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Abstract.
This paperintroducesa computationalmethodfor usewith eddycurrentdamagedetectiontech-

niques.To identify the geometryof a subsurfacedamage,an optimizationalgorithm is employed
which requiressolvingtheforwardproblemnumeroustimes.In orderfor themethodto beeffective
in a practicalsetting,i.e., in real-timeapplications,theforwardalgorithmmustbeextremelyfastand
accurate.Therefore,wehavechosenanapproachbasedon reducedorderProperOrthogonalDecom-
position(POD)methods.Thisallowsoneto createasetof basiselementsusingsnapshotswith either
numericalsimulationsor experimentaldata.Thedatais organizedin anoptimalway allowing oneto
useareducednumberof basiselements,resultingin a fastalgorithmwhile still obtaininganaccurate
approximationto the solution.We first derive the modelassociatedwith the chosennondestructive
evaluation(NDE) techniqueandprovesomewell-posednessresultsfor themodel.We thenintroduce
the proposedcomputationalmethodologyandtest it on both numericallysimulateddataaswell as
experimentaldataobtainedfrom a GMR (Giant Magnetoresistive) sensor. The resultsdemonstrate
thatthemethodis extremelyefficientandaccurate.

1 Introduction and Problem Formulation

As technologycontinuallyadvances,the field of nondestructive evaluationis in continualneedof new
techniquesand instrumentsto improve the accuracy andefficiency of locatingandcharacterizingsub-
surfacedamages.We attemptto developa new methodologywhich, whencoupledwith alreadyexisting
techniques,canhelpdecreasethetotal computationaltime requiredto detectandexplicitly characterizea
damagewithin a material.This is necessaryin practicalsettingswherethemethodsmustbe fastandac-
curate,producingreal-timeresults.Givendataobtainedfrom ameasuringdevicesuchastheGMR (Giant
Magnetoresistive)sensor, weseekto locateandparameterizethedamagewhile minimizing theamountof
time requiredto completethis task.To this end,we formulateanddevelopanappropriatemodelusedin
describingthevariationin thedataasafunctionof adamagewithin thesampleandpresentcomputational
methodsalongwith numericalresultsto supporttheefficacy of our approach.

1.1 Descriptionof theTestProblem

An advancedmethodof damagedetectionusesa device suchastheGMR sensorin thecontext of eddy
currentmethods[1, 2]. In astandardexperimentalsetting,asdepictedin Figure1, a thin conductingsheet
carryinga uniform currentis placedabove (or below) thesample.Thecurrentwithin thesheetinducesa
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magneticfield perpendicularto it thatin turnproducesacurrentwithin thesample,calledaneddycurrent.
Whena flaw is presentwithin thesample,theflaw disruptstheeddycurrentflow neartheflaw andthis
disturbanceis manifestedin themagneticflux densitydetectedby themeasuringdevice.

Figure1: InspectionProcessusingaSQUID

For illustrative purposes,we will assumeuniformity along the width ( � direction) of the sample,
thereforereducingthe three-dimensionalproblemto a two-dimensionalproblem.To test the feasibil-
ity of reconstructingthe geometryof the damage,we considerthe damage(which we shall refer to as
a “crack”) to be rectangularin shape.In otherwords,we assumethe crack, locatedat a certaindepth
within the sample,hasa fixed lengthandthickness.To further simplify the testproblem,we disregard
the boundaryeffects of the materialsin the � direction (samplelength) by assumingan infinite sam-
ple andconductingsheetin that direction.Becausewe areconsideringmaterialsof infinite extent, we
will constructour forward problemby focusingon a small “window”, calledour computationaldomain���	��
 ���������������������� �"!#�$!&%���� �'�)(+*�%,� �"!-�.!-*�%,� �$/ , centeredsuchthattheleft boundary
of thecomputationaldomain,at location � � � , is positionedin thecenterof thecrackin the � direction,
i.e., thecrackis symmetricthroughthe ��� planeat � � � . A schematicof theresultingtwo-dimensional
problemis depictedin Figure2 whereit is assumedthat thesample(which is 0���� � thick) is composed
of aluminum,theconductingsheet(which is �2143)� � thick) is madeupof copperandthecrackis centered
in the � directionaroundthecenterof thesample(i.e.,around� � (53)��� � ).

6 7 8 9 : ; < = : > 8 ? @ > 8 A BC D C E EF G @ H > I J ? @ K 6 L ; ; J < F G 9 9 ; M A
= ? MN O D E E

O D E E = ? M
P
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Figure2: 2-D Schematicof Problem
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1.2 ResultingEquationsfor theTestProblem

In our computationalefforts,we employ theuseof thesoftwarepackageAnsoft Maxwell 2D Field Sim-
ulator. Therefore,our equationsareformulatedto correspondto thoseusedby the software.(For a full
derivationof theresultingequations,see[3].) AlthoughtheGMR sensormeasuresthemagneticflux den-
sity above thesampleat a certainlocation,our equationsareformulatedin termsof themagneticvector
potential R , whereall thefield quantitiesareassumedto bephasorquantities[4, 5, 6]. However, onecan
easilyobtaintheresultingmagneticflux density S throughtherelationshipSUTWVYX$R .

UsingMaxwell’sequationsin conjunctionwith Ohm’slaw andconstitutivelaws,weobtainanequation
for themagneticvectorpotential R givenbyVYX Z [\^]`_a�bdc VYX'R ]e_afbdchg T ]jik]e_a�b2cmloneprq�cs] R ]e_a�b2cut Vwv c x�_a�b.y{z|a (1)

where \ representsthemagneticpermeability, i representstheconductivity, p is theangularfrequency,
and v is ascalarpotential.

SinceEq.(1)containstwo unknowns, R and v , anadditionalequationis neededto uniquelydetermine
thesolutionfor R . For this weuseanintegralconstraintgivenby}s~j� T�� ~����������u��� TW� ~j� ]ei^]e_afbdcml�njprq�]`_a�bdc�cs] R ]e_a�b2cut Vwv c ���u��� (2)

betweenthetotalcurrent
}s~j�

flowing in theconductingsheet(cs)andthetotalcurrentdensity��� within the
conductingsheet.This is thesecondequationusedin thesoftwarepackageAnsoftMaxwell 2D FieldSim-
ulatorwhichweusein ourcomputationalefforts.However, thisonly givesusequationswhichcompletely
describethemagneticvectorpotentialandelectricscalarpotentialin theconductingsheet.Nonetheless,
the conductingsheetis the only region in which a sourcecurrentof the form � � T t+i V�v is present
andhenceis theremainingregionswe intuitively assumethereis no changein potential,in otherwordsVwvo�Y� . This givesusappropriateequationsin which themagneticvectorpotential R canbeuniquely
determinedif appropriateboundaryconditionson R arespecified.

In Section1.1 we assumedthesamplewasof infinite extentwith thecrackbeingsymmetricin the _
direction.In otherwordsonthe _ boundaries,weassumethefieldsonbothsidesof theboundaryoscillate
in thesamedirection.To accountfor theevensymmetry, weassignNeumannboundaryconditionsto these
boundaries.In a similar manner, we assumethe b boundariesare“sufficiently far” away from thesample
andscanningareasoasto noteffecttheoverallmeasurements.Indeed,asonemovesfartherawayfrom the
sampleandconductingsheet,themagneticvectorpotentialR tendsto zero.Therefore,onthe b boundaries
weassignnull Dirichlet boundaryconditions.ThemagneticvectorpotentialR is thusdeterminedbyVYX Z [\^]`_a�bdc VYX$R ]`_a�bdchg T ]jik]e_a�b2c�loneprq�]e_afbdc�cs]ht�njp R ]`_a�b2cut V�v c x�_a�b y'��a (3)}s~j� T � ~j���������u��� T � ~j� ]ji^]`_a�b2c�loneprq�]e_a�b2cfc�]ht�njp R ]`_a�bdct V�v c ������� (4)

and V�v T&� x�_a�b�y'������� (5)

with R ]e_a)t+�� ¡c T � T R ]`_a��� ¡cVwR ����¢¤£¦¥f§ ¨�© T � T VªR ����¢¤£¦«¬¥f§ ¨�©®
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2 Well-Posedness

In this sectionwe considertheexistenceanduniquenessof a weaksolutionto theabove boundaryvalue
problemona generaldomaingivenby¯°�±³²�´eµ¶�·�¶�¸�¹�º�»�¼¾½,µÀ¿�ÁÃÂªÄ�µ�Ä�µÀ¿ÆÅ®Ç�¶�·,¿uÁÃÂÈÄ#·.Ä#·É¿ÆÅ®Ç¡Ê
for whichourtestproblemis aspecificexample.Let Ë ±&ÌkÍÉ´ ¯°Î¹ and Ï ±	²�Ð#º ËÒÑ ´ ¯°Î¹�ÓfÐÔ´eµ¶f·,¿uÁÃÂ�¹k±�ÕÖ±ÐÔ´eµ¶�·É¿ÆÅ®ÇÉ¹×Ê

wherewe usethestandardSobolev spacenotation, ËÒÑ ´ ¯°�¹Ô±Ø²�ÐÙºÚÌ Í ´ ¯°Î¹Ö½�ÛªÐÙºÚÌ Í ´ ¯°Î¹×Ê
andnotethatweinterpretpointwiseevaluationof functions(alongtheboundaryandelsewhere)in termsof
atraceoperatorfor whichwesuppressnotationthroughoutthispaper[7]. Wedenoteby ÜÞÝ ¶fÐ�ßkà	áãâä Ý Ðæå�ç
thestandardinnerproductin Ë and ÜèÝ ¶�Ðæßféêà³á�âä Û Ý�ë Û|Ðæå�ç the( ËÒÑ -equivalent)innerproductin Ï .

We notethatin this two-dimensionalproblem,theterm
Û Ý canbeprovento bepiecewiseconstantas

donein [3]. In doing this,
Û Ý canbewritten in termsof themagneticvectorpotentialin theconducting

sheetby solvingfor
Û Ý in (4). Wecanthenreducethesysteminto anintegro-differentialequation.Using

integrationby partstogetherwith naturalboundaryconditionsandimposedconditionson testfunctionsÐ#º Ï , thevariationalform is givenbyÜ Ûªì5¶×ÛªÐæßmí Üjî Ñ ì¾¶�Ðæßí î Í�ï2ðjñ�ìÔå�çæï2ðjñ Ðrå�ç�±�ïdðjñdò Ð�å�çÀó (6)

whereî Ñ ±&ôeõ�ö^´j÷ªí�ôjõrø�¹ , î Í�±Uù Á¦úÉûýüÿþ�����ü þ��2Á¤ú�� üÿþ	�
 ü�� , and
ò ± û�ü þ	`ü��
 ü�� .

We considerboth the existenceand uniquenessof the solution
ì

to (6) as well as the continuous
dependenceon theparameterswhich representthedamagein thecontext of aGelfandtriple setting Ï�� �Ë��WË���� � Ï�� wherewehave thattheembeddingÏ�� � Ë is denseandcontinuouswithÓ ÐÖÓ � Ä��uÓ Ð Ó é

for all
Ð º Ï ó (7)

wherethenormin Ï will bedenotedby
Ó ë Ó é and

Ó ë Ó will denotethenormin Ë for therestof thissection.
Using this notation,we have the following theorem.For full detailsandproof, we refer the readerto

[3, 8].

Theorem 2.1. There exists � ± � ´jö ¶�øs¶ ¯°�¹ such that for sourcefrequencies
ò ñ � � ´jöÆ¶�øs¶ ¯°Î¹ , there exists

a uniqueweaksolution
ì

to (6).

Furthermore, we let
¯� represent the four corners of any quadrilateral damage, i.e.,¯� à � ´`µ Ñ ¶�· Ñ ¹ý¶�´`µãÍ�¶�·�Í�¹ý¶�´`µ ¼ ¶�· ¼ ¹ý¶�´`µ! �¶�·" ×¹$# is a vector in

»  &% » Í
or equivalently

»('
. We denoteby

¯) Å+*
thesetof admissibleparameters̄� whereit is assumed̄

)ÖÅ,*
is a compactsubsetof

»('
. Thenfor any two

damagesgivenby parameters-� and
¯� in

¯)ÖÅ,*
, letå�´ -� ¶ ¯� ¹^± Ó Ó -� ù ¯� Ó Ó,±/.e´ -µ Ñ ù�µ Ñ ¹ Í í�´ -· Ñ ù · Ñ ¹ Í í ó4ó óÉí&´ -µ! rù{µ! �¹ Í í�´ -·" �ù�·" ×¹ Í10 Ñ32 Í (8)

to bethestandardEuclideannormin
»�'

. We denoteby 4 -° (seeFigure3) thepointsin
°

which areeither
in thedamagerepresentedby -� or

¯� but which arenot in both.In otherwords,let
°657 representthepoints´eµ¶f·d¹

in
°

within the damagegiven by -� and
° â7 the points

´eµ¶�·2¹
in
°

within the damagegivenby
¯� .

Then 4 -°�±&°�5798 ° â7 ù�°657;: ° â7 .
Usingtheterminologyabove,we have thefollowing theorem.Again,we referthereaderto [3, 8] for

detailsandproof.

Theorem 2.2. Assumethe admissibleparameterset
¯) Å+*

is a compactsubsetof
» '

. Thenthere exists� ± � ´jöÆ¶�øs¶ ¯°�¹ such that for sourcefrequencies
ò ñ � � ´eö ¶�øs¶ ¯°Î¹ , ¯� � ì�´ ¯� ¹ is continuousfrom

¯)ÖÅ,*
to Ï .
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Figure3: TheAreaRepresentedby <!=>
3 Computational Method

To enablethe techniquesusedin nondestructive evaluationto be implementedin a practicalsetting,we
mustnotonly locateandcharacterizesubsurfacedamages;weneedto dosoin a fastandefficientmanner.
To develop a fastandefficient forward algorithm,we usethe reducedorderKarhunen-Loeve or Proper
OrthogonalDecomposition(POD) methodology. A uniquefeatureof the POD techniqueis its ability
to createan orderedbasisthat modelsexperimentalor simulateddata,capturingmostof the important
aspectsof thedatain thefirst few elements.Typically thenumberof basiselementsrequiredin theforward
algorithmis reduced,resultingin thedevelopmentof a fasteralgorithmthatstill maintainstheaccuracy of
traditionalfinite elementalgorithms.

3.1 ThePODMethod

In this sectionwe discusstheconceptsandmethodof implementationof thePODmethodin thecontext
of damagedetection.For detailson thegeneralPODmethod,we referthereaderto [9, 10,11,12,13,14,
15,16,17, 18,19,20] andtheextensive list of referencescontainedtherein.In theprocessof detectinga
subsurfacedamage,a device,suchastheGMR sensor, is scannedabove (or below) a sampleanddatais
taken.Thevariationin thefield dueto a damageis manifestedin thedatataken.Therefore,in forming a
reducedbasis,we want to incorporatetheeffectsof a damagein thereducedbasis.This is accomplished
by taking “snapshots”of the dataacrossvariousdamages.In otherwords, let ? be a vectorparameter
characterizingphysicalpropertiesof thedamagesuchaslength,thickness,depth,etc.of thedamage.Then
givenanensembleof damages@A?CBEDAF!GB+HJI , we obtaincorrespondingsolutions,@AKML3?CB	NODAFPGBQHJI , of theboundary
valueproblem,for magneticvectorpotentialswhichwecall our “snapshots”.Wethenusethesesnapshots
to generatea basisincorporatingthe propertiesof the variousdamages.(Without lossof generality, we
will denotethevector K by its scalarnonzerocomponentR , i.e., the RTS componentof K .)

Theformationof thePODbasiscanbesummarizedin a few steps.In orderto successfullyreducethe
numberof basiselementswhile maintainingaccuracy, asinglebasiselementmustcontainaspectsof each
damage?CB . Therefore,asexplainedin [20, 21], weseekbasiselementsof theform

U�VXW F!GY B+HJI[Z V L]\^N$R_L`?CB	N (9)

wherethecoefficients Z V La\bN arechosensuchthateachPODbasiselement
U�V

, c W�dfehg^ejiai]iae1k6l
, maximizesdk6l F!GY B+HJI mon R_L`?CB	N ehU�Vqp+r�s1touwv xy[z m { (10)
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subjectto |~}����O}����+���,���C� ��[�����a� }�� ��� ����� . Forming thebasiselementsin sucha way assuresthata single
basiselementwill containinformationfrom eachof the snapshots.From standardarguments,it canbe
seenthat the coefficients �C�$�]�^� canbe found by solving the eigenvalueproblem �6� ��� � where � is
givenby � ���]��� � ��6�^|3 _�`¡J���h�1 _�`¡C���Q� �"¢O�o£X� ��[��¤ (11)

Hence,thenext stepin forming thePODbasisis to form thecovariancematrix � andfind theasso-
ciatedeigenvaluesandeigenvectors.Since � is Hermitianpositivesemi-definite,we know it possessesa
completesetof orthogonaleigenvectorsandcorrespondingnonnegativeeigenvalues.In forming thePOD
basis,we wantto beableto readilydecidewhich basiselementsto usein thereducedbasis.To this end,
we order the eigenvaluesalong with their correspondingeigenvectorssuchthat the eigenvaluesare in
decreasingorder, �X¥§¦¨� � ¦ ¤]¤]¤ ¦¨�ª©!«�¦¬ ¤ (12)

We thennormalizetheeigenvectorscorrespondingto therule

�!�P®A�¯� � ° �±���� � � ¤ (13)

Consequently, the ²`³µ´ PODbasiselementis definedby Eq. (9) where �!���a�b� representsthe �f³µ´ component
of the ² ³µ´ eigenvectorof � .

We now have the full POD basisand needa criterion to decidehow many basiselementsare re-
quired to accuratelyportray the data.In otherwords,we want to choose

�
suchthat ¶Q·P¸º¹¼»"}��3½ ©�µ¾ ¥À¿¶Q·P¸º¹¼»Á Â�3¡C���h½ ©!«�+¾ ¥ . In choosingthis number

�
, wecompute©Ã �+¾ ¥ � �	Ä

©!«Ã �+¾ ¥ � � (14)

which representsthe percentageof “energy” in ¶Q·P¸º¹¼»Á Â�3¡C���h½ © «�+¾ ¥ that is capturedin ¶1·!¸¯¹Å»"}Æ�Á½ ©�+¾ ¥ . Then
the reducedbasisconsistsof the first

�
POD basiselementswhere

�
is chosento capturethe desired

amountof energy.
We now notethat ¶Q·P¸º¹¼»"}��~½ ©!«�µ¾ ¥ � ¶Q·P¸º¹Å»Á _�3¡Ç�j�O½ ©P«�Q¾ ¥ . Indeed,givenany  Â�3¡C��� , wehave

 _�3¡Ç�j� � ©!«Ã È ¾ ¥ªÉ
È �`¡C���Q} È (15)

where É
È �`¡C�	� � |3 _�`¡C���	�h} È � � ¢ �o£w� ��Ê� (16)

as »"}Æ��½ © «�Q¾ ¥ areorthonormalin Ë � �`ÌÍ�hÎ ÏÐ� .
However, to completetheanalysis,oneneedsto beableto calculate  © �3¡[� where ¡ is agivenparam-

eternot in theset »A¡Ç��½ ©!«�+¾ ¥ . To this end,weextendtheapproximationformulato obtain

  © �3¡w� � ©Ã È ¾ ¥ É
È �3¡[�+} È (17)
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where ÑÊÒºÓ`Ô[Õ can be evaluatedthroughdifferent methods.In [3], we explored two different methods
onemight choose:a POD/Galerkinmethodor a POD/Interpolationmethod.However, in this paper, we
only presentresultsin which we usethePOD/Interpolationmethodwith linear interpolationfor theone-
parametersimulatedresultsandcubicsplineinterpolationfor all otherresults.For detailson thesemeth-
ods,we referthereaderto [22] and[23].

3.2 SimulatedResults

In [4], we performedseveral trials in which we assumedwe hadaccessto varioustypesof data,suchas
the Ö field or the × field at variouspoints Ó�Ø!Ù�Ú1ÛjÜ	Õ in Ý . We comparedandcontrastedthe accuracy to
which wecouldestimatethelength Þ of thedamagebasedon whetherthe Ö field or × field wasusedand
whetherweconsideredthefield alongasingleline, multiple linesor within theentireregion(which is not
experimentallypossibleandwasonly testedfor initial comparisons).Fromtheresultspresentedin [4], we
concludedthatextremelyaccurateresultswereobtainedonly whenthe Û componentßáà of themagnetic
flux densitywasusedin thecostcriterion,i.e.,whenweused

â Ó`Ô[Õäã�åæèçé ÙµêJë
ìé ÜQêJë í å�î�ï ßÂðà ÓqØ!Ù~Ú1ÛjÜ�ÚOÔ[Õòñ å�î�ï�óßáàÁÓ�Ø!Ù~Ú1ÛEÜ�ÚOÔwô1Õ í à (18)

where å�î ï is a scalingfactoraccountingfor the low orderof magnitudeof the field ( ßáà is on the order
of å�îbõ ïhöø÷	ù"ú ), ß ð Ó3Ô[ÕMã ûýüþÖ ð Ó3ÔwÕ is the reducedorder POD approximationin which Ö ð Ó`Ô[Õ is
given by (17), and óßáà is “data” from a samplewe wish to characterize.(In this section, óßáà is obtained
from Ansoft finite elementsimulationsto which noisehasbeenaddedin theusualmanner(see[3, 21]).
Furthermore,performingmulti-line scansor usingfull region dataimprovedthe resultsonly marginally
andhencedid not warranttheextra effort andtime in collectingmoreextensive datasets.Consequently
theresultspresentedin this sectioninvolveonly theleastsquaresdifferencein the ßáà field givenby (18)
alongasingleline locatedå úÿú above theconductingsheet.

In the sampleresultspresented,we focus on estimatinga single parameterof the crack assuming
all otherparametersarefixedor estimatingtwo parameterswith oneparameterfixed.The resultsbelow
summarizethefeasibilityof determiningthelengthanddepthof acrack.In aspecifictrial run,tendifferent
datasets(exact datawith ten differentsetsof addedrandomnoise)areusedwherethe relative noiseis
chosenata å�î�� noiselevel with aconfidencelevel of ������� � (3 standarddeviations).(Detailscanbefound
in [3] and[4].)

In determiningthelengthof thedamagealone,we first followedthestepsoutlinedin Section3.1and
generatedan ensembleof “snapshots”.Keepingthe crackfixed at a depthof � úÿú with a thicknessofæ úÿú , we variedthe crack length Þ from î úÿú to � úÿú in incrementsof î � æ úÿú . Using the snapshots,	 ÖÂÓ3Þ�Ü�Õ�
 ð� êCàQëÜ+êJë , weformedthePODbasisanddeterminedthat ��������� � of theenergy of thesystemwascap-
turedwith a singlebasiselement[4]. However, in thespecifictrial runs,we foundthatusing � PODbasis
elementsimprovedtheparameterestimationwith datacontainingnonoise,while therewasnosignificant
differencebetweentheuseof � basiselementsover theuseof � basiselements.Therefore,theresultsare
basedon theuseof � basiselementsin thealgorithm.

To testtheinversemethodology, we first try to identify thelengthof thedamage,Þ ô ã å ��� úÿú . Using
dataon a singleline above theconductingsheetwith å�î�� relative noise,anaverageestimatedlengthofå � æ ����� úÿú wasobtainedwith a varianceof î ��� æ ���Âü å�î õ � úÿú à acrossthetentrials.
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Proceedingas we did in estimatingthe length of a damage,to estimatethe depthof the damage,
we fixedthethicknessof thecrackat ��������� with length ����� andvariedthedepthof thecrack � from����������� to ������������� in incrementsof ��������� . Using5basiselements,wewereabletoaccuratelyestimate
acrackdepthof  ���� in thepresenceof ����! relativenoise;anaveragedepthof  �������"#�$��� wasestimated
with a variance�#�%���$ ��'&(���*),+-����. . Thus,asin thecaseof estimatingthe lengthof a crack,we canalso
recapturethedepthof acrackquiteaccuratelyandefficiently.

Finally, we estimatedbothlengthanddepthsimultaneously. However, first, in [3, 8], we discussedin
detaila needto modify theassumptionsmadein theoriginal testproblemto moreaccuratelydescribethe
behavior of experimentaldatausedin thenext section.In short,thecomputationaldomainwasexpanded
beyond the edgesof the sampleandsnapshotsweretaken of themagneticflux densitydataon a single
line above theconductingsheet(insteadof thewholeregion).Recallthat for theprevioustrials, we took
snapshotsof themagneticvectorpotentialfor theentirecomputationaldomaineventhoughin theinverse
problemweonly consideredthosedatapointsalongasingleline. Furthermore,weconsidereddataacross
theentirelengthof thesample,insteadof just half thesampleasdonepreviously. (For moredetails, see
[3, Chapter6].) As a result,wealsoimplementthesechangesin thetwo-parameterestimationproblem.

We proceedasin the previous estimationproblemsby first generatingan ensembleof damages.We
considerdamageswith depthsrangingfrom �$��� to ���$��� in incrementsof ����� in combinationwith
lengthsfrom ������/�� to "�����/�� in incrementsof ��/�� (wenow considerlongerdamagessimilar to thoseused
in obtainingexperimentaldata).Wekeepthethicknessfixedat �$��� . A totalof 24snapshots,0�1 . 2 ��354-6�798�: ,;=< ��4$�>�%�>4?� , @ < ��4$�>�%�>4-A weregeneratedusingAnsoft. Using 4 basiselementswith 10% relative noise
added,we estimateda damagewith depth �*B < A���� and length 6CB < ��/�� . We obtainedaveragees-
timatesof � < A����� �������� with variance �#�����,���D&E���*)*F?����. and length 6 < ����G� ���/9� with variance����G���"��H&I���,)*F?����. . Thus,even whenwe estimatedtwo parameterssimultaneously, the computational
methodproposedproducedextremelyaccurateresults.

3.3 ExperimentalResults

Sincethe resultsusingsimulateddatawereextremelypromising,we designedan experimentin which
we tried to detectandparameterizea damagewithin analuminumsampleusinga giantmagnetoresistive
(GMR) sensor. Thesamplewasconstructedof 17 layersof �$��� thick aluminumplateswith a slicecut
out of oneof thelayersto simulatea damagewithin thesample(see[3, 8] for graphicalrepresentations).
The “damaged”pieceof aluminumis moved from onelayer to anotherto simulatedamageswithin the
sampleat differentdepths,andthe lengthof the damageis variedby producing“gaps” of varying size
from thealuminumplate(the thicknessof thedamageis alwaysfixedat �J��� ). As a meansof inducing
currentwithin the sample,a thin sheetof coppercarryinga uniform currentof " Amps is placedabove
the sampleon top of a thin sheetof paper(to avoid direct physicalcontactbetweenthe sampleandthe
conductingsheet).TheGMR sensormeasurestheamplitudeandphaseof themagneticflux densityacross
a � ;LK line (alongthe lengthof the sample)every ������"������ . The datais thenfiltered througha lock-in
amplifierandsavedto afile.

The experimentaldatadid not resembleAnsoft simulationsfrom our model; therefore,we choseto
snapshoton thedataitself in forming thePODbasiselements.Furthermore,it wasnecessaryto filter out
thebackgroundnoise(datafor asamplecontainingno damage)in orderto obtaina representativepattern
in the dataasa function of the damagewithin the sample(see[3] for full details).In filtering out the
backgroundnoise,we magnifiedboundaryeffects from the edgesof the sample.Therefore,in the cost
criterion,we only considerdataacrossthecenterof thesample.In otherwords,we usethecostcriterion
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givenby MONQPSRUTWVX YCZ\[]^`_\a?b [
ccc V�d�e?f=g[ NCh ^ji PkRml V�d�eonf ^[ ccc [qp (19)

where
P

is thevectorcontainingthe parameterswe wish to estimate,f g[ NQPkR is the POD approximation
formedusingsnapshotson thedataitself, nfsr[ is GMR dataat grid points

h ^ , t T V p$u>u>u%p-v with
v

total grid
pointsand w and x indicatetheindicesof thegrid pointsweconsiderin our costcriterion.

In estimatinga depthof y,z T|{�}�}
with correspondinglength ~Cz T V u���� } , we obtainedanestimate

of y T X u�������� }�}
and ~ T V u���� V X � } , resultingin a relative error for depthof ��� T d u�� d�� andlength��� T X u���� � . Again,evenwith experimentaldata,theresultswereaccurate.

4 Conclusion

In thispaperwepresentedareducedordercomputationalalgorithmwhichcontributesto theoverallfieldof
nondestructiveevaluation.In detectingsubsurfacedamages,thereis a needfor a fastandefficient inverse
problemmethodology. ThereducedorderPODmethodis anattractive method,becauseit allowedus to
createareducedbasisof lessthan10basiselementsin thetrialspresentedwhile still capturing99%of the
total energy of thesystem.This resultsin anaccurate,aswell asfast,forwardalgorithm.

We thengave an overview of the POD methodologyin the context of subsurfacedamagedetection
or parameteridentification.We discussedthe implementationof the inverseproblemfor both simulated
resultsaswell asexperimentalresults,providing examplesfor eachcase.Basedupontheresultspresented,
we showed that usingeither simulateddataor experimentaldataon eithera one-parameterestimation
problemor a two-parameterestimationproblem,weachievedaccurateresults.

However, themostsignificantfindingis in regardto reductionin computationaltimewhichcanbesum-
marizedasfollows.If onewereto useasoftwarepackagesuchasAnsoft’sMaxwell 2D FieldSimulatorto
calculatetheforwardproblemeachtime it is requiredin theinverseproblem,it would takeapproximately
5-10 minutesfor a single forward solve. The forward solve is typically requiredanywherefrom asfew
as10 timesto asmany as500-1000times.Assumingthe forwardalgorithmis calledapproximately100
timeswith anaverageof 7 minutesfor eachforwardrun, the inverseproblemwould take approximately
42,000seconds.In theexamplesprovided,theentire inverseproblemranin approximately8-10seconds.
Consequently, on averagethecomputationaltime is reducedby a factorof V$d�� . This suggeststhatanap-
propriatesensingdevice,whencoupledwith reducedordermodelingin theinverseproblem,might prove
feasiblein practicaldamagedetectionapplications.
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