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ABSTRACT
Recentlypublishedstudieshave shown that partitionalclustering
algorithmsthatoptimizecertaincriterionfunctions,whichmeasure
key aspectsof inter- andintra-clustersimilarity, arevery effective
in producinghardclusteringsolutionsfor documentdatasetsand
outperformtraditional partitionalandagglomerative algorithms.In
this paperwe study the extent to which thesecriterion functions
canbemodifiedto includesoftmembershipfunctionsandwhether
or not the resultingsoft clusteringalgorithmscanfurther improve
theclusteringsolutions.Specifically, wefocusonfour of thesehard
criterionfunctions,derivetheirsoft-clusteringextensions,presenta
comprehensive experimentalevaluationinvolving twelve different
datasets,andanalyzetheiroverall characteristics.Ourresultsshow
thatintroducingsoftnessinto thecriterionfunctionstendsto leadto
betterclusteringresultsfor mostdatasetsandconsistentlyimprove
theseparationbetweentheclusters.

Keywords
Documentclustering,Soft clustering

1. INTRODUCTION
Fastandhigh-qualitydocumentclusteringalgorithmsplay an im-
portant role in helping usersto effectively navigate, summarize,
andorganizean enormousamountof text documentsavailableon
theInternet,digital libraries,news sources,andcompany-wide in-
tranets.Over theyearsa varietyof differentalgorithmshave been
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developed.Thesealgorithmscanbecategorizedalongdifferentdi-
mensionsbasedeitheron theunderlyingmethodologyof thealgo-
rithm, leadingto agglomerative [36, 24, 15, 16,22] or partitional
approaches[28, 20, 32,8, 41, 19, 38,7, 13], or on thenatureof the
membershipfunction, leadingto hard (crisp) or soft (fuzzy)solu-
tions.

In recentyears,softclusteringalgorithmshavebeenstudiedin doc-
umentclusteringand shown to be effective [29, 25, 30] in find-
ing both overlappingandnon-overlappying clusters.Studieshave
shown that“hardening”theresultsobtainedby fuzzyC-meanspro-
ducesbetterhard clusteringsolutionsthan direct K-means[17],
whichsuggeststhatincludingsoftmembershipfunctionsinto other
criterion functionsmay leadto betterhardclusteringsolutionsas
well.

Recently, we studiedseven differenthardpartitionalclusteringcri-
terion functionsin the context of documentclustering,which op-
timize variousaspectsof intra-clustersimilarity, inter-clusterdis-
similarity, and their combinations[45, 44, 46]. Our experiments
showed that differentcriterion functionsleadto substantiallydif-
ferentresults,whereasour analysisshowed thattheir performance
dependson the degreeto which they cancorrectlyoperatewhen
thedatasetcontainsclustersof differentdensities(i.e., they contain
documentswhosepairwisesimilaritiesaredifferent)andthedegree
to which they canproducebalancedclusters.We alsoshowedthat
amongtheseseven criterion functions,therearea setof criterion
functionsthatconsistentlyoutperformtherest.

Thefocusof thispaperis to extendfour of thesehardcriterionfunc-
tions(I1, I2, E1, G1 [45]) to allow softmembershipfunctions,and
to seewhetheror not introducingsoftnessinto thesecriterionfunc-
tions leadsto betterclusteringsolutions.Thesecriterionfunctions
wereselectedbecausethey include someof the best-andworst-
performingschemes,andrepresentsomeof the mostwidely-used
criterionfunctionsfor documentclustering.We developeda hard-
clusteringbasedoptimizationalgorithmthatoptimizesthevarious
soft criterion functions. Sincethis optimizationalgorithmsimul-
taneouslyproducesboth a hardanda soft clusteringsolution,we
focusedon evaluatingthehardclusteringsolutionandcomparedit
with the oneobtainedby the hardcriterion functions. We present
a comprehensive experimentalevaluationinvolving twelve differ-
ent datasets.Our experimentalresultsshow that introducingsoft-
nessinto the criterion functionstendsto consistentlyimprove the
separationbetweentheclusters.Althoughtheexperimentalresults
show somedatasetdependency, for mostdatasetsthesoft criterion



functionstend to lead to betterclusteringresults. Moreover, our
experimentalresultsshow that the soft clusteringextensionof the
worst-performinghardcriterionfunction(I1) achieves thebestrel-
ative improvement.

The restof this paperis organizedasfollows. Section2 provides
someinformationon how documentsarerepresentedandhow the
similarity or distancebetweendocumentsis computed.Section3
discussessomeexisting soft clusteringalgorithmsrelatedto our
work. Sections4 and5 describethe four hardcriterion functions
that are the focus of this paperand presentstheir soft clustering
extensions,respectively. Section6 describesthealgorithmthatop-
timizesthevarioussoft criterionfunctionsandtheclusteringalgo-
rithm itself. Section7 provides the detailedexperimentalevalu-
ation of the varioussoft criterion functions. Section8 discusses
someimportantobservations from the experimentalresults. Fi-
nally, Section9 providessomeconcludingremarksandfuture re-
searchdirections.

2. PRELIMINARIES
Through-outthispaperwe will usethesymbolsn, m, andk to de-
notethenumberof documents,thenumberof terms,andthenum-
ber of clusters,respectively. We will usethe symbolS to denote
the setof n documentsthat we want to cluster, S1, S2, . . . , Sk to
denoteeachoneof thek clusters,andn1, n2, . . . , nk to denotethe
sizesof thecorrespondingclusters.

We representthedocumentsusingthevector-spacemodel[35]. In
this model, eachdocumentd is consideredto be a vector in the
spaceof the distinct termspresentin the collection. We employ
the tf-idf term-weightingschemethat representseachdocumentd
asthevector

dtfidf = (tf1 × idf1, tf2 × idf2, . . . , tfm × idfm).

In this scheme,tfi correspondsto the frequency of the ith term in
thedocumentandidfi = log(n/dfi) correspondsto its inversedoc-
umentfrequency in thecollection(dfi is thenumberof documents
that containthe ith term). To accountfor documentsof different
lengths,wescalethelengthof eachdocumentvectorsothatit is of
unit length.

We measurethe similarity betweena pair of documentsdi and
dj by taking the cosineof the angle formed betweenthe tf-idf
representationof their vectors.Specifically, this is definedas

cos(di, dj) =
di

tdj

‖di‖‖dj‖
,

which canbe simplified to cos(di, dj) = di
tdj , sincethe docu-

mentvectorsareof unit length. This similarity measurebecomes
oneif the documentvectorspoint to the samedirection(i.e., they
containidenticalsetof termsin thesamerelative proportion),and
zeroif thereis nothingin commonbetweenthem(i.e., thevectors
areorthogonalto eachother).

Finally, givena setA of documentsandtheir correspondingvector
representations,we definethe composite vectorDA to be DA =�

d∈A d, andthecentroid vectorCA to beCA = DA/|A|.

3. RELATED RESEARCH
Soft clusteringthat allows anobjectto appearin multiple clusters
hasbeenstudiedextensively andstill remainsof greatinterest.As
many datasetsandapplicationdomainsrequiresoftclusteringsolu-
tions. Thefuzzy C-meansalgorithm[3] is oneof themostwidely

usedsoft clusteringalgorithms.It is a soft versionof theK-means
algorithmthatusesa soft membershipfunction. Given a setof ob-
jectsd1, d2, ..., dm, thefuzzy C-meansalgorithmtriesto optimize
a least-squarederrorcriterion:

Jm =

k�
r=1

�
N�

i=1

µm
i,r‖di − Cr‖

2

�
,

whereµi,r is thedi’smembershipin therth fuzzyclustersatisfying�k
r=1 µi,r = 1, ∀i, m is thefuzzy factor, andCr is thefuzzy cen-

troid. Thisminimizationproblemcanbesolvedanalyticallyby us-
ing Lagrangemultipliers,andtheoptimizationcanbeachieved by
iteratively updatingthe membershipfunction andfuzzy centroids
asfollows:

µi,j =
(1/‖di − Cj‖

2
)1/(m−1)�k

r=1(1/‖di − Cr‖
2
)1/(m−1)

Cr =

�N
i=1 µm

i,rdi�N
i=1 µm

i,r

.

The fuzzy factorm controlsthe fuzzynessof the clusteringsolu-
tion. In general,the fuzzynessof theclusteringsolutionincreases
asthevalueof m increasesandvice versa.As m approachesone,
thealgorithmbehaves morelike standardK-means.

Othernewly developedsoftclusteringalgorithmsdiffer from fuzzy
C-meansby employing differentdissimilarityfunctions[4, 29], or
by includingbothasoftmembershipfunctionandaweightfunction
(measuringthecontributionof eachobjectin a fuzzycluster)in the
criterion functions(robust fuzzy C-means[21] and K-harmonic
means[43]). HamerlyandElkan[17] providedaninterestingcom-
parisonbetweenK-means,fuzzy C-means,K-harmonicmeans
and two other variatesto show the effectivenessof various soft
membershipfunctionsandweightfunctions.

Soft clusteringhasbeenappliedto documentclusteringandshown
to beeffective [29, 25, 30]. Oneof the limitationsof classicfuzzy
C-meansin documentclusteringis the useof Euclideandistance.
Hence,the focusof that researchhasbeenon exploring similarity
measuresthat are more suitablefor documentclustering,for ex-
ample,cosinesimilarity (Mendeset al. [29]). To our knowledge,
extendingothereffective criterion functions(for example,E1 and
G1) with soft membershipfunctionsfor documentclusteringhas
not beenstudiedin theliterature.

Anotherapproachto soft clusteringproposedby Backer is induced
fuzzy partitioning [1]. The key idea is that a hardclusteringso-
lution is alwaysmentainedin the optimizationprocess.The opti-
mizationprocessstartsfrom aninitial hardparitionandconsistsof
a numberof iterations.During eachiteration,thesoft membership
function is estimatedbasedon theaffinity thateachobjecthasfor
hardclustersto inducea soft partition. Then,thehardpartition is
modifiedin a way suchthatthenew inducedsoft partitionleadsto
a bettercriterion function value. The optimizationstopswhenno
modificationof the hardpartition canbe made. Notice that after
theoptimizationprocessterminates,thereis apairof clusteringso-
lutions: a hardclusteringsolutionandthe inducedsoft one. Our
proposedoptimizationalgorithm is similar to inducedfuzzy par-
titioning and we focuson evaluatingthe hardclusteringsolution
obtainedby thisoptimization.



4. HARD CLUSTERING CRITERION FUNC-
TIONS

A key characteristicof many partitional clusteringalgorithmsis
that they usea globalcriterionfunctionwhoseoptimizationdrives
theentireclusteringprocess.For someof thesealgorithmsthecri-
terion function is implicit (e.g., PDDP[7]), whereasfor otheral-
gorithms(e.g, K-means[28] andAutoclass[8, 10]) the criterion
function is explicit andcanbeeasilystated.This laterclassof al-
gorithmscanbe thoughtof asconsistingof two key components.
First is thecriterionfunctionthatneedsto beoptimizedby theclus-
teringsolution,andsecondis theactualalgorithmthatachievesthis
optimization.

Recently, we studiedseven differenthardpartitionalclusteringcri-
terion functionsin the context of documentclustering,which op-
timize variousaspectsof intra-clustersimilarity, inter-clusterdis-
similarity, and their combinations[45, 44, 46]. Our experiments
showed that differentcriterion functionsleadto substantiallydif-
ferentresults,whereasour analysisshowedthat their performance
dependson the degreeto which they cancorrectlyoperatewhen
thedatasetcontainsclustersof differentdensities(i.e., they contain
documentswhosepairwisesimilaritiesaredifferent)andthedegree
to which they canproducebalancedclusters.

In thispaper, dueto spaceconstraints,we focusononly four outof
theseseven criterion functions,which are referredto as I1, I2,
E1, and G1 [45, 46]. This subsetrepresentssomeof the most
widely-usedcriterion functions for documentclustering,and in-
cludessomeof the best-andworst-performingschemes.A short
descriptionof thesefunctionsis presentedin the restof this sec-
tion, andthereadershouldconsult[45] for a completedescription
andmotivation.

TheI1 criterion function (Equation1) maximizesthe sumof the
averagepairwisesimilarities(asmeasuredby thecosinefunction)
betweenthedocumentsassignedto eachclusterweightedaccord-
ing to the sizeof eachclusterandhasbeenusedsuccessfullyfor
clusteringdocumentdatasets[34].

maximize I1 =
k�

r=1

nr

�
� 1

n2
r

�
di,dj∈Sr

cos(di, dj)

�
� . (1)

TheI2 criterionfunction(Equation2) isusedby thepopularvector-
spacevariantof theK-meansalgorithm(alsoreferredto asspher-
ical K-means) [9, 26, 12,37]. In this algorithm eachcluster is
representedby its centroidvectorandthe goal is to find the solu-
tion thatmaximizesthesimilarity betweeneachdocumentandthe
centroidof theclusterthatis assignedto.

maximize I2 =

k�
r=1

�
di∈Sr

cos(di, Cr). (2)

TheE1 criterion function (Equation3) computestheclusteringby
findingasolutionthatseparatesthedocumentsof eachclusterfrom
the entirecollection. Specifically, it tries to minimize the cosine
betweenthecentroidvectorof eachclusterandthecentroidvector
of theentirecollection.Thecontributionof eachclusteris weighted
proportionally to its size so that larger clusterswill be weighted

higherin theoverall clusteringsolution.

minimize E1 =
k�

r=1

nr cos(Cr, C). (3)

TheG1 criterion function (Equation4) is derived by modelingthe
relationshipsbetweenthedocumentsusingthedocument-to-document
similarity graphGs [2, 42, 11]. Gs is obtainedby treatingthe
pairwisesimilarity matrix of thedatasetastheadjacency matrix of
Gs. TheG1 function [13] views the clusteringprocessasthat of
partitioningthedocumentsinto groupsthatminimizetheedge-cut
of eachpartition. However, becausethis edge-cut-basedcriterion
function may have trivial solutionsthe edge-cutof eachclusteris
scaledby the sum of the cluster’s internaledges[13]. Sincethe
similarity betweeneachpair of documentsis measuredusing the
cosinefunction, the edge-cutbetweenthe rth clusterandthe rest
of thedocuments(i.e., cut(Sr, S − Sr) andthesumof theinternal
edgesbetweenthe documentsof the rth clusteraregiven by the
numeratoranddenominatorof Equation4, respectively.

minimize G1 =
k�

r=1

�
di∈Sr,dj∈S−Sr

cos(di, dj)�
di,dj∈Sr

cos(di, dj)
. (4)

5. SOFT CLUSTERING CRITERION FUNC-
TIONS

A naturalandstraight-forwardway of deriving softclusteringsolu-
tions is to assigneachdocumentto multiple clusters.This is usu-
ally achieved by using membershipfunctions [29, 17, 3, 1] that
for eachdocumentdi andclusterSj , they computea non-negative
weight,denotedby mi,j , suchthat

�
j mi,j = 1, which indicates

the extent to which documentdi belongsto clusterSj . Thus,we
can think of the variousmi,j valuesas the fraction by which di

belongsto clusterSj . Note that in the caseof a hard clustering
solution,for eachdocumentdi oneof thesemi,j valuesis one(the
onecorrespondingto theclusterthatdi belongsto) andtherestwill
bezero.

Usingthesemembershipfunctions,thesoftclusteringextensionsof
the hardcriterion functionsdescribedin Section4 canbe derived
asfollows.

SoftI1 Criterion Function. Sinceeachclustercannow con-
tain fractionsof all thedocuments,a naturalway of measuringthe
overallpairwisesimilarity betweenthedocumentsassignedto each
clusteris to take into accounttheir membershipfunctions.Specif-
ically, we cancomputethe pairwisesimilarity betweenthe (frac-
tional) documentsassignedto therth soft clusteras�

i,j

µi,rµj,r cos(di, dj).

Similarly, wecancomputethesoftsizenr of therth soft clusteras
nr =

�
i mi,r. Using thesedefinitions,thenthesoft I1 criterion

function,denotedby SI1, isdefinedasfollows:

maximize SI1 =
k�

r=1

nr

�
1

n2
r

�
i,j

µi,rµj,r cos(di, dj)

�
. (5)

SoftI2 Criterion Function. A soft versionof theI2 criterion
function canbe obtainedby extendingthe notion of the cluster’s
centroidvector to soft clusters. Sinceeachsoft clustercontains



fractionsof documents,itscentroidvectorshouldalsobecalculated
basedon thefractionaldocumentsthatit contains.Specifically, we
candefinethesoftcentroidvectorof therth soft clusterCr as

Cr =

�N
i=1 µi,rdi

nr
,

which takesinto accountthefractionalmembershipof eachdocu-
mentandits soft size. Using theabove definition, thesoft I2 cri-
terion function,denotedby SI2, canbeobtainedby requiringthe
clusteringsolution to maximizethe similarity betweenthe (frac-
tional) documentsassignedto a soft clusterandits centroid. This
is formally definedasfollows:

maximize SI2 =

k�
r=1

�
N�

i=1

µi,r cos(di, Cr)

�
. (6)

SoftE1 Criterion Function. TheE1 criterion function tries to
separatethecentroidof eachclusterfrom thatof theentirecollec-
tion andweightseachclusterby its size.Thus,thenew elementbe-
ing introducedin trying to developasoftversionof theE1 criterion
function (over thoseintroducedby I1 andI2) is thenotion of the
collectioncentroid.In our soft formulationof E1, we computethis
centroidby treatingtheentirecollectionasonesoft cluster. In this
case,the valueof the membershipfunction for eachdocumentto
thisclusteris one,andasa result,thesoft collectioncentroidis the
sameasthat for hardclustering;that is, C = C =

�N
i=1 di/N ).

Given this definitionandtheearlierdefinitionsof soft clustercen-
troid andsoftclustersize,thesoftE1 criterionfunction,denotedby
SG1, is definedasfollows:

minimize SE1 =
k�

r=1

nr cos(Cr, C). (7)

SoftG1 Criterion Function. In orderto developa soft version
of theG1 criterionfunctionweneedto properlydefine(i) theedge-
cutbetweenaclusterandtherestof thedocumentsin thecollection,
and(ii) thesumof theweightsof theedgesbetweenthedocuments
in eachcluster. Sincethe weightsof the edgesbetweeneachpair
of documentscorrespondsto the cosinesimilarity betweentheir
respective documentsvectors,both of the above quantitiescanbe
easilyobtainedby extendingtheexpressionsin Equation4 to take
into accountthemembershipfunctions.Specifically, we cancom-
putethesoftversionof thesumof theweightsof theedgesbetween
thedocumentsof therth cluster(thedenominatorof Equation4) as�

i,j µi,rµj,r cos(di, dj). Similarly, sincetherth clustercontains
fractionsof all thedocuments,the fractionsof thedocumentsthat
arenot assignedto this clusterarethe fractionsthat belongto the
clustercorrespondingto the “rest” of the documents.As a result,
wecancomputetheedge-cutbetweentherth clusterandtherestof
thedocumentsin thecollectionas

�
i,j µi,r(1−µj,r) cos(di, dj).

Usingthesedefinitions,thesoftversionof theG1 criterionfunction,
denotedby SG1, is definedasfollows:

minimize SG1 =

k�
r=1

�
i,j µi,r(1 − µj,r) cos(di, dj)�

i,j µi,rµj,r cos(di, dj)
. (8)

6. SOFT PARTITIONAL CLUSTERING AL-
GORITHM

Our focus thus far hasbeenon developing soft-clusteringexten-
sionsfor four differentcriterion functionsthat areusedto obtain
hard-clusteringsolutions.Wenow turnourattentionondeveloping

algorithmsthatcomputeclusteringsolutionsthatoptimizeeachof
thesecriterionfunctions.

Traditionally, soft clusteringalgorithmsarederived by analytically
optimizingtheir respectivecriterionfunctionsusingLagrangemul-
tipliers (e.g., fuzzy C-meansalgorithm [3]). This analyticalap-
proachleadsdirectly to an iterative strategy that determinesthe
valuesof the variousmembershipfunctionsby which the overall
criterion function is optimized.Even thoughthis approachcanbe
applied to optimize the SI2 criterion function [29], analytically
deriving suchoptimizationiterationsfor theSI1, SE1, andSG1

functionsis hardif not impossible.For this reason,we developed
a soft partitional clusteringalgorithm that determinesthe values
of the membershipfunctionsof the variousdocumentsfollowing
theinducedfuzzy partitioningapproach[1], andoptimizesthesoft
criterion functionsusinga hard-clusteringbasedoptimizationap-
proach.

6.1 Determining the Membership Functions
Given ahardk-way clusteringsolution{S1, S2, ..., Sk}, wedefine
themembershipof documentdi to clusterSj to be

µi,j =
cos(di, Cj)

m�k
r=1 cos(di, Cr)m

, (9)

whereCr is thecentroidof thehardclusterSr.

Theparameterm in Equation9 is the fuzzyfactor andcontrolsthe
“softness”of the membershipfunction and hencethe “softness”
of the clusteringsolution (the inclusion of the fuzzy factor was
motivated by the formulation of the fuzzy C-meansalgorithm).
Whenm is equalto zero, the membershipvaluesof a document
to eachclusterarethesame(i.e., thereis no preferenceto a partic-
ular cluster).On theotherhand,asm approachesinfinity, thesoft
membershipfunctionbecomesthehardmembershipfunction(i.e.,
µi,j = 1, if di is mostcloseto Sj ; µi,j = 0, otherwise).In general,
the softnessof the clusteringsolutionincreasesasthe valueof m
decreasesandvice versa.

6.2 Determining the Clusters
As wementionedin Section3,ahard-clusteringbasedoptimization
approachresultsin a pair of clusteringsolutions:a hardclustering
solutionandthe inducedsoft clusteringsolution. In this paper, we
focusonthehardclusteringsolutionandusedaclusteringapproach
thatdeterminestheoverallk-wayclusteringsolutionby performing
asequenceof clusterbisections.In thisapproach,ak-waysolution
is obtainedby first bisectingtheentirecollection.Then,oneof the
two clustersis selectedandit is furtherbisected,leadingto a total
of threeclusters.The processof selectingandbisectinga partic-
ular clustercontinuesuntil k clustersareobtained.This repeated
bisectioningapproachwas motivated for two reasons. First, re-
centstudieson hardpartitionalclustering[37, 46] have shown that
suchanapproachleadsto betterclusteringsolutionsthanthetradi-
tionalapproachthatcomputesthek-way solutiondirectly. Second,
it leadsto analgorithmthathasa lower computationalcomplexity
(in mostcasesit is fasterby anorderof k).

Eachof thesebisectionsis performedin two steps.During thefirst
step,an initial clusteringsolutionis obtainedby randomlyassign-
ing thedocumentsto two clusters.During thesecondstep,theini-
tial clusteringis repeatedlyrefinedso that it optimizesthedesired
clusteringcriterionfunction.

Therefinementstrategy consistsof a numberof iterations.During



eachiteration, the documentsarevisited in a randomorder. For
eachdocument,d, we computethechangein thevalueof thesoft
criterionfunctionobtainedby moving d to theothercluster. This is
doneby deriving themembershipvaluesfor theoriginal andmod-
ified hard clusteringsolution (i.e., assumingthat d moved to the
other cluster)and then calculatethe changeof the soft criterion
function. If the changeimproves the criterion function, thend is
moved to thecluster. If nosuchclusterexists,d remainsin theclus-
ter that it alreadybelongsto. The refinementphaseends,assoon
aswe performaniterationin which no documentsmoved between
clusters.Thedetailedpseudo-codeandalgorithmdescriptionrefer
to Algorithm 6.1.

Algorithm 6.1: SOFT2WAY REFINE(S1, S2)

C1 ← centroidof S1

C2 ← centroidof S2

µi,j ← membershipvaluesusingC1 andC2

F ← fuzzy criterionfunctionvalue

while movementsaremade

do

�														

														�

for each d ∈ S1 ∪ §2

do

�												

												�

(S′

1, S
′

2) ← 2-way clusteringaftermoving d
C′

1 ← centroidof S′

1

C′

2 ← centroidof S′

2

µ′

i,j ← membershipvaluesusingC′

1 andC′

2

F ′ ← fuzzy criterionfunctionvalue
if F ′ is betterthanF

then

�	

	�

S1 ← S′

1

S2 ← S′

2

F ← F ′

µi,j ← µ′

i,j , ∀i, j

return (S1, S2)

Note that unlike the traditional refinementapproachusedby K-
meanstypeof algorithms,theabove algorithmmoves a document
assoonasit is determinedthat it will lead to an improvementin
the valueof the criterion function. This type of refinementalgo-
rithmsareoftencalledincremental[14]. Sinceeachmove directly
optimizestheparticularcriterionfunction,this refinementstrategy
alwaysconvergesto a local minima.

The greedynatureof the refinementalgorithmdoesnot guarantee
thatit will converge to aglobalminima,andthelocalminimasolu-
tion it obtainsdependson theparticularsetof seeddocumentsthat
wereselectedduringtheinitial clustering.Toeliminatesomeof this
sensitivity, theoverall processis repeateda numberof times.That
is, we computeN differentclusteringsolutions(i.e., initial clus-
tering followed by clusterrefinement),and the one that achieves
thebestvaluefor theparticularcriterionfunction is kept. In all of
our experiments,we usedN = 10. For the restof this discussion
whenwe referto theclusteringsolutionwe will meanthesolution
that was obtainedby selectingthe bestout of theseN potentially
differentsolutions.

6.2.1 ClusterSelection
A key stepin this repeatedbisectionalgorithmis themethodused
to selectwhichclusterto bisectnext. In ourexperiments,weuseda
simplestrategy of bisectingthelargestclusteravailableatthatpoint
of theclusteringsolution.Ourearlierexperiencewith thisapproach

showed that it leadsto reasonablygood and balancedclustering
solutions[37, 45].

We alsouseda strategy to stopbisectinga cluster. Specifically, if
after the bisection,one of the resultedtwo clusterscontainsless
than5% of all the documents,we considerthat the clusteris not
separableaccordingto the criterion function. In suchcases,we
keepthe clusterasit is anddo not selectit for further bisections.
Thus, the numberof clustersreturnedby our algorithmcould be
smallerthanthenumberof requiredclustersastheinput (if all the
resultedclustersmeetthestopcondition).

6.2.2 ComputationalComplexity
Eachiterationof the refinementof a 2-way clusteringof a setof
documentsrequirestheexaminationof themovementof eachone
of thedocumentsto theothercluster. During thisprocess,themost
expensive computationis thecalculationof themembershipvalues
which needto be updatedfor all the documents.Thus, the time
complexity of eachiterationis O(n2). If weassumethateachsuc-
cessive bisectionsplits thedocumentsinto two roughly equal-size
clustersandthatwe follow a larger-clusterselectionstrategy, then
theoverallamountof timerequiredto computeall k− 1 bisections
is O(n2).

7. EXPERIMENTAL RESULTS
We experimentallyevaluatedthe performanceof the varioussoft
criterionfunctionsandcomparedthemwith thecorrespondinghard
criterionfunctionsusinga numberof differentdatasets.In therest
of thissectionwefirst describethevariousdatasetsandourexperi-
mentalmethodology, followedby adescriptionof theexperimental
results.

7.1 Document Collections
In our experiments,we useda total of twelve different datasets,
whosegeneralcharacteristicsaresummarizedin Table1. Thesmall-
estof thesedatasetscontained356documentsandthe largestcon-
tained1,170documents.To ensurediversity in the datasets,we
obtainedthemfrom differentsources.For all datasets,we useda
stop-list to remove commonwords,andthe wordswerestemmed
usingPorter’s suffix-strippingalgorithm[33]. Moreover, any term
thatoccursin fewer thantwo documentswas eliminated.

Thehitech andsportsdatasetswerederived from theSanJoseMer-
cury newspaperarticlesthat are distributed as part of the TREC
collection (TIPSTERVol. 3). Eachone of thesedatasetswere
constructedby selectingdocumentsthat arepart of certaintopics
in which the variousarticleswerecategorized(basedon the DE-
SCRIPTtag). Thehitech datasetcontaineddocumentsaboutcom-
puters,electronics,health,medical,research,andtechnology;and
thesportsdatasetcontaineddocumentsaboutbaseball,basketball,
bicycling, boxing,football, golfing, andhockey. Thedatasetsk1a,
k1b, andwap arefrom the WebACE project [31, 18, 5, 6]. Each
documentcorrespondsto awebpagelistedin thesubjecthierarchy
of Yahoo![40]. Thedatasetsk1aandk1bcontainexactly thesame
set of documentsbut they differ in how the documentswere as-
signedto differentclasses.In particular, k1acontainsa finer-grain
categorizationthanthatcontainedin k1b. The fbis datasetis from
the ForeignBroadcastInformationServicedataof TREC-5[39],
and the classescorrespondto the categorizationusedin that col-
lection. The la1 and la2 datasetswere obtainedfrom articlesof
the Los AngelesTimesthat was usedin TREC-5[39]. The cate-
goriescorrespondto thedeskof thepaperthateacharticleappeared



Table 1: Summary of data sets used to evaluate the various clustering criterion functions.
Data Source # of documents # of terms # of classes

hitech SanJoseMercury(TREC) 767 7499 6
sports SanJoseMercury(TREC) 858 7163 7
reuters1 Reuters-21578 908 10582 3
odp OpenDirectoryProject 356 551 3
inspec1 ScientificDatabase 920 11803 3
wap WebACE 780 7131 20
k1a WebACE 1170 9527 20
k1b WebACE 1170 9781 6
fbis FBIS(TREC) 821 1997 17
la1 LA Times(TREC) 801 8449 6
la2 LA Times(TREC) 769 8333 6
re1 Reuters-21578 829 3221 25

andincludedocumentsfrom the entertainment,financial,foreign,
metro,national,andsportsdesks.Thedatasetre0 is from Reuters-
21578text categorizationtestcollectionDistribution 1.0 [27]. The
reuters1, odp, and inspec1datasetsarethe datasetsusedby [29].
Refer to [29] for detailedinformationaboutthesedatasets.As a
summary, reuters1wasderived from theReuters-21578collection.
Thereuters1datasetcontainsdocumentsfrom threeclasses:trade,
acqandearn. The odp datasetwas derived from the opendirec-
tory projectandconsistsof threeclasses:drugs,health,andsport.
Finally, the inspec1datasetwas derived from a scientificdatabase
and the documentsare on the topics of back-propagation,fuzzy
control,andpatternclassification.Notethatall thedatasetsusedin
ourstudydonotcontaindocumentswith multipleclasslabels.The
original odpand inspec1datasetsin [29] containsomedocuments
with multiple classlabels. For the purposeof our study, we only
selectedthosedocumentsthatonly belongto oneclass.

7.2 Experimental Methodology and Metrics
For eachoneof the differentdatasetswe obtaineda 10-way and
20-way clusteringsolutionthatoptimizedthevarioushardandsoft
clusteringcriterion functions (Equations1- 8). Specifically, for
eachhardcriterion function,we comparedit with thecorrespond-
ing soft criterion functionswith a fuzzy factorm of differentval-
ues. The quality of a clusteringsolutionwas evaluatedusing the
entropy measurethat is basedon how thevariousclassesof docu-
mentsaredistributedwithin eachcluster.

Given a particularclusterSr of sizenr, theentropy of this cluster
is definedto be

E(Sr) = −
1

log q

q�
i=1

ni
r

nr
log

ni
r

nr
,

whereq is thenumberof classesin thedatasetandni
r is thenumber

of documentsof the ith classthatwereassignedto therth cluster.
The entropy of the entiresolution is definedto be the sumof the
individual clusterentropiesweightedaccordingto theclustersize,
i.e.,

Entropy=

k�
r=1

nr

n
E(Sr).

A perfectclusteringsolutionwill be the onethat leadsto clusters
thatcontaindocumentsfrom only a singleclass,in which casethe
entropy will bezero.In general,thesmallertheentropy values,the
bettertheclusteringsolutionis.

To eliminateany instancesthataparticularclusteringsolutionfor a
particularcriterion functiongot trappedinto a badlocal optimum,

in all of our experimentswe found ten different clusteringsolu-
tions. As discussedin Section6.2 eachof theseten clusteringso-
lutions correspondto the bestsolution (in termsof the respective
criterion function) out of ten different initial partitioning and re-
finementphases.

7.3 Comparison of the Hard and Soft Crite-
rion Functions

Ourexperimentswerefocusedonevaluatingthequalityof theclus-
tering solutionsproducedby the various hard and soft criterion
functionswhenthey wereusedto computea k-way clusteringso-
lution via repeatedbisections.The clusteringsolutionsof various
hardcriterionfunctionswereobtainedby usingCLUTO [23]. The
resultsfor thevariousdatasetsandcriterionfunctionsfor 10-, and
20-way clusteringsolutionsareshown in Tables2 and3, respec-
tively.

The resultsfor eachdatasetareshown in eachsubtable,in which
eachcolumncorrespondsto oneof thefour criterionfunctions.The
resultsof thesoft criterionfunctionswith variousfuzzy factorval-
uesare shown in the first five rows (labeledby the fuzzy factor
values),andthoseof thevarioushardcriterionfunctionsareshown
in thelastrow. Theentriesthatareboldfacedcorrespondto thebest
valuesobtainedfor eachcolumn,(i.e., for eachcriterion function,
the bestvalueamongthehardandvarioussoft criterion functions
with differentm valuesfor eachdataset),whereasthe underlined
entriescorrespondto thebestvaluesobtainedamongall thecrite-
rion functionsfor eachdataset.

A numberof observationscanbemadeby analyzingtheresultsin
Table2. First,for mostdatasets,introducingsoftnessinto eachone
of the four criterion functionsimproved the quality of the cluster-
ing solutions,anddifferent trendscanbe observed in the relative
improvementfor different criterion functions. The SI1 criterion
functionoutperformedI1 on eightdatasets,amongwhich therela-
tive improvementsweregreaterthan10%for six datasetswith the
largest improvementof 23%. The effect of introducingsoftness
was lesssignificant,but more consistentfor both SI2 andSG1

thanthatfor SI1. For only threedatasets,SI2 andSG1 performed
betterthanI2 andG1, respectively, by morethan10%. However,
SI2 andSG1 outperformedI2 andG1 on ten andnine datasets,
respectively. SE1 benefitsthe leastwith improvementsobserved
on seven datasetsandimprovementsgreaterthan10%observedon
two datasets.Second,thefuzzy factorvaluesthatachieved thebest
clusteringsolutionsseemedto vary for different datasets,which
suggeststhat the proper fuzzy factor valuesmay relate to some
characteristicsof the datasetsand their classconformations. Fi-
nally, SG1 was lesssensitive to the choiceof fuzzy factorvalues



Table 2: The Entropies of the clustering solutions obtained by hard and soft criterion functions with various fuzzy factors.
hitech 10-way sports 10-way reuters1 10-way

Method I1 I2 E1 G1 I1 I2 E1 G1 I1 I2 E1 G1

m = 1 0.757 0.644 0.674 0.584 0.431 0.245 0.208 0.200 0.228 0.229 0.287 0.283
m = 2 0.627 0.639 0.618 0.596 0.497 0.248 0.219 0.161 0.205 0.194 0.232 0.222
m = 4 0.616 0.612 0.615 0.599 0.270 0.250 0.119 0.170 0.194 0.210 0.226 0.201
m = 6 0.611 0.586 0.586 0.603 0.274 0.177 0.106 0.156 0.264 0.231 0.298 0.214
m = 8 0.618 0.594 0.582 0.587 0.294 0.204 0.133 0.161 0.359 0.296 0.370 0.255
hard 0.644 0.610 0.573 0.585 0.252 0.181 0.158 0.185 0.250 0.218 0.262 0.248

odp 10-way Inspec1 10-way wap 10-way
Method I1 I2 E1 G1 I1 I2 E1 G1 I1 I2 E1 G1

m = 1 0.236 0.210 0.216 0.224 0.326 0.324 0.330 0.298 0.586 0.540 0.513 0.386
m = 2 0.277 0.246 0.218 0.247 0.365 0.303 0.297 0.303 0.570 0.412 0.411 0.387
m = 4 0.326 0.289 0.309 0.282 0.469 0.297 0.300 0.295 0.595 0.385 0.399 0.376
m = 6 0.379 0.327 0.335 0.308 0.390 0.306 0.286 0.300 0.456 0.415 0.398 0.371
m = 8 0.421 0.308 0.355 0.346 0.400 0.302 0.320 0.297 0.454 0.443 0.412 0.409
hard 0.293 0.283 0.233 0.256 0.441 0.293 0.283 0.290 0.421 0.414 0.408 0.381

k1a 10-way k1b 10-way fbis 10-way
Method I1 I2 E1 G1 I1 I2 E1 G1 I1 I2 E1 G1

m = 1 0.601 0.585 0.530 0.432 0.240 0.223 0.200 0.160 0.525 0.527 0.510 0.416
m = 2 0.573 0.519 0.437 0.413 0.347 0.205 0.181 0.112 0.529 0.429 0.424 0.387
m = 4 0.584 0.418 0.407 0.443 0.259 0.153 0.125 0.157 0.375 0.398 0.404 0.372
m = 6 0.448 0.429 0.406 0.418 0.238 0.174 0.148 0.113 0.379 0.380 0.394 0.378
m = 8 0.487 0.462 0.436 0.435 0.249 0.226 0.194 0.189 0.399 0.387 0.430 0.393
hard 0.460 0.434 0.410 0.419 0.169 0.154 0.153 0.133 0.396 0.396 0.398 0.382

la1 10-way la2 10-way re1 10-way
Method I1 I2 E1 G1 I1 I2 E1 G1 I1 I2 E1 G1

m = 1 0.784 0.747 0.714 0.486 0.832 0.808 0.788 0.408 0.462 0.500 0.489 0.422
m = 2 0.756 0.559 0.463 0.428 0.841 0.401 0.393 0.377 0.473 0.451 0.417 0.417
m = 4 0.687 0.459 0.456 0.419 0.381 0.388 0.363 0.380 0.424 0.386 0.394 0.415
m = 6 0.459 0.423 0.469 0.422 0.408 0.358 0.380 0.369 0.424 0.409 0.396 0.397
m = 8 0.465 0.448 0.467 0.421 0.357 0.374 0.418 0.417 0.442 0.393 0.405 0.412
hard 0.519 0.423 0.413 0.418 0.457 0.400 0.338 0.367 0.414 0.397 0.396 0.404

thanthe otherthreecriterion functions. Similar trendscanbe ob-
servedfrom Table3 as well.

Note that for the fbis and re1 datasets,the resultsof 10- and20-
way clusteringsolutionsarethe samefor theI1 andvariousSI1

criterionfunctions.Thatis becausewe employedastrategy to stop
bisectingaclusterasdescribedin Section6.2.1.Theactualnumber
of clustersobtainedby theI1 andvariousSI1 criterionfunctions
is smallerthantenfor both fbis andre1.

8. DISCUSSION
Theexperimentalresultspresentedin theprevioussectionsuggest
thatfor mostdatasetssoftcriterionfunctionscanimprove thequal-
ity of theclusteringsolutions.In this section,we look at theclus-
teringsolutionsobtainedby soft criterionfunctionsmorecarefully
andidentify someof thedifferentcharacteristicsobserved in clus-
teringsolutionsobtainedby hardandsoft criterionfunctions.

8.1 The effect of fuzzy factor
Wefirst look athow thefuzzy factoreffectsthemovesmadeby the
varioussoftcriterionfunctions.Recallthatthefuzzyfactorcontrols
the“softness”of themembershipfunctionandhencethe“softness”
of the clusteringsolutions. As m increases,the soft membership

function becomesthe hard membershipfunction (i.e., µij = 1,
if di is mostcloseto Sj ; µij = 0, otherwise),andconsequently
softcriterionfunctionsbecomehardcriterionfunctions.Hence,for
everymovemadeby softcriterionfunctions,if wealsocomputethe
gainof thecorrespondinghardcriterionfunction,we would expect
that the agreementbetweensoft andhardcriterion functionswill
increaseasm increases.

Figure1(a)showstheaveragepercentagesof movesthatweremade
by the various soft criterion functions and agreedby the corre-
spondinghardcriterionfunction.Thepercentagevalueswereaver-
agedover all thedatasets.As shown in Figure1(a),asm increases,
wedo seea trendof increasingagreementbetweenthesoftandthe
correspondinghardcriterionfunctionsfor SI1, SI2, andSE1.

Oneof the interestingobservationsis that even thoughthe degree
to which thehardandsoft criterionfunctionsagreeincreaseswith
increasingm, it doesnot reachveryhighvalues(i.e., it doesnotap-
proach100%). This is trueeven for largevaluesof m (not shown
in thegraph).Thereasonfor thatis thatthehardclusteringsolution
inducedby thesoft clusteringalgorithmwill assigneachdocument
to the cluster for which it has the highestmembershipfunction.
However, thisclustermaynotnecessarilybetheonethatoptimizes



Table 3: The Entropies of the clustering solutions obtained by hard and soft criterion functions with various fuzzy factors.
hitech 20-way sports 20-way reuters1 20-way

Method I1 I2 E1 G1 I1 I2 E1 G1 I1 I2 E1 G1

m = 1 0.746 0.591 0.639 0.513 0.187 0.206 0.165 0.150 0.218 0.211 0.251 0.233
m = 2 0.598 0.586 0.554 0.550 0.175 0.194 0.181 0.131 0.202 0.189 0.215 0.183
m = 4 0.587 0.551 0.566 0.544 0.170 0.148 0.108 0.112 0.180 0.202 0.211 0.185
m = 6 0.578 0.523 0.545 0.550 0.164 0.128 0.099 0.133 0.233 0.200 0.263 0.182
m = 8 0.583 0.532 0.529 0.550 0.221 0.144 0.125 0.109 0.283 0.259 0.313 0.218
hard 0.592 0.553 0.524 0.541 0.177 0.138 0.122 0.141 0.198 0.159 0.206 0.186

odp 20-way Inspec1 20-way wap 20-way
Method I1 I2 E1 G1 I1 I2 E1 G1 I1 I2 E1 G1

m = 1 0.227 0.153 0.176 0.208 0.326 0.324 0.330 0.282 0.578 0.523 0.494 0.324
m = 2 0.234 0.151 0.150 0.220 0.363 0.301 0.290 0.290 0.559 0.321 0.309 0.307
m = 4 0.295 0.202 0.245 0.219 0.469 0.286 0.276 0.281 0.585 0.308 0.308 0.283
m = 6 0.277 0.255 0.257 0.253 0.374 0.291 0.273 0.281 0.377 0.311 0.321 0.277
m = 8 0.363 0.267 0.268 0.297 0.376 0.290 0.309 0.284 0.384 0.335 0.325 0.317
hard 0.281 0.228 0.201 0.217 0.427 0.283 0.270 0.275 0.326 0.329 0.319 0.307

k1a 20-way k1b 20-way fbis 20-way
Method I1 I2 E1 G1 I1 I2 E1 G1 I1 I2 E1 G1

m = 1 0.596 0.579 0.525 0.363 0.226 0.200 0.187 0.125 0.525 0.504 0.469 0.343
m = 2 0.570 0.495 0.350 0.343 0.344 0.181 0.123 0.096 0.529 0.374 0.362 0.311
m = 4 0.574 0.329 0.321 0.340 0.256 0.104 0.107 0.120 0.375 0.321 0.330 0.290
m = 6 0.340 0.339 0.333 0.344 0.139 0.110 0.125 0.099 0.379 0.309 0.326 0.304
m = 8 0.414 0.364 0.345 0.361 0.152 0.157 0.154 0.144 0.399 0.319 0.357 0.319
hard 0.376 0.347 0.349 0.334 0.155 0.076 0.105 0.091 0.396 0.322 0.329 0.316

la1 20-way la2 20-way re1 20-way
Method I1 I2 E1 G1 I1 I2 E1 G1 I1 I2 E1 G1

m = 1 0.783 0.746 0.702 0.426 0.832 0.808 0.788 0.364 0.462 0.434 0.414 0.321
m = 2 0.747 0.543 0.416 0.380 0.841 0.359 0.348 0.326 0.473 0.379 0.309 0.310
m = 4 0.671 0.414 0.390 0.379 0.339 0.341 0.326 0.334 0.424 0.280 0.307 0.277
m = 6 0.410 0.382 0.402 0.391 0.353 0.313 0.329 0.319 0.424 0.299 0.307 0.284
m = 8 0.401 0.416 0.404 0.383 0.335 0.333 0.374 0.355 0.442 0.317 0.326 0.317
hard 0.447 0.385 0.379 0.386 0.390 0.333 0.307 0.334 0.414 0.299 0.287 0.300

the respective hardcriterion function. Despitethis fact, the trend,
that theagreementbetweensoft andthe correspondinghardcrite-
rion functionsincreasesasm increases,is still valid asshown in
Figure1(a).

For SG1, theagreementbetweenSG1 andG1 seemslesssensitive
to the increasingof fuzzy factor values,which is consistentwith
theobservationfor SG1 from Tables2 and 3.

8.2 Soft criterion functions tend to make moves
more consistent with cluster separations.

Wealsolookedat thedegreeto which themovementof documents
betweenclusters,asbeingperformedduring thehardandsoft cri-
terion function optimizations,affects the inter-clusterseparation.
Specifically, every timeadocumentis moved betweentwo clusters
(becausesucha move improves the overall valueof the criterion
function), we computedthe cosinesimilarity betweenthe cluster
centroidsbeforeandafterthemove. Figure1(b)shows theaverage
percentagesof themoves thatalsofurtherseparatetheclustercen-
ters for variouscriterion functions(i.e., the cosinevaluebetween
the two centroidsdecreasedafter the move). Again the percent-
ageswereaveragedover all the datasets.The last datapoint for
eachcriterion function representsthe averagepercentagefor the

hardcriterion function. As shown in Figure1(b), the move made
by hardcriterion functionswill not alwaysincreasetheseparation
betweenclustercenters,whereasthesoftcriterionfunctionstendto
make moves thataremoreconsistentwith clusterseparations.For
SI1, SI2 andSE1, morethan99.4%of the moves will separate
clustercentersfurtherwhenm = 1, andthepercentagedecreases
asm increases(i.e., the “softness”of clusteringdecreases).This
propertywas alsoobservedfor fuzzy C-means[14] aswell.

8.3 Soft criterion functions tend to lead to less
balanced clustering solutions.

Anothernotabledifferenceof clusteringsolutionsobtainedby hard
andsoft criterion functionsis that softcriterion functionstendto
leadto lessbalancedclusteringsolutions,andthesmallerthefuzzy
factorvalueis, thelessbalancedtheclusteringsolutionwill beob-
tained. Table4 gives an exampleof 10-way clusteringsolutions
obtainedby SI2 andI2 for reuters1.

Thereasonthat softcriterionfunctionstendto leadto lessbalanced
solutionsis that sincenow one documentcan contribute to both
clusters,the differenceof soft sizesbetweentwo clusterswill be
smallerthanthatof hardsizes.Hence,soft criterionfunctionswill
tolerateclusterswith higherdifferencein clustersizes. Previous
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Figure 1: (a) Average percentages of the moves that made by both hard and soft criterion functions. (b) Average percentages of the
moves that increase cluster separations.

Table 4: Comparison of 10-way clustering solutions obtained by I2 and SI2 for reuters1.
SI2 with m = 2 (Entropy=0.194) I2 Criterion(Entropy=0.218)

cid Size Sim trad acq earn cid Size Sim trad acq earn
0 58 +0.220 0 0 58 0 83 +0.185 24 48 11
1 119 +0.220 0 0 119 1 67 +0.187 0 1 6
2 34 +0.219 32 0 2 2 136 +0.186 0 2 134
3 82 +0.188 22 48 12 3 76 +0.153 74 2 0
4 62 +0.171 59 3 0 4 67 +0.118 66 0 1
5 45 +0.090 0 5 40 5 88 +0.096 86 2 0
6 139 +0.078 137 2 0 6 79 +0.076 0 75 4
7 51 +0.074 0 46 5 7 85 +0.067 0 83 2
8 152 +0.054 0 146 6 8 98 +0.049 0 71 27
9 166 +0.035 1 160 5 9 129 +0.038 1 126 2

studies [46, 13] showedthathighly unbalancedclusterswill harm
the quality of clusteringsolutions,hencethe properfuzzy factor
shouldnot be too small. Note that from the discussionin Sec-
tion 8.2, we know that asthe valueof the fuzzy factor increases,
a largefractionof themoves will not leadto betterclustersepara-
tions. Hence,thefuzzy factorvaluethat leadto thebestclustering
solutionhasto achieve thebalancebetweenthesetwo factors.

9. CONCLUSION AND FUTURE RESEARCH
In thispaperweextendedfour criterionfunctionsthatwerestudied
in our previous work [46] to tackle the soft documentclustering
problem. We developedan approachsimilar to the inducedfuzzy
partition [1] to optimizevarioussoft criterion functions. We pre-
senteda comprehensive experimentalevaluationinvolving twelve
different datasetsand somediscussionsabout the various trends
observed from experimentalresults.Our experimentalresultsand
analysisshow that the soft criterion functionstendto consistently
improvetheseparationbetweentheclusters,andleadto betterclus-
teringresultsfor mostdatasets.

We plan to extend the work in this paperalong threedirections.
First, develop and evaluatesoft clusteringextensionsfor the re-
maining threecriterion fuctnionsstudiedin [46], which includes
someof the schemesthat optimize internal and external charac-
teristicsof clusteringsolutions.Second,expandour evaluationto
determinetheeffectivenessof thesesoft criterionfunctionsto pro-
duceoverlappingclusteringsolutions. Third, further understand

SG1 andthereasonwhy it is lesssensitive to thevalueof thefuzzy
factorasdiscussedin Section8.
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