


Using Nuclear Magnetic Resonance to Assess and Optimize the Precision of Methods for Controlling Quantum 
Dynamics

Report Title

ABSTRACT
The most significant achievements of this project were: (1) Development and validation of the hardware and software needed to implement 
"strongly modulating pulses", by which high precision quantum gates can be obtain in realistic systems of up to 12 qubits; (2) A detailed 
analysis and evaluation of a 3-qubit quantum Fourier transform via full quantum process tomography; (3) An extensive set of mathematical 
and computational techiques to accomplish these goals, including Hadamard products, the real density matrix, and methods of fitting 
superoperators to experimental data; (4) Creation of a 3-qubit "noiseless subsystem", of a Bell state on two 2-qubit decoherence-free 
subspaces (DFS), and the invention of "partial" pseudopure states which will enable us to demonstrate robust methods for controlling 
multi-DFS-qubit systems by NMR; (5) Implementation of several quantum chaotic maps, and the discovery that these provide a scalable 
approach to determining the magnitude and kind of errors present in complex quantum computations; (6) The invention of a "spin 
amplifier", by which entanglement can be used to enable single spin measurement, and a small-scale demonstration by NMR; (7) 
Experiments demonstrating that the foregoing advances enable implementation of complex entangling unitary and decoherent operations, 
culminating in creation of a 12-qubit CAT state.
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DAAD19-01-1-0519: FINAL REPORT

Technical Summary

(1) Development and validation of the hardware and software needed to 

implement “strongly modulating pulses”, by which high precision 

quantum gates can be obtain in realistic systems of up to 12 qubits:

E. M. Fortunato, M. A. Pravia, N. Boulant, G. Teklemariam, T. F. Havel and 

D. G. Cory, “Design of strongly modulating pulses to implement precise 

effective Hamiltonians for quantum information processing”, J. Chem. 

Phys. 116:7599-606 (2002).

Abstract. We describe a method for improving coherent control through the 
use of detailed knowledge of the system’s Hamiltonian. Precise unitary trans-
formations were obtained by strongly modulating the system’s dynamics to 
average out unwanted evolution. With the aid of numerical search methods, 
pulsed irradiation schemes are obtained that perform accurate, arbitrary, se-
lective gates on multiqubit systems. Compared to low power selective pulses, 
which cannot average out all unwanted evolution, these pulses are substan-
tially shorter in time, thereby reducing the effects of relaxation. Liquid-state 
nuclear magnetic resonance techniques on homonuclear spin systems are 
used to demonstrate the accuracy of these gates both in simulation and ex-
periment. Simulations of the coherent evolution of a three-qubit system show 
that the control sequences faithfully implement the unitary operations, typi-
cally yielding gate fidelities on the order of 0.999 and, for some sequences, up 
to 0.9997. The experimentally determined density matrices resulting from the 
application of different control sequences on a three-spin system have over-
laps of up to 0.99 with the expected states, confirming the quality of the ex-
perimental implementation.

M. A. Pravia, N. Boulant, J. Emerson, A. Farid, E. M. Fortunato, T. F. Havel 

and D. G. Cory, “Robust control of quantum information”, J. Chem. 

Phys. 119:9993 (2003).

Abstract. Errors in the control of quantum systems may be classified as uni-
tary, decoherent, and incoherent. Unitary errors are systematic, and result in a 
density matrix that differs from the desired one by a unitary operation. Deco-
herent errors correspond to general completely positive superoperators, and 
can only be corrected using methods such as quantum error correction. Inco-
herent errors can also be described, on average, by completely positive su-
peroperators, but can nevertheless be corrected by the application of a locally 
unitary operation that “refocuses” them. They are due to reproducible spatial 
or temporal variations in the system’s Hamiltonian, so that information on the 
variations is encoded in the system’s spatiotemporal state and can be used to 
correct them. In this paper liquid-state nuclear magnetic resonance is used to 
demonstrate that such refocusing effects can be built directly into the control 
fields, where the incoherence arises from spatial inhomogeneities in the quan-



tizing static magnetic field as well as the radio-frequency control fields them-
selves. Using perturbation theory, it is further shown that the eigenvalue spec-
trum of the completely positive superoperator exhibits a characteristic spread 
that contains information on the Hamiltonians’ underlying distribution. 

(2) A detailed analysis and evaluation of a 3-qubit quantum Fourier 

transform via full quantum process tomography:

Y. S. Weinstein, T. F. Havel, J. Emerson, N. Boulant, M. Saraceno, S. Lloyd 

and D. G. Cory, “Quantum process tomography of the quantum Fourier 

transform”, J. Chem. Phys. 121:6117-33 (2004).

Abstract. The results of quantum process tomography on a three-qubit nu-
clear magnetic resonance quantum information processor are presented and 
shown to be consistent with a detailed model of the system-plus-apparatus 
used for the experiments. The quantum operation studied was the quantum 
Fourier transform, which is important in several quantum algorithms and 
poses a rigorous test for the precision of our recently developed strongly 
modulating control fields. The results were analyzed in an attempt to decom-
pose the implementation errors into coherent (overall systematic), incoherent 
(microscopically deterministic), and decoherent (microscopically random) 
components. This analysis yielded a superoperator consisting of a unitary part 
that was strongly correlated with the theoretically expected unitary su-
peroperator of the quantum Fourier transform, an overall attenuation consis-
tent with decoherence, and a residual portion that was not completely positive 
although complete positivity is required for any quantum operation. By com-
parison with the results of computer simulations, the lack of complete positiv-
ity was shown to be largely a consequence of the incoherent errors which oc-
curred over the full quantum process tomography procedure. These simula-
tions further showed that coherent, incoherent, and decoherent errors can of-
ten be identified by their distinctive effects on the spectrum of the overall su-
peroperator. The gate fidelity of the experimentally determined superoperator 
was 0.64, while the correlation coefficient between experimentally determined 
superoperator and the simulated superoperator was 0.79; most of the dis-
crepancies with the simulations could be explained by the cumulative effect of 
small errors in the single qubit gates.

(3) An extensive set of mathematical and computational techniques to 

accomplish these goals, including Hadamard products, the real density 

matrix, and methods of fitting superoperators to experimental data:

T. F. Havel, Y. Sharf, L. Viola and D. G. Cory, “Hadamard products of 

product operators and the design of gradient-diffusion experiments for 

simulating decohrence by NMR spectroscopy,” Phys. Lett. A 280:282–8 

(2001).

Abstract. An extension of the product operator formalism of NMR is intro-
duced, which uses the Hadamard matrix product to describe many simple spin 
1/2 relaxation processes. The utility of this formalism is illustrated by deriving 
NMR gradient-diffusion experiments to simulate several decoherence models 



of interest in quantum information processing, along with their Lindblad and 
Kraus representations.

T. F. Havel, “Robust procedures for converting among Kraus, Lindblad 

and matrix representations of quantum dynamical semigroups,” J. 

Math. Phys. 44:534-57 (2003).

Abstract. Given a quantum dynamical semigroup expressed as an exponential 
superoperator acting on a space of N-dimensional density operators, eigen-
value methods are presented by which canonical Kraus and Lindblad operator 
sum representations can be computed. These methods provide a mathematical 
basis on which to develop novel algorithms for quantum process tomography 
–the statistical estimation of superoperators and their generators – from a 
wide variety of experimental data. Theoretical arguments and numerical simu-
lations are presented which imply that these algorithms will be quite robust in 
the presence of random errors in the data.

N. Boulant, T. F. Havel, M. A. Pravia and D. G. Cory, “A robust method 

for estimating the Lindblad operators of a dissipative quantum process 

from measurements of the density operator at multiple time points”, 

Phys. Rev. A 67:042322 (2003).

Abstract. We present a robust method for quantum process tomography, 
which yields a set of Lindblad operators that optimally fit the density operators 
measured at a sequence of time points. The benefits of this method are illus-
trated using a set of liquid-state nuclear magnetic resonance measurements 
on a molecule containing two coupled hydrogen nuclei which are sufficient to 
fully determine its relaxation superoperator. It was found that the complete 
positivity constraint, which is necessary for the existence of the Lindblad op-
erators, was also essential for obtaining a robust fit to the measurements. The 
general approach taken here promises to be broadly useful in studying dissi-
pative quantum processes in many of the diverse experimental systems cur- 
rently being developed for quantum-information processing purposes.

T. F. Havel, “The real density matrix”, Quantum Information Processing 

1:511-38 (2003).

Abstract. We introduce a nonsymmetric real matrix which contains all the in-
formation that the usual Hermitian density matrix does, and which has exactly 
the same tensor product structure. The properties of this matrix are analyzed 
in detail in the case of multi-qubit (e.g., spin = 1/2) systems, where the trans-
formation between the real and Hermitian density matrices is given explicitly 
as an operator sum, and used to convert the essential equations of the density  
matrix formalism into the real domain.



(4) Creation of a 3-qubit "noiseless subsystem", of a Bell state on two 2-

qubit decoherence-free subspaces (DFS), and the invention of "partial" 

pseudopure states which will enable us to demonstrate robust methods 

for controlling multi-DFS-qubit systems by NMR:

L. Viola, E. M. Fortunato, M. A. Pravia, E. Knill, R. Laflamme and D. G. 

Cory, “Experimental realization of noiseless subsystems for quantum 

information processing,” Science 293:2059–63 (2001).

Abstract. We realize the basic noiseless subsystem that preserves one bit of 
quantum information against general collective errors. Liquid-state nuclear 
magnetic resonance techniques were used to encode the information into the 
noiseless subsystem of three carbon spins and to expose them to a complete 
set of engineered collective noise processes. The achieved fidelities demon-
strate both the robustness of the protected information and an actual im-
provement in error-correcting an entire class of error models. Our results open 
novel practical prospects for reliable quantum information processing.

E. M. Fortunato, L. Viola, J. Hodges, G. Teklemariam and D. G. Cory, “Im-

plementation of universal control on a decoherence-free qubit,” New J. 

Phys. 4:5.1–20 (2002).

Abstract. We demonstrate storage and manipulation of one qubit encoded 
into a decoherence-free subspace (DFS) of two nuclear spins using liquid state 
nuclear magnetic resonance techniques. The DFS is spanned by states that are 
unaffected by arbitrary collective phase noise. Encoding and decoding proce-
dures reversibly map an arbitrary qubit state from a single data spin to the 
DFS and back. The implementation demonstrates the robustness of the DFS 
memory against engineered dephasing with arbitrary strength as well as a 
substantial increase in the amount of quantum information retained, relative 
to an un-encoded qubit, under both engineered and natural noise processes. 
In addition, a universal set of logical manipulations over the encoded qubit is 
also realized. Although intrinsic limitations prevent maintenance of full noise 
tolerance during quantum gates, we show how the use of dynamical control 
methods at the encoded level can ensure that computation is protected with 
finite distance. We demonstrate noise-tolerant control over a DFS qubit in the 
presence of engineered phase noise significantly stronger than observed from 
natural noise sources.

N. Boulant, M. A. Pravia, E. M. Fortunato, T. F. Havel and D. G. Cory, “Ex-

perimental concatenation of quantum error correction with decou-

pling,” Quantum Information Processing, 1:135-44 (2002).

Abstract. We experimentally explore the reduction of decoherence via con-
catenating quantum error correction (QEC) with decoupling in liquid-state NMR 
quantum information processing. Decoupling provides an efficient means of 
suppressing decoherence from noise sources with long correlation times, and 
then QEC can be used more profitably for the remaining noise sources.



E. M. Fortunato, L. Viola, M. A. Pravia, E. Knill, R. Laflamme, T. F. Havel 

and D. G. Cory, “Exploring noiseless subsystems via nuclear magnetic 

resonance”, Phys. Rev. A 67:062303 (2003).

Abstract. Noiseless subsystems offer a general and efficient method for pro-
tecting quantum information in the presence of noise that has symmetry 
properties. A paradigmatic class of error models displaying nontrivial symme-
tries emerges under collective noise behavior, which implies a permutationally 
invariant interaction between the system and the environment. We expand our 
previous investigation of the noiseless subsystem idea (L. Viola et al., Science 
293, 2059, 2001) by reporting and analyzing NMR experiments that demon-
strate the preservation of a qubit encoded in a three-qubit noiseless subsys-
tem for general collective noise. A complete set of input states is used to de-
termine the superoperator for the implemented one-qubit process and to con-
firm that the fidelity of entanglement is improved for a large, noncommutative 
set of engineered errors. To date, this is the largest set of error operators that 
has been successfully corrected for by any quantum code.

N. Boulant, L. Viola, E. M. Fortunato and D. G. Cory, “Experimental im-

plementation of a concatenated quantum error-correcting code”, Phys. 

Rev. Lett. 94:130501 (2005).

Abstract. Concatenated coding provides a general strategy to achieve the de-
sired level of noise protection in quantum information processing. We report 
the implementation of a concatenated quantum error-correcting code able to 
correct phase errors with a strong correlated component. The experiment was 
performed using liquid-state nuclear magnetic resonance techniques on a four 
spin subsystem of labeled crotonic acid. Our results show that concatenation 
between active and passive quantum error correction is a practical tool to 
handle realistic noise involving both independent and correlated errors.

P. Cappellaro, J. S. Hodges, T. F. Havel, D. G. Cory, “Principles of Control 

for Decoherence-Free Subsystems”, J. Chem. Phys. (in press); reprint 

available from http://arxiv.org/abs/quant-ph/0604203.

Abstract. Decoherence-Free Subsystems (DFS) are a powerful means of pro-
tecting quantum information against noise with known symmetry properties. 
Although Hamiltonians theoretically exist that can implement a universal set of 
logic gates on DFS encoded qubits without ever leaving the protected subsys-
tem, the natural Hamiltonians that are available in specific implementations do 
not necessarily have this property. Here we describe some of the principles 
that can be used in such cases to operate on encoded qubits without losing 
the protection offered by the DFS. In particular, we show how dynamical de-
coupling can be used to control decoherence during the unavoidable excur-
sions outside of the DFS. By means of cumulant expansions, we show how the 
fidelity of quantum gates implemented by this method on a simple two-
physical-qubit DFS depends on the correlation time of the noise responsible 
for decoherence. We further show by means of numerical simulations how our 
previously introduced "strongly modulating pulses" for NMR quantum informa-
tion processing can permit high-fidelity operations on multiple DFS encoded 
qubits in practice, provided that the rate at which the system can be modu-



lated is fast compared to the correlation time of the noise. The principles 
thereby illustrated are expected to be broadly applicable to many implementa-
tions of quantum information processors based on DFS encoded qubits.

(5) Implementation of several quantum chaotic maps, and the discovery 

that these provide a scalable approach to determining the magnitude 

and kind of errors present in complex quantum computations:

Y. S. Weinstein, S. Lloyd, J. V. Emerson and D. G. Cory, “Experimental 

implementation of the quantum baker's map,” Phys. Rev. Lett. 

89:157902 (2002).

Abstract. This Letter reports on the experimental implementation of the quan-
tum baker's map via a three bit nuclear magnetic resonance quantum informa-
tion processor. The experiments tested the sensitivity of the quantum chaotic 
map to perturbations. In the first experiment, the map was iterated forward 
and then backward to provide benchmarks for intrinsic errors and decoher-
ence. In the second set of experiments, the least significant qubit was per-
turbed in between the iterations to test the sensitivity of the quantum chaotic 
map to controlled perturbations. These experiments can be used to investigate 
existing theoretical predictions for quantum chaotic dynamics.

J. Emerson, Y. S. Weinstein, M. Saraceno, S. Lloyd, and D. G. Cory,  

“Pseudo-random unitary operators for quantum information science”, 

Science, 302:2098-100 (2003).

Abstract. In close analogy to the fundamental role of random numbers in clas-
sical information theory, random operators are a basic component of quantum 
information theory. Unfortunately, the implementation of random unitary op-
erators on a quantum processor is exponentially hard. Here we introduce a 
method for generating pseudo-random unitary operators that can reproduce 
those statistical properties of random unitary operators most relevant to quan-
tum information tasks. This method requires exponentially fewer resources, 
and hence enables the practical application of random unitary operators in 
quantum communication and information processing protocols. Using a nu-
clear magnetic resonance quantum processor, we were able to realize pseudo- 
random unitary operators that reproduce the expected random distribution of 
matrix elements.

(6) The invention of a "spin amplifier", by which entanglement can be used 

to enable single spin measurement, and a small-scale demonstration by 

NMR:

P. Cappellaro, J. Emerson, N. Boulant, C. Ramanathan, S. Lloyd and D. G. 

Cory, “Entanglement assisted metrology”, Phys. Rev. Lett. 94:020502 

(2005).

Abstract. We propose a new approach to the measurement of a single spin 
state, based on nuclear magnetic resonance (NMR) techniques and inspired by 
the coherent control over many-body systems envisaged by quantum informa-
tion processing. A single target spin is coupled via the magnetic dipolar inter-



action to a large ensemble of spins. Applying radio frequency pulses, we can 
control the evolution so that the spin ensemble reaches one of two orthogonal 
states whose collective properties differ depending on the state of the target 
spin and are easily measured. We first describe this measurement process us-
ing quantum gates; then we show how equivalent schemes can be defined in 
terms of the Hamiltonian and thus implemented under conditions of real con-
trol, using well established NMR techniques. We demonstrate this method with 
a proof of principle experiment in ensemble liquid state NMR and simulations 
for small spin systems.

(7) Experiments demonstrating that the foregoing advances enable imple-

mentation of complex entangling unitary and decoherent operations, 

culminating in creation of a 12-qubit CAT state:

G. Teklemariam, E. M. Fortunato, M. A. Pravia, T. F. Havel and D. G. Cory, 

“An NMR analog of the quantum disentanglement eraser,” Phys. Rev. 

Lett. 86:5845–9 (2001).

Abstract. We report the implementation of a three-spin quantum disentangle-
ment eraser on a liquid-state NMR quantum information processor. A key fea-
ture of this experiment was its use of pulsed magnetic field gradients to mimic  
projective measurements. This ability is an important step towards the devel-
opment of an experimentally controllable system which can simulate any 
quantum dynamics, both coherent and decoherent.

N. Boulant, E. M. Fortunato, M. A. Pravia, G. Teklemariam, D. G. Cory and 

T. F. Havel, “Entanglement transfer experiment in NMR quantum infor-

mation processing,” Phys. Rev. A 65:024302 (2002).

Abstract. We report the implementation of an entanglement transfer on a four-
qubit liquid-state nuclear-magnetic resonance quantum information processor. 
This consists of creating an (pseudopure) entangled state among two directly 
coupled spins, and then transferring this two-spin state to another pair of 
spins whose direct interactions are negligible. Such transfers are expected to 
be an essential operation in scalable quantum computer architectures, and 
provide a useful benchmark for the coherent control available in specific im-
plementations.

G. Teklemariam, E. M. Fortunato, M. A. Pravia, Y. Sharf, T. F. Havel and 

D. G. Cory, “Quantum erasers and probing classifications of entangle-

ment via NMR,” Phys. Rev. A 66:012309 (2002).

Abstract. We report the implementation of two- and three-spin quantum eras-
ers using nuclear magnetic resonance (NMR). Quantum erasers provide a 
means of manipulating quantum entanglement, an important resource for 
quantum information processing. Here, we first use a two-spin system to illus-
trate the essential features of quantum erasers. The extension to a three-spin 
"disentanglement eraser" shows that entanglement in a subensemble can be 
recovered if a proper measurement of the ancillary system is carried out. Fi-
nally, we use the same pair of orthogonal decoherent operations used in quan-
tum erasers to probe the two classes of entanglement in tripartite quantum 
systems: the Greenberger-Horne-Zeilinger state and the W state. A detailed 



presentation is given of the experimental decoherent control methods that 
emulate the loss of phase information in strong measurements, and the use of 
NMR decoupling techniques to implement partial trace operations.

G. Teklemariam, E. M. Fortunato, C. C. Lopez, J. Emerson, J.-P. Paz, T. F. 

Havel and D. G. Cory, “A method for modeling decoherence on a quan-

tum information processor”, Phys. Rev. A 67:062316 (2003).

Abstract. We develop and implement a method for modeling decoherence 
processes on an N-dimensional quantum system that requires only an N2-
dimensional quantum environment and random classical fields. This model 
offers the advantage that it may be implemented on small quantum-
information processors in order to explore the intermediate regime between 
semiclassical and fully quantum models. We consider in particular z z 
system-environment couplings which induce coherence (phase) damping, al-
though the model is directly extendable to other coupling Hamiltonians. Effec-
tive, irreversible phase damping of the system is obtained by applying an addi-
tional stochastic Hamiltonian on the environment alone, periodically redress-
ing it and thereby irreversibly randomizing the system phase information that 
has leaked into the environment as a result of the coupling. This model is ex-
actly solvable in the case of phase damping, and we use this solution to de-
scribe the model's behavior in some limiting cases. In the limit of small sto-
chastic phase kicks the system's coherence decays exponentially at a rate that 
increases linearly with the kick frequency. In the case of strong kicks we ob-
serve an effective decoupling of the system from the environment. We present 
a detailed implementation of the method on a nuclear magnetic resonance 
quantum-information processor.

N. Boulant, K. Edmonds, J. Yang, M.A. Pravia and D.G. Cory, “Experimen-

tal demonstration of an entanglement swapping operation and im-

proved control in NMR quantum information processing”, Phys. Rev. A 

68:032305 (2003).

Abstract. We demonstrate the implementation of an entanglement swapping 
operation on a four-qubit liquid-state nuclear-magnetic-resonance (NMR) 
quantum-information processor. We use this experiment as a benchmark to 
illustrate the progress made in the field of quantum control using strongly 
modulating pulses and a correction scheme for removing distortions intro-
duced by the nonlinearities in the transmitter and probe circuits. The advances 
include compensating for incoherent errors caused by the spatial variation of 
the system Hamiltonian in the NMR sample. The goal of these control se-
quences is to cause the collapse of the Kraus operator-sum representation of 
the super-operator into one unitary operator so that the ensemble appears to 
evolve as one coherent whole.

S. Sinha, J. Emerson, N. Boulant, E. M.  Fortunato, T. F. Havel and D. G. 

Cory, “Experimental simulation of spin squeezing by nuclear magnetic 

resonance”, Quantum Information Processing 2:433-48 (2003).

Abstract. We report on the experimental simulation of spin squeezing using a 
liquid-state NMR quantum information processor. This was done by identifying 



the energy levels within the symmetric subspace of a system of n spin-1/2 nu-
clei with the energy levels of the simulated spin-(n/2) system. The results ob-
tained for our simulations of spin-1 and spin-3/2 systems are consistent with 
earlier theoretical studies of spin squeezing, and illustrate interesting relations 
between the degree of squeezing and the strength of the correlations among 
the underlying spin--1/2 particles.

C. Negrevergne, T. S. Mahesh, C. A. Ryan, M. Ditty, F. Cyr-Racine, W. 

Power, N. Boulant, T. F. Havel, D. G. Cory and R. Laflamme, “Bench-

marking quantum control methods on a 12-qubit system”, Phys. Rev. 

Lett. 96:170501 (2006).

Abstract. In this Letter, we present an experimental benchmark of operational 
control methods in quantum information processors extended up to 12 qu-
bits. We implement universal control of this large Hilbert space using two 
complementary approaches and discuss their accuracy and scalability. Despite 
decoherence, we were able to reach a 12-coherence state (or a 12-qubit pseu-
dopure cat state) and decode it into an 11 qubit plus one qutrit pseudopure 
state using liquid state nuclear magnetic resonance quantum information 
processors.




