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E L2P _n_ u ò¢Ú+ÜÙê���Ý�á�Ú��ZM l !� � � E P�_ � l �� � �
Eíî L ÚyÜÙê � ��E ï u ò�& ! M l !� � � E ò¢ÚyÜÙê��OÝ�á�Ú�� l !� ��� E L Ý�á�Ú � �"Eýï u ò�& ! M l !� �7�
EøÚyÜÙê��OÝ�á�Ú�� l !_���� E L Ý�á�Ú � � u Ú+ÜÙê � �ZM l !_�� � u Ú+ÜÙê��}Ý�á�Ú�� l !_��7� u @ !Wr\ ó
u p _Wr\ E � L T�MJ: L �GôÙï`�PM

��á�Û+ÜÙÝ�ã�Û+ç3Ø�ÛYåSà+á�ä Û+çã�ã��Gæ3Ø�Û+Ü�á�ê3Ú L �GômòPM#Ø�ê3è L �Gô �PMtñ�ö)ã�ç�Øxù�ã

L Ý�á�Ú � �IE ï u ò�& ! M l !_���� u ò¢ÚyÜÙê��OÝ�á�Ú�� l !_���� E L Ú+Ü¤ê � �IE ï u ò�& ! M l !_����
EøÚ+ÜÙê��OÝ�á�Ú�� l !� ��� E L Ý�á�Ú � � u ÚyÜÙê � �ZM l !� ��� u Ú+ÜÙê��OÝ�á�Ú�� l !� ��� �A< !Wr\ J

L ÚyÜÙê � �IE ï u ò�& ! M l !� ��� E ò¢ÚyÜÙê��OÝ�á�Ú�� l !� ��� E L Ý�á�Ú � �IE ï u ò�& ! M l !� ���EøÚ+ÜÙê��OÝ�á�Ú�� l !_���� E L Ý�á�Ú � � u ÚyÜÙê � �ZM l !_���� u Ú+ÜÙê��OÝ�á�Ú�� l !_���� �D@ !Wr\ :
	àyá�ä L �GôÙïxòPM�Ø�ê3è L �GôÙï��PMtñ�ö)ã ÝoØ�ê à+ãoö#àtÜ�Ûlã Û+çã Ûlàtæ3ê3ÝoØ�Û+Ü�á�ê ãoàyà+á�àyÚ�i _Wr\ ñ i �Wr\ ÜÙê L �GôÙï YZM�Ø�ê3è
L �GôÙï`�PM#Ø�Ú

i _Wc\ � uau u d� * O ! A � ud� _ E L2M 	 u ��� � M _ �DM u di _ � E M � u�u di _ �� E M _ � u<u di _ ��
E LVN 	 u � � � ND_ �`M u di � � E N � u�u di � �� E ND_ � u<u di � �� � E � _ E�� L TOM J L �GôÙï	!PM

i �Wc\ � uau u d� * O ! A � ud� � E L2O 	 u ��� � Oj_ �jM u di _ � E O � u�u di _ �� E OD_ � u<u di _ ��
E L2P 	 u ��� � P _ � M u di � � E P � uPu di � �� E P _ � u�u di � �� � E � � E�� L T�M J L �GôÙï B�M

öYç3ãoà+ã ud� _ Ø�ê3è ud� � Ø�à+ã¹Û�ö)ãx×�ù�ã�è3ÜÙäíãxê3ÚyÜ�á�ê3Ø�×�ù�ãxÝ�Ûlá�àyÚ ÚyÜÙä¹ÜÙ×ÙØ�àt×�Þ èã � êãxèIØ�Ú u di _ � ñ u�u di _ �� ñ u<u di _ �� ñ



� � � åSá�à�Ö�×ÙØ�ÚlÛ+Ü¤ÝoÜ�Û�Þ �}à+á�â�×�ãxä¹ÚdöYÜ�Û+çs�\ê/Ûlãoà+å@Ø�Ý�ãxÚ ï`�

u di � � ñ u�u di � �� ñ u<u di � �� ñ3Ø�ê3è� _DL ïDM � M\_ E M � J � _DL òPM�� M
� E���� � M _ � J� _DL �PM � M � E M  J � _DL YZM�� M � u L Ý�á�Ú � �IE ï u ò�& ! M� _DL �PM � M � E M\_ � u L Ú+ÜÙê � �IE ï u ò�& ! M J � _DL !PM�� M\_n_ E ò¢Ú+ÜÙê �OÝ�á�Ú�� J� _DL B�M � ND_ E N � J � _DL ðPM�� N
� E�� � � ND_ � J� _DL �PM � N � E N  J � _DL ï��kM � N � u Ú+Ü¤ê��}Ý�á�Ú � J� _ L ï�ïDM � N � E N _ � EìÚyÜÙê��}Ý�á�Ú�� J � _ L ïxòPM � N _n_ u L Ý�á�Ú � � u Ú+ÜÙê � �ZM J� � L ïDM � Oj_ E O � J � � L òPM�� O
� E�� � � Oj_ � J� � L �PM � O � E O  J � � L YZM�� O � u Ú+Ü¤ê��OÝ�á�Ú�� J� � L �PM � O � E Oj_ � EìÚyÜÙê��OÝ�á�Ú�� J � � L !PM�� Oj_n_ u L Ý�á�Ú � � u Ú+ÜÙê � �ZM J� � L B�M � P _ E P � J � � L ðPM�� P
� E���� � P�_ � J� � L �PM � P � E P  J � � L ï��kM � P � u L Ú+ÜÙê � ��E ï u ò�& ! M� � L ï�ïDM � P � E P�_ � u L Ý�á�Ú � �IE ï u ò�& ! M J � � L ïxòPM � P _n_ u ò¢Ú+ÜÙê���Ý�á�Ú�� J

��_ � L2M 	 u M _ � A ��� � L �kMnM�� _�� � E M � � _�� � � E M _ � � _���� �E LVN 	 u ND_ �hA � � � L �kMnM�� � �	� E N � � � ���	� E ND_ � � � ����� u p _W�m \ J L �GôÙïxðPM

� � � L2O 	 u Oj_ �hA � � � L �kMnM�� _��	� E O � � _����	� E Oj_ � � _������E L2P 	 u P�_ �hA ��� � L �kMnM�� � ��� E P � � � ���	� E P _ � � � ����� u p �W�m \ J L �GôÙï`�PM

öYç3ãoà+ã �¹ï L Y Mtñ � ò L Y�M5Ø�à+ã�Û+çã YVÿjÛ+ç Ý�á�ä¹ß�á�ê3ãxê�Û+ÚYá�å u d��ï�Ø�ê3è u d� ò�à+ãxÚ+ß�ãxÝ�Û+ÜÙù�ãx×�Þ�ô
õ�á�ä¹Ü¤ê3ÜÙä¹Ü �oã Û+çã�Ûlàyæ3ê3ÝoØ�Û+Ü�á�êúãoà+à+á�àyÚoñ�ö)ã�ÝyçáGá�Úlã�Û+ç3ã�Ý�á/ã���ÝoÜ�ãxê�Û+Ú g f ñ o f ñ s f ñ�Ø�ê3è t f ÚláÛ+ç3Ø�ÛYÛ+çã�Ý�áGã���ÝoÜ�ãxê/Û+Ú#á�å l !_ ñ l !_�� ñ l !_�� ñ l !_���� ñ l !_���� ñ l !_�� � ñ l !� ñ l !� � ñ l !� � ñ l !� ��� ñ l !� ��� ñ�Ø�ê3è l !� ���ù�Ø�ê3ÜÙÚ+çNÜÙê L �GôÙï	!PM Ø�ê3è L �GôÙï B�Mtô ��ãxê3Ý�ã�ö�ã�ÚlãoÛ�Û+çã�åSá�×¤×�á"öYÜ¤êþ�ÚlÞ:ÚlÛlãxä á�å}ã��Gæ3Ø�Û+Ü�á�ê3Ú�âGÞ L �GôÙï	!PM

Ø�ê3è L �GôÙï B�M ;
ud� _ E L2M 	 u � � � M\_ �DM u di _ � E M � u�u di _ �� E M\_ � u<u di _ ��

E LVN 	 u � � � ND_ �DM u di � � E N � u�u di � �� E ND_ � u�u di � �� � ud
� J L �Gômò��kM

ud� � E L2O 	 u � � � Oj_ �DM u di _ � E O � u�u di _ �� E Oj_ � u<u di _ ��
E L2P 	 u � � � P _ �DM u di � � E P � u�u di � �� E P�_ � u<u di � �� � ud

� J L �Gômò:ïDM
� _ � ��� � � � �;: L �Gômò�òPM

õ#ç3ã�Ú+ÞGÚlÛlãxä!á�å�ã��Gæ3Ø�Û+Ü�á�ê3Ú L �Gômò��kM¹Ø�ê3è L �Gômò:ïDMíÝoØ�êìâEã Úlá�×�ù�ãxèëÚ+ãoß�Ø�àyØ�Ûlãx×�Þ�ôG�Yá�Û+Ü¤Ý�ãúÛ+ç3Ø�Û¹ÜÙê
L �Gômò��kM á�à L �Gômò:ïDMtñ¢Û+çãoà+ã¹Ø�à+ãNïxð æ3ê�g:êá"ö�ê3Ú Ø�ê3èëïxò�ã��Gæ3Ø�Û+Ü�á�ê3Úxô¹õ#çãíá�ß3Û+ÜÙä�Ü �xØ�Û+Ü�á�êIäíãoÛ+çá:è
L Ý�å-ô¢îM!ñ�ï BwómMYÜÙÚ�æ3ÚlãxèNÛlá Úlá�×�ù�ã�Û+çã�Ú+ÞGÚlÛlãxä á�å}ã��Gæ3Ø�Û+Ü�á�ê�Úoô=R ê3Ý�ã Û+ç3ã�Ý�áGã���ÝoÜ�ãxê/Û+Ú g f ñ o f ñ s f ñØ�ê3è t f Ø�à+ã�á�â3Û+Ø�ÜÙê3ãxè<ñEÛ+çã�Ý�á�àyà+ãxÝ�Û+Ü�á�êTÛlãoàyä¹Ú p _W�m \ Ø�ê3èSp �W�m \ ÝoØ�êTâEã�á�â3Û+Ø�Ü¤êãxèøè3Ü�à+ãxÝ�Û+×�Þ�å@à+á�ä
L �Gômò�òPM#Ø�Ú#å@á�×Ù×�á"ö�Ú�;

p _W�m \ � L2M 	 u M\_ �hA ��� � L �kMnM�� _��	� E M � � _����	� E M\_ � � _�� ���E LVN 	 u ND_ �hA � � � L �kMnM�� � �	� E N � � � ���	� E ND_ � � � ����� Jp �W�m \ � L2O 	 u Oj_ �hA � � � L �kMnM�� _��	� E O � � _����	� E Oj_ � � _�� ���E L2P 	 u P _ �hA ��� � L �kMnM�� � �	� E P � � � ���	� E P�_ � � � ����� : L �Gômò �PM

õ�á�ä¹Ø<g�ã�Û+çãYÚlÞ:ÚlÛlãxä á�å � ê3Ü�Ûlã#è3Ü�û�ãoà+ãxê�Ý�ã5ã��/æ3Ø�Û+ÜÙá�ê3Ú}âEãoÛlÛlãoà)Ý�á�ê�è3Ü�Û+Ü�á�êãxè�ñ�ö)ã�ÜÙäíßEá�ÚlãdÛ+çã
Ú+ÜÙþ�ê�à+ãxÚlÛlàyÜÙÝ�Û+ÜÙá�ê�á�êúÛ+çã�Ý�áGã���ÝoÜ�ãxê/Û+Ú g f ÜÙê L �Gômò��kM5Ø�ê3èúÛ+çã�Ý�áGã���ÝoÜ�ãxê/Û+Ú t f ÜÙê L �Gômò:ïDM

g ��� � Ü�å0u �U� J g f R � á�Û+çãoà+öYÜ¤Úlã J L �Gômò�YZM



ò�� � ÜÙêþ��xçá�æ���Ø�êþñO��á��,ÜVñØ�ê3è=	Eç3ÜÙ×ÙÜ¤ê���Ü

t � � � Ü�åyu�� � J t f R � á�Û+çãoà+öYÜ¤Úlã : L �Gômò��PM

�Iã�Ø�×¤Úlá�ÜÙäíßEá�Úlã Û+çã å@á�×Ù×�áwöYÜÙêþ�à+ãxÚ+ÛlàyÜÙÝ�Û+Ü�á�ê3Údå@á�àYØ�×Ù×�Û+çã�Ý�á/ã���ÝoÜ�ãxê�Û+Ú`;

u ï :Ùï � N ~'P�� g f J o f J s f J t f � ï :Ùï � N ~'P L u�� ï J ò J A�A�A J �PM J L �Gômò�!PM
öYç3ãoà+ã N ~'P � ä¹Ø9÷ F ò L � u Y & ! MT � J ò L � u Y & � MT � J ïY_T � G : L �Gômò B�M
� Ü�Û+ç�Û+çãxÚlã5à+ãxÚ+ÛlàyÜÙÝ�Û+Ü�á�ê3Úxñ�Û+çã5Úlá�×ÙæÛ+Ü�á�ê�å@á�à g f ñ o f ñ s f ñ�Ø�ê3è t f á�â3Û+Ø�ÜÙêãxè�âGÞ�Û+çã5á�ß3Û+Ü¤ä¹Ü �xØ�Û+Ü�á�êäíãoÛ+ç3áGèúØ�àyã á�å�á�àtèãoà � L ï > T � MtôR ê3Ý�ã�ö�ã�ç�Øxù�ã�Ø�×Ù×�Û+ç3ã�Ý�áGã���ÝoÜ�ãxê/Û+Ú�Ü¤ê L òGôÙïDMtñ}ö�ã�ÝoØ�ê�ÚlãoÛ�æßéØT×ÙØ�à+þ�ã�ÚlÞ:ÚlÛlãxä á�å#×ÙÜÙêãxØ�à
ã��Gæ3Ø�Û+Ü�á�ê3Ú L òGômòPMtñ L �GôÙïDM�Ø�ê3è L òGô"!PMtñ L òGôCB�M�öYÜ�Û+çIò L�� u ïDM Lm~ u ïDM�æ3ê�g:êá"öYê�Úoô õ,á Úlá�×�ù�ãíÚ+æ�Ýyç
ØøÚlÞ:ÚlÛlãxä!á�å ×ÙÜÙêãxØ�à�ã��/æ�Ø�Û+Ü�á�ê3Úoñ}ö�ãúç3Ø"ù�ã ÛlãxÚlÛlãxèH� R ��ñ�ß�à+ãxÝ�á�ê3è3Ü�Û+ÜÙá�êãxè��P� ��Ö � L ä�Mtñ�Ø�ê3è
�dÜrÿ Q��+�:õ O"� äíãoÛ+çá:è3Úoô6Q�á�äíß�Ø�àyÜÙÚlá�ê3ÚíØ�ä¹á�êþ'Û+çãxÚlãúä¹ãoÛ+çáGè�Ú¹Ú+çáwö Û+ç3Ø�ÛíÛ+çãúß�à+ãxÝ�á�ê3è3Ürÿ
Û+Ü�á�ê3ãxè��P� ��Ö � L ä�M�î Y3ñ3ðwó�Ø�ê3è�ß3à+ãxÝ�á�ê�è3Ü�Û+Ü�á�êãxè��dÜrÿ Q��[�õ O"� î Y�ñ B/ñ<ï Y�ó�Ø�à+ã Ø�×Ùä¹á�ÚlÛdã��/æ3Ø�×¤×�Þ
Ú+æ�ÝoÝ�ãxÚ+Úlå~æ3×Vô��Iã�ö�ÜÙ×Ù×þ�Ü�ù�ã�Úlá�äíã�à+ãxÚ+æ3×ÙÛ+Ú�ÜÙê�Û+çã�ê3ã�÷GÛdÚlãxÝ�Û+Ü�á�ê�æ3Ú+ÜÙê3þ�Û+çã��=� ��Ö � L ä�MOäíãoÛ+çá:è
öYÜÙÛ+ç Ø¹è3ÜÙØ�þ�á�ê3Ø�×Eß�à+ãxÝ�á�ê3è3Ü�Û+ÜÙá�ê3ÜÙêþô

	 
 ÓLK <}Ð�ÕyÔ��9H��� �9K ?LH@<�>
�Iã#ç3Ø"ù�ã5ßEãoà+åSá�àtäíãxè Ø êGæ3ä â�ãoà�á�å�êGæ3äíãoàtÜÙÝoØ�×�ã�÷:ßEãoàyÜÙäíãxê/Û+Ú�á�ê �:æ3ê.+fÚ�5�×�ÛlàyØ9ÿyï���ö)á�à gGÚlÛ+Ø�Û+ÜÙá�ê3Úoô
�\ê�Û+çãxÚlãYêGæ3äíãoàtÜÙÝoØ�×:ã�÷GßEãoàyÜ¤äíãxê�Û+Úxñ�Û+çãYÝ�á�äíß�æ3Û+Ø�Û+Ü�á�ê3Ø�×3èá�ä�Ø�ÜÙêíÜÙÚOØ à+ãxÝ�Û+Ø�ê3þ�æ3×ÙØ�à}à+ãoþ�ÜÙá�êíöYÜ�Û+ç
ãxÜ�Û+ç3ãoàYØ�ê ãx×Ù×ÙÜÙß�Úlã�á�àYØ¹ÝoÜ�àyÝo×Ùã�ÜÙê�Ûlãoàyå@Ø�Ý�ã�ö�Ü�Û+ç3ÜÙê�Û+çã�èá�ä�Ø�ÜÙê<ô

�Iã�ß3à+ãxÚlãxê/Û#Û�ö�á�êGæ3äíãoàtÜÙÝoØ�×Eã�÷:Ø�ä¹ß�×�ãxÚoô��Iã�è3ã � êã Û+çã�å@á�×Ù×�áwöYÜÙêþ �Gæ3Ø�ê�Û+ÜÙÛ+Ü�ãxÚ

x x % � _�� x x � � ä¹Ø9÷W�m \ x x l _ L Y J ]ZM u i _ Wr\ x x J ��Ø�Û+Ü�á _ � x x % � _�� x x �
x x % � _���  x x �

J

x x % � � � x x � � ä¹Ø9÷W�m \ x x l � L Y J ]ZM u i � Wr\ x x J ��Ø�Û+Ü�á � � x x % � � � x x �
x x % � � ��  x x �

:
õ#ç3ãoÞ�Ø�à+ã�æ�ÚlãxèúÜÙê õ�Ø�â�×�ã !GôÙï�Ø�ê�èúõ�Ø�â�×�ã !GômòGô6��'�-)��0��� �-�(�\ê2Û+ç3Ü¤Ú�ã�÷Ø�äíß�×�ã�ñOÛ+ç3ã�èá�ä�Ø�ÜÙêéÜ¤Ú � � L u ï > ò J ïxòPMP# L u ï > ò J ï > òPM�Ø�ê3èéÛ+çã
ÜÙê/Ûlãoà+å~Ø�Ý�ã�ÜÙÚ5èã � ê3ãxè�â/Þ p � E Y q � � �;: ��� � ô�õ#çã ù�Ø�×ÙæãxÚ5á�å�Û+çãP��á�ÜÙÚ+Ú+á�ê�àyØ�Û+Ü�á¹Ø�ê3è Û+ç3ã�Ú+çãxØ�à
äíá:è3æ3×¤æ3Ú)Ø�àyã�ñ3à+ãxÚlßEãxÝ�Û+Ü�ù�ãx×�Þ�ñ

&��  & � � �;:mò�� ÜÙê � �& ! � �;:mò�Y ÜÙê �"! J �=�
 � � � ï J ��� � J � � � Ü¤ê � �
� ! � ò J � � � J � � � Ü¤ê �"! :

õYçãB� Ü�àyÜÙÝtç3×�ãoÛOâEá�æ3ê3è�Ø�à+Þ Ý�á�ê3è�Ü�Û+Ü�á�ê¹Ø�ê3è�Û+çã�Ü¤ê�Ûlãoà+å~Ø�Ý�ã�Ý�á�ê�è3Ü�Û+Ü�á�ê3ÚOØ�àyã�èãoÛlãoàyä�ÜÙêãxèíå@à+á�ä
Û+çã å@á�×Ù×�áwöYÜÙêþ�ã�÷Ø�Ý�Û�Úlá�×¤æÛ+Ü�á�êy;

lR_DLmp?Jnq M��
 p�q E�ÚyÜÙê L ï E pO� E qw� M u � pO� E q�� ÜÙê � � J
p�q E�ÚyÜÙê L ï E pO� E qw� M u ò pO� E � q�� u Y ÜÙê � ! J

l � Lmp?Jnq M��
 Ý�á�Ú L ï E p � u q � MREG� p � q E p � u q � Eëò ÜÙê �I� J
Ý�á�Ú L ï E p � u q � MREG� p � q E � p � E'B q � u ! ÜÙê �3! :



� � � åSá�à�Ö�×ÙØ�ÚlÛ+Ü¤ÝoÜ�Û�Þ �}à+á�â�×�ãxä¹ÚdöYÜ�Û+çs�\ê/Ûlãoà+å@Ø�Ý�ãxÚ ò:ï

õ�Ø�â�×�ã !GôÙï�þ�Ü�ù�ãxÚ�Û+ç3ã¹þ�àyÜÙèIàyã � êãxäíãxê/Û�Ø�ê3Ø�×�Þ:Ú+ÜÙÚoñ,öYçãoà+ã � Ü¤Ú Û+çã�êGæ3ä â�ãoà á�å5Ü�ÛlãoàtØ�Û+Ü�á�ê3Ú
âEãoå@á�à+ã à+ãxÚlÛ+Ø�à+Û+Ü¤êþ�ÜÙê Û+ç3ã �=� �YÖ �úäíãoÛ+çá:è<ô �GãxÝ�á�ê3è á�àyè3ãoà�Ø�ÝoÝoæàyØ�Ý�ÞúÜ¤Ú#Ø�Ýyç3ÜÙãoù�ãxèNÚ+Ü¤ê3Ý�ã Û+çã
ãoà+àyá�à�àtØ�Û+Ü�á�Ú Ø�ß3ß3à+á�Ø�ÝtçIê/æ�ä�âEãoà åSá�æ3àxô 	¢Ü�þ�æà+ã$!GôÙïíÚ+çáwöYÚ ß�×�á�Û+Ú�á�å)Û+çãíÝ�á�äíß�æÛlãxèIÚlá�×¤æÛ+Ü�á�ê3Ú
l�_ Ø�ê3è l � Ø�ê�èéÛ+ç3ãúä¹Ø9÷:Ü¤ä æ3ä ãoà+à+á�àíö�Ü�Û+ç�Û+çã ê/æ3ä âEãoà�á�å�Ú+æâ�ÜÙê�Ûlãoàyù9Ø�×ÙÚ�Ø�×�á�êþøãxØ�ÝtçëÚ+ÜÙèã
~ �tY ��Ø�ê3è � � ���:ô

~ x x % � _�� x x � �YØ�Û+Ü�á _ x x % � � � x x � ��Ø�Û+Ü�á � � Ü�ÛlãoàyØ�Û+Ü�á�ê�Ú
ò�� òGô � BjYk�9ã�ÿ.� � ï�ô ��!:ïxò9ã�ÿ.� � ò�� ï BjY
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GMRES(m) method: The computed solution for u1 
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GMRES(m) method: error plot for u1
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