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Abstract

The immersed finite element method based on a uniform Cartesian
mesh has been developed for elasticity equations with discontinuous phys-
ical parameters across an interface in this paper. The interface does not
have to be aligned with the mesh. The main idea is to modify the basis
function over those triangles in which the interface cuts through so that
the natural interface conditions are satisfied. The standard linear basis
functions are used for other triangles. A level set function whose zero level
set represent the interface is used. Numerical examples are also presented.
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1 Introduction

In this paper, we develop a finite element method using a uniform Cartesian
mesh for a two-phase elasticity system of equations of the form:
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Vo + F =0 inQ, (1
[u]=0 onT, (1.
[on]=0 onT, (1

(1

U = Ug on 0F),

where o is the stress tensor, F = (Fy,F»)T : Q — R? is the body force,
u = (ug,us)T is the displacement field, I' is a smooth interface that divides
the domain € into two parts QF and Q~, n = (ny,n2)T is the unit normal
vector of the interface I', pointing from the — phase to the 4+ phase, and wg isa
given vector-valued function that represents the displacement on the boundary
09. Across the interface I', the physical parameters such as Young’s modulus
and Lamé constants have a finite discontinuity. For a function v, We use [v] =
vT — v~ to denote the jump of v across the interface I'. The jump condition
(1.2) means that w is continuous across the interface.

Multi-phase elasticity problems often arise in materials science, see for ex-
ample, [12, 15]. We refer the reader to [1, 6, 9, 17] for some applications and
the references therein. However, solving such elasticity system is often difficult
due to the arbitrary interface and the discontinuities in the coefficients and the
gradient of the solution.

There exist several numerical methods for solving general elasticity problems
that do not involve interfaces. Among them, the finite element method and the
boundary integral or boundary element method appear to be very successful, cf.
e.g., [2, 13, 18] and the references therein. However, in treating moving interface
problems, the use of fixed Cartesian grids often shows advantages in practical
computations [7]. It is therefore desirable to develop new, efficient methods
based on fixed Cartesian grids for the elasticity system with an interface.

In [17], a second order immersed interface method was developed for the
elasticity system with an interface based on Cartesian grid. However, due to
lack of the maximum principle, the stability of the method is still under investi-
gation, and the linear solver for the finite difference equations may not converge
satisfactorily. The goal of this paper is to develop an immersed finite element
(IFE) for solving the two-phase elasticity system. The idea using a Cartesian
mesh to solve a single elliptic interface problems can be found in [10, 11].

This paper is organized as follows: In Section 2, we derive the weak form of
the elasticity system and the outline of the finite element method. In Section 3,
we discuss how to constructs the basis functions for non-interface and interface
elements. In Section 4, we explain how to use a the level set function to represent
the interface. Several numerical examples are given in Section 5.



2 Derivation of the weak form the elasticity sys-

tem

In this section, we derive the weak formulation of the elasticity system. We use
more general boundary conditions (2.1) and (2.2) which replace (1.4)

on = t, on 0,
u = ug, on (2.2)

where 02 = 91 U 0€)s. For convenience, we rewrite the strain and stress as

vector forms

du
€11 Ex B 011 O
ov
g = €992 = Ey = dy s g = 022 = gy
9 o)
219 Vay oy T 50 o12 Tay

If we introduce operator A as follows
9
ox

A = 0
8
Oy

then the strain-displacement and stress-strain relations can be rewritten as

€x % 0 U
o 0 v
Yy 3y Oz
o, ] €2
c=| o, |=[D]-e=[D]-| g |, (2.4)
Ty | 'me

where [ D | is the elasticity matrix (or constitutive stress-strain matrix),

[ A +2u A 0
[D]= A A4+2p 0, (2.5)
0 0 "

in which A and p are Lamé constants. If we let E be the Young’s modulus, and
v be the Poisson’s ratio, then we have

E E
= _71/ (plane stress), A= m (plane strain).



The equilibrium, constitutive and strain-displacement equations then become

ATe = —F, (2.6)
o = [D]e,
e = Au.

Eliminating o and e gives the “displacement” formulations
AT"[D]JAu = -F. (2.9)

Equation (2.9) will be used to derive the stiffness matrix.

2.1 The variational form

Let us consider the potential energy II of an elastic body. II is defined as the
sum of the total strain energy (U) and the work potential (W P)

IT = Strain energy + Work Potential.

For linear elasticity materials, the strain energy per unit volume in the body is

% o™ e . For a elastic body, the total energy U is given by

U:l/ ole dQ:l/ e[ D] e dQ.
2 Jo 2 Jo

The work potential is given by

WP:—/ ulF dQ — ul't ds.
Q Qo1

The total potential for the general elastic body is
1
H:—/ sT[D}sdQ—/ uTFdQ—/ u’t dS. (2.10)
2 Ja Q Qo1

By the principle of minimum potential energy (cf. [3, 4, 5, 8, 14]), we obtain the
following “variational form” or “weak form” for two-dimensional stress analysis
(w is an arbitrary displacement field):

/ O'Ts(u)dVZ/ ulf dQ+/ u’t ds. (2.11)
Q Q Qo1

2.2 The basic finite element equations

We assume the domain Q is a rectangle, but the interface I' can be arbitrary.
We use a uniform triangulation regardless of the interface I'. Therefore, the



interface generally is not aligned with the edges of the triangulation. We need
to find the basis functions for each right triangle of the partition. For each
triangle, let { w *} be the vector of the nodal displacements:

{u*}={u1 v1 w2 vy wus wvs}

The displacements at a point inside the triangle w can be determined in terms
of the nodal displacements { w *} and the basis, or shape, functions N :

u =[N [{u*}.
Strains and stresses can also be determined at nodal displacements:

e = Au = A[N|{u*}=[B|{u*},
o =[D]e =[D][B]{u*},

where [ B]= A [ N ] is called the displacement differentiation matrix, which
can be obtained by differentiating displacements expressed through shape func-
tions and nodal displacements. So we can obtain the following equilibrium
equations for a finite element:

[1BIDY B )~ |

[N}TFda:der/ [N ]Tt ds.
Q

o

On each element, we have

/A<e>[B]T[D”B]dQ{U}:/

[N}TFdxdy+/ [N ]Tt ds.
Ale)

o NACe)

We need to know the basis function IN for each element.

3 Constructing the basis functions at interface
triangles

The triangles in our partition are classified into two categories: the interface
triangles if the interface divides the triangle into two subsets, and non-interface
triangles otherwise. For non-interface triangles, we use standard linear basis
functions. However, for interface triangles, we use an undetermined coefficients
method to determine the basis functions by enforcing the natural interface con-
ditions. In the following discussions, we discuss how to construct such piecewise
linear basis functions for interface triangular elements.

For a typical interface triangle AABC, let B = (z1,41), C = (x2,92), A =
(z3,y3) be its vertices. Let D = (zq,yq) and F = (x,,y.) be the intersections



Figure 1: A typical interface triangle AABC.

of the interface and the edges of the triangle, see the sketch in Figure 1 for an
illustration. For convenience, we denote T the region above the interface, and

T~ the region below it.

Once the values u, v at vertices A, B, C of the element T are specified, we

construct the following piecewise linear function

wa) = {1
v(z,y) = {

t(z,y) = a1 + asx + azy, if (
u” (z,y) = by + box + b3y, if (
(z,y) = c1 + cox + c3y, (

( y) = dl + d2$ + d3y7 if (CC,

where a;’s, b;’s, ¢;’s, d;’s, (1 = 1,2, 3) are undetermined coefficients. The values
of u, v at the vertices A, B, C are u™(A) = uy, v (B) = ug, v~ (C) = ug,

vT(A) = vy, v~ (B) = va,

A(x37y3) : {
B(xy,y1) :
C(z2,92) :

{
{
eas |
{

E(xe,ye) :

v~ (C) = v3. Therefore we have

a1 + agT3 + asys
c1 + coT3 + C3ys3

by + bax1 + b3y
dy + dax1 + d3y;

by + bawa + b3yo
d1 + deEQ + d3y2

us,
VU3;

Uy,
V13

Uz,
V23

a1 + axxq + azyq — by — barg — b3ya

c1 + carq + c3yqg — di

— darq — d3yq

a1 + a2xe + a3Ye — bl - bee - bSye

C1+ Ca%e + C3Ye — di —

d2$e - d3ye

(3.3)

(3.4)

(3.5)

(3.6)



By the interface conditions,
[on]= 0 on the interface I',

ni

where n = ] is the unit normal vector of the interface, which is perpen-
na

dicular to DFE, and

on =

011M1 + 012M2
012M1 + O22N2

In the component form, we have

Ju Ov Ou Ov
|:(>\ + 2[[1,)%’/11 + )\a—ym +u <8_y + %> n2:| . =0, (38)
%—&-@ ny+ A—ng + (A +2u)—n =0 (3.9)
p) ) 1 oz 2 M oy . =Y :
where (assuming the plane deformation)
E Ev
HEoary ™ AT ETaTay

If we use [ G ] to represent the coefficient matrix for the equations (3.3) ~ (3.9),
and use X to represent the vector formed by a1, as, as, b1, ba, b3, ¢1, ¢, c3, d1,
da, d3, then (3.3) ~ (3.9) can be rewritten as a matrix-vector form as follows:

(G| X =[C}{u"}, (3.10)
where
[0 0 0 0 1 07
0O 0 0 0 0 1
1 00 0 0 O
01 00 0O [y ]
0 01 00O v
{0 00 1 00 N 7
(Cl=10 00000 tul=],
0 000 0O u3
0 000 0O | vz |
0 000 0O
0 000 OO
L0000 O0 0]
Solving 3.10 gives
X :[G]*l[C]{u*}. (3.11)



In other words, from (3.3) ~ (3.7), and the interface conditions, we can express
ai, az, as, b1, be, by, c1, c2, ¢3, di, d2, d3 in terms of uy, v1, ua, v2, us, vs, or
{ w *}. Therefore, u™, u™, v, v™, can be expressed as

uwt = (ar +aaz +yas)-{u*}, (3.12)
_ — — —_— "
u- = (bl +x be —|—yb3)-{u 1, (3.13)
vt o= (el tae +yes) {uth (3.14)
_ — — — N
vT = (dl +x da +yd3)~{u 1, (3.15)
where @ = (all,alg,a13,a14,a15,aﬁ) is the first row of matrix [ G |71[ C ]
in (3.11), and so forth for as, ---, ds. If we set
]
U1
u Ni1 N1z Niz Ny Nis Nig Uz | def *
- [N u
v Nai Nog Naz Noy Nas Nog U2
us3
L UB -
where N;;’s (1 = 1,2, j = 1,2,---,6) are piecewise linear functions, then we
have
— — —
a_1>+x£ +y2 ,  + side,
c1 +xrcy +ycs

[N]= N SN SN (3.16)
[ by +x by + Yy b3 ‘| .
, — side;

— — —
di +xdy +yds
Figures 2 and 3 show the mesh and contour plots of a pair of the basis

functions in an interface triangles and in its entire support.

We then can compute the differentiation strain matrix [ B ] for interface
elements:

[B]" = A[N]= ) ; (3.17)

[B]- = A[N]= ds . (3.18)




Shape function for u Shape function for v

Contour plot for u

Figure 2: The mesh and contour plots of a pair of local basis functions (u, v)
over an interface triangle. The parameters are AT = 80, A~ = 160, v = 0.35,
and v~ = 0.15.

‘Shape funcion

A global basis function Contour plot

Figure 3: The mesh and contour plots of a global basis function « on its support.
The parameters are AT = 40, A= = 90, vT = 0.35, and v~ = 0.15.



Therefore, the local stiffness matrix is

(km] = /M[B}T[D][B]dxdy (3.19)
_ / [ B T[ D *|[ B *]dzdy

+/0Hm[ B[ D || B " dudy

= [ B 1T[ D T|[ B '] (the area of the triangle)
+[ B 7]T[ D 7][ B 7] - (the area of the other part),

which is also a constant and symmetric matrix.

4 The interface and the level set method

We use the zero level set of a Lipschitz continuous function ¢(x,y) to represent
the interface I'. Usually ¢(x,y) is chosen as the signed distance function. With
the representation of a level set function, it is easy to compute the geometric
information that is needed to construct the basis functions.

Theorem 4.1. Assume the coordinates of A, B, C, D, E (see Figure /) are
Axi, yjv1), B(ziyj), Cxiv1,9;), D(xp,yp), E(zp,yp). Then we have

xp = i (4.1)
i A
= g+ —2E9 L o(ay)?) (4.2)
Gij — Pij+1
ij+14
= g - 50 oAy,
7,7+1 ¢1,]
Axd; i1
T = x;+ : + O(AxA 4.3
g “Re6,(B) + dyay(@) T OAeAY) (43
Awgiii;
= Tt Pit1,; + O(AzAy),

—Ax¢,(E) + Aypy(E)
A
ye = y;+ A—z(xiﬂ —TE), (4.4)

where ¢; j11 = &(xi,Yj11), Gij = O(Ts,Y;), bit1,j = O(Tiv1,Y;), and

be(B) = 270 4 oazy), (4.5)
Tj — Ti41

¢y (E) = Pigt1 = Pig O(AzAy). (4.6)
Yj+1 —Yj

10



The above theorem gives all the information that is needed to construct the
basis function on an interface triangle.
d(x,y) =0

A

E(zp,yr)

Figure 4: The geometric information of an interface triangles and the level set
function representation.

The proof of the theorem is straightforward using the Taylor expansion at
the intersections D and FE.

5 Numerical examples

In this section we present three numerical examples. Without loss of generality,
the domain (2 is a rectangle [—1, 1] x [~1,1], and the interface I is 22 +y? = i.
In EXAMPLE 5.1 andEXAMPLE 5.2, we consider the system with zero body forces
and homogeneous jumps conditions for displacements and traction across the

interface. So the system is as follows,

Vo = 0, inQtuQ —T,
[u] = 0O, on T,
[on] = 0, on T,
u = ug, onodf,
where ug = [ug(z,y), vo(x,y)]T. Since the analytic solution is not available,

we compare the computed solutions obtained from the immersed finite element
method with the solutions obtained from the immersed finite difference method
developed in [16, 17] for example 5.1 to validate the IFEM method for the elas-
ticity systems with interfaces. The immersed finite difference method developed
in [16, 17] have been tested against the exact solution. EXAMPLE 5.2 is similar

11



to EXAMPLE 5.1 except very large contrast (large jump ratio) of the physical
parameters in which the finite difference method converges slower than the finite
element element approach. In the last example EXAMPLE 5.3, we show a test
result with non-zero source terms.

Example 5.1. In this example, the differential equations, interface and bound-
ary conditions are exactly the same as that in Example 2.5.3 in [16].
1, 5 92 1 39
W= -k Loy - B
vo(®:y) 1o (V) F ggp 2V e?) = 4
vo(z,y) = In(1 + a2 +3y2) +sin (zy) —42% —4y% + 1.

The parameters are

T =022, pu~ =200, E =488,
vt =011, put =60, ET =133.20.

Figure 5 and Figure 6 are the mesh and contour plots of the solution (u,v)
obtained by the IFEM method described in this paper using a 56 by 56 grid,
which generates the system of size 6272 x 6272. From Figure 5 and Figure 6, we
can see they are almost identical to the figures by the finite difference method
in Example 2.5.3 in [16]. The finite difference method is a little than the finite
element method.

Figure 5: The mesh and contour plots of the computed solution u of EXAM-
PLE 5.1 obtained by the immersed finite element method developed in this paper.

Example 5.2. In this example, we use the same differential equations, the jump
conditions as that in EXAMPLE 5.1. But we use different boundary conditions
and elasticity constants as follows:

v~ =0.02, p~ =0.4902, E- =1,

vt =049, pt=167.7852, E* =500,

and

cos ((m+1)2) +y+1+sin((z+1)(y+1))
(z+ D) (y+1)+sin(2(x+1)(y+1))

uo (e, y)

vo(, y)

12



‘Computed displacement for v by FEM

Figure 6: The mesh and contour plots of the computed solution v of EXAM-
PLE 5.1 obtained by the immersed finite element method developed in this paper.

We have large jump ratio in the parameters. Figure (7) and Figure (8) are the
mesh and contour plots for the displacements.

In this example the finite difference method takes much longer time to con-
verge than the finite element method does. This is because the linear system of
equations obtained from the finite element method is symmetric and has bet-
ter condition number compared with that obtained from the finite difference
approach.

Figure 7: The mesh and contour plots of the computed solution u of EXAM-
PLE 5.2 obtained by the immersed finite element method developed in this paper.

Example 5.3. In this example, the body forces are nonzero. The parameters
for this example are ET = 150, E~ = 10, v™ = .2 and v~ = .24. Figure (7) and
Figure (8) are the mesh and contour plots of the displacements obtained from
the finite element method developed in this paper.

From these examples, we see that the numerical results obtained from the
immersed finite element method agree with the results by the finite difference
method in [16, 17]. But the system of linear equations obtained from the fi-

13



Computed displacement for v by FEM ‘Contour pot for v by FEM

Figure 8: The mesh and contour plots of the computed solution v of EXAM-
PLE 5.2 obtained by the immersed finite element method developed in this paper.

Computed displacement or u Gontour plot for u

Figure 9: The mesh and contour plots of the computed solution u of EXAM-
PLE 5.3 obtained by the immersed finite element method developed in this paper.

‘Computed displacement for v

Figure 10: The mesh and contour plots of the computed solution v of EX-
AMPLE 5.3 obtained by the immersed finite element method developed in this

paper.

14



nite element method has better condition than that obtained from the finite
difference method.

Conclusion and acknowledgments

In this paper, we have developed the immersed finite element method based on
a uniform Cartesian mesh for elasticity equations with discontinuous physical
parameters across an interface. The interface does not have to be aligned with
the mesh. The main idea is to modify the basis function over those triangles
in which the interface cuts through so that the natural interface conditions are
satisfied. The standard linear basis functions are used for other triangles. A
level set function whose zero level set represent the interface is used. Numerical
examples presented here show second order convergence for the new method.

The first author was partially supported by NSF grants DMS-0201094 and
DMS0412654, and by an ARO grant 39676-MA.
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