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1 INTRODUCTION

The spherical-wave source scattering-matrix description of electroacoustic transducers [1] and
antennas [2] is ideally suited for the analysis of arrays of small radiators and scatterers. In [1],
it formed the basis of the analysis that determined a simple, explicit, closed-form expression
for the propagation constants (kd — 3d diagram) of the traveling waves on an infinite linear
periodic array of isotropic acoustic scatterers. And in [2], it was applied to obtain implicit
transcendental expressions for the kd — Bd diagrams of the traveling waves on infinite linear
periodic arrays of electric (or magnetic) dipole scatterers oriented perpendicular, parallel,
and skew to the direction of propagation of the traveling waves. The analyses in these two
previous applications of the spherical-wave source scattering-matrix description simplified
greatly by assuming the scatterers were small enough that only the fields with the lowest
order radial dependence were significant.

In the present report, we apply the spherical-wave source scattering-matrix description
to obtain an implicit transcendental equation for the propagation constants of the traveling
waves that can exist on an infinite linear periodic array of lossless penetrable (magnetodi-
electric) spheres. Although a framework is presented for all orders of vector spherical waves,
only the electric and magnetic dipole waves are included in the detailed analysis. The exclu-
sion of higher-order vector spherical waves restricts the scope of this paper either to spheres
sufficiently small that only the dipole scattered fields can be excited, or to frequencies for
which all the scattered multipole fields are negligible except the dipole fields. In all the par-
ticular numerical examples we shall consider, the magnitudes of the dipole wave scattering
coefficients are much larger than those of the higher-order multipole wave coefficients, and
consequently the dipole vector spherical waves give an accurate description of the traveling
waves that can exist on the array. It should be kept in mind, however, that there may
well be traveling waves associated with the higher-order vector spherical waves for arrays of
penetrable spheres in the general range of sizes we consider in some of our numerical exam-
ples. Although three-dimensional arrays of periodic penetrable spheres have been analyzed
in the past [3], [4], [5], the present analysis concentrates on determining kd — Bd diagrams
for the traveling waves on a single linear periodic array of penetrable spheres with arbitrary
separation and arbitrary values of real permeability and permittivity.

The report begins with a brief review of the spherical-wave source scattering-matrix de-
scription of electromagnetic scatterers and then goes on to simplify the equations for spheres
that involve only electric and magnetic dipole vector spherical waves. Next these simplified
equations are applied to an infinite linear periodic array of these spheres. The resulting
equations are combined, rearranged, and reduced to a single transcendental equation, which
is solved numerically, to obtain kd — Bd diagrams for a number of different values of the
relative permeability and permittivity of the spheres in the infinite linear array. Two-layered
(coated) spheres are considered as well as homogeneous spheres. Notably, the kd — Gd di-
agrams predict that both forward and backward dipolar traveling waves can be excited on
linear periodic arrays of penetrable spheres, depending on the frequency and the values of
the permeability and permittivity of the spheres. In contrast, we showed in [2] that only
forward traveling waves are possible on linear periodic arrays of unloaded short-wire dipoles.




2 SOURCE SCATTERING-MATRIX DESCRIPTION
OF A GENERAL SCATTERER |

Consider a general scatterer bounded by the surface S as pictured in Figure 1. The Maxwell
equations that govern the time-harmonic electromagnetic fields (e7%* w > 0) in the source-
free free space between the surface S and a spherical surface S, of radius r enclosing the
scatterer and extending to the nearest external source are [6, sec. 7.1]

V x E(r) =ikZH , (1a)
V x H(r) = —ikE(r)/Z, (1b)
which imply that
V- .E(r)=0 . (2a)
V-H(r)=0 | (2b)

where E(r) and H(r) are the electric and magnetic fields, Zo is the free space impedance,
k = w/c = 2w/ ) is the free space propagation constant, )\ is the free-space wavelength, and ¢
is the speed of light. Eliminating either H(r) or E(r) from these equations yields the vector
wave equations

-V x V xE(r) +k*E(r) =0 (3a)
-V x V x H(r) + K¥H(r) =0 (3b)
which imply
V2E(r) + K*E(r) =0, V-E(r)=0 (4a)
V2H(r) + k®H(r) =0, V-H(r)=0. (4b)

Since the electric field satisfies (4a) in the source-free free space region between the surface
S and the spherical surface S,, the electric field in this region can be expanded in a complete
set of divergenceless vector spherical wave functions [6],[7]

oo
Ef)=3 3 [d@ME0) +6iMEE) + afIND () + HRNR @) (5)
I=1 m=-1
The spherical-wave expansion of the magnetic field then follows from (1a)
oo I
H(r) = -i% Y. 3 [aINO@) +5IND @) + M) +5AMR)] ()
=1 m=-]

where Yo = 1/Z; is the free-space admittance. The vector spherical harmonics Mf:,)b(r) and
N,(:,)l(r) are defined in Appendix A. They satisfy the equations

f 1 i

N (r) = VX MY (r) (7a)
3 1 )

M{(r) = £V x Nip(x). (7b)




by
(3)
a’l:n

Figure 1: Schematic diagram of the scattering problem.




The M,(:,)1 (r) spherical wave functions have no radial component. Because of that the M,(:,),(r)
functions in (5) and the N§2(r) functions in (6) are often referred to as TE waves while the
N (r) functions in (5) and the M (r) functions in (6) are often referred to as TM waves.
The Mf,l,z (r) and N(r) functions have the radial dependence ji(kr) where j is the spherical
Bessel function of order I and are referred to as “incoming” waves. The Mf,z,z (r) and fo,{ (r)
functions have the radial dependence hfl) (kr) where hl(l) is the spherical Hankel function of
the first kind of order I and are referred to as “outgoing” waves. The expansions in (5) and
(6) are known as multipole expansions. The I = 1 terms are the dipole terms, the | = 2
terms are the quadrupole terms, etc. The summations containing the modal coefficients ag,),
in (5) and (6) equal the electromagnetic fields produced by the sources that reside outside
the surface S,. The summations containing the modal coefficients bg,?, in (5) and (6) are the
outgoing electromagnetic fields scattered from the surface S.

The “outgoing” modal coefficients (bg,),) of the scatterer are related to the “incoming”
modal coefficients (af,i,), of the scatterer by a linear matrix transformation termed the “source
scattering-matrix equation” [8], [9] for the spherical-wave representation of the scatterer.
This source scattering-matrix equation can be written as

() 4 2 , ,
D=3 3 3 Shkin abim- (8)

V=1m!=—I §'=1

The coefficients S,(,‘;);’,(,':,',L), in the source scattering matrix embody the scattering properties of
the scatterer.

The spherical-wave source scattering matrix given in (5)—(8) for scatterers differs from
the classical spherical-wave scattering-matrix given in [10, secs. 9.18-9.24] because the clas-
sical scattering matrix uses (h,‘z), hgl)) radial basis functions instead of (ji, hgl)). This small
mathematical change from h§2) to j, appreciably simplifies the analysis by relating all the
scattering-matrix coefficients directly to the physical sources.

3 DIPOLAR SCATTERING FROM LOSSLESS
SPHERES

We now specialize our general source scattering-matrix framework to scattering from a loss-
less penetrable sphere of radius a with relative (to free space) permittivity €. and relative
permeability p,.. The center of the sphere is assumed located at the origin of a spherical
polar coordinate system as shown in Figure 2. The radial dependence of the incoming vector

spherical wave functions Mf,l,z (r) is j;(kr) while that of the incoming wave functions N,(,l,z (r)

is j;(kr)/(kr) for the radial component and -’él;m[(kr) ji(kr)] for the angular components.
Askr—0

(kr)!

135 (2 +1) (%)

ilkr) F=°




E’r‘) /'1’7' ‘ y

X

Figure 2: Schematic diagram of a lossless sphere of radius a with relative permittivity e,
and relative permeability p,., with center at the origin of a spherical polar coordinate system

(.0, 9).




jl(kr) kr—0 (k?‘)l_l ( 9b)

kr 1-3.5.--(2l+1)
s b)) " g (50)

so that only the incoming Ng,),(r) wave functions are non-zero at the center of the sphere.
We assume that either the sphere is sufficiently small that only the dipole scattered fields are
excited, or the frequency is such that all the scattered multipole fields are negligible except
the dipole fields. Then from the Mie theory of scattering from a sphere [11, sec. 9.25], if the
scattered electromagnetic field is that of a magnetic dipole

[B*e, H*] = af[M{), —iYoN{7, (102)
the incident field that excites this magnetic dipole is

(B, 1] = (M), -i%Nip] (10b)
while if the scattered electromagnetic field is that of an electric dipole

[E%°, H] = B[N, —iYoMi)] (10c)
the incident field that excites this electric dipole is

(B, B = [N, ~iYoMip)] (10d)

m = —1,0,1. The Mie dipole scattering coefficients ai® and b{° in (10a) and (10b) are given
by

so _ __tieia(mka)[(ka)ia(ka)]' — i (ka)|(mka)ss (mbka) (tio)
L7 i (mka)[(ka)h{" (ka)) — h{ (ka)[(mka)ji (mka))
v Hreju(ka)|(mka)j) (mka))' — m?j (mka)[(ka)j (ko)) (L1

T ek (ka) [ (mka)s (mka)) — m?y (mka)[(ka)hi” (ka))
where m is the relative refractive index m = /efi,. Note that the one-to-one relation of the
scattered field wave functions to the incoming field wave functions, and hence the restriction
of the relevant spherical wave functions to those with [ = 1 and the same values of the
index m as those of the assumed scattered dipole fields, is a consequence of our considering
scattering by a homogeneous sphere. Homogeneity can be replaced with radial symmetry
and the same conclusion holds. If, however, we were to consider a scatterer of non-spherical
shape, or for that matter a penetrable sphere with a non-radial variation of permittivity or
permeability, then even if the only scattered electromagnetic field were that, say, of (10a),
the exciting incident field would no longer be limited to (10b) and would in general include
higher-order wave functions as well. (Conversely, for these asymmetric scatterers, an incident
dipole field of the form (10b) or (10d) can excite higher-order multipole fields in addition to
the dipole fields of (10a) and (10c).)
Useful properties of the Mie coefficients are [12, sec. 10.21]

ay® = —% (1 - e'2i°‘1) (12a)

6




a3 = sin® (12b)

_ prji(mka)[(ka)ji(ka))’ — ji(ka)[(mka)ji (mka)]

tan e = = (mka)[(ka)ys (Fa)] — 91 (ka) (mka)js (mka)] (12c)

sin (arglaf?] - ) = laf (12d)

arg [a%] = tan™" [%J (12¢)

and b= —% (1 - e'ziﬂ‘) (13a)

[b5¢]* = sin® B (13b)

tan , = L (Ea) (mka) s (mka) — m(mka)] (o) (ka)l (150
¢-y1(ka)[(mka)j, (mka)]’ — m2j, (mka)|(ka)y; (ka)) |

sin (arg 139 - 7 ) = Ib5 (13d)

arg [b°] = tan™! [%] . (13e)

In (12c) and (13c), y:(2) is the spherical Neumann function. Similar relationships hold for
all the Mie coefficients of lossless scatterers [12, sec. 10.21].! Note that the magnitude of the
Mie scattering coefficients is at most equal to one. The values of ka for which the magnitude
of the Mie coefficients ai° and bj° equals one correspond to resonances of the free magnetic
or electric dipole oscillations of the sphere, respectively [11, sec. 9.25]. As examples of
these resonances, in Figures 3, 4, and 5 we show plots of the magnitudes of the Mie dipole
coefficients a® and bi° for a sphere with €, = 10, y, = 10, a sphere with €, = 40, u, = 1, and
a sphere with €, = 10, u, = 1, respectively. (The Mie electric and magnetic coefficients for
a sphere with equal relative permittivity and permeability are identical.) In our treatment
below of traveling waves on a linear periodic array of spheres, the resonances of the Mie
coefficients will play an important role since it is only when the spheres are close to a
resonance that there is sufficient scattering from the spheres to support a traveling wave.

Let us now assume that at the center of the sphere the incoming electric and magnetic
fields are polarized in the = and y directions, respectively. Then the incoming electromagnetic
field can be represented as a linear combination of the fields [see (22a) and (22b)]

[Ere, 1] = [M{, (r) + M4 (r), —i¥e (N, (r) + N ()] (14a)

[Eire, B = [N, (r) - N, (1), =i (M, (r) - M{4 ()] - (14b)

1For scattering from homogeneous lossless spheres, the “outgoing” spherical mode with coefficient bffrz in
(5)~(6) is excited only by the corresponding “incoming” spherical mode with coefficient a};’g in (5)—(6) so that
all the S,(,i);’,(,fn), in (8) are zero except for (s’ = s,/ =,m' = m). The general power conservation relations

2
given in [2, eq. (33)] then reduce to Re (S,(,:l);’,t)) + Sfﬂ;’l(,fl)l = 0, a relationship that can be rewritten in the
form of (12d) and (13d). Also, (5)~(6), (8), and (10) show that S{{) = a2¢ and S = bse, m = —1,0, 1.

1m;ilm im;lm

7
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Figure 3: Magnitude of the Mie coefficients a}° and b2° for a sphere with €, = 10, y = 10.
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The corresponding scattered fields are then a linear combination of the fields

By, Hy = [ME,(r) + MP, (1), —i¥o (NP, (r) + N, (r))] (152)

[Ey, Hy] = [N, (r) - N, (x), -i¥o (M, (r) - M2, (0))] - (15b)

Because these fields will play a central role in what follows it is convenient to define a set of
“combination modes”

N (1) = N, () - NP, (r),  NE(r) =N, (r) + NE, () (168)

MY (1) =MP () - M), MP, @) = ME, (1) + ME,, () (16b)

¢ = 1,2. These combination modes are directly related to the vector wave functions n and
m used by Stratton [11, p. 416]:

N0 = 1y Eahce) (172)
N =3 \F () (175)
MP.(r) = 3 \[ mg (r) (17c)

M@ =3 \[ mE (x (17d)

where (i) = 1 « (j) = 1 and (i) = 2 < (j) = 3. Explicit expressions for the outgoing
combination modes are as follows:

N§2)-(r) = \/—%‘i: [ Is;r (1+ p )sin0cos¢f‘+% (1+ B (hr )2) (cosOcos¢0—sm¢¢)

(18&)
(2) A(r) = —\/Eeikr 1 (1 + ) sin @ sin ¢F + i 1+ — (cosfsin #0 + cos ¢)
™ kr |kr kr 2 kr (k )?

(18b)

(2) 3 elkr ( i ) LA -
M (r) = f - 1+ p (sin ¢8 + cos 6 cos p@) (18c)
(2) r)= ——\/Eelkr (1 + L) (cos ¢@ — cos Osin ¢). (184d)

kr kr

The scattered electromagnetic fields of (15a) and (15b), now written as

B, 13 = [ME,(r), ~i¥oNT, (r)] | (192)
and

(B, 1y = [NTL(2), ~iYoM32 (1)) | (19b)

11



are proportional to the fields radiated by an infinitesimal y directed magnetic dipole and z

directed electric dipole respectively.
Explicit expressions for the incoming combination modes are

My i3 [G1(kr) . ., 11 d A s
Nj (r) 1\/; _——kr sin 6 cos ¢f + 5 %or A0k ) (cos 0 cos ¢8 — sin ¢¢) (20a)
Wy = ]S (ikr) . , . . 11 d . A -
Nj +(r) p _—__kr sin @ sin ¢F + 5 %r d(kr) (cos 6 sin ¢ + cos ¢¢) (20b)
Mg)_ (r) = —i% \/g j1(kr) (sin $0 + cos 8 cos q&&) (20c)
Mgfl(r) = %\/g g1(kr) (cos $0 — cos O sin ¢<?>) (204d)
where .
. sinz cosz
Jl(Z) = '—ZE‘ - —-;— (213)
Ji(2) _sinz cosz
z 2B 22 (21b)
and 1d i 1
. cosz sinz
S dz [241(2)] = o t— (1 - ;5) . (21c)
Limiting expressions for the incoming combination modes as kr — 0 are
N (r) b=f 1\/§ £ (22a)
1= 3Vm
@,y kroo 1 /3 o ob
Nj(r) — 3\/;}’ (22b)
and
M, (r) *=° O(kr). (22¢)

From the Mie theory of scattering from a sphere (10a)-(10d), the source scattering-matrix
equations for the combination modes can be written as

2 = s o) (259
o2 = s o) (a3

where agﬂ_ is the coefficient of the incoming electromagnetic field [Mﬁ_ (r), —iYoNgﬂ_ ()], bgl.),_
is the coefficient of the corresponding outgoing electromagnetic field [M(fl (r), ——iYoMfl (r)],
af)_ is the coefficient of the incoming electromagnetic field [N(ll)_ (r), —iYoMg)_ (r)], bg?_ is
the coefficient of the corresponding outgoing electromagnetic field [Nf)_ (r), —iYoMg?)_ ()},




and the scattering coefficients S{‘j:(& and S (21 (1)_ are equal to the Mie coefficients given by

(11a) and (11b)

S(}i(f,L = af° (24a)
S =y, (24b)

Note from Footnote 1 that S(l) (11 )+ = Sﬁ,)l,(l) and Sf?l,(f ) = {2&1, m = %1.
It will be convenient to normalize the scattering-matrix equations. Asr — 0 the incoming
electric field E(r) = o @ N(l) (r) reduces to

E°’(r) "R o) 25a
(r) '~ ‘/— (25a)
and the incoming magnetic field Ho(r) = a(l) —iYo)Ng_)F(r) reduces to
r— . 1 -~
H(r) "2° af}} —lYo)EY- (25b)

The incident electric and magnetic dipole spherical waves are the only multipoles with
nonzero fields at the center of the sphere (r = 0). Let

E0=a® L H® = o (~iYp) 26
T 1, m y 1,4+ 0) \/3; ( )
Then 0 o
o) ===, off) = —L (27)
—_— Yo——
Vir 0\/31r
tkr
Now let b_ be the coefficient of in the transverse component of the outgoing electric

kr
ikr
field b(z) N(2) (r) [see (18a)] and b; be the coefficient of ek_r in the outgoing electric field
b(l) (2) 4+ (r) [see (18d)] so that

b= b§2’_;\/§ (28a)
1 /3
by =— 815\/;- (28b)

Then the scattering matrix equations (23a) and (23b) become

b = —is 52O B2 (292)
.3 H
by = i S - (20b)

Finally, normalize the scattering coefficients by letting
3
S- =iz S0 = —ig b (30a)
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8y = —i2 SO, = —iz ate. (300)

Then the normalized form of the scattering matrix equations is simply

b_=S_E) (31a)
HO

Since these equations form the basis of our treatment of dipolar traveling waves on an
infinite linear periodic array of penetrable spheres it is worthwhile to elucidate their meaning.
Equation (31a) says that if the electric field incident on a penetrable sphere has the value
E% % at r = 0, then the corresponding scattered electric and magnetic dipole fields are [see

(18a) and (18c)]

sc eikr i i . . i 1 . . .
E* = b_-E:- [—22—; (1 + 7c_r) sin 6 cos ¢f + (1 + o (ic?)i) (cos 8 cos ¢0 — sin ¢¢)]
(32a)
s eikr i ) . .
H* = Yob_—k—; (1 + E) (sin 8 + cos @ cos p). (32b)

Equation (31b) says that if the magnetic field incident on a penetrable sphere has the value
HO§ at r = 0, then the corresponding scattered electric and magnetic dipole fields are [see

(18d) and (18b)]
E* = b+%— (1 + El;) (cos ¢B — cosfsin oP) , (33a) -

ikr ; ;

H = —i%b+e7c}— [7?; (1 + %) sin @ sin ¢F + i (1 + -é— - —(7617)—2-) (cos@sin #0 + cos ¢<75)] .
‘ (33b)
The scattered fields in (32) and (33) are those of an z directed electric dipole and y directed
magnetic dipole, respectively. In treating on-axis scattering from an infinite linear periodic
array of penetrable spheres in the next section it will be useful to have expressions for the
special cases of equations (32) and (33) when § = 0 and 6 = m, that is, on the axis of
the array. From the standard expressions relating the unit vectors in spherical polar and

cartesian coordinates we obtain from (32)

E*=b e—i’z 1+-i———1— %X, 0=0,m (34a)
T T kr kr  (kr)2) 7
H* = +Ypb Eai—k:(1+—i-)* 6=0,1 (34b)
SO U TR
and from (33) we obtain
E* = +b iﬂi(ni)ﬁ 6=0,r ' (352)
T kr kr) 7T

elkr i 1
8C ___ - R, > —
H* = Yoby — (1 + o (kr)2) g, 0=0,. (35b)




4 ON-AXIS DIPOLAR SCATTERING EQUATIONS
FOR AN INFINITE LINEAR PERIODIC ARRAY
" OF LOSSLESS PENETRABLE SPHERES

. The on-axis dipole scattering-matrix equations for a infinite linear periodic array of lossless

| penetrable spheres with radius a, relative permittivity e, and relative permeability . can

now be easily obtained. These equations are the basis for the treatment of dipolar traveling
waves on an infinite linear periodic array of lossless penetrable spheres given in Section 5.
We denote the separation between the centers of adjacent spheres by d, take the 2 axis to be
the axis of the array, and assume an excitation of the array with an z directed electric field
and a y directed magnetic field (see Figure 6). The z directed electric field at the center
of the nth sphere resulting from the electric fields scattered by all the other spheres in the
array is then, from (34a) and (35a),

Fon 00 b |kd|_7—n] i 1
P> ~kdl]j —n] ( kdlj—n|  (kd)?lj —ﬂlz)

i
n-—-1 1kd(n—g) eilcd(j—n) i
+ 3 b S mwp) - Z+ ITdG =) (”kd(y’—n))' (%)

Since b_,, = S_E2"

b g 00 . 1kd]j—n| i 1
e —[ 2 b kd|j — n| ( kdlj —n|  (kd)?|j ~ n|2)

j=—o00

i#n

i E brd kad(n_];)( kd(n — J)) > bes kc;Z(J_rZ) ( (ji_. n))] (37)

j=—00 j=n+1
Similarly the y directed magnetic field at the center of the nth sphere resulting from the
magnetic fields scattered by all the other spheres in the array is, from (34b) and (35b),

xkdlj—nl . i 1
= > b ( TRl —nl (kd)2|j—n|2)‘

J——w

n—1 eikd(n—j) i eikd(i—n) i
up> b—’jkd(n—j) (1 kd(n — 7) ) Z b- “Ikd(j — n)( * (:i—n))' (38)

j=—00 j=n+1
Hon

Since by , = S, =% Y
0

; g 00 b eikdli—n| 1 i 1
=] 2 +"kdlj~nl( +kd|j—n|'(kd)2lj—-n|2)

T
n—1 eik:d(n—j) ( i ) 00 1kd(1——n) ( i )
+ 3 b 1+ - 3 by . ] 39
2 U Eeo) T 2w e )1 @)
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Figure 6: Schematic diagram of an infinite linear periodic array of lossless, penetrable spheres
of radius a with relative permittivity ¢,, relative permeability u,, and separation distance d.

16




5 DIPOLAR TRAVELING WAVES ON AN INFINITE
LINEAR PERIODIC ARRAY OF LOSSLESS PEN-
ETRABLE SPHERES

~ We now come to the central objective of this report — the derivation of an expression for
the propagation constant of a dipolar traveling wave supported by an infinite linear periodic
array of lossless penetrable spheres. If the array supports a dipolar traveling wave with a
real propagation constant 8 to be determined, then the b_; in (37) and (39) are identical
except for a phase shift given by '

b_;j=b_oe?4 0<pPd<nm (40a)

and similarly N B
by ;= b o6 0<pd<m. (40b)

This allows (37) and (39) to be written as

1=8 { i eiﬁd(j—‘n) el kdlj—n| i —_ 1
Y kd|j — n! Tk —n]  (kd)lj —nl?

j=—o00
J#n
bo+[ ipd(—n) € ) ( i )
¢ L (14—
,Z:w k=) \'F kdm—7)
©o ikd(j—n) :
_ id(j—n) _© 1 ! ]} =0,+1,£2,- - 41
j-—;-l-le kd(j — n) ( " kd(j“")) P PTRERES “
and ikdljn] . i
1=8 { ibdti—n) © ( LI : )
+ Zw k= \' " Rl —n] ~ (e =P
bo-[ sdtim) cikd(n—3) ( i )
gpdi-my &~ = [y 1
,_E_:OO kd(n — j) kd(n — j)
ikd(j—n) i
_ cidli-m) € " e' ( ____) ]}’ n=0,4+1,42 - . 42
_Enil kG = \\ T RG - )

Since the values of the summations are independent of the value of n, we can set n = 0.
Multiplying by (kd)® we then obtain the equations

2 [ cilk+B) 4 g-i(A—H)E ikd 1
kP =S| (e : )(kd"’ ——"-—)
(kd) ,2 ; (kd) i 7
eik+B)di _ o—i(B—k)di i
0 ) Z ( - ) (’“d + ;) ] )

and

eilk+B)di | o—i(B—k)dj 1kd 1
G} $ () (a5 - 7 %)
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) i(k+8)dj _ o—i(B—k)dj :
LEVYSS (e il B m’) (kd+ ;)] (44)

Now let B .
p= bﬁ_ (45)
0,~
(Recall — see (23a, 23b), (15a, 15b), and (40a, 40b) — that the electromagnetic field scat-
tered from each of the spheres in the array is, apart from the phase factor of the traveling
wave, a linear combination of an electromagnetic field proportional to the field of an infini-
tesimal z directed electric dipole with a normalized coefficient b_o, and an electromagnetic
field proportional to the field of an infinitesimal y directed magnetic dipole with normalized
coefficient by g, so that p is the ratio of these two normalized scattered field coefficients.)

Also let

00 [ oilk+B)dj | o—i(B—k)dj .
= 5 (£ (e - ) 00
j=1 J J j
o 00  ( oi(k+B)di i(B—Fk)dj
! G _ o—i(8— .
To=kdy (e e ) (kd + -‘;) . (46b)
j=1 J J
Using the summation formulas [13, sec. 1.441, egs. 1 and 2; sec. 1.443, egs. 3 and 5]
X cosja 1 1 .
j‘z j '§m2(1_cosa) = —In[2sin(a/2)], 0<a<2n (47a)
ZSln'Ja = W_ay O0<a<m (47b)
© cosja 7 wa a?
j-—Zl J2 6 2 + 4’ 0<a<22m ( 70)
© sinja 7w2a wa? ad
; 73 6 4+1, 0<a<r (47d)

and the approximations (see Appendix B)

x. sinja . .
Y —5— = F(a) = —0.1381sina + 0.03212sin2a — 0.9653aIn(a/7), 0<a<m (48a)

i=1
F(a)=—-F(2r—a), m<a<2m (48Db)
and .
fj °°;g % = G(a) ~ 1.3328—0.1424 cos a+0.01094 cos 2a-+0.49020% In(a/)—0.2417a%, 0<a<m
= (48c) ”

G(a)=G(2r —a), T<a<2rw (48d)




the summations ¥; and ¥, can be expressed in closed form as

% = —(kd)?In[2 (cos kd — cos Bd)] — (kd) [F(kd + Bd) — F(Bd — kd)]

_ [G(kd + Bd) + G(Bd ~ kd)] - ig(kd)a (49)

and

5, = —(kd)? [m sin (kd + ﬁd) — Insin (ﬁd; kd

)] — (kd) [F(kd + Bd) + F(Bd — kd)].

2
(50)
The on-axis scattering equations (43) and (44) can then be written as
(kd)3 =S_ (21 + pEz) (51&)
and )
(kd)s =5 (21 + ;Ez) . (51b)

Equations (51a, 51b) are a pair of simultaneous equations determining the two unknowns
p and Bd. We can solve for p in each of these two equations and equate the resulting
expressions, thus obtaining

(kd?—S_51 5%
5T,  (kdP—S8.%;

(62)

It is important to note that the quantity p given by either side of (52) is real. For, using the

expression for p given by the LHS of (52), the fact that the imaginary part of ¥; is --—-g—(kd)3

[see (49)] and that X, is real [see (50)], the definition of S_ in (30a), and the property (13d)
of the Mie coefficient bi¢ it follows that

53, Imfp] = (kd)* Im [31_-] — Im[Sy] = (kd)® (Im [i] + g) —0. (53)

The same conclusion can be obtained similarly from considering the RHS of (52). Equation
(52) can then be easily solved numerically for 8d given kd.

It is worth noting as a check on the consistency of what we have done that if we divide
(51a) by S_ and then let S_ = [S_|exp(i1-) and equate real and imaginary parts with p
real, we obtain

3
- (|’.CS'd_)| siny_ = —-g(lcd)3 (54)

or 3
|S-| = 5 siny-, (55)

a result that is consistent with (30a) and (13d). A similar check can be performed with (51b)
to produce |S,| = (3/2)sint,. We note that (55) is identical with the equation obtained
for the magnitude of the effective scattering coefficient of a small, reciprocal, lossless electric
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dipole in [2]. As a further check on the validity of (52), we note that when S, the normalized
magnetic dipole scattering coefficient, is equal to zero, then (52) reduces to

(kd)® — S_%; = 0. (56) .
This equation is identical to equation (72) of (2] that determines the k — § diagram for the |
traveling waves on a linear array of electric dipoles perpendicular to the array axis. .

It is easy to show that if 4d is a solution of (52) then so is 27 — fd (£, is unchanged
and X, is reversed in sign if 27 — 3d is substituted for Bd) . The significance of this is that
if one had a fast wave, for example, 7 < 8d < 2m then, as shown in general by Yaghjian
[1], B’ with 0 < §'d = 2r — Bd < = is the propagation constant of a slow traveling wave in
the negative z direction, exp(—if#'z) . Therefore, it is unnecessary to consider values of Gd
greater than 7 in the kd — Bd diagrams of traveling waves.

6 COATED SPHERES

The analysis that has been performed in the previous three sections has assumed that the rel-
ative permittivity and permeability of the spheres is constant throughout the entire sphere.
The analysis, however, carries over almost identically if the relative permittivity and perme-
ability of the spheres is allowed to vary from one spherical shell to another. As one of the
simplest examples, assume that the relative permittivity and permeability of each sphere is
equal to € and p,1, respectively, for 0 < p < a, and is equal to €5 and pyo, respectively,
for a < p < b where b is the radius of the sphere. Let m, and m, be the relative refractive
indices m; = \/61fiy1 and my = \/Efirz, Tespectively, for the two regions of the sphere.
Then [14, sect. 8.1] the scattering coefficients of the coated sphere, af; and b¢, analogous to
the Mie coefficients a2 and ¢ for the homogeneous sphere given by (11a) and (11b) are as
follows:

51(p2) {[mopada(mape)) + A [mapays(mapa)]'} — b [p2sn (o)) [ (mapa) + Ayn(mapy)]

" hD (2) {[mapas(mwape)] + Almapaya(mapa)]'} — b [pah (p2)] Li(map) + Ayg(n)xzpzn
57

pr231(p2) {[mzﬂzjl(mzpz)]' + B [m2pey1 (mzl’z)]’} — m [p251(p2)] [51(m2p2) + Byn(mzp2)]
ﬂr2h§1)(P2) {[m2P2j1(m2P2)]’ + B [mzpzyl (mzpz)]'} — mj [P2h§1)(102)], [71 (mzpz) + Byn(mgpg)]

sc __
e —

sc __ __
lc —

(58)
where p; = ka, p2 = kb, and
__ praga (map)[(maepr)ji (maps |’ — pr2gs (mzp1)[m1p1s (myp1)]' (59)
fr171 (01 91) (10201 )91 (M1 )]’ — irays (map1) [(map1) 1 (m1p1)] ]
_ s (map)[(map)is(mupy) = peams(mapy) (mapn)in(map)) g0
frym3ys (mzpy)[(m1p1) g1 (m1p1)] — promdsa (mpy)[(mzpr)ys (mzpn))’ , .
The equations corresponding to (12a-12e) and (13a-13e) are as follows:
1 —2iae '
af=—3 (1 — %) (61a)
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|a‘{§|2 = sin® o,
_ pgrAd —aA
”21';/40, - CA,

sin (arg fafg] - 5 ) = lof:

2,
argoff) = tan™! [ S22

—2sin? oy,
and 1
sc __ __ — a—2if1c
bie = 2 (1 e~ )
|b;f:|2 = Sin2 ﬁlc
__bgBa— m2Ba’
tan fi = porB'c — m2Bc
: SC 1r SC
sin (a.rg [blc] - 5) = I 1c
sel -1 Sin 2ﬁ1c
arg[ lc] = tan [__2 sin2 ﬂlc]
‘where
A = j1(m2p;) + Ay; (map2)
A’ = [(map2)71(m2p2)]’ + Al(map2)y: (maps))
a = j1(p2)
a = [pagi(p2)
c = y1(p2)
¢ = [payi(p2)
B = ji(mzp2) + Byi(mzps)
and

B’ = [(m2p2)j1(m2p2)]’ + B(mzp2)y: (mzp;)]’ .

(61b)

(61c)
(61d)

(61e)

(62a)
(62b)

(62¢)
(62d)

(62e)

(63a)
(63b)
(63c)
(63d)
(63e)
(63f)

(63g)

(63h)

The central result of Section 5, equation (52) that implicitly gives the propagation con-
stant of a dipolar traveling wave on an array of homogeneous spheres in terms of the free-space
wave number and the normalized scattering coefficients of the spheres, then holds for coated
spheres as well if b], and a], are substituted for b{° and af°, respectively, in (30a) and (30b).
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7 NUMERICAL RESULTS

Computer calculations have been performed to illustrate the theory of dipolar traveling waves
on linear periodic arrays of lossless spheres that we have presented. The computations fall
into two main categories. In the first set of calculations the electrical radius of the spheres, ka,
is held constant and the electrical inter-sphere separation distance, kd, is varied to obtain Bd
where (3 is the propagation constant of the traveling wave. In the second set of computations
the ratio of the sphere radius to the inter-sphere separation distance, a/d, is held constant,
and kd is varied to obtain Bd. In both sets of calculations we present the kd — Bd diagram
showing a plot of kd versus Bd. The second set of calculations corresponds to a laboratory
measurement procedure in which frequency is varied and so is much more practicable than
the first set which corresponds to a fixed frequency in a laboratory measurement procedure.

To begin with we show some kd — 3d diagrams for a linear periodic array of spheres with
€ = pr = 10 for ka equal to several different resonances of the Mie scattering coefficients.
Figure 7 shows the kd — Bd diagrams for ka = 0.405,0.693, and 0.998. The smallest value of
kd in these diagrams must, of course, be greater than 2ka, otherwise the spheres will overlap.
We observe that the curves end when Ad = kd, that is, when the traveling wave propagation
constant (3 equals the free-space wavenumber k. The importance of having ka equal to, or
close to, a resonance of the Mie coefficients aj° and b3° (ai® = b{° when €, = p,) is intuitively
clear since a traveling wave with 3 significantly greater than k cannot be excited without a
high degree of scattering coupling between the spheres composing the array. For small values
of the scattering coefficients such coupling cannot exist. Traveling waves with 8> k on a
linear periodic array of lossless spheres thus exist only within a fairly narrow ka “window”.

Next in Figure 8 we show the kd — Bd diagram for a linear periodic array of spheres
with €, = 40, s, = 1 and ka = 0.480, very close to the resonance of the ai® Mie coefficient
at ka = 0.487. The shape of the kd — 3d diagram is somewhat the reverse of the kd — Bd
diagram of Figure 7 for €, = 10, y, = 10, and ka = 0.405. In Figure 9 we show a detail of
Figure 8 for the region of 1.060 < kd < 1.100. What is particularly interesting here is the
region for 1.060 < kd < 1.082 where there are two values of the traveling wave propagation
constant for each inter-sphere separation distance. :

Figure 10 demonstrates the remarkable sensitivity of the kd — Bd diagram of Figure 8
to the size of the spheres. As ka increases only the small amount from 0.480 to 0.4844
the kd — Bd diagram shrinks to a small curve in the vicinity of fd = 3.0,kd = 1.8. For
ka = 0.4845 no traveling wave can be supported by the linear array of spheres.

Another example of the possibility of there being two different traveling waves that can
be supported by the same linear array of lossless spheres is shown in the kd — Bd diagram of
Figure 11 for ¢, = 10, 4, = 1, and ka = 1.1. (The value of ka = 1.1 is approximately halfway
between the resonance of the Mie scattering coefficient a3 at 0.951 and the resonance of b3°
at 1.251 .) For 2.337 < kd < 2.346 there are two values of Ad corresponding to each value of
the electrical inter-sphere separation distance kd. »

We now turn to the second group of calculations, those for which the ratio of the sphere
radius to the inter-sphere separation distance, a/d, is held constant, and kd is varied to obtain
Bd. As noted above, these calculations correspond to the practical laboratory measurement
procedure of setting up an array of spheres and then investigating the behavior of traveling
waves on the array as the frequency is varied. Figure 12 shows the kd — Bd diagram obtained
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Figure 7: kd — Bd diagrams for traveling waves on an infinite linear periodic array of lossless,
penetrable spheres, ¢, = 10, u, = 10.

23




2.5

kd

2.0

150"

Bd

Figure 8: kd — fd diagram for a traveling wave on an infinite linear periodic array of spheres
with €, = 40, u, = 1, and ka = 0.480.
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Figure 9: kd — (3d diagram for a traveling wave on an infinite linear periodic array of spheres

with €, = 40, u, = 1, and ka = 0.480; detail of Figure 8.
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Figure 10: Sensitivity of kd — Bd diagrams for traveling waves on an infinite linear periodic
array of spheres with €, = 40, 1, = 1, and ka varying from 0.4800 to 0.4844.
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Figure 11: kd — fd diagram for a traveling wave on an infinite linear periodic array of
spheres with ¢, = 10, 4, = 1, and ka = 1.1.
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Figure 12: kd — pd diagram for a traveling wave on an infinite linear periodic array of
spheres with ¢, = 10, g, = 10, and a/d = 0.45.
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for a linear array of lossless homogeneous spheres with €, = 10,4, = 10, and a/d = 0.45.
(The dotted line shows Bd = kd.) We note that there are four sections of the kd — 3d
diagram, each section corresponding to a narrow window of ka in the vicinity of one of the
resonances of the Mie scattering coefficients of ai° and b{° at ka = 0.405,0.693,0.988, and
1.299; see Figure 3. Each section begins and ends when Bd ~ kd. It is of considerable
interest that each of the four sections consists of two branches, the lower branch with 8d
increasing from kd to 7 as kd increases, and the upper branch with Bd decreasing from =
to kd as kd continues to increase. The phase velocity of the traveling wave is positive on
both branches while the group velocity (dk/dg) of the traveling wave is positive on the lower
branch and negative on the upper branch. Hence the traveling waves corresponding to the
upper branches of the four sections of kd — Bd diagram are “backward” traveling waves.

Our understanding of the kd — Bd diagram of Figure 12 can be increased by extending
the diagram to include values of 8d between 7 and 27. In Figure 13 we show the lowest
of the four sections of the kd — 8d of Figure 12 extended to d > 7. (The dotted line is,
as in Figure 12, the plot of 3d = kd.) As we have commented at the end of Section 5, if
7 < fBd < 2 then B is the propagation constant of a fast traveling wave in the positive
z direction, exp(ifz), and B’ with 0 < 8'd = 21 — Bd < = is the propagation constant of
the corresponding slow traveling wave in the negative z direction, exp(—if'z) . The dashed
portions of the plots corresponding to Bd > m are thus simply mirror images in the line
Bd = m of the solid portions of the plots for 0 < fd < w. In general there is thus no
need to show the kd — Bd diagram for values of Bd > 7 Here, however, what we can see
from Figure 13 is that by extending the kd — Bd diagram to include values of 8d > 7 we
obtain two curves, one consisting of the lower solid segment and the upper dashed segment,
and the other consisting of the upper solid segment and the lower dashed segment. Either
curve can be used to obtain the other by making use of the mirror symmetry. The slopes
of these two curves are continuous at 3d = w. The upper solid segment corresponds to a
backward traveling wave since the group velocity, proportional to the slope of the curve, has
the opposite sign of the direction of propagation of the slow wave. The group velocity of
the slow traveling wave in the positive z direction whose kd — Ad diagram is the lower solid
segment is very small in the interval between ka = 0.3925 and 0.3928.

As another example of the kd — 8d diagram obtained when the ratio of the sphere radius
to the inter-sphere separation distance is held constant and the frequency varied, Figure 14
shows the kd — d diagram corresponding to Figure 12 when ¢, = 20 = p, = 20 instead of
10; a/d = 0.45 as before. There are now nine sections of the kd — Gd diagram instead of four,
corresponding to the more densely spaced resonances of the Mie scattering coefficients of
a% and bi° at ka = 0.214,0.366,0.516,0.665,0.816,0.968, 1.122,1.279, and 1.437. Although
otherwise the kd — 8d diagrams appear to be similar, there is an interesting new feature of
the two lower branches of the kd— 8d diagram of Figure 14 not present in any of the branches
of the kd — Bd diagram of Figure 12 or the higher branches of Figure 14. This feature can be
seen clearly in Figure 15 which shows in detail the behavior of the lowest branch of Figure 14.
We note that as the branch is traced out from its beginning at ka = 0.2098 and kd = 0.4662
to its end at ka = 0.2166 and kd = 0.4813 that ka and kd are not monotonic increasing as
they are for all the branches of the kd — 3d diagram of Figure 12 and all but the two lowest
branches of Figure 14. Instead, ka first increases from 0.2098 to 0.2140, then decreases to
0.2107, and then increases monotonically to 0.2166. As a consequence of this behavior, in
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30




ka=1.3952—7
ka=1.3774."

ka =1.251
ka = 1.2626 ¥
ka=1216
- ka=1.1057
ka=1.1200/.}__;3
ka =1.0556 —
- ka=9740  ka=.9580

ka =, f i
2.0 . / ka = .8256 ka = .8098
K __:Q

3.0

2.5

kd
5
i
P
&

- _~ka= 6759 ka= 6613
15+ ka = 5805 L ~

ka = 4359 \/ﬁs;a ka = 5125

.
.

ka = .3265 >

1.0 /ka = 3722 ka= .362\;

lka = 2008

05 {‘}k“ -2‘66| ka=.21oo\.I
0.5

. 1.0 1.5 2.0 2.5 3.0
Figure 14: kd — Bd diagram for a traveling wave on an infinite linear periodic array of
spheres with €, = 20, 4, = 20, and a/d = 0.45.

31




0.480}

0.475F
O
X
0.470¢
;L\ka =.2008 ka = .2107
0.465F -
0.460 E i 1 1 1 i 1
05 1.0 15 2.0 2.5 3.0
Bd

Figure 15: Lowest branch of the kd — d diagram for a traveling wave on an infinite linear
periodic array of spheres with €, = 20, p1, = 20, and a/d =0.45.

32




the interval of the electric spacing of the spheres, kd, from 0.4682 to 0.4756, there is not just
one corresponding value of the traveling wave propagation constant 3d but three. In other
words, the array can support three distinct traveling waves for kd in this interval. Also, note
that this branch of the kd—3d diagram displays negative group velocity for ka between 0.2140
and 0.2107, and for ka between 0.2110 and 0.2166, and positive group velocity elsewhere.
Similar behavior, though less pronounced, is exhibited by the next-to-lowest branch of the
kd — d diagram of Figure 14, as shown in Figure 16.

The kd — d curves shown in Figures 12-16 have been for arrays of lossless magnetodi-
electric spheres. It is also of interest to show some examples of kd — Bd curves for linear
arrays of lossless dielectric spheres (i, = 1). In Figure 17 we show the kd — Bd curve for an
array of dielectric spheres with ¢, = 10 and a/d = 0.4. For small kd and ka there is very
little scattering between the spheres and the kd — 8d curve very closely follows the kd = 8d
line, meaning that the traveling wave is very loosely bound to the array. When ka starts to
approach the first resonance of the first magnetic Mie coefficient at ka = 0.951 (see Figure
5), scattering between the spheres increases and a slow traveling wave can be supported by
the array. The upper branch of the kd — 3d curve corresponds to values of ka for which
both the first magnetic and first electric Mie coefficients are about 4 dB below their first
resonance peaks. In Figure 18 the kd — 8d curve is shown for a linear array of the same
dielectric spheres, €, = 10, but with a/d = 0.3. The lower branch of the kd — 8d curve is
similar in shape to that of the lower branch of the kd — 8d curve in Figure 17. The very
small upper branch has a negative slope and corresponds to a backward traveling wave.

8 CONCLUDING REMARKS

In this report we have used the source scattering-matrix framework to investigate dipolar
traveling waves that can be supported on infinite linear periodic arrays of lossless penetrable
(magnetodielectric) spheres. The report focuses on obtaining the kd — 3d diagrams for these
traveling waves.

In future work we will attempt to extend the analysis of linear periodic arrays of pene-
trable spheres given in this report to two- and three-dimensional periodic arrays of lossless
penetrable spheres. Such an extention is highly worthwhile in view of the facts that a doubly
negative (DNG) medium can be formed by embedding a 3D array of spherical particles in
a background medium and that backward waves have been shown in this report to be sup-
ported by linear arrays of spheres with appropriately chosen permittivity and permeability.
The starting point for this extension is equations (32a, 32b), and equations (33a, 33b) which
give the scattered electric and magnetic dipole fields resulting from an X directed electric
field and a ¥ magnetic field incident on a penetrable sphere. These equations then lead to
equations analogous to (37) and (39). Instead of the linear sums in (37) and (39), how-
ever, the analogous 2D and 3D array equations will contain double and triple summations
representing the contributions of the scattered electric and magnetic fields of the spheres
in the 2D and 3D arrays to the electric and magnetic fields incident on a given sphere in
the array. It remains to be seen whether the complications resulting from these double and
triple summations can be successfully treated.
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A VECTOR SPHERICAL WAVE FUNCTIONS

In this Appendix we give the definitions of the vector spherical wave functions M and N used
in this report. The definitions are those used by Billy Brock [7] adapted for the exp(—iwt)
time dependence used here:

(‘) kr) P™(cos 0)¢*@
M (r) = (20 +1)({ —m)! sn10 (kr) By (cos) 64
41rl(l+ 1) + m)! . d Rk
+sin 828 (kr)—P, ™
dz z=cos @
1) )
(kr) 22011 + 1) P (cos 8)et ™
N @+1)(—m) ) od -
Nim(r) = \]47rl(l F1)(+m)! \ ——= Pl L )(kr)] smoap, (z) . 49 ¢. (65)
l 0 (@) m ime 3
L +k1” ar [ (k )] P (COS 9)e ¢

In (64) and (65) 2” and 2{? are the spherical Bessel and Hankel functions j; and A",
respectively, and P’" (:z:) is the associated Legendre function given by

Fi(@) = (-1 = 2™ Pi(z),m > 0, (662)
B(@) = (- (o B @), m > (66b)
where Pj(z) is the Legendre function
{
P(a) = s 1)’ (67)

The vector spherical wave functions M and N given by (64) and (65) can be defined in terms
of the normalized radially-independent vector spherical harmonic function X, of Jackson

[6] by

Min(x) = 2 (kr)Xim(6, ¢) (68)
and
N = £V % (6r)Xin(0,9) (69)
and are related to the F%zn and ngln vector spherical wave functions of Hansen [15] by
Min(r) = iFio, (r) (70)
and
Nin(r) = iFo(r) (71)

where the superscript ¢ = 1 when ¢ = 1 and the superscript s = 2 when ¢ = 3.2

2These relations between the vector spherical harmonics of Brock and those of Hansen are given incorrectly
in the original form of [7] but have been corrected by Brock in an errata.
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B SUMMATIONS OF TRIGONOMETRIC SERIES

In this Appendix we discuss the approximations used for the sums of the trigonometric series

>, sin ja

Fl@)=) ——0<a<m (72a)
=1 J
and - .
Gl@) =) c°;,’f“,0 <a<T. (72b)
j=1

Closed form expressions are not available for these sums. The IMSL least-squares approxi-
mation program FNLSQ was used to compute the approximations

F(a) ~ —0.1381sina + 0.03212sin 2a — 0.9653a In(a/7), 0<a<m (73a)

and

G(a) ~ 1.3328 — 0.1424 cos a + 0.01094 cos 2a + 0.4902a2 In(a/7) — 0.2417a%, 0<a <.

(73Db)
Figures 19 and 20 show F(a) and G(a), respectively, calculated with 1000 terms, along with
their least squares approximations. The agreement of the approximate with the exact curves
is excellent. It will be noted that although G'(a) = —F(a), when the approximation for
G(a) is differentiated the result differs slightly from the negative of the derivative of the
approximation for F'(a). While it is possible to obtain an approximation for F(a) by taking
the negative of the derivative of the approximation for G(a), the direct least-squares fit
approximation for F(a) that we have used distributes the errors in the approximation more
uniformly over the interval from 0 to 7. ‘
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