from
the rf-SET [15]. (b) Calibration of the Coulomb sawtooth is
accomplished by varying the SET’s control gate voltage Vy, =
nye(e/Cy) about a fixed operating voltage V., = nyp(e/Cye)
while the box gate is held at n, = 0. This applies a known
charge signal Qg = e(ny. — 1n,p) to the SET. The plot P,
VETSUS Nge — Mg = Qciec/ € (solid line, top axis) is a nonlinear
map (implied by dotted lines) that converts P, versus n,
(dashed lines, bottom axis) into Q. versus n,. The elec-
trometer’s operating point n,, = 0.44 and an alternative ny, =
0.56 and are indicated (two dots). (¢) The Coulomb sawtooth,
Qelec Versus n,, (dashed line) on the right axis, and the
Coulomb staircase, Opox VS 114, (solid line) on the left axis at
T = 30 mK.
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tunneling and measure C%, we can suppress tunneling
and observe a variation in the total box capacitance.

We find the first evidence of quantum fluctuations by
examining the temperature dependence of the Coulomb
staircase. We measure the staircase at a high tempera-
ture (7 = 500 mK) and extract a value of E’é’/kB =
1.57 £ 0.05K (Cg’ = 590 * 20 aF) by assuming thermal
broadening, that is, a Boltzmann occupation of the states
in [Eq. (1)]. In the range 200-500 mK, we find excel-
lent agreement [Fig. 2(a)] between the measured stair-
case and thermal broadening in a comparison with no
adjustable parameters. Below 200 mK, thermal fluctua-
tions characterized by any single temperature cannot
account for the measured staircase [Fig. 2(b)]. As the
temperature of the cryogenic apparatus is reduced,
away from n, = 0.5 the staircase remains rounded as
if the box’s temperature were saturating around 130 mK.
Nevertheless, the staircase grows continually sharper at

- ()
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0.05 g
—_ o
(9] g
5 0.00 E\ 1.2
. O
-0.05 w
] 0.7 b4 vyl 1
0.0 0.5 1.0 10 100
Ny T (mK)
FIG. 2. (a) Coulomb staircases at 7 = 500 mK (dotted line)

and 7 =100 mK (solid line). The charging energy EY is
extracted by fitting to the 500 mK data a theoretical staircase
(not shown) broadened only by thermal fluctuations. The
100 mK staircase is compared to the thermal fluctuation theory
with no adjustable parameters (dashed line). (b) The residuals
of the 500 mK fit (dotted line) and of the 100 mK comparison
(solid line). (c) Plotted versus T on logarithmic scales are the
measured value of (1/y) (points), the expression 1/y =
2kgT/ E’g’ (line) showing the expected behavior in the absence
of quantum fluctuations, and the expression 1/y =
2kp[(T? + T2,)/EY showing the expected behavior in the
absence of quantum fluctuations but in the presence of a
spurious broadening characterized by a phenomenological ef-
fective temperature Ty, = 25 mK (dotted line). A model of
temperature-independent spurious broadening does not contain
the observed behavior of y versus T. (d) The quantity E¢.(T) =
2kgT y (points) and the prediction of [9] (line) versus T with no
adjustable parameters. Dashed lines indicate the range of
theory consistent with the uncertainties in g and EY. The error
bars of two lowest T points account for a systematic rounding
introduced by the SET’s backaction [16].
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electrostatic degeneracy, n, = 0.5, consistent with tem-
peratures below 30 mK. Because the box is most sensitive
to external noise at degeneracy, this surprising behavior is
both inconsistent with an external source of noise and a
qualitative hallmark of quantum fluctuations [10].

The theories of Refs. [5,8,9] predict the slope y =
(1/€)dQpox/dn, of the Coulomb staircase, essentially
the polarizability, at n, = 0.5 as a function of tem-
perature [8,9]. Because y = EY¥/2kpT in the absence
of quantum fluctuations, a plot of 1/y versus T re-
veals the quantum fluctuations in its deviation from a
line with slope 2kp/EY [Fig. 2(c)l. Near n, = 0.5,
where the two lowest charges states are nearly degen-
erate, quantum fluctuations cause a temperature-
dependent reduction in the energy separation, U; — Uy =
E;(0.5 — n,), of the levels, described by a reduced
Ej =2kgxT < EY. Reference [9] implies E; =
EN[1 — 2g(3.154 + In(E2/mkpT))] + O[g?, (kzT/EY)?],
where E = EN(1 + 4g + O(g?)). Note the similarity to
the Kondo effect where the screening of a localized
magnetic impurity by itinerant spins leads to a logarith-
mic in 7 correction of the impurity’s magnetic moment
[5]. In Fig. 2(d), we plot E(T) versus T and find good
agreement with Ref. [9], in a comparison with no adjust-
able parameters. This same effect was observed in SET’s
by Joyez et al. [13].

To make the comparison with theory, we must have an
independent determination of the dimensionless conduc-
tance of the box, g = (4.2 = 0.2) X 1072, which can be
obtained by studying the box in its superconducting state.
With no applied magnetic field, the aluminum supercon-
ducts, and the parameters of the box, C‘% = 518 = 6 aF
and R; = 15.4 = 0.9 k(), can be extracted by micro-
wave spectroscopy of the coherent two-level system
formed by the coupling of Cooper pairs between the
lead and the island [18]. What is directly measured is
the charging energy in the superconducting state
ES/kg =179 =0.02K and the Josephson energy
E;/kg = (hA/8e*Rkp)F(EY/A) = 0.62 = 0.01K, where
A/kg =24 %+0.1 K is the BCS gap in aluminum and
F(E%/A) is a function that accounts for Coulomb block-
ade effects by modifying the usual Ambegakor-Baratoff
relation [19]. For our sample F(E2/A) = 1.25. Note that
in the superconducting state E. = e*/2CY is not the same
as EY = ¢?/2CY in the normal state. This difference
reflects the different quantum fluctuations of a metal
with a superconducting or with a normal quasiparticle
density of states (DOS).

We are able to tune this influence of the DOS by
continuously reducing A in the aluminum with an applied
magnetic field B,,,. We observe that C§ is a function
of A(B,,,) by measuring «* = C¢/ Cg, the slope of the
Coulomb sawtooth at n, = 0, as the aluminum is driven
from the fully superconducting state to the normal state.
With increasing B, x5 is reduced continuously from a
value x5 = (3.70 = 0.05) X 1072 with B,,, =0 to k =
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(3.35 = 0.05) X 102 in the normal state (Fig. 3). Because
both x5 and E{. are proportional to 1/C% (B,,,) we infer
EY/kp = [E&(Byy)/kpllk/k5(Bypy)] = 1.62 + 0.04 K,
which is consistent with the value 1.57 £ 0.05 K ex-
tracted from the broadening of the Coulomb staircase at
high temperatures.

The theory of the normal box [7] predicts that the
effects of tunneling can be treated around n, = 0 as a
renormalization of C% to a value larger by the factor

[1+4g+10.93g> + O(g?) = 1.18]. The renormaliza-
tion of the bare capacitance in the superconducting state
C§ / C% is predicted to be smaller than in the normal state
because the quasiparticle excitations have a minimum
energy A, which suppresses the virtual tunneling. The
bare capacitance is not an experimentally accessible pa-
rameter; however, the perturbative techniques of Ref. [7]
can be used [20] to calculate the renormalization of C%
for a metal with a BCS, rather than constant, DOS.
Inverting this, we infer from the normal state (COE =
498 * 16 aF) and from the superconducting state (C% =
478 = 7 aF) values for the bare capacitance that are con-
sistent with each other. By altering the DOS, we have
observed that the capacitance of a tunnel junction is
not a property of tunnel junction alone, but also of the
spectrum of low-energy excitation in the metal from
which it is made.

We have already seen that the electrostatic energy of
the box is both a function of the temperature and of the

0.20

Qpox (€)

FIG. 3. Coulomb staircases with the box in its normal state
(line) and in its superconducting state, B,,, = 100 mT (tri-
angles). For both, the Coulomb sawtooths have been converted
to staircases using k” = C¢/C = 3.9 X 1072, which would be
the slope of the Coulomb sawtooth around n, =0 in the
absence of tunneling. The renormalization of C% is visible as
the nonzero slope (1/¢)d Q. /dn, of these plots at n, = 0. The
inset shows k*(B,,,) versus B,,, and the value of EZ.(B,,,)
inferred from x5, as the aluminum is driven from its super-
conducting to its normal state. In the superconducting state, a
single out-of-equilibrium quasiparticle on the box’s island
keeps the Coulomb staircase e periodic.
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FIG. 4. Coulomb staircases with the box at two different
electrometer operating points, n,, = 0.44 (triangles) and n,, =
0.56 (circles); V4 = 0 for both. The SET’s backaction causes
these two curves to deviate from each other around n, = 0.5.
The theory plots are the charge on the box predicted for
thermal fluctuations but no quantum fluctuations at 7 =
125 mK (dashed dotted line) and 7 = 29 mK (dashed line),
and for the quantum fluctuations calculated to first order in g
(dotted line) and second order in g (solid line) [6,7]. The second
order calculation is fit to the data with the adjustable parameter
k = (3.375 = 0.001) X 1072, which is better constrained by
this fit than by extracting the slope of the Coulomb sawtooth.
Note we have plotted both data and theory in the form with
deox/dng =0 at n, = 0 unlike Refs. [6,7]. Inset: the same
data over a range 0 <n, <1. The dashed box indicates the
region plotted in the main figure.

quasiparticle DOS in metal lead and island. We now show
that the ground-state energy deviates from the parabolas
of Eq. (1). Because Qyox/€ = n, — (1/2E2)(dU,/dn,) at
T =0 [6], Eq. (1) implies perfectly flat steps in the
Coulomb staircase, whereas we observe some curvature
around n, = Oevenat T < E’é’ . The ground-state energy
cannot be quadratic in n,. This modification of the
ground-state energy is the Lamb shift in the single-
electron box.

It is precisely the detailed shape of the Coulomb stair-
case at T = 0 that is predicted by [6,7] and which pro-
vides the most stringent test of the theory (Fig. 4). We find
that Oy, deviates from a perfect step function by several
percent in the range 0 <n, < 0.45 [16]. In this region at
the base temperature of our cryogenic apparatus, we may
consider the box to be in a zero temperature limit and ig-
nore the influence of the electrometer (Fig. 4). To an accu-
racy of 2 X 1073 e, limited by the linearity of the applied
gate voltage, we find agreement with this theory. Our
measurement is sufficiently accurate and sensitive that the
perturbative calculation of Ref. [7] must be carried out to
second order to show agreement with our experiment,
even for the relatively small value of g = 4.2 X 1072

In these experiments, we have used an rf-SET elec-
trometer to measure the polarizibility of a mesoscopic
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electrical circuit. We have chosen to apply this technique
to the single-electron box, a model system for under-
standing electron-electron interactions whose Hamilton-
ian is analogous to the Kondo Hamiltonian. We find
excellent agreement between our measurements and a
perturbative treatment of the quantum fluctuations. The
excellent agreement between our measurements and
theory both supports this theory and demonstrates the
precision electrometry possible with the rf-SET. The
technique we demonstrate would be an ideal method for
exploring the equilibrium behavior of more complicated
mesoscopic circuits, such as semiconductor quantum dots
or carbon nanotubes.
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We report an experimental observation of the backaction of a single-electron trafSETomeasuring the
Coulomb staircase of a single-electron box. As current flows through the SET, the charge state of the SET
island fluctuates. These fluctuations capacitively couple to the box and cause changes in the position, width,
and asymmetry of the Coulomb staircase. A sequential tunneling model accurately recreates these effects,
confirming this mechanism of the backaction of a SET. This is a first step toward understanding the effects of
guantum measurement on solid-state qubits.

DOI: 10.1103/PhysRevB.71.193304 PACS nun®er73.23.Hk, 72.70+m, 85.35.Gv

In the recent work toward the goal of quantum computing, The possibility of SET backaction on a single-electron
and in the study of single quantum systems in general, thbox was proposed with experiments in the fifldyut has
single-electron transistqiSET) is often used as a measure- proven difficult to quantify. The signature of SET electrical
ment device. It has been proposed as a readout device feackaction is difficult to separate from simple heating of the
mechanical, spin? and chargé quantum systems, and has sample!314 The backaction has been measured with very
been successfully used to measure superconducting charggong coupling between the SET and the Boxut few
qubits’* As with any amplifier, the SET must produce elec- measurements exist in systems that are as weakly coupled as
trlcal_n0|se on its input, perturbmg the measured system ang, o proposed Cooper pair box-SET experiments. In this Brief
causing the unavoidable backaction of a quantum MeasUrgzenort, we present an experimental analysis of a SET weakly
ment. oupled to a single-electron box. We vary the operating point

SET backaction on a two-level system has been studiegs v gET measure the Coulomb staircase of the box, and
extensively in the theoretical literature. It has been deterz

mined that the SET should be able to approach the quantu ' d the variations_in the shit, Widt.h’ and asymmetry of the
limit of backaction, where it dephases a qubit as rapidly as i aircases to be in agreement with a model_ that includes
is reads the qubit stafeSpectral components of the SET ackaction causeq by thg charge-state fluctugtlons of the SET
backaction at the two-level system transition frequency carsland. These variations in the measured_ staircases allow us
also contribute to transitions between two qubit stifed, (0 measure average properties of the noise of the SET.
qubit could thus form a spectrum analyzer capable of prob- The SET[Fig. 1(a)] consists of a aluminum island con-
ing previously inaccessible frequencieThese theoretical Nected through tunnel junctions to two leadise drain and
analyses presume SET backaction results from fluctuatiori§e sourcgéand capacitively coupled to a thifthe gatg. A
in the charge state of the SET island caused by the drairfSET is described by its charging enerf,=e*/2Cs, the
source current, but no experimental measurements exist cognergy to add an additional electron to the isharisy the
firming that this is the dominant or the sole mechanism of thgunneling resistance of the junctions on the drain and the
SET’s backaction. Indeed, it often appears that the SET casource lead$R;), and by the size of the capacitors coupling
poison the Cooper-pair box, inducing nonequilibrium quasi-it to the external control voltagéCye) and to the measured
particles through other mechanisfs.

As a first quantitative test of SET backaction, we consider (@ Yepr T
the SET and box operated in the nornflabnsuperconduct- - --------- i
ing) state, created with the application of a 1-T magnetic
field. Analysis of the normal box is simpler than in the su-
perconducting state because the box is no longer sensitive to
parity and quasiparticle generation. The normal SET can also
be simply described by a sequential tunneling model, which

avoids the complication of the many possible quasiparticle- A
pair tunneling cycle’ in the superconducting SET. Never- ® 16 | | - i --- |H - | ------ |_| ------- “” ------ [7
theless, the primary mechanism of SET backaction is still the

capacitive electromagnetic coupling between the box and
SET, and the box remains a mesoscopic device that is sensi- F|G. 1. (a) Circuit diagram of the single-electron bdgashed
tive to this backaction. Just as with the SSET-Cooper-paihoy) capacitively coupled to the SH#lotted boy. The normal-state
box system, sensitive measurements of the Coulomb staitunnel junctions are represented by boxes with a single line through
case of the normal box can reveal the dynamics of thehem.(b) Plot of the charge state on the SET island vs time. The
coupled system, and probe the nature of SET backaction. dotted line shows the mean value of the charge on the SET island.
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system (C;). A high tunneling resistancéRj>h/ez) and 05
large charging energyE.>kgT) suppress the addition of

charge to the island by quantum or thermal fluctuations, so <
the island may be considered confined to a discrete set of E o0

charge states. A bias voltag¥,) provides the energy nec- >

essary for the system to switch between charge states, allow-

ing current to flow from the drain to the source. The amount -0.5

of current is controlled by the rate of transition between ac- 05 1.0 1.5 2.0 25
cessible charge states, which is a function of the potential of Nge

the island. Thus the SET forms a very sensitive electrometer,
where changes in the total charge capacitively coupled to the
island modulate the current flowing through the transistor.
The SET is operated by fixing the values of the externally
appliedVys and Vg, and observing variations in the conduc-
tance as the charge coupled to the SET from the measured
system changes. The point at whigl and V. are fixed is

termed the operating point; the same measurement can be gg’ 20F
performed by observing conductance variations about many 2 10
different operating points. Y

The box[Fig. 1(a)] consists of another island capacitively
gated by an external leadVy,) and connected through a
tunnel junction to ground. As with the SET, the gate lead
controls the potential of the box and changes the relative
electrostatic energies of the available charge states. We ex:
press the gate voltages for both the box and the electrometgg1

In terms Of. the nu_mber c;f elegtron_s on the Correspondmg)f the box gate voltagay, The time-averaged number of electrons
gate Capac'tormgb‘cgbvgb € andnge= Cgevge/e' When Ngp on the box is measured with a precision of>¢107% and an accu-

is raised by one electron, the island charge state of minimumycy of +2x 1073, (¢) Derivatives of these Coulomb staircases and

energy changes, and a single electron tunnels on to the islaRg the corresponding Coulomb staircases generated with a sequen-
to keep it in its ground state. Plotting the time-averaged nuMtja| tunneling model withEc__/kg=2.3 K, Ec_ /kg=1.6 K R;
S ' b ’ ' E

ber of additional electrons on the island as a functiom@f =47 k0, R, =15.4 k2, and C./Cs =0.048"The derivative of
. - « . o 12 box . . SET

gives the familiar “Coulomb staircasgFig. 2b)].** The  the Coulomb staircase is reported with an accuracy of +0.4.
width of this staircase is normally a function only of the
temperature of the sample. In this Brief Report we quantifyisland cause both the charge state and the potential of the
SET backaction by observing additional variations in thesgT island to fluctuate between two valy&sg. 1(b)]. The
Coulomb staircase that are systematic with the SET operaftuctuating potential on the SET island coupled thro@fis
Ing point. found to be the source of the SET’s backaction. Three aver-

The coupling capacitdrC in Fig. 1(a)] couples together aged properties of the fluctuating potential have effects vis-
the potential on the two islands, allowing the SET to measurgple on the Coulomb staircase and can be varied with the
the box and also allowing the potential on the SET island taperating point of the SET. The mean charge on the SET
affect the box. The strength of this coupling is expressegsland varies by as much as one electron, and leads to shifts
either as the fraction of the electrometer charge coupled tfh the position of the Coulomb staircase by as much@s
the box (k=C./Cs ) or as the temperature necessary toThe rms magnitude of the charge fluctuations on the SET
cause changes in a Coulomb staircase comparable to thoggand broaden the measured Coulomb staircase by an
caused by backactio(\TK=f<Ecb0x/kB). As the polarization amount that varies witlmge Finally, the telegraph-noise na-
charge onC, changes, the total charge coupled to the SETture of the charge-state fluctuations on the SET island causes
changes, changing the tunneling rates in the SET and modtie staircases to be asymmetric; the magnitude and direction
lating the current that flows from the drain to the source. Theof that asymmetry varies with the SET’s operating point.
charge on the box is then inferred from the change in current A sequential tunneling model for the full SET-box system
through the SETC, also couples the charge on the SET accurately recreates both the measurement and the backac-
island to the box, and in doing so creates the effects that wdon. The tunneling rates between any two box and SET
see as the SET'’s backaction. charge states are calculated as a functionggfng, andVys

The discrete nature of charge causes two kinds of noise iffor details, see Ref. 16 The time-averaged charge state of
the SET. The drain-source current flows not as a continuouthe SET-box system corresponds to the steady state of these
fluid, but as individual charges, causing an uncertainty in theoupled rates. The current through the transistor is calculated
SET’s measurement due to shot noise. In addition to shais the product of the time-averaged charge on the SET island
noise on the outpufthe drain-source currentthere is also and the rate at which charge tunnels off the island. This
charge noise on the SET inp(the gate capacitprthat af- model allows us to replicate the Coulomb staircases taken at
fects the measured system. Electrons tunneling on and off thearious operating points with only the electron temperature

FIG. 2. (a) Plot of the reflected power from the SET as a func-
n of gate(nye) and drain-sourc€Vyy voltage.(b) Coulomb stair-
ses measured at the operating points marked) ins a function
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as a free parameter. The elevated temperature of the best-fit 0.53 T y T T
model step§T=27+1 mK in a fridge aff=13 mK) reflected 5 T A—e—0
the broadening of the measured steps due to quantum fluc- g
tuations of chargé’ and is well understood. Theoretical “'0_49%
curves also correctly account for higher-order effects in the
box-SET system. At certain operating poinesg., nge=%,
Vis=0, Ngp= %), the SET's backaction is a sensitive function
of the state of the box. Changes in the Coulomb staircase
measured at such operating points can only be understood by ) . . )
a sequential tunneling model for the full coupled box-SET 0.45 0.50 0.55 0.60
system. Nge

Coulomb staircases were measured in a dilution refrigera-
tor at 13 mK, where the available thermal energy was far less FIG. 3. (a) The horizontal position of the center of the Coulomb
than the charging energy of either the SET or the box islandstaircase for various operating points of the SET. The model is a
The SET was operated as a rf-SETwith a LC resonant solid line, and circles are experimental measurements. No measure-
circuit reflecting an amount of microwave power that variedments exist neange=3 where the electrometer had no gain. Repre-
as the oscillator was damped by the varying conductance gfentative error bars are shown in the bottom right-hand side of the
the SET. Staircases were measured by sweepjp@ver a plot. Horizontal uncertainty reflects the measured instability of the
range corresponding to 1é4While the box gate was swept, SET operating point due to charge noi#®.The maximum slope of
the SET gate was swept in the opposite direction to cancdhe staircases measured with the SET at the same series of operating
the parasitic capacitance of the box lead to the electrometerfpints. Confidence bands show the model curve for 27+1 mK.
island. Before each Coulomb staircase was measungd,
was swept to find the reflected microwave power as a func- The measured Coulomb staircases also exhibit variations
tion of charge coupled to the SET island. Variations in re-in width that change with operating poiffig. 3b)]. Three
flected power witg, were then convertetvia this lookup  different mechanisms broaden the Coulomb staircase: quan-
table to charge onC, (for a more detailed description, see tum fluctuations, thermal excitation, and SET backaction.
Ref. 17. The measured charge on the box is thus reporte@Quantum fluctuations of charge on the box cause broadening,
from the amount of charge 0@y necessary to cause an but only away from the center of the st€pOur measure-
equivalent electrometer response. ment, which quantifies broadening as the maximum slope at

Backaction effects were found to be very sensitive tothe center of each Coulomb step, is therefore insensitive to
variations inng, and ny and our experiment therefore re- quantum broadening. Thermal excitations of the box also
quired that these voltages be set with high precision. Driftdroaden the Coulomb staircase. SET heating varies with op-
were removed by referencing the steps to a fiducial step ewrating point, and, for large values ¥&fs can produce a
ery 20 min. First,ng was swept aV/4=0 and the value of trend in staircase width similar to the effects of backaction.
nge that maximized SET conductance was determined a#ll of our data were taken, however, ¥§s=0, where heating
nge:% [see Fig. 23)] Next, a Coulomb staircase was mea- from the SET was negligible. Finally, SET backaction broad-
sured with the SET operated @§.=0.44,Vy4=0. The value ens the Coulomb staircase when the charge-state fluctuations
of ngp at the center of this step was determined. Charge offseaf the SET island cause the box to switch between charge
noise and 1f noise drifts add constant offsets to eitimggor  states. SET backaction broadens staircases by as mueh as
Ny, Measuring the fiducial step as described here allows ugnd broadens staircases most at operating points where the
to quantify the change in these offsets on both the box and
the SET. Measurements found to contain large charge jumps
in nge Or ng, were discarded. This procedure allowed mea-
surement of Coulomb staircases with an uncertainty of 1
X 1073e in the charge and an uncertainty of X320 % in the
horizontal position of the steps. The uncertainty in the ap- 0

Step Slope
N
=)

T
1
O
©
2

LY i

plied ny was found to be & 10 %. g b°-46 0.48 0.50 0.52 0.54
The differences in Coulomb staircases measured at differ- S | (b) 100 mK o |
ent operating points allow us to measure average properties o (™>T)
of the fluctuating potential of the SET island. Staircases mea- &
sured at different operating points are shiftednig, [Fig. ]
035 040 045 050 055 060 065

2(b)]. The shift of each staircase is proportional to the mean
charge on the SET island. The mean charge on the SET
island varies by as much as one electron with SET operating G 4. (a) Derivatives of steps measured at the operating points
point, and the corresponding charge that couples to the bax Fig. 2(a), offset inny, to eliminate the shift in position of the
and adds tay, varies by as much age. We measure stair-  steps. Note that the tails of the two steps are asymméhiSteps
case shift by reporting the value afy, at each step’s mid- measured at the same operating points with the sample at 100 mK.
point, measured relative to the center of a fiducial $f6p.  The asymmetry is no longer visible. The inset demonstrates the
3(a)]. The sequential tunneling model accurately recreateshermal broadening by showing a 1/4 scale curve from the top
these variations in the step position. graph plotted on the axis for the bottom graph.

ngb
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rms magnitude of the SET charge-state fluctuations is largesaction change predictably. At higher temperatures, the mean
The observed variations in staircase broadening with operapotential of the SET island still changes witlye, and thus
ing point[Fig. 3(b)] are fully accounted for with our sequen- step shifts are still visible. FoF>T,, however, the rangén

tial tunneling model. ng, Of thermal broadening is greater than the range of the

The staircases are also asymmetric in a manner that Vari%%ckaction broadening or the asymmetry, and neither of

predictably with operating point. Each staircase was found Ohese effects are therefore visitileig. 4(b)]

have a longer tail in the direction away from which the stair- In these experiments we confirm that charge-state fluctua-
case was shifted. The asymmetry of the Coulomb staircase is P 9

best viewed in the derivative of the steffgg. 2(b), or with t|ons of the SET island are_the primar_y source of SET_ back-
the curves shifted to overlay in Fig(a], where it clearly action. We observe the differences in Coulomb staircases
follows the same trend as the model produces. Unfortunatelyneasured with the SET biased at a variety of different oper-
differentiating our data increased the noise and made it difating points, and note changes in the shift, width, and asym-
ficult to quantify the asymmetry; qualitatively, however, the metry of the steps that are accurately recreated by a sequen-
model reproduces the experimentally observed trends. Thigal tunneling model. This confirms that electromagnetic
staircase asymmetry is caused by the nature of the chargeeupling to the fluctuating SET island potential can provide
state fluctuations on the SET island. The potential of the SEThe ultimate lower bound on SET backaction.
island lies preferentially to one side of the mean potential,
with infrequent fluctuations far to the other siffeig. 1(b)]. This work was supported by the National Security Agency
The staircases are thus broadened asymmetrically inrifye + (NSA) and Advanced Research and Development Activity
and gy, directions. The preferred charge state, and thus théARDA) under Army Research OfficARO) Contracts No.
asymmetry of the measured staircase, is found to switch & AAD-19-02-1-0045 and DAAD-19-01-1-0611, the NSF
nge:%. ITR program under Grant No. DMR-0325580, the NSF un-
The model also shows good agreement with our data aler Grant No. DMR-0342157, the W. M. Keck Foundation,
higher temperatures, where the various effects of the backand the David and Lucile Packard Foundation.
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Cavity quantum electrodynamics for superconducting electrical circuits:
An architecture for quantum computation
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We propose a realizable architecture using one-dimensional transmission line resonators to reach the strong-
coupling limit of cavity quantum electrodynamics in superconducting electrical circuits. The vacuum Rabi
frequency for the coupling of cavity photons to quantized excitations of an adjacent electrical (gjedaiit
can easily exceed the damping rates of both the cavity and qubit. This architecture is attractive both as a
macroscopic analog of atomic physics experiments and for quantum computing and control, since it provides
strong inhibition of spontaneous emission, potentially leading to greatly enhanced qubit lifetimes, allows
high-fidelity quantum nondemolition measurements of the state of multiple qubits, and has a natural mecha-
nism for entanglement of qubits separated by centimeter distances. In addition it would allow production of
microwave photon states of fundamental importance for quantum communication.

DOI: 10.1103/PhysRevA.69.062320 PACS nuniber03.67.Lx, 73.23.Hk, 74.56.r, 32.80—t

I. INTRODUCTION leads to lifetime enhancement of the qubit. In Sec. VI, a

guantum nondemolition readout protocol is presented. Real-

Cavity quantum electrodynamic€CQED) studies the jzation of one-qubit logical operations is discussed in Sec.
properties of atoms coupled to discrete photon modes in higly| ang two-qubit entanglement in Sec. VIIl. We show in

Q cavities. Such systems are of great interest in the study ofec |x how to take advantage of encoded universality and

the fundamental quantum mechanics of open systems, thg, oherence-free subspace in this system.
engineering of quantum states, and measurement-induced de-

coherenceg1-3] and have also been proposed as possible

candidates for use in quantum information processing and

transmissiorf1-3]. Ideas for novel CQED analogs using na- Il. BRIEF REVIEW OF CAVITY QED
nomechanical resonators have recently been suggested by

Schwab and collaboratofg,5]. We present here a realistic . . . .
proposal for CQED via Cooper pair boxes coupled to a one- Cavity QED studies the interaction between atoms and the

dimensional (1D) transmission line resonator, within a quantizec_i electromagnetic modes_ inside a cayity. _In the op-
simple circuit that can be fabricated on a single microelecic@l version of CQED2], schematically shown in Fig.(a),

tronic chip. As we discuss, 1D cavities offer a number ofN€ drives the cavity with a laser and monitors changes in
practical advantages in reaching the strong-coupling limit 01_the cavity transmlss_lon resulting from cou_pllng to atoms fall-
CQED over previous proposals using discré&t@ circuits mg_thr.ough the cavity. Qne can also monitor the spontaneous
[6,7], large Josephson junctiong8—10, or 3D cavities emission of the atoms into transverse modes not confined by
[11-13. Besides the potential for entangling qubits to realizethe cavity. It is not generally possible to directly determine
two-qubit gates addressed in those works, in the preserife state of the atoms after they have passed through the
work we show that the CQED approach also gives strongavity because the spontaneous emission lifetime is on the
and controllable isolation of the qubits from the electromag-scale of nanoseconds. One can, however, infer information
netic environment, permits high-fidelity quantum nondemo-about the state of the atoms inside the cavity from real-time
liton (QND) readout of multiple qubits, and can produce monitoring of the cavity optical transmission.
states of microwave photon fields suitable for quantum com- In the microwave version of CQE[B], one uses a very-
munication. The proposed circuits therefore provide a simpldigh-Q superconducting 3D resonator to couple photons to
and efficient architecture for solid-state quantum computatransitions in Rydberg atoms. Here one does not directly
tion, in addition to opening up a new avenue for the study ofmonitor the state of the photons, but is able to determine
entanglement and quantum measurement physics with maesth high efficiency the state of the atoms after they have
roscopic objects. We will frame our discussion in a way thatpassed through the cavitgince the excited state lifetime is
makes contact between the language of atomic physics araf the order of 30 ms From this state-selective detection
that of electrical engineering. one can infer information about the state of the photons in
We begin in Sec. Il with a brief general overview of the cavity.
CQED before turning to a discussion of our proposed solid- The key parameters describing a CQED sys{eee Table
state realization of cavity QED in Sec. Ill. We then discuss inl) are the cavity resonance frequeney the atomic transi-
Sec. IV the case where the cavity and qubit are tuned iion frequency(2, and the strength of the atom-photon cou-
resonance and in Sec. V the case of large detuning whichling g appearing in the Jaynes-Cummings Hamiltor{ia4
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a) transit timet, g Of the atom through thg cavity.l _
In the absence of damping, exact diagonalization of the
~ Jaynes-Cumming Hamiltonian yields the excited eigenstates
8} * (dressed statg$15]
N [+.n)=cos 6| ,n) +sin 6,[1,n+1), (2
nsit
b) o=0 o o=@-a |~ ,n)y=—sin 6, ,n) + cos6,|T,n+1), (3
2gin+1 - ) . . . .
. _I_ - . and ground stat§ ,0) with corresponding eigenenergies
— —p)
B) R BY——— i h o ———
2) H n  p)—— 0»*927_ Ei—m—(n+ Dhow, §\r4g (n+ 1)+ A, (4)
2 F====I0)
) = 0 )AL
-ag2/A
— — DR g -_"A (5)
1) ¥ ) W 1.0 2
FIG. 1. (Color onling (a) Standard representation of a cavity | these expressions,
quantum electrodynamic system, comprising a single mode of the
electromagnetic field in a cavity with decay ratecoupled with a 1 29\/n +1
coupling strengtlg=¢&,,d/ % to a two-level system with spontane- 0,= Etan"1 T , (6)

ous decay rater and cavity transit timey, ., (D) Energy spectrum
of the uncoupledleft and righy and dressedcentel atom-photon andA =0 -, the atom-cavity detuning.

states in the case of zero detuning. The degeneracy of the two- _:
dimensional manifolds of states vgv]ith—l qugnta is )Ilifted by Figure 1b) shows the spectrum of these dressed Sta“?s for
2gVn+1. (c) Energy spectrum in the dispersive regimeng- the case of zero detuning,=0, between t_he atom and gaV|ty.
dashed lines To second order ig, the level separation is indepen- In this S_Itu_atlon, deQ,enﬂaCy of the pair of states me
dent ofn, but depends on the state of the atom. quanta is lifted by gvn+1 due to the atom-photon interac-

tion. In the manifold with a single excitation, Eq&) and(3)
reduce to the maximally entangled atom-field stdte®)
=(|T,1)%|/,0))/v2. An initial state with an excited atom and
zero photonst, 0) will therefore flop into a photoh| , 1) and

(1) back again at the vacuum Rabi frequengm. Since the

excitation is half atom and half photon, the decay rate of
Here H, describes the coupling of the cavity to the con-|t,0) is («+v)/2. The pair of statef, 0) will be resolved in
tinuum which produces the cavity decay ratew,/Q, while  a transmission experiment if the splittingy 2s larger than
H, describes the coupling of the atom to modes other thathis linewidth. The value of=¢,d/7% is determined by the
the cavity mode which cause the excited state to decay at rateansition dipole momentl and the rms zero-point electric
v (and possibly also produce additional dephasing effectsfield of the cavity mode. Strong coupling is achieved when
An additional important parameter in the atomic case is the> «, y [15].

1\ 7Q
H= hwr<aTa+ 5) + 701+ hg@'o™ +o*a)+H, + H,.

TABLE |. Key rates and CQED parameters for optif2] and microwaveg 3] atomic systems using 3D cavities, compared against the
proposed approach using superconducting circuits, showing the possibility for attaining the strong cavity QEmxJi®itl). For the 1D
superconducting system, a full-wagle=\) resonatorw,/27=10 GHz, a relatively lowQ of 10*, and coupling3=Cy/Cy=0.1 are assumed.

For the 3D microwave case, the number of Rabi flops is limited by the transit time. For the 1D circuit case, the intrinsic Cooper-pair box
decay rate is unknown; a conservative value equal to the current experimental upperfsolin@ us) is assumed.

Parameter Symbol 3D optical 3D microwave 1D circuit
Resonance or transition frequency w27, Q27 350 THz 51 GHz 10 GHz
Vacuum Rabi frequency glm, 9l w, 220 MHz, 3x 1077 47 kHz, 1x 1077 100 MHz, 5x 1073
Transition dipole d/eg ~1 1x10° 2x10*
Cavity lifetime 1/k,Q 10 ns, 3x 10’ 1 ms, 3x10° 160 ns, 16
Atom lifetime 1ly 61 ns 30 ms us

Atom transit time tiransit =50 us 100us 0

Critical atom number No=2yr/g? 6x1073 3x10° <6x107°
Critical photon number my=12/2g? 3x10* 3x10°8 <1x107°
Number of vacuum Rabi flops NRabi= 20/ (k+7y) ~10 ~5 ~107
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For large detuningg/A <1, expansion of Eq(4) yields
the dispersive spectrum shown in Figc)l In this situation,
the eigenstates of the one excitation manifold take the form

[19]
[=.0 ~ = (@M1, 0 +1,1), (7)
[+.00~ 1,0+ (g/A)]1, D). ®)
The corresponding decay rates are then simply given by
—o=(g/8)*y+x, 9
o= y+ (g/A)ZK. (10) FIG. 2. (Color onling. Schematic layout and equivalent lumped

circuit representation of proposed implementation of cavity QED
More insight into the dispersive regime is gained by mak_using superconducting circqits. The 1D transmigsion line resonator
ing the unitary transformation consists of a full-wave section of superconducting coplanar wave-
guide, which may be lithographically fabricated using conventional
_ g ot optical lithography. A Cooper-pair box qubit is placed between the
U=ex K(a‘f -alo) (11 superconducting lines and is capacitively coupled to the center trace
at a maximum of the voltage standing wave, yielding a strong elec-
and expanding to second ordergrnineglecting damping for tric dipole interaction between the qubit and a single photon in the
the momentto obtain cavity. The box consists of two smaH-100 nmx 100 nm) Joseph-
) ’ son junctions, configured in &1 um loop to permit tuning of the
UHU' ~ ﬁ{w + 9_01} ata+ ﬁ{ﬂ + g—}ol (12) effective Josephson energy by an external flgg. Input and out-
A 2 A ' put signals are coupled to the resonator, via the capacitive gaps in

. . . o the center line, from 5Q transmission lines which allow measure-
As is clear from this expression, the atom transition is aGnents of the amplitude and phase of the cavity transmission, and

Stark/Lamb shifted by(g?/A)(n+1/2). Alternatively, one  tnhe introduction of dc and rf pulses to manipulate the qubit states.
can interpret the ac Stark shift as a dispersive shift of thevultiple qubits (not shown can be similarly placed at different
cavity transition byo?g?/A. In other words, the atom pulls antinodes of the standing wave to generate entanglement and two-
the cavity frequency by ¢/ kA. bit quantum gates across distances of several millimeters.

In addition to the small effective volume and the fact that
lll. CIRCUIT IMPLEMENTATION OF CAVITY QED the on-chip realization of CQED shown in Fig. 2 can be

W now consider theproposrelzaton of caviy QEDEPTERS. Vi 2XSing Wearenie lines, o,
using the superconducing circuits shown in Fig. 2. A 1D 9 y P

transmission line resonator consisting of a full-wave sectio dvantages over lumpddC circuits or current-biased large
I

of superconducting coplanar waveguide plays the role of th osephson junctions. Th(? q.Ub't can be placed within the cav-
cavity and a superconducting qubit plays the role of the formed by the transmission line to strongly suppress the

atom. A number of superconducting quantum circuits Coulospontangous emission, in contrast to a '“”_‘Fl@' circutt,
where without additional special filtering, radiation and para-

function as artificial atom, but for definiteness we focus here’. . ; . . :
: sitic resonances may be induced in the wirf@@]. Since the
on the Cooper-pair boj6,16-18. o A i
resonant frequency of the transmission line is determined
primarily by a fixed geometry, its reproducibility and immu-
nity to 1/f noise should be superior to Josephson junction
plasma oscillators. Finally, transmission-line resonances in
An important advantage of this approach is that the zeroggplanar waveguides wit~ 10° have already been dem-
point energy is distributed over a very small effective volumegnstrated[21,22, suggesting that the internal losses can be
(=107 cubic wavelengthsfor our choice of a quasi-one- very low. The optimal choice of the resona®rin this ap-
dimensional transmission line “cavity.” As shown in Appen- proach is strongly dependent on the intrinsic decay rates of
dix A, this leads to significant rms voltags§, .~ \fiw/cL  superconducting qubits which, as described below, are pres-
between the center conductor and the adjacent ground plaggtly unknown, but can be determined with the setup pro-
at the antinodal positions, whekes the resonator length and posed here. Here we assume the conservative case of an
c is the capacitance per unit length of the transmission linegvercoupled resonator with@~ 10, which is preferable for
At a resonant frequency of 10 GHhv/kg~ 0.5 K) and for  the first experiments.
a 10 um gap between the center conductor and the adjacent
ground planeV,,s~2 uV corresponding to electric fields
Ems~0.2 V/m, some 100 times larger than achieved in the
3D cavity described in Ref3]. Thus, this geometry might Our choice of “atom,” the Cooper-pair bd®,16], is a
also be useful for coupling to Rydberg atoiii®)]. mesoscopic superconducting island. As shown in Fig. 3, the

A. Cavity: Coplanar stripline resonator

B. Artificial atom: The Cooper-pair box
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EJ CJ partv. As shown in Appendix A, if the qubit is placed in the
- center of the resonator, this latter contribution is given by
& v=\V9 (a+a). Taking into account both\/gC and v in
1 Eq. (14), we obtain
~—Cq
E C hw
Ho= - 2Ec(1 - N9 o7 - ¥ -e=2/—(a' +a
0= HEl AT G e N @+
— Z(o) X(1=2Ng=0?). (15)

FIG. 3. Circuit diagram of the Cooper-pair box. The gate volt- Working in the eigenbasi§1),|| )} of the first two terms of

age is connected to the island through an environmental impedandB€ above expressid3] and adding the Hamiltonian of the
Z(w). oscillator mode coupled to the qubit, the Hamiltonian of the

interacting qubit and resonator system takes the form
island is connected to a large reservoir through a Josephson

junction with Josephson enerds; and capacitanc€;. It is H=%o (aTa+ }> + @Oz_ egg A /@(a‘r +a)
voltage biased from a lead having capacita@geto the is- ' 2 2 Cs V Lc
land. If the superconducting gap is larger than both the X[1 - 2Ny - cog 6) o + sin( ). (16)

charging energyE,=€?/2Cs (whereCy=C;+C; is the total

box capacitancgeand temperature, the only relevant degreeHere, o and ¢® are Pauli matrices in the eigenbasis

of freedom is the number of Cooper paln the island. In 9=arctafE+/4E~(1-2N%T is the mixing anale
this basis, the Hamiltonian describing the superconductingllé’HEE;'e energIE/ J spl?t(ting gc?f] Ithe qIL)J(tl)itg is% '

island takes the form =\/E§+[4EC(1—2NS°)]2/h [23]. Note that contrary to the
E case of a qubit fabricated outside the cavity where I‘t@e
— 2 =
Ho= 4Ec§N‘4 (N-Ny) INXN|= 2 > (IN+1XN[+H.c), term in Eqg.(13) has no effect, here this term slightly renor-
N malizes the cavity frequency, and displaces the oscillator
(13)  coordinate. These effects are implicit in Ed6).

; dc_ c
whereNy=C,V,/2e is the dimensionless gate charge repre- At the charge degeneracy poifivhere Ng°=CoVg*/ 2e

senting the total polarization charge injected into the island™ +/2 @nd#=/2), neglecting rapidly oscillating terms and
by the voltage source. omitting damping for the moment, Eq16) reduces to the

In the charge regime B.>E, and restricting the gate J2ynes-Cummings Hamiltoniaid) with Q1=E,/% and cou-

charge to the rangi, [0, 1], only a pair of adjacent charge pling

states on the island are relevant and the Hamiltonian then

reduces to a X 2 matrix _pe [fror (17)
i VcL’

__Ei-_E
Ho= 2 s 2 7 (14 where 3= C,/Cs. The quantum electrical circuit of Fig. 2 is

. _ . . . therefore mapped to the problem of a two-level atom inside a
with Eqi=4Ec(1-2Ny). The Cooper-pair box can in this case cayity Away from the degeneracy point, this mapping can
be mapped to a pseudospin-1/2 particle, with effective fieldgj pe performed, but with a coupling strength reduced by
in the x andz directions. o .. _sin(#) and an additional term proportional ta’+a).

Replacing the Josephson junction by a pair of junctions in |, this circuit, the “atom” is highly polarizable at the

parallel, each with energk,/2, the effective field in the har ner int. havina transition dipole momen
direction becomeg&,cog 7@,/ Py)/2. By threading a flux S:ﬁgge/;:ffzi?%{ gtc:)n;[ic ﬁnitS%JQ'SJrOmggﬂﬁan (;ne t
Deyqin the loop formed by the pair of junctions and changing e of magnitude larger than even a typical Rydberg atom
the gate voltageV,, it is possible to control the effective [15]. An experimentally realisti§18] coupling 8~ 0.1 leads
fields acting on the qubit. In the setup of Fig. 2, application,; 5 acuum Rabi ratg/ 7~ 100 MHz, which is three orders
of dc gate voltage on the island can be conveniently achieveg naqnitde larger than in corresponding atomic microwave
by applying a bias voltage to the center conductor of thecoED experimentf3] or approximately 1% of the transition

transmission line. The resonator coupling capacitdhgéhe  oquency. Unlike the usual CQED case, these artificial “at-
gate capacitancg, (the capacitance between the center con-

fh he is| h ) oms” remain at fixed positions indefinitely and so do not
ductor of the resonator and the islanand the capacitance 10 g ter from the problem that the couplingvaries with po-
ground of the resonator then act as a voltage divider.

sition in the cavity.

A comparison of the experimental parameters for imple-
mentations of cavity QED with optical and microwave
atomic systems and for the proposed implementation with

For a superconducting island fabricated inside a resonatosuperconducting circuits is presented in Table I. We assume
in addition to a dc parv'ggc, the gate voltage has a quantum here a relatively lonQ=10* and a worst case estimate, con-

C. Combined system: Superconducting cavity QED
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1 | A conservative estimate of the noise energy for a 10 GHz
- 08 29 f cryogenic high-electron-mobilityHEMT) amplifier is nymp
% 0.6 i =kgTn/hw, ~ 100 photons, wherd) is the noise tempera-
E o4l (02 ; ture of the amplification circuit. As a result, these spectral
S 0 features should be readily observable in a measurement time
= '0 tmeas™ 2Namg/ (M« or only ~32 us for (n)~1.
(O @

o . V. LARGE DETUNING: LIFETIME ENHANCEMENT
FIG. 4. Expected transmission spectrum of the resonator in the

absencédashed lingand presencesolid line) of a superconducting For qubitsnotinside a cavity, fluctuation of the gate volt-
qubit biased at its degeneracy point. Parameters are those presenggge acting on the qubit is an important source of relaxation
in Table I. The splitting exceeds the line width by two orders of and dephasing. As shown in Fig. 3, in practice the qubit's
magnitude. gate is connected to the voltage source through external wir-
ing having, at the typical microwave transition frequency of
sistent with the bound set by previous experiments with suthe qubit, a real impedance of value close to the impedance
perconducting qubitgdiscussed further belowfor the in-  of free space(~50(2). The relaxation rate expected from
trinsic qubit lifetime of 1fy=2 us. purely quantum fluctuations across this impeda¢smonta-
The standard figures of mefi24] for strong coupling are neous emissionis [18,23
the critical photon number needed to saturate the atom on 5 2
resonancemy=/2g°<1x 105, and the minimum atom 1__5& (9) 2 (4
. 2 2 B S/(+Q), (19
numberzdetectabléa by measurement of the cavity outfyit, T, EJ+ES\A
=2yklg°<6X10>. These remarkably low values are where S,(+Q)=2kQ R4Z(Q)] is the spectral density of

clearly very favorable and show that superconducting cir-

cuits could access the interesting regime of very strong Cou\{oltage fluctuations across the environmental impedagince

the quantum limit It is difficult in most experiments to pre-

pling. cisely determine the real part of the high-frequency environ-
mental impedance presented by the leads connected to the
IV. ZERO DETUNING qubit, but reasonable estimatds] yield values ofT; in the
range of 1us.
In the case of a lowd cavity (g< ) and zero detuning, For qubits fabricated inside a cavity, the noise across the

the radiative decay rate of the qubit into the transmission lin€nVironmental impedance does not couple directly to the qu-
becomes stronglgnhancecby a factor ofQ relative to the ~ Pit: but only indirectly through the cavity. For the case of
rate in the absence of the cavifg5]. This is due to the strong detuning, c_ouplmg of the qubit to the continuum is
resonant enhancement of the density of states at the atorrfig€refore substantially reduced. One can view the effect of
transition frequency. In electrical engineering language, th&® detuned resonator as filtering out the vacuum noise at the
~500) external transmission-line impedance is transformediubit transition frequency or, in electrical engineering terms,

on resonance to a high value which is better matched tGS Providing an impedance transformation which strongly
extract energy from the qubit. reduceghe real part of the environmental impedance seen by

For strong couplingg> «, v, the first excited state be- the qu.'t'
comes a doublet with linewidtiik+7)/2, as explained in ~Solving for the normal modes of the resonator and trans-
Sec. Il. As can be seen from Table I, the coupling in theM!Ssion lines, including an input impedariat gach end of
proposed superconducting implementation is so strong thag:e resonator, .the spectrum of voltage fluctuations as seen by
even for the lowQ=10* we have assumed,g2(x+7) the qubit fabricated in the center of the resonator can be
~100 vacuum Rabi oscillations are possible. Moreover, a§hown to be well approximated by
shown in Fig. 4, the frequency splittin@/ 7~ 100 MH2) 2hw,  «l2
will be readily resolvable in the transmission spectrum of the SUQ) = Lc A2+ (k/2)? (19

. . kl2)

resonator. This spectrum, calculated here following Ref.
[25], can be observed in the same manner as employed idsing this transformed spectral density in Ef8) and as-
optical atomic experiments, with a continuous-wave measuming a large detuning between the cavity and qubit, the
surement at low drive, and will be of practical use to find therelaxation rate due to vacuum fluctuations takes a form that
dc gate voltage needed to tune the box into resonance witleduces to 1T,=vy,=(g/A)?«x~1/(64 us), at the qubit's
the cavity. degeneracy point. This is the result already obtained in Eq.

Of more fundamental importance than this simple avoided10) using the dressed-state picture for the coupled atom and
level crossing, however, is the fact that the Rabi splittingcavity, except for the additional factar reflecting a loss of
scales with the square root of the photon number, making thenergy to modes outside of the cavity. For large detuning,
level spacing anharmonic. This should cause a number afamping due to spontaneous emission can be much less
novel nonlinear effect§14] to appear in the spectrum at thank.
higher drive powers when the average photon number in the One of the important motivations for this CQED experi-
cavity is large({n)>1). ment is to determine the various contributions to the qubit
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decay rate so that we can understand their fundamental
physical origins as well as engineer improvements. Besides
v, evaluated above, there are two additional contributions to
the total damping rate=1y,+ vy, +vr. Herey, is the decay
rate into photon modes other than the cavity mode gidis
the rate of othe(possibly nonradiativedecays. Optical cavi-
ties are relatively open ang, is significant, but for 1D
microwave cavitiesy, is expected to be negligibl@espite
the very large transition dipojeFor Rydberg atoms the two
qubit states are both highly excited levels apg represents
(radiative decay out of the two-level subspace. For Cooper-
pair boxes,yg is completely unknown at the present time, £, 5. (Color onling Transmission spectrum of the cavity,
but could have contributions from phonons, two-level sys-yhich is “pulled” by an amount §2/A=+2.50, X 1074, depending
tems in insulatind20] barriers and substrates, or thermally on the state of the qubitred for the excited state, blue for the
excited quasiparticles. ground statg To perform a measurement of the qubit, a pulse of
For Cooper box qubitsiot inside a cavity, recent experi- microwave photons, at a probe frequengy,=w; or w+g?/A, is
ments [18] have determined a relaxation time %41, sent through the cavity. Additional peaks néarcorresponding to
~ 1.3 us despite the backaction of continuous measuremeniubit flips are suppressed lgy A.
by a SET electrometer. Viost al. [17] found T;~1.84 us

(without measurement backactidior their charge-phase qu- depending on the qubit being in its ground or excited states,

: : : : . the transmission spectrum will present a peak of widtat
t. Th th ts, if th t - - .
bi us, in these experiments, if there are nonradiative de G2/ A of w+G2IA. With the parameters of Table I, this

cay channels, they are at most comparable to the Vacuudlspersive oull of the cavity frequency ig3 kA= +2.5 line-
radiative decay rateand may well be much lesestimated widths for a 10% detuning. Exact diagonalizati@h shows

using E_q.(18): Experiments with a cavity wil present the that the pull is power dependent and decreases in magnitude
qubit with a simple and well-controlled electromagnetic en-¢, cavity photon numbers on the scalen,=A2/4g?. In
i .

vironment, in which the radiative lifetime can be enhancedy,q regime of nonlinear response, single-atom optical bista-
with detuning to 1f,>64 us, allowing yg to dominate  pjjity [14] can be expected when the drive frequency is off
and yielding valuable information about any nonradiativereggnance at low power but on resonance at high pp2r

Transmission (arb. units)

or g g?/A o),Tl- g?/A ®

processes. The state-dependent pull of the cavity frequency by the
qubit can be used to entangle the state of the qubit with that
VI. DISPERSIVE QND READOUT OF QUBITS of the photons transmitted or reflected by the resonator. For

g%/ kA>1, as in Fig. 5, the pull is greater than the linewidth,

~ Inaddition to lifetime enhancement, the dispersive regime,nq jrradiating the cavity at one of the pulled frequencies
is advantageous for readout of the qubit. This can be reahzegrigzm the transmission of the cavity will be close to

by microwave irradiation of the cavity and then probing the pity for one state of the qubit and close to zero for the other

transmitted or reflected photoii26]. [30].
Choosing the drive to be instead at the bare cavity fre-
A. Measurement protocol quencyw,, the state of the qubit is encoded in the phase of
eled by[15] state|y)=a|1)+B||) evolves under microwave irradiation
_ _ into the entangled statie))=a|1,6)+p||,~6), where tand
H,w(t) =fig(t)(@'e ' omnt + aghomt), (200  =2¢%/kA and|+6) are (interaction representatiprcoherent

states with the appropriate mean photon number and oppo-
site phases. In the situation wheyd xA <1, this is the most
appropriate strategy.

wheree(t) is a measure of the drive amplitude. In the dis-
persive limit, one expects from Fig(d peaks in the trans-

> e g o
mission spectrum ab,—g /A and +2g°/ A 'f. the qubit 'S It is interesting to note that such an entangled state can be
initially in its ground state. In a frame rotating at the drive L
: o used to couple qubits in distant resonators and allow quan-
frequency, the matrix elements for these transitions are, re- icatiori31]. M it an ind d
spectively um communicatiorj31]. Moreover, if an independent mea-
' surement of the qubit state can be made, such states can be
<T,0|H,LW|—_,n> ~g, turned into photon Schrodinger cdtk5).
To characterize these two measurement schemes corre-
&g sponding to two different choices of the drive frequency, we
<T,0|HMW|+_,n> ~ =, (21 compute the average photon number inside the resonator
A and the homodyne voltage on the(bOmpedance at the
In the large detuning case, the peak(at2g?/A, corre-  output of the resonator. Since the power coupled to the out-
sponding approximatively to a qubit flip, is highly sup- Side of the resonator iB=(n)kwx/2=(Vo,)*/R, the homo-
pressed. dyne voltage can be expressed(¥s,)=VRhiok(a+a’)/2
The matrix element corresponding to a qubit flip from theand is proportional to the real part of the field inside the
excited state is also suppressed and, as shown in Fig. Bavity.
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FIG. 6. (Color online Results of numerical simulations using ~ FIG. 7. (Color onling Same as Fig. 6 for the drive at the bare
the quantum-state diffusion method. A microwave pulse of duratiorfavity frequencyw,. Depending on the qubit's state, the pulse is
~15/x and centered at the pulled frequeney+g?/A drives the either above or below the combined cavity-qubit resonance and so
cavity. () The occupation probability of the excited statéght is partly transmitted and reflected but with a large relative phase
axis, solid lineg, for the case in which the qubit is initially in the shift that can be detected with homodyne detectiortbinthe op-
ground(blue) or excited(red) state and intracavity photon number POsing phase shifts cause a change in sign of the output, which can
(left axis, dash lines are shown as a function of time. Though the be measured with high signal to noise to realize a single-shot, QND
qubit states are temporarily coherently mixed during the pulse, théneasurement of the qubit.
probability of real transitions is seen to be small. Depending on the
qubit's state, the pulse is either on or away from the combinecxS
cavity-qubit resonance and therefore is mostly transmitted or mostIYnf

reflected.(b) The real component of the cavity electric field ampli- the number of transmitted photons. When the drive is at the

tude(left axis) and the transmitted voltage phagdght axi9 in the b f h th . little inf tion i
output transmission line for the two possible initial qubit states. The are frequency, however, there 1S very litte information n

parameters used for the simulation are presented in Table I. the ph(_)ton number, with most OT the information bemg
stored in the phase of the transmitted and reflected signal.

Lo . This phase shift can be measured using standard heterodyne
In the absence of dissipation, the time dependence of thFechniques. As also discussed in Appendix C, both ap-

fi_eId inside the cavity can be qbtained in the Heisenbergbroaches can serve as a high-efficiency quantum nondemoli-
picture from Eqs(12) and(20). This leads to a closed set of 4, dispersive readout of the state of the qubit.
differential equations fora, ¢% and ac” which is easily

solved. In the presence of dissipation, howelieg., per- B. Measurement time and backaction

forming the transformationill) on H, andH,, and adding As seen from Eq(12), the backaction of the dispersive
the resulting terms to Eqel2) and(20)], the setis no longer  coEp measurement is due to quantum fluctuations of the

closed and we resort to numerical stochastic wave functiop, mber of photons1 within the cavity. These fluctuations
calculationg32]. See Appendix B for a brief presentation of .5 ,,se variations in the ac Stark shif?/ A)na?, which in

this .numerlcal method. . turn dephase the qubit. It is useful to compute the corre-
Figures 6 and 7 show the numerical results for the twaq,

. . X sponding dephasing rate and compare it with the measure-
choices of drive frquency and using the parameterg of Tabl ent rate—i.e., the rate at which information about the state
I. For these calculations, a pulse of duratierl5/« with a

- . ; ; . of the qubit can be acquired.

hyperbollc tangent rise and fz_ill is used to excite the cavity. To determine the dephasing rate, we assume that the cav-
Flgzl;re 6 cqrresponr(]js to ‘E dbr'll\'/ e at th]?. [()jullhed frc;qqe@py ity is driven at the bare cavity resonance frequency and that
*+g°/A. In Fig. 6@) the probabilityP, to find the qubitin its o b\ of the resonance is small compared to the linewidth

excited _st.at.egright. axig is plotted as a fungtion of time for k. The relative phase accumulated between the ground and
the qubit initially in the groundblue) or excited statgred). excited states of the qubit is

The dashed lines represent the corresponding number of pho-
tons in the cavity(left axis). Figure &b) shows, in a frame
rotating at the drive frequency, the real part of the cavity
electric field amplitude(left axis) and transmitted voltage
phase(right axig in the output transmission line, again for which yields a mean phase advantg)=26)N with 6,
the two possible initial qubit states. These quantities are=2g?/xA andN=«nt/2 the total number of transmitted pho-

hown in Fig. 7 for a drive at the bare frequengy
As expected, for the first choice of drive frequency, the
ormation about the state of the qubit is mostly stored in

2 [t
(p(t)ZZQX J drn(t’), (22)
0
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tons[14]. For weak coupling, the dephasing time will greatly the transmitted wave which is more intense but has a smaller
exceed 1k and, in the long-time limit, the noise ip in- phase shift. In the language of Rg34], this “wasted” infor-

duced by the ac Stark shift will be Gaussian. Dephasing camation accounts for the excess dephasing relative to the mea-
then be evaluated by computing the long-time decay of thsurement rate. By measuring also the phase shift of the re-

correlator flected photons, it could be possible to reach the quantum
limit.
t
(ot ()0~ (0)) = { ex if dt’ o(t) Another form of possible backaction is mixing transitions
0 between the two qubit states induced by the microwaves.

. First, as seen from Fig.(8 and {a), increasing the average

~ exp| - 1(2 g_) J f ddt(n(ty)n(ty) |. number of photons in_ the cavity indL_Jces mixing. '_I'his is sim-
2\ A/ JoJo ply caused by dressing of the qubit by the cavity photons.

Using the dressed stat€® and(3), the level of this coherent

(23) mixing can be estimated as
To evaluate this correlator in the presence of a continuous-
wave (cw) drive on the cavity, we first perform a canonical P.i= 1<i-71|ﬂ-_|- o?%,n) (29)
transformation on the cavity operat@$’ by writing them in T2

terms of a classicak'™ and a quantum pad™:

A
a(t) = a(t) +d(t). (24) =%<1 + W) . (30)

Under this transformation, the coherent state obeyifig . . _ . .
= afa) is simply the vacuum for the operatorlt is then easy ~EXCiting the cavity ton=n;; yields P, ~0.85. As is clear

to verify that from the numerical results, this process is completely revers-
ible and does not lead to errors in the readout.
{[n(t) = n][n(0) = n)) = aXd(t)d"(0)) = ne 2, (25) The drive can also lead to real transitions between the

o . . qubit states. However, since the coupling is so strong, large
It is interesting to note that the factor of 1/2 in the eXpO”enHetuningAzo 1w, can be chosen, making the mixing rate
Ao, ,

is due to the presence of the coherent drive. If the resonatqiited not by the frequency spread of the drive pulse, but

is not driven, the photon number correlator rather decays at gher by the width of the qubit excited state itself. The rate
rate «. Using this result in Eq(23) yields the dephasing rate driving the qubit from ground to excited state whan

0 photons are in the cavity iR=n(g/A)?y. If the measure-
Oin' (26) ment pulse excites the cavity to=n.;;, we see that the ex-
citation rate is still only 1/4 of the relaxation rate. As a result,
Since the rate of transmission on resonancemn#2, this  the main limitation on the fidelity of this QND readout is the
means that the dephasing per transmitted photorﬂﬁs 4 decay of the excited state of the qubit during the course of
To compare this result to the measurement tifpg,; we  the readout. This occurgfor small y) with probability
imagine a homodyne measurement to determine the transmirelax™ Mmeas™ 15¥/k~3.75% and leads to a small error
ted phase. Standard analysis of such an interferometric setlfar~5y/x~1.5% in the measurement, where we have
[14] shows that the minimum phase change which can b&keny=y,. As confirmed by the numerical calculations of
resolved usingN photons is66=1/yN. Hence the measure- Fig. 6 and 7, this dispersive measurement is therefore highly

r,=4

ment time to resolve the phase chanife 26, is nondemolition.
1
Tm= . (27) C. Signal to noise
. ] ° For homodyne detection in the case where the cavity pull
which yields g?/Ax is larger than 1, the signal-to-noise ra{i8NR) is
T =1 (28) given by the ratio of the number of photong;;=n«At/2,
mt o™ +-

accumulated over an integration peridd, divided by the

This exceeds the quantum linji83] T,I',=1/2 by afactor  detector noisen,,,=kgTn/%iw;. Assuming the integration
of 2. Equivalently, in the language of R¢84] (which uses a time to be limited by the qubit’s decay time & And exciting
definition of the measurement time twice as large as thathe cavity to a maximal amplitude;=100~ n,y,, we ob-
abovg the efficiency ratio isy=1/(T,I',)=0.5. tain SNR= (Ngit/ Namp (/27). If the qubit lifetime is longer

The failure to reach the quantum limit can be tra¢@d]  than a few cavity decay timgd/«x=160 ng, this SNR can
to the fact that that the coupling of the photons to the qubit idoe very large. In the most optimistic situation wherey,,
not adiabatic. A small fractioR~ 63 of the photons incident the signal-to-noise ratio is SNR=200.
on the resonator are reflected rather than transmitted. Be- When taking into account the fact that the qubit has a
cause the phase shift of the reflected wgl4 differs by =  finite probability to decay during the measurement, a better
between the two states of the qubit, it turns out that, despitstrategy than integrating the signal for a long time is to take
its weak intensity, the reflected wave contains precisely thedvantage of the large SNR to measure quickly. Simulations
same amount of information about the state of the qubit abave shown that in the situation wheye y,, the optimum
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TABLE IlI. Figures of merit for readout and multiqubit entangle-
ment of superconducting qubits using dispergiv-resonany cou-
pling to a 1D transmission-line resonator. The same parameters as
Table | and a detuning of the Cooper-pair box from the resonator of
10% (A=0.1w,) are assumed. Quantities involving the qubit decay
v are computed both for the theoretical lower boupdy, for
spontaneous emission via the cavity ail parenthesgsfor the
current experimental upper boundy# 2 us. Though the signal to
noise of the readout is very high in either case, the estimate of the
readout error rate is dominated by the probability of qubit relaxation

Phase shift (degrees)
o

during the measurement, which has a duration of a few cavity life- (!)r'(ﬂuw
times[~(1-10«71]. If the qubit nonradiative decay is low, both
high-efficiency readout and more than®1@o-bit operations could FIG. 8. (Color onling Phase shift of the cavity field for the two
be attained. states of the qubit as a function of detuning between the driving and
resonator frequencies. Obtained from the steady-state solution of

Parameter Symbol 1D circuit  the equation of motion fom(t) while only taking into account

- ] - damping on the cavity and using the parameters of Table |. Readout
Dimensionless cavity pull g°/ kA 2.5 of the qubit is realized at, or close to, zero detuning between the
Cavity-enhanced lifetime yo=(Alg)%kt 64 us drive and resonator frequencies where the dependence of the phase
Readout SNR SNR= (Ng/it/ Namp x/2y ~ 200(6) shift on the qubit state is largest. Coherent manipulations of the
Readout error Per~5X vl k 1.5%(14%) qubit are realized close to the qubit frequency which is 10% de-

tuned from the cavitynot shown on this scaleAt such large de-

One-bit operation time T,>1/A >0.16 ns ) L : .
) 5 tunings, there is little dependence of the phase shift on the qubit’s

Entanglement time t rswap=TA/4g ~0.05us state

Two-bit operations Nop=1/Ly t,iswapl >120040)

integration time is roughly 15 cavity lifetimes. This is the Mondset al. [20] have recently raised the possibility that
pulse length used for the stochastic numerical simulationf€re are numerous parasitic environmental resonances
shown above. The readout fidelity, including the effects ofwhich can relax the qubit when its frequenfyis changed
this stochastic decay, and related figures of merit of theluring the course of moving the operating point. The disper-
single-shot high efficiency QND readout are summarized irsive CQED measurement is therefore highly advantageous
Table 11. since it operates best at the charge degeneracy point. In gen-
This scheme has other interesting features that are wortéral, such a measurement of an ac property of the qubit is
mentioning here. First, since nearly all the energy used irstrongly desirable in the usual case where dephasing is domi-
this dispersive measurement scheme is dissipated in the raated by low-frequencyl/f) noise. Notice also that the pro-
mote terminations of the input and output transmission linesposed quantum nondemolition measurement would be the
it has the practical advantage of avoiding quasiparticle genmverse of the atomic microwave CQED measurement in
eration in the qubit. which the state of the photon field is inferred nondestruc-

Another key feature of the cavity QED readout is that it iyely from the phase shift in the state of atoms sent through
lends itself naturally to operation of the box at the chargeq cavity[3].

degeneracy poiriNg=1/2), where it has been shown thBt
can be enormously enhancgt?] because the energy split-
ting has an extremum with respect to gate voltage and isola-
tion of the qubit from 1f dephasing is optimal. The deriva-
tive of the energy splitting with respect to gate voltage is the
charge difference in the two qubit states. At the degeneracy While microwave irradiation of the cavity at its resonance
point this derivative vanishes and the environment cannolrequency constitutes a measurement, irradiation close to the
distinguish the two states and thus cannot dephase the qubifubit’s frequency can be used to coherently control the state
This also implies that a charge measurement cannot be used the qubit. In the former case, the phase shift of the trans-
to determine the state of the systd5]. While the first  mitted wave is strongly dependent on the state of the qubit
derivative of the energy splitting with respect to gate voltageand hence the photons become entangled with the qubit, as
vanishes at the degeneracy point, the second derivative, cashown in Fig. 8. In the latter case, however, drivinghat a
responding to the difference in chargelarizability of the =~ measurement because, for large detuning, the photons are
two quantum states, imaximal One can think of the qubit largely reflected with a phase shift which is independent of
as a nonlinear quantum system having a state-dependent dhe state of the qubit. There is therefore little entanglement
pacitance(or in general, an admittangghich changes sign between the field and qubit in this situation and the rotation
between the ground and excited stgtes]. It is this change fidelity is high.
in polarizability which is measured in the dispersive QND  To model the effect of the drive on the qubit, we add the
measurement. microwave drive of Eq(20) to the Jaynes-Cumming Hamil-

In contrast, standard charge measurement schemésnian(l) and apply the transformatiofil) (again neglect-
[37,18 require moving away from the optimal point. Sim- ing damping to obtain the effective one-qubit Hamiltonian

VII. COHERENT CONTROL
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£ 10 7 T 10 & numerical results when the drive is at the qubit's frequency
E g but donot reproduce these numerical results when the drive
= @ is close to the bare resonator frequeKi€igs. 6 and y—i.e.,
§ 051 Hos c’i when entanglement between the qubit and photons cannot be
& g neglected.
2 5
O 00 ! 008

° (zn‘z;’ 300 VIIl. RESONATOR AS QUANTUM BUS: ENTANGLEMENT

OF MULTIPLE QUBITS

FIG. 9. (Color online Numerical stochastic wave function
simulation showing coherent control of a qubit by microwave irra-
diation of the cavity at the ac Stark- and Lamb-shifted qubit fre-

The transmission-line resonator has the advantage that it
should be possible to place multiple qubits along its length
quency. The qubitred ling is first left to evolve freely for about (~1 _Cm) and entangle them tOgeth?r' which is an essential
40 ns. The drive is turned on for 7rA/2ge ~ 115 ns, correspond- féduirement for quantum computation. For the case of two
ing to 77 pulses, and then turned off. Since the drive is tuned fardubits, they can be placed closer to the ends of the resonator
away from the Cavi’[y’ the Ca\/ity photon nummbrack ||n® is small but St|” We" ISO|ated from the environment a.nd can be Sepa—

even for the moderately large drive amplituse0.03 o, used here.  rately dc biased by capacitive coupling to the left and right
center conductors of the transmission line. Additional qubits

5 N 1 ge(t) would have to have separate gate bi_as lines installed._
Hiq= _{Q + 2—<aTa+ _> - wﬂw}oz+ B2 X For the pair of qubits labeledand j, both coupled with

2 A 2 A strengthg to the cavity and detuned from the resonator but in

+ (o~ w,)ala+ he)(@ +a) (31)  resonance with each other, the transformatitih yields the

effective two-qubit Hamiltoniari3,38,39

in a frame rotating at the drive frequeney,,. Choosing g° i1 g°
w,w=Q+(2n+1)g%/ A, Hy, generates rotations of the qubit ~ Haq~7%| o+ K(Of’f of) |a'a+ Eh QO+ n (of + 07)
about thex axis with Rabi frequencyge/A. Different drive
frequencies can be chosen to realize rotations around arbi-
trary axes in thex—z plane. In partigular, choosing,,,,=(}
+(2n+1)g?/ A-2ge/ A andt=mA/2\2ge generates the Had-
amard transformatioll. SinceHo*H =07, these two choices
of frequency are sufficient to realize any one-qubit Iogicalth
operation.

Assuming that we can take full advantage of lifetime en-

hancement inside the cavitye., thaty=1y,), the number of 2 1
Ugq(t) = ex (a*a 5 (of + 07)

g2

In addition to ac Stark and Lamb shifts, the last term couples
e qubits through virtual excitations of the resonator.

In a frame rotating at the qubit's frequen€y, H,q gen-
erates the evolution

7 rotations about the axis which can be carried out ¥, - igXt
=2eA/ gk~ 10° for the experimental parameters assumed
in Table I. For larges, the choice of drive frequency must 1
take into account the power dependence of the cavity fre- 9 2
quency pulling. cos—t isin=-t

Numerical simulation shown in Fig. 9 confirms this X Az A2 ®l, (33
simple picture and that single-bit rotations can be performed i sint cosg—t
with very high fidelity. It is interesting to note that since A A
detuning between the resonator and the drive is large, the 1
cavity is only virtually populated, with an average photon
numbemn= &2/ A%~ 0.1. Virtual population and depopulation wherel, is the identity operator in resonator space. Up to
of the cavity can be realized much faster than the cavityphase factors, this corresponds tatmA/4g°~50 ns to a
lifetime 1/« and, as a result, the qubit feels the effect of the\iswap logical operation. Up to one-qubit gates, this opera-
drive rapidly after the drive has been turned on. The limit ontion is equivalent to the controlledeT gate. Together with
the speed of turn on and off of the drive is set by the detunene-qubit gates, the interactidty, is therefore sufficient for
ing A. If the drive is turned on faster than A/the frequency universal quantum computatig@Q]. Assuming again that
spread of the drive is such that part of the drive’s photonave can take full advantage of the lifetime enhancement in-
will pick up phase informatiorisee Fig. 8 and dephase the side the cavity, the number afswap operations which can
qubit. As a result, for large detuning, this approach leads to &e carried out ifN,,=4A/7«~ 1200 for the parameters as-
fast and accurate way to coherently control the state of theumed above. This can be further improved if the qubit's
qubit. nonradiative decay is sufficiently small and higliecavities

To model the effect of the drive on the resonator an alterare employed.
native model is to use the cavity-modified Maxwell-Bloch ~ When the qubits are detuned from each other, the off-
equations[25]. As expected, numerical integration of the diagonal coupling provided b, is only weakly effective
Maxwell-Bloch equations reproduce very well the stochasticand the coupling is for all practical purposes turned off. Two-
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qubit logical gates in this setup can therefore be controlledadiative decay of the qubit while still allowing one-bit op-
by individually tuning the qubits. Moreover, single-qubit and erations, a simple and minimally disruptive method for read-
two-qubit logical operations on different qubits and pairs ofout of single and multiple qubits, and the ability to generate
qubits can both be realized simultaneously, a requirement ttunable two-qubit entanglement over centimeter-scale dis-
reach presently known thresholds for fault-tolerant quantuntances. We also note that in the structures described here, the
computation[41]. emission or absorption of a single photon by the qubit is
It is interesting to point out that the dispersive QND read-tagged by a sudden large change in the resonator transmis-
out presented in Sec. VI may be able to determine the statsion properties[29], making them potentially useful as
of multiple qubits in a single shot without the need for addi- single-photon sources and detectors.
tional signal ports. For example, for the case of two qubits
with different detunings, the cavity pull will take four differ-
ent values #2/A,+g3/A,, allowing single-shot readout of
the coupled system. This can in principle be extendel to We are grateful to David DeMille, Michel Devoret, Clif-
qubits provided that the range of individual cavity pulls canford Cheung, and Florian Marquardt for useful conversa-
be made large enough to distinguish all the combinationstions. We also thank André-Marie Tremblay and the Cana-
Alternatively, one could read them out in small groups at thedian Foundation for Innovation for access to computing
expense of having to electrically vary the detuning of eactfacilities. This work was supported in part by the National
group to bring them into strong coupling with the resonator.Security Agency(NSA) and Advanced Research and Devel-
opment Activity (ARDA) under Army Research Office
(ARO) Contract No. DAAD19-02-1-0045, NSF DMR-
0196503, NSF DMR-0342157, the NSF ITR program under
Grant No. DMR-0325580, the David and Lucile Packard
Universal quantum computation can also be realized irffFoundation, the W.M. Keck Foundation, and NSERC.
this architecture under the encodidg={|1]),|/ 1)} by con-

trolling only the qubit’s detuning and, therefore, by turning APPENDIX A: QUANTIZATION OF THE 1D

on and off the interaction term inq [42]. TRANSMISSION-LINE RESONATOR
An alternative encoded two-qubit logical operation to the

one suggested in Rg#2] can be realized here by tuning the A transmission line of length.,, whose cross-section di-

four qubits forming the pair of encoded qubits in resonancémension is much less then the wavelength of the transmitted

for a timet==A/3g% The resulting effective evolution op- signal, can be approximated by a 1D model. For relatively

erator can be written dd,,=exd~i(mA/3g?)dy,5,], where low frequencies it is well described by an infinite series of

o,; is a Pauli operator acting on thth encoded qubit. To- inductors \_N'th_ each node_ capacmvely connected to ground,
. . Lo~ . as shown in Fig. 2. Denoting the inductance per unit lehgth

gether with encoded one-qubit operatioh, is sufficient 5,4 the capacitance per unit lengththe Lagrangian of the

for universal qguantum computation using the encoding circuit is

We point out that the subspacgis a decoherence-free
subspace with respect to global dephadi4g] and use of L2
this encoding will provide some protection against noise. E:f dx(

The application otJ,, on the encoded subspace however,

causes temporary leakage out of this protected SUbSpa“\ﬁherej(x,t) andq(x,t) are the local current and charge den-

This is also the case with the approach of RéP]. In the gy regpectively. We have ignored for the moment the two
present situation, however, since the Hamiltonian generatingemi_infinite transmission lines capacitively coupled to the

qu commutes with the generator of global dephasing, thigesonator. Defining the variabkx,t)

temporary excursion out of the protected subspace does not

induce noise on the encoded qubit. Bx.D) JX
x,t) =

ACKNOWLEDGEMENTS

IX. ENCODED UNIVERSALITY
AND DECOHERENCE-FREE SUBSPACE

| 1
512 - Z—QZ), (A1)
-Li2 c

dx'q(x',t), (A2)
-L/2
X. SUMMARY AND CONCLUSIONS
the Lagrangian can be rewritten as
In summary, we propose that the combination of one-

dimensional superconducting transmission-line resonators, L2
which confine their zero-point energy to extremely small vol- L=
umes, and superconducting charge qubits, which are electri-

cally controllable qubits with large electric dipole moments, 1o corresponding Euler-Lagrange equation is a wave equa-

constitutes an interesting system to access the stongy with the speed=11/Ic. Using the boundary conditions
coupling regime of cavity quantum electrodynamics. Thisy q o charge neutrality.

combined system is an advantageous architecture for the co-

herent control, entanglement, and readout of quantum bits 6(-L/2,t) = A(LI2,t) =0, (A4)
for quantum computation and communication. Among the

practical benefits of this approach are the ability to suppreswe obtain

I_' _i 2)
" dx(zez ZC(V 0)?]. (A3)
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Ko, cutoff kX qubit is V(0,t)= rmJaz(t)+a2(t ]. In the main body of this
o(x,t) = L > (t)cosT paper, we work only with this second harmonic and drop the
ko=1 mode index on the resonator operators.
kecutoff ke
L kezz bi (t)S'”_ (A5) APPENDIX B: TREATMENT OF DISSIPATION

The evolution of the total density matrix, including the
qubit, cavity mode, and baths, is described by the von Neu-
Man equation

for odd and even modes, respectively. For finite lengtthe
transmission line acts as a resonator with resonant freque
ciesw,=kmv/L. The cutoff is determined by the fact that the
resonator is not strictly one dimensional.

) i
Using the normal-mode expansi¢A5) in (A3), one ob- Prot=~ E[Hsys"' He+ Hyprod, (B1)
tains, after spatial integration, the Lagrangian in the form of
a set of harmonic oscillators: whereHgys stands for the first three terms of H@) plus the
drive Hamiltonian of Eq(20). An explicit expression foH,
L= 2 d,k__(k_’") & (AG)  can be four]d in Ref[1_4]. When the coupling _between the
system(qubit plus cavity modeand the baths is weak, the

reduced density operator for the system can be shown to
Promoting the variableb, and its canonically conjugated obey the master equatigt4]

momentumrrk—lqbk to conjugate operators and introducing
the boson creat|on and annihilation operataq}gndak sat-
isfying [ay, ak] Sue» We obtain the usual relations diagonal-
izing the Hamiltonian obtained from the Lagrangigk®):

i 1
== %[Hsysp] - E E (LLLmP + PL:an_ 2I—mpl-rTn)

m={x, v}

(B2)
Ao |hogc L T in the Markov approximation. Heré,, are Lindblad opera-
hl) = 2 kq-r[ak(t) +a(0l, (A7) tors describing the effect of the baths on the system and can
be expressed ds, =Vka andL,=v 'yo~. The effect of finite
ol temperature and pure dephasmg, for example, can also be
) = =i /ﬂ[ak(t) -al(t)]. (A8)  taken into account easily by introducing additional Lindblad
2 operators.

The master equation is solved numerically by truncating
e cavity Hilbert space t& photons. This leads t2N)?
coupled differential equations which, for lare can be dif-

From these relations, the voltage on the resonator can t{ﬁ
expressed as

19 0(x.) ficult to solve in practice. An alternative approach is to write
V(x,t) = ———= an equivalent stochastic differential equation for the wave
c Jx function [32,44. There exist different such “unravelings” of
kX the master equation and here we use the quantum state dif-
k°sm - [ak (1) +al0(t)] fusion equatior{32,44
k0 1 L ° _
i
o, ke . [d) = = 5 Hoydhdt+ 2 (L= (L)) [4) iy
+ c T [ay (1) + 2y (1)]. m
ke=1
€ 1
(A9) = 52 (L * (Ll Ly = Kyl 9
m

In the presence of the two semi-infinite transmission lines (B3)
coupled to the resonator, the Lagrangia3) and the bound-

ary conditions(A4) are modified to take into account the The d¢,, are complex independent Wiener processes satisfy-

voltage drop on the coupling capacito@. Assuming no ing for their ensemble averages
spatial extent for the capacito®,, the problem is still solv-

able analytically. Due to this coupling, the wave function can @: d¢,dé, =0, (B4)
now extend outside of the central segment which causes a
zltzger:]tcgedshlft, of orderCy/Lc, of the cavity resonant fre- m: 5. dt. (B5)
As shown in Fig. 2, we assume the qubit to be fabricated An advantage of this approach is that now onIX 2

at the center of the resonator. As a result, at low temperacoupled differential equations have to be solved. A drawback
tures, the qubit is coupled to the mokle2 of the resonator, is that the results must be averaged over many realizations of
which as an antinode of the voltage in its center. The rmghe noise to obtain accurate results. Still, this leads to much
voltage between the center conductor and the ground plane lisss important memory usage and to speedup in the numeri-
thenV? =\Aw,/cL with w,=w, and the voltage felt by the cal calculationg32,43.

062320-12



CAVITY QUANTUM ELECTRODYNAMICS FOR... PHYSICAL REVIEW A 69, 062320(2004)

APPENDIX C: QUANTUM NONDEMOLITION constant of motion also requires that it commute with the
MEASUREMENTS qubit Hamiltonian. This condition is also satisfied in Eq.

Readout of a qubit can lead to both mixing and dephasinélz)' i o
[23,33. While dephasing is unavoidable, mixing of the mea- .That the measured obseryable is a c.onstant of motion im-
sured observable can be eliminated in a QND measuremeﬁl"?s that repeated observations will yield the same rgsult.
by choosing the qubit-measurement apparatus interactiohhis allows for the measurement result to ref':\ch arbitrary
such that the measured observable is a constant of motion. |arge accuracy by accumulating signal. In practice, however,
that situation, the measurement-induced mixing is rather inthere are always environmental dissipation mechanisms act-
troduced in the operator conjugate to the operator being me#g on the qubit independently of the readout. Even in a
sured. QND situation, these will lead to a finite mixing rateT/of

In the situation of interest in this paper, the operator beinghe qubit in the course of the measurement. Hence, high fi-
probed iso? and, from Eq.(12), the qubit-measurement ap- delity can only be achieved by a strong measurement com-
paratus interaction Hamiltonian is given for large detuningpleted in a timeT,,<T,. This simple point is not as widely
by Hi«=(g%/A)d%a’a, such thafo? H;,]=0. Foro?to be a  appreciated as it should be.
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coupled system by applying pulses of varying length. In Fig. 3b, Rabi
oscillations are shown for the |[00> to |11> transition. When the
microwave frequency is detuned from resonance, the Rabi oscil-
lations are accelerated (bottom four curves, to be compared with
the fifth curve). After a w pulse which prepares the system in the
[10> state, these oscillations are suppressed (second curve in
Fig. 3b). After a 2w pulse they are revived (first curve in Fig. 3b).
In the case of Fig. 3c, the qubit is first excited onto the [10> state by
a w pulse, and a second pulse in resonance with the red sideband
transition drives the system between the [10> and |01> states. The
Rabi frequency depends linearly on the microwave amplitude, with
a smaller slope compared to the bare qubit driving. During the time
evolution of the coupled Rabi oscillations shown in Fig. 3b and c,
the qubit and the oscillator experience a time-dependent entangle-
ment, although the present data do not permit us to quantify it to a
sufficient degree of confidence.

The sideband Rabi oscillations of Fig. 3 show a short coherence
time (~3 ns), which we attribute mostly to the oscillator relaxation.
To determine its relaxation time, we performed the following
experiment. First, we excite the oscillator with a resonant low
power microwave pulse. After a variable delay At, during which
the oscillator relaxes towards n = 0, we start recording Rabi
oscillations on the red sideband transition (see Fig. 4a for
At = 1ns). The decay of the oscillation amplitude as a function of
At corresponds to an oscillator relaxation time of ~6ns (Fig. 4b),
consistent with a quality factor of 100—150 estimated from the width
of the v, resonance. The exponential fit (continuous line in Fig. 4b)
shows an offset of ~4% due to thermal effects. To estimate the
higher bound of the sample temperature, we consider that
the visibility of the oscillations presented here (Figs 2—4) is set by
the detection efficiency and not by the state preparation. When
related to the maximum signal of the qubit Rabi oscillations of
~40%, the 4%-offset corresponds to ~10% thermal occupation of
oscillator excited states (an effective temperature of ~60 mK).
Consistently, we also observe low-amplitude red sideband oscil-
lations without preliminary microwave excitation of the oscillator.

We have demonstrated coherent dynamics of a coupled super-
conducting two-level plus harmonic oscillator system, implying
that the two subsystems are entangled. Increasing the coupling
strength and the oscillator relaxation time should allow us to
quantify the entanglement, as well as to study non-classical states
of the oscillator. Our results provide strong indications that solid-
state quantum devices could in future be used as elements for the
manipulation of quantum information. d
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The interaction of matter and light is one of the fundamental
processes occurring in nature, and its most elementary form is
realized when a single atom interacts with a single photon.
Reaching this regime has been a major focus of research in
atomic physics and quantum optics' for several decades and
has generated the field of cavity quantum electrodynamics>.
Here we perform an experiment in which a superconducting two-
level system, playing the role of an artificial atom, is coupled to an
on-chip cavity consisting of a superconducting transmission line
resonator. We show that the strong coupling regime can be
attained in a solid-state system, and we experimentally observe
the coherent interaction of a superconducting two-level system
with a single microwave photon. The concept of circuit quantum
electrodynamics opens many new possibilities for studying the
strong interaction of light and matter. This system can also be
exploited for quantum information processing and quantum
communication and may lead to new approaches for single
photon generation and detection.

In atomic cavity quantum electrodynamics (QED), an isolated
atom with electric dipole moment d interacts with the vacuum state
electric field E of a cavity. The quantum nature of the field gives rise
to coherent oscillations of a single excitation between the atom and
the cavity at the vacuum Rabi frequency v gap; = 2dEo/h, which can
be observed when v, exceeds the rates of relaxation and deco-
herence of both the atom and the field. This effect has been observed
in the time domain using Rydberg atoms in three-dimensional
microwave cavities’ and spectroscopically using alkali atoms in very
small optical cavities with large vacuum fields*.

Coherent quantum effects have been recently observed in several
superconducting circuits’'?, making these systems well suited for
use as quantum bits (qubits) for quantum information processing.
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Of the various superconducting qubits, the Cooper pair box'"' is
especially well suited for cavity QED because of its large effective
electric dipole moment d, which can be 10* times larger than in an
alkali atom and ten times larger than a typical Rydberg atom'. As
suggested in our earlier theoretical study'?, the simultaneous com-
bination of this large dipole moment and the large vacuum field
strength—due to the small size of the quasi one-dimensional
transmission line cavity—in our implementation is ideal for reach-
ing the strong coupling limit of cavity QED in a circuit. Other solid-
state analogues of strong coupling cavity QED have been envisaged
in superconducting'>°, semiconducting®**>, and even micro-
mechanical systems>. First steps towards realizing such a regime
have been made for semiconductors®****. To our knowledge, our
experiments constitute the first experimental observation of strong
coupling cavity QED with a single artificial atom and a single
photon in a solid-state system.

The on-chip cavity is made by patterning a thin superconducting
film deposited on a silicon chip. The quasi-one-dimensional co-
planar waveguide resonator®® consists of a narrow centre conductor
of length / and two nearby lateral ground planes, see Fig. 1a. Close to
its full-wave (I = M) resonance frequency, w, =2mv, =1/ JIC =
276.044 GHz, where v, is the bare resonance frequency, the reso-
nator can be modelled as a parallel combination of a capacitor Cand
an inductor L (the internal losses are negligible). This simple
resonant circuit behaves as a harmonic oscillator described by the
hamiltonian H, = Aw (a’a + 1/2), where (a'a)= () =n is the
average photon number. At our operating temperature of
T < 100 mK, much less than %w,/kg = 300 mK, the resonator is
nearly in its ground state, with a thermal occupancy n < 0.06. The
vacuum fluctuations of the resonator give rise to a root mean square
(r.m.s.) voltage Vs = y/fiw;/2C = 1V on its centre conductor,

8]

Figure 1 Integrated circuit for cavity QED. a, The superconducting niobium coplanar
waveguide resonator is fabricated on an oxidized 10 x 3 mm? silicon chip using optical
lithography. The width of the centre conductor is 10 p.m separated from the lateral ground
planes extending to the edges of the chip by a gap of width 5 um resulting in a wave
impedance of the structure of Z= 50 Q being optimally matched to conventional
microwave components. The length of the meandering resonator is /= 24 mm. It is
coupled by a capacitor at each end of the resonator (see b) to an input and output feed
line, fanning out to the edge of the chip and keeping the impedance constant. b, The
capacitive coupling to the input and output lines and hence the coupled quality factor Qis
controlled by adjusting the length and separation of the finger capacitors formed in the
centre conductor. ¢, False colour electron micrograph of a Cooper pair box (blue)
fabricated onto the silicon substrate (green) into the gap between the centre conductor
(top) and the ground plane (bottom) of a resonator (beige) using electron beam lithography
and double angle evaporation of aluminium. The Josephson tunnel junctions are formed
at the overlap between the long thin island parallel to the centre conductor and the fingers
extending from the much larger reservoir coupled to the ground plane.
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and an electric field between the centre conductor and the ground
plane that is a remarkable E ;s = 0.2Vm !, some hundred times
larger than in the three-dimensional cavities used in atomic micro-
wave cavity QED’. The large vacuum field strength results from the
extremely small effective mode volume (~10~° cubic wavelengths)
of the resonator'?.

The resonator is coupled via two coupling capacitors Ciy/oue 0N
at each end (see Fig. 1b), to the input and output transmission lines
that allow its microwave transmission to be probed (see Fig. 2a—c).
The predominant source of dissipation is the loss of photons from
the resonator through these ports at a rate k = w,/Q, where Q is the
(loaded) quality factor of the resonator. The internal (uncoupled)
loss of the resonator is negligible (Q;,, = 10°). Thus, the average
photon lifetime in the resonator T, = 1/k exceeds 100 ns, even for
our initial choice of a moderate quality factor Q =~ 10™.

The Cooper pair box (CPB) consists of a several micrometre long
and submicrometre wide superconducting island which is coupled
via two submicrometre size Josephson tunnel junctions to a much
larger superconducting reservoir, and is fabricated in the gap
between the centre conductor and the ground plane of the resonator,
at an antinode of the field (see Fig. 1c). The CPB is a two-state
system described by the hamiltonian® H, = —(Eqo, + Ejo,)/2,
where Eq=4Ec(1 —ng) is the electrostatic energy and Ej=
Ej maxcos(m®Py,) is the Josephson energy. The overall energy scales
of these terms, the charging energy Ec and the Josephson energy
Ejmax can be readily engineered during the fabrication by the
choice of the total box capacitance and resistance respectively, and
then further tuned in situ by electrical means. A gate voltage V
applied to the input port (see Fig. 2a), induces a gate charge n, =
VgCy* /e that controls E., where Cg* is the effective capacitance
between the input port of the resonator and the island of the CPB. A
flux bias ¢, = ¢/ P, applied with an external coil to the loop of the
box, controls Ey. Denoting the ground state of the box as | | ) and the
first excited state as | 1) (see Fig. 2d), we have a two-level system
whose energy separation E, = fw, can be widely varied as shown in
Fig. 3c. Coherence of the CPB is limited by relaxation from the
excited state at a rate v ;, and by fluctuations of the level separation
giving rise to dephasing at a rate v, for a total decoherence rate
Y =12+ 7y, (ref. 13).

The Cooper pair box couples to photons stored in the resonator
by an electric dipole interaction, via the coupling capacitance C.
The vacuum voltage fluctuations V., on the centre conductor of
the resonator change the energy of a Cooper pair on the box island
by an amount fig = dEq = eV,1,,Cy/Cy. We have shown'” that this
coupled system is described by the Jaynes—Cummings hamiltonian
Hyc=H,+H,+ ﬁg(a“rf +ac™), where ¢¥ (07) creates
(annihilates) an excitation in the CPB. It describes the coherent
exchange of energy between a quantized electromagnetic field and a
quantum two-level system at a rate g/2m, which is observable if g is
much larger than the decoherence rates v and «. This strong
coupling limit® ¢ > [y, k] is achieved in our experiments. When
the detuning A = w, — w, is equal to zero, the eigenstates of the
coupled system are symmetric and antisymmetric superpositions
of a single photon and an excitation in the CPB | £ )=(]0,1)=
[1,1))/+/2 with energies E. = fi(w, * g). Although the cavity
and the CPB are entangled in the eigenstates | = ), their
entangled character is not addressed in our current cavity QED
experiment which spectroscopically probes the energies E . of the
coherently coupled system.

The strong coupling between the field in the resonator and the
CPB can be used to perform a quantum nondemolition (QND)
measurement of the state of the CPB in the non-resonant (dis-
persive) limit |A| > g. Diagonalization of the coupled quantum
system leads to the effective hamiltonian'*:

2 1 2
H= ﬁ(wr—l—‘%oz)ﬁa—{—iﬁ(wa—l—gx)oz
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The transition frequency w, * g*/A is now conditioned by the
qubit state 0, = *1. Thus, by measuring the transition frequency of
the resonator, the qubit state can be determined. Similarly, the level
separation in the qubit fi(w, + 2a’a g*/A+ g*/A) depends on the
number of photons in the resonator. The term 2a’a g?/A, linear in
i1, is the alternating current (a.c.) Stark shift and g2/A is the Lamb
shift. All terms in this hamiltonian, with the exception of the Lamb
shift, are clearly identified in the results of our circuit QED
experiments.

The properties of this coupled system are determined by probing
the resonator spectroscopically'. The amplitude T'and phase ¢ of a
microwave probe beam of power Py transmitted through the
resonator are measured versus probe frequency wgg. A simplified
schematic of the microwave circuit is shown in Fig. 2a. In this set-
up, the CPB acts as an effective capacitance that is dependent on its
g, eigenstate, the coupling strength g, and detuning A. This variable
capacitance changes the resonator frequency and its transmission
spectrum. The transmission T2 and phase ¢ of the resonator for a
far-detuned qubit (g?/kA << 1), that is, when the qubit is effectively
decoupled from the resonator, are shown in Fig. 2b and c. In this
case, the transmission is a lorentzian of width év, = »,./Q = k/27 at
v,, and the phase ¢ displays a corresponding step of 7. The expected
transmission at smaller detuning corresponding to a frequency shift
+g¢%/A = k are shown by dashed lines in Fig. 2b and c. Such small
shifts in the resonator frequency are sensitively measured as a phase
shift ¢ = *tan"'(2¢/kA) of the transmitted microwave at a fixed

probe frequency wgr using beam powers Pgrr which controllably
populate the resonator with average photon numbers from n =~ 10°
down to the sub-photon level n << 1. We note that both the
resonator and qubit can be controlled and measured using capaci-
tive and inductive coupling only, that is, without attaching any d.c.
connections to either system.

Measurements of the phase ¢ versus n, are shown in Fig. 3b, and
two different cases can be identified for a Cooper pair box with
Josephson energy Ej .../l > v .. In the first case, for bias fluxes such
that Ey(®y,)/h > v, the qubit does not come into resonance with
the resonator for any value of gate charge n, (see Fig. 3a). As a result,
the measured phase shift ¢ is maximum for the smallest detuning A
atn, = 1and gets smaller as A increases (see Fig. 3b). Moreover, ¢ is
periodic in 7, with a period of 2, as expected. In the second case, for
values of @, resulting in Ej($,)/h < v, the qubit goes through
resonance with the resonator at two values of n,. Thus, the phase
shift ¢ is largest as the qubit approaches resonance (A — 0) at the
points indicated by red arrows (see Fig. 3a, b). As the qubit goes
through resonance, the phase shift ¢ changes sign when A changes
sign. This behaviour is in perfect agreement with predictions based
on the analysis of the circuit QED hamiltonian in the dispersive
regime.

In Fig. 3¢ the qubit level separation », = E,/his plotted versus the
bias parameters n, and $,. The qubit is in resonance with the
resonator at the points [n,, @], indicated by the red curve in one
quadrant of the plot. The measured phase shift ¢ is plotted versus
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Figure 2 Measurement scheme, resonator and Cooper pair box. a, The resonator with
effective inductance L and capacitance C coupled through the capacitor G, to the Cooper
pair box with junction capacitance G, and Josephson energy £, forms the circuit QED
system which is coupled through Cin/out to the input/output ports. The value of £ is
controllable by the magnetic flux ¢. The input microwave at frequency wgr is added to the
gate voltage V4 using a bias-tee. After the transmitted signal at wgr is amplified using a
cryogenic high electron mobility (HEMT) amplifier and mixed with the local oscillator at
wyo, its amplitude and phase are determined. The circulator and the attenuator prevent
leakage of thermal radiation into the resonator. The temperature of individual components
is indicated. b, Measured transmission power spectrum of the resonator (blue dots), the
full linewidth &», at half-maximum and the centre frequency », are indicated. The solid
red line is a fit to a lorentzian with Q = »,/6v, =~ 10%. ¢, Measured transmission phase ¢
(blue dots) with fit (red line). In panels b and ¢ the dashed lines are theory curves shifted by
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6.044 6.046

Gate charge, Ng

=+ 6w, with respect to the data. d, Energy level diagram of a Cooper pair box. The
electrostatic energy £¢(n; — ng)z, with charging energy £ ¢ = e2/2Cy, is indicated for
n; = 0 (solid black line), —2 (dotted ling) and +2 (dashed line) excess electrons forming
Cooper pairs on the island. C+ is the total capacitance of the island given by the sum of
the capacitances C; of the two tunnel junctions, the coupling capacitance Cy to the centre
conductor of the resonator and any stray capacitances. In the absence of Josephson
tunnelling the states with n; and n; + 2 electrons on the island are degenerate at
ng=1.The Josephson coupling mediated by the weak link formed by the tunnel
junctions between the superconducting island and the reservoir lifts this degeneracy and
opens up a gap proportional to the Josephson energy £y = E; max Cos(m Py ), where
Ejmax = hA A/862R,, with the superconducting gap of aluminium A and the tunnel
junction resistance R). A ground-state band | | ) and an excited-state band | 1 ) are
formed with a gate charge and flux-bias-dependent energy level separation of £,.
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Figure 3 Strong coupling circuit QED in the dispersive regime. a, Calculated level
separation v, = w, /2w = E,/hbetween ground | | ) and excited state | 1 ) of qubit for
two values of flux bias @, = 0.8 (orange line) and &, = 0.35 (green ling). The resonator
frequency », = w, /27 is shown by a blue line. Resonance occurs at v, = »;
symmetrically around degeneracy n, = =*1; also see red arrows. The detuning

Al2w = 6 = v, — v, is indicated. b, Measured phase shift ¢ of the transmitted
microwave for values of @, in a. Green curve is offset by —25 deg for visibility.

¢, Galculated qubit level separation », versus bias parameters 11 4 and &, . The resonator
frequency w, is indicated by the blue plane. At the intersection, also indicated by the red

both n, and ¢y, in Fig. 3d. We observe the expected periodicity
in flux bias @}, with one flux quantum ®,. The set of parameters
[1g, ®,,] for which the resonance condition is met is marked by a
sudden sign change in ¢, which allows a determination of the
Josephson energy Ej max = 8.0 (£0.1) GHz and the charging energy
Ec =52 (+0.1) GHz.

These data clearly demonstrate that the properties of the qubit
can be determined in a transmission measurement of the resonator
and that full in situ control over the qubit parameters is achieved.
We note that in the dispersive regime this new read-out scheme for
the Cooper pair box is most sensitive at charge degeneracy (n, = 1),
where the qubit is to first order decoupled from 1/f fluctuations in
its charge environment, which minimizes dephasing®. This property
is advantageous for quantum control of the qubit at n, = 1, a point
where traditional electrometry, using a single electron transistor
(SET) for example”, is unable to distinguish the qubit states. We
note that this dispersive QND measurement of the qubit state'” is
the complement of the atomic microwave cavity QED measurement
in which the state of the cavity is inferred non-destructively from the
phase shift in the state of a beam of atoms sent through the cavity®?.

Making use of the full control over the qubit hamiltonian, we
then tune the flux bias ¢y, so that the qubit is at n, =1 and in
resonance with the resonator. Initially, the resonator and the qubit
are cooled into their combined ground state |0, | ); see inset in
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curve in the lower right-hand quadrant, resonance between the qubit and the resonator
oceurs (6 = 0). For qubit states below the resonator plane the detuning is 6 < 0, above
6> 0. d, Density plot of measured phase shift ¢ versus 4 and &y . Light colours
indicate positive ¢ (6 > 0), dark colours negative ¢ (6 < 0). The red line is a fit of the
data to the resonance condition », = » .. In¢ and d, the line cuts presented in a and b are
indicated by the orange and the green line, respectively. The microwave probe power Pre
used to acquire the data is adjusted such that the maximum intra-resonator photon
number n at v, is about ten for g /kA << 1. The calibration of the photon number has
been performed in situ by measuring the a.c.-Stark shift of the qubit levels.

Fig. 4b. Owing to the coupling, the first excited states become a
doublet | = ). Similarly to ref. 4, we probe the energy splitting of this
doublet spectroscopically using a weak probe beam so that n << 1.
The intra-resonator photon number, 1, is calibrated by measuring
the a.c.-Stark shift of the qubit in the dispersive case. The resonator
transmission T2 is first measured for large detuning A with a probe
beam populating the resonator with a maximum of n =~ 1 at
resonance; see Fig. 4a. From the lorentzian line the photon decay
rate of the resonator is determined as /27 = 0.8 MHz. The probe
beam power is subsequently reduced by 5dB and the transmission
spectrum T? is measured in resonance (A = 0); see Fig. 4b. We
clearly observe two well-resolved spectral lines separated by the
vacuum Rabi frequency vg,p; = 11.6 MHz. The individual lines
have a width determined by the average of the photon decay rate «
and the qubit decoherence rate v. The data are in excellent agree-
ment with the transmission spectrum numerically calculated using
the given value k/27 = 0.8 MHz and the single adjustable parameter
/2w = 0.7 MHz.

The transmission spectrum shown in Fig. 4b is highly sensitive to
the photon number in the cavity. The measured transmission
spectrum is consistent with the expected thermal photon number
of n=0.06 (T < 100 mK); see red curve in Fig. 4b. Owing to the
anharmonicity of the coupled atom-cavity system in the resonant
case, an increased thermal photon number would reduce trans-
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Figure 4 Vacuum Rabi mode splitting. a, Measured transmission 72 (blue ling) versus
microwave probe frequency » s for large detuning (g° / Ak << 1) and fit to lorentzian
(dashed red line). The peak transmission amplitude is normalized to unity. The inset shows
the dispersive dressed states level diagram. b, Measured transmission spectrum for the
resonant case A = 0 at ny =1 (blue line) showing the vacuum Rabi mode splitting
compared to numerically calculated transmission spectra (red and green lines) for thermal
photon numbers of n = 0.06 and 0.5, respectively. The dashed red line is the calculated
transmission for g = 0 and «/2w = 0.8 MHz. The inset shows the resonant dressed

mission and give rise to additional peaks in the spectrum owing to
transitions between higher excited doublets®. The transmission
spectrum calculated for a thermal photon number of n = 0.5 (see
green curve in Fig. 4b) is clearly incompatible with our experimental
data, indicating that the coupled system has in fact cooled to near its
ground state, and that we measure the coupling of a single qubit to a
single photon. The nonlinearity of the cavity QED system is also
observed at higher probe beam powers, as transitions are driven
between states higher up the dressed state ladders (not shown).

We also observe the anti-crossing between the single photon
resonator state and the first excited qubit state by tuning the qubit
into and out of resonance with a gate charge near ng =1 and
measuring the transmission spectrum (see Fig. 4c). The vacuum
Rabi peaks evolve from a state with equal weight in the photon and
qubit at n, =1 (as shown in Fig. 4b) to predominantly photon
states for ng => 1 or ny << 1. The observed peak positions agree well
with calculations considering the qubit with level separation »,, a
single photon in the resonator with frequency », and a coupling
strength of g/2; see solid lines in Fig. 4c. For a different value of flux
bias @y, such that E,/h <, at ny, =1, two anti-crossings are
observed (see Fig. 4d) again in agreement with theory.

The observation of the vacuum Rabi mode splitting and the
corresponding avoided crossings demonstrates that the strong
coupling limit of cavity QED has been achieved, and that coherent
superpositions of a single qubit and a single photon can be
generated on a superconducting chip. This opens up many new
possibilities for quantum optical experiments with circuits. Possible
applications include using the cavity as a quantum bus to couple
widely separated qubits in a quantum computer, or as a quantum
memory to store quantum information, or even as a generator
and detector of single microwave photons for quantum
communication. ]
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Entanglement is one of the key features of quantum information
and communications technology. The method that has been used
most frequently to generate highly entangled pairs of photons'”
is parametric down-conversion. Short-wavelength entangled
photons are desirable for generating further entanglement
between three or four photons, but it is difficult to use parametric
down-conversion to generate suitably energetic entangled pho-
ton pairs. One method that is expected to be applicable for
the generation of such photons® is resonant hyper-parametric
scattering (RHPS): a pair of entangled photons is generated in a
semiconductor via an electronically resonant third-order non-
linear optical process. Semiconductor-based sources of entangled
photons would also be advantageous for practical quantum
technologies, but attempts to generate entangled photons in
semiconductors have not yet been successful*’. Here we report
experimental evidence for the generation of ultraviolet entangled
photon pairs by means of biexciton resonant RHPS in a single
crystal of the semiconductor CuCl. We anticipate that our results
will open the way to the generation of entangled photons by
current injection, analogous to current-driven single photon
sources®’.

The material we used in this study was copper chloride (CuCl)
single crystal. Because CuCl has a large bandgap (~3.4eV), it is
suitable for generating photon pairs in the short wavelength region
near ultraviolet. Furthermore, the material has large binding ener-
gies for the exciton (~200 meV) and biexciton (~30 meV). These
characteristics have made CuCl one of the most thoroughly inves-
tigated materials on the physics of excitons and biexcitons (ref. 8
and references therein). In particular, the ‘giant oscillator strength’
in the two-photon excitation of the biexciton results in a large
increase in RHPS efficiency, which is advantageous for our experi-
ment. In fact the RHPS in CuCl has been observed since the 1970s
(refs 8,9 and ref. 10 and references therein). Figure 1a schematically
shows the RHPS process in resonance to the biexciton state. The
two pump (parent) photons (frequency w;) resonantly create the
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biexciton, and are converted into the two scattered (daughter)
photons (w;, wy). The biexciton state (I';) created in this process
has zero angular momentum (J = 0), so we expected the polariza-
tions of the daughter photons to be entangled so that their total
angular momentum is also zero. With this expectation in mind, we
note that polarization correlation between two classical pump
beams has been known since the early 1980s (ref. 11). In practice,
instead of the oversimplified picture in Fig. 1a, we must consider the
exciton-polariton picture; the RHPS obeys the phase-matching
condition that takes into account the polariton dispersion relation®.
The RHPS in this case is also called two-photon resonant polariton
scattering or spontaneous hyper-Raman scattering. In this process,
shown in Fig. 1b, the biexciton is created from a pair of parent
photons (polaritons, more accurately). The sum of the parent
photons’ energies matches the biexciton energy. The biexciton
progressively coherently decays into two polaritons, the sum of
whose photon energies, as well as the sum of momenta, is conserved
as that of the biexciton. Although the RHPS in CuCl has been
known for decades, the possibility of generating entangled photons
by this process was theoretically pointed out only lately. In
addition, a large parametric gain via the biexcitonic resonance in
CuCl was reported recently". Similar stimulated parametric scatter-
ing of polaritons has also been observed in semiconductor micro-
cavities, even at high temperatures'.

In the present experiment, we used a vapour-phase-grown thin
single crystal of CuCl. Figure 2 presents the schematic drawing of
our experimental set-up and Fig. 3 shows the spectrum of light
emitted from the sample. The large peak at the downward arrow in
Fig. 3 is the Rayleigh scattered light of the pump beam that was
tuned to the two-photon excitation resonance of the biexciton. The
two peaks indicated by LEP and HEP (lower and higher energy
polaritons) on either side of the pump beam originate from the
RHPS. The RHPS is very efficient (a few orders of magnitude higher
than that of typical parametric down-conversion): We got of the
order of 10" photons s ' sr™ ' by using pump light of ~2 mW. A
pair of photons, one from LEP and the other from HEP, is emitted
into different directions according to the phase-matching con-
dition, so we placed two optical fibres at appropriate positions
and led each photon within the pair into two independent mono-
chromators followed by two photomultipliers (PMTs). A time-
interval analyser recorded the time interval (7) between the detected

’l Biexciton

Exciton
a
Biexciton
ST 9
hw 7\ A M\~ o, “\‘\‘{{m’?ﬂ
Exciton :‘\\‘\\
heo N\ A M\ hoe \"

Figure 1 Schematic diagram of the resonant hyper-parametric scattering (RHPS) via
biexciton. @, Two pump (parent) photons of frequency w; are converted to the two
scattered (daughter) photons (ws, wg). b, The polariton dispersion drawn in two
dimensions of momentum space. The biexciton decays into two polaritons that satisfy the
phase-matching condition so that both energy and momentum are conserved. The red
curve on the polariton-dispersion surface indicates the states on which the phase-
matching condition can be satisfied.
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ac Stark Shift and Dephasing of a Superconducting Qubit Strongly Coupled to a Cavity Field
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We have performed spectroscopy of a superconducting charge qubit coupled nonresonantly to a single
mode of an on-chip resonator. The strong coupling induces a large ac Stark shift in the energy levels of
both the qubit and the resonator. The dispersive shift of the resonator frequency is used to nondestructively
determine the qubit state. Photon shot noise in the measurement field induces qubit level fluctuations
leading to dephasing which is characteristic for the measurement backaction. A crossover in line shape
with measurement power is observed and theoretically explained. For weak measurement a long intrinsic

dephasing time of 7, > 200 ns of the qubit is found.

DOI: 10.1103/PhysRevLett.94.123602

The investigation of strong coupling between a single
quantum two-level system and a single photon, as first
realized in atomic cavity quantum electrodynamics
(CQED) [1], is not only at the forefront of research in
quantum optics and atomic physics [2] but also has great
prospects in the realm of quantum information processing
[3] where realizing entanglement between qubits and pho-
tons is essential for quantum communication. Recently, it
has been proposed [4] and demonstrated for the first time in
a solid state system that strong coupling CQED [5,6] can
be realized in superconducting quantum circuits [7].
Following these results, strong coupling has also been
achieved in a second solid state system, namely, semi-
conducting quantum dots embedded in microcavities
[8,9]. In this Letter we demonstrate the use of nonresonant
(dispersive) strong coupling between a Cooper pair box
(CPB) [10] and a coherent microwave field in a high
quality transmission line resonator to measure the quantum
mechanical state of the Cooper pair box in a quantum
nondemolition (QND) scheme [4,11,12]. The interaction
between the Cooper pair box and the measurement field
containing n photons on average gives rise to a large ac
Stark shift of the qubit energy levels, analogous to the one
observed in CQED [13], demonstrated here for the first
time in superconducting qubits. As a consequence of the
strong coupling, quantum fluctuations in » induce a broad-
ening of the transition linewidth, which represents the
backaction of the measurement on the qubit.

In our circuit QED architecture [4] [see Fig. 1(a)] a split
Cooper pair box [10], modeled by the two-level
Hamiltonian H, = —1/2(E40, + Ejo,) [14], is coupled
capacitively to the electromagnetic field of a full wave (I =
A) transmission line resonator, described by a harmonic
oscillator Hamiltonian H, = fiw.(ata + 1/2). In the
Cooper pair box, the energy difference E, = hiw, =
(E% + E?)'/? between the ground state ||) and the first
excited state |T) [see Fig. 1(b)], is determined by its electro-
static energy E. = 4Ec(1 — n,) and its Josephson cou-
pling energy Ej = Ejp.cos(m®P,). Here, Ec=
e?/2Cs =~ 5 GHz is the charging energy given by the total
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box capacitance Cs, n, = C;V,/e is the gate charge con-
trolled by the gate voltage V, applied through a gate with
effective capacitance C}, and Ej ,,, = 8 GHz is the maxi-
mum Josephson coupling energy of the two junctions
which is modulated by applying a flux bias &, = /P,
to the loop of the split box [see Fig. 1(a)]. ®, = 2¢/h is the
magnetic flux quantum. Near its resonance frequency
w,=1/ \/Z_C =~ 27 6 GHz, the resonator is accurately
modeled as a harmonic oscillator with lumped inductance
L and capacitance C.

In the presence of strong mutual coupling between the
qubit and the resonator [5], their dressed excitation ener-
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FIG. 1 (color online). (a) Simplified circuit diagram of mea-
surement setup. The phase ¢ and amplitude 7 of a microwave at
;s transmitted through the resonator, amplified, and mixed
down to an intermediate frequency wp = w, — wyg using a
local oscillator at wy g is measured. An additional spectroscopy
microwave at wg is applied to the input port of the resonator.
(b) Ground | |) and excited | 1) state energy levels of CPB vs gate
charge n,. (c) Calculated phase shift ¢ in ground and excited
states vs n, for A, /27 = 100 MHz.
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gies @, and &,, are modified from their bare values w, and
w,. For large detuning A, , = w, — w, the dressed energy
levels are determined by the Hamiltonian [4]

2 1 2
Aga,r 0'Z>a*a + Eﬁ(a)a + g;eu)a'z, (D)

where g/27 = 5.8 MHz is the coupling strength between
a single photon and the qubit [5]. In this nonresonant case,
the dressed resonator frequency &, = w, = g2/A,, de-
pends on the qubit state o, = *1 and the detuning A, ,.
The qubit state can thus be inferred from the phase shift ¢
that a probe microwave transmitted through the resonator
at frequency w,; experiences because of the interaction
with the qubit [4,5]. In Fig. 1(c), the expected phase shift
¢ = *tan"'(2g%/kA,,), where k = w./Q is the decay
rate of photons from the resonator with quality factor Q =
104, is plotted versus gate charge ny. ¢ is maximum at
n, = 1 where the detuning A, is smallest and falls off as
the detuning is increased with increasing n,. Moreover, ¢
has opposite signs in the ground |]) and excited |1) states of
the CPB.

Qubit state transitions can be driven by applying an
additional microwave of frequency w,, detuning A, =
w; — @,, and power P to the input port of the resonator
[see Fig. 1(a)]. On resonance (A, = 0) and for a continu-
ous (cw) large amplitude spectroscopy drive, the qubit
transition saturates and the populations in the excited and
the ground states approach 1/2. In this case, the measured
phase shift of the probe beam at w ¢ is expected to saturate
at ¢ = 0 [see Fig. 1(c)]. By sweeping the spectroscopy
frequency w, and the gate charge n, and continuously
measuring ¢, we have mapped out the energy level sepa-

H = ﬁ(wr-i-
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FIG. 2 (color online). (a) Probe microwave phase shift ¢ vs
gate charge n, at spectroscopy frequency v, = 6.125 GHz
(lower panel), 6.15 GHz (middle panel), and 6.2 GHz (upper
panel). (b) Density plot of ¢ vs n, and v; white (black)
corresponds to large (small) phase shift. Horizontal arrows
indicate line cuts shown in (a); vertical arrows indicate line
cuts shown in Fig. 4(a). Measurements in (a) and (b) were
performed populating the resonator with n ~ 25 photons on
average.

ration @, of the qubit (see Fig. 2). In the lower panel of
Fig. 2(a), the measured phase shift ¢ is shown for the
nonresonant case, where w, < @, for all values of gate
charge n,. The measured phase shift is, as expected, a
continuous curve similar to the one shown in Fig. 1(c). In
the middle panel of Fig. 2(a), the spectroscopy microwave
at vy = wy/27 = 6.15 GHz is in resonance with the qubit
at n, = 1, populating the excited state and thus inducing a
dip in the measured phase shift ¢ around n, =1, as
expected. Note that, as predicted [4], our measurement
scheme has the advantage of being most sensitive at charge
degeneracy, a bias point where traditional electrometry,
using a radio frequency single electron transistor [15], for
example, is unable to distinguish the qubit states.

When v is increased to higher values, resonance with
the qubit occurs for two values of n, situated symmetri-
cally around n, = 1, leading to two symmetric dips in ¢
[see upper panel of Fig. 2(a)]. From the [ng, v,] positions
of the spectroscopic lines in the measured phase ¢, the
Josephson energy E; = 6.2 GHz and the charging energy
Ec = 4.8 GHz are determined in a fit using the full qubit
Hamiltonian beyond the two-level approximation [14] [see
density plot of ¢ vs n, and v, in Fig. 2(b)]. In this
experiment the flux bias ®, has been chosen to result in
a minimum detuning of about A,,/27 =~ 100 MHz at
n, = 1. The tunability of Ej (i.e., the detuning at charge
degeneracy) has been demonstrated previously [5]. It is
also worth noting that the spectroscopy frequency wq
typically remains strongly detuned (A, = w, — w, >
271100 MHz) from the resonator, such that a large fraction
of the spectroscopy photons are reflected at the input port
and only a small number n,, determined by the Lorentzian
line shape of the resonator, populates the resonator.

Various other radio or microwave frequency qubit read-
out schemes have been developed recently [15-17]. In a
related experiment, the level separation of a split Cooper
pair box coupled inductively to a low frequency, moderate
Q tank circuit has been determined spectroscopically [18].

The width and the saturation level of the spectroscopic
lines discussed above depend sensitively on the power P
of the spectroscopic drive. Both quantities are related to the
excited state population

1 nsw%ach T2
21+ (TZAs,a)2 + nsw%ach TZ’

found from the Bloch equations in steady state [19], where
Wy, = 2g is the vacuum Rabi frequency, n the average
number of spectroscopy photons in the resonator, 7 the
relaxation time, and 7, the dephasing time of the qubit. We
have extracted the transition linewidth and saturation from
spectroscopy frequency scans for different drive powers Py
with the qubit biased at charge degeneracy (n, = 1). We
observe that the spectroscopic lines have a Lorentzian line
shape with width and depth in accordance with Eq. (2). The
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half width at half maximum (HWHM) of the line is found
to follow the expected power dependence 27dvywam =
1/T) = (1/T3 + nyw, T,/T,)"/? [19], where the input
microwave power P, is proportional to niw2, [see
Fig. 3(a)]. In the low power limit (n,w2,. — 0), the un-
broadened linewidth is found to be small, dvywum =
750 kHz, corresponding to a long dephasing time of 7, >
200 ns at n, = 1, where the qubit is only second order
sensitive to charge fluctuations limiting the dephasing time
in this sample. At a larger drive, the width increases
proportionally to the drive amplitude. The depth of the
spectroscopic dip at resonance (A, = 0) reflects the
probability of the qubit to be in the excited state P; and
depends on P, as predicted by Eq. (2) [see Fig. 3(b)]. At
low drive the population increases linearly with P and
then approaches 0.5 for large P,. From time resolved
measurements (data not shown), 7 is found to be on the
order of a few microseconds, a value which is much shorter
than that expected for radiative decay of the qubit in the
cavity [4], indicating the existence of other, possibly non-
radiative decay channels.

In the above we have demonstrated that the strong
coupling of the qubit to the radiation field modifies the
resonator transition frequency in a way that can be ex-
ploited to measure the qubit state. Correspondingly, the
resonator acts back onto the qubit through their mutual
strong coupling. Regrouping the terms of the Hamiltonian
in Eq. (1) one sees that the dressed qubit level separation is
givenby @, = w, + 2 ng*/A,, + g*/A,, where we note
that the resonator gives rise to an ac Stark shift of the qubit
levels of *=ng?/A,,, proportional to the intraresonator
photon number n = (a'a), as well as a Lamb shift
*+g%/2A,,, due to the coupling to the vacuum fluctuations.
The ac Stark shift is measured spectroscopically at n, = 1
for fixed power P, by varying the probe beam power P
which changes the average measurement photon number n
in the resonator (see Fig. 4). We observe that the qubit level
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FIG. 3 (color online). (a) Measured qubit linewidth & vywum
vs input spectroscopy power P, (solid circles) with fit (solid
line). Probe beam power P, is adjusted such that n <1.
(b) Measured peak depth ¢ and excited state population proba-
bility P; on resonance A, = 0 vs P (solid circles) with fit (solid
line).

separation 7, = @,/24r is linear in Py [see Fig. 5(a)], i.e.,
that the ac Stark shift v,, = 2ng?/2mA,, is linear in the
photon number 7, as expected. In the limit of Py — 0 (n —
0), the bare qubit level separation w, + g>/A,, = 27
6.15 GHz is determined, where g?/A,; is the small
Lamb shift which cannot be separated from w, in our
current experiments. Knowing the coupling constant g
from an independent measurement of the vacuum Rabi
mode splitting [5] and A, from spectroscopic measure-
ments in the n — 0 limit, the dependence of the intra-
resonator photon number n on the input power P is
determined from the measured ac Stark shift v,.. We find
that an input microwave power of P; = —29 dBm corre-
sponds to n =1 which is consistent with an intended
attenuation of approximately 105 dB in the input coaxial
line. The ac Stark shift of the qubit at this particular
detuning is a remarkable 0.6 MHz per photon in the cavity
and is comparable to the linewidth. Using this method, the
intraresonator photon number was calibrated to a precision
of ~ = 1 dB for the vacuum Rabi mode splitting measure-
ments presented in Ref. [5].

Quantum fluctuations (photon shot noise) én around the
average photon number »n of the coherent field populating
the resonator give rise to random fluctuations in the qubit
transition frequency due to the ac Stark shift. This leads to
measurement-induced dephasing, and thus to a broadening
of the qubit linewidth (see Figs. 4 and 5). This is the
measurement backaction and can be understood quantita-
tively by considering the relative phase ¢(f) =
2g%/A,, [(df'dn(r') accumulated in time between the
ground and the excited states of the qubit. Following
Ref. [4], the measurement-induced phase decay of the
qubit is then characterized by

(a) S P e
— X y
=] X ;
3 | /
— | "
Y | \
!“57 30 > -« 26VHWHM : \f
ﬁ 1 |
o 20 } }
§ > v
| |
S 10 b
| |
0 Ava n=1 : : n=20

6.14 6.16 6.18 6.14 6.16 6.18
frequency, vg [GHZ]

FIG. 4 (color online). Measured spectroscopic lines (wide
lines with noise) at (a) intraresonator photon number n = 1
(P, = —30 dBm) with fit to Lorentzian line shape (solid line)
and at (b) n = 20 (P; = —16 dBm) with fit to Gaussian line
shape (solid line). Dashed lines are best fits to (a) Gaussian or
(b) Lorentzian line shapes, respectively. The qubit transition
frequency v, at low Py, the half width half maximum
Svpwam, and the ac Stark shift v,. of the lines are indicated.
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FIG. 5 (color online). (a) Measured qubit level separation 7,
and fit (solid line) vs input microwave probe power P;. The ac
Stark shift »,. and the intraresonator photon number n extracted
from the fit are also indicated. (b) Measurement broadened qubit
linewidth Svgwmv vs n. Error bars are reflecting estimated
systematic uncertainties in the extracted linewidth. The corre-
sponding total dephasing time T, = 1/278vywyy is also in-
dicated. The solid line is obtained from Eq. (4) with a
spectroscopy power broadened T =~ 80 ns.

4 28" [
<el¢’(’)> = exp[—Aiz /ﬁ) dl‘ldl‘2<6n(t1)8n(t2)>j|’ (3)

where the fluctuations dn are assumed to be Gaussian. In
the above expression, the photon correlation function
(6n(1)6n(0)) = nexp(—«lt|/2) of the coherent probe
beam in the resonator is governed by the cavity decay
rate « and physically represents the white photon shot
noise filtered by the cavity response. The spectroscopic
line shape S(w) is obtained from the Fourier transform of
(explig(t)]ye /T2, where 1/T} takes into account dephas-
ing mechanisms independent of the measurement

S(w)zli(_4)()j 1/T) +2kx + jk/2 @

T J (00— @)+ (Tlé+2k,y+j7")2.

The form of the line shape depends on the dimensionless
parameter y = n63, where 6, = 2g?/kA,, is the trans-
mission phase shift describing the strength of the measure-
ment. For small y the measurement rate is slow compared
to k and the phase diffuses in a random walk {¢(f)?) ~
4603nkt, leading to a homogeneously broadened Lorentzian
line of HWHM of 2603nk + 1/T}. For large x, i.e., strong
measurement, the measurement rate exceeds « leading to a
qubit transition frequency which depends on the instanta-
neous value of the cavity photon number and hence to an
inhomogeneously broadened Gaussian line [see Fig. 4(b)],
whose variance is simply /n multiplied by the Stark shift
per photon. The full crossover from intrinsic Lorentzian
line shape with width o n at small n to Gaussian line shape
with width o« \/n at large n as described by Eq. (4) with no
adjustable parameters is in good agreement with the mea-
sured dependence of the linewidth on n [see Fig. 5(b)]. The
slightly increased measured linewidth could be attributed

to fluctuations (e.g., charge noise) activated at high photon
numbers and to the nonlinearity of the ac Stark shift above
the critical photon number [4]. We note that this effect is
not seen in Fig. 4(a) because of compensation by the
change of the cavity pull at large n from the zero-photon
limit g2/A.

In our experiments we have demonstrated that the strong
coupling of a Cooper pair box to a nonresonant microwave
field in an on-chip cavity gives rise to a large qubit depen-
dent shift in the excitation energy of the resonator. The ac
Stark effect shifts the qubit level separation by about one
linewidth per photon at 2% detuning, and the backaction of
the fluctuations in the field gives rise to a large broadening
of the qubit line. Good agreement of the line shape with
theory indicates that the dispersive measurement is QND,
as expected.
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Approaching Unit Visibility for Control of a Superconducting Qubit with Dispersive Readout
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In a Rabi oscillation experiment with a superconducting qubit we show that a visibility in the qubit
excited state population of more than 95% can be attained. We perform a dispersive measurement of the
qubit state by coupling the qubit nonresonantly to a transmission line resonator and probing the resonator
transmission spectrum. The measurement process is well characterized and quantitatively understood. In a
measurement of Ramsey fringes, the qubit coherence time is larger than 500 ns.

DOI: 10.1103/PhysRevLett.95.060501

One of the most promising solid-state architectures for
the realization of a quantum information processor [1] is
based on superconducting electrical circuits [2]. A variety
of such circuits acting as qubits [1], the basic carriers of
quantum information in a quantum computer, have been
created and their coherent control has been demonstrated
[3-8]. Recent experiments have realized controlled cou-
pling between different qubits [9—13] and also first two-
qubit quantum logic gates [14].

An outstanding question for superconducting qubits, and
in fact for all solid-state implementations of quantum
information processors, is whether the qubits are suffi-
ciently well isolated to allow long coherence times and
high-fidelity preparation and control of their quantum
states. This question is complicated by inevitable imper-
fections in the measurement. A canonical example is a
Rabi oscillation experiment, where the experimenter re-
cords the oscillations of a meter’s response as a function of
pulse length to infer the qubit’s excited state population
immediately after the pulse. The measurement contrast
(e.g., the amplitude of the meter’s measured swing relative
to its maximum value) is reduced in general by both errors
in the qubit preparation and readout, and sets a lower limit
on the visibility of oscillations in the qubit population.
Most experiments with superconducting qubits to date
have reported only the measurement contrast, implying
only a lower limit on the visibility in the range of 10%—
50% [3-8,14].

A full understanding of the measurement process is
required to extract the qubit population from the meter’s
output. The qubit control is then characterized by the
visibility, defined as the maximum qubit population differ-
ence observed in a Rabi oscillation or Ramsey fringe
experiment. It is essential to demonstrate that a qubit can
be controlled without inducing undesired leakage to other
qubit states or entanglement with the environment. Some
experiments [15] observe a substantial reduction of the
visibility due to entanglement with spurious environmental
fluctuators [16]. In the few experiments in which the con-
trast has been characterized, it was close to the expected
value [17,18], which implies that high visibility should be
achievable with superconducting qubits.

0031-9007/05/95(6)/060501(4)$23.00
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In this Letter, we report results on time-domain control
of the quantum state of a superconducting qubit, where the
qubit state is determined using a dispersive microwave
measurement in a circuit quantum electrodynamics
(QED) architecture [19]. This novel technique has shown
good agreement with predictions in steady-state experi-
ments [20]. Here, we observe the measurement response,
both during and after qubit state manipulation, which is in
quantitative agreement with the theoretical model of the
system, allowing us to separate the contributions of the
qubit and the readout to the observed contrast. The ob-
served contrast of 85% and a visibility of greater than 95%
for Rabi oscillations demonstrates that high accuracy con-
trol is possible in superconducting qubits.

In our circuit QED architecture [19], a Cooper pair box
[21], acting as a two level system with ground ||) and ex-

cited states |1) and level separation E, = hw, = ,/E% + E?

is coupled capacitively to a single mode of the electromag-
netic field of a transmission line resonator with resonance
frequency w,; see Fig. 1(a). As demonstrated for this
system, the electrostatic energy E. and the Josephson
energy Ej of the split Cooper pair box can be controlled
in situ by a gate voltage V, and magnetic flux @ [20,22];
see Fig. 1(a). In the resonant (w, = w,) strong coupling
regime a single excitation is exchanged coherently be-
tween the Cooper pair box and the resonator at a rate
g/, also called the vacuum Rabi frequency [22]. In the
nonresonant regime (JA| = |w, — w,| > g) the capacitive
interaction gives rise to a dispersive shift (g2/A)o, in the
resonance frequency of the cavity which depends on the
qubit state o, the coupling g, and the detuning A [19,20].
We have suggested that this shift in resonance frequency
can be used to perform a quantum nondemolition (QND)
measurement of the qubit state [19]. With this technique
we have recently measured the ground state response and
the excitation spectrum of a Cooper pair box [20,22].

In the experiments presented here, we coherently control
the quantum state of a Cooper pair box in the resonator by
applying microwave pulses of frequency w,, which are
resonant or nearly resonant with the qubit transition fre-
quency w,/27 = 4.3 GHz, to the input port C;, of the
resonator; see Fig. 1(a). Even though w, is strongly de-

© 2005 The American Physical Society
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FIG. 1 (color online). (a) Simplified circuit diagram of mea-
surement setup. A Cooper pair box with charging energy Ec and
Josephson energy Ej is coupled through capacitor C, to a
transmission line resonator, modeled as parallel combination
of an inductor L and a capacitor C. Its state is determined in a
phase sensitive heterodyne measurement of a microwave trans-
mitted at frequency wgp through the circuit, amplified and mixed
with a local oscillator at frequency wyg. The Cooper pair box
level separation is controlled by the gate voltage V, and flux ®.
Its state is coherently manipulated using microwaves at fre-
quency w, with pulse shapes determined by V,, [8]. (b) Measure-
ment sequence for Rabi oscillations with Rabi pulse length A¢,
pulse frequency w,, and amplitude « /i with continuous mea-
surement at frequency wrp and amplitude o | /ngg. (c) Sequence
for Ramsey fringe experiment with two 77/2 pulses at wy
separated by a delay Az and followed by a pulsed measurement.

tuned from the resonator frequency w,, the resonator can
be populated with ng drive photons which induce Rabi
oscillations in the qubit at a frequency of vy, =
/Nsg/ 7. Simultaneously, we perform a continuous disper-
sive measurement of the qubit state by determining both
the phase and the amplitude of a coherent microwave beam
transmitted through the resonator at frequency wgr Which
is resonant or nearly resonant with the resonator frequency
w./27 =~ 5.4 GHz [19,22]. The phase shift ¢ =
tan~!(2g%/kA)o, is the response of our meter from which
we determine the qubit population. For the measurement,
we chose a resonator that has a quality factor of O ~ 0.7 X
10* corresponding to a photon decay rate of /27 =
0.73 MHz. The resonator is populated with n ~ 1 mea-
surement photons on average, where n is calibrated using
the ac-Stark shift [20]. All experiments are performed in a
dilution refrigerator at a temperature of 20 mK. The charg-
ing energy of the box is Eq = e*/2C = h 5.2 GHz
Details on the device fabrication can be found in Ref. [23].

We initially determine the maximum swing of the meter
in a calibration measurement by first maximizing the de-
tuning A to minimize the interaction (g>/A — 0) which
defines ¢ = 0. We prepare the Cooper pair box in the

ground state |]) by relaxation, the thermal population of
excited states being negligible. The box is biased at charge
degeneracy (E. = 0), where its energy is to first-order
insensitive to charge noise [4]. Using flux bias, the detun-
ing is adjusted to A/27 =~ —1.1 GHz corresponding to a
maximum in the Josephson coupling energy of E;/h =
4.3 GHz < w,/27r. In this case we measure a minimum
meter response of ¢y = —35.3 deg corresponding to a
coupling strength of g/27 = 17 MHz. Saturating the qu-
bit transition by applying a long microwave pulse which
incoherently mixes the ground and excited states such that
the occupation probabilities are Py, = Py, = 1/2, the
measured phase shift is found to be ¢ = 0, as expected
[20]. From these measurements, the predicted phase shift
induced by a fully polarized qubit (P = 1) would be
¢y = 35.3 deg. Thus, the maximum swing of the meter
is bounded by ¢y — @).

In our measurement of Rabi oscillations, a short micro-
wave pulse of length At is applied to the qubit in its ground
state with a repetition rate of 20 kHz while the measure-
ment response ¢ is continuously monitored and digitally
averaged 5 X 10* times; see Fig. 1(b). The signal to noise
ratio (SNR) in the averaged value of ¢ in an integration
time of 100 ns is approximately 25, see Fig. 2, correspond-
ing to a SNR of 0.1 in a single shot. For the present setup
the single shot readout fidelity for the qubit state integrated
over the relaxation time (7} ~ 7 ws) is approximately 30%
[24]. Either a readout amplifier with lower noise tempera-
ture or a larger signal power would potentially allow a
high-fidelity single shot measurement of the qubit state in
this setup.

The time dependence of the averaged value of ¢ in
response to a 7 pulse of duration Ar~ 16 ns applied to
the qubit is shown in Fig. 2(a). Before the start of the pulse
the measured phase shift is ¢, = —35.3 deg correspond-
ing to the qubit being in the ground state. Because of the
state change of the qubit induced by the pulse, the resona-
tor frequency is pulled by 2g%/A and, thus, the measured
phase shift is seen to rise exponentially towards ¢y with
the resonator amplitude response time 2/ = 400 ns, i.e.,
twice the photon life time. After the 7 pulse, the qubit
excited state decays exponentially with its energy relaxa-
tion time 77 ~ 7.3 ws, as extracted from the decay in the
measured phase shift; see Fig. 2(a). As a result, the maxi-
mum measured response ¢, does not reach the full value
of ¢y In general, the measurement contrast C = (¢ 5 —
D min)/ (P — ¢)y) will be reduced in any qubit readout for
which the qubit lifetime is not infinitely longer than the
measurement response time. Additionally, in non-QND
measurements the contrast is reduced even further due to
mixing of the qubit states induced by the interaction with
the measurement apparatus. In our QND measurement
presented here, the qubit lifetime is about 15 times the
response time of the measurement, allowing us to reach a
high maximum contrast of C ~ 85% in the bare measure-
ment response ¢.
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FIG. 2 (color online). Measurement response ¢ (blue lines)
and theoretical prediction (red lines) vs time. At = 6 us(a)a
pulse, (b) a 27 pulse, and (c) a 37 pulse is applied to the qubit.
In each panel the dashed lines correspond to the expected
measurement response in the ground state ¢, in the saturated
state ¢ = 0, and in the excited state ¢yp.

In Figs. 2(b) and 2(c), the measured response ¢ of the
meter to a 277 and a 37 pulse acting on the qubit is shown.
As expected, no phase shift is observable for the 27 pulse
since the response time of the resonator is much longer
than the duration A7 = 32 ns of the pulse. In agreement
with the expectations for this QND scheme, the measure-
ment does not excite the qubit, i.e., pin = Pmax = Py)y-
The response to the 37 pulse is virtually indistinguishable
from the one to the 7 pulse, as expected for the long
coherence and energy relaxation times of the qubit. In
the 2D density plot Fig. 3, Rabi oscillations are clearly
observed in the phase shift acquired versus measurement
time ¢ and Rabi pulse length Az.

The observed measurement response ¢ is in excel-
lent agreement with theoretical predictions, see red lines
in Fig. 2, demonstrating a good understanding of the
measurement process. The temporal response ¢(f) =
arg{i{a(t))} of the cavity field a is calculated by deriving
and solving Bloch-type equations of motion for the cavity
and qubit operators [25] using the Jaynes-Cummings
Hamiltonian in the dispersive regime [19,20] as the starting
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FIG. 3 (color online). Color density plot of phase shift ¢ (see
inset for scale) versus measurement time ¢ and Rabi pulse length
At. Data shown in Fig. 2 are slices through this data set at the
indicated pulse lengths.

point. A semiclassical factorization approximation is done
to truncate the resulting infinite set of equations to a finite
set (e.g., (atao.) ~ (ata)a.); all lower order products
are kept). This amounts to neglecting higher order corre-
lations between qubit and field which is a valid approxi-
mation in the present experiment. The calculations
accurately model the exponential rise in the observed
phase shift on the time scale of the resonator response
time due to a state change of the qubit. They also accu-
rately capture the reduced maximum response ¢, due to
the exponential decay of the qubit. Overall, excellent
agreement in the temporal response of the measurement
is found over the full range of qubit and measurement time
scales with no adjustable parameters; see Fig. 2.

The visibility of the excited state population Py, in the
Rabi oscillations is extracted from the time dependent
measurement response ¢ for each Rabi pulse length Ar.
We find Py, by calculating the normalized dot product
between the measured response ¢ and the predicted re-
sponse taking into account the systematics of the measure-
ment. This amounts to comparing the area under a
measured response curve to the theoretically predicted
area; see Fig. 2. The averaged response of all measure-
ments taken over a window in time extending from the start
of the Rabi pulse out to several qubit decay times 77 is used
to extract Pyy. This maximizes the signal to noise ratio in
the extracted Rabi oscillations.

The extracted qubit population Py, is plotted versus At
in Fig. 4(a). We observe a visibility of 95 = 6% in the Rabi
oscillations with error margins determined from the resid-
uals of the experimental Py, with respect to the predicted
values. Thus, in a measurement of Rabi oscillations in a
superconducting qubit, a visibility in the population of the
qubit excited state that approaches unity is observed for the
first time. Moreover, the decay in the Rabi oscillation
amplitude out to pulse lengths of 100 ns is very small
and consistent with the long 7, and T, times of this charge
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FIG. 4 (color online). (a) Rabi oscillations in the qubit popu-
lation Pyy vs Rabi pulse length At (blue dots) and fit with unit
visibility (red line). (b) Measured Rabi frequency vg,,; vs pulse
amplitude €, (blue dots) and linear fit.

qubit; see Fig. 4(a) and Ramsey experiment discussed
below. We have also verified the expected linear scaling
of the Rabi frequency vy, with the pulse amplitude €, «
/s see Fig. 4(b).

We have determined the coherence time of the Cooper
pair box from a Ramsey fringe experiment at charge de-
generacy using 77/2 pulses of 20 ns duration; see Fig. 1(c).
To avoid dephasing induced by a weak continuous mea-
surement beam [20] we switch on the measurement beam
only after the end of the second 7/2 pulse. The resulting
Ramsey fringes oscillating at the detuning frequency
0,5 = W, — ws ~ 6 MHz decay with a long coherence
time of T, ~ 500 ns; see Fig. 5(a). The corresponding
qubit phase quality factor of Q, = Thw,/2 ~ 6500 is
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FIG. 5 (color online). (a) Measured Ramsey fringes (blue dots)
observed in the qubit population Py vs pulse separation At using
the pulse sequence shown in Fig. 1(b) and fit of data to sinusoid
with Gaussian envelope (red line). (b) Measured dependence of
Ramsey frequency VRymsey On detuning 8, of drive frequency
(blue dots) and linear fit (red line).

similar to the best values measured so far in qubits biased
at an optimal point [4]. The Ramsey frequency is shown to
depend linearly on the detuning J,s, as expected; see
Fig. 5(b). We note that a measurement of the Ramsey
frequency is an accurate time resolved method to deter-
mine the qubit transition frequency w, = wg + 27 VRrymgey-

In conclusion, performing Rabi and Ramsey experi-
ments we have observed high visibility in the oscillations
of state population of a superconducting qubit. The tem-
poral response and the backaction of the readout are quan-
titatively understood and well characterized. Our charge
qubit, which is embedded in a well-controlled electromag-
netic environment, has 7 and T, times among the longest
realized so far in superconducting systems. The simplicity
and level of control possible in this circuit QED architec-
ture makes it an attractive candidate for superconducting
quantum computation.
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Backaction Effects of a SSET Measuring a Qubit
Spectroscopy and Ground State Measurement

Benjamin Turek, Johannes Majer, Aashish Clerk, Steve Girvin, Andreas Wallraff, Kevin Bladh, David Gunnarsson,
Tim Duty, Per Delsing, and Robert Schoelkopf

Abstract—We investigate the backaction of superconducting
single-electron transistor (SSET) continuously measuring a
Cooper-pair box. Due to the minimized backaction of the SSET,
we observe a 2¢e periodic Coulomb staircase according to the two-
level system Hamiltonian of the Cooper-pair box. We demonstrate
that we can control the quantum broadening of the ground state
in-situ. We perform spectroscopy measurements and demonstrate
that we have full control over the Cooper-pair box Hamiltonian.
The ability to reduce the backaction is a necessary condition to
use the SSET as a quantum state readout for the CPB as a qubit.

Index Terms—Quantum computing, superconducting devices.

1. INTRODUCTION

N interesting question in solid-state quantum computa-

tion is how to measure a qubit and how the measurement
process influences the qubit. Recently there has been consid-
erable experimental progress using superconducting circuits to
realize the qubit and the meter that measures the qubit. Many of
the these devices are based on the single-Cooper-pair box [1],
[2]. Coherent oscillations in such a Cooper-pair box have been
observed [3]-[5] as well as Rabi oscillations [6] and Ramsey os-
cillation [7]. Despite these encouraging results, the measuring
device and the influence of the measurement on the qubit are
not yet completely understood.

In this article we report measurements where the Cooper-pair
box is measured using a superconducting single-electron tran-
sistor (SSET). The SSET can be operated such that it continu-
ously and weakly measures the charge of the Cooper-pair box.
However, it also couples noise to the Cooper-pair box. This ef-
fect is called backaction and influences the states of the box in
different ways. One can divide this influence in four categories,
in order of decreasing severity, as follows:

First, the SSET can create nonequilibrium quasiparticles in
the box. Therefore the states of the box are not described by
Cooper-pair tunneling alone, and the box is no longer a simple
two-level system. Quasiparticle poisoning is often [5], [8], [9],
but not always [2], [4] observed in SSET measurements of the

Manuscript received October 4, 2004. This work was supported in part by the
National Security Agency and Advanced Research and Development Activity
under the Army Research Office, the NSF, the David and Lucile Packard Foun-
dation, and the W. M. Keck Foundation.

B. Turek, J. Majer, A. Clerk, S. Girvin, A. Wallraff, and R. Schoelkopf are
with the Department of Applied Physics and Physics, Yale University, New
Haven, CT 06511 USA (e-mail: johannes.majer@yale.edu).

K. Bladh, D. Gunnarsson, T. Duty and P. Delsing are with the Microtech-
nology Center at Chalmers MC2, Department of Microelectronics and
Nanoscience, Chalmers University of Technology and Goteborg University,
SE-412 96, Goteborg, Sweden.

Digital Object Identifier 10.1109/TASC.2005.850096

box, but its origin is not well understood. Second, even if there
are no quasiparticles present, the SSET can excite the qubit.
Now the box is still described by a two-level Hamiltonian, how-
ever the system does not stay in the ground state but is in a mix-
ture of ground and excited state. Third, SSET’s backaction can
cause increased relaxation. After the box has been brought to the
first excited state, the noise of the SSET can destroy the state of
the box by extracting energy and bringing the system back to
the ground state. The fourth category is the dephasing caused
by the measurement process [10]. By the fundamental laws of
quantum mechanics, measuring a system perturbs its state, and
specifically destroys the phase of a superposition. Therefore this
form of backaction is the fundamental limit.

The purpose of this article is to investigate the first two
manifestations of backaction and to demonstrate that we were
able to reduce them to observe the box in the 2e-periodic
ground state. Furthermore, we show that the box obeys a simple
spin-1/2 Hamiltonian in which both terms can be controlled
in-situ. We perform continuous-wave spectroscopy on the box,
measuring the energy level separation and the avoided crossing
of the charge states. We find that the quantum broadening of
the Coulomb staircase is consistent with the level repulsion
observed in spectroscopy.

II. THE COOPER-PAIR BOX

The Cooper-pair box consists of a superconducting island
which is connected to a superconducting lead via a Josephson
junction (Fig. 1). Another gate lead allows one to change the
electrostatic potential of the island with the application of a
voltage Vi, through the capacitance Cy,. The state of the is-
land is described by the number of Cooper-pairs on the island.
Because the Josephson energy F 7 is smaller than four times the
charging energy E. = ¢2/2Cx, one has to consider only two
charging states. The Cooper-pair box is described by the fol-
lowing Hamiltonian

'y Eel ~ EJ ~

H = 5 0.+ 5 Oz
where o and o, are the Pauli matrices. ng, is the number of
electrons induced by the gate electrode ng, = Cgy3Vyp/e. The
Josephson junction consists of two junctions in parallel, forming
a SQUID loop [2] (see Fig. 1). The effective Josephson coupling
E'; of these two junctions can be tuned with the magnetic flux
® through the loop: E; = E}**|cos(m®/®)|. Here &g =
h/2e is the superconducting flux quantum. Therefore the split
Cooper-pair box is described by the two-level Hamiltonian (1),
where both terms can be controlled during the experiment.

Eg = 4Ec<ngb - 1) (D

1051-8223/$20.00 © 2005 IEEE
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Fig. 1. (a) A scanning electron micrograph (SEM) of the device. The device is
fabricated using shadow evaporation technique [11]. (b) The circuit diagram for
the Cooper-pair box coupled with C¢ to the superconducting-single-electron
transistor.

The states and the energy levels of the system can by found
by diagonalizing the Hamiltonian (1). The energy difference be-
tween the ground state and the excited state is given by

AE = \JE3 + (4B (ng — 1)? 2)

Far away from the degeneracy point (|ng, — 1| > 0) the eigen-
states are given by pure charge states. However in the vicinity
of the degeneracy point (|ng, — 1| = E;/4E,) the eigenstates
are superpositions of charge states and the energy levels show
an avoided crossing.

The charge of the box in the ground state is given by the
expectation value of the charge operator ¢ = e(1 + &) in the
ground state:

ngb—l

\/(4%])2 + (ngy — 1)2

Without any Josephson coupling (E; = 0) the box charge
versus applied gate voltage (i.e. Coulomb staircase) is just a
simple step function, which is 0 for ng, < 1 and 2 for ng, > 1.
However with a finite Josephson energy E';, a superposition of
charge states exists in the region where F; =~ E.; and therefore
the step becomes broadened. The larger the value of E; gets,
the broader the step function. The charge of the box in the ex-
cited state is giVen by <q>excited state — 2e — <q>ground state-

1+

(€)

(q) grouna =€

state

III. MEASUREMENTS

The sample was measured in a dilution refrigerator at 13 mK.
This thermal energy is far less than the relevant energy scales
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Fig. 2. The Coulomb staircase, i.e. box charge versus induced gate charge
N4, Without (square symbols) and with (circular symbols) magnetic field
applied. The magnetic field affects the superconducting gap and removes the
quasiparticle poisoning.

of either the SSET or the box. The charge of the box is mea-
sured with a SSET placed nearby (Fig. 1). Via the capacitor
Cc, a small fraction (Co/Cs = 2.5%) of the charge of the
box island couples to the SSET island. The SSET is operated
as an radio-frequency single-electron transistor (RF-SET) [12],
which is an outstanding electrometer. The sensitivity of the elec-
trometer as well as the backaction noise [13] depend strongly
on the operation point of the SSET, which can be tuned with the
drain-source voltage Vpg and the SSET gate voltage V..

First we biased the SSET on the gap rise. The measured box
charge as a function of the applied gate voltage Vjy, is com-
pletely le periodic, similar to the observations by Minnik et
al. [9]. At this bias point (Vs = 4A/e = 1 mV), the current
through the SSET breaks many pairs in the drain and source
lead of the SSET, though the power dissipated is only 1-10 pW.
This apparently induces nonequilibrium quasiparticles in the
box, though there is no direct connection between them and the
mechanism is not known. This backaction noise is of the first
kind as described above.

We then bias the SSET on the double Josephson quasipar-
ticle process (DJQP) [13], [14], which occurs at lower SSET
drain-source voltage. Fig. 2 shows with square symbols the mea-
sured Coulomb staircase. The Coulomb staircase is 2e-periodic,
however at odd number of electrons an intermediate step occurs
due to quasiparticle poisoning. However after applying a mag-
netic field of 20 mT perpendicular to the substrate, the small
step disappears (Fig. 2 circular symbols). The Coulomb stair-
case follows exactly the theoretical prediction (3). Applying a
magnetic field lowers the superconducting gap in the aluminum,
and could reduce the gap in the larger leads more than in the thin
island [15]. The quasiparticle states in the leads would have a
lower energy than on the island and therefore the quasiparticles
can not tunnel on the island and poison the Coulomb staircase,
as observed in SSET’s [16]. A similar method has been used by
Duty et al. [4] where a large magnetic field parallel to the device
is applied. In contrast to previous experiments by Lehnert et al.
[8] the box measured here has a smaller charging energy and
therefore the quasiparticle states are more separated. In conclu-
sion, using the optimal bias point of the SSET, applying a mag-
netic field and reducing the charging energy of the box allows us
to measure a full Coulomb staircase that is not quasiparticle poi-
soned. Hence, we can avoid the backaction of the first category.

We measured the Coulomb staircase as function of the ap-
plied magnetic field (Fig. 3). One observes that the Coulomb
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Fig. 3. Coulomb staircase for different magnetic field values. The staircase
is periodically broadened and sharpened as a function of the applied flux. For
integer flux quanta, i.e. large E;, the staircase is maximally broadened and for
half integer flux quanta, i.e. small E;, step-like. Note: 13 &, correspond to 27
mT.

staircase periodically sharpens and broadens. The period is con-
sistent with the number of flux quanta in the split box junction.
At integer flux quanta the Josephson energy is maximal and the
Coulomb staircase is maximally broadened. At half integer flux,
the Josephson energy is suppressed and the Coulomb staircase
approaches a step-like function. We fit the theoretical expres-
sion (3) to the staircases, which allows us to extract the energy
ratio between Josephson and charging energy (E;/4FE..). This
ratio as a function of magnetic field is plotted in Fig. 5.

The shape of the Coulomb staircase in Fig. 3 is not generic. In
order to observe these curves the SSET has to be biased slightly
below the DJQP resonance. At this bias point theory [13] pre-
dicts that the backaction noise is primarily relaxing the box, i.e.
there is backaction noise of the third category, but no backaction
of the second kind. The box is therefore forced into the ground
state by the noise of the SSET.

To observe the excited state and the energy spectrum of the
box, we perform spectroscopy by applying a continuous mi-
crowave signal to the gate of the Cooper-pair box. When the mi-
crowave energy hv (where h is Planck’s constant) matches the
energy difference between the ground and excited state, the mi-
crowaves induce a transition from the ground state to the excited
state. The system can be put in a mixture of ground and excited
state at two discrete points in gate charge where the excitation is
resonant. This microwave response appears as an extra peak and
dip in the Coulomb staircase. We measured the Coulomb stair-
case with and without microwave signal and subtracted them to
separate out the microwave induced response. Fig. 4(a) shows
the microwave peak and dip as a function of the applied mi-
crowave frequency. The position of peak and dip follow the ex-
pected hyperbolic behavior with an avoided crossing of about
15 GHz. By fitting the positions with the expression for the en-
ergy level difference (2) we can extract the Josephson energy
E; = 14.9 GHz and the charging energy F. = 18.9 GHz.
This measurement was performed at integer flux quanta applied
and therefore maximal F ;. One observes that the peak and dip
height disappear toward the degeneracy point. This is due to the
fact that the eigenstates are superposition of charge states and

g |
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Fig. 4. Microwave spectroscopy results. Obtained by measuring the Coulomb
staircase with microwaves applied and subtracting the staircase without
microwaves. (a) Spectroscopy versus microwave frequency. From the fit with
the hyperbola (Eq. (2)) we obtain £; = 14.9 GHz and E. = 18.9 GHz. (b)
Spectroscopy versus magnetic field. A microwave signal with a frequency of
25 GHz is applied. The peak and dip oscillate as a function of the applied flux.
For integer flux quanta, i.e. large E;, the avoided energy level crossing is large
and the resonances move inwards, toward the degeneracy point (ng, = 1).
Note: each plot is 10 hours of data without any offset charge jump.

the difference of the box charge between the ground state and the
excited state becomes small and disappears at the degeneracy
point. The fact that our Coulomb staircase is not quasiparticle
poisoned is very important, because it allows us to observe the
spectroscopy signal down to the degeneracy point.

We also performed spectroscopy for a constant frequency of
25 GHz and varying magnetic fields (Fig. 4(b)). One observes
that the peak and dip positions oscillate periodically with the ap-
plied the flux. As the E'; becomes larger, the avoided crossing is
larger and therefore the energy levels are more rounded. Hence
the position, where the microwave frequency is in resonance
with the energy level difference, moves toward the degeneracy
point (ng,, = 1). One can also observe that the signal disap-
pears at the positions where E'; is minimal (i.e. half integer flux
quanta). When E; is zero, the eigenstates are pure charge states.
Our microwave excitation is applied to the gate and is therefore
a charge excitation. Since only a perpendicular component can
induce transitions between states, the microwave signal is not
able to drive the transition.

The spectroscopically obtained values of F; and E. versus
magnetic field are shown in Fig. 5 (empty symbols) and can be
compared with the values derived from the ground state. One
observes that the two curves, obtained in completely different
measurements, agree very well. This confirms that the measured
Coulomb staircase is indeed the ground state of the two-level
system and that the broadening is only due to quantum fluctu-
ations. Hence we demonstrate that the Cooper-pair box is not
affected by backaction of the second category. One observes
a small discrepancy of the two measurements at low values of
E;. This is possibly due to 1/ f charge noise which additionally
broadens the step.
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Fig. 5. Energy ratio E;/E. versus magnetic field, obtained from the
broadening of the ground state (solid symbols) and from the spectroscopy
(open symbols).

IV. CONCLUSION

In these experiments we demonstrate that we are able to
eliminate the two most severe forms of backaction on the
Cooper-pair box: The backaction that creates nonequilibrium
quasiparticles on the Cooper-pair box and the backaction noise
that excites the box from the ground to the excited state. With
biasing the SSET at the optimal position and applying a small
field, we are able to observe the ground state of the Cooper-pair
box without quasiparticle poisoning. Spectroscopy and ground
state measurements demonstrate that the Cooper-pair box is
behaving according to the simple two-level Hamiltonian (1) and
that we are able to control both terms in-situ. The good agree-
ment between spectroscopy and ground state results shows that
we are indeed observing the ground state of the system.

However, as discussed above, the SSET may still be relaxing
the box, i.e. backaction of the third category. Further measure-
ments will address the backaction induced contribution to the
relaxation.
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Fabrication and Characterization of Superconducting
Circuit QED Devices for Quantum Computation

Luigi Frunzio, Andreas Wallraff, David Schuster, Johannes Majer, and Robert Schoelkopf

Abstract—We present fabrication and characterization proce-
dures of devices for circuit quantum electrodynamics (cQED).
We have made 3-GHz cavities with quality factors in the range
10%-10°, which allow access to the strong coupling regime of
cQED. The cavities are transmission line resonators made by
photolithography. They are coupled to the input and output ports
via gap capacitors. An Al-based Cooper pair box is made by
e-beam lithography and Dolan bridge double-angle evaporation
in superconducting resonators with high quality factor. An impor-
tant issue is to characterize the quality factor of the resonators.
We present an RF-characterization of superconducting resonators
as a function of temperature and magnetic field. We have realized
different versions of the system with different box-cavity couplings
by using different dielectrics and by changing the box geometry.
Moreover, the cQED approach can be used as a diagnostic tool of
qubit internal losses.

Index Terms—Distributed parameter circuits, Q factor, scat-
tering parameters measurement, superconducting cavity res-
onators.

I. INTRODUCTION

E have recently demonstrated that a superconducting

quantum two-level system can be strongly coupled to a
single microwave photon [1], [2]. The strong coupling between
a quantum solid state circuit and an individual photon, analo-
gous to atomic cavity quantum electrodynamics (CQED) [3],
has previously been envisaged by many authors, see [4] and ref-
erences therein. Our circuit quantum electrodynamics architec-
ture [4], in which a superconducting charge qubit, the Cooper
pair box (CPB) [5], is coupled strongly to a coplanar trans-
mission line resonator, has great prospects both for performing
quantum optics experiments [6] in solids and for realizing ele-
ments for quantum information processing [7] with supercon-
ducting circuits [8]-[14] and also for other architectures [15],
[16].

In developing these qubit-resonator systems, one key ingre-
dient is to design and realize transmission line resonators with
high internal quality factor, Qi,t, and with resonant frequency,
Vo, in the 5-15 GHz range to match the other energy scales of
our device, and to be in the quantum regime (hv, > kgT)
at 7' = 30 mK. On the other hand, the resonator is loaded
with input and output capacitances and we need a loaded quality
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factor Q1 ~ 10% in order to obtain reasonably fast rate of mea-
surement, k = V,/Qr ~ 1 MHz.

In fabricating the transmission line resonator, we opted for a
coplanar waveguide (CPW) for many different reasons. First, a
CPW has a simple layer structure with no need for deposited
insulators. Second, it has a balanced structure with a relatively
easy planar connection to the CPB. Third, a CPW has a v, that
is relatively insensitive to kinetic inductance and dominated by
geometrical distributed inductance. Last but not the least, CPW-
based structures, made by Al thin film deposited on sapphire,
have been recently shown [17] to allow very high @Q’s (order of
109).

We decided to fabricate on passivated Si wafers because this
is the substrate on which we had previously developed the qubit
fabrication. We also decided to try as material for the resonators
both Al, for easy compatibility with the qubit process, and Nb,
because its higher critical temperature allows testing of res-
onators at higher temperatures.

In Section II, we present design consideration for devices for
circuit quantum electrodynamics (cQED). We will show that
we can engineer () with different coupling of the resonator to
the input and output ports and that the internal losses can be
made negligible at the designed @ [1], [2]. Section III intro-
duces the fabrication procedures for both the resonator and the
CPB. Sections IV-VI present an RF-characterization of the su-
perconducting transmission line resonators versus temperature
and magnetic field.

II. CIRCUIT DESIGN

A picture of a 10 x 3 mm? chip containing a 3-GHz super-
conducting Nb CPW resonator is shown in Fig. 1(a). The length
of the meandering resonator is 2/ = 4 mm. The center con-
ductor is 10 pm wide, separated from the lateral ground planes
extending to the edges of the chip by a 5 um gap, resulting in
a wave impedance of the coplanar waveguide of Z = 50 2 to
match the impedance of conventional microwave components.
The capacitance per unit length is C; =~ 0.13 fF/um? which
gives a total resonator capacitance of C = Cl/2 = 1.6 pF.
The resonator is coupled by identical capacitors at each end (see
solid line square in Fig. 1(a)) to an input and output feed line,
fanning out to the edge of the chip and keeping the impedance
constant. In Fig. 1(b) and (1d) are shown micrographs of two
of the coupling capacitors with different geometries. The one in
Fig. 1(b) consists of two 100-um long and 4-pm wide fingers
separated by a 2-pum gap. It has a capacitance, C., ~ 6 fF,
larger than that in Fig. 1(d), which has a simpler geometry with
a4- pm gap and Cy. ¢ = 0.3 fF.

1051-8223/$20.00 © 2005 IEEE
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Fig. 1. Picture of a device for circuit QED. (a) The 3 GHz superconducting
coplanar waveguide resonator is fabricated using optical lithography. The length
of the meandering resonator is / = 24 mm. The center conductor is 10 pm
wide, separated from the lateral ground planes extending to the edges of the
chip by a 5 pm gap. The resonator is coupled by identical capacitors at each
end (solid line squares) to input and output ports. (b) Micrograph of a coupling
capacitance with two 100 gm long and 4 zm wide fingers separated by a 2 yzm
gap. (c) Scanning electron micrograph of a Cooper pair box fabricated onto the
silicon substrate into the gap between the center conductor (top) and the ground
plane(bottom) in the center of a resonator (dashed line square) using electron
beam lithography and double angle evaporation of aluminum. (d) Micrograph
of a coupling capacitance with a 4 pm gap.

The capacitive coupling to the input and output lines, together
with the loading impedance, Ry, = 50 €2, are very important in
determining the loaded quality factor (J1,, defined by

1 1 1
i + 1)
QL Qint Qext (
where the external quality factor is
wC
ext — 2
Qe =G @)
with
2R C%w?
Gext = Lk (3)

1+ R2C2w?

There are two possible regimes for the resonator. It can be
undercoupled when C,; is small (like Cy q) and then Q. =~
Qint- This is the regime in which it is possible to measure Qjy.
Otherwise, the resonator can be overcoupled when C, is large
(like C); ) and then Q1 = Qex¢. It is then possible to engineer
the (1, to obtain fast measurement with £ much larger than the
qubit decay rates [1], [2].

In Fig. 1(c) an electron micrograph of a Cooper pair box is
shown. The CPB consists of a 7-ym long and 200-nm wide su-
perconducting island parallel to the center conductor which is
coupled via two 200 x 100 nm? size Josephson tunnel junc-
tions to a much larger superconducting reservoir. The CPB is
fabricated onto the silicon substrate [see dashed line square in
Fig. 1(a)] in the gap between the center conductor (top) and the
ground plane (bottom) at an antinode of the electric field in the
resonator. The Josephson junctions are formed at the overlap
between the island and the fingers extending from the reser-
voir, which is capacitively coupled to the ground plane. The
CPB is a two-state system described by the Hamiltonian H =

861

— (B0, + Ej0.)/2 where E,; is the electrostatic energy and
Ej = Ejmax cos(m®y) is the Josephson energy. The overall
energy scales of these terms, the charging energy F.; and the
Josephson energy Ej,,qz, can be readily engineered during
the fabrication by the choice of the total box capacitance and
resistance respectively, and then further tuned in situ by elec-
trical means. A flux bias &, = ®/®,, applied with an external
coil to the loop of the box, controls F ;. We have demonstrated
that changing the length of the CPB island and its distance to
the center conductor and changing the dielectrics (removing the
passivation step of the Si substrate), we can obtain stronger cou-
plings of qubit and resonator as predicted by simple electrostatic
calculations of the capacitances.

III. DEVICE FABRICATION

The pattern of 36 different Nb resonators is generated
exposing a bilayer photoresist (600 nm LORSA and 1.2 pm
S1813) through a mask with traditional UV photolithography.
Then a 200-nm thick Nb film is dc magnetron sputtered in Ar
at 1.5 Pa with a rate of 1 nm/s in an UHV system with a base
pressure of 20 uPa. The substrate is a 2" 300-pm thick p-doped
(Boron) (100) oriented Si wafer with resistivity p > 1000 Qcm
previously passivated by thermal wet oxidation with a 470-nm
thick layer of SiOs. A lift-off process in NMP followed by
ultrasonic agitation completes the resonator fabrication.

Al resonators are fabricated on the same type of substrate de-
positing a 200-nm thick Al film by thermal evaporation at a rate
of 1 nm/s in the same UHV system. Then the same mask is used
to expose a single photoresist layer (1.2 um S1813) and then re-
alized by wet etching (8 : 4:1:1 = H3PO,4: CH3COOH :
HNOj : Hy0) the metal.

In both cases, chips containing individual resonators are ob-
tained by dicing the Si wafer. The CPB qubit [Fig. 1(c)] is
then fabricated on an individual resonator by a simple Dolan
bridge technique [18] exposing a bilayer resist (500 nm MMA-
(8.5) MAA EL13 and 100 nm 950 K PMMA A3) by e-beam
lithography and then e-beam evaporating Al (35 nm for the
base and 70 nm for the top electrode) at a rate of 1 nm/s in a
double-angle UHV system with a base pressure of 20 yPa. The
junction barrier is realized with a 12 min thermal oxidation in
a 400 Pa of O5. A lift-off process in hot acetone and ultrasonic
agitation complete the device. To couple the qubit reservoir to
ground with a large capacitance, the base electrode is deposited
with a little angle taking advantage of the shadow of the thicker
Nb film to define the capacitor.

IV. MEASUREMENT TECHNIQUE

The frequency dependence of the transmission through the
resonators! was measured using a vector network analyzer. The
equivalent circuit of the measurement setup is shown in the
inset of Fig. 3. The sample was mounted on a PC board in a
closed copper sample box (Fig. 2) equipped with blind mate
SMP connectors that launch the microwaves onto the PC board
CPW’s. The sample was cooled to temperatures ranging from

IThe transmission is measured in dB = 10log |V>/V1|?, where V5 is the
voltage measured at the input port of the analyzer and V; is the voltage applied
at the output port of the analyzer.
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Fig. 2. Picture of the copper sample box containing a resonator mounted on
the PC board.
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Fig. 3. Measured transmission power spectrum of an undercoupled resonator.
The solid line is a fit to a Lorentzian line.

the critical temperature, 7. of the superconducting films down
to 7' = 30 mK.

The transmission .So; through the resonator around its funda-
mental resonant frequency v, is shown in Fig. 3 at 7" = 30 mK.
The curve was acquired using a —60 dBm input power? and
a room temperature amplifier. The input power was lowered
until no distortion of the resonance curve due to excessive input
power could be observed. The network analyzer was response
calibrated (S21) up to the input and output ports of the cryo-
stat and the absorption of the cabling in the cryostat was deter-
mined to be approximately —7 dB in a calibrated S1; and Sao
reflection measurement. The quality factor of the resonator is
determined by fitting a Lorentzian line to the measured power
spectrum as shown by the solid line in Fig. 3. This is the power
spectrum of an undercoupled resonator and from the fit we have
extracted v, = 3.036 94 GHz. At this frequency the insertion
loss is L, = —13 dB. The quality factor is determined from the
full width at half max of the fitted power spectrum and is found
tobe Qr ~ Qint = v,/26v, = 271, /k = 0.55 x 106,

V. TEMPERATURE DEPENDENCE OF () AND v,

In Fig. 4, we show the measured temperature dependence of
the quality factor () for an undercoupled resonator (solid dots)
and an overcoupled one (open dots). The lines in Fig. 4 are gen-
erated by summing a Q;,¢ that scales exponentially with the re-
duced temperature, T../T', in parallel with a constant Qext. At

2The input power is in dBm where —60 dBm = 20 log(1 W /1 mW).
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Fig. 5. Temperature dependence of the resonant frequency v, of a
superconducting Nb coplanar waveguide resonator. Solid line is a fit to a
kinetic inductance model.

low temperature, the coupling saturates the () of the overcou-
pled resonator, while it seems that ) for the undercoupled one
has still some weak temperature dependence whose nature is
still unknown. We speculate that either vortices or losses in the
dielectrics could limit the @ of this resonator but neither of these
interpretations offer an easy understanding of the weak temper-
ature dependence.

We have observed a shift of the resonant frequency v, with
temperature as shown in Fig. 5, which can be understood in
terms of the temperature dependent kinetic inductance of the
resonator [17], [19]. v, is proportional to 1/ VL, where the total
inductance of the resonator L is the sum of the temperature in-
dependent geometric inductance L,, and the temperature de-
pendent kinetic inductance L. The kinetic inductance scales
as Ly, o< A\p(T)?, where Ar(T) is the temperature dependent
London penetration depth. The best fit in Fig. 4 was achieved for
aratio Ly / L., = 4% and a critical temperature of T, = 8.75 K,
which we have independently measured on a test sample fabri-
cated on the same wafer.

VI. MAGNETIC FIELD DEPENDENCE OF ()

As explained in Section II, we need to apply a magnetic field
perpendicular to the qubit loop in order to tune F ;. Then, we
measured the quality factor of two resonators as a function of
the magnetic field at T' = 300 mK, as shown in Fig. 6. It is evi-
dent that the Nb film (upper part) is less sensitive to the applied
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superconducting coplanar waveguide resonators at 7' = 300 mK. In the upper
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resonator. Arrows indicate the direction in which the magnetic field was swept
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field than the Al film (lower part). In both cases there seems to
be areproducible and irreversible hysteretic behavior that can be
reset by thermal cycling the sample. In our recent works [1], [2]
we have observed a focusing effect on the magnetic field such
that the effective field in the gap of the resonator was approxi-
mately two orders of magnitude larger than the applied magnetic
field. We believe that the hysteretic phenomena could be in fact
a result of vortices being trapped in the resonator film due to
these large effective fields.

VII. CONCLUSION

In summary, we have designed and fabricated devices for re-
alizing a circuit quantum electrodynamics architecture in which
a qubit can be strongly coupled to a single microwave photon.
We have shown that we can engineer () with different coupling
of the resonator to the input and output ports and that the in-
ternal losses can be made negligible at the designed (). Indeed,
we have achieved high Q = 0.55 x 10° in the undercoupled
CPW resonators and QQ ~ 10* in the overcoupled ones, which
allow fast measurement of the qubit.

To help determine the mechanism of the losses, one can fab-
ricate resonators on different substrates [Si with different resis-
tivity, sapphire, SizN4)], or in different superconductors (Ta,
Al). In fact, quality factor measurements in this type of res-
onant circuits serve as a sensitive probe of material losses in
dielectrics and superconductors in the GHz frequency range at
millikelvin temperatures. These presently unknown properties
may in fact pose a serious limit for all superconducting qubits,
though the large internal Q’s already observed are highly en-
couraging. Better knowledge of the material losses, and tech-
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niques to characterize them, may be crucial not only for future
improvements of circuit QED devices, but also for designing
and realizing robust, long-lived superconducting qubits.
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We study theoretically the parametric down-conversion and squeezing of microwaves using cavity
quantum electrodynamics of a superconducting Cooper-pair box (CPB) qubit located inside a trans-
mission line resonator. The nonlinear susceptibility y, describing three-wave mixing can be tuned by dc
gate voltage applied to the CPB and vanishes by symmetry at the charge degeneracy point. We show that
the coherent coupling of different cavity modes through the qubit can generate a squeezed state. Based on
parameters realized in recent successful circuit QED experiments, squeezing of 95% ~ 13 dB below the

vacuum noise level should be readily achievable.
DOI: 10.1103/PhysRevLett.95.140504

Squeezed states are a valuable tool to usefully manipu-
late the Heisenberg uncertainty principle by reducing the
quantum fluctuations of a certain variable of interest at the
expense of increased uncertainty for its conjugate variable.
Using squeezed states one can perform very quiet mea-
surements much below the vacuum noise level [1].
Squeezed states manifest the quantum coherent nature of
light and provide a chance to beat the standard quantum
limit by preferentially doing an experiment using the
squeezed quadrature alone [2,3]. Squeezed states have
been experimentally observed in a nonlinear optical cavity
experiment [4,5]. Recently, the theory of squeezing in a
high-Q cavity was considered [6]. Upon the injection of a
high-energy photon, a nonlinear optical medium can co-
herently generate two photons, the sum of whose frequen-
cies is equal to that of the high-energy photon via optical
parametric down-conversion (PDC). If one injects low-
energy photons instead, one may induce second harmonic
generation, which also forms a squeezed state. In addition
to this three-wave mixing, four-wave mixing can be used to
generate squeezed states. In pioneering condensed matter
experiments, the Josephson junction parametric amplifier
was used in the microwave regime to produce (47 =
8)% ~ 3 dB squeezing below the vacuum level [7-9] via
degenerate four-wave mixing. There has been tremendous
recent progress in realizing quantum optics physics in
electrical circuits. It is now possible to experimentally
reach the extreme strong coupling limit of cavity QED
[10-12] and to see very strong microwave nonlinearities
in high inductance small scale Josephson junctions whose
Hamiltonian can be controlled with remarkable accuracy
[13]. Coherent dynamics of a flux qubit coupled to a
harmonic oscillator in a SQUID circuit has also been
demonstrated [14].

Motivated by these experimental advances in ‘“‘circuit
QED,” we here study squeezing in a system consisting of a
Cooper-pair box (CPB) located inside a high Q coplanar
waveguide resonator. Two different discrete photon modes
(fundamental and first harmonic) are coupled through the
CPB as shown in Fig. 1 and squeezing occurs via three-
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wave mixing. Compared to the cavity QED of atomic
physics, circuit QED has the advantages of infinite transit
time of the “atom” (qubit) inside the cavity and much
stronger coupling between qubit and photon. We empha-
size that strong coupling means we only need a single
“atom.” The circuit QED system recently successfully
demonstrated strong coupling (vacuum Rabi splitting) be-
tween a single photon and a qubit in all solid-state system
[11]. While this architecture offers a very quiet environ-
ment leading to excellent coherence of the qubit (7} ~
7 ws, T5 ~ 500 ns) [12], the solid-state environment still
leads to qubit decay rates and dephasing rates much larger
than those in corresponding atomic physics microwave
cavity QED experiments [15]. Hence it is crucial to inves-
tigate these environmental effects on the efficiency of
squeezing. Using both numerical and analytical calcula-
tions based on the currently available experimental pa-
rameters, we have estimated that the circuit QED system
can readily produce about 95% squeezing, that is, 13 dB
below the vacuum noise level.

We start with the following Hamiltonian to describe the
coupled system of qubit and cavity photons for microwave
circuit QED [10,11]: H = Hy + H;. The Hamiltonian H,
is given by

E
Hy, = %UZ + hwlairal + hwza;raz, H

where Eg = ./E3 + E2, E; is the Josephson coupling

FIG. 1 (color). The schematic diagram for the circuit QED
coupled to a Cooper-pair box located at one edge of the cavity.
The red and blue lines represent the fundamental and the second
harmonic cavity modes, respectively. The change of CPB posi-
tion from the edge will vary the coupling strengths g, and g,.

© 2005 The American Physical Society
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energy, E, =4E-(1—2N,), E, the charging energy, N,
the gate charge, and w, the angular frequency of the funda-
mental resonator mode and w, = 2w is the first harmonic
frequency. The coupling Hamiltonian H; can be written

H; = —[gy(al + a)) + g,(al + ay)]
X [1 = 2N, + sinfo, — cosbo ], )

where g; represents the coupling strength between the
qubit and the ith cavity photon mode, and 6 =
tan"!(E,/E,). At the charge degeneracy point (CDP),
that is, N, = 1/2, H, reduces to the Jaynes-Cummings
Hamitonian, since cosf = —(4E¢/E,;)(1 — 2N,) = 0 and
sinf = 1. One can see that away from the CDP, we have
couplings other than the Jaynes-Cummings term, whose
strength linearly increases with the deviation. Because the
only relevant cavity frequencies will be the fundamental
and first harmonic, we expect degenerate PDC to occur in
our system, where a single high-energy photon coherently
generates two photons, each with half the frequency. We
emphasize that this is degenerate PDC because the cavity
only has discrete modes. In order to achieve squeezing via
PDC in circuit QED, the system should be able to convert a
single w, photon into two w; photons, which requires a
term of the form aifafaz in the effective Hamiltonian. This
will result from the third order processes in terms of Hj,
which will be in general negligible since g2g,/w} < 1 in
typical experiments [11]. However, we can resonantly
enhance the process by tuning either w; or w, close to
Ey,. We have chosen the case w, = Ej,.

We first apply the following unitary transformation U to
the Hamiltonian H

U, = exp[ S Bl —ah1-2n, - cos@o-z)} 3)
ST @i
This corresponds to shifting the centers of the harmonic os-
cillator coordinates X; = a; + a;r by 2g;/w;)(1 — 2N, —
cosfa,). Subsequently, we apply the unitary transforma-
tion
81 sinf

2(Ey; — wy)
Upon application of these two unitary transformations, we
obtain, after perturbative expansion in g; and g,, the
following Hamiltonian: H; = UZUIHU}L U; =H,+H
for Ey; = w,,

U, = exp|: (airof - a10'+):|. 4)

1
H' = 58 sin@(a;fa'_ + ay,o™)

5 .
+M(afafa'_ + aja,0"). (5)
2(1)1

We define the energy detuning between the cavity photon
frequency w, and the qubit energy splitting Ey; to be A =
Ey — w, and consider the case g, < A < w,. It is this
Hamiltonian which we will study numerically. However, to
develop an analytical understanding, we can apply the
following additional unitary transformation U,

&> sinf
2A

Finally, we obtain the following low-energy effective
Hamiltonian through H. = U3H 4 U;r ,

Uy = exp[ (a;r o — a20'+)} (6)

20in2
- g5sin” 6@
Hes = Hy +
eff 0 A

4
+§(airafa2 +a1a1a;r)0'z, @)

[l + o.2n, +1)]

where the second term on the right represents the Lamb
and light shifts of the qubit splitting frequency and ¢ =
(2g3g, sinfsin20/Aw;). The third term is the desired
squeezing term. Hg is exactly the standard Hamiltonian
for degenerate optical PDC including the Lamb shift [3].
Note that the squeezing operator couples to the qubit state
o, and the phase of the squeezed quadrature will shift by
7r/2 if the qubit is placed in the excited state.

In deriving the above result, we have neglected the effect
of cavity damping > ;_; » \/K; [%, dwa,;b},, where b,, rep-
resents the continuum modes outside the cavity and «; the
cavity loss rates. Unitary transformation of the damping
terms leads to radiative atom damping [10] and two-photon
decay terms [16] such as (\/k;{/24) [*,, dwaya;bl,. The
two-photon decay rate is much smaller than the cavity loss
K, by a factor of (£/A)?/2, and hence we will neglect it.
Similarly the radiative atom damping term is smaller than
the intrinsic atom decay rate and we will neglect it. In the
limit of weak pumping, down-converted pairs of photons
are produced incoherently at a rate 71,({/k;)> given by
Fermi’s golden rule with 71, the average number of pump
photons.

To understand the squeezing produced by strong pump-
ing, one needs to consider the substantial deexcitation rate
v from the excited state of solid-state qubits. Furthermore,
the qubit dephasing rate vy, is typically at least 1 order of
magnitude greater than y. For charge qubits, optimal phase
coherence occurs at the charge degeneracy point [17]
where (it happens that) the symmetry prevents the three-
wave mixing which we require for PDC. Hence it is crucial
to take into account these effects to obtain a realistic
estimate of squeezing. For a deviation of 10% from the
charge degeneracy point, coherence times of 7, ~ 200 ns
have been demonstrated [17]. We start with the
Hamiltonian H, obtained via the unitary transformation
U,U, in Eq. (5), which is defined in the rotating wave
frame of w,,

H, =%az + g sinfla, |0y +£(airaira" +aja,0").

®)
Here I' = 2g7 sin26/w, and we have taken the pump to be
classical: (a,) = a, = ila,|.

Following the standard quantum theory of damping, we
investigate the coupled system of qubit and cavity plus the
reservoir. After integrating out the reservoir degrees of
freedom and using the Markov approximation, one obtains

140504-2
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the master equation [3] for the reduced density matrix p of
the qubit plus cavity system,
P - 1 1
dr = —i[H}, p] + Kl[amaf - Ea}tam - Epa;fal}
1

1
+ Z[ _pUJr - —cha'_p - zpa’*o’}

4 2
Y
+ %[Uzpo-z - p] 9

Using the quantum regression theorem [3], the variances
V(w) (homodyne spectrum) of quadrature X; = a + at
and X, = (a — at)/i for the output cavity photon mode
are given by

V(iw) =1 fjo dre " Tr{(a, * aIr)

X ELT(alpss * pssair)}’ (10)

where L is the Liouvillean operator, p,, the density matrix
at the steady state, and the (+) and (—) signs correspond to
X, and X, quadratures, respectively. We have numerically
calculated the V(w) of quadrature X; and X, based on an
exact diagonalization study in the Hilbert space of size
2N X 2N corresponding to the two possible spin states and
the number of photons being restricted to less than N. We
have chosen the following conservative set of experimental
parameters: /27 =3 GHz, T; =2 us, T, = 100 ns,
0 =5X%10° g,/2m = 18 MHz, E-/E; = 1, and sinf =
1 near the CDP, where T, = y', ¥y, = vy, + ¥/2, and
A/w, = 0.05 [11]. In Fig. 2, we have plotted V(w) as a
function of w for A =2.6X10*, T =15, N =10, and
gl ,| = 2827 in units of k; = w;/Q. We find that the
maximum squeezing is obtained at w = 0 as expected. The
frequency width of the squeezing spectrum is controlled by
the cavity width «;. The variable I" is tunable by varying
the qubit gate voltage. It is experimentally observed that
the dephasing time 7, decreases very rapidly, as the qubit
is detuned from the CDP [17]. Hence we will restrict the
relative deviations from the CDP to be small 2N, — 1| =

l—_— . —
| . y

0.9 N\ ;

0.8y s‘/

0.7

0.6

V(o)

05 (.
0.4 |
03} |
0.2}

01l N=10,4=2.6x 10", =5, g Jo 12827

-10 -5 0 UJ/K] 5 10

FIG. 2. The quadrature variance V(w) for X; is plotted as a
function of w for N=10, A=2.6X10*, '=5, g,|a,| = 2827
in units of ;. The maximum squeezing is obtained at w = 0.

0.1, where T, = 100 ns. This restriction yields a maximum
value of ' = (8¢3/w)(Ec/E;)(1 — 2N,) ~ 0.53 MHz. In
Fig. 3, V(o = 0) is plotted as a function I' for N =
10,12, 15,20. We have checked that AX,AX, satisfies
the minimum uncertainty bounds and closely approaches
the minimum uncertainty condition. The maximum output
squeezing is obtained by extrapolation of the numerical
results for finite N to N = oo yielding V(w = 0) = 0.05,
that is, —13 dB, as shown in the inset of Fig. 3.

We have performed extensive simulations by varying the
sets of parameters. Increasing A consistently improves the
squeezing because it reduces the effect of dephasing of the
qubit. We can analytically study the effect of finite qubit
decay time and dephasing on the squeezing as follows.
Based on perturbative analysis, we have demonstrated that
the PDC rate is given by (g,I'sinf/A)o, as shown in
Eq. (7). When concerned with the spin dynamics of the
qubit alone, we may neglect the coupling term between
cavity photon and the qubit, which is much smaller than the
other terms in Eq. (8). By neglecting the coupling, we ob-
tain the following steady state solution for the spin polar-
ization (o) (o,)=—vy(y] +A?)/[4g3|a,|*sin?0y, +
y(yi +A%)]. In the absence of pump photons, (Ja,| =
0), the qubit correctly decays down to the ground state,
that is (o,) = — 1. For large detuning, the finite pump only
slightly quenches the spin polarization.

Because of the quenching of qubit spin, the effective
PDC parameter y, is given by the following formula

= g sinfla, [T yi + A2
A 4g3la,>sin’0(y  /y) + y] + A?
(11
: 0.13, ‘
V. -
08 % s I /4 1
\ >30.09 // /4/
\ 0.07 _ ////
0.6 \ 0.03 - ’///
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FIG. 3. The quadrature variance V(w = 0) for X; is plotted as
a function of I for several different values of N = 10, 12, 15, 20.
The minimum value of V(w = 0) decreases with the increase of
the maximum photon number N. The critical value of I' is about
8.2 in units of k. In the inset, the maximum output squeezing for
several values of N is plotted with respect to 1/N. By extrapo-
lation to N = o0, we obtain the V;,(w = 0) = 0.05, that is,
—13 dB.
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FIG. 4. The critical value I'* is plotted as a function of A. The
dotted line represents the result from the analytical formula and
the filled circles from the numerical simulation. Here I and A
are in units of ;.

Maximum squeezing is achieved near the critical point
X2 = k,/2 [3], which leads to the optimal value of I" for
A > Y1

I =21+ 4Gy /7)) (12)
X

where x = g, sinf|a,|/A. In Fig. 4, T is plotted as a
function of A. The dotted line represents the result from
the analytical formula of Eq. (12) which shows excellent
agreement with the numerical simulation (filled circles).
By differentiating with respect to x, one can obtain the
minimum value of I™ required to achieve the maximum
squeezing: T, = 2i(y,/y)"/? for x* = (y/4y )2
Since the value of the I'/k; can reach as large as 13.3 for
the chosen set of parameters, it is well above L'y, /x| =
2(y 1 /y)"/* = 8.9. Hence the maximum squeezing can be
realized with the chosen experimental parameters. The
validity of perturbation theory in g, [10] imposes the
following constraint on the product of the pump amplitude
and the coupling, g;|a,| < (A/2sinf). We note that one
can control the values of g; and g, independently by
shifting the position of the qubit within the cavity. When
the CPB is located at 1/4 of the resonator length from the
left edge, g, vanishes as shown in Fig. 1. Hence by placing
the CPB slightly left of the above position, the pump
amplitude can always be made large enough for the clas-
sical approximation to be valid.

In summary, we have studied degenerate parametric
down-conversion and squeezing in circuit QED, where a
superconducting Cooper-pair box (CPB) qubit is located
inside a transmission line resonator. We have shown that
away from the charge degeneracy point, the coherent cou-
pling of different cavity modes through the qubit can
generate a squeezed state via three-wave mixing. We
have investigated the effect of the finite qubit lifetime
and dephasing on squeezing, which will be crucial espe-
cially for the qubit away from the charge degeneracy point.
By performing both the numerical and analytical calcula-

tions, we have demonstrated that the squeezing of about
13 dB below the vacuum noise level can be obtained for the
currently available experimental parameters.
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Quantum-limited measurement and information in mesoscopic detectors
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We formulate general conditions necessary for a linear-response detector to reach the quantum limit of
measurement efficiency, where the measurement-induced dephasing rate takes its minimum possible value.
These conditions are applicable to both noninteracting and interacting systems. We assess the status of these
requirements in an arbitrary noninteracting scattering-based detector, identifying the symmetries of the scat-
tering matrix needed to reach the quantum limit. We show that these conditions are necessary to prevent the
existence of information in the detector that is not extracted in the measurement process.

DOI: 10.1103/PhysRevB.67.165324 PACS nuniber73.23—b, 03.65.Ta

[. INTRODUCTION ally considered in mesoscopic systems. For example, we find
that time-reversal symmetry is not necessary for reaching the
Issues of quantum measurement in mesoscopic systengglantum limit. We also find that, surprisingly, an adiabatic
have recently garnered considerable interest, both because pgint-contact system remains a quantum-limited detector
their relevance to attempts at quantum computatiand even for voltages large enough that several channels contrib-
quantum-limited amplifier$.A general consequence of any ute to transport and that the energy dependence of scattering
quantum measurement is that it must induce decoherence i important; previous studi&s'® have only shown that the
the system variable conjugate to that being measured. Thiguantum limit is achieved in the small voltage regime. Our
basic fact naturally leads to the issue of measurement effiesults for the mesoscopic scattering detector are comple-
ciency: what conditions must a particular detector satisfy sgnentary to those obtained in Ref. 6.
that it induces theabsolute minimunamount of dephasing
required by quantum mechanics? This minimum dephasing Il. GENERAL CONDITIONS
rate is identical to the measurement rétg.,, the rate at
which information is extracted during the measurement pro-
cess; thus, the measurement efficiency ratiol is defined We start by considering a generic system consisting of a
by x=T'meadl',, WhereT, is the measurement-induced qubit (i.e. a two-level system described as a spjrcoupled
dephasing rate. Besides being of great conceptual intere¢ty an arbitrary detector. The system Hamiltonian Hs
near-ideal measurement schemes are necessary to detect sigH qupirt Hdetecto Hint,»  Where  Hgpie= — 1Q0,, Hiy
natures of coherent qubit oscillations in the output noise of &= Ac,Q, and we leave 4o orunspecifiedQ is the detector
detector* and are essential if one wishes to construct ainput” operator that couples to the qubit, whil& charac-
guantum-limited amplifiefi.e., an amplifier whose noise en- terizes the strength of the qubit-detector coupling. Mixing
ergy is the minimum allowed by quantum mechanfcs effects, where the detector causes transitions in the qubit, are
While the question of measurement efficiency has receivedeglected by takind Hn,Hqunil =0; such effects always
attention in the context of general measurement theidris ~ cause a deviation from the quantum limit. We work in the
only recently that it has been considered in the context ofveak-coupling regimeA—0), and can thus use the linear-
solid-state detectors. Averias considered the status of the response theory to describe the output of detector. Tdking
guantum limit in a number of solid-state detectors, whilebe the detector observable that is measured, the “out-
recently Pilgram and Btiker® considered the quantum limit put” operato), one has to lowest order i,
for a system in which a mesoscopic conductor acts as a de- R
tector. (I(t))z(l(t))poJrA)\(aZ(t))pQ, (1)
In this paper, we formulate general conditions that are . o
needed for an arbitrary detector in the linear-response regiméhere the zero-frequency linear-response coefficieott
to reach the quantum limit of detection, wheye=1. These forward gain”) \ is given by
general conditions are valid for both interacting and nonin- .
teracting systems, and can be given a direct physical inter- )‘E__If dr([1(7),Q(0)]) 2
pretation. We also discuss the quantum limit in terms of a fi Jo Po
simple concept from quantum information theory, the acces-
sible information. To make these considerations more con- *
crete, we apply them to a mesoscopic scattering detector :#mfo d7(1(7)Q(0)),. 3
similar to that considered in Ref. 6, identifying precise con-
ditions and symmetries needed to reach the quantum limitiere,p, is the initial density matrix of the detector apg is
We find that the required symmetries are most easily undetthe initial density matrix of the qubit. We have assumed that
stood if one considers the scattering detector in terms othe qubit splitting frequenc§) is much smaller than the rate
information; these symmetries are not the same as those usiltat characterizes the detector, which allows us to approxi-

A. Model and derivation of the quantum limit
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mate the detector’s response to the qubit as instantaneoys(m(t)|1) and p(m(t)|])] be statistically distinguishable.
Alternatively, one can restrict attention to the case where thdssuming Gaussian distributions, distinguishability is de-
qubit is in ac, eigenstate, and thysr,(t)) is time indepen-  fined as
dent. The operators on the right-hand sid@HS) in the
above equation evolve in the Heisenberg picture generated (m(t));—(m(t)),= \/E[O'T(t)-i-a'l(t)], (8)
by Ho= H qubit™ H detector . C

Next, we connect the detector noise in the output operatof/hereo denotes the variance of the distribution and e
| and input operato® to, respectively, the measurement ratefactor_s mclu_ded in order to make the final upper bound on
T'meas@nd the dephasing raté, . Defining the fluctuating X Unity. Using Eq. (1) for (I(t)), and letting 7ieas

part of an operatoA as "A=A—(A>po, the required zero- =1/Tmeas the condition becomes

frequency noise correlators are given hy, 1
. 2AN 7'measzz\/i (ESII ) Tmeas 9

szzf “at(T(1)T(0)), = 4mh S, P6(E ~EnTyl2,
! —w (HOTC )>p° i ; OB~ EnTil which directly yields the expression in E) for I'\eas
(43 Note that we have taken;=o | in the last step; this is
. sufficient to obtain the leading-order-k-expression for
A = r
=2 dt(Q(t 0 =47h P:S(E,—E <12, meas . '
S f_m (QUQ(0)), =4 |2f 1 0B = )| Qurl To relatel’, and T ,es We first note that the right-hand
(4b)  sides of Egs.(4a—(4c) implicitly define an inner product
.. (i.e., interpret the matrix elemenf;;} and{Q;;} as defining
SIQZZJ’ dt(T(t)Q(O)) vectors. The Schwartz inequality then immediately yields
Po

— o

S|SQ2|S|Q|2:ﬁ2(7\_)\,)2+(ReS|Q)2, (10)

=4t 2, PiS(E—E)(Tin)(Qu). (4c)  where we have introduced the reciprocal response coefficient
L (or “backwards gain) \':
Here, we use the short ha@j; =(i|O|f), whereli), |f) are
eigenstates o yeiectorWith energiest; ,E;. The probability
P; is defined agi|poli); we assume that, is diagonal in the
basis of eigenstates. Taking the detector noise to be Gauss- ) ]
ian, the standard expressions for the dephasinglatand ~ * would describe the response @(t)) to a perturbation

2 © .
)\,E%ImJ‘O dT<Q(T)|(O)>pO. (11

measurement raté, ,care given by that couples to the operatdr Note that as\n and A\’ are
defined in terms of commutators, we may substitLite]
I _Aj I _A27\2 () and Q—Q in their definitions. General stability consider-
w_ﬁsz' meas— g - ations lead to the condition\'<0. Using Egs(5), we thus
have
We briefly review the origin of Eq9(5). The dephasing
rate describes the measurement-induced decay of the off- I eas 72N2 h2\?
diagonal elements of the qubit density matrix. It can be de- = <1. (12

= <

T S 20y _y 2 2
rived by looking at the decay at long times of the phase e %5 AN+ (ReSg)
correlatorV(t) = (o, (t)o_(0)), whereo, (o_) isthe spin  The best one can do is measure the qubit as quickly as one

raising (lowering) operator: dephases it! Note that this derivation only requires the va-
lidity of linear-response and the weak-coupling approxima-
V()= exp —i ftdt’(Q+2AQ(t’)/ﬁ) tions which.giye rise to E_q$5); very little is speci_fie_d of the
0 detector. Similar derivations of the quantum limit are pre-

o2 sented in Refs. 3 and 5.

5 - t vt~ The inequality in Eq.(12) is in many ways intuitively

=€ ImEXp( 72 fodtlfodb(Q(h)Q(tz))) ) reasonable. Both dephasing and measurement involve entan-
gling the state of the qubit with states in the detector. In
principle, there may be degrees of freedom in the detector
which become entangled with the qubithout providing
Here,ﬁ=Q+2A<Q>pO/h. any detectable information in a measurement(of, any

The measurement rate describes how long the measurgych.entanglement would Ieadlfg>l“meqs'l\'/lore precisely,
ment must be on before the signal associated with the twgnaglne_th_at when the meas.urement is initially turned on, the
qubit states can be distinguished from the noisd.ifThe System is in a product state:
quantity of interest is the time integral of the detector output,
m(t)=fgdt’l(t’). One needs that the distributions moft) |y(t=0))=
corresponding to the two different qubit statése.,

*)e—if)te—lﬂwt_ (7)

1

2(|T>+|l>)®|D>, (13

il
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where |D) is the initial state of the detector, and), ||) N\’ implies that this additional coupling will not contribute to
denote qubiir, eigenstates. At some later timethe state of (Q(t)), and thus cannot further dephase the qibit Eq.

the system may be written as (6)].
On a technical level, Eq16) follows from the optimiza-
1 tion of the Schwartz inequality and the requirement that

lg(t))y=—=(I1)2|D;())+|1)®|D (1))). (14  ReSo=0 [i.e. conditions(i) and(ii) above. The vanishing
V2 of N’ [Eq. (17)] can be interpreted in terms of causality. To

__see this, we first introduce the frequency-dependent cross-
To say that we have measured the state of the system impliggrelators, o(E):

that the statefD(t)) and|D (t)) are distinguishable; to say
that the qubit has been dephased only implies that the detec- © EUh
tor stategD(t)) and|D (t)) are orthogonal. While distin- S,Q(E)=2f_wdt<l(t)Q(O)>pOe
guishability implies orthogonality, the opposite is not true;
thus, in generall’ > T',cas Note that, in this formulation, ~ =
the dephasing rate will be related to the overlap between the :4”ﬁi%i Pio(E+E—EnifQyi. (18)
two detector states: '
We may use this to write

[(D1(1)|D ()= ", (15 1
AMA) =52 | +(2)IM[S(0)]
B. Necessary conditions for reaching the quantum limit
We have thus seen that on a heuristic level, reaching the 3 ip ” dERe[S|Q(E)] (19
qguantum limit requires that the detector have no “extrane- ) E '

ous” degrees of freedom which couple to the qubit. Equiva- _ _ _
lently, all information on the state of the qubit residing in the If A" =0, it follows from the above that &=0, the imagi-

detector should be accessible in the measuremefiyofrhe  nary part ofSo(E) coincides with the Hilbert transform of

virtue of the derivation presented in the preceding section ighe real part ofSo(E):

that these statements can be given a precise meaning. One

sees that three conditions are necessary to reach the quantum 1 (= ,Re[So(E")]

limit: (i) the Schwartz inequality in Eq10) must be opti- Im[Sio(E)] T ;Pf_de T E_E

mized, (i) the cross-correlator R§q must vanish, andiii) E=0 E:(OZO)

the backwards gaim’ must vanish. Condition§) and (ii)

can be succinctly reexpressed as a single condition, leading this held for all E, it would follow from the Titchmarsh

to the following necessary and sufficient requirements: theorem3 thatS,Q(t)z(T(t)Q(O))po is causal: it would van-
_ _ ish for t<0. This would clearly be sufficient to satisfy Eq.

{V i,f|Pi#0Ei=E}, (f[I]i)=iC(f[Qli), (16)  (17). More generally, the vanishing of only requires the

weaker zero-frequency causality condition in E20).

2 © .
N= %Imfo dr(Q(7)l (O)>pO:0' 17) C. The quantum limit and information theory

We close this section by formalizing the connection be-
Here,C is a real number that is independent of the detectotween the quantum limit and information. A deviation from
eigenstatedi) and|f).'? Equations(16) and(17) are central the quantum limit(i.e., y<1) implies the existence in the
results of this paper. The first of these equations expressetetector of “missing information” regarding the state of the
the fact that to reach the quantum limit, there must be a closgubit, information that is not revealed in the measurement of
similarity between the detector's input and output{l). The dephasing rate thus corresponds to what the mea-
operators—as far as the zero-frequency noise correlators aseirement rate would hiéwe could make use of all the avail-
concernedthe operators | and Q must be proportional to able information. This notion can be quantified by borrowing
one another This required similarity between the detector a concept from quantum information theory, the accessible
input and output is a formal expression of the intuitive ideainformation**~1"To define this, note first that if we choose a
that a quantum-limited detector has no “extraneous” internalspecific detector quantitgor set of quantitiesY to measure
degrees of freedom. The second condition, Ej), ex-  (described by, e.g., a set of commuting observaples can
presses the fact that a quantum-limited detector must havethink of our system as a noisy classical communication chan-
strong intrinsic directionality that discriminates between thenel. The two possible inputs to the channel are the qubit
input and output. The output operator is influenced by behavstates| ) and||); interaction with the detector for a tinte
ior at the input, but not vice versa. This requirement is conthen leads to two corresponding detector stgiegt)) and
sistent with our tacit assumption that the quanity can be  |D (t)) [c.f. Eq. (14)].*8 Finally, the outputs from the chan-
measured without problems. To measurene needs to in- nel are the outcomes of the measuremenY.ofhe “noise”
troduce a coupling in the Hamiltonian tpthe vanishing of  here is a result of the intrinsic uncertaintiesYoiin the states
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|D(t)) and|D(t)); the output will thus be described by the
conditional probability distributionsp(y|T) and p(y|l),
which are determined by these states, why:reeprefents
possible outcomes of the measurement. Lettipgy)
=[p(y|T)+p(y|l)]/2, the mutual informationR of this

channel i&° v

_ 1 ;
RIYI=HIp(y)]- 5 (HIp(y[ ]+ HIp(YIDD, (21 T -

whereH[p(y)] is the Shannon information entropy associ- Qubit

ated with the distribution:
P FIG. 1. Schematic diagram of the mesoscopic scattering detec-

tor, in which the current through a phase coherent scattering region
HLp(y)]1=—2 p(y)In[p(y)]. (22 is used to detect the qubi denotes the charge in the scattering
Yi region, whilel g (1) is the current in the righfleft) contact.

Note that we have chosen to equally weight our two inputs to
the channel. Assuming that this choice is optimal, Shannon’dhus, there is no “missing” information in the detector. We
noisy channel coding theorem implies tiRitY] is the maxi- ~ can also think of Eqg24) and(25) as providing an alternate
mum rate at which messages can be reliably transmittetbute for deriving the quantum-limit inequality ;=T eas
down the channel by modulating the state of the qubit and.e.,
making measurements of° Alternatively, R[Y] may be
considered as being related to a generalized measurement RIY]=Tmead <Z=T",t. (26)

rate describing the chosen measureménkor example, it The yiility of thinking about back-action effects and the
the distributionsp(y(t)|1) and p(y(t)||) are Gaussian, one g antym limit in terms of information will become clear in
finds that at small time€.e., before the two distributions are ¢ following section, where we discuss the mesoscopic scat-
well separated tering detector. Note also that the relation between informa-
tion and state disturbance has been studied in a slightly dif-
1 ({y); = {y)))? gnty

15
R[Y] Gaussia™ g (0,0 (23)  ferent context by Fuchet al.

This corresponds to our definition of the measurement rate, Ill. MESOSCOPIC SCATTERING DETECTOR
cf. Egs.(8) and(9). We thus have a new way to interpret the
measurement ratE.,s given that one is monitoringl ), To make the preceding discussion more concrete, we now
I' neasrepresents the maximum rate at which information carconsider the status of the quantum limit in a slightly less
be sent to the detector by modulating the qubit. general detector setup, the mesoscopic scattering detector
The quantum-mechanical accessible informafida now  considered in Ref. 6. We determine the conditions needed to
defined by maximizing the mutual informati®j Y] over all  reach the quantum limit of detection by directly applying the
possible measurement schemésRemarkably, for the case general conditions derived in the preceding section, namely
considered heréwhere the detector is described by a purethe proportionality condition in Eq(16) and the causality
state, it can be calculated exactly;a simplified proof is condition in Eq.(17). This is in contrast to Ref. 6, which
presented in Appendix A, where we also demonstrate thaleveloped conditions needed for the quantum limit by di-
there are several possible optimal measurement schemesctly calculatingl’, andI e, We explicitly show that the
Letting [(D+(t)|D (t))|*=cos(a(t)), we have violation of Eqg.(16) implies the existence of unused infor-
L mation in the detector, information that is not extracted in the
a B . : measurement process.
1= r?f}‘)R_ E{[1+sma(t)]ln[1+sma(t)] The detector here is a two terminal scattering redsee
Fig. 1) characterized by a scattering matsx Taking the
+[1-sina(t)]In[1-sina(t)]}. (24 contact to both the right and left reservoirs to h&Vpropa-
ating transverse modes, will have dimension K. The
utput operator of the detectbis simply the current through
the region; the state of the qubit alt€its by modulating the
potential in the scattering region. Note that while we focus
on the limit of a weak coupling between the qubit and detec-
T=a(t)?=Tt (25) tor, so that the linear-response approach of the preceding
ol o . :
section is valid, we do not assume that the voltage is small
As expected, the growth of the accessible information is deenough that! )« V.?° The mesoscopic scattering detector de-
termined by the dephasing rate. Achievipg 1 thus implies  scribes the setup used in two recent “which path”
that the rate that we actually obtain informatidh,e,s CO-  experiment$:?? These experiments used a quantum point
incides with the growth of the total accessible information.contact to detect the presence of an extra electron in a nearby

This expression corresponds to having equally weighted oug
two input states, as we did in EQR1); one can check that
this choice maximizeg. At small times (" ,t<1), compari-
son against Eq15) yields a(t)—0, and we have
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guantum dot. As the dot was imbedded in an Aharanov- e fu d
Bohm ring, the dephasing induced by the measurement could A=— wl, ds$[tr sir(e)sir(e)]
be studied directly.
We start by considering the simplest situation, also con-
sidered in Ref. 6, where the state of the qubit provides a h
uniform potential change in the scattering region. In this "“R
case, the input operat@ is thetotal charge in the scattering where theT; are the transmission eigenvalues of the system.
region. Unlike Ref. 6, we do not explicitly consider the without loss of generality, we have assumed that our detec-
effects of screening here. Within the random-phase approxkor is biased such that the chemical potential of the left res-
mation, consideration of such effects allows an explicit cal-ervoir is greater than that of the right reservoir; — ug
culation of the qubit-detector coupling strengthbut does  =g|V/|; we also consider the limit of zero temperature.
not result in any other changes over a noninteracting ap-
proach. In the weak-coupling regime, the particular value of A. Single-channel case
A does not affect the approach to the quantum limit.
Letting azn(E) represent the creation operator for an in-
cident wave in contactr=L,R, transverse moda, and at
energyE, the detector current operator for contacttakes

, : (32)
J

Given these definitions, we can now turn to E($) and
(17) and ask what is required of the scattering magin
order to reach the quantum limit. We first focus on the case

23 N=1, where there is a single propagating mode in both con-
the form; ) 2 .
tacts. The scattering matriis thus 2<2, and may be writ-
o ten as
= dEJ dE, i Co
hJ St Str JRe?# JTe*
N S(B)={ sr. srr|~ JTee —Rdlere =A |

X ag,(E)A E,E")a,(E’
52 e, LB E) A ym( @B E ) aym(EN)] =3
(277  where R=1-T. At zero temperature, the detector is de-
scribed by a single many-body statg in which all incident
Agn (@ E.EN)=85.8058mm=A[Sas(E)]'Suy(E') b am- states in leadr with E<u, . occupied and all other inci-
(2g)  dent states are unoccupied:
i — t t
A positive current corresponds to a current incident on the |I>_[HELSMLaL(EL)][HERS/"RaR(ER)]|Vac>' (34)
scattering region; note that throughout this section, we ne- _. id h i dition i
glect electron spin for simplicity. The total char@ein the First, we consider the causality condition in Ed7)
scattering region may be defined in terms of the total currenf/hich requires that the backwards gain vanishes. As we

incident on the scattering region—in the Heisenberg pICtureknow the initial state of the detector and have explicit ex-
3:Q(t)=1,(t)+1x(t) . One obtains pressions foil andQ, we can directly evaluate the function

Sio(E) appearing in Eq(18) in terms ofs. A direct calcula-
tion can be performed to show that

— ' T ' ’
Q—ef dEf dE ﬁ’;L’R [aﬁn(E)NBn,ym(E,E Ja,m(E")], jw dERe[S'Q(E)] :J‘ac dERe[F(E)] -
(29) e E - E

P 1], c S(E+%w)—s(E) 20 Im[So(0)]=Im[F(0)], (36)

(E.E+ w)_2_7ri s'(E) hw - (30 where, lettingt=sg, ,the functionF(E) is defined as:

In the limit wherew— 0, M(E,E+% ) reduces to the well- F(E)= —ie—2 MLdE’t*(E’) t(E'+E)—t(E")

known Wigner-Smith delay-time matrix 27 J g E '

(37)

Note that Eqs(35) and(36) are independent of whetheiis
taken to bd | , Ik, or a linear combination of the two. Now,
causality dictates that the scattering magrig analytic in the
Finally, the assumption that the qubit couples to the totalipper half complex plane, and thus so is the funcigi).
charge in the scattering region is equivalent to assuming thathe real and imaginary parts &fare thus related by a Hil-
the potential it creates is smooth in the WKB sense. We cabert transform, and Eq$20), (35), and(36) imply that A’

use the fact that the sensitivity of the scattering magri@ a =0 for the scattering detectarespective of the choice of s
global change of potential in the scattering region is the sam&hus, the causality properties of the scattering magren-

as its sensitivity to energy. Thus, the linear-response coeffisure that one of the conditions necessary for reaching the
cient\ has the form guantum limit is always satisfied. Note that substituting these

d
ME)=5— ST(E) qesB)|- (31)
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expressions foiS;o(E) in Eqg. (19) does indeed yield the phase difference. Equation (39) thus constrains
expected form of [Eq. (32)]. It is also useful to note that information—it ensures that the detector does not extract ad-
gauge invariance can be used to directly esta#lish=0 .  ditional information about the qubit that resides in the rela-
The essence of the argument is that a coupling to the curretite phase between transmission and reflection. Such infor-
[i.e., Hiyw=Ado,l(x=0)] is equivalent to introducing a local mation is clearly not revealed in the measuremenri pf and
vector potential. The gauge transformation that removes thiwould necessarily lead to additional dephasing over and
term will only modify the transmission phases in the scatterabove the measurement rate. In principle, this additional in-
ing matrixs (i.e., ¢ and¢’) in an energy-independent man- formation could be extracted by performing an interference
ner. Using Eq(29), one can check thdQ) is independent of experiment. To be more specific, note that the cross cor-

energy-independent phase changes; thus0. relatorSq [c.f. Eq.(40)] is given by
Next, we turn to the condition given in E§16), which )
. . . . ~ ~ . . e” [ mL d
requires a certain proportionality betweleandQ in order to Sio=ifiN+ _f dE’ ( T1-T)==(8—¢)|. (4)
reach the quantum limit. Given the stéitg that describes the T J pR dE

detector[Eqg. (34)], the only matrix elements of and Q
which contribute to the zero frequency noise correlafofs
Egs. (4)], involve energy-conserving transitions where a
scattering state incident from the left reservoir is destroyed

By definition, the imaginary part of this correlator deter-
mines the linear-response coefficienfcf. Eq. (3)] associ-
ated with measuringl). In contrast, thereal part of this

i . o : J="correlator may be interpreted as the linear-response coeffi-
while a scattering state incident from the right reservoir is ient associated with a measurement where one interferes

created. Since these transitions require an occupied initiar flected and transmitted electrons; the factorTétL—T)

state and an unoccupied final state, they can only occur in th((?orresponds to the fact that the magnitude of this signal will

energy intervalupr<E<pu, . \Q/e are thus interested in the o 1 ohortional to the amplitude of both the reflected and

coefficients of the operatorag(E)a, (E) appearing in the angmitted beams. More explicitly, consider the Hermitian

expansion of andQ in this energy interval. The proportion- operatorl .4, defined by

ality requirement of Eq(16) thus results in a necessary con- moer

dition ons(e): efr .

|mod:g dE[iag(E)ArL(L;E,E)a (E)+H.c].
VEe[ur,puils [SrI* (E)SLL(E)=iCNRU(E), (39 #R

where(C is a real, energy-independent constant. Using Eq

(33), the imaginary and real parts of the above condition
become

(42

If one were to now measurg,.q, the corresponding linear
response coefficienk o4 is precisely the real part 0§ q
[this can be seen by comparing E¢82) and(27)]. The fact
d that additional information on the state of the qubit is avail-
V Eelpur,pls d—E[,B(E)— ¢(E)]=0, (390  able in the expectatiofl ,,,¢ implies that the qubit is entan-
gling with the detector faster than the measurement rate as-
dT sociated with(l). This remains true even if one does not
—(E) explicitly extract this information, as was demonstrated re-
dE _ A 40  cently in the experiment of Sprinzait. al??
T(E)[1-T(E)] c (40 Stepping back, we see that the general conditior5ge
=0 [i.e., the required factor of on the RHS of Eq(16)]

Similar conditions for reaching the quantum limit for this haeded to reach the quantum limit directly corresponds to the

version of the scattering detector were first developed in Refrequirement of no missing information discussed in the pre-
6 by directly calculatingl’ neasandI', [note that there is a

. ) ) ceding section. In general, a nonvanishing Sxg implies
sign error in Eq.(7) of Ref. 6 which must be corrected to

. g - e that additional information about the qubit’s state could be
obtain our Eq(39)].” The fulfilling of these conditions does pained by simultaneously measuring another quantity in
not correspond to symmetries usually considered in mesosyyqition tol (e.g., in our case, the quantity,g)
copic systems; for example, as we will show, the presence of "\ ote that in the scattering detector, the symmetry required

time-reversal symmetry is not a necessary requirement. Mo ensure that Eq39) holds (i.e., that the
. ) ¢ L., phaseg8 and ¢
stead, the conditions of Eqe39) and (40) correspond di-  4icidg is not one that is usually considered in mesoscopic

rectly to the requirement that there be no missing informagy giemg In particulathe presence of time-reversal symme-
tion in the detector, information that is not revealed in the

q hi licitlv in wh try is not necessary to fulfilling the condition of Eq. (39)
frgﬁgvsvlérement off). We demonstrate this explicitly in what yine reversal symmetry only implies that= ¢', and speci-

fies nothing on the relation betweenand 8. However, as
pointed out in Ref. 6, aufficientcondition for achieving Eq.
(39 is that one has parity symmetry, that i®th time-

The first condition[Eq. (39)] for reaching the quantum reversal symmetry and left-right inversion symmethe lat-
limit requires that the difference between transmission ander condition implies that the two reflection phasessiare
reflection phases in the scattering matrix be constant in thiglentica).?® Note that this is not a necessary condition. We
energy interval defined by the voltage. If this condition see that the required symmetry here is best understood as
holds, changing the state of the qubit will not modulate thisbeing related to information.

1. Phase condition
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2. Transmission condition How can the problems generally posed by energy averag-
ing be avoided? One possible solution would be to use volt-

have the scattering detector reach the quantum limit, a cor?9eS small enough that the scattering matrigan be ap-
dition that constrains the energy dependence of the transmigf0ximated as being linear in energy, that&¥(dT/dE)
sion probability T. This condition arises from the require- <1 (this is the approach of Ref)6However, as the linear-
ment that the proportionality betwe¢randQ needed for the Fésponse coefficient is given by the energy derivative of
quantum limit must hold over the entire energy interval de-the transmissioricf. Eq. (32)], such a small voltage would
fined by the voltage. In general, energy averaging causes g'Ply both a small signal and essentially no gain. The
departure from the quantum limit—over sufficiently large in- change in current induced by the quidit, = = A\, would be
tervals, the operators and Q look less and less like one much smaller than the current associated with the coupling
another. Like Eq(39), Eq. (40) can also be interpreted as a VoltageA:

We now turn to the second conditipig. (40)] needed to

requirement of no missing information. Here, the require- 24T o2

ment is that energy averaging does not result in the loss of N = _(_e|\/|) <—, (46)
information about the qubit that is encoded in the energy h\dE h

dependence of. While such information is not obtained in 5

the measurement dfl) [which involves energy averaging, T endt d_TeV> (i) é<é (47)
cf. Eq.(32)], it could be obtained if one measured the entire meas i dE eV/h h’

function <|(;/)> for .O$.|V|.$f'“L_“.R' As d|scu§iseq, tlhe Even though this smallness bfdoes not theoretically affect
presence of any missing information necessarily implies e approach to the quantum limit, it does severely limit the

de?attrturet'fm:n the qu;:]mtém 4I(|)m|t. b derstood detector’s practical value—for very slow measurement rates,
| tn lereis mgyltlanoug ,thq. )hr_'ﬁy N ﬁm erslf[)of COM- "~ anvironmental effects on the qubit will become dominant
pletely classically, even though it formally results from re- o\ o o tion effects.

quiring the proportionality of two quantum operators. To do If we now consider finite voltages and fully energy-

s0, we calculate _the classma_l mformauon capabificf. Eq. dependent scattering, E¢0) tells us the condition under
(21)] corresponding to two different possible measurements, pi-h energy averaging the transmission does not impede

Firs;t, imagine we measure the i”teg,f_ated ) cgrremt reaching the quantum limit. The solution to E40) has the
=J[odt'I(t"), and assume the probability distributions ¢,

p(m|T) andp(m||) are Gaussian. For weak coupling, one
finds for the capacity:

T(E)= 4m(E—Eg)IC (48)
m dT(e)\? 1+etm(=Ed
eALR de This form forT(E) implies that there is no extra information
Ravg='mead = oh T (43 in the energy dependence @fwhich is lost upon energy
deT(e)[1-T(e)] averaging. Amusingly, Eq(40) correspondsxactlyto the
“R energy-dependent transmission of one channel of an adia-
batic quantum point contaéfThe constanE, represents the
AS dT(e)) 2 threshold energy of the channgle., the transverse moge
(5ot e j de w and the constard is given by
~ 2h '
Ej: T(ep[1-T(g))] C:_% (49

iR

In the last line, we have discretized the energy integrals, i.ewhered is the transverse width of the constriction at its cen-
partitioned the interval ur,u ] into equal segments of ter andR is the radius of curvature of the transverse confin-
length de. If we now imagine we could measure eagh  ing potential at the constriction center.

=fglj(t), wherel(t) is the contribution to the current from

the jth energy interval, a similar calculation reveals B. Multichannel case
dT 5 We now consider the situation where there Brehannels
( ﬂ in each of the two contacts leading to the reservoirs. It is
_(de)t > de (45) useful to writes in terms of itsN transmission eigenvalues
O 2h G T(e)[1-T(e)] T;(E) using the standard polar decompositfdn:
One can easily check th&,= R, this corresponds to the £y SlL SiRr) U\[VR T \[U’ 50
additional information that is generally available in the en- s(B)= st Srrl \V/\VT =RV ) (50

ergy dependence df. A necessary and sufficient condition .

for ensuringRi,= Rayg is precisely the condition in E§40).  Here,U,U",V,V" are NXN energy-dependent unitary ma-
On a purely classical level, this condition ensures that ndrices, andyR and \T are diagonal matrices having entries
information is lost when one averages over energy. V1-T;(E) and yT;(E), respectively.
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In the multichannel case, the backwards gainagain  not sufficiento guarantee that E@52) is satisfied. The pres-
vanishes irrespective of the details fas a result of the ence of parity symmetry would indeed ensyfg= ¢,,, but
analytic properties 0é. The relevant question then to ask is as, in general,[\T,¢y] and [VR,¢y]#0, this is not
what conditions must be satisfied b{E) so that the propor- enough. In addition to having,= ¢y, one also generally
tionality betweerl andQ required to reach the quantum limit needs either thatp, is diagonal, meaning that the mode
[i.e., Eq.(16)] is achieved. As in the single-channel case, theindex (i.e., transverse momentuyris conserved during scat-
relevant matrix elements df and Q involve destroying a tering, or that all the transmission eigenvaldesare identi-
scattering state incident from the left and creating an equakal. We thus see that if the transmissions fluctuate, mode
energy state describing an incident wave from the right; thenixing (e.g., the nonconservation of transverse eneaiso
additional complication now is that these transitions couldprevents one from reaching the quantum limit of detection.
result in a change of transverse mode. One thus needs fhis can be understood from the point of view of informa-
examine the coefficients of the operator productstion. If ¢, and ¢, matrices are not purely diagonal, infor-
aLn(E)aLm(E) appearing in the expansion bandQ, in the  mation about the qubit could be gained by looking at
energy intervall ugr,u ]. The proportionality condition of changes in how electrons incident in a given mode are par-
Eq. (16) again yields the requirement that E§8) holds for titioned into outgoing modes. Such changes would not be
all energies in this interval; now, however, both the right- anddetectable if all channels had the same transmission. Note
left-hand sides of this equation ak&x N matrices: that the matricet)’ andV' appearing in the polar decom-

position ofs [Eq. (50)] are irrelevant to reaching the quan-
VEe[ g mi][Sir(E)]'sL (E)=iCNR(E). (1)  tum limit. As each transverse mode is equally populated with
incoming waves in the stafg), there is no information as-
ociated with the preferred mode structure for incoming
I){vaves(i.e., the eigenvectors @' andV').

Here,C is again an energy-independent real number. Usin
the polar decomposition, one can derive from Ezfl) two
necessary matrix conditions that must hold for all energies i
the interval defined by the voltage:

VT(E) ¢y(E)VR(E) = VR(E) $(E)VT(E) =0, (52)

dT
E(E)

2. Transmission condition

Consider now the condition imposed by E§3), which
constrains the form of the transmissiohge) of the detec-
tor. Similar to the corresponding condition for the single-
™ «i (59 channel system, this requirement ensures that there is no ad-
' ditional information available in either the energy the

TE[L-T(E)] C
" _ channel structure of thgT;(e)} which is lost upon averag-
These conditions are the multichannel analogs of E88. i One obtains a necessary form for the transmissions,

and (40). 1 denotes the\x N unit matrix, and we have in- similar to what was found in Ref. 6:
troduced the generalized “phase-derivative” Hermitian ma-
trices ¢y and ¢y

d T(E)=———. 56
Bule)=—iU"(e) T2U(e) | (59 B e e 56
. d Note that different modes differ f ther only b
——ivVie) —Vv 5 ote that different modes differ from one another only by
Pule) Vie) dE (€) ©9 their threshold energl; ; the constan€ is the same for each

gwode. Again, this form for the transmissiofis;(¢)} corre-
. . . ponds exactly to those expected for a multichannel adiabatic
gza:]emsget?nq ¢>Elﬂ t5hze .s':;gle-?har&nel case._{\_lote thf.elfempoint contact. The assumption of adiabaticity implies that
Y y in Eq(52): € po, ar ec’omp03| lon matric transverse energy is conserved. Thus, if parity symmetry also
andV_er_lter, but the matricés” andV" do not. We comment holds, we reach the surprising conclusion thatultichannel
on this in what follows. adiabatic point contact remains a quantum limited detector
even if the voltage is large enough that several modes con-
tribute to transport Previous studies have established that
The first requiremerteq. (52)] places a stringent require- point-contact detectors reach the quantum limit in the limit
ment on the scattering matrix Like the corresponding re- of small voltages, where the energy dependence of scattering
quirement for the single-channel system, it ensures that therean be neglectet:’° We have shown here that in the adia-
is no additional information on the state of the qubit avail-batic case, the quantum limit continues to hold even at volt-
able in measurable changes of scattering phases. Agagy, ages large enough that the energy dependence of scattering is
reversal symmetry is not necessdny have this condition important. This is significant from a practical standpoint—
hold, as time-reversal symmetry only ensutéssU’ and  requiring small voltages limits the magnitude of the output
V=V'. However, unlike the single-channel case, even theurrent and thus, the overall scale of the measurement rate,
presence of parity symmetry.e., the combination of both making the detector more susceptible to environmental ef-
time-reversal symmetry and left-right inversion symmgtsy  fects.

1. Phase and channel mixing conditions
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3. General expression for noise correlators ing for a wider class of input operato€s than that given in
For completeness, we give explicit expressions for theé=d- (29). In general, we may write
noise correlators. Writing them in terms of energy dependent
NXN matrix kernels( i.e., Sx=%"ds[tr Sx(¢)]), we ob- Q=ef dEdE’B EL . [afn(E)Wgn ym(E.E"a,m(E)],

Y=L

tain (59)
. 2¢? whereW(E,E") is a 2NX 2N Hermitian matrix having di-
Si(e)=—1-T(1-T), (578 mensions of inverse energy. The situation considered in the
preceding section corresponds to choodivigp be M(E,E’)
) et (,T)2 [Eg. (30)], which atE=E’ is just the Wigner-Smith delay-
Sole) = Z_(m +2TR(py— py)? time matrix. By comparing against the current operéataf.
& Eqg. (27)], it is clear that the proportionality condition in Eq.
+2[dy NTRIINTR ¢y ]+ [ b0, TILT, b0l (16) necessary for the quantum limit constrains the diagonal
in energy, off diagonal in lead index part of the potential
matrix W
+[ v ,T][T,¢v]) : (570
1
A 2 VEe[ ur L], [W(EaE)]RLzlE[SLR]T(E)SLL(E)v
Me)=—1-(:T), (570 (60)
5 where C is a real constant. We thus see that the required
R R e i -
s c _ proportionality betweehandQ needed to reach the quantum
Sio(e)=iN(e)+ 2 [TR(¢y = dv)]. G799 fimit at zero temperature leaves a large part of the potential

A similar expression for the charge noiSe of & Mesoscopic matrix W undeterminedi.e., terms diagonal in the lead index
P g Sg PIC and/or off diagonal in energyWe now show that by consid-

: ; “Brikar 28 [l _
g%r;]d%crt;)hrengsr:gﬁtt r?girsléedvtl)r{iimcear.n eggilllkeb(tahl?n?j);e:t}go d ering a form forW that is drastically different frorgV, one
1 y can make it easier to reach the quantum limit and have a

Ir?otirrrgslgf E:rt;ﬂ;g noé_set,c:t'\l’l]v'[(()al:lc:‘estetflrg :t f'rr:;;h;f th(rere Sreasonable gain. In particular, one can work at small voltages
Imple, heuristic way to nterp xp lonSgr. without necessarily having a vanishing gain.

However, if we invqke ideas of _informatio_n, each term in Eq. We specialize the discussion to a case that in many ways
(57b) acquires a simple meaning. The first term represent% the opposite of having global potential coupling. We take

informa_ltio_n associated with the energy depen_dence of_thﬁ1 scattering matrixs to be energy independent over the
transmissions; the second represents information assomatggfergy interval defined by the voltage, and taldo corre-

. : . ; a§|50nd to a local potentiaV(E,E’) =W over the energies of
three terms represent information associated with the part"nterest In this case, the scattering masiwill have one of

tioning of electrons into different modes. In general, using : g .
Egs.(5) and(25), we maydefinethe charge noise in terms of tSvtvz;)tedg;etLeen;SSiirgy independent values depending on the

the accessible informatiof in the coupled conductor plus
qubit system: S. =S+ eA(As), (61)

2 where s, is the scattering matrix at zero coupling€0).

So= lim Iim—2 aI( ). (58  The matrixW may be directly related to the change in the
A-0t—0A scattering matrixAs (see Appendix B for a derivation

While this last expression may seem purely tautological, it is -

clear that the various contributions to Etp7b) for the W=isy(As). (62

charge noise are best understood in terms of informationy . he similarity to the form of in the global-potential

Note that the accessible informati@ncould be obtained di- . — AA- P
rectly in the present system by calculating the overlap begouplmg casewhere W=A); now, the energy derivative

tween the detector states corresponding to the two qubl(iséd)E/(gisA)been replaced by the finite differente=(s.
states. Such a calculation would take the form of an orthogo- Tuming to the conditions needed for the quantum limit,

nality catastrophe calculation, similar to that presented Nye find again that the causality properties of the scattering

Ref. 29. matricess.. ensure\’ =0 always. The remaining proportion-

ality requirement of Eq(16) places constraints ag. . These

have an analogous form to Eq&3) and(52), but now the
In the remaining part of this paper, we consider a moreenergy derivatival/dE is replaced by the finite difference

general version of the mesoscopic scattering detector, showi-e., AX=(X[s,]—X[s_])/(2eA)):

ing that the main results of the preceding section continue to

hold. We relax the condition that the state of the qubit modu- AT —oxi 63)

lates auniform potential in the scattering region, thus allow- T(1-T) '

C. Local potential coupling
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\/f?bu \/ﬁ_ \/ﬁ;,)v\/fzo (64) APPENDIX A: ACCESSIBLE INFORMATION

_ 5 In this appendix, we provide a simple proof of EG4)
wherey=—iUT(AU) andy=—iVT(AV) . Importantly, ~ for the accessible informatiofi. Given the two statefD)
the above conditions do not involve any energy averagisg and|DL>, the goal is to maximize the classical mutual infor-
we have takers andW to be energy independent. Nonethe- mation R [defined in Eq.(21)] over all possible choices of
less, there still is a nonvanishing gaindetermined by both measurements. A given choice of measurem¥ntorre-

the voltage and thaT;: sponds to a choice of basis; the probability distributions
p(yi|T) andp(y;||) are determined by the elements of the

eV corresponding states in this basis. Treating pifg;| o) as

A= e 2 AT;. (65) independent variables restricted to the intef\ll] and us-

ing Lagrange multipliers, we minimizR subject to the fol-

Thus, using a local coupling between the qubit and the sca{pwmg constraints:

tering detector makes it easier to reach the quantum limit and N

have a sizeable gain—one can use voltages small enough 2 _1

that energy averaging is not a problem, while still having the “~ P(yilo)=1,

qubit modulate the transmissions. Note that in the single-

channel case, all that is needed for the quantum limit is that N

the state of the qubit should not change the difference be- oy iy )= —

tween reflected and transmitted phaskép— B8)=0. Also .21 Pl T)P(yil ) =KD4[D,)|=cosa. (A2)

note the various noise correlators are given by E§3),

with the substitutiord/dE—A. The second condition, in principle, need only be an inequal-

ity, with the left-hand side being greater than or equal to the

right-hand side; however, it can be verified that the maxi-

mum value ofR occurs when it is enforced as an equality.
We have de\/e|oped a genera] set of conditions that aré'SO note that without loss of generality, we can choose the

needed for a detector in the linear-response regime to readhner product appearing in E¢A2) to be real and positive,

the quantum limit of detection. One needs both a restricte@s R is independent of the relative phase between the states

proportionality between the input and output operators of théD,,). Finally, we have assumed to start that these states have

detector[cf. Eq. (16)], and a causal relation between the at mostN nonzero components in the chosen basis. Variation

output and inpufcf. Eq. (17)]. Applying the concept of ac- With respect top(y;|1) yields the following condition:

cessible information to the detector, one sees that deviations

(A1)

IV. CONCLUSIONS

from the quantum limit imply the existence of missing infor- p(yilT) p(yill)
mation residing in the detector, information that is not being In—= +2N;+A (—'|T): 0, (A3)
utilized. The general conditions in Eqd.6) and(17) ensure PLyi PLYi

the nonexistence of such information. Applying these con- . - . . . .
cepts to the mesoscopic scattering detector, we find that theQ4th @ Similar equation emerging from variation with respect
general conditions place restrictions on the form of the defo P(Yill). N, Xy, andX are Lagrange multipliersp(y;)
tector’s scattering matrix. These restrictions do not involve=[P(Yil1)+p(yi[1)]/2 is the averaged distribution. Sub-
symmetry properties usually considered in mesoscopic sydtacting thel and | equations yields

tems, but are rather best understood as following from the

requirement of having no missing information. In the meso- Ve(yil Dp(yil 1) | p(YilT) \/1—/3?' 1+p;
scopic scattering detector, missing information may reside in = svih—ovinD MoviD - 23 M—_g°
the relative phase between transmission and reflection, in the Pl =Pyl “p(yilL) hi hi (Ad)

energy or mode structure of the transmission probabilities, or

in the partitioning of scattered electrons between differentyhere we have defineg; via
modes. Surprisingly, we find that an adiabatic point contact
conforms to all the conditions needed for the quantum limit, (il 1) —p(yil 1)
even when the voltage is large enough that many modes are Bi S AL AL
involved in transport, and the energy dependence of scatter- p(y;)

ing is important.

(A5)

B; may be thought of as the amount of information gained in
a measuremengiventhat the outcome of the measurement
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The last equality follows from substitution into EGA2).  writing the system Hamiltonian in terms of the scattering
Further substitution into Eq21) for R yields the expression states of problem at zero coupling, assuming the qubit is

in Eq. (24); note that the averaged distributipiy;) and the ~ frozen in thel state:
relevant number of basis elemerdsdo not appear in this
expression. One can explicitly check that choosing any of the
p(yi|o) to be 0 or 1 results in a lower value Bf thus, Eq.
(24) does indeed correspond to the maximum valu& ahd
thus, by definition, to the accessible informatibnThe con- et

dition (A6) required to optimizeR implies that the amount of +(Ae)2 fdk [ (K) Wiy mipm(K) 1. (B)
information gained via measurement is the same for each of m

the measurement outcomgs Equivalently, each basis ele- \ye haye assumed a linear dispersion near the Fermi energy,
ment in an optimal basis has the same information contenf;iih #k andzk’ representing the deviation of the momen-
associated with it. This is similar to requirements obtained tq,,m from the Fermi momentum. We have also neglected the
have the mesoscopic scattering detector reach the quantUt that the effective Fermi velocity is channel dependent
limit; in that case, each channel and each energy were 9% drops out of all final expressionsThe operatony! (k)
quired to have the same information contéelt Eq. (53)]. creates a scattering state incident in the lead and transverse

Note also thathere are several distinct choices of bases (i'e"mode indexed byn. For definiteness, we take our leasth
measurement schemes) which optimizehis point was not left and righj to be defined only on the half line<0, and to

made in Ref. 14. A partlcglarly §|mple optimal basis can bebe confined in thg andz directions. Further, we assume that
constructed foN=2. In this basis, the nonzero components

f the statedD . b the scattering region is situated @ 0. We may write the
of the state3D,,) are given by full electron field operator in terms of thg,,(k) operators,

|DT>=(cose,sin0), |DT>=(sin0,cosa), (A7) using the zero-coupling scattering matrix Writing X

where = w/4+ a/2. By definition, the state (1,0) leads to (x.y.2), we have:

the measurement outconyg with perfect certainty, while

the state (0,1) leads to the measurement outcggerith \I,(;):E f ﬂlﬂ (K)
perfect certainty. In geometric terms, the optimal basis given m N "
here is one in which the angle between the two stdde$ is

H=tivg >, f dk[ Kim(K) (k)

el WX (y,2)

bisected by the vector (1,1). + e i (ke k)x 2)s B2
More generally, consider the form of an optimal basis ; $nY.2)Shm B2)
whereN=M (i.e., there areM possible outcomes when a
measurement is made on the stdde) or [D)). TakingM 1
to be even for simplicity, and lettingj) denote the basis =— > Yn(—x)eKF*p (y,2)
states, a possible optimal basis is one in which 2 m
[14+(—1)'sina 1 .
<j|DT>: +1 (A8) +E % Im(X)e IkFX¢n(yaZ)Snm- (B3)
i 1-(—=21))sina In the last line, we have introduced the operatgfs(x),
(iD= BV E— (A9)  which are the Fourier transforms of the scattering state op-

eratorsy,(K). Note again that this expression is only valid
The fact that there are many possible outcomes of a measurfsr x<0, as the leads are only definedxx 0. We thus see
ment does not degrade from the optimality of mutual infor-that for x<0, #,,(x) describes anoutgoing (i.e., left-
mationR, as the information associated with each measuremoving) wave, while ¢,,,(—x) describes arincoming(i.e.,

ment outcome is the same. right-moving wave.
Next, we may express the system Hamiltonian in terms of
APPENDIX B: DERIVATION OF As the ¢n(X) operators. This in turn leads to an equivalent

In this appendix, we provide a brief derivation of £§2) single-particle Schrdinger equation

which relates the coupling potential matiX [cf. Eq. (59)]

to the asso_ciated cha}nge in the .scattering mafyi, The. Edm(E.X) =hvg| i dyihm(E,X) +AS(X) D, WmnTpn(E,x)}.

latter quantity determines the noise correlators and gain of n

the local-potential coupling version of the mesoscopic scat- (B4)
tering detector. Our approach is similar to that used in Ref. - ) _ ) ]

30 to relate the scattering matrix of a quantum dot to itsHere, ¥m(E,x) is a wave function that arises when the field
Hamiltonian. operator ¢,(x) is expressed in terms of operators corre-
In what follows, we assumés in Sec. Il B that the po- sponding to the eigenmodes of the full HamiltonknGiven
tential matrixwW and the zero-coupling scattering matsiare  the relation ofy,,(x) to incoming and outgoing wavesf.

independent of energy on the scales of interest. We start biq. (B3)], we choose the following form fog,(x):
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g ikx if x>0

ain,m

PYm(E,x) = (B5)

e D sl agun if x<0,
n

whereE =fv k. Substituting this form into EqB3), we see
that the coefficientsy, ,, and aqy, do indeed correspond
(respectively to the amplitudes of incoming and outgoing
waves.

Integrating Eq.(B4) from x=0" to x=07, interpreting
W(0) as[#(0")+(07)]/2, and then using EqB5), we

find the following relation between the amplitude of incom-

ing and outgoing waves:

PHYSICAL REVIEW B67, 165324 (2003

i ~
1- -AeW
2
Qoutm™ E Smn

n,n’

(B6)

a-in,n’
1+ -AeW
2 e

nn’

= [s+AeAS]yyainn - (B7)

n/
In the last line, we indicate that this relation defines the new
scattering matrixs+ AeAs that includes effects of the addi-
tional potentialW. Expanding to lowest order in the dimen-
sionless potentiaheW, we find Eq.(62) as advertised.
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We study the quantum charge noise and measurement properties of the double Cooper-pair resonance
point in a superconducting single-electron transistor (SSET) coupled to a Josephson charge qubit. Using
a density-matrix approach for the coupled system, we obtain a full description of the measurement
backaction; for weak coupling, this is used to extract the quantum charge noise. Unlike the case of a
nonsuperconducting SET, the backaction here can induce population inversion in the qubit. We find that
the Cooper-pair resonance process allows for a much better measurement than a similar nonsupercon-
ducting SET, and can approach the quantum limit of efficiency.

DOI: 10.1103/PhysRevLett.89.176804

Among the many open issues related to solid state
quantum computation, the question of how best to mea-
sure a solid state qubit remains a particularly interesting
one. In the case where the qubit is a Cooper-pair box (i.e.,
a Josephson-junction single charge box), the standard
choice for a readout device is the single-electron transis-
tor (SET) [1-6]. An alternate and potentially more
powerful approach is to use a superconducting single-
electron transistor (SSET) biased at a point where the
cyclic resonant tunneling of Cooper pairs dominates
transport [7—12]. Such processes, known as Josephson
quasiparticle (JQP) resonances, would appear to be an
attractive choice for use in a measurement as their reso-
nance structure implies an extremely high sensitivity.
However, precisely because of their large gain, these
processes may be expected to strongly alter the state of
the qubit in a measurement. To assess the balance between
these two opposing tendencies, a close examination of the
physics of JQP tunneling is required.

In this paper, we focus on a double JQP process (DJQP)
(see Fig. 1), which occurs at a lower SSET source-drain
voltage than single JQP processes, and which has been
used in a recent experiment [13]. We assess the potential
of DJQP to act as a one-shot measurement of the state of a
Cooper-pair box qubit. This involves characterizing both
Tmeas> the time needed to discriminate the two qubit states
in the measurement, and the backaction of the measure-
ment on the qubit, which is described by a mixing rate
I'mix and a dephasing rate 1/7,. These quantities are
intimately related to the noise properties of the SSET,
which are of interest in themselves, given the novel nature
of the DJQP process. T, 1S determined by the shot noise
of the process, while I'y;; and 7, are related to the charge
noise on the SSET island. While the shot noise of a single
JQP process has been analyzed recently [14], the quantum
charge noise has not been addressed.

To describe the measurement process in our system, we
employ a density-matrix description of the fully coupled
SSET plus qubit system; this is similar to the approach
taken by Makhlin et al. [4] for a SET, but extended to deal
with Josephson tunneling. This approach is not limited by

176804-1 0031-9007/02/89(17)/176804(4)$20.00

PACS numbers: 73.21.-b, 73.40.Gk, 73.23.Hk

a requirement of weak coupling, as are standard ap-
proaches which perturbatively link I',;, to the transistor
charge noise [5,6]; nonetheless, in the limit of weak
coupling it can be used to calculate the quantum charge
noise of the SSET. We find that the quantum (i.e., asym-
metric in frequency) nature of the noise is particularly
pronounced for the DJQP feature, leading to regimes
where the SSET can strongly relax the qubit. Moreover,
due to the resonant nature of Cooper-pair tunneling, there
exist regimes where the SSET can cause a pronounced
population inversion in the Cooper-pair box. For typical
device parameters, we find that a far better single-shot
measurement is possible using the DJQP process than
with a comparable SET. Significantly, one can also ap-
proach the quantum limit of measurement efficiency
[3,4], where 7,/Tpes 11, in a regime which is both
theoretically tractable and experimentally relevant.
Model—The Hamiltonian of the coupled qubit plus
SSET system is written as H = H ¢+ 5—[Q + H i
The qubit itself (or “box’’), described by fJ"[Q, consists
of a superconducting metal island in the Coulomb block-
ade regime where only two charge states are relevant.
These can be regarded as the o, eigenstates of a fictitious
spin 1/2. The island is attached via a tunnel junction to a
bulk superconducting electrode, leading to the form

(D] o
'
'VDs +VDS é 'VDs +VDS
0—2 2—1
'
Vo= €= e s
-1—0 1—-1

FIG. 1. Schematic showing the four steps of the double
Josephson quasiparticle process which can occur in a super-
conducting single-electron transistor. Circles represent the cen-
tral island of the SSET, while the rectangles are the electrodes.
Numbers indicate the charge of the SSET island.

© 2002 The American Physical Society 176804-1
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j-[Q = —%{[4ECQ(1 - NQ)]G-Z + E/Qa-x}’ (1

where Ec is the charging energy of the box, Ej is the
Josephson coupling energy of the box, and N, is the
dimensionless gate voltage applied to the box. The SSET
consists of a superconducting, Coulomb-blockaded island
which is attached via tunnel junctions to two supercon-
ducting electrodes (Fig. 1). The SSET Hamiltonian
H,=Hg+ He+ Hy + Hy has a term Hy describing
the kinetic energy of source, drain, and central island
electrons, a term Hy which describes the work done by the
voltage sources, and a tunneling term Hy. The charging
term is Ho = Ecg(ng — N'g)?, where Eqg is the SSET
charging energy, ng is the number of electrons on the
central island, and /N g is the dimensionless gate voltage
applied to the island. Finally, the qubit is capacitively
coupled to the SSET: Hj, = 2ECQg—§0'ZnS = E, 0,15
Here C. is the cross capacitance between the box and
the central island of the SSET, and Cy is the total capaci-
tance of the SSET island. Note that we neglect the cou-
pling of the qubit to its environment, as we are interested
here in the intrinsic effect of the SSET on the qubit
[15]. We also assume a SSET with identical tunnel junc-
tions, whose dimensionless conductance g satisfies
g/Q2m < 1.

The DJQP process occurs when the SSET gate voltage
N and drain-source voltage 2Vpg are such that two
Cooper-pair tunneling transitions (one in each junction)
are resonant. We label these transitions as n; = 0 — 2
(left junction) and ng =1 — —1 (right junction) (see
Fig. 1). Resonance thus requires eVypg = Eqg and N g =
1/2. In addition, Ec-g/Ag (wWhere Ag is the superconduct-
ing gap of the SSET) must be chosen so that the quasi-
particle transitions linking the two Cooper-pair
resonances are energetically allowed (i.e., ng =2 —1
and ng = —1 — 0), whereas transitions which end the
cycle (i.e., ng=0— 1) are not. We take E g = Ag to
satisfy these conditions; this corresponds to the experi-
ment of Ref. [13]. The two quasiparticle transitions which
occur in the DJQP are characterized by a rate I', which is
given by the usual expression for quasiparticle tunneling
between two superconductors [16]. The effective Cooper-
pair tunneling rate y; emerging from our description [i.e.,
Eq. (3) below] is given by [8]

E%,T

7O e+ e

2

Here 0 is the energy difference between the two charge
states involved in tunneling, E g is the Josephson energy
of the SSET, and we set i = 1.

Calculation approach.—We consider the reduced den-
sity matrix p of the qubit plus SSET system obtained by
tracing out the SSET fermionic degrees of freedom. The
evolution of p is calculated perturbatively in the tunnel-
ing Hamiltonian Hy, keeping only the lowest order
terms; this corresponds to the neglect of cotunneling
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processes, which is valid for small g and near the DJQP
resonance. Using an interaction representation where only
Hy (and not H;,,,) is viewed as a perturbation, the equation
of motion of p takes the standard form:

o= [ a3 0.1, o) © pr1D,

3)

The angular brackets denote the trace over SSET fermion
degrees of freedom; as we work at zero temperature, p is
the density matrix corresponding to the ground state of
these degrees of freedom in the absence of tunneling.

To make further progress, we treat the Josephson cou-
pling emerging from Eq. (3) as energy independent and
given by the Ambegaokar-Baratoff value E;¢ = gAg/8.
We also use the smallness of g to neglect logarithmic
renormalization terms, as was done in Ref. [4]. One can
then solve for the time-independent solution of Eq. (3),
which describes the state achieved by the system after all
mixing and dephasing of the qubit by the SSET has
occurred. To describe the dynamics of mixing (i.e., the
relaxation of the qubit state populations to their station-
ary value), we also calculate the corresponding eigen-
mode of Eq. (3). A Markov approximation is made which
involves replacing p(#') by p() on the right-hand side of
Eq. (3). This approximation is justified as long as the time
dependence of p in the mixing mode is weak compared to
typical frequencies appearing in the correlators of Eq. (3),
requiring here that I' ;, < E¢g and E;3 << Ecg [17].

Backaction—We focus here primarily on the mixing
effect of the measurement backaction; dephasing will be
discussed more extensively in Ref. [17]. The mixing rate
Fmix = T'rep + Dexe 1s set by the rates at which the mea-
surement relaxes and excites the qubit. Let {) denote the
N o-dependent energy difference between the two qubit
states. For weak coupling (E;,; < (1), Fermi’s golden rule
relates I',,; and T',,. to the quantum charge noise of the
SSET island Sy(w) = [dte™ngs(t)ng(0)):

E 2
I‘rel/exc = E]Zﬂ[(%) SQ(iQ). 4)

In our approach, these rates may be directly obtained by
using the stationary solution (which gives the postmixing
occupancies of the box eigenstates) and the mixing ei-
genvalue of Eq. (3). In the limit of weak coupling, one can
then use Eq. (4) to extract S,(£2). Our method for calcu-
lating the quantum noise, which uses the qubit as a
spectrum analyzer, is physically intuitive and no more
difficult to implement than standard approaches [6]; in
addition, we are able to calculate I',,; and I',,. when the
coupling is not weak, and Eq. (4) fails.

Figure 2 displays the quantum charge noise obtained at
zero temperature, using SSET parameters which corre-
spond to Ref. [13]. The solid curve in Fig. 2 is for the
center of the DJQP resonance—N'g = 1/2, eVpg = Ecs.
Note the sudden asymmetry that develops between
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FIG. 2. Quantum charge noise associated with the DJQP
process. The solid curve corresponds to Ng, Vpg tuned to
the center of the DJQP resonance; the dashed curve corre-
sponds to moving eV g away from resonance by +1"/4. We take
g =05and Ag = E-g = 0.25 meV in the SSET, corresponding
to the device of Ref. [13]; this gives E;g/(hI") = 0.04. Inset:
average qubit charge after mixing has occurred for weak
coupling (E;,/E;p = 0.01), as a function of qubit gate voltage
Ny; see text for details. We take Ecp =77 ueV and E;y =
27 peV. The frequency range probed by tuning N’y matches
the range of the main plot; the sharp steps in the average charge
occur at (N ) = Ecg.

absorption [i.e., So(+|wl)] and emission [i.e., So(—|w])]
when |w| increases beyond Eg. These jumps correspond
to the opening and closing of transport channels in the
SSET, and their sharpness is a result of the singularity in
the quasiparticle density of states. For example, as w rises
past Ecg, transitions which are normally forbidden in the
DIJQP cycle (i.e., ng = 0 — 1) suddenly become energeti-
cally allowed if they absorb energy from the qubit, caus-
ing a sudden increase in Sy(w).

The effect of the SSET quantum charge noise on the
qubit is shown in the inset of Fig. 2, where the average
qubit charge (Ng) = 1 + (o) for t > 7, is shown as a
function of N j,. Changing N, tunes the qubit splitting
frequency (2, allowing one to probe the frequency depen-
dence of the noise. The solid black curve corresponds to
being at the center of the DJQP feature, and the grey
curve corresponds to the unperturbed qubit ground state.
The features in the quantum noise manifest themselves in
(Npg), a quantity which is accessible in experiment.

Even more interesting is the situation when one tunes
N or Vpg slightly off the DJQP resonance center.
Unlike the case of a SET, where noise asymmetries are
weak for |w| < Eqg [6], there are strong features here
that result from the resonant nature of Cooper-pair tun-
neling. By treating the mixing terms in Eq. (3) perturba-
tively, analytic expressions can be obtained for the
quantum noise in this regime when E;¢<I' [in
Ref. [13], E;5/(hT") = 0.04]. If one moves away from the
DIQP center by tuning only Vpg (e, Ng=1/2,
eVDS = ECS + (Sv/2), we find (|a)| < Ecs)

[v,(6y + w)/y,;(6y — )]

47,3y + @)7,(6y — )] + @® O

SQ(w) = Yj(av)
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In the limit where w < I'/2, Eq. (5) simply corresponds
to classical telegraph noise (the SSET spends only appre-
ciable time in the states ng = 0 and ng = 1). However, for
finite 6 and w, Eq. (5) indicates that the noise develops a
pronounced asymmetry, even though |w| < E¢. In par-
ticular, if 8, > 0, one has Sy(—|w|) > Sy(+|wl), imply-
ing that emission by the SSET exceeds absorption. This
behavior is shown by the dashed curves in Fig. 2, which
correspond to Ng = 1/2, 8§y, = +I'/4. This effect is a
direct consequence of the resonant nature of Cooper-pair
tunneling—by emitting energy, both Cooper-pair tunnel-
ing processes in the DJQP cycle become more resonant,
while absorbing energy pushes them even farther from
resonance. The result is a population inversion in the qubit
at zero temperature, which in turn leads to a striking,
nonmonotonic dependence of qubit charge on N
(dashed curve in the inset of Fig. 2) [15]. Note that if
one moves away from the center of the DJQP resonance
by changing only the Ny, no asymmetry in the noise
results, as now emission (or absorption) moves one of the
Cooper-pair transitions in the DJQP process farther zo-
wards resonance, while it moves the other transition
farther away from resonance. Letting 6, = 0 and 6 5 =
4E (N ¢ — 1/2), we have for E; <T:

w 2
1+ (ﬁf,%s/)z Y/(6n — @)y, 0n + @)

[4y;(6n + @)y,(6n — w)] + w?
(6)

Measurement rate—To determine the measurement
time 7., We extend our density-matrix description to
also include m, the number of electrons that have tunneled
through the left SSET junction [4,14]. We are thus able to
calculate the distribution of tunneled electrons P(m, t|i),
where i =1, | denotes the initial state of the qubit. 7, 1S
defined as the minimum time needed before the two
distributions P(m, t| 1) and P(m, t| |) are statistically dis-

tinguishable [4]:
L —1 )2. )

1
Tmeas <1/2 NI

Here I; and | are the average SSET currents associated
with the two qubit states, and f; and f) are the associated
Fano factors which govern the zero-frequency shot noise
in the current. In the absence of the qubit, the density-
matrix equations for the SSET yield the following for the
single Fano factor f:

SQ(CU) =v,(6x)

a0 1 B3/27 - 87
ﬂwipiﬁﬁuﬁ+%m4 ®

where we take eVpg = Ecg, 6 = S = 4Eqcg(N g —
1/2). Equation (8) indicates that the effective charge of
the carriers in the DJQP process is 3¢/2 in the limit where
I' > Ejs. In this limit, Cooper-pair tunneling is the rate-
limiting step in the cycle; electrons effectively tunnel in
clumps of e or 2e, leading to an average charge of 3e/2.
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FIG. 3. 1/Tmeas> I'rer» and 'y Vs qubit gate voltage N, for a

strongly coupled system, where E;,/E;g = 0.3 (i.e., Cc/Cy =
0.05). A good measurement is possible for a wide range of gate
voltages. Inset: Heisenberg efficiency y = 7,/7pe, at weak
coupling, as a function of E;g/T".

We consider 7., in the limit of weak coupling (E;,; <
1) and weak mixing (E;p < ). Taking 6, = 0 and
8N =T'/2 for near optimal gain, and using Egs. (6)—
(8), we find that the intrinsic signal-to-noise ratio
(Tmeasmix) ~'/% of the measurement, in the relevant re-
gime E;¢ <T, is given by

4 Q
(S/N)psop = \/;| cotd| T2 ©)

Here cotf = 4Ec,(1 — N )/E,, and we take y,(0) <
) < Ecg. If a SET in the sequential-tunneling regime is
used for the qubit measurement, it was found in Refs. [3,4]
that the optimal S/N is given by (Q < E)

2 2
> + ;‘;2, (10)

(S/N)ser = Al cotf] < @
€Vps
where A is of order unity. As the quasiparticle transition
rate I' ~ £ eV, we see that the S/N achieved using
DJQP is parametrically larger (in 277/g > 1) than that
obtained for the SET. This enhancement results largely
from the narrow width of the DJQP feature—the energy
scale over which the current changes (and thus the gain)
is set by I' rather than Vjg. The gain and S/N ratio of the
SET could be improved by working in the cotunneling
regime; however, this would result in a much larger 7q,
(Tmeas & &%), making one more susceptible to unwanted
environmental effects. In contrast, the DJQP feature has
both a large gain and a short 7., (i.€., Tmeas % 1/8).
Shown in Fig. 3 as a function of Ny are Tpe,, I'rer, and
Iy for a strongly coupled device (Co/Cs = 0.05), with
all other parameters as listed in the caption of Fig. 2. We
have taken &y =0 and 8N =1TI'/2 for optimal gain.
Figure 3 confirms that an excellent measurement is indeed
possible, with (S/N)* > 100.

We have also studied the efficiency y = 7,/7ypeas Of
measurement using DJQP for a weak coupling (E;, <
Ej, ') and Q < Ecg, where 7, is the measurement-
induced dephasing time [17]. Unlike an SET in the se-
quential-tunneling regime, where y o g2 is always much
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less than the quantum limit y = 1 [3,4], here y is con-
trolled by the ratio E;¢/I". As shown in the inset of Fig. 3,
by tuning this ratio, y can be made to approach the
quantum limit. Here, for each value of E;¢/I", we have
set Vpg and N g to optimize the gain. Measurement using
DJQP is able to reach a high efficiency when E ;g =~ I" both
because of the symmetry of the process and because of
the coherent nature of Josephson tunneling; the large gain
of the process is also important [17]. Clearly, the DJQP
process allows for a far superior measurement of a
Cooper-pair box qubit than a SET.
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