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EFFECTS OF FLOW TRANSIENTS ON THE BURNING VELOCITY OF
LAMINAR HYDROGEN/AIR PREMIXED FLAMES

HONG G. IM* and JACQUELINE H. CHEN
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Sandia National Laboratories

Livermore, CA 94551, USA

The effects of unsteady strain rate on the burning velocity of hydrogen/air premixed flames have been
studied in an opposed nozzle configuration. The numerical method employs adaptive time integration of
a system of differential–algebraic equations. Detailed hydrogen/air kinetic mechanism and transport prop-
erties are considered. The equivalence ratio is varied from lean to rich premixtures in order to change the
effective Lewis number. Steady Markstein numbers for small strain rate are computed and compared with
experiment. Different definitions of flame burning velocity are examined under steady and unsteady flow
conditions. It is found that, as the unsteady frequency increases, large deviations between different flame
speeds are noted depending on the location of the flame speed evaluation. Unsteady flame response is
investigated in terms of the Markstein transfer function, which depends on the frequency of oscillation.
In most cases, the flame speed variation attenuates at higher frequencies, as the unsteady frequency
becomes comparable to the inverse of the characteristic flame time. Furthermore, unique resonance-like
behavior is observed for a range of rich mixture conditions, consistent with previous studies with linearized
theory.

Introduction

In the laminar flamelet regime of turbulent pre-
mixed combustion, the turbulent burning velocity is
determined by the integral of the local laminar
flamelet speed over the entire flame front which is
corrugated by the turbulent eddies. It is well known
that the laminar flame speed is not a constant, but a
function of flame stretch, consisting of strain and
curvature components induced by the turbulent
flow. There are also flame instability modes that con-
tribute to an enhanced surface area. Therefore, it is
important to understand and parameterize the effect
of stretch on the flame speed in accurately predicting
the overall burning rate of premixed combustion de-
vices.

Through a number of theoretical and experimen-
tal studies over the past decades, it has been fairly
well established that the flame speed, S, is linearly
proportional to stretch in the weak stretch limit. This
relation is written in nondimensional form as

S/S � 1 � MaKa (1)L

where SL is the unstretched laminar flame speed, Ka
is the Karlovitz number representing stretch, and
Ma is the proportionality constant known as the
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Markstein number [1]. Asymptotic analysis showed
that the Markstein number is a function of ther-
modynamic and transport properties of the mixture
[2–4], such that it can assume positive or negative
values depending on the diffusivity of the deficient
reactant species, known as the Lewis number effect.
Experimental measurements have been performed
to confirm this prediction [5–8], while computa-
tional studies with detailed chemical kinetics and
transport provided means to extract accurate values
of the Markstein numbers for various fuel mixtures
[9,10].

Most of the previous studies regarding the stretch
effect on premixed flames, however, are based on
quasi-steady flames and hence may become inaccu-
rate in highly transient flows produced by turbu-
lence. The effect of unsteady flow on premixed flame
propagation was investigated in asymptotic studies
[11,12], where it was found that the flame speed be-
comes independent of strain in the high frequency
limit, while the curvature component remains. Re-
cent direct numerical simulations of turbulent meth-
ane/air [13] and hydrogen/air [14] premixed flames
also revealed that the flame speed response becomes
less sensitive to turbulent flows for higher turbu-
lence intensities. These results clearly suggest that
flow unsteadiness is an important parameter in mod-
ifying the premixed flame response.

In this paper, we present a parametric study on
the response of premixed flames with detailed hy-
drogen/air chemistry to unsteady strain rate. Effects
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of thermodiffusive imbalance are investigated by
comparing the results for different equivalence ra-
tios. Various definitions of the flame speed arising
from finite flame structure are also discussed. The
results are compared with theoretical predictions
and some recent experimental measurements.

Formulation and Numerical Method

The numerical configuration is a counterflow sys-
tem between two opposing axisymmetric nozzles
separated by a distance of L. Following the previous
work [15,16], a modified system of equations for the
unsteady problem is adopted in order to take into
account the high-index nature of the problem,
thereby facilitating numerical integration using
adaptive time integration. Defining the self-similar
variables for the axial velocity, scaled radial velocity,
temperature, and species mass fractions as

u � u(t, x), v/s � V(t, x)

T � T(t, x), Y � Y (t, x) (2)k k

and introducing the acoustic pressure, p � P � p0,
where P is the total static pressure and p0 is the ther-
modynamic pressure, the conservation equations are
written as mass continuity:

q �p q �T 1 �Yk
� � qW ��

P �t T �t W �tk k

�
(qu) � 2qV � 0 (3)

�x

axial momentum:

�u �u �p �V 4 � �u
q �qu � �2l � l� ��t �x �x �x 3�x �x

4 �
� (lV)�0 (4)

3�x

radial momentum:

�V �V � �V2q �qu �qV � l �K�0 (5)� ��t �x �x �x

energy conservation:

�T �T � �T
qc �qc u � kp p � ��t �x �x �x

�P �T
� �q c Y V � h W x �0 (6)� p k k � k k k� ��t �xk k

species conservation:

�Y �Y �k k
q � qu � (qY V ) � W xk k k k�t �x �x

� 0, k � 1, • • • , K (7)

The equation of state becomes

¯q � (p � p )W/RT (8)0

In the above equations, K(t) � (1/r)(�p/�r) is the
radial pressure-gradient eigenvalue, l is the viscos-
ity, cp is the specific heat of the mixture, k is the
thermal conductivity of the mixture, hk is the en-
thalpy of species j, Wk is the molecular weight of
species j, and xk is the molar reaction rate for spe-
cies j. The above system of differential-algebraic
equations is integrated using DASPK [17], which
employs a backward-difference formula method
with adaptive time-step and order control. The code
interacts with CHEMKIN [18] and TRANSPORT
[19] packages for computing reaction rates and
transport properties. The kinetic mechanism used is
the hydrogen/air system developed by Yetter et al.
[20].

For the boundary conditions, fresh reactants at
300 K are supplied at x � L, and burned product
was supplied at x � 0, where the temperature and
composition of the product is determined from the
downstream values of the freely propagating pre-
mixed flame for the given fresh mixture condition at
x � L. In this study, L is set to 1 cm. Pressure is set
to 1 atm throughout the study. While the hydrogen/
air system behavior is known to be significantly af-
fected by pressure, as far as the effects of stretch on
the flame speed are concerned, we expected that the
results will be qualitatively similar at different pres-
sures, as can be deduced from the experimental re-
sults for various pressures [7]. The scaled radial ve-
locity V is set to zero at both boundaries, and the
unsteady flow field is imposed by specifying the
equal axial velocity at both boundaries as a function
of time. A sinusoidal velocity of the form

u(x � 0) � �u(x � L)

� u {1 � A[1 � cos(2pft)]} (9)0

is imposed such that the velocity oscillates from u0
to u0 (1 � 2A) at a frequency of f Hz, which is a
parameter characterizing the unsteady flow time
scale.

The spatial differencing of the equations follows
the previous study [16]. The grid dependence of the
numerical solution was tested as the grid refinement
was made, for both steady and unsteady calculations.

Various Definitions of the Flame Speed

While the mathematical definition for the flame
speed and strain rate is based on an asymptotically
thin reaction zone, in reality the flame has a finite
thickness such that these quantities cannot be
uniquely defined. In many counterflow experiments
[21], the flame speed has been measured at the lead-
ing edge of the preheat zone, which is identified as
the local maximum of the axial velocity profile. This
upstream velocity, denoted as Su herein, is relatively
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Fig. 1. Steady response of various
flame speeds to normalized strain
rate Ka for � � 0.4.

easy to measure using laser Doppler velocimetry. A
recent experimental study of unsteady premixed
flames [22] also followed this convention. As will be
discussed later, however, under unsteady conditions
such a definition can lead to significantly different
results compared to other definitions as the unsteady
frequency increases.

In numerical studies with finite rate chemistry,
more mathematically rigorous definitions have been
suggested [23]. The displacement speed, derived
from the Hamilton-Jacobi equation, is defined as the
velocity of the flame surface represented by an iso-
level surface of a chosen species. To minimize ther-
mal expansion effects across the flame, the density-
weighted displacement speed, Sd, for species j is
defined as [24]

� �Yk
qDk� ��g �gW xk k

S � � �d
q |�Y | q |�Y |u k u k

qDk
� (�•n) (10)

qu

where qu is the density of the upstream reactant mix-
ture, Dk is the mass diffusivity of species j, and g is
the coordinate normal to the flame front. The last
term in equation 10 represents the effect of flame
curvature, � • n, where n � ��Yk/|�Yk| is the unit
vector normal to the front. One disadvantage of this
definition is that the displacement speed depends on
the choice of the isolevel surface, although it was
observed that the variation is relatively small when
the isolevel surface is near the reaction zone [13].

The consumption speed is also defined [23] as a
measure of the consumption rate of species k per
unit flame area, written as

x dgk�
S � (11)c

q (Y � Y )u k,b k,u

where subscripts u and b denote the unburned and
burned sides, respectively. This quantity is directly
related to the overall burning rate and can be of
practical importance.

The primary focus of this paper is the effect of
strain rate on the flame speed. For the axisymmetric
counterflow, the Karlovitz number represents the
strain component only, and is defined as

dj
Ka � (12)

SL

where

1 �
j � (vr) (13)

r �r

and d is the flame thickness. Note that the Karlovitz
number varies significantly in magnitude depending
on the definition of the flame thickness. We choose
d � Dk/SL where Dk is the mass diffusivity of species
k with respect to the upstream conditions for mix-
ture and temperature. For the results presented
herein, O2 is chosen for the marker species.

Steady Response

As a reference point, we computed the steady re-
sponse of premixed flames of hydrogen/air mixture
with various equivalence ratios. For each mixture
condition, we compared various definitions of the
flame speed described in the previous section. As an
example, Fig. 1 shows the result for a lean mixture
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Fig. 2. Markstein number based on various flame speed
definitions as a function of equivalence ratio �.

TABLE 1
Parameters for various test cases

� SL DO2
u0 A

Sc/SL

at u0 j0

0.4 22.15 0.2263 100 0.5 1.553 346
0.5 59.89 0.2317 140 0.25 1.105 1220
0.7 148.50 0.2421 500 0.3 1.006 1567
3.0 258.93 0.3355 600 0.3 0.957 1781
5.0 130.38 0.3915 240 0.25 0.872 256
6.5 66.40 0.4243 120 0.5 0.315 505
3.0 (diluted) 33.25 0.2707 80 0.5 0.255 344

Note: Units are cm/s for SL and u0, cm2/s for , andDO2

s�1 for j0. In all cases, the air is undiluted, O2/(O2 � N2)
� 0.21, except for the last case denoted diluted where
O2/(O2 � N2) � 0.114.

of � � 0.4. The solid lines denote the displacement
speed evaluated at four different values of the O2
mass fraction, where the maximum heat release oc-
curs approximately at � 0.17. Although quali-YO2
tatively similar, the four values lead to quantitatively
different results for Sd. The consumption speed,
which is uniquely defined for a given species, falls
within the Sd curves with the same qualitative trend,
while Su, the flame speed based on the location far
upstream, tends to significantly overestimate the re-
sult. The strain rate given by equation 13 is com-
puted at the chosen isocontour for Sd. Since noYO2
specific isocontour is needed to compute Sc and Su,
the strain rate value at � 0.17 is used here.YO2

Results for the Markstein number obtained from
a linear curve fit for various flame speed definitions
are plotted in Fig. 2. The range of Ka is limited to
smaller values, approximately Ka � 0.2 for the def-
inition based on . The experimental results byDO2

Aung et al. [7] are also converted and plotted. Quan-
titative discrepancies may be attributed to the dif-
ferent geometry and chemical/transport data. Nev-
ertheless, the Markstein numbers based on Sd and
Sc capture the general qualitative trend in terms of
(1) the leveling-off behavior on the rich side and (2)
the crossover point in the equivalence ratio where
the Markstein number changes sign, which occurs
in the lean mixture near � � 0.6 � 0.7. On the other
hand, the Markstein number based on Su is always
negative and appears to be inadequate in capturing
the strain effect on the flame speed. This issue has
also been discussed in a previous study [25]. Further
discrepancies in Su caused by flow unsteadiness are
discussed in the next section.

Response to Oscillatory Strain Rate

We performed a series of calculations for pre-
mixed flames with different mixture conditions sub-
jected to an oscillatory velocity field given by equa-
tion 9. Table 1 shows the parametric values for the
various test cases. Each case is computed for various
frequencies, mostly ranging from 1 to 1000 Hz. In
response to the velocity oscillation, both strain rate
and flame speed fluctuate in time. After a number
of cycles, the solution approaches a limit cycle in a
phase space of flame speed versus strain rate.

Figure 3a shows the result for the � � 0.4 case,
representing a typical flame speed response. As the
frequency of oscillation increases, responses of both
Sc and Ka are attenuated, resulting in a reduced size
of the limit cycle in Fig. 3a. Moreover, the increased
phase delay of the flame response to strain rate
causes tilting of the response curve, resulting in a
smaller Markstein number (the slope of the ellipse).
The result of the flame response attenuation is con-
sistent with previous studies of unsteady flames
[26,27]. Although not shown here, the response of
Sd to unsteady strain is similar to either that of Sc.

The response of Su plotted in Fig. 3b, however,
shows drastically different results from that of Sc or
Sd. It appears as though the flame speed oscillation
is amplified with increasing frequency. Such a sub-
stantial difference can be examined by comparing
the velocity fields for the low and high frequency
cases. Fig. 4 shows a comparison of the axial velocity
profiles for a quasi-steady (f � 1 Hz) and a high-
frequency response (f � 500 Hz). At f � 1 Hz, the
flame responds to the velocity fluctuation in a quasi-
steady manner, such that at any given time the so-
lution field approaches the steady solution for the
instantaneous nozzle exit velocity. As a result, there
is a larger lateral displacement of the flame location
and a smaller difference in the local peak velocity as
u(x � 0) varies from 100 to 200 cm/s. For the high-
frequency case, however, the reaction zone does not
readily respond to the unsteady convective flow,
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Fig. 3. Response of (a) Sc and (b) Su to the Karlovitz
number Ka for various frequencies of oscillation; � � 0.4.

Fig. 4. Comparison of the axial velocity profiles for the
quasi-steady response at f � 1 Hz (solid lines) and for the
high frequency response at f � 500 Hz (dotted lines), for
� � 0.4. In each case, two instantaneous velocity fields at
u(x � 0) � 100 and 200 cm/s are plotted.

leading to a smaller change in flame location and a
larger fluctuation in Su.

The aforementioned observation implies that at
high frequencies, the transient effect is balanced
only by the outer convective transport, while the in-
ner reactive zone with a shorter characteristic time
scale remains largely unaffected by the unsteady
oscillation. In other words, there is a segregation in
the balance of the terms throughout the flame, and
thus the far-upstream velocity cannot properly rep-
resent the reaction zone behavior. Consistent results
were also found in the recent study of unsteady
counterflow methane/air premixed flames [28]. In-
cidentally, this explanation may account for the ex-
perimental observation by Hirasawa et al. [22],
where the stretch and the flame speed fluctuation
increase with frequency. In the following, the results
are presented in terms of Sc, in favor of its unique-
ness in definition and its physical relevance to the
overall burning rate.

As derived from linearized theory [11,12], the un-
steady flame speed response to strain rate can be
represented by the Markstein transfer function, de-
fined as

S � Sc,max c,minM � (14)c � �Ka � Kamax min

where the subscripts min and max denote the min-
imum and maximum values through the oscillation.
It is expected that Mc is a function of frequency and
Lewis number, which depends on the mixture com-
position and the amount of dilution. The frequency
is normalized by the inverse of the characteristic
flame time. For flames with detailed chemistry with
a number of species, the proper definition of the
characteristic flame time is not clear. One reasonable
choice is the strain rate for the initial steady flame
for each case, defined as j0, as it properly represents
the characteristic flow time for the reference steady
condition. The reference strain rate values are
shown in Table 1.

Figure 5 shows the normalized Markstein transfer
function versus the normalized frequency, 2pf/j0.
The transfer function for each case is normalized by
its quasi-steady value. As the frequency increases,
most of the curves fall off at the normalized fre-
quency of order unity. This result implies that the
flame speed response for the most part, becomes less
sensitive to a flow with a higher transient, consistent
with the results from simplified theory [11,12] and
direct numerical simulation [13,14].

A unique response is noted, however, for a range
of fuel-rich conditions, where the transfer function
exhibits a peak at a moderate frequency range before
it eventually decays to zero. Such is the case for
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Fig. 5. Normalized Markstein transfer function Mc

based on Sc as a function of normalized frequency, 2�f/j0.
Fig. 7. Normalized Markstein transfer function, Mc

based on Sc as a function of normalized frequency, 2pf/j0,
for � � 3.0. Solid symbol denotes the undiluted case, O2/
(O2 � N2) � 0.21, and open symbol denotes the diluted
case, O2/(O2 � N2 � 0.114.

Fig. 6. Response of Sc to the Karlovitz number Ka for
various frequencies of oscillation; (a) � � 3.0; (b) � � 6.5.

� � 3.0, and to a lesser extent, for � � 5.0, as
shown in Fig. 5. To illustrate the cause for this dis-
tinct behavior, Fig. 6a and b show a comparison of
the phase-space response for � � 3.0 and 6.5. For
� � 6.5, similar to the � � 0.4 case shown in Fig.
3, the ellipse tilts toward a direction such that the
flame response attenuates as the frequency in-
creases. On the other hand, for � � 3.0 case, the
ellipses appear to be tilting up toward the vertical
direction for frequencies up to f � 2000 Hz. For
even higher frequencies, the slope starts to decrease,
for example, at f � 4000 Hz. This suggests a reso-
nance behavior and is similar to the nonmonotonic
burning rate response observed in a previous linear
analysis, as discussed by Im et al. [27]. Similar be-
havior was also observed in a recent study with lin-
earized theory [12] where the peak in the transfer
function was observed for flames where the deficient
species has a larger Lewis number. The present re-
sults are distinct in that such a peak response dis-
appears again as the equivalence ratio further in-
creases, that is, for even larger Lewis numbers. On
the other hand, it should be noted that an increase
in the equivalence ratio not only increases the effec-
tive Lewis number of the mixture, but also modifies
the flame temperature and the heat release param-
eter, c � (qu � qb)/qu, which is another important
parameter of the problem in governing the Mark-
stein transfer function [12]. Considering that the res-
onance behavior is absent in the earlier study with a
constant-density assumption [11], such an additional
effect may be responsible for the nonmonotonic
trend with respect to the equivalence ratio.

To further assess the dilution effect, Fig. 7 shows
a comparison of the Markstein transfer function for
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undiluted and diluted cases for � � 3.0. The undi-
luted case is the result from Fig. 5 while the diluted
case corresponds to air diluted with nitrogen, O2/
(O2 � N2) � 0.114 by volume, such that the flame
speed and temperature are substantially reduced
(see Table 1). The resonance behavior observed for
the undiluted case is substantially suppressed with
dilution, although some nonmonotonic response re-
mains at similar values of the normalized frequency.
The results suggests that both mixture Lewis num-
ber and heat release parameter contribute to the
nonmonotonic flame response to unsteady strain
rate.

Incidentally, the fact the the curves shown in Figs.
5 and 7 are not perfectly smooth is probably related
to the nonlinear behavior of the flame speed re-
sponse to strain rate. For some cases under study,
the range of the strain rate fluctuation is large
enough to cause a substantial “bending” of the flame
speed versus strain rate curve in the steady reference
case (such as the 10 Hz case in Fig. 6b). Therefore,
the decrease in the Markstein transfer function with
frequency shown in Figs. 5 and 7, which is normal-
ized by the steady reference case, may not behave
smoothly depending on the mean value and ampli-
tude of the imposed strain rate fluctuation. Never-
theless, the qualitative results of the paper remain
unchanged.

Conclusions

The response of hydrogen/air premixed flames to
oscillatory strain rates was studied in an opposed
nozzle configuration. It was found that, while expe-
dient for experimental measurements, the upstream
local peak value of the axial velocity, Su, is inadequate
in representing the burning velocity characteristics
for highly transient flames due to the inability of the
reaction layer to respond to the rapid transients in
the convective transport zone. The displacement
speed, Sd, is useful in describing the flame as a front,
but the results depend on the specific choice of the
isolevel surface. The consumption speed, Sc, does
not suffer from the ambiguity of location and is thus
mainly examined as a measure of the integrated
burning velocity.

The Markstein transfer function versus the fre-
quency of oscillation was also investigated for
mixtures with various equivalence ratios. The gen-
eral trend is that the flame speed response to strain
rate fluctuation attenuates as the frequency exceeds
the inverse of the characteristic flame time, consis-
tent with many previous studies on unsteady diffu-
sion/premixed flames. Unique behavior was ob-
served, however, for some rich mixtures, where the
transfer function exhibits a peak response for mod-
erate frequencies. This distinct behavior disappears
again as the equivalence ratio is further increased,

possibly due to the effect of the reduced heat-release
parameter. Further comparison of the Markstein
transfer function to the case with dilution revealed
that the resonance response is suppressed by dilu-
tion.
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