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Statistical Analysis of the Nonhomogeneity Detector
for Non-Gaussian Interference Backgrounds

Muralidhar Rangaswamy, Senior Member, IEEE

Abstract—We derive the nonhomogeneity detector (NHD) for
non-Gaussian interference scenarios and present a statistical
analysis of the method. The non-Gaussian interference scenario
is assumed to be modeled by a spherically invariant random
process (SIRP). We present a method for selecting representative
(homogeneous) training data based on our statistical analysis of
the NHD for finite sample support used in covariance estimation,
In particular, an exact theoretical expression for the NHD test
statistic probability density function (PDF) is derived. Perfor-
mance analysis of the NHD is presented using both simulated
data and measured data from the multichannel airborne radar
measurement (MCARM) program. A performance comparison
with existing NHD approaches is also included.

Index Terms—EM algorithm, GIP, goodness-of-fit test, maxi-
mally invariant statistic, ML estimate, NAMF, NHD, non-Gaussian
interference, SIRP, type-I error.

I. INTRODUCTION

N important issue in space-time adaptive processing

(STAP) for radar target detection is the formation and
inversion of the covariance matrix underlying the disturbance.
In practice, the unknown interference covariance matrix is
estimated from a set of independent identically distributed (iid)
target-free training data, which is assumed to be representative
of the interference statistics in a cell under test. Frequently, the
training data is subject to contamination by discrete scatterers
or interfering targets. In either event, the training data becomes
nonhomogeneous. As a result, it is not representative of the
interference in the test cell. Hence, standard estimates of the
covariance matrix from nonhomogeneous training data result
in severely under-nulled clutter. Consequently, constant false
alarm rate (CFAR) and detection performance suffer. Signifi-
cant performance improvement can be achieved by employing
pre-processing to select representative training data.

The problem of target detection using improved training
strategies has been considered in [1]-[5]. The impact of
training data nonhomogeneity on STAP performance is consid-
ered in [5]-[8]. The works of [1]-[4], [8], [9] have addressed
the use of the nonhomogeneity detector (NHD) based on the
generalized inner product (GIP) measure for STAP problems
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involving Gaussian interference scenarios. This work was
extended significantly in [10] and [11] to include the effects
of finite sample support used for covariance matrix estimation.
However, the corresponding problem for non-Gaussian inter-
ference scenarios has received limited attention. This is due to
the fact that tractable models for correlated non-Gaussian inter-
ference have become available only in recent work [12]-[14].

In general, nonhomogeneity of training data is caused by
environmental factors, such as the presence of strong discrete
scatterers, dense target environments, nonstationary reflectivity
properties of the scanned area, and radar system configurations
such as conformal arrays, and bistatic geometries. A variety of
robust adaptive signal processing methods to combat specific
types of nonhomogeneities have been developed in [15]-[19].

In this paper, we concern ourselves with the problem of
training data nonhomogeneity caused by dense target envi-
ronments and present the NHD for non-Gaussian interference
scenarios. More specifically, two p-tuple random vectors x;
and x, having covariance matrices R; and R, respectively,
are defined to be nonhomogeneous if R;1R; # vI, where I
denotes the p X p identity matrix, and v is an arbitrary positive
scale factor. In other words, the random vectors are defined to
be nonhomogeneous if they do not share the same covariance
structure. This issue can be readily treated by examining the
eigenvalues of R;1R; when R; and R, are known. How-
ever, R; and R, are seldom known in practice, rendering the
eigenvalue analysis infeasible. Therefore, we concern ourselves
with the problem of obtaining the NHD test for non-Gaussian
interference scenarios, where the covariance matrix is estimated
from finite training data support.

Specifically, we derive the NHD for non-Gaussian interfer-
ence scenarios, which can be modeled by spherically invariant
random processes (SIRP) and present a statistical analysis of the
resultant NHD test. Section II presents the relevant mathemat-
ical preliminaries. In Section III, we discuss the issues of co-
variance matrix estimation using finite data as well as the use of
a maximally invariant test statistic for the NHD. Furthermore,
we present a statistical analysis of the NHD and show that a
formal goodness-of-fit test can be constructed for selecting ho-
mogeneous training data. The basis of our NHD strategy lies
in characterizing the statistics pertaining to homogeneous SIRP
clutter scenarios and rejecting realizations departing from these
statistics. Performance analysis is discussed in Section IV. A
performance comparison with existing NHD tests is also in-
cluded therein. Conclusions and future research directions are
outlined in Section V.,

In general, the problem of nonhomogeneity detection for
SIRPs is complicated by the fact that the underlying SIRP co-
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variance matrix and characteristic probability density function
(PDF) are unknown. Knowledge of the SIRP characteristic
PDF is assumed in this paper as a first step toward addressing
the problem. This information can be gained from estimates of
the first order PDF obtained from experimental data using his-
togram or moment techniques [20]. A significant performance
penalty is incurred if this information is unavailable. This fact
is illustrated through an example in Section IV.

The main contributions of this paper are summarized below.

1)  Reduce the NHD problem for SIRP interference sce-
narios to one of testing whether two data sets share a
common covariance structure but have different levels
by proper use of the maximum likelihood estimate of
the covariance matrix.

2)  Provide a formal goodness-of-fit test using a scale in-
variant test statistic.

3)  Introduce analytical expressions for the NHD PDF,
which enable calculation of the threshold setting for
the NHD test.

4)  Analyze the performance of the NHD test using simu-
lated and measured radar data.

5)  Compare the performance with existing NHD tests,
which demonstrates superior performance of the NHD
test of this paper in both SIRP as well as Gaussian sce-
narios.

II. PRELIMINARIES

Letx = [z1 72 ...zm]7T denote a complex spherically in-
variant random vector (SIRV) having zero mean, positive def-
inite Hermitian covariance matrix R and characteristic PDF
fv(v). The PDF of x is given by [21]

f(@) = 7" MR|  hare(q) )

where |.| denotes determinant, and

g=x"Rx

hang (w) = /0 "M o (-5) fvwdv. @

Every SIRV admits a representation of the form [22] x = 2V,
where z has acomplex-Gaussian PDF CN(0, R), and V is a sta-
tistically independent random variable with PDF fy,(v). Conse-
quently, the covariance matrix of x is given by R, = RE(V?).
In practice, R and fi/(v) are unknown. For the purpose of this
paper, we assume knowledge of fy,(v) and treat the problem of
nonhomogeneity detection with respect to unknown R.. Validity
of the SIRP model for clutter encountered in STAP applications
has been extensively discussed in [23].

Previous work [1]-[4], [8]-[11], [24] employed the
GIP-based NHD for Gaussian interference scenarios. The
GIP-based method relies on the statistics of a quadratic form
given by Q = x¥R~1x. This method can be used as an
NHD test statistic in SIRV intereference if a perfect estimate
of the covariance matrix can be obtained, which calls for an
extremely large sample support size (infinite sample support).
However, in practice, the training data available in a given

»
-
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application is limited by system considerations such as the
bandwidth and fast scanning arrays and more fundamentally
the underlying spatio-temporal nonstationarity of the scenario.
Thus, one is almost always forced to work with finite sample
support. Consequently, the covariance matrix estimate for this
problem can only be obtained to within a constant of the sample
covariance matrix, which is the maximum likelihood estimate
of the covariance matrix underlying the Gaussian component
of the SIRV. Typically, this constant is unknown in practice.
Hence, the goodness-of-fit tests proposed in [3], [4], [9], and
[10] cannot be properly implemented for this problem. On
the other hand, implementation of the NHD tests proposed in
{31, [4], [9]-[11], and [24] using the sample covariance matrix
estimate for R in SIRV scenarios leads to incorrect declaration
of data nonhomogeneity. This fact is illustrated in the examples
presented in Section IV. Therefore, we seek a scale-invariant
test statistic for this problem.

II1. NONHOMOGENEITY DETECTOR FOR NON-GAUSSIAN
INTERFERENCE SCENARIOS

Let x ~ SIRV[0,R, fy(v)] denote the complex SIRV
test data vector, where R is unknown. Further, let x;,
i=1,2,...K, denote iid complex SIRV[0, R, fy (v)] training
data. The first step in deriving the NHD for SIRV’s involves
obtaining the maximum likelihood estimate of the underlying
covariance matrix. This estimate is then used in a test statistic
that exhibits maximal invariance with respect to the unknown
scaling of the estimated covariance matrix. The resulting test
statistic takes the form of a normalized adaptive matched filter
(NAMEF), which has been extensively analyzed in [25]-[27] and
references therein. As noted previously, the basis of our strategy
to detect nonhomogeneity in the data is to first characterize
the NHD PDF in homogeneous SIRP clutter scenarios and use
this information to construct a formal goodness-of-fit test for
rejecting data realizations that depart from the said PDE.

A. Covariance Matrix Estimation

The unknown covariance matrix is estimated from represen-
tative SIRV training data sharing the covariance structure of
that of the test cell. Maximum likelihood (ML) estimation of
the covariance matrix for SIRVs was first considered in [28].
The work of [28] showed that covariance matrix estimation for
SIRVs can be treated in the framework of a complete-incom-
plete data problem and pointed out that the maximum likeli-
hood estimate of the covariance matrix is a weighted sample
matrix. Since the covariance matrix estimate cannot be obtained
in closed form, [28], [29] use an iterative method known as the
expectation-maximization (EM) algorithm. More precisely, let
x;, 1 = 1,2,..., K denote iid training data sharing the covari-
ance matrix of the test data vector x. The work of [28] and [29]
shows that the ML estimate of the covariance matrix is given by

©)
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where
= — hoyne(gi)
' hon (g;)
Ohop(w
an(w) = —%;Ww(—) = —hapi2(w) @)

and ¢; = xHR~1x;,i = 1,2,... K. Since both sides of (3)
involve R (the right-hand side implicitly through ¢;), it is not
possible to obtain the estimate in closed form. Consequently,
[28] used the EM algorithm to obtain an iterative solution to the
problem. We adopt the approach of [28] for obtaining the covari-
ance matrix estimate in this work. A derivation of the covariance
matrix estimate is contained in the Appendix. We note therein
that the EM algorithm yields an estimate that is to within a mul-
tiplicative constant of the sample covariance matrix, which is the
ML estimate of the covariance matrix underlying the Gaussian
component of the SIRV. This fact was verified for all the simu-
lated data examples presented in Section IV by examining the
eigenvalues of the estimated covariance matrix obtained at the
convergence of the EM algorithm. Details pertaining to the ini-
tial start and convergence properties of the EM algorithm can
be found in [28]. The next step is to use this estimate in a maxi-
mally invariant decision statistic for nonhomogeneity detection.

Recognizing the need to know the characteristic SIRV PDF,
which may be hard to obtain in some practical applications,
the works of [30] and [31] propose recursive covariance ma-
trix estimators for the class of non-Gaussian processes where
the random variable V' of the SIRP model is treated as a de-
terministic but unknown parameter. Strictly speaking, the non-
Gaussian model used in [30] and [31] departs from the SIRP
model due to the treatment of V' as a deterministic but unknown
scale factor. However, it serves as a useful alternative model in
some instances.

B. Maximally Invariant NHD Test Statistic
The maximal invariant statistic for different scaling of test
and training data is given by [25]
[sHR~1x|?
[sFR-1s][xFR~1x]

®

Axamr =

where s = (1/vVM)[1 1 ...1]T. For convenience, we use a
simple choice for s by designating it to be the first column of a
normalized discrete Fourier transform (DFT) matrix. However,
in most STAP applications, the spatio-temporal steering vector
is a function of azimuthal angle and Doppler. Bearing in mind
that we are concerned about training data containing contami-
nating targets, which share the same angle-Doppler information
as that of a desired target, the spatio-temporal steering vector is
a logical choice for s.

The test statistic of (5) has also been proposed as a subop-
timal method for adaptive radar target detection in compound-
Gaussian clutter [32]. Invariance properties of the test statistic
of (5) and its geometrical representation have been studied in
[25] and references therein for the case of Gaussian interference
statistics using a sample covariance matrix estimate. In SIRP
interference, however, each training data vector is scaled by a
different realization of V. Since V' varies independently from
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one training data vector to another, maximal invariance of the
test statistic of (5) afforded by the sample covariance matrix es-
timate no longer applies. This is due to the fact that the sample
covariance matrix is no longer the maximum likelihood estimate
of the covariance matrix for SIRV scenarios {33].

However, using an estimated covariance matrix of the form of
(3) restores the maximal invariance property of the test statistic
of (5). This is due to the fact that the resultant covariance matrix
estimate at convergence of the EM algorithm is to within a mul-
tiplicative constant of the sample covariance matrix. This fact
is formally demonstrated in Section IV through simulation by
comparing the empirical data cumulative distribution function
(CDF) of a simple transformation on Anaump With its theoret-
ical CDF for several cases and supplementing the results with
a Kolmogorov—Smirnov test [34]. This behavior has also been
verified for all the simulated data examples presented in Sec-
tion IV by examining the eigenvalues of the estimated covari-
ance matrix and the eigenvalues of the sample covariance matrix
formed from the averaged outer products of the Gaussian com-
ponent underlying the SIRV data. Consequently, we now have
a case where the covariance matrix of the test and training data
share the same structure but have different unknown scaling. It
has been established in [25] that Axamp is the invariant test
statistic for this problem. Hence, the canonical representation
for Anamr in terms of five random variables derived in [25]
applies to this problem in a straightforward manner. However,
we emphasize that it is important to properly estimate the SIRV
covariance matrix in order to reduce the NHD problem to the
case where test and training data covariance matrices differ by
an unknown scale factor. This calls for knowledge of the first
order SIRV characteristic PDF.

C. PDF and Moments of the Non-Gaussian NHD Test Statistic

Our comments in the concluding paragraph of Section III-B
allow us to use the canonical representation for Anamr
contained in [25] for Gaussian interference scenarios. Conse-
quently, the PDF of the NHD test statistic is readily determined
in terms of a random variable A., obtained from a transforma-
tion on Axamr defined by

_ _Anawr
Aea = 1— Anamr ©

Since A.q is a monotonic function of Axamr, one can work
with either statistic. For convenience of analysis, we work with
the PDF of A in the sequel. It has been shown in [25], [27], and
[35] for Gaussian interference statistics that Aoy admits a rep-
resentation in terms of an F-distributed random variable P and
a beta-distributed loss factor I'. However, use of the covariance
matrix estimate of the form of (3) transforms the NHD problem
in SIRV interference to that of testing whether two data sets
share the same covariance structure with differing scale. Con-
sequently, the results of [25], [27], and [35] readily extend to
the SIRV problem. More precisely, for the case where no target
is present in x (homogeneous data), A.q admits a representation
of the form

Aeq = e—. (7)
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The PDFs of P and T are given by

p>0

fr(p) =G5
1

RO =
where L = K — M + 1, and

A1 -)M? 0<y<1(®)

1
ﬂ(m,n):/o z™ (1 - 2)" . )

After a little bit of algebra, it follows that that the PDF of Aqq
with no target present in x (homogeneous data) is given by

Y L1~ y) fr(v)dy
o [1+(1—7y)rjEt+?

while the pdf of Axamp With no target present in x (homoge-
neous data) is given by

(10)

fa(r) =

L{1 - v) fr(v)dy 1
Fanane (T) = / M+ )Flmr]L+1 (1—r)2

The mean of Axamr is difficult to calculate analytically. Con-
sequently, we work with the mean of A.q given by

K
(K — MY{(M -2)

to study the convergence properties in the limit of large K. The
statistical equivalence of Aq to the ratio of an F-distributed
random variable and a beta-distributed loss factor permits rapid
calculation of the moments of A.q. It is also extremely useful in
Monte Carlo studies involving simulation of Axamr. For ho-
mogeneous training data, the use of (7) circumvents the need
to explicitly generate the test data vector x and the training
data vectors used for covariance estimation. For large M and,
hence, large K, significant computational savings can be real-
ized from the method of (7). It is instructive to note that the PDF
of Aqq depends only on M and K, which are under the con-
tro! of a system designer and not on nuisance parameters such
as the true covariance matrix underlying the interference sce-
nario. Furthermore, for K — o, the mean of (12) converges to
E(Aeq) =1/(M —2) M > 2, corresponding to the mean of
an F-distributed random variable. This is due to the fact that as
K — oo, the estimated covariance matrix approaches the true
covariance matrix with probability one, and thus, the loss factor
takes on the value zero with probability one.

€3]

E(Aog) = M>2 (12)

D. Goodness-of-Fit Test

Since the PDF of A,y and Anamr are known, a formal
goodness-of-fit test can be used for nonhomogeneity detec-
tion in non-Gaussian interference scenarios. Specifically, the
goodness-of-fit test can be cast in the form of the following
statistical hypothesis test;

Hy :Anamr is statistically consistent with
the pdf of (11)

Hy :Anamr is not statistically consistent with
the pdf of (11).
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Fig. 1. A.q PDF of (10) with varying K: M = 64.

For this purpose, we need to determine the type-I error [34]
given by

P. = P(Axanmr > n|Hg) = PlAeq > |Ho]. (13)

o
(1-mn)
The type-I error is the probability of observing under Hy a
sample outcome at least as extreme as the one observed [34] and
hence provides the smallest level at which the observed sample
statistic is significant. Using (6) and (8), it follows that the prob-
ability of error conditioned on T" is given by
1
1+ (1 —)n]E

where 17* = 1/(1 — n). The unconditional type-I error proba-

PI'= (14)

bility is obtained by taking the expectation of (14) over I' and is

given by

P, = —_— 15
/ 1+(1—7)77] g 1>

In this paper the type-I error is chosen to be 0.01. The threshold
n* is determined by a numerical inversion of (15). The value
of n follows from the relationship n = 7*/(1 + n*). We then
form empirical realizations of AxaMmp from each training data
vector using a sliding window approach. In this approach, each
training data vector is treated as a test cell data vector, whose
covariance matrix is estimated from neighboring cell data ac-
cording to (3). We then test for statistical consistency of the re-
alizations of Axamr with the theoretical PDF of (11). Realiza-
tions of Anamr, which exceed 7, correspond to nonhomoge-
neous training data. A desirable feature of P, is that it depends
only on K and M and not on nuisance parameters such as the
true covariance matrix underlying the interference. Performance
analysis of the NHD method is presented in the next section.

IV. PERFORMANCE ANALYSIS

Performance of the goodness-of-fit test with simulated and
measured data is presented here. Fig. 1 shows the plot of the
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Fig. 2. Type-I Error versus n* calculated using (15): M = 64.

PDF of A.q obtained from (10) with K as a parameter. Observe
that the variance of A.q decreases with increasing K. This is due
to the fact that better covariance matrix estimates result with in-
creasing K and when K — 00, the estimated covariance matrix
approaches R with probability 1.

Fig. 2 shows a plot of the Type-I error versus n*, with K as a
parameter. For a given type-I error, the threshold decreases with
increasing K, in conformance with the results of Fig. 1.

For convenience of analysis, simulated data examples con-
tained herein use the K-distributed amplitude PDF given by
[12], [13], [21]

ba+1,ra

Ir(r)= mKa—l(bT) r20,b, a>0 (16

where b and « are the distribution scale and shape parameters,

" respectively, K, (.) is the modified Bessel function of the second
kind of order v, and I'(.) is the Eulero-Gamma function. The
K-distribution, which is a member of the class of SIRPs [12],
has been proposed as a model for impulsive clutter resulting
from terrain and sea scatter [36], [37]. Small values of o result
in heavy tails for the PDF of (16). The corresponding fi-(v) and
hans(.) are given by

fvw) = I‘?Z) (w)2* lexp(—b*v?) 0<wv< o0

2b2M

T(a) (bVw)* MK o p(2bV0).

an

han (W) =

First, Figs. 3-5 demonstrate the invariance of the PDF of (10)
for the K-distribution (@« = 0.1, 0.5) and the Gaussian case
(o — o0c). More precisely, these figures show plots of the the-
oretical CDF obtained from (10) and the empirical CDF of Aqq
formed from homogeneous simulated data using (6). Relevant
test parameters are reported in the plots. First, the covariance
matrix is estimated from K = 2M homogeneous training data
realizations using the EM algorithm discussed in Section III-A.
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Fig. 3. Theoretical and empirical CDFs of A.,: Gaussian interference.
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Fig. 4. Theoretical and empirical CDF’s of A.,,: K-Distributed interference
a = 0.5,

Then, A.q is formed using 1000 independent realizations of ho-
mogeneous data and its empirical CDF is compared to its theo-
retical CDF given by

SN G)
FAeq(T) =1 0 [1 + (1 — ’Y)T]Ld’y (18)
In all cases, the empirical CDF shows good agreement with the
theoretical CDF. This was further supplemented by performing
a Kolmogorov-Smirnov test [34] to determine the statistical
consistency of realizations of A.q from the simulated data with
the theoretical PDF of (10). In all cases, we could not reject the
hypothesis that the realizations of A.q formed from the simu-
lated data using conform to the PDF of (10) at a 1% significance
level. These findings confirm the scale invariance of A.q (and,
hence, Anamr) and verify the correctness of the PDF given by
(10).




2106

Empiricat and Theoretical COF
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Fig. 5. Theoretical and empirical CDF’s of A.,: K-Distributed interference
a = 0.1.
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Fig. 6. Anamr versus range bin number for homogeneous K-distributed
SIRV with @ = 0.5, b = /o, M = 64, and K = 128.

We then generate 1024 realizations of a 64 tuple vector from
the K-distributed SIRP with « = 0.5 having a prescribed co-
variance matrix according to the physical model described in
[38] using the approach of [13]. No targets are added to this data
set. Starting from the midpoint (range bin 512), the data set is
processed symmetrically on either side using a sliding window.
Each cell is treated as a test cell (which may or may not contain
contaminating targets). Two Guard cells are provided (one on
each side of the test cell). One hundred and twenty eight training
data realizations are collected by moving symmetrically on ei-
ther side of the guard cells for use in covariance matrix esti-
mation. The covariance matrix estimate is obtained using (3).
Anamr given by (5) is then calculated for each test cell using

the estimated covariance matrix and compared to a threshold de-

termined from (15) for P, = 0.01. Relevant test parameters are
reported in the plots.

Fig. 6 shows the performance of the goodness-of-fit test for
simulated homogeneous data from the K-distribution [21] with
shape parameter 0.5 using the covariance estimate of (3). The

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 53, NO. 6, JUNE 2005

25 7 7 t T r T
M=64
K=128
Threshold=1.274
20+ -
~— Normalized GIP
= = Threshold
o
o 15F 1
i)
(]
N
g
S 10t
5 -
240 460 480 500 520 540 560 580
Range

Fig. 7. Normalized GIP (x"S—'x/K) versus range bin number for
homogeneous K-distributed SIRV with o = 0.5, b = /o, M = 64, and
K = 128. .

figure shows a plot of Axamr as a function of range. No re-
alization of Axamr exceeds 7, reflecting homogeneity of the
data. The experiment was repeated 1000 times, and in all cases,
Anamr did not exceed 7, confirming the homogeneity of the
data.

Fig. 7 shows the performance of the NHD test proposed in
[10], [11], and [24] based on comparing the normalized GIP
xH8~1x /K, with the threshold-setting determined according
to [24, eq. (4.2)]. Here, S = (l/K)Efilx,-x{I is simply the
sample covariance matrix. The data set used here is the same
as the data set used for the example in Fig. 6. The normalized
GIP is formed using sliding window processing, as described
in [10], [11], and [24]. Fig. 7 shows a plot of the normalized
GIP as a function of range. The threshold setting is also plotted.
From the plot, it is evident that for almost all range bins the
normalized GIP exceeds the threshold, leading to the declaration
of nonhomogeneity, when in fact, the data is homogeneous.

Fig. 8 shows the performance of a second goodness-of-fit test
proposed in [10], [11], and [24], which compares the normal-
ized GIP xS~ 1x/K to a theoretically calculated mean value
obtained from {24, eq. (3.6)]. The data used for this example is
the same as that used in the example of Fig. 6. Fig. 8 shows a
plot of the normalized GIP as a function of range. The theoret-
ically calculated mean value is also shown. Again, we see that
for almost all range bins, the normalized GIP exceeds the mean
value, causing an incorrect declaration of data nonhomogeneity.

Fig. 9 shows the performance of the NHD test proposed in
[31, [4], and [9], which compares the GIP x¥S~!x to a theo-
retically specified mean value of M. The data used for this ex-
ample is the same as that used in the example of Fig. 6. Fig. 9
shows a plot of the GIP as a function of range. The theoreti-
cally specified mean value is also shown. Again, we see that for
almost all range bins, the GIP exceeds the mean value causing
an incorrect declaration of data nonhomogeneity. The incorrect
declaration of nonhomogeneity is due to the fact that S is no
longer the ML estimate of the covariance matrix for SIRV inter-
ference scenarios. Similar results showing an even more severe
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Fig. 9. GIP (x"S—'x) versus range bin number for homogeneous
K-distributed SIRV witha = 0.5,b = /&, M = 64,and K = 128.

performance degradation in K-distributed clutter with @ = 0.1
were obtained. However, these results are not reported here in
the interest of avoiding tediousness of exposition. The experi-
ments pertaining to Figs. 7-9 were repeated 1000 times, and all
the trials exhibited performance consistent with that are reported
in Figs. 7-9.

Fig. 10 shows the performance of the goodness-of-fit test de-
veloped in this paper in K-distributed clutter with shape param-
eter 0.5. Synthetic targets were injected at range bins 479 and
510 to cause the nonhomogeneity. Nonhomogeneity of the data
is evident in those range bins where Anxamr exceeds 7.

Fig. 11 shows the performance of the goodness-of-fit test in
K-distributed clutter with o = 0.1. Synthetic targets were in-
jected at range bins 510 and 552 to cause the nonhomogeneity.
Clearly, Anxamr exceeds 7 for both of these range bins, and thus,
they are declared to be nonhomogeneous data sets.

Fig. 12 shows the results of the goodness-of-fit test using the
covariance matrix estimator proposed in [30] and [31]. This es-
timator does not require knowledge of the first-order charac-
teristic PDF of the SIRV and, therefore, converges faster than
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TABLE I
NHD PERFORMANCE SUMMARY
Fig. Number | Range Bin { Realizations | Exceedences
10 510 1000 997
10 479 1000 997
11 510 1000 984
11 552 1000 984
12 573 1000 971
Test Statistic vs Range
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Fig. 13. Anawmr versus range bin number using MCARM data: M = 128,
K = 256.

the estimator of (3), especially for small values of «. The data
set used for this example is the same as that used for the ex-
ample in Fig. 10. Although a peak in the test statistic is seen
at range bin 479, it does not exceed the threshold, whereas the
peak is not seen for range bin 510. Therefore, contaminating
targets in range bins 479 and 510 are not detected. Further-
more, the method erroneously reports the presence of a contam-
inating target at range bin 573. This illustrates the importance of
knowing the underlying characteristic PDF to properly estimate
the covariance matrix and use it in the NHD statistic.

The results contained in Figs. 10-12 were further validated by
using 1000 realizations of the experiment and averaging the re-
sults over 50 independent trials. In 997 out of the 1000 trials, the
NHD realizations corresponding to bins 479 and 510 of Fig. 10
exceeded the threshold. For Fig. 11, in 984 times out of 1000
trials, the realizations corresponding to range bins 510 and 552
exceeded the threshold. The corresponding number for Fig. 12
was 971. These findings are summarized in Table I.

The examples reported in Figs. 13-15 make use of the
MCARM data [3]. The MCARM data consists of measured
L-band radar data using a Westinghouse radar mounted on
the port-side of a BAC1-11 aircraft. The relevant system pa-
rameters are summarized in Table II. The MCARM data is a
common test bed for performance analysis and bench-marking
of STAP algorithms and is therefore considered in this paper.
Further details pertaining to the MCARM data can be found in
[39]. Fig. 13 shows the results of the goodness-of-fit test for
the MCARM data using acquisition 220 on Flight 5, cycle e for
eight channels and 16 pulses. The results of [3], [40], and [41]
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Fig. 14. Normalized GIP (x”S—'x/K’) versus range bin number using

MCARM data: M = 128, K = 256.
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Fig. 15. GIP (xS~'x) versus range bin number using MCARM data: M =

128, K = 256.
TABLE 11
MCARM DATA PARAMETERS
Paramecter Value
Transmit Frequency 1240 MHz

Transmit Beamwidth

6.7° Az., 10.4° El

Waveform

50.4 pus LFM

Peak Transmit Power 20 kw
Pulse Compression Ratio 63
Platform Altitude 10,000 ft

Platform Velocity

100 meters/sec

Array Configuration

11x11 Planar Array

Number of Pulses

128

Pulse Repetition Frequency

2 kHz

Number of Unambiguons Range Bins

630

using the MCARM tend to confirm that the MCARM data is
homogeneous for the most part. Statistical analysis of the data
indicates that the data is well-approximated by the Gaussian dis-
tribution [3]. As a consequence, ¢; = —hb,,(q:;)/ham(q;) = 1
for this case. Hence, the maximum likelihood estimate of the
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covariance matrix is simply the sample covariance matrix. The
test statistic ANanmr and the threshold 7 are plotted as a func-
tion of range. Nonhomogeneity of the data is evident in those
bins for which Axamr exceeds 7. For the sake of comparison,
Figs. 14 and 15 show the performance of the NHD methods of
[10], [11], and [24] and [3], {4], and [9], respectively, using the
same MCARM data set used in the example of Fig. 13. Fig. 14
shows the results of the NHD test proposed in [10], [11], and
[24] based on comparing the normalized GIP x#S~1x/K with
the threshold setting determined according to [24, eq. (4.2)].
The MCARM data set is processed in the same manner as de-
scribed in the example of Fig. 7. Fig. 15 shows the performance
of the NHD test proposed in {3], [4], and [9], which compares
the GIP x¥ S~1x to a theoretically specified mean value of M
using the MCARM data. The MCARM data set is processed
in the same manner as described in the example of Fig. 9.
It is seen from Figs. 14 and 15 that a lot more declarations
of nonhomogeneity result from the NHD methods of [10],
[11}, and [24] and [3], [4], and [9], when in fact the MCARM
data is homogeneous. Thus, the NHD method of this paper
outperforms competing techniques for Gaussian interference
scenarios as well, in terms of the type-I error performance.

V. CONCLUSION

This paper provides a statistical characterization of the
NHD for non-Gaussian interference scenarios, which can be
modeled as a spherically invariant random process. A formal
goodness-of-fit test based is derived. Performance analysis of
the method is considered in some detail using simulated as well
as measured data from the MCARM program. The performance
comparison of the method with other NHD techniques is also
undertaken. The illustrative examples validate the approach
taken and confirm the improved performance of the technique
of this paper in both Gaussian and non-Gaussian interference
scenarios with respect to a type-I error criterion. Future work
would include extensive performance analysis using simulated
and measured data showing the resulting impact on STAP
performance. The performance of several STAP algorithms in
Gaussian and non-Gaussian interference scenarios has been
considered in [26]. Future work will address performance of the
methods treated in {26] in conjunction with NHD processing
described herein to combat heterogeneous interference sce-
narios. Preliminary work (not reported here) in this direction
reveals that the estimator of (3) is rather slow to converge, even
for moderate system dimension. A related research direction
is the performance comparison of model-based parametric
STAP methods (which do not require NHD preprocessing)
with sample covariance-based STAP methods employing NHD
preprocessing in dense target environments. Analysis in this
direction is undertaken in [42].

APPENDIX
EM ALGORITHM FOR COVARIANCE MATRIX ESTIMATION

We discuss the maximum likelihood estimation of the SIRV
covariance matrix in this appendix. Let X denote a data ma-
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trix, whose columns x; 1 = 1,2,..., K are iid training data
vectors, which are distributed as SIRV[0, R, fv (v)]. The like-
lihood function for estimating R. is given by

K
glXIR] = [[ =~ ™R hars (g:)-

=1

19

Direct maximization of the likelihood function of (19) over R
is rendered difficult due to the fact that there is missing in-
formation. Consequently, it is helpful to treat the problem in
the context of a complete-incomplete data problem [28]. Re-
call from the representation theorem for SIRVs [22] that x; =
z;V;, where z;, ¢ = 1,2,..., K are statistically independent
CN(0,R) random vectors, and V; 1 = 1,2,..., K are statis-
tically independent random variables with PDF fy,(v). For this
problem, the complete data is either z;, V;, 7 = 1,2,..., K,

or x;, V;, i = 1,2,..., K. However, the observed data x;,
i =1,2,..., K contains no explicit information about V;, i =
1,2,..., K and, thus, constitutes the incomplete data. The com-

plete data likelihood function is given by the joint PDF of x;,
Vi,i=1,2,..., K, which is expressed as

K K
9[X, VilR] = [T £(x:lV2) [T £ (w0 (20)
i=1 =1

Taking the natural logarithm of (20) yields the complete-data
log-likelthood function of the form

K
LIX, V;|R] = ~K M log(r) — K log(|R|) = ) qiv; 2
r—=1

K
£ logle M Sl @1

=1

Note that given an initial estimate of R denoted by R, the quan-
tity

E{loglv; ™ f(v:)]|R} @
depends only on R and not on R. Consequently, the relevant
terms for the maximization over R are given by

K
Li[X,Vi[R] = —Klog(IR]) = Y "qv;”.  (23)
i=1

The missing data v;, 7 = 1,2,... K are assumed to be missing
at random (MAR) [28]. Consequently, given an initial estimate
of R denoted by R, the complete data sufficient statistic [28] is
given by

¢ = B[V 2R, x;]. (24)
Thus, ¢; is simply the minimum mean squared error (MMSE)
estimate of V™2 given x;. Note that f(v;) = f(vg) = -++ =
fvk) = fv(v) (since v;, 2 = 1,2,... K are iid random vari-
ables). Therefore

J(xi|vg, R)fv(”i)'

- (25)
fxm(xi[R)

Fox., a(vilxi, R)=




2110
However
fxilvi, R)fv(v) _ oM exp(givy®) fu (vi) 6
fx,m(xi|R) han(g:)
Consequently
I v M2 exp(qiv?) v (vi)dv;
C; =
han ()
'2M(Qi)
h2M(Qi)
hon+2(4:)
= N 27)
han(q:) (

Having specified the complete data sufficient statistic, we seek
the maximization of (23). For this purpose, we reproduce the
following matrix differentiation identities from [43]:

§R7Y = -RISRIR!
§llog|R7Y] = — wr{RIS[R]}. (28)

Further, we recognize that ¢; = ZiK:ltr[R‘lxixf’ ]. Conse-
quently

6L1[X, Vi|R] = Ktue{R16[R]}

K
—t[RTISRIR Y eixixf]. (29)

=1

Maximization of (23) results from setting (29) equal to zero.
Therefore, the maximum likelihood estimate of R is given by

K
N 1 H
R=— ; cixixH. (30)

Since R appears on both sides of (30) (implicitly on the
right-hand side through the calculation of ¢;), it is not possible
to obtain a closed form solution for the resulting estimate.
Consequently, an iterative method is needed for calculating R.
The EM algorithm, which provides an iterative solution to this
problem, is summarized below.

1) E-Step: Given an initial estimate of

R denoted by R, calculate ¢ for ¢ =
1,2,...,K.

2) M-Step: Calculate R = (1/K)EiK=lcixix1H.

3) Use R from Step 2 to calculate a new
value of ¢;.

4) Iterate until convergence. Convergence
is determined through a suitable error

criterion.

In this paper, the convergence criterion is an error of 1076
defined to be the Frobenius norm of the difference between the
values of R resulting from two successive iterations. At con-
vergence, the resultant R is to within a multiplicative constant
of the sample covariance matrix. This is due to the fact that
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the outer product of each training data realization with itself is
scaled by the MMSE estimate of V;~2. This fact has been veri-
fied for all the simulated data examples presented in the paper.
In particular, we examined the diagonal matrix of eigenvalues
of the estimated covariance matrix. We found that they were to
within a multiplicative constant of the eigenvalues of the sample
covariance matrix formed by averaging the outer products of the
realizations 2;, ¢ = 1,2, ..., K of the Gaussian component of
the SIRV x;. Convergence of the algorithm is dictated by the
choice of the initial estimate of R.. Any positive definite Hermi-
tian matrix is suitable for the initial estimate of R. Two choices

that readily arise are the M x M identity matrix 15, and the
sample covariance matrix givenby S = (1/K )Z,:I;Xixfl . We

employ the latter choice in this paper due to the fact that it yields
faster convergence.

The simulated data examples in this paper employing the co-
variance matrix estimate of (3) involve a calculation of the mod-
ified Bessel function of the second kind for specifying haas(.)
and its derivative. Numerical errors in their calculation for o =
0.1 tend to be rather large. Consequently, convergence of the al-
gorithm is extremely slow for « = 0.1.

REFERENCES

[1] P. Chen, ““On testing the equality of covariance matrices under singu-
larity,” Tech. Rep.,” AFOSR Summer Faculty Res. Program, Rome Lab.,
Rome, NY, 1994.

[2] —, ““Partitioning Procedure in Radar Signal Processing Problems,”
tech. rep.,” AFOSR Summer Faculty Research Program, Rome Labora-
tory, 1995.

[3] W. L. Melvin, M. C. Wicks, and R. D. Brown, “Assessment of multi-
channe! airborne radar measurements for analysis and design of space-
time adaptive processing architectures and algorithms,” in Proc. IEEE
Nat. Radar Conf., Ann Arbor, M1, 1996.

[4] W. L. Melvin and M. C. Wicks, “Improving practical space-time adap-
tive radar,” in Proc. IEEE Nat. Radar Conf., Syracuse, NY, 1997.

[5] W.L.Melvin, “Space-time adaptive radar performance in heterogenous
clutter,” IEEE Trans. Aerosp. Electron. Syst., vol. 36,no. 2, pp. 621-633,
Apr. 2000.

[6] R. Nitzberg, “An effect of range-heterogenous clutter on adaptive
Doppler filters,” IEEE Trans. Aerosp. Electron. Syst., vol. 26, no. 3, pp.
475-480, May 1990.

[7] W.L.Melvin, J.R. Guerci, M. J. Callahan, and M. C, Wicks, “Design of
adaptive detection algorithms for surveillance radar,” in Proc. Int. Radar
Conf., Alexandria, VA, 2000.

[8] B. Himed, Y. Salama, and J. H. Michels, “Improved detection of close

proximity targets using two-step NHD,” in Proc. Int. Radar Conf.,

Alexandria, VA, 2000.

P. Chen, W. L. Melvin, and M. C. Wicks, “Screening among multivariate

normal data,” J. Multivariate Anal., vol. 69, pp. 10-29, 1999.

[10] M. Rangaswamy, B. Himed, and J. H. Michels, “Statistical analysis of
the nonhomogeneity detector,” in Proc. 34th Asilomar Conf. Signals,
Syst., Comput., Pacific Grove, CA, 2000.

{11] ——, “Performance analysis of the nonhomogeneity detector for STAP
applications,” in Proc. IEEE Radar Conf., Atlanta, GA, May 2001.

[12] M. Rangaswamy, D. D. Weiner, and A. Ozturk, “Non-Gaussian random
vector identification using spherically invariant random processes,”
IEEE Trans. Aerosp. Electron. Syst., vol. 29, pp. 111-124, Jan. 1993.

[13] —, “Computer generation of correlated non-Gaussian radar clutter,”
IEEE Trans. Aerosp. Electron. Syst., vol. 31, no. 1, pp. 106-116, Jan.
1995.

[14] K.J.Sangston and K. R. Gerlach, “Coherent detection of radar targets in
a non-Gaussian background,” IEEE Trans. Aerosp. Electron. Syst., vol.
30, no. 2, pp. 330-340, Apr. 1994.

9

—




RANGASWAMY: STATISTICAL ANALYSIS OF THE NONHOMOGENEITY DETECTOR

{15]

[16]

{17

[18]

[19]

[20]

[213

[22]

[23]

{24]

(25}

[26]

[27]

[28]

(29

{30]

[31]

(323

[33]

(34
[35]

M. Rangaswamy, E. C. Lin, and K. R. Gerlach, “Robust adaptive signal
processing methods for heterogeneous radar clutter scenarios,” in Proc.
IEEE Radar Conf., Huntsville, AL, May 2003.

Y.-L. Wang, J.-W. Chen, Z. Bao, and Y.-N. Peng, “Robust space-time
adaptive processing for airborne radar in nonhomogeneous clutter envi-
ronments,” IEEE Trans. Aerosp. Electron. Syst., vol. 39,no. 1, pp. 70-81,
Jan. 2003.

J.R. Guerci and J. S. Bergin, “Principal components, covariance matrix
tapers, and the subspace leakage problem,” IEEE Trans. Aerosp. Elec-
tron. Syst., vol. 38, no. 1, pp. 152-162, Jan. 2002.

K. R. Gerlach, “Outlier resistant adaptive matched filtering,” IEEE
Trans. Aerosp. Electron. Syst., vol. 38, no. 3, pp. 885-901, Jul. 2002.
S. A. Vorobyov, A. B. Gershman, and Z. Q. Luo, “Robust adaptive beam-
forming using worst-case performance optimization: A solution to the
signal mismatch problem,” IEEE Trans. Signal Process., vol. 51, no. 2,
pp. 313-324, Feb. 2003.

K. J. Sangston and K. Gerlach, ““Non-Gaussian Noise Models and Co-
herent Detection of Radar Targets,” Tech. Rep.,” Naval Res. Lab., Wash-
ington, DC, 1992.

M. Rangaswamy, J. H. Michels, and D. D. Weiner, “Multichannel de-
tection for correlated non-Gaussian random processes based on innova-
tions,” JEEE Trans. Signal Processing, vol. 43, no. 8, pp. 1915-1922,
Aug. 1995.

K. Yao, “A representation theorem and its applications to spherically
invariant random processes,” IEEE Trans. Inf. Theory, vol. IT-19, no. 5,
pp. 600-608, Sep. 1973.

N. B. Pulsone, “Adaptive Signal Detection in Non-Gaussian Interfer-
ence,” Ph.D. dissertation, Northeastern Univ., Boston, MA, 1997.

M. Rangaswamy, J. H. Michels, and B. Himed, “Statistical analysis
of the nonhomogeneity detector for STAP applications,” Digit. Signal
Process., vol. 14, no. 3, 2004.

S. Kraut, L. L. Scharf, and L. T. McWhorter, “Adaptive subspace detec-
tors,” IEEE Trans. Signal Process., vol. 49, no. 1, pp. 1-16, Jan. 2001.
J. H. Michels, B. Himed, and M. Rangaswamy, “Performance of
STARP tests in Gaussian and compound-Gaussian clutter,” Digit. Signal
Process., vol. 10, no. 4, pp. 309-324, 2000.

J. H. Michels, M. Rangaswamy, and B. Himed, “Performance of para-
metric and covariance based STAP tests in compound-Gaussian clutter,”
Digit. Signal Process., vol. 12, no. 2,3, pp. 307-328, 2002.

R. J. A. Litile and D. B. Rubin, Statistical Analysis with Missing
Data. New York: Wiley, 1987.
M. Rangaswamy and J. H. Michels, “Adaptive processing in

non-Gaussian noise backgrounds,” in Proc. Ninth IEEE Workshop
Statist. Signal Array Process., Portland, OR, 1998.

E. Conte, A. DeMaio, and G. Ricci, “Recursive estimation of the co-
variance matrix of a compound-Gaussian process and its application
to adaptive CFAR,” IEEE Trans. Signal Processing, vol. 50, no. 8, pp.
1908-1916, Aug. 2002.

F. Gini and M. Greco, “Covariance matrix estimation for CFAR detec-
tion in correlated heavy tailed clutter,” Signal Process., vol. 82, no. 12,
pp. 1847-1859, 2002.

—, “Suboptimum approach to adaptive coherent radar detection in
compound-Gaussian clutter,” IEEE Trans. Aerosp. Electron. Syst., vol.
35, no. 3, pp. 1095-1103, Jul. 1999.

F. Gini and J. H. Michels, “Performance analysis of two covariance
matrix estimators in compound Gaussian clutter,” Proc. Inst. Elect. F.
Radar, Sonar Navigat., vol. 146, no. 3, pp. 133-140, 1999.

V. K. Rohatgi, Statistical Inference. Mineola, NY: Dover, 2003.

J. H. Michels, M. Rangaswamy, and B. Himed, “Performance of STAP
tests in compound Gaussian clutter,” in Proc. First IEEE Workshop
Sensor Array Multichan. Process., Cambridge, MA, 2000.

2111

[36] E.Jakeman and P. N. Pusey, “A model for non-Rayleigh sea echo,” IEEE
Trans. Antennas Propag., vol. AP-24, no. 6, pp. 806-814, Nov. 1976.
J. K. Jao, “Amplitude distribution of composite terrain radar clutter and
the K-distribution,” IEEE Trans. Antennas Propag., vol. AP-32, no. 10,
pp. 1049-1062, Oct. 1984.

J. H. Michels, T. Tsao, B. Himed, and M. Rangagswamy, “Space-time
adaptive processing (STAP) in airborne radar applications,” in Proc.
IASTED Conf. Signal Process. Commun., Canary Islands, Spain, 1998.
Data from the Multichannel Airborne Radar Measurement Program of

“ the U.S. Air Force Research Laboratory. MCARMDATA, Rome, NY.
[Online]. Available: www@http://128.132.2.229
B. Himed and W. L. Melvin, “Analyzing space-time adaptive proces-
sors using measured data,” in Proc. 31st Asilomar Conf. Signals, Syst.,
Comput., Pacific Grove, CA, 1997. .
X.LinandR. S. Blum, “Robust STAP algorithms using prior knowledge
for airborne radar application,” Signal Process., vol. 79, pp. 273-287,
1999.

J. H. Michels, M. Rangaswamy, and B. Himed, “Robust multichannel
detection in heterogeneous airborne radar disturbance,” in Proc. IEEE
Radar Conf., Long Beach, CA, Apr. 2002.

J. P. Burg, D. G. Luenberger, and D. L. Wenger, “Estimation of struc-
tured covariance matrices,” Proc. IEEE, vol. 70, pp. 963-974, 1982.

371

[38]

[39]

[40]

(41]

[42]

[43]

Muralidhar Rangaswamy (5’89-M’93-SM’98)
received the B.E. degree in electronics engineering
from Bangalore University, Bangalore, India, in
1985 and the M.S. and Ph.D. degrees in electrical
engineering from Syracuse University, Syracuse,
NY, in December 1992,

He was a Post-Doctoral Research Associate of the
National Research Council between March 1993 and
March 1994 at the Rome Laboratory, U.S. Air Force,
Hanscom Air Force Base, MA. He is currently a
Senior Electronics Engineer at the U.S. Air Force
Research Laboratory, Hanscom Air Force Base. Prior to this, he held several
academic and industrial appointments. His research interests include radar
signal processing, spectrum estimation, modeling non-Gaussian interference
phenomena, and statistical communication theory. He has authored numerous
journal and conference papers in the areas of his research interests. He is a
co-inventor on two U.S. patents in the areas of his research interests.

Dr. Rangaswamy presented invited papers at the Asilomar Conference on
Signals, Systems, and Computers, Pacific Grove, CA, in November 1993; the
AFOSR/DSTO Workshop, Victor Harbour, Australia, in June 1997; the Confer-
ence on Information Sciences and Systems, Princeton, NJ, in March 1998; the
Asilomar Conference on Signals, Systems, and Computers, in November 2003;
and the International Symposium on Signal Processing and Information Tech-
nology, Damstadt, Germany, in December 2003. He coauthored one chapter in
the book Introduction to Ultra-Wideband Radar Systems (Boca Raton, FL: CRC,
1995) and one chapter in the book Defence Applications of Signal Processing
(Amsterdam, The Netherlands: Elsevier Science B.V., 2001). He has delivered
numerous invited seminars at academic, industrial, and governmental forums.
He served as guest lecturer for the IEEE-AES Society Boston Chapter lectures
in October 1999 and December 2000. He offered short courses on space-time
adaptive processing for the IEEE AES Society in Boston (April 2003) and At-
lanta (March 2004). He is a member of the editorial board of the Digital Signal
Processing journal. He serves as an associate member of the sensor array and
multichannel processing technical committee of the IEEE Signal Processing so-
ciety and regularly performs peer review for several IEEE transactions.




